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Abstract. A discrete velocity model with spatial and velocity discretization based on a lattice
Boltzmann method is considered in the low Mach number limit. A uniform numerical scheme for
this model is investigated. In the limit, the scheme reduces to a finite difference scheme for the
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1. Introduction. Lattice Boltzmann methods (LBMs) use discrete velocity mod-
els of kinetic equations to obtain approximate solutions of the incompressible Navier–
Stokes system. The idea of the LBM rests on the observation that the kinetic and the
incompressible Navier–Stokes models are equivalent in the limit of small Knudsen and
Mach numbers. See [11, 3, 7] for reviews on LBMs and [28] for a review on discrete
velocity models. In recent years, numerous articles on the LBM have appeared in
which the method is analyzed. We refer to the references in the above cited reviews
and, for example, to [1, 13, 15, 6, 33]. For connections to kinetic schemes, see [22].

A disadvantage of standard lattice Boltzmann (LB) discretizations is that the
stiffness of the kinetic equation in the limit of small Knudsen and Mach numbers is
not taken into account; see also [27]. Since the discretization is fully explicit, very
fine time and space steps have to be used, slowing down the method considerably. To
allow for larger discretization steps, the algorithm should at least be partially implicit.
Such an approach has been successfully used for a large number of kinetic equations
with stiff relaxation terms in fluid dynamic or diffusive limits and has led to the
development of asymptotic preserving methods, see [4, 20, 18, 19, 26, 23, 24]. For an
LB-type discrete velocity model with a diffusive scaling, a scheme working uniformly
in the incompressible Navier–Stokes limit, using a semi-implicit time discretization
and leading to a Chorin projection scheme with MAC grid, has been suggested in
[25].

In this work, our starting point is the following: numerically, it has been proven
by many authors that the LBM yields stable and reliable results for the incompress-
ible Navier–Stokes equation [30, 16]. Moreover, pressure oscillations, as in the original
Chorin method, are not observed although the scheme works on a regular (collocated)
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grid. The aim, to extract the reason for this nice behavior, is accomplished by devel-
oping a method based on the LB spatial discretization and comparing it to Chorin’s
original method.

Our approach is based on the observation that the velocity-discrete kinetic equa-
tion is in one-to-one correspondence with a system of moment equations; see, for
example [12, 10]. The system includes the equations of mass and momentum which
yield the Navier–Stokes equations in a suitable diffusion limit (related to small Knud-
sen and Mach numbers). Using essentially the space-discretization of LBM, we auto-
matically obtain a discretization of the moment system which leads to a new spatial
discretization for the incompressible Navier–Stokes equations. The discretization is
used together with the Chorin projection.

As has been investigated in detail, for example, in [34, 35], that the original
Chorin space discretization leads to an alternating error of first order in the pressure.
This type of instability is not seen in the projection method if the MAC grid is
used. In this case a second order approximation of the pressure is obtained without
alternating terms in the error expansion for the pressure at first order. However, one
has to use staggered grids having different locations for pressure and velocity. We
mention that higher order approximation or regularizing methods have been used to
avoid staggered grids and alternating terms in the error expansion (see [34]). It turns
out that the spatial discretization of the scheme presented here is second order for
both the pressure and the velocity, not using grid staggering. However, although the
error in pressure is reduced compared to Chorin’s scheme the errors in velocity are
larger.

The paper is organized as follows: Section 2 introduces an LB-type discrete veloc-
ity model and its associated closed moment system. In section 3 the time and space
discretization of the numerical scheme for the discrete velocity model is described.
Section 4 deals with the low Mach number limit of the discretized equations leading
to the projection method for the incompressible Navier–Stokes equations with the new
spatial discretization. Section 5 contains remarks on the treatment of the boundary
conditions and an analytical investigation of the scheme following the work in [34].
In particular, the scheme is compared to Chorin’s original method. Finally, section
6 presents a numerical investigation of the second order convergence for the pressure
which has been found analytically. A numerical comparison with Chorin’s scheme is
included as well.

2. An LB-type discrete velocity model and the associated moment sys-
tem. The basic kinetic model is given by the Boltzmann equation

∂f

∂t
+ v∇f = J(f)(2.1)

which describes the evolution of a particle density f(x,v, t). The left-hand side of
(2.1) represents free transport of the particles while the right-hand side describes in-
teractions through collisions. The difference between continuous and discrete velocity
models is the structure of the phase space X ×V. In the classical Boltzmann equation,
the space part X is a subset of R

3 and the velocity domain V is the full space R
3. For

discrete models we have

V = {c0, . . . , cN−1}, ci ∈ R
d.
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In our particular example, we consider a two-dimensional model (d = 2) with nine
velocities (N = 9)

c1 = ( 1
0 ) , c2 = ( 0

1 ) , c3 =
(−1

0

)
, c4 =

(
0−1

)
,

c5 = ( 1
1 ) , c6 =

(−1
1

)
, c7 =

(−1
−1

)
, c8 =

(
1−1

)
,

and c0 = 0. In the discrete case, the v-dependence of the particle distribution
f(x,v, t) is uniquely determined through N functions

fi(x, t) = f(x, ci, t), i = 0, . . . , N − 1.

Macroscopic quantities like mass–, momentum–, or energy density are obtained by
taking velocity moments of f . If ψ is any v-dependent function, we denote the discrete
velocity integral by

〈ψ〉 =
N−1∑
i=0

ψ(ci).

Then, mass and momentum density can be written as

ρ(x, t) = 〈f(x,v, t)〉 =
N−1∑
i=0

fi(x, t),

ρu(x, t) = 〈vf(x,v, t)〉 =
N−1∑
i=0

cifi(x, t);

(2.2)

compare, for example, [31]. In LB applications, the collision operator J(f) in (2.1) is
typically of BGK-type

J(f) = −1
τ
(f − feq).(2.3)

The parameter τ > 0 is called relaxation time and feq is the equilibrium distribution.
In the isothermal case, feq depends on f through the parameters ρ and u which are
calculated according to (2.2); see, for example, [13]. For the standard D2Q9-model
[29] with nine velocities, we have

feq(ρ,u;v) = ρ

(
1 + 3u · v − 3

2
|u|2 + 9

2
(u · v)2

)
f∗(v),

where f∗ is defined by

f∗(ci) =




4
9 i = 0,
1
9 i = 1, . . . , 4,
1
36 i = 5, . . . , 8.

The equilibrium distribution is constructed in such a way that

〈J(f)〉 = 0 and 〈vJ(f)〉 = 0,

which reflects conservation of mass and momentum in the collision process.
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In order to obtain a relation between the kinetic equation (2.1) and the incom-
pressible Navier–Stokes system, we introduce the diffusive scaling x→ x/ε, t→ t/ε2

together with a rescaling of velocity u→ εu. This scaling describes the small Knudsen
and low Mach number limit of kinetic equations; see [32, 9, 2, 17] for details. Under
these transformations, (2.1) turns into

∂f

∂t
+

1

ε
Df = − 1

ε2τ
(f − feq(ρ, εu)),(2.4)

where D = v.∇ has been used as abbreviation for the space derivatives. In our
exemplary case, (2.4) consists of nine equations for the occupation numbers f0, . . . , f8.
In order to get closer in notation to the Navier–Stokes system, we transform (2.4) into
an equivalent set of moment equations (see also [25, 10] for a similar approach). Based
on the v-polynomials (compare [12])

P0(v) = 1,

P1(v) =
v1

ε
, P2(v) =

v2

ε
,

P3(v) =
v2
1

ε2
− 1

3ε2
, P4(v) =

v1v2

ε2
, P5(v)=

v2
2

ε2
− 1

3ε2
,

P6(v) =
(3|v|2 − 4)v1

ε3
, P7(v) =

(3|v|2 − 4)v2

ε3
,

P8(v) =
9|v|4 − 15|v|2 + 2

ε4
,

(2.5)

we obtain an invertible linear mapping f → Pf defined by

Pf = (〈P0f〉 , . . . , 〈P8f〉)T .
Applying P to (2.4) results in an equivalent set of equations with a differential operator
which is still linear and hyperbolic(

∂

∂t
+

1

ε
PDP−1

)
Pf = − 1

ε2τ
(Pf −Pfeq(ρ, εu)) .(2.6)

In order to write (2.6) in a more explicit form, we introduce names for the moments.
Note that 〈P0f〉 = ρ and 〈Pif〉 = ρui for i = 1, 2. The second order moments form a
symmetric tensor

Θ =

(
Θ11 Θ12

Θ12 Θ22

)
=

(〈P3f〉 〈P4f〉
〈P4f〉 〈P5f〉

)

and for the remaining moments we set

q =

(〈P6f〉
〈P7f〉

)
, s = 〈P8f〉 .

The first two equations in (2.6) are those of mass and momentum conservation

∂tρ+ div ρu = 0,

∂tρu + divΘ +
1

3ε2
∇ρ = 0.

(2.7)
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Here, the divergence is applied to the rows of Θ. The equation for Θ is

∂tΘ+
2

3ε2
S[ρu] +

1

3
Q = − 1

ε2τ
(Θ− ρu⊗ u),(2.8)

where

Sij [ρu] =
1

2

(
∂ρui
∂xj

+
∂ρuj
∂xi

)
and Q =

(
∂x2

q2 ∂x2q1 + ∂x1q2
∂x2q1 + ∂x1q2 ∂x1q1

)
.

Finally, the third and fourth order moments satisfy

∂tq +
1

ε2
div

(
Θ22 2Θ12

2Θ12 Θ11

)
+

1

6
∇s = − 1

ε2τ
q,

∂ts+
4

ε2
divq = − 1

ε2τ
s.

(2.9)

Altogether, we obtain a hyperbolic system with stiff relaxation terms. The diffusion
limit of the above system is straightforwardly determined. From the momentum
equation in (2.7) we conclude that ∇ρ tends to zero as ε → 0. Hence, ρ approaches
a constant ρ̄ (which is the Boussinesq relation in the isothermal case). Writing ρ =
ρ̄(1 + 3ε2p), (2.7) transforms into

∂tp+
1

3ε2
divu = −div pu,

∂tu + div
1

ρ̄
Θ+∇p = −3ε2∂tpu.

(2.10)

For ε→ 0, (2.8) yields in lowest order

1

ρ̄
Θ = u⊗ u− 2τ

3
S[u].(2.11)

Since (2.9) decouples completely from the other equations (in lowest order) and since
2 divS[u] = (∆+∇ div )u, we obtain from (2.10) and (2.11) the incompressible Navier–
Stokes equations as limiting system

divu = 0,

∂tu + divu⊗ u +∇p = τ

3
∆u.

(2.12)

Compare [14] for another approach. The Reynolds number is related to the relaxation
time by Re = 3/τ .

We remark that (2.7), (2.8), and (2.9) can be viewed as a relaxation system for
(2.12). Since the LBM is a particular discretization of (2.4) and since a discretization
of (2.4) automatically turns into a discretization of the moment system under the
transformation P, we conclude that the LBM can be viewed as a relaxation method
for the incompressible Navier–Stokes system [21].

3. The numerical scheme: Spatial and temporal discretization. To ob-
tain a spatial discretization of the moment system (2.7), (2.8), and (2.9), we use a
first order upwind method for the operator D = v · ∇ in (2.6). This choice is mo-
tivated by the LBM where the upwind approximation is combined with an explicit
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Euler discretization for the time derivative. To get a proper treatment of the stiff
pressure–velocity coupling, however, we choose a semi-implicit time discretization in-
stead of the explicit one (see also [25]). In the limit ε → 0, a projection scheme for
the incompressible Navier–Stokes equations is obtained.

Before we describe the discretization of the moment system, let us first show
how the LBM is obtained in this context; see also [5, 13, 15]. The discretization of
D = v · ∇ is taken as

(Dhf)(x,v, t) = 1

h
(f(x,v, t)− f(x− hv,v, t)).(3.1)

Together with an explicit Euler discretization of the time derivative and an evaluation
of the collision operator at a shifted x-position, (2.4) turns into

f(x,v, t+∆t)− f(x,v, t) +
∆t

εh
(f(x,v, t)− f(x− hv,v, t))

= −∆t

ε2τ
(f − feq(ρ, εu))(x− hv,v, t).

Setting ∆t = ε2, h = ε, v = εw, and transforming the space variable x → x + w∆t
yields for the occupation numbers

fi(x + wi∆t, t+∆t)− fi(x, t) = −1
τ

(
fi(x, t)− feqi (ρ(x, t), εu(x, t))

)
,

which is the standard discretization in the LBM (see [29, 6, 1]).
To describe the effect of the discretization (3.1) on the moment system, we intro-

duce the vectors

M = Pf = (ρ, ρu1, ρu2,Θ11,Θ12,Θ22, q1, q2, s)
T

and

Meq = Pfeq(ρ, εu) = (ρ, ρu1, ρu2, ρu
2
1, ρu1u2, ρu

2
2, 0, 0, 0)

T .

Using (3.1) to replace D in (2.6), the discretized moment system can be written in
the compact form

∂M

∂t
+

1

ε
PDhP−1M = − 1

τε2
(M−Meq).

If {ei : i = 0, . . . , 8} are the standard unit vectors in R
9, we can write the contribution

of Mj to the equation for Mi as

1

ε
ei ·
(

PDhP−1

)
Mjej =

1

ε
ei ·
(

P
1

h
(Mj(x, t)−Mj(x− hv))P−1ej

)
.(3.2)

With the abbreviation gj = P−1ej , (3.2) can be transformed into

1

ε
ei ·
(

PDhP−1

)
Mjej =

1

εh

(
Mj(x, t)δij − 〈Pi(v)gj(v)Mj(x− vh)〉

)

=
1

εh

(
Mj(x, t)δij −

8∑
k=0

Pi(ck)gj(ck)Mj(x− ckh)

)
.
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Hence, the contribution ofMj to equation i can be written as a finite difference stencil
with the general form

1

εh


−Pigj(c8) −Pigj(c4) −Pigj(c7)
−Pigj(c1) δij − Pigj(c0) −Pigj(c3)
−Pigj(c5) −Pigj(c2) −Pigj(c6)


 .(3.3)

In particular, for each space derivative in the moment system (2.7), (2.8), and (2.9),
a corresponding stencil is found. The discretization of x1- and x2-derivatives occurs
in three different ways. For div ρu in the mass conservation equation as well as for
∇ρ in the momentum equation, the following stencils appear:

∂

∂x1
≈ 1

12h


−1 0 1
−4 0 4
−1 0 1


 , ∂

∂x2
≈ 1

12h


 1 4 1
0 0 0
−1 −4 −1


 .(3.4)

They also occur in the momentum equation to approximate ∂x1Θ11, ∂x2Θ22 and in
(2.8) for ∂x1ρu1, ∂x2ρu2. The derivatives of Θ12 as well as ρu1u2 are always discretized
by

∂

∂x1
≈ 1

4h


−1 0 1
0 0 0
−1 0 1


 , ∂

∂x2
≈ 1

4h


 1 0 1
0 0 0
−1 0 −1


 .(3.5)

These stencils also appear in (2.8) for ∂x1ρu2, ∂x2ρu2 and ∂x1q2, ∂x2q1. The remaining
derivatives in the moment system turn out to be approximated by

∂

∂x1
≈ 1

6h


−1 0 1
−1 0 1
−1 0 1


 , ∂

∂x2
≈ 1

6h


 1 1 1
0 0 0
−1 −1 −1


 .(3.6)

We remark that each stencil is second order accurate. In fact, the stencils can be
viewed as convex combinations of standard central difference approximations. For
example, the ∂x1

-stencil in (3.4) can be written as

1

12h


−1 0 1
−4 0 4
−1 0 1


 =

1

6


 1

2h


−1 0 1
0 0 0
0 0 0


+ 4

2h


 0 0 0
−1 0 1
0 0 0


+ 1

2h


 0 0 0
0 0 0
−1 0 1




 .

Up to now, we have investigated the approximations of the space derivatives appearing
in the moment system. However, if we consider, for example, the discretized mass
conservation equation, we find that apart from M1 = ρu1 and M2 = ρu2, the other
variables M0,M3, . . . ,M8 contribute also. Of course, this contribution is of higher
order in the discretization parameter h and the appearance of such terms is not
surprising since we started with a first order upwind approximation (3.1). As an
example, we mention the contribution of ρ to the mass conservation equation (i.e.,
i = j = 0 in 3.3). Evaluating (3.3), we find up to a constant factor

1

6h


−1 −4 −1
−4 20 −4
−1 −4 −1


 = −h∆+O(h3),
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which is the standard nine-point stencil for the Laplacian. If we keep all terms which
appear in that way and which are of first order in h, we obtain the modified equation
of the finite difference approximation (i.e., the equation which is approximated to
second order accuracy). The modified equation corresponding to (2.7) is

∂tρ+ div ρu =

(
1

6ε
∆ρ+

ε

2
div divΘ

)
h,

∂tρu + divΘ +
1

3ε2
∇ρ =

(
1

6ε
(∆ + 2∇ div )ρu +

ε

6
divQ

)
h.

(3.7)

Similarly, equations are obtained for Θ,q and s. Note that the additional terms
have a stabilizing effect because they act as artificial viscosity. In the original LB
approach, this viscosity is partly compensated by a negative viscosity due to the
explicit Euler discretization of the time derivative and partly it is combined with
the physical viscosity in the Navier–Stokes equation (which is possible since (∆ +
2∇ div )ρu has the correct structure). In this way, second order accuracy of the LBM
is obtained. Since we want to avoid the explicit time discretization but still obtain a
second order accurate scheme, we neglect all the stencils described by (3.3) which do
not have counterparts in the moment system. With this step, we focus only on the
interplay between the stencils (3.4), (3.5), and (3.6). Another possibility is to start
with a second order upwind discretization of D instead of the first order approach
(3.1) (compare here, for example, [20]).

To introduce the time discretization, we will not replace the space derivatives by
their finite difference approximations (3.4), (3.5), and (3.6) but restrict to the spatially
continuous case to avoid confusion. Of course, the complete scheme is obtained by
combining both space and time discretizations.

Introducing the momentum vector mk(x) = ρu(x, k∆t) and the pressure variable
pk by ρ(x, k∆t) = ρ̄(1+3ε2pk(x)), we define pk+1 and mk+1 based on a semi-implicit
discretization of (2.7)

pk+1 = pk − ∆t

3ρ̄ε2
divmk+1,

mk+1 = mk −∆t( divΘk + ρ̄∇pk+1).

(3.8)

Inserting mk+1 into the pressure equation yields a Helmholtz problem(
∆− 3ε2

∆t2

)
pk+1 =

1

ρ̄∆t
divmk − div div

1

ρ̄
Θk − 3ε2

∆t2
pk.(3.9)

We remark that the discretization of the second order operators ∆ and div div is
automatically given by a composition of the discretizations (3.4), (3.5), and (3.6). As
time discretization of (2.8), we choose

Θk+1 = Θk − 2∆t

3ε2
S[mk+1] +

∆t

3
Qk − ∆t

ε2τ

(
Θk+1 −

(
m⊗m

ρ

)k+1
)
.(3.10)

Finally, (2.9) is treated according to

qk+1 = qk − ∆t

ε2
div

(
Θ22 2Θ12

2Θ12 Θ11

)k
− ∆t

6
∇sk+1 − ∆t

ε2τ
qk+1,

sk+1 = sk − 4∆t

ε2
divqk+1 − ∆t

ε2τ
sk+1,
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which again leads to an elliptic problem (with α = τ/∆t)

(
1− 4τ2ε2

6(1 + ε2α)2
∆

)
sk+1 =

ε2α

1 + ε2α
sk − 4τε2α

(1 + ε2α)2
divqk

+
4τ2

(1 + ε2α)2
div div

(
Θ22 2Θ12

2Θ12 Θ11

)k
.

The elliptic problems for p and s, which result from the semi-implicit treatment, can
be solved by an iterative procedure. The remaining equations for m,Θ, and q are
explicit.

4. The discretization of the incompressible Navier–Stokes equations.
The discretization of the moment system described in the last section tends, as ε→ 0,
to a Chorin-type projection method for the incompressible Navier–Stokes equations.
Since ρ → ρ̄ in that limit, we have m = ρu → ρ̄u and the momentum equation in
(3.8) yields

uk+1 = uk −∆tdiv
1

ρ̄
Θk −∆t∇pk+1.(4.1)

The Helmholtz equation (3.9) for the pressure turns into

∆pk+1 =
1

∆t
divuk − div div

1

ρ̄
Θk.(4.2)

Both (4.1) and (4.2) are combined with the limit of (3.10)

1

ρ̄
Θk+1 = uk+1 ⊗ uk+1 − 2τ

3
S[uk+1].(4.3)

For (4.1), this implies

uk+1 = uk −∆tdivuk ⊗ uk −∆t∇pk+1 +
2τ∆t

3
divS[uk].(4.4)

By construction, each differential operator in (4.4) is composed of derivatives from
the original moment system for which we have derived the discretizations (3.4), (3.5),
and (3.6). If D̄1, D̄2 denote the approximations in (3.4) and D̃1, D̃2 denote those in
(3.5), we find for the pressure gradient and the convective term in (4.4)

∇p↔ Ḡp =

(
D̄1p
D̄2p

)
, divu⊗ u↔ D̂uk ⊗ uk =

(
D̄1u

2
1 + D̃2u1u2

D̃1u1u2 + D̄2u
2
2

)
.(4.5)

The viscous term is of the form

2divS[u]↔ L̂u =

(
2D̄2

1u1 + D̃2
2u1 + D̃2D̃1u2

D̃1D̃2u1 + D̃2
1u2 + 2D̄2

2u2

)
.(4.6)

Under discrete divergence-free condition, D̄u = 0, a reorganization yields(
2D̄2

1u1 + D̃2
2u1 + D̃2D̃1u2

D̃1D̃2u1 + D̃2
1u2 + 2D̄2

2u2

)
=

(
D̄2

1u1 + D̃2
2u1

D̃2
1u2 + D̄2

2u2

)
+
[
D̃1D̃2, D̄1D̄2

]
u,
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where [·, ·] denotes the commutator. Since both D̃1D̃2 and D̄1D̄2 are second order
accurate approximations of the mixed derivative ∂x1∂x2 , the commutator vanishes in
the order of accuracy of the method[

D̃1D̃2, D̄1D̄2

]
u = O(h2).

Thus, L̂ is a second order approximation of the Laplacian. Finally, divuk and the
Laplacian in (4.2) turn out to be discretized by

divu↔ D̄u = D̄1u1 + D̄2u2,

∆p↔ L̄p = D̄Ḡp =
(
D̄2

1 + D̄2
2

)
p.

According to (4.3), the double divergence in (4.2) splits into two contributions. The
convective part div divu⊗u is discretized by D̄D̂u⊗u where D̂u⊗u is given in (4.5).
The part involving third order derivatives is treated similarly, discretizing div divS[u]
by D̄D̂S[u]. Altogether, the discrete versions of (4.2) and (4.4) can be written as

L̄pk+1 =
1

∆t
D̄uk − D̄D̂uk ⊗ uk +

τ

3
D̄L̂uk

and

uk+1 = uk −∆tD̂uk ⊗ uk −∆tḠpk+1 +
τ∆t

3
L̂uk,

which is a Chorin-type projection method with spatial discretization induced by the
LB approach.

5. Boundary conditions and remarks on alternating errors. In this sec-
tion appropriate boundary conditions for our method are introduced and oscillating
pressure error terms are discussed. The following investigations are motivated by
the detailed analysis of finite difference schemes for the incompressible Navier–Stokes
equations in [34].

In Chorin’s method [8], the pressure is only first order accurate (with respect
to the spatial discretization parameter h) despite the fact that all finite difference
approximations are second order consistent. As shown in [34], this behavior results
from an interaction of the discretized viscous term in the Navier–Stokes equations and
the pressure Poisson equation. More precisely, the wide stencil for the Laplacian in
the pressure equation essentially decouples the problem into two Poisson problems on
separate subgrids. Since the subproblems are subject to boundary conditions which
differ at third order, alternating errors at third order are introduced (i.e., error terms
are present on one subgrid and absent on the other). If the Laplacian in the viscous
term is discretized with the standard five-point stencil, as in Chorin’s method, the
application to an alternating function yields contributions of order 1/h2. In this
way, the third order oscillating error is brought down to first order. To avoid this
phenomenon, several approaches have been proposed and some of them are analyzed
in [34]. In the LB-induced discretization of the Navier–Stokes equations described
in section 4, the accuracy of the pressure remains second order. In contrast to the
methods investigated in [34], an amplification of the alternating error at third order
is avoided due to the wide stencil L̂ for the Laplacian in the viscous term.

To explain the basic principles which lead to the alternating error terms in
Chorin’s method, we consider the Stokes equation in a periodic channel as a model
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problem. The extension of the boundary treatment to the new discretization will then
be straight forward.

By neglecting the nonlinear terms in the Navier–Stokes equations, we obtain the
Stokes equation

∂tu +∇p = ν∆u,

divu = 0 in Ω, u|t=0 = u0.
(5.1)

As in [34], we choose Ω = (0, 1)× (0, 1) with no-slip conditions u = 0 on the top and
bottom boundaries and periodic conditions in horizontal direction. The pressure p is
determined by the constraint divu = 0; i.e., p has to be chosen in such a way that
the gradient part of the vector field

a = ν∆u

is exactly compensated. Following the notation in [34], the divergence-free projection
of a is given by

Pa = a−∇q,
where q solves the Neumann–Poisson problem

∆q = diva in Ω,
∂q

∂n
= n · a on ∂Ω

with a normalization condition
∫
Ω
q dx = 0. To get a discrete representation of the

projection operator, we introduce discretizations G and D of the gradient and the
divergence. Then, the discrete divergence-free part Pha of a is obtained by solving

DGq = Da(5.2)

with suitably discretized Neumann and normalization conditions. Indeed, setting

Pha = a−Gq

we find, by construction, DPha = 0.
In Chorin’s method, G and D are based on standard central difference approx-

imations on the regular square grid Ωh = {xij = (ih, jh) : i, j = 0, . . . , N}, where
h = 1/N . With

D1 =
1

2h

[−1 0 1
]

and D2 =
1

2h


 1
0
−1


 ,

the discrete gradient acting on a scalar function q is given by

(Gq)ij =

(
(D1q)ij
(D2q)ij

)
=

1

2h

(
qi+1,j − qi−1,j

qi,j+1 − qi,j−1

)
.

(The weight in the center of the stencil always refers to the point where the stencil
is applied.) At points xij well inside the domain (2 ≤ j ≤ N − 2), the divergence D
acts on a vector field u according to

Du = D1u1 +D2u2.
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The iterated operator L = DG appearing in (5.2) is then the wide Laplacian

L =
1

4h2




1
0

1 0 −4 0 1
0
1


 .(5.3)

At points xij next to the boundary (j = 1 or j = N − 1), the original operator D2 is,
according to Chorin’s approach, replaced by

D
(1)
2 =

1

2h


10
0


 and D

(N−1)
2 =

1

2h


 0
0
−1


 .

For the velocity field u, the discrete operator

(D(j)u)ij = (D1u1)ij + (D
(j)
2 u2)ij , j ∈ {1, N − 1},

still approximates the divergence since u = 0 on the boundary so that (D(j)u)ij =
(Du)ij . However,

L(1) = D(1)G = D1D1 +D
(1)
2 D2 =

1

4h2




1
0

1 0 −3 0 1
0
0




now has the interpretation as a discrete Laplacian with an incorporated boundary
condition. Indeed, (L(1)q)i1 = (D(1)a)i1 can be rewritten in terms of the undisturbed
operators (Lq)i1 = (Da)i1 together with the condition

(D2q)i0 = (a2)i0

which is a second order accurate approximation of the Neumann boundary condi-
tion ∂q

∂n = a · n at the lower boundary. (Similar considerations apply to the upper
boundary.)

Finally, in boundary points, the x1-derivative of the divergence is deleted com-

pletely (D
(j)
1 = 0 for j ∈ {0, N}) and the x2-derivative is obtained from the half-sided

difference

D2,hs =
1

2h



−1
4
−3
0
0


(5.4)

by deleting the central weight. The equation (L(0)q)i0 = (D(0)a)i0 based on the
iterated operator

L(0) = D(0)G = D
(0)
1 D1 +D

(0)
2 D2
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can again be interpreted as (Lq)i0 = (Da)i0 but now with the boundary condition

(BD2q −Ba2)i,0 =
h

3
(D1D1q −D1a1)i,0.

Here, B is the linear interpolation operator

B =
1

3



−1
3
0
1
0


 = 1 +O(h3)(5.5)

so that B(D2q − a2) also approximates the Neumann condition.
Before we apply the construction of the boundary stencils to the discretization

induced by the LB, let us briefly comment on the mechanism which introduces al-
ternating errors (see also [34]). An important observation is that the wide Laplacian
(5.3) involves either even layers (j = 0, 2, . . . , N), or odd layers (j = 1, 3, . . . , N − 1)
but does not mix in between them. (We assume for simplicity that N is even.) Since
the boundary stencils L(1) and L(N−1) respect this separation, the Poisson problem
on the odd subgrid decouples completely. (Here, we assume for simplicity that the in-
tegral normalization is discretized separately on each subgrid. Moreover, the accuracy
of the integration rule is assumed to be at least fourth order, which again simplifies
the argument.) To analyze the solution of

(Lqodd −Da)ij = 0, j = 1, 3, . . . , N − 1,

(D2qodd − a2)ij = 0, j ∈ {1, N − 1},(5.6)

with the discretized integral normalization, we assume an expansion of the form

qodd = q
(0)
odd + hq

(1)
odd + h2q

(2)
odd + h3q

(3)
odd +O(h4).(5.7)

Inserting (5.7) into (5.6), performing a Taylor expansion, and considering equal orders
in h, we find equations satisfied by the coefficients. In lowest order, the original
problem

∆q(0) = diva,
∂q(0)

∂x2
= a2 on ∂Ω,

∫
Ω

q(0) dx = 0(5.8)

is recovered. Due to the second order accuracy of the stencils in (5.6), the equations for

q
(1)
odd and q

(3)
odd are homogeneous so that q

(1)
odd = q

(3)
odd = 0 because of unique solvability.

In second order, we find q
(2)
odd as solution of

∆q(2) =
1

6

(
∂3a1

∂x3
1

+
∂3a2

∂x3
2

)
− 1

3

(
∂4

∂x4
1

+
∂4

∂x4
2

)
q(0),

∂q(2)

∂x2
= −1

6

∂3q(0)

∂x3
2

on ∂Ω,

∫
Ω

q(2) dx = 0.

(5.9)

Altogether, we obtain the expansion

qodd = q
(0)
odd + h2q

(2)
odd +O(h4).(5.10)
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In the next step we can solve the problem on the even subgrid which uses qodd in the
boundary conditions

(Lqeven −Da)ij = 0 j = 0, 2, . . . , N,

1

3

[
(D2qeven − a2)i,−1 + 3(D2qeven − a2)i,1

]

=
1

3
(D2qodd − a2)i,2 +

h

3
(D1D1qeven −D1a1)i,0.

(5.11)

(A corresponding condition applies on the upper boundary.) The coefficients in

qeven = q(0)
even + hq(1)

even + h2q(2)
even + h3q(3)

even +O(h4)

are determined with the same procedure as above. It turns out that q
(0)
even = q

(0)
odd is

the solution of (5.8) and q
(1)
even solves

∆q(1) = 0,
∂q(1)

∂x2
=

1

4

(
∂2q(0)

∂x2
1

− ∂a1

∂x1

)
on ∂Ω,

∫
Ω

q(1) dx = 0.

In general, the solution to this problem is nontrivial. However, if a = ν∆u and
q(0) = p are related to a smooth solution of the Stokes equation, a compatibility

condition assures that ∂2q(0)/∂x2
1 = ∂a1/∂x1 so that, in fact, q

(1)
even = 0. (Basically,

the Stokes equation implies ∇p = ν∆u on the boundary so that the compatibility
relation follows by applying an additional x1-derivative.)

For the coefficient q
(2)
even, we recover (5.9) with boundary condition

∂q
(2)
even

∂x2
=

∂q
(2)
odd

∂x2

so that also q
(2)
even = q

(2)
odd. Only in third order, we observe a difference between the

solutions on the odd and even subgrids. While q
(3)
odd = 0, the coefficient q

(3)
even solves

∆q(3) = 0,

∫
Ω

q(3) dx = 0,

∂q(3)

∂x2
=

1

12

(
∂4q(0)

∂x4
2

− ∂3a2

∂x3
2

)
− 1

4

(
∂2q(2)

∂x2
2

+
1

6

∂4q(0)

∂x4
2

)
on ∂Ω.

Combining the solutions on the subgrids we find the expansion

qij = q
(0)
ij + h2q

(2)
ij + h3q

(3)
ij + (−1)jh3q̂

(3)
ij +O(h4),

where q(0), q(2) solve (5.8) and (5.9) and

q(3) =
1

2
(q(3)

even + q
(3)
odd), q̂(3) =

1

2
(q(3)

even − q
(3)
odd).

In the case of the Stokes (or Navier–Stokes) equation, the Poisson problem is coupled
with the evolution equation for the velocity field u, giving rise to a similar expansion

uij = u
(0)
ij + h2u

(2)
ij + h3u

(3)
ij + (−1)jh3û

(3)
ij +O(h4).(5.12)
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The input a to the Poisson problem is given by ν∆u where, in Chorin’s method,
the Laplacian is discretized with the usual five-point stencil. Applying this stencil to

(5.12), the term (−1)jh3û
(3)
ij yields the alternating contribution

(−1)j

h


 −1
1 −4 1
−1


 û(3)



ij

.

Since

h


 −1
1 −4 1
−1


 = −4h+ h3

(
∂2

∂x2
1

− ∂2

∂x2
2

)
+O(h5),

the source term a in the Poisson equation contains an alternating, first order contribu-
tion so that the problem for q(1) now has a nontrivial alternating source. This implies
that the approximate pressure p in the Stokes problem is only first order accurate
with an alternating error. (For a more detailed analysis, we refer again to [34].)

Let us now define boundary stencils for the new discretization derived in section
4. The discrete gradient Ḡ is always given by D̄1, D̄2 defined in (3.4). The divergence
D̄ is also composed of these stencils for points inside the domain (j = 2, . . . , N − 2).
The corresponding Laplacian has the form

L̄ = D̄Ḡ =
1

72



1 4 8 4 1
4 −8 4
8 −8 −36 −8 8
4 −8 4
1 4 8 4 1


 .(5.13)

At points next to the boundary, we modify D̄1 and D̄2 by deleting boundary weights
giving rise to D̄(j) and L̄(j) = D̄(j)Ḡ for j = 1, N − 1. On the boundary itself,
we replace D̄1 by zero (as in Chorin’s method) and choose half-sided differences for
D̄2. Although these half-sided stencils do not follow directly from the LB approach,
there is a natural choice based on the observation that D̄2 can be written as convex
combination of central differences

D̄2 = C̄D2 with C̄ =
1

6

[
1 4 1

]
.

As in Chorin’s method, where D2 is replaced by D
(0)
2 (a second order, half-sided

approximation with deleted central weight) we set

D̄
(0)
2 = C̄D

(0)
2 =

1

12h



−1 −4 −1
4 16 4

0
0
0


 .

A similar choice at the upper boundary yields D̄
(N)
2 and finally gives rise to L̄(j) =

D̄(j)Ḡ for j = 0, N .
In contrast to the wide Laplacian (5.3), the stencil (5.13) does not decouple odd

and even subgrids. However, the coupling is not very strong which can be seen if L̄ is
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applied to a function which is constant in x1 direction. Then, the stencil has the same
effect as (5.3) leading to the decoupling known from Chorin’s method. Rewriting the
boundary stencils in terms of the interior discretization, we again find two different
realizations of the Neumann boundary condition (which is an important structural
feature for the occurrence of alternating terms). At the lower boundary, we have[

C̄(D̄2q − a2)− h

3
(D̄1D̄1q −D1a1)

]
i,0

= 0,

[
B(D̄2q − a2)− 2h

3
(D̄1D̄1q −D1a1)

]
i,0

= 0,

where B is defined in (5.5). If the compatibility condition ∂2q/∂x2
1 = ∂a1/∂x1 is

satisfied, both conditions differ only in third order, exactly as in the case of Chorin’s
method.

The fundamental difference compared to Chorin’s approach is the structure of
the Laplacian L̂ (4.6) which is used to discretize the viscosity term ν∆u. We neglect
second order terms in the definition of L̂ and consider

L̂u =

(
D̄2

1u1 + D̃2
2u1

D̃2
1u2 + D̄2

2u2

)
.

Granting that u has an expansion as in (5.12), the Laplacian L̂ does not amplify
the alternating term as the standard five-point stencil. In fact, applying L̂ to h3Aû(3)

(where A is an alternating function with Aij = (−1)j) leads to an alternating term
of the same order

h3L̂Aû(3) = h3A

(
1
9
∂û

(3)
1

∂x2
1
+

∂û
(3)
1

∂x2
2

∆û
(3)
2

)
+O(h5).

In contrast to the five-point Laplacian, the wide stencil L̂ requires a special treatment
at points next to the boundary. As for the boundary divergence, we consider the
participating stencils as convex combinations of usual central differences which are
replaced by half-sided approximations if necessary. For example, D̃2 defined in (3.5)
can be written as D̃2 = C̃D2 with C̃ = 1

2

[
1 0 1

]
. Close to the boundary, we

replace D2 by D2,hs defined in (5.4). Altogether, we set

(L̂(j)u)ij =

(
D̄1D1u1 + D̃2C̃D2,hsu1

D̃1D1u2 + D̄2C̄D2,hsu2

)
ij

, j ∈ {1, N − 1}.

This modified stencil now again amplifies an alternating term but only by one order

L̂(j)Aû(3) =
4

h

∂

∂x2
û(3) +O(1).

Consequently, a second order alternating contribution appears in the calculated pres-
sure and adds to the second order error already present giving rise to a second order
accurate scheme. (The amplification can even be avoided altogether by using D2,hs

based on twice the grid size. Then, the approximate second x2-derivative operates
only on the even subgrid and thus is unaffected by alternating terms.)

Motivated by the analysis of the LB-induced discretization, we can set up other
schemes with a similar behavior but with simpler stencils. We just use the feature of
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Table 1
Absolute pressure errors (∗10−3) (and estimated convergence rates).

N Chorin Chorin (filtered) LB-based
16 1.2321 0.6655 0.2473
32 0.5694 (1.11) 0.1604 (2.05) 0.0650 (1.93)
64 0.2703 (1.07) 0.0359 (2.16) 0.0158 (2.04)
128 0.1311 (1.04) 0.0065 (2.47) 0.0031 (2.34)

Table 2
Absolute velocity errors (∗10−3) (and estimated convergence rates).

N Chorin LB-based
16 0.8561 3.6406
32 0.2141 (2.00) 0.9249 (1.98)
64 0.0582 (1.88) 0.2215 (2.06)
128 0.0125 (2.21) 0.0444 (2.32)

a wide Laplacian in the discretization of ν∆u to avoid amplifications of high-order
alternating terms. For example, to simplify the numerical effort, one may use, instead
of L̂, the stencil L̄—with appropriate boundary modifications—to approximate the
viscous term. Another possibility is to use the wide five point stencil (5.3). As with the
LB-induced discretization, h3Aû(3) is not amplified inside the domain and is amplified
at most by one order next to the boundary so that second order schemes in velocity
and pressure are obtained.

6. Numerical investigations. Our numerical test problem is taken from [34].
The periodic channel problem (5.1) is initialized with the velocity field

u1(x1, x2) = 6x2(1− x2) + 16(2x2 − 6x2
2 + 4x3

2) sin(2πx1)/2π,

u2(x1, x2) = −16(x2
2 − 2x3

2 + x4
2) cos(2πx1),

which relaxes to plane Poiseuille flow for t → ∞. Errors due to time integration are
kept small by using very small time steps. The results obtained with Chorin’s method
and the LB-induced discretization are presented at t = 1. As mentioned at the end of
the previous section, we consider a simplification of the method described above, using
the stencil defined by (5.3) instead of L̂. (With L̄ instead of L̂, the same behavior
is observed.) The orders of convergence of the pressure for the different methods are
given in Table 1.

First order convergence for the pressure is found with Chorin’s method in contrast
to the second order convergence with the LB-based method. This is in accordance
with the analytical considerations, since wide Laplacians are used to discretize the
viscous terms in the velocity equation. We mention that second order convergence for
the pressure can also be obtained with Chorin’s method if filtering of the pressure is
used; see [34]. However, filtering introduces additional errors so that Chorin’s scheme
including filtering shows an error larger than the LB-type method.

The convergence of velocity is second order in both cases, as shown in Table 2.
Here, the absolute errors of the LBM exceed those of Chorin’s method by a factor

of four. This loss of resolution is due to the fact that a wide stencil of size 2h is used
to approximate the viscous term instead of a usual five-point stencil as in Chorin’s
method.

7. Conclusions. Starting from an LB-type discrete velocity model with the
diffusion scaling, a relaxation system for an equivalent set of velocity moments is
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derived. A simple upwind discretization of the kinetic equation, similar to the one
used in the original LB scheme, gives rise to a spatial discretization of the moment
system. A semi-implicit time discretization which respects the stiffness of the problem
then leads to a Chorin-type projection method for the incompressible Navier–Stokes
equations as limiting system. In contrast to Chorin’s original method, second order
convergence of the pressure is observed. This improvement is related to the use of wide
stencils in the velocity equation. On the other hand, wide stencils reduce resolution so
that absolute errors in velocity are larger compared to Chorin’s method although both
schemes are second order accurate in velocity. The analytical results are based on an
analysis of alternating error terms and are supported by numerical investigations.
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Abstract. Spurious long-term solutions of a finite-difference method for a hyperbolic conserva-
tion law with a general nonlinear source term are studied. Results are contrasted with those that
have been established for nonlinear ordinary differential equations. Various types of spurious behav-
ior are examined, including spatially uniform equilibria that exist for arbitrarily small time-steps,
nonsmooth steady states with profiles that jump between fixed levels, and solutions with oscillations
that arise from nonnormality and exist only in finite precision arithmetic. It appears that spuri-
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1. Introduction.

1.1. Background. There is a growing interest in the analysis of time-stepping
methods for the long-term solution of nonlinear evolutionary equations. In partic-
ular, the propensity for widely used methods to generate spurious steady states is
receiving much attention. In the context of ordinary differential equations (ODEs),
many examples of spurious behavior have been identified [6, 12, 24]. Theoretical work
in this area includes the study of spurious fixed points for small time-steps [10], the
identification or construction of methods that guarantee to avoid spurious fixed points
[7, 12], and the use of bifurcation theory to study routes to spuriosity [13, 20]. In
[1] the potential for spurious behavior with an adaptive ODE algorithm was inves-
tigated, and both positive and negative results concerning the effectiveness of error
control were derived.

Our aim in this work is to analyze spurious behavior arising from a discretized
hyperbolic partial differential equation (PDE) of the form

ut + (f(u))x = g(u), 0 < x < 1, t > 0,(1)

where the flux f and the source term g are nonlinear. Motivating this work is our
desire to highlight new features that arise from the introduction of a spatial derivative,
and hence to contrast the results with those that have been established for ODEs.

Difficulties arise in the numerical solution of (1) when the source term is “stiff”;
that is, the time scale associated with reaction is very much shorter than that associ-
ated with advection. One of the most common problems addressed in the literature is
that of incorrect speed of propagation of waves; see, for example, [3, 5, 15, 23]. This
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has lead to the development of methods, often implicit or semi-implicit, for time-
accurate solutions. In this work we are concerned with the amplitude of the waves,
rather than with the speed.

1.2. Model problem. To simplify the presentation, we focus on the case of
linear advection, so that the model problem becomes

ut + aux = g(u), 0 < x < 1, t > 0,(2)

where a > 0 is constant and the source term g is nonlinear. In section 6 we indicate
how our results carry through to the more general nonlinear flux case (1). For the
purpose of illustration we will frequently refer to the logistic source term

g(u) = αu(1− u),(3)

where α > 0 is constant. This prototypical nonlinear function has been used in many
studies of the dynamics of numerical methods.

Making the change of coordinates s = x− at, τ = t transforms (2) to

du

dτ
= g(u).(4)

Hence, along the characteristics, where x−at is constant, solutions solve the ODE (4).
(The underlying ODE (4), will, of course, also play an important role in the analysis
of numerical methods for (2).) For the logistic function (3), given uτ=0 = u0, (4) has
the solution

u(τ) =
u0

u0[1− exp(−ατ)] + exp(−ατ) .

Hence, when the initial condition is positive the solution tends to the stable fixed
point u ≡ 1 as τ →∞.

We consider both the periodic initial value problem (PIVP) and the initial bound-
ary value problem (IBVP) for (2). In the PIVP case, we are given u(x, 0) for 0 < x < 1
and u is assumed to be periodic in space: u(1+x, t) = u(x, t). It is clear from the dis-
cussion above that with g given by (3) and positive initial data, the solution converges
to the fixed point u ≡ 1 as t→∞.

In the IBVP case we are given u(x, 0) for 0 < x < 1 and u(0, t) for t > 0.
For simplicity, we will assume a constant boundary condition, u(0, t) ≡ u0. With
the logistic source term (3), if the initial and boundary data are positive, then the
solution tends to a (generally) nonuniform steady state with profile

u(x, t) =
u0

u0[1− exp(−αx/a)] + exp(−αx/a) .(5)

1.3. Numerical method. If the spatial derivative in (2) is approximated using
first order upwind differences [21], then we obtain an ODE system of the general form

Ut = − a
∆xAU+ g(U) + a

∆xb =: S(U),(6)

where ∆x is a spatial meshsize and Uj(t) ≈ u(j∆x, t). Here, g(U)j = g(Uj). We let
N = 1/∆x, so that U(t) ∈ R

N . For the PIVP we have

A =




1 −1
−1 1

. . .
. . .

−1 1


 , b ≡ 0,(7)
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while for the IBVP

A =




1
−1 1

. . .
. . .

−1 1


 , b =




u0

0
...
0


 .(8)

To approximate the semidiscrete system (6) we consider a general explicit, two-
stage, second order Runge–Kutta (RK) formula [14, p. 154] with tableau

0 0
1/(2θ) 1/(2θ) 0

1− θ θ
.

Here θ �= 0 is a free parameter and we always assume that 0 < θ ≤ 1. Common
choices are θ = 1

2 and θ = 1, giving the improved Euler and modified Euler methods,
respectively. These time-stepping methods are widely used in the finite-difference
discretization of advection problems; see, for example, [11].

Letting ∆t denote the time-step, the RK method applied to (6) produces approx-
imations Un ∈ R

N with Un
j ≈ U(j∆x, n∆t) according to

Un+1 = Un +∆t
[
(1− θ)S(Un) + θS(Un + ∆t

2θ S(U
n))
]
.(9)

2. Fixed points of the semidiscrete problem. Although we are mainly con-
cerned with the numerical solutions generated by the overall algorithm, a useful start-
ing point is to study the fixed points of the system (6).

2.1. Initial BVP. For the IBVP (6) has a fixed point when

Uj−1 = Uj − ∆x
a g(Uj), j = 1, 2, . . . , N,(10)

with U0 = u0. Maps of this type have received considerable attention in the literature;
see, for example, [16]. Generically, there are parameter ranges for which periodic
cycles of any period may be generated.

The following results give insight into the behavior of the map (10) around a zero
of g.

Theorem 2.1. Suppose g ∈ C1 with g(β) = 0 and g′(β) < 0 for some β ∈ R.
Let I ⊆ R be an open, connected interval containing β such that g′(u) < 0 for all
u ∈ I. Then, if U0 ∈ I, there exists a solution sequence {Uj}Nj=0 of (10) in which
the components Uj approach β monotonically as j increases. Furthermore, this fixed
point of the semidiscrete IBVP (6) is linearly stable.

Proof. Consider the general case where Uj−1 ∈ I with Uj−1 �= β. Define hj−1 :
R �→ R by

hj−1(u) = u− ∆x

a
g(u)− Uj−1.(11)

Then, using the mean value theorem,

hj−1(Uj−1) = −∆x

a
g(Uj−1) = −∆x

a
(g(Uj−1)− g(β)) = −∆x

a
g′(ξj−1)(Uj−1 − β),

where ξj−1 ∈ I. Hence, hj−1(β)hj−1(Uj−1) = (∆x/a)g′(ξj−1)(Uj−1 − β))2 < 0; so
there is a zero Uj of hj−1 between Uj−1 and β.
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The Jacobian of the ODE (6) at this fixed point is lower triangular with strictly
negative diagonal entries. Hence, the fixed point is linearly stable.

Theorem 2.1 gives the reassuring result that there are stable, smooth, fixed points
of (6) that mimic those of the underlying PDE. The next result shows that unstable,
oscillatory, fixed points may also exist if the spatial resolution is inadequate.

Theorem 2.2. Suppose g ∈ C1 with g(β) = 0 and g′(β) > 2a/∆x for some
β ∈ R. Let I ⊆ R be an open, connected interval containing β such that g′(u) > 2a/∆x
for all u ∈ I. Then if U0 ∈ I and U0−∆xg(U0)/a ∈ I there exists a solution sequence
{Uj}Nj=0 of (10) in which the components Uj approach β as j increases, with successive
components lying on opposite sides of β. Furthermore, this fixed point of the semi-
discrete IBVP (6) is linearly unstable.

Proof. Consider the general case where Uj−1 ∈ I with Uj−1 �= β, and let Wj−1 :=
Uj−1 −∆xg(Uj−1)/a ∈ I. From the mean value theorem,

(Wj−1 − β)(Uj−1 − β) = (Uj−1 − β)2(1−∆xg′(ξj−1)/a) < 0,

where ξj−1 ∈ I. Hence, Uj−1 andWj−1 lie on opposite sides of β. Let hj−1 be defined
by (11). Then h′

j−1(u) < −1 for all u ∈ I.
Now, consider the case where Uj−1 < β. Note that hj−1(β) > 0. For any u ∈ I

with u > Uj−1 we have

hj−1(u) = hj−1(Uj−1) +

∫ u

Uj−1

h′
j−1(u) du < hj−1(Uj−1)− u+ Uj−1.

Putting u = Wj−1 gives hj−1(Wj−1) < 0. Hence, hj−1 has a root Uj ∈ (β,Wj−1).
Also, we note that Wj := Uj −∆xg(Uj)/a = Uj−1 ∈ I.

In the case where Uj−1 > β, a similar argument shows that hj−1 has a root
Uj ∈ (Wj−1, β).

Linear instability follows by observing that the relevant Jacobian of the ODE (6)
is lower triangular with strictly positive diagonal entries.

For the logistic source term (3), these results lead to the following corollary.
Corollary 2.3. Consider the semidiscrete IBVP (6) with logistic source term

(3).
If U0 ∈ (1/2,∞), then there exists a linearly stable fixed point {Uj}Nj=0 of (6) for

which the components Uj approach 1 monotonically as j increases.

If 0 < ψ < 1/2 and (1−ψ−
√
1− 3ψ2)/2 < U0 < (1/2)−ψ, where ψ := a/(α∆x),

then there exists a linearly unstable fixed point {Uj}Nj=0 of (6) for which the components
Uj approach zero as j increases with successive components lying on opposite sides of
β.

A spatially uniform fixed point (SUFP) has the form U = βe, where e =
[1, 1, . . . , 1]T . It is clear from the form of (6) that such a fixed point exists only
if g(β) = 0 and u0 = β. In this case, βe is a discrete analogue of a fixed point of (4),
and hence of the problem (2). (Note that strict spatial uniformity requires the appro-
priate boundary condition to be specified. However, as illustrated by Theorems 2.1
and 2.2, fixed points that are almost spatially uniform arise generically.)

The Jacobian of the ODE (6) at a point U = βe is g′(β)I − (a/∆x)A. This
matrix is lower bidiagonal, and hence, it has the single eigenvalue λ = g′(β)− a/∆x.
This implies that a fixed point U = βe is stable for

g′(β)− a
∆x < 0,(12)
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a condition that is automatically satisfied if g′(β) ≤ 0 and a > 0. However, the Jaco-
bian may be highly nonnormal, leading to extreme transient growth of perturbations
in (6) and a negligible basin of attraction for the fixed point. In this case it is more
profitable to study the pseudospectrum of the Jacobian [17]. Omitting the details,
the pseudospectrum of this matrix in an appropriate limit is given by (see [18])

g′(β)− a
∆x (1− z), z ∈ C, |z| ≤ 1.

In order to have stability in a practical sense when N is large, it is necessary that
the pseudospectrum lie in the left half of the complex plane. This reduces to the
condition g′(β) < 0, which is identical to the corresponding constraint for the PIVP
(see section 2.2).

2.2. Periodic IVP. The PIVP version of (6) has a fixed point when (10) holds,
with the interpretation that U0 ≡ UN . As in the IBVP case, we may study fixed
points that are close to a zero of g. The arguments used in Theorems 2.1 and 2.2
remain valid, and, because of the “wrap-around” effect, the following stronger result
holds.

Theorem 2.4. Suppose g ∈ C1 with g(β) = 0 for some β ∈ R.
If g′(β) < 0, let I ⊆ R be the largest open, connected interval containing β such

that g′(u) < 0 for all u ∈ I. Then the only fixed point of the semidiscrete PIVP (6)
for which U0 ∈ I is the linearly stable SUFP βe.

If g′(β) > 2a/∆x, let I ⊆ R be the largest open, connected interval containing β
such that g′(u) > 2a/∆x for all u ∈ I. Then the only fixed point of the semidiscrete
PIVP (6) for which U0 ∈ I and U0 − ∆xg(U0)/a ∈ I is the linearly unstable SUFP
βe.

3. Fixed points of the overall algorithm.

3.1. Time-stepping on the underlying ODE. We begin this section by ex-
amining fixed points of the underlying RK(θ) method on the scalar ODE ut = g(u).
Introducing z to represent an intermediate stage value, a fixed point β of the RK(θ)
scheme must satisfy

β + ∆t
2θ g(β) = z,(13)

(1− θ)g(β) + θg(z) = 0.(14)

It is clear that if g(β) = 0, then z = β is a solution—so that fixed points of the ODE
are inherited by the RK scheme. (This is true for all RK schemes [12].) However, for
general nonlinear g, spurious fixed points, where g(β) �= 0, may be admitted.

It is possible to make some general comments about spurious fixed points in (13)–
(14). (Recall our assumption that 0 < θ ≤ 1.) First, from (14), there must be at least
one zero of g between z and β. Moreover, if u is such that g(u) = 0, g′(u) �= 0, and
β = u+ c1ε+ c2ε

2 + · · · for some small parameter ε and constants c1, c2, . . ., then

(1− θ)β + θz = u+O(ε2).

This tells us that z is better than β as an approximation to u when θ ∈ (1/2, 1] and
ε is small.

Fixed points arising with the logistic nonlinearity (3) have been studied by many
authors. For any 0 < θ ≤ 1, the fixed point u = 1 is stable for 0 < ∆t < 2. Letting
r := α∆t, the following results about spurious fixed points are known for the popular
choices of θ = 1/2 and θ = 1, [6].
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θ = 1: spurious fixed points u = 1+2/r and u = 2/r exist for all r. The former
is stable for 0 < r < −1+√5, and the latter is stable for 2 < r < 1+

√
5.

θ = 1
2 : spurious fixed points u = [2 + r ±√r2 − 4]/(2r) exist for r > 2 and are

stable for 2 < r <
√
8.

Two points are worth emphasizing.
• In these examples, spurious fixed points either cease to exist or become arbi-
trarily large in modulus as ∆t → 0. Humphries [10] proved a general result
in this vein—for any RK formula and any locally Lipschitz g, a spurious fixed
point that persists for small ∆t must blow up as ∆t→ 0.
• The θ = 1 case above shows that although spurious fixed points must blow
up as ∆t→ 0, they may remain stable for arbitrarily small ∆t.

3.2. Spatially uniform fixed points of the PIVP. For the PIVP it is
straightforward to confirm that βe is a fixed point of the overall algorithm if and
only if β is a fixed point for the RK method on the scalar ODE ut = g(u). Hence,
the question of existence of SUFPs has been answered in the previous subsection.
Stability, however, is a separate issue.

Suppose first that βe is a nonspurious SUFP, so that g(β) = 0. Then we know
from [12, Theorem 3] that the appropriate condition for linear stability is |R(z)| < 1 for
every z = ∆tλ, where λ is an eigenvalue of −aA/∆x+g′(β)I and R(z) = 1+z+z2/2.
The matrix A has eigenvalues 1 − exp(iϕ), where ϕ ≡ ϕj = 2πj/N , j = 1, 2, . . . , N .
Treating ϕ ∈ [0, 2π) as a continuous variable (which may be justified when N is large),
it follows that the spectrum of A lies on a circle centered on the negative real axis.
It may then be shown that the real eigenvalues of A always dominate the stability
condition and the required constraint may be written

0 < −∆tg′(β) < 2− 2c.(15)

For the logistic source term (3) with β = 1, this becomes 0 < r < 2 − 2c, where
r = α∆t. This region is shown in light gray in the plots of Figure 1.

Generally, writing the map (9) as Un+1 = G(Un), after some manipulation the
Jacobian of G at a point U = βe may be written in the form

G′(βe) = (1 + ρ− 1
2γ

2)I + 1
2 (cA− γI)2,(16)

where

γ = 1 + 1
2∆t(g′(β) + g′(z)),(17)

ρ = ∆t((1− θ)g′(β) + θg′(z) + 1
2∆tg′(β)g′(z)),(18)

with z defined in (13). We use c := a∆t/∆x to denote the Courant number [21].
For the logistic source term it is possible to determine the stable parameter ranges
of the spurious fixed points corresponding to each value of θ. This leads to “almost
triangular” regions with a vertical edge determined by the eigenvalue λ(A) = 0 and
the “hypotenuse” by λ(A) = 2, (ϕ = π). The remaining eigenvalues reduce the
regions by rounding the apex in such a way as to create a C1 smooth boundary. The
details are omitted in view of their complexity. These regions are shown in darker
gray in Figure 1 for θ = 1/2, 3/4, 1.

Two key points arise from Figure 1. First, for θ > 1
2 it is possible to choose

parameter values where both the correct and spurious fixed points are stable. In such
cases, the choice of initial data will determine which, if either, of the two steady states
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Fig. 1. Stable parameter ranges in the (r, c)-plane for steady states of the RK(θ) methods with
θ = 0.5, 0.75, 1.0 on the PIVP with (3). On the bottom row the vertical axis shows the magnitude of
the steady state solution.

is computed. A numerical illustration of this effect is given in section 3.4. The second
point concerns the stability of spurious fixed points for small ∆t. We know from
section 3.1 that for θ = 1 on the scalar ODE the spurious fixed point u = 1 + 2/r is
stable for 0 < r < −1 +√5 ≈ 1.2. This stability interval is seen along the c = 0 axis
at the base of the dark shaded θ = 1 region in Figure 1. However, it is clear that if
we increase c beyond zero, moving from the ODE to the PDE, then the spurious fixed
point is always unstable for small r, that is, small ∆t. We now develop some theory
to show that this behavior is generic.

The lemma below concerns the scalar ODE.
Lemma 3.1. Consider the RK(θ) method (9) (with 0 < θ ≤ 1) applied to the scalar

ODE (4). Suppose that g : R �→ R is bounded and differentiable on every bounded
interval, the zeros of g are separated, and g(u) is monotonic for all |u| sufficiently
large. Suppose further that for sufficiently small ∆t there is a spurious fixed point
β = β(∆t) with β depending C1 continuously upon ∆t and with g(β) bounded away
from zero for small ∆t.

(1) For θ = 1, we have g′(β) < −2/∆t for sufficiently small ∆t.
(2) For 0 < θ < 1, the fixed point β of the method (9) is linearly unstable for

sufficiently small ∆t.
Proof. Let z = z(∆t) be defined by (13). Note that if β is bounded as ∆t → 0,

then ∆tg(β) → 0, so that z → β in (13). In this case, from (14), g(β) → 0. This
contradicts the assumption that g(β) is bounded away from zero for small ∆t, and
hence, we must have |β| → ∞ as ∆t→ 0.

For the remainder of the proof we assume without comment that ∆t is sufficiently
small for our arguments to hold. We use a dot to represent differentiation with respect
to ∆t so that, for example, β̇ denotes dβ/d∆t.

For θ = 1 we have g(z) = 0 from (14). Hence, z is fixed as ∆t → 0. It follows
from (13) that βg(β) < 0 and hence, from the monotonicity of g, that g′(β) < 0.
Differentiating (13) with respect to ∆t gives

ββ̇(2 + ∆tg′(β)) = −βg(β) > 0.(19)

Now β2 increases as ∆t → 0, so d(β2)/d∆t < 0; that is, 2ββ̇ < 0. Using this in (19)
gives g′(β) < −2/∆t.

For 0 < θ < 1 it follows from (14) that g(β) and g(z) are of opposing sign.
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From the boundedness and monotonicity assumptions on g, we must have |z| → ∞
as ∆t→ 0, with zβ < 0. In (13) we then find that

β2 +
∆tβg(β)

2θ
= zβ < 0,

and hence, βg(β) < 0. The monotonicity of g then forces g′(β) < 0.
Now (13) and (14) give

2(1− θ)z +∆tg(z) = 2(1− θ)β.(20)

Differentiating (13) and (20) with respect to ∆t gives

(2θ +∆tg′(β))β̇ + g(β) = 2θż,

(2− 2θ +∆tg′(z))ż + g(z) = 2(1− θ)β̇.

This may be written[
2θ +∆tg′(β) −2θ
−2(1− θ) (2− 2θ +∆tg′(z))

] [
β̇
ż

]
= −

[
g(β)
g(z)

]
.(21)

The determinant of the two-by-two matrix in (21) is 2ρ, where ρ is defined in (18).
Hence,

2ρ

[
β̇
ż

]
= −

[
(2− 2θ +∆tg′(z))g(β) + 2θg(z)
(2− 2θ)g(β) + (2θ +∆tg′(β))g(z)

]
.

Using (14), this simplifies to

2ρ

[
β̇
ż

]
= −

[
∆tg(β)g′(z)
∆tg(z)g′(β)

]
.

Thus, multiplying the first component by β gives

ρ
dβ2

d∆t
= −∆tβg(β)g′(z).(22)

Our earlier arguments showed that βg(β) < 0, and since z and β tend to ±∞ in
opposite directions, it follows from the monotonicity of g that g′(z) < 0. Hence, the
right-hand side of (22) is negative. Since d(β2)/d∆t < 0, we deduce that ρ > 0. This
gives G′(β) > 1 in (16) (with the dimension set to N = 1 and with A = 0), and
therefore, the spurious fixed point is unstable.

We now use Lemma 3.1 to establish a result about the stability of spurious SUFPs
of the semidiscrete PDE. The theorem below applies to a general class of semidiscrete
problems, for which the PIVP (6) is a special case. (Adding this level of generality
makes the theorem more widely applicable and does not complicate the proof.) The
result shows that stable, spurious SUFPs occur only where there is a lack of spatial
resolution.

Theorem 3.2. Consider the RK(θ) method (9) (with 0 < θ ≤ 1) applied to an
ODE system of the form

Ut = − a
∆xmAU+ g(U),(23)

where a,∆x > 0 and g(U)i ≡ g(Ui) with g satisfying the assumptions in Lemma 3.1.
Suppose that A ∈ R

N×N satisfies Ae = 0 and has an eigenvalue 0 < λ ∈ R. Consider
a spurious SUFP βe, where β = β(∆t) depends C1 continuously upon ∆t, with g(β)
bounded away from zero for small ∆t.
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(1) For θ = 1, such a SUFP cannot be stable for small ∆t if

∆xm <
aλ

g′(z)
,(24)

where the intermediate stage value z is defined in (13).
(2) For 0 < θ < 1, such a SUFP cannot be stable for small ∆t.
Proof. First, note that since Ae = 0, if βe is a SUFP for the RK(θ) method on

(23), then β is a fixed point for the same method on the scalar problem (4). Hence,
we may appeal to Lemma 3.1.

Stability of the SUFP βe is determined by the spectrum of the matrix G′(βe) in
(16)–(18), with c := a∆t/∆xm. Since A has an eigenvalue λ ∈ R, G′(βe) has a real
eigenvalue of the form

µ = 1 + ρ+ 1
2c

2λ2 − γcλ.

Instability of the SUFP βe follows if we can show that µ− 1 > 0.
Consider first the case θ = 1. It is straightforward to verify that

µ− 1 = 1
2 (λc−∆tg′(β)− 2)(λc−∆tg′(z)),

where, from Lemma 3.1, the first factor on the right-hand side is positive for small
∆t. Consequently, µ − 1 > 0 if λc > ∆tg′(z), from which, using c = a∆t/∆xm, we
obtain (24).

The result for 0 < θ < 1 is almost immediate from Lemma 3.1. Since µ > 1 when
c = 0, it follows by continuity that µ > 1 for small c.

For the picture in the top right-hand corner of Figure 1 we have θ = 1, λ = 2,
m = 1, β = 1 + 2/(α∆t), z = 0, g′(0) = α > 0. So the condition in Theorem 3.2 for
no stable spurious SUFPs when ∆t is small becomes ∆x < 2a/α; that is, c > r/2.
Figure 1 shows this bound to be sharp.

3.3. Spatially uniform fixed points of the IBVP. For the IBVP the PDE
has a SUFP if and only if g(u0) = 0. In this case, the map (9) inherits the fixed
point βe, with β = u0. The Jacobian of the map at this point is lower triangular with
Toeplitz form. The matrix has a single eigenvalue, which is real, and restricting this
to lie in the interval (−1, 1) produces the stability condition

0 < c−∆tg′(β) < 2.(25)

The left-hand inequality requires ∆xg′(β) < a, which forces ∆x to be sufficiently
small when g′(β) > 0, but imposes no restriction when g′(β) < 0. The right-hand
inequality then requires

∆t <
2∆x

a−∆xg′(β)
.(26)

However, since the Jacobian is (potentially) highly nonnormal, eigenvalues may be
misleading indicators of stability. This phenomenon is well known in the analysis of
linear stability of PDE methods [17] and corresponds to the classical result [19] that
stability of the PIVP is a necessary condition for stability of the IBVP.

We now show the nonexistence of spurious SUFPs.
Theorem 3.3. For the IBVP, when N ≥ 3, the numerical method (9) does not

admit a spatially uniform, spurious fixed point.
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Fig. 2. Spurious and correct steady states for the PIVP.

Proof. If βe is a SUFP, then

(1− θ)S(βe) + θS

(
βe+

∆t

2θ
S(βe)

)
= 0.(27)

From the form of S in (6), considering the jth component of (27), where j > 2 leads
to the condition

(1− θ)g(β) + θg

(
β +

∆t

2θ
g(β)

)
= 0.(28)

This shows that β must be a fixed point for the RK(θ) method applied to the under-
lying scalar ODE. Now, taking the second component in (27) and using (28) gives

u0 − β = 0.(29)

Finally, using (28) and (29) in the first component of (27) shows that

a∆t

2∆x
g(β) = 0.

Hence, g(β) = 0, and the fixed point is not spurious.
From the proof of Theorem 3.3 it is clear that if β is a spurious fixed point for the

RK(θ) method applied to the underlying scalar ODE, then βe satisfies the conditions
required for a fixed point on the IBVP problem, except near the boundary j = 0. We
will see in the next section that it is possible for the method to settle to a fixed point
that is close to β except near the left-hand boundary.
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Fig. 3. Spurious nonuniform steady state for the IBVP.

3.4. Numerical examples and further analysis. We now present some nu-
merical results. All computations used a = 1 in (2) and θ = 1 in (9). We be-
gin by illustrating that stable spurious and stable correct fixed points may coex-
ist. Figure 2 shows the first 20 time-levels for the PIVP using ∆x = 1/N = 1/40,
∆t = 0.1∆x and with α = 400 in the logistic source term (3). This gives r = 1
and c = 0.1, and we see from the top right-hand picture in Figure 1 that the fixed
points U = βe with β = βcorr := 1 (correct) and β = βspur := 1 + 2/r = 3 (spu-
rious) are stable. The upper picture in Figure 2 was generated using initial data
u(x, 0) = 0.7βspur + 0.4 sin(2πx)

2, and the solution is attracted to the spurious level.
The lower picture used u(x, 0) = 0.5βspur + 0.4 sin(2πx)

2, which is seen to be in the
basin of attraction of the true fixed point.

The upper picture in Figure 3 gives the result when the same parameter values
as above are used on the IBVP with initial data u(x, 0) = βspur + 0.3 sin(2πx)2 and
a boundary condition of u0 = βspur. In this case, most components have settled
close to the spurious level βspur, but there are oscillations at the left-hand boundary.
(For clarity, the boundary value is not plotted.) The overall solution is period two in
time. The lower picture in Figure 3 gives the two profiles between which the solution
oscillates. Note that Theorem 3.3 shows that a spatially uniform spurious fixed point
cannot be computed for the IBVP.

In the course of our experiments, we found that, on both the IBVP and PIVP,
it was common for the solution to settle down to a stable steady state that consisted
of disjoint “locally uniform” patches that mix together spurious and correct levels.
Figure 4 gives an example. This stable steady state arose on the PIVP with the same
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parameters as above; we simply changed the initial condition to u(x, 0) = 0.6βspur +
0.3 sin(2πx)2. In this example, some initial data has been attracted to the spurious
level βspur and some to the correct level βcorr. The lower picture in Figure 4 gives the
profile of the steady state.

The profile shown in Figure 4 can be analyzed further, as follows. Writing the
map (9) as Un+1 = G(Un), a fixed point must satisfy U = G(U), which reduces to
a set of scalar equations for the components:

− a

∆x
[Uj − Uj−1] +

a2∆t

2∆x2 [Uj − 2Uj−1 + Uj−2]− a∆t

2∆x
[g(Uj)− g(Uj−1)]

+ g

(
Uj − a∆t

2∆x
(Uj − Uj−1) +

∆t

2
g(Uj)

)
= 0,

for j = 2, 3, . . .. Hence, the sequence {Uj}Nj=0 satisfies a two-step recurrence that we
may write as

q(Uj−2, Uj−1, Uj) = 0.(30)

Note that as an equation for Uj (given Uj−2 and Uj−1), (30) is implicit. On the other
hand, if we regard (30) as an equation for Uj−2 (given Uj and Uj−1), then the map is
explicit.

With the logistic source term, to explain the upward jumps in Figure 4 we look
for a solution sequence for (30) of the form

. . . , 1, 1, 1 +
2

r
+ c2V0, 1 +

2

r
+ c2V1, 1 +

2

r
+ c2V2, . . . .(31)
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Since q(1, 1, 1+2/r) = 0, we take V0 = 0. The equation q(1, 1+2/r, 1+ 2
r + c2V1) = 0

has a solution V1 = −2/(r2(r + 2)) + O(c). Generally, assuming that the {Vj} are
small and linearizing produces the relation

Vj (r + 2 + c) (r − c) + 2cVj−1 (1 + c)− c2Vj−2 = 0.(32)

The characteristic polynomial of this recurrence has roots −c/(r−c) and c/(r+2+c).
Since r > 0 and c > 0, it follows that Vj → 0 as j → ∞ in (32) if r > c, with very
rapid convergence when r � c.

Next we look for a downward jump solution of the form

. . . , 1 +
2

r
, 1 +

2

r
, 1 + V0, 1 + V1,1 + V2, . . . .(33)

Setting q(1 + 2/r, 1 + 2/r, 1 + V0) = 0 gives the quadratic

V 2
0 r2 + V 2

0 r (r + c− 2)− 4c.
We will take the smaller root, for which V0 =

4c
r(r−2)+O(c2). Linearizing q(1+2/r, 1+

V0, 1 + V1) gives

V1 ≈ 2c r2V0 + rcV0 − c− V0r

(r + c− 2) r (r + rcV0 + c)
.

Generally, linearizing the equation g(1+Vj−2, 1+Vj−1, 1+V j) = 0 gives the recurrence

Vj (r + c) (r + c− 2)− 2cVj−1 (c− 1 + r) + c2Vj−2 = 0,(34)

whose characteristic polynomial has the roots c/(r + c), c/(r + c− 2). It follows that
a sufficient condition for Vj → 0 as j →∞ in (34) is r < 2− c.

The existence of the c2 factor in the sequence (31) suggests that upward jumps
settle to the new level more rapidly than downward jumps. This agrees with the
profile in Figure 4.

Next, we show that for small c it is generic to have steady states profiles of the
type pictured in Figure 4, that is, profiles that jump between levels, with each level
corresponding to a stable (correct or spurious) fixed point for the RK map on the
underlying scalar ODE. Note that this result formalizes an argument given in [4].

Theorem 3.4. Suppose g ∈ C1. Regard ∆t and ∆x as fixed and allow c =
a∆t/∆x to vary. Suppose U∗ ∈ R

N is such that every component of U∗ is a stable
(correct or spurious) fixed point of the RK(θ) method on the underlying scalar ODE
(4). Then there exists c∗ > 0 such that for all 0 ≤ c ≤ c∗ there is a stable fixed point
U = U(c) of the RK method on the PIVP (6), where U(c) depends continuously upon
c and U(0) = U∗.

Proof. Write the RK method on the PIVP (6) as

Un+1 = Un +∆tH(c, Un).(35)

We know that H(0,U∗) = 0. At c = 0 the map (35) uncouples; the Jacobian
∂H(0,U)/∂U is diagonal. Since each component of U∗ represents a stable fixed
point on the underlying scalar ODE, we have∣∣∣∣∣1 + ∆t

(
∂H(0,U∗)

∂U

)
i,i

∣∣∣∣∣ < 1, 0 ≤ i ≤ N.
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It follows that each element on the diagonal of ∂H(0,U∗)/∂U is nonzero, and hence,
the Jacobian is nonsingular. The implicit function theorem may therefore be invoked,
to show that there exists c∗ > 0 such that for all 0 ≤ c ≤ c∗ there is a solution U(c)
of the nonlinear system H(c,U(c)) = 0, where U(c) depends continuously upon c and
U(0) = U∗. Since the eigenvalues of a matrix depend continuously upon its entries, it
follows that by further reduction of c∗, if necessary, we can ensure that the eigenvalues
of I +∆t∂H(c,U(c))/∂U remain inside the unit disc for all 0 ≤ c ≤ c∗.

4. Nonnormality in the IBVP. We now describe a type of spurious behavior
that arises on the IBVP in the presence of finite precision and nonnormality. The
effect is linear, in the sense that the same behavior can be seen when the logistic
source term is replaced by α(1− u).

Figure 5 shows the results of a computation on the IBVP with the logistic source
term (3) using α = 400, ∆x = 1/N = 1/40, and ∆t = .97∆tlim. Here, ∆tlim :=
2∆x/(1 + α∆x) is the eigenvalue stability limit, that is, the time-step beyond which
the correct steady stateUn = e becomes linearly unstable. We took u(x, 0) = 1+10−8

for the initial data and u0 = 1 as the boundary condition. The upper picture in
Figure 5 shows the solution evolving over the first 120 time-steps (with every fourth
time level plotted). In this regime, small oscillations are growing in magnitude and
moving to the right. The lower picture in Figure 5 shows time-levels n = 4010 to
n = 4040. This illustrates the typical long-term behavior: there are O(1) oscillations
around the right-hand boundary that persist for all time.

This type of behavior arises only when (a) the time step is chosen near the linear
stability limit, and (b) the initial data and boundary condition are close to the true
steady state. In such circumstances the numerical solution was observed either to
blow up or tend to a state of the type illustrated in Figure 5.

Spurious behavior of this form was first described on a slightly different model
PDE in [9], and the following simple argument explains the broad details.

After linearizing the problem, the iteration (9) has the form En+1 = BEn, where
En = Un − e and B = G′(e). The matrix B has a spectral radius of .94, and hence,
in exact arithmetic we have En → 0 as n→∞. However, in the presence of rounding
errors the appropriate model is En+1 = B̂nEn, where B̂n is a perturbation of B. In
our case, B is highly nonnormal and so the eigenvalues of B̂n may be very different
from those of B. If B̂n has an eigenvalue close to the boundary of the unit disc, then
En will not decay, and hence, Un will not approach the steady state e. In our example
B has a single eigenvalue .94, but there is a perturbation of Euclidean norm 10−15

that produces an eigenvalue with real part beyond +1. What we observe in the lower
picture in Figure 5 are pseudoeigenvectors of B; that is, eigenvectors of perturbed
matrices B̂n.

5. Adaptivity. So far, we have analyzed a finite difference scheme on a uniform
grid. In this section we ask whether adaption in either space or time is inimical to
spuriosity.

5.1. Adaptivity in space. First, we consider a “static” spatial equidistribution
algorithm of the type described in [2, 22]. The algorithm proceeds as follows. Suppose
that at time-level n we have an approximation Un on a spatial mesh given by ∆xni :=
xni+1 − xni . Then the finite difference scheme (9) (with appropriate modifications of
the spatial differences to accommodate the nonuniform mesh) is used to produce an
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Fig. 5. Spurious long-term behavior on the IBVP caused by nonnormality.

approximation Ûn+1 at time-level n+ 1. We then form the weights

wn+1
i :=

√
1− µ+ µ(dn+1

i )2,

which involve the gradient approximations

dn+1
i :=

Ûn+1
j+1 − Ûn+1

j

∆xni

and the parameter µ ∈ [0, 1]. The new mesh {∆xn+1
i } is found by setting wi∆xn+1

i

equal for all i. This represents a linear system to be solved for the new mesh. The
final numerical solution Un+1 is obtained by piecewise cubic interpolation from the
original data {xni , Ûn+1} to the new mesh {xn+1

i }. The motivation for this algorithm
is that the weights measure the “sharpness” of the solution, and so the sharpness per
unit interval is fixed. In this way, the algorithm aims to place more meshpoints in
regions of x where there is rapid spatial change in the solution. The choice µ = 1

2
equidistributes a discretization of the arclength, while µ = 0 gives a uniform mesh.

In experimenting with this algorithm, we fixed a = 1 and at each time-level chose
a value 0.1mini{∆xni } for the time-step. In this way the Courant number is bounded
above by 0.1.

It is immediately clear that the equidistribution algorithm described above cannot
eliminate spatially uniform, spurious fixed points. (Inserting a SUFP Un = βe,
with ∆xni ≡ 1/N , we see that the solution, the spatial mesh, and the time-step are
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unchanged at the next time-level.) Analyzing the stability of such a fixed point is
a complicated process, since the solution, the spatial mesh, and the time-step may
be perturbed. Also, the stability potentially depends upon the fine-details of the
algorithm, such as the choice of µ and the type of interpolation process used.

In our tests, we found that some of the spatially uniform spurious fixed points
that we identified for a fixed spatial mesh in section 3.2 were stable as solutions for the
equidistribution algorithm. Hence, the algorithm can be made to compute spurious
fixed points. However, because of the Courant number control, this behavior only
arose when the initial data was close to the uniform spurious level. For other types
of initial data, spatial variation of the solution caused a reduction in mini{∆xni }, and
hence, in the time-step, and this in turn forced the numerical solution away from the
spurious level.

We also found, as we intuitively expected, that the equidistribution algorithm
eliminated spurious solutions with “jumps” of the form illustrated in Figures 3 and 4.

In summary, although the spatial mesh movement offered an improvement, it did
not completely eliminate the potential for spatially uniform spurious fixed points.

5.2. Adaptivity in time. We now consider adaptation of the time-step as a
means to eliminate spurious behavior. In the context of ODE solvers, this issue has
been looked at in [1], and positive results have been obtained about the benefit of
error control.

We will analyze the standard approach of using an embedded pair of formulas for
the system (6). We assume that the spatial mesh remains uniform. The second order
RK formula in (9) is coupled with Euler’s method, which is first order, to give

Un+1 = Un +∆tn
[
(1− θ)S(Un) + θS

(
Un +

∆tn

2θ
S(Un)

)]
,(36)

Un+1
E = Un +∆tnS(Un).(37)

The secondary formula (37) is used only in the estimation of the error and selection
of a new time-step.

The step is regarded as acceptable if

‖Un+1 −Un+1
E ‖∞

∆tn
≤ τ,(38)

where τ > 0 is the error tolerance. If the error criterion (38) is not satisfied, then
the step is retaken with a smaller ∆tn. The details of how the time-step is altered
after successful or rejected steps will not affect our conclusions. Also, we mention that
changing the norm in (38) or using the error-per-step alternative ‖Un+1−Un+1

E ‖∞ ≤
τ would not impact the results greatly.

We first prove a result that holds when the RK pair (36)–(37) is used to solve a
general ODE system. We show that any fixed point cannot be genuinely spurious, in
the sense that the residual is bounded by the error tolerance.

Lemma 5.1. Suppose that the pair (36)–(37) subject to the error criterion (38)
is used to solve a general ODE system Ut = S(U). If Un = Un+1 = U∗, then
‖S(U∗) ‖∞ ≤ τ .

Proof. If Un = Un+1 = U∗, then from (36)

S(U∗) = θ

[
S(U∗)− S

(
U∗ +

∆tn

2θ
S(U∗)

)]
.(39)
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However, the error criterion (38) ensures that∥∥∥∥θ
[
S(U∗)− S

(
U∗ +

∆tn

2θ
S(U∗)

)]∥∥∥∥
∞
≤ τ.(40)

Combining (39) and (40) gives the result.
This result is closely related to those proved for regular RK pairs in [8]. In fact,

(36)–(37) is a very special case of a regular pair and the result is therefore stronger
than those in [8]. (In particular the residual bound does not involve a Lipschitz
constant of S.)

Lemma 5.1 translates immediately into a result about SUFPs of the PIVP. How-
ever, the following result is more widely applicable.

Theorem 5.2. Suppose that the pair (36)–(37) subject to the error criterion (38)
is used for either the IBVP or PIVP. If, for some j ≥ 2, Un

j−1 = Un
j = Un+1

j = β,
then |g(β)| ≤ τ .

Proof. Since Un+1
j = Un

j , we have

(1− θ)S(Un)j + θS

(
Un +

∆tn

2θ
S(Un)

)
j

= 0.

Hence,

S(Un)j = θ

[
S(Un)j + S

(
Un +

∆tn

2θ
S(Un)

)
j

]
.

So the error criterion (38) ensures that

|S(Un)j | ≤ τ.(41)

Since Un
j = Un

j−1 = β and j ≥ 2, using the form of S we find

S(Un)j = g(β).(42)

The result follows from (41) and (42).
Note that this result requires only a very weak type of spatial uniformity and spu-

riosity: a single component must be constant locally across space and time. Hence, in
addition to ruling out SUFPs on the PIVP, this type of error control is also guaranteed
to eliminate “jagged” spurious fixed points of the type illustrated in Figure 4.

In our experiments with the tolerance set to τ = ∆x, no spurious fixed points
were encountered.

We remark that the design of error control strategies for time-dependent PDEs
involves many considerations, in particular with regard to the balance of spatial and
temporal errors. Theorem 5.2 illustrates that a simple ODE-based approach offers
immediate advantages from a spuriosity perspective. We are currently investigating
the use of more sophisticated adaptive procedures.

6. Nonlinear flux. We briefly discuss how the results obtained in the previous
sections extend to the more general conservation law (1) with nonlinear flux. The
semidiscrete system (6) takes the form

Ut = − 1
∆xA f(U) + g(U) + 1

∆xb,
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where f(U)j = f(Uj). The matrix A given by (7) or (8) is based on upwind differ-
encing and it is therefore appropriate to assume that

∞ > f ′(u) ≥ a > 0.

The assumption that f ′(u) is bounded strictly away from zero is imposed to avoid
degeneracy at fixed points β, where f ′(β) = 0. The results of section 2 on existence
of SUFPs may then be generalized by replacing g by the composition ag ◦ f−1 (so
that g′ becomes ag′/f ′).

The Jacobian of the fully discrete system may, in this more general setting, be
defined by

G′(βe) = I +∆t ((1− θ)F ′(β) + θF ′(z)) +
1

2
∆t2F ′(β)F ′(z),

where F ′(u) = g′(u)I − (1/∆x)f ′(u)A. This reduces to (16) when f(u) = au. Our
main stability result, Theorem 3.2, then extends naturally and the condition (24) is
replaced by

∆xm <
λf ′(z)
g′(z)

.

7. Summary. This work concerns spurious behavior of finite difference schemes,
with emphasis on the new features that arise on moving from an ODE to a hyperbolic
PDE model.

For the case of uniform meshes, the main results may be summarized as follows:

• Theorem 3.2 for the PIVP shows that, unlike in the ODE case, as the mesh
is refined in a natural manner, spatially uniform spurious fixed points are
generically unstable.
• The computations and analysis in section 3.4 show that nonuniform spurious
fixed points arise naturally. In particular, Theorem 3.4 and the accompanying
analysis highlights the existence of stable nonsmooth steady states that jump
between levels.
• The discussion in section 4 shows how a different type of spurious solution
arises on the IBVP, as a consequence of nonnormality. This behavior exists
only in the presence of finite precision arithmetic.

Section 5 gives results for adaptive algorithms, where the mesh is varied to take
account of the solution. An equidistribution algorithm for the spatial grid offers some
help in the avoidance of spurious behavior but does not completely eliminate spatially
uniform spurious fixed points. In the case of a standard ODE-based time-step control,
Theorem 5.2 provides a rigorous bound on the level of spuriosity.
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Abstract. Shape sensitivity analysis is a tool that provides quantitative information about the
influence of shape parameter changes on the solution of a partial differential equation (PDE). These
shape sensitivities are described by a continuous sensitivity equation (CSE). Automatic differentiation
(AD) can be used to perform this sensitivity analysis without writing any additional code to solve the
sensitivity equation. The approximate solution of the PDE uses a spatial discretization (mesh) that
often depends on the shape parameters. Therefore, the straightforward application of AD introduces
derivatives of the mesh. There are two drawbacks to this approach. First, extra computational
effort (especially memory) is used in these calculations due to mesh sensitivities. Second, this mesh
sensitivity information needs to be computed in order to obtain accurate results. In this work, we
provide a methodology that avoids mesh sensitivities (and their drawbacks) by defining a modified
PDE on a fixed domain (i.e., independent of the shape parameter) such that AD provides the desired
approximation of the CSE. Using two examples, we demonstrate significant improvement in the
computational effort, both in terms of floating point operations and memory requirements. We
explain how these code modifications can be applied to a wide variety of practical problems with
minimal changes to the original code. These changes are negligible when compared to the complexity
of writing a separate solver for the sensitivity equation.
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1. Introduction. Shape optimization problems frequently take the form of find-
ing parameters that describe the shape of an object or a region in order to minimize
a given design objective (such as weight or drag). In many practical situations, the
behavior of states in the system can be modeled as the solution to a partial differential
equation (PDE). Calculating the dependence of the state solution on these shape de-
sign parameters (the so-called state sensitivity) is of interest to design engineers who
want to gain more insight into their problem. Furthermore, these sensitivity variables
can be used to evaluate the gradient of the objective function (and other constraint
functions) at a given design, which can be readily coupled with an optimization algo-
rithm in an attempt to find the optimal parameter values.

The state sensitivity variables satisfy the continuous sensitivity equation (CSE),
which can be derived formally by implicit differentiation of the state PDE and the
corresponding boundary conditions [4]. This sensitivity equation is always linear and
shares structure with the state PDE. In particular, these coupled PDEs share the
same linearization and boundary condition type (Dirichlet, Neumann, etc.). Nearly
all problems of interest require numerical techniques in order to approximate the
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solutions to these equations. Because these equations share the same structure, many
computations which would be used to solve the state PDE alone can be reused in the
solution of the sensitivity equation. Thus, obtaining the sensitivity variables can be
performed for a fraction of the cost of computing the state variables.

In many cases, the software to solve the state PDE is already available, repre-
senting years of development and testing. This software needs to be modified in order
to solve the coupled system. This is often impractical for a variety of reasons. De-
sign engineers are often not experts on the simulation software, which may contain
“legacy code” (where the software developer is no longer available to consult on code
modifications) or “spaghetti code” (where the structure of the code is fragile or poor),
making the necessary modification very difficult. In addition, the resources required
to modify and debug an existing code may not be available. Automatic differenti-
ation (AD) tools have been developed to simplify this process as they read in the
original code and produce new software to solve for the state and sensitivity variables
simultaneously [1, 17].

We point out that we have alluded to two fundamentally different approaches for
computing the sensitivity variables. In the first, we derive the sensitivity equation and
then apply solution techniques, i.e., we differentiate-then-approximate. In the second,
we consider the traditional application of automatic differentiation. Essentially, we
approximate-then-differentiate the state PDE. The operations of differentiation and
approximation commute in many situations. For example, this fact is often exploited
when developing algorithms for nonlinear problems [18]. However, when the shape
of the boundary is parameter dependent, the discretization of the domain (finite
difference mesh points, finite element nodes, etc.) depends upon these parameters.
Derivatives of these discretization quantities, the so-called mesh sensitivities, appear
when using the approximate-then-differentiate approach; however, they do not arise
when differentiation occurs first. The result is that traditional application of AD
in these problems introduces a number of “chain-rule”-like terms that contain the
mesh sensitivities. Not only is there an increased overhead in calculating the mesh
sensitivities themselves, but computing all of the additional terms that contain them
adds significant computational effort. Some related issues in the ODE setting are
discussed in [14].

Recent studies in the use of AD [11] have shown that the exploitation of the
structure of the underlying algorithms can greatly enhance the performance of these
tools and produce, in certain instances, code that approaches the performance of
hand-coded algorithms. This requires that the design engineer expose the structure
of the problem to the AD tools, and this may require minor code modifications.
Finding ways to exploit the algorithm structure is currently an area of active research
[11, 9, 10, 21].

In this work, we present a technique for exploiting structure at the problem level
rather than at the algorithm level. This technique usually requires only minor code
modification, specifically in how the boundary conditions and forcing functions are
implemented. The modification is performed before handing the software over to AD
tools. These changes essentially lead to approximating the CSE and avoid altogether
the mesh derivatives and the chain-rule terms which contain them. The result is
improved efficiency and a substantial reduction in memory requirements for the final
differentiated code. Furthermore, eliminating mesh derivatives allows straightforward
coupling of this technique with any adaptive mesh refinement strategy, a useful feature
in automatic design optimization algorithms [5, 6, 8].
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The remainder of this work is organized as follows. In the next section, we pro-
vide background on different techniques for computing the state sensitivities and the
relationships between them. To facilitate this discussion, we introduce two example
problems. The first is a nonlinear two-point boundary value problem solved by a
finite element method and the second is the Laplace equation in two-dimensional co-
ordinates solved by a finite difference method. These allow us to describe our present
AD methodology in section 3. In section 4, this methodology is applied and the re-
sults demonstrate its effectiveness on these example problems. Finally, we present our
conclusions and extensions in section 5.

2. Background.

2.1. Example: Nonlinear two-point boundary value problem. As our
first example, we consider a nonlinear two-point boundary value problem in the in-
terval (0, a), a > 1,

Aa(u(x; a)) ≡ ∂2

∂x2
u(x; a) +

1

8

[
∂

∂x
u(x; a)

]3
= 0(1)

with boundary conditions

u(x = 0; a) = 0 and u(x = a; a) = 4.

The subscript on Aa indicates dependence of the operator on the parameter a, which
occurs either through the boundary conditions or, by introducing a mapping func-
tion, through variable coefficients in the mapped operator (the operator obtained by
mapping the problem to a fixed domain, e.g., (0,1) [7]).

This example was used in [7, 19] since it has sufficient complexity (nonlinear with
a parameter-dependent domain) as well as a closed form solution:

uex(x; a) = 4

√
x+

(a− 1)2

4
− 2(a− 1).

CSE. We define the state sensitivity for the problem (1) to be s = ∂u
∂a . This

quantity describes the behavior of the solution as the right end point (parameterized
by a) is changed. As shown in [7], s solves the CSE

La(u)s ≡ ∂2

∂x2
s(x; a) +

3

8

[
∂

∂x
u(x; a)

]2
s(x; a) = 0(2)

with boundary conditions

s(x = 0; a) = 0 and s(x = a; a) = − ∂

∂x
u(x = a; a).
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The term La(u)s is the linearization of Aa at u applied to s.

Boundary conditions for (2) are derived by setting the total (or material) deriva-
tive of u with respect to a to zero,

Du

Da
(x; a) =

∂u

∂a
(x; a) +

∂u

∂x
(x; a)Πa(x; a) = s(x; a) +

∂u

∂x
(x; a)Πa(x; a) = 0,

where Πa represents the derivative of the spatial location with respect to a. This
term arises since the location where the boundary condition is evaluated is parameter
dependent. For this problem Πa(x = 0; a) = 0 and Πa(x = a; a) = 1, leading to
the boundary conditions in (2). An important observation is that Πa only needs to
be defined and evaluated on the boundary. Since we specify the parameterization of
the shape, this quantity is well defined. It can be verified that differentiating uex

with respect to a provides a closed form solution to (2) and satisfies the boundary
conditions (using uex).

Note that the sensitivity equation is a linear PDE. For the case above where Aa
is nonlinear, this equation requires the solution u in order to define La. Additionally,
for shape sensitivity problems (Πa �= 0), u is required to compute the boundary
conditions. Therefore, the solution to (1) needs to be obtained before the sensitivity
equation can be solved.

Finite element algorithm. To illustrate our AD methodology in section 3, we
consider a finite element approximation to the above equations. The domain (0, a)
is subdivided into N elements which allow for either a piecewise linear or piecewise
quadratic representation of the solution. The standard Galerkin procedure leads to
a system of nonlinear algebraic equations which are solved using Newton’s method.
Convergence is declared when the �2-norm of the residual drops below 10−8. Note that
(1) and (2) share the same linearization and boundary condition types. Therefore,
using a Newton method to solve the nonlinear finite element system for (1) produces
the same system matrix as the finite element solution for (2) (using the previous
iterate for u). The solution to the second linear system can be performed efficiently
by solving the Newton system with an LU factorization and reusing this factorization
to solve the second system. However, there are often computational advantages in
using other linear system solvers, such as the conjugate gradient method. Thus, in
many cases, code modifications to solve both linear systems may not be able to take
advantage of this structure.

These algorithms are implemented in MATLAB. In particular, the Jacobian ma-
trix is stored in the sparse data structure in order to minimize storage and CPU
requirements. MATLAB vectorization is used in the Jacobian build to create a faster
code. MATLAB features such as the sparse data structures and vectorization are
exploited in the AD tools.

2.2. Example: Laplace equation in two dimensions. This example features
the finite difference solution to Laplace’s equation in a parameter-dependent region.
The region resembles a unit square with the exception of the bottom edge, which is a
multiple of the sine function (see Figure 1). Thus, we define the parameter-dependent
portion of the boundary by the parametric curve

Γa = {(x, a sin(πx)) | x ∈ (0, 1)} .
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Γa

Ωa

Fig. 1. Parameter-dependent region.

Let Aa : H1(Ωa) → H−1(Ωa) be the Laplacian operator, f ∈ H−1(Ωa) be a
prescribed forcing function, and u be the solution to

Aa(u(x, y; a)) ≡ ∂2

∂x2
u(x, y; a) +

∂2

∂y2
u(x, y; a) = f(x, y; a)(3)

subject to

u(x = 0, y; a) = u(x = 1, y; a) = 0, y ∈ (0, 1),
u(x, y = 1; a) = 0, x ∈ (0, 1), and

u(x, y = a sin(πx); a) = sin(πx) x ∈ (0, 1).

Note that although Aa is linear, we use the notation Aa(u) to parallel the example
in the previous section.

For this example, we define the function f such that u has the closed form solution

uex(x, y; a) =
1− y

1− a sin(πx)
sin(πx).

Thus, f will be a nontrivial function of a in this example.

CSE. The CSE, which describes the state sensitivity, can be derived by per-
forming implicit differentiation of (3) with respect to a and interchanging orders of
differentiation (assuming necessary smoothness). We make an additional assump-
tion that ∂f

∂a ∈ H−1(Ωa) so that the solution s has the same regularity as u (as we
effectively solve this equation with the same approximation scheme as problem (3)).
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La(u)s(x, y; a) ≡ ∂2

∂x2
s(x, y; a) +

∂2

∂y2
s(x, y; a) =

∂

∂a
f(x, y; a)(4)

subject to

s(0, y; a) = s(1, y; a) = 0, y ∈ (0, 1),
s(x, 1; a) = 0, x ∈ (0, 1),

and

s(x, y = a sin(πx); a) = − ∂

∂y
u(x, y = a sin(πx); a)Πa(x, y = a sin(πx); a), x ∈ (0, 1).

For this example, the function describing the influence of the parameter on the bound-
ary, Πa, is trivial on all sides except for Γa. On this side, Πa(x, y = a sin(πx); a) =
sin(πx) and appears in the boundary condition above.

Note that La is a differential operator which represents the linearization of Aa
with respect to u. As above, even though Aa is linear, we’ll maintain this notation
throughout the paper for easy generalization to nonlinear problems (as in section 2.1).

Finite difference algorithm. For purposes of applying finite differences to solve
problem (3), we introduce the mappingMa, which is a bijection of the form

Ma : Ωa � (x, y)→ (ξ, η) ∈ (0, 1)× (0, 1) ≡ Ω̃.

Transformation to the square simplifies the construction of high order difference sten-
cils, which can now be set up on a lattice. This mapping procedure also covers the
case where finite difference points are clustered in regions where more accurate dif-
ferences are needed. To treat a wider class of problems with more irregularly shaped
domains, domain decomposition can be used to create subdomains, each of which
can be mapped in this way. In practice, algorithms for calculating this mapping may
require the solution of another PDE [20].

The differential equation in Ωa is then transformed to Ω̃ by representing functions
in the new coordinates, i.e.,

f(x, y; a) = f̃(Ma(x, y; a); a) = f̃(ξ(x, y; a), η(x, y; a); a) = f̃(ξ, η; a),

and by replacing the differential operators in the obvious way, e.g.,

∂u

∂x
=
∂ũ

∂ξ

∂ξ

∂x
+
∂ũ

∂η

∂η

∂x
.

Transforming problem (3) in this way leads to the equation

Ãa (ũ(ξ, η; a)) = f̃(ξ, η; a)

or((
∂ξ

∂x

)2

+

(
∂ξ

∂y

)2
)
∂2ũ

∂ξ2
+ 2

(
∂ξ

∂x

∂η

∂x
+
∂ξ

∂y

∂η

∂y

)
∂2ũ

∂ξ∂η
+

((
∂η

∂x

)2

+

(
∂η

∂y

)2
)
∂2ũ

∂η2

+

(
∂2ξ

∂x2
+
∂2ξ

∂y2

)
∂ũ

∂ξ
+

(
∂2η

∂x2
+
∂2η

∂y2

)
∂ũ

∂η
= f

(M−1
a (ξ, η); a

)
,(5)
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subject to

ũ(ξ = 0, η; a) = ũ(ξ = 1, η; a) = 0, η ∈ (0, 1),
ũ(ξ, η = 1; a) = 0, ξ ∈ (0, 1), and
ũ(ξ, η = 0; a) = sin

(
πM−1

a (ξ, η = 0)
)
, ξ ∈ (0, 1).

Once the mapping is defined, the PDE in Ω̃ can be readily approximated since
finite difference approximations in Ω̃ are performed on a lattice,

∂ũ

∂ξ
(ξ, η; a) ≈ u(ξ + ∆ξ, η; a)− u(ξ −∆ξ, η; a)

2∆ξ
, etc.

A finite difference method is applied to (5) in the usual manner, considering second
order central differences for all of the derivative terms. The resulting numerical ap-
proximation to the PDE in Ω̃ is denoted by ũN , representing ũ at the discrete points
of the lattice. The finite difference approximation defines an algebraic equation

Ãa(ũ
N ) = b̃.(6)

Note that b̃ contains point evaluations of the forcing function and the nonhomo-
geneous values of the boundary conditions. The solution to (6) can be found by
solving the linear system and this solution can be mapped back to Ωa (uN (x, y; a) =
ũN (M(x, y; a); a)).

2.3. Discrete sensitivity equations and mesh sensitivities. In this sec-
tion, we introduce the concept of mesh sensitivities and emphasize the differences
and similarities between the differentiate-then-approximate and approximate-then-
differentiate approaches to obtain state sensitivities. To simplify this discussion, we
restrict our attention to the finite difference algorithm from the previous section.

Rather than deriving the sensitivity equation and finding an approximation for it,
many practitioners apply implicit differentiation to the discrete form of the equations,
e.g., (6), in order to determine the dependence of the solution on the parameter a.
Straightforward differentiation leads to

∇uÃa(ũN )
DũN

Da
= ∇ab̃− B̃a(ũN ).(7)

The Jacobian matrix on the left-hand side of the equation above is the linearization
of Ãa and may be available in factored form if a direct solver is used to solve (6).
The term ∇ab̃ contains terms arising from differentiating the boundary conditions and
forcing functions in b̃. The expression B̃a contains terms which involve derivatives
of the mapping Ma with respect to a. In other words, these are terms from the
differentiation of the variable coefficients in Ã that include

∂ξ

∂a
, . . . ,

∂2ξ

∂a∂x
, . . . ,

∂3ξ

∂a∂x2
, . . . , etc.

All of the above terms are collectively referred to as the mesh sensitivities, since they
represent how the discrete points in Ω (or the mesh) depend on a. It is these quantities
and the evaluation of B̃a that we wish to avoid altogether.

Of course, it is also possible to apply the finite difference technique directly to the
sensitivity equation (4). Thus, we transform the sensitivity equation to Ω̃ as for (3):
s to s̃, the differential operator La to L̃a, etc. Linearization of Aa with respect to u
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commutes with the approximation scheme (as alluded to earlier, this is the premise
of deriving many Newton algorithms). Thus, L̃a(ũ

N ) = ∇uÃa(ũN ) and the linear
system for s̃N is

∇uÃa(ũN )s̃N = c̃.(8)

The right-hand side vector contains the forcing function and boundary conditions
(analogous to the construction of b̃).

Note that the linear systems for DũN

Da in (7) and for s̃N in (8) share the same system
matrix. The differences in the right-hand sides reflect differences in the meaning of
DũN

Da and s̃N . As implied by our notation “D” in (7), when differentiation is performed
on the discretized equations, the total (or material) derivative of ũN is computed.
Thus, these sensitivities capture the “convective” behavior of the solution as a is
varied. This behavior is represented by the first two terms on the right-hand side
below,

DũN

Da
=
∂ũN

∂ξ

∂ξ

∂a
+
∂ũN

∂η

∂η

∂a
+
∂ũN

∂a
.

This should be compared to s̃N , which is the approximation ( ∂̃u∂a )
N (the operations on

u here are differentiation, then transformation, then approximation). By comparing
(7) and (8), we see that differentiating the approximation introduces terms to the
calculations from the following identity:

∇uÃ(ũN )

[
∂ũN

∂ξ

∂ξ

∂a
+
∂ũN

∂η

∂η

∂a

]
= ∇ab̃− c̃− B̃(ũN ).

In the next section, we outline a methodology that bypasses the above calculations
resulting in more efficient sensitivity calculations.

We point out that this methodology will not produce exactly the same end result
that would be obtained by performing AD in the traditional fashion. In other words,

(
∂̃u

∂a

)N
�= ∂ũN

∂a
,

as the first expression contains truncation errors from approximating the sensitivity
equation, while the second expression contains the derivative of the truncation errors
from approximating the state PDE. These errors will not be the same. However, in
many cases, they both vanish as the approximations are refined. This observation
motivates the notion of asymptotic consistency [2, 3], justifying the use of the CSE
to obtain gradients in an optimal design algorithm.

2.4. AD strategies. AD is a chain-rule-based technique for evaluating the
derivatives of functions defined by a high-level language computer program. AD
relies on the fact that all computer programs, no matter how complicated, use a finite
set of elementary functions. The function computed by the program is simply a
composition of these elementary functions. The partial derivatives of these elemen-
tary functions are known, and thus derivatives of the function can be computed by
propagating these derivatives via the chain rule. An introduction to AD can be found
in [16].
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Abstractly, the program to evaluate the solution u as a function of a (generally
an m-vector) has the form

a ≡ (a1, a2, . . . , am),
↓

z ≡ (z1, z2, . . . , zp), p >> m+ n,
↓

u ≡ (u1, u2, . . . , un),

where the intermediate variables z are related through a series of these elementary
functions which may be unary,

zk = fkelem(zi), i < k,

consisting of operations such as ( –, pow(·), sin(·), . . . ), or binary,

zk = fkelem(zi, zj), i < k, j < k,

such as ( +, /, . . . ).
AD has two basic modes of operation, the forward mode and the reverse mode.

In the forward mode the derivatives are propagated along with the computation, e.g.,
in the elementary step zk = fkelem(zi, zj), the intermediate derivative, dzk

da , can be
propagated in the forward mode as

dzk
da

=
∂fkelem
∂zi

dzi
da

+
∂fkelem
∂zj

dzj
da

.

This propagation is done for all the intermediate variables z and for the output vari-
ables u. This process eventually produces the desired derivative du

da .

The reverse mode propagates the derivatives du
dzk

for all intermediate variables

backward (i.e., in the reverse order) through the computation. For example, in the
elementary step zk = fkelem(zi, zj), the derivatives are propagated as

du

dzi
=
∂fkelem
∂zi

du

dzk
and

du

dzj
=
∂fkelem
∂zj

du

dzk
.(9)

At the end of this procedure we obtain the derivative du
da . However, the reverse

mode requires saving the entire function computation, since the propagation is done

backward through the computation. Hence, the partials
∂fk

elem

∂zj
,
∂fk

elem

∂zi
need to be

stored for the derivative computation in (9) making the reverse mode potentially
prohibitive due to memory requirements.1

An application of AD to the discretized PDE solution results in the computation
of additional terms involving the mesh. In the reverse mode these terms are stored and
subsequently used for the derivative computation. This adds to the computational
and memory requirements and adversely affects the performance in the reverse mode.
These extra memory requirements are not necessary in the forward mode. The usage
of reverse mode of AD is important for calculating gradients; the cheap gradient

1There are techniques that make the reverse mode efficient; e.g., a checkpointing technique
due to Griewank [15] dramatically reduces the memory requirements with little increase in the
computational requirements.
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theorem [16] tells us that the gradient of any nonlinear function can be calculated for
less than the cost of five function evaluations in the reverse mode of AD.

ADMAT (automatic differentiation for MATLAB) is an AD tool that can be
applied to functions written for MATLAB [12]. ADMIT-1 is a MATLAB toolbox,
which uses a generic AD plug-in tool (e.g., ADMAT or ADOL-C [17]) to compute the
gradient and the (possibly sparse) Jacobian and Hessian matrices. The requirements
from the users are minimal: the user is simply required to supply the code for the
function computation and identify the variables. For complete information on using
ADMIT-1, we refer the interested reader to the ADMIT-1 user manual [13]. ADMAT
and ADMIT-1 are used to obtain the numerical results in section 4.

3. Methodology: Differentiation of an equivalent problem. In this sec-
tion, we consider an AD methodology that avoids the need for mesh sensitivities. To
facilitate this, we introduce a simple example: Let f(a) be a function that is defined
for a ∈ P. Furthermore, assume f is differentiable over the set P and define a new
function g with independent variables a ∈ P and α ∈ (−ε, ε) as

g(a, α) = f(a) + α
df

da
(a).

The following statements are obviously true:

g(a, α = 0) = f(a) ∀a ∈ P,
∂g
∂a (a, α = 0) = df

da (a) ∀a ∈ P.

Therefore, we have shifted the task of finding the derivative of f with respect to
a to finding the derivative of g with respect to α at α = 0.

In the sections below, we introduce a new parameter α and define a modified
equivalent problem to aid our sensitivity analysis. While the example function g
seems contrived, since we need to find df

da (a) in order to construct g in the first place,
it motivates how we can construct an equivalent problem to compute the derivatives
we desire. This idea is used to construct a modified problem (PDE). Typically, we
need only to define modified forcing functions and boundary conditions using the
technique above. Since the modified problem is defined at the abstract level before
any approximations are considered, it may be possible to perform minor modifications
to an existing algorithm to produce a solution to this modified problem. Moreover,
unlike the simple contrived example above, this problem definition does not require
the sensitivity solution a priori but rather leads to the sensitivity solution. AD of
this modified algorithm with respect to the parameter α produces an algorithm for
approximating the CSE. The advantages of obviating differentiation of the algorithm
with respect to a is that mesh sensitivities are not required. This has significant
computational advantages as we demonstrate in section 4.

The procedure is illustrated in Figure 2. The typical application of AD follows
the upper right path; first the PDE is approximated and then AD is applied. This
is different from the continuous sensitivity approach along the lower left path, which
first derives a linear PDE (the CSE) for the sensitivity variables and then performs
approximation. The methodology below creates a modified PDE such that the ap-
proximation of this modified PDE yields the same result as approximating the original
PDE. However, when AD is applied, it produces an approximation to the CSE (and
inherits all of the advantages and disadvantages of doing so).
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Fig. 2. Schematic of proposed differentiation methodology.

3.1. Differentiation methodology. The general form of the two examples
from section 2 is to seek a solution u that satisfies

Aa(u) = f on Ωa(10)

subject to the boundary conditions

u = û on Γd and ∇u · n̂ = q̂ on Γn

with Γd ∪ Γn = ∂Ωa and Γd ∩ Γn = ∅. The general form of the sensitivity equation is

La(u)s = g(u) on Ωa(11)

subject to

s = ŝ(u) on Γd and ∇s · n̂ = q̂s(u) on Γn.

Note that the operator Aa(u) may depend on the parameter a. If this is the case,
it results in adding a forcing function to the CSE in addition to ∂f

∂a . This additional
forcing function may also be a function of u, and the combined forcing function g(u)
reflects this dependence.

Next, we use the parameter α and introduce a differential equation for v =
v(x, y; a, α) as follows. First of all, to construct a forcing function, we add α times
the forcing function in (11) to the forcing function in (10). Next, we add α times the
boundary conditions of the sensitivity equation (11) to the corresponding boundary
conditions in the PDE (10). This leads to the following PDE with a solution v:

Aa(v) = f + αg on Ωa

with

v = û+ αŝ(v) on Γd and ∇v · n̂ = q̂ + αq̂s(v) on Γn.

Thus, if we consider applying this to the example in section 2.2, we obtain the PDE
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Aa(v) = f + α
∂f

∂a
(12)

with

v(0, y; a, α) = v(1, y; a, α) = 0, y ∈ (0, 1),
v(x, 1; a, α) = 0, x ∈ (0, 1),

and

v(x, y = a sin(πx); a, α) = sin(πx)− α ∂
∂yv(x, y = a sin(πx); a, α) sin(πx), x ∈ (0, 1).

From our assumptions on f and ∂f
∂a , the right-hand side of (12) is in H−1. Observe

the following fact.
Theorem 3.1. The derivative of the solution of (3) with respect to a is the same

function as the derivative of the solution of (12) with respect to α at α = 0. In other
words,

∂u

∂a
(·, ·; ·) =

∂v

∂α
(·, ·; ·, α = 0).

Proof. Note that when α = 0, (12) reduces to (3) (the same operator on the same
domain with the same boundary conditions) so they have the same solution, i.e.,

u(·, ·; ·) = v(·, ·; ·, α = 0).

Consider the sensitivity equation for problem (12) with parameter α; then r = ∂v
∂α

satisfies the following PDE:

La(u)r =
∂f

∂a
(13)

with

r(0, y; a, α) = r(1, y; a, α) = 0, y ∈ (0, 1),
r(x, 1; a, α) = 0, x ∈ (0, 1), and

r(x, y = a sin(πx); a, α) = − ∂
∂yv(x, y = a sin(πx); a, α) sin(πx), x ∈ (0, 1).

We now show that the sensitivity of v in (12) with respect to α (our r above)
evaluated at α = 0 is the same as s in (4). It is easy to see that the derivative of
the forcing function in (12) with respect to α gives the forcing function in (4). We
now consider the boundary condition expressions in (12). Differentiating the Dirichlet
boundary condition in (12) with respect to α leads to

r(x, y; a, α) = − ∂

∂y
v(x, y; a, α) sin(πx)− α ∂

∂y
r(x, y; a, α) sin(πx).

When α = 0 this is precisely the boundary condition that appears in (4) (since u = v
as noted above):

r(x, y; a, α = 0) = − ∂

∂y
v(x, y; a, α = 0) sin(πx) = − ∂

∂y
u(x, y; a) sin(πx).
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A similar argument holds for the Neumann boundary condition.
It is important to point out that the parameter α has no influence on the geometry

of the problem, only on the forcing function and the boundary conditions that are
applied. Therefore, we propose modifying the software so that it approximates (12)
instead of approximating (3). Then, application of AD tools results in software that
produces an approximation to the CSE (11) and all of the unnecessary calculations
associated with the mesh sensitivities are avoided.

3.2. Implementation details. We now discuss the implementation of this AD
methodology for the two examples in section 2. Each example requires that we modify
the approximation scheme for the PDE so that it approximates an augmented PDE.
Fortunately, these modifications are only necessary in the routines that calculate
forcing functions and boundary conditions. These routines typically account for a
small percentage of the code.

The modification of the forcing function is straightforward. If we can explicitly
differentiate the forcing function with respect to a, then this function can be modified
to accept another argument, α, and return the value of f + α(∂f∂a ). In the event that

the code to evaluate f is complicated, AD can be used to compute ∂f
∂a . A new routine,

say f new, can be created to call f original (for f) and the differentiated version
of this function (to compute ∂f

∂a ), then calculate the appropriate linear combination.
For example, with the ADMIT toolbox, AD can be performed in a nested fashion to
carry this out:

function f_new(x,y,a,alpha)

return f_original(x,y,a) + alpha*f_original(x,y,D(a));

where f original(x,y,D(a)) is the AD of the function f original with respect
to a.

The treatment of the boundary conditions is more complex and will be specified
for each example shortly. For now, we describe where this complexity arises. If we
consider a boundary condition of the form

r =
∂û

∂a
−∇v ·Πa

(as appears in (13)), this cannot be implemented by differentiating a program with
the boundary condition

v = û+ α

(
∂û

∂a
−∇v ·Πa

)
.

Since most differentiated code solves for v and r simultaneously, we can’t expect v (and
∇v in particular) to be available before we calculate r. Current AD tools generally
don’t have information about the structure of the problem (where the equations for v
and r can be decoupled), so this type of structure needs to be exposed to the AD tools.
Therefore, the boundary condition routine needs to be modified so that it imposes
the condition

v + α∇v ·Πa = û+ α
∂û

∂a

even though α will eventually be set to zero. Using this modified boundary condition
allows us to impose

r + α∇r ·Πa =
∂û

∂a
−∇v ·Πa

in the differentiated code (which is our desired boundary condition when α = 0).
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Application to the nonlinear two-point boundary value problem. We
consider the implementation for the problem in section 2.1. In order to approxi-
mate the sensitivity equation using our AD tools, we consider the following two-point
boundary value problem instead:

∂2

∂x2
v(x; a, α) +

1

8

[
∂

∂x
v(x; a, α)

]3
= 0(14)

with boundary conditions

v(x = 0; a, α) = 0 and v(x = a; a, α) + α
∂

∂x
v(x = a; a, α) = 4.

Note that changes in the algorithm to compute an approximation to v rather than to
u occur only in the implementation of the boundary conditions and that

u(x; a) = v(x; a, α = 0)

and

s(x; a) ≡ ∂u

∂a
(x; a) =

∂v

∂α
(x; a, α = 0) ≡ r(x; a, α = 0).

The finite element approximation of (1) leads to a system of nonlinear algebraic
equations. These equations can be solved, e.g., using Newton’s method. In this
case, an update of the solution δu is constructed to improve the current guess of the
solution. The boundary conditions for the update are

δu(x = 0; a) = 0− u(x = 0; a)

and

δu(x = 0; a) = 4− u(x = a; a).

In the algebraic system, the last boundary condition takes the form

L(N,N) = 1,

b(N) = 4− u(N),

where L is considered to be an approximation to La(u), or the Jacobian of the non-
linear algebraic equations.

For the modified problem, the boundary conditions for the update of v are

δv(x = 0; a, α) = 0− v(x = 0; a, α)

and

δv(x = a; a, α) + α
∂

∂x
δv(x = a; a, α) = 4−

[
v(x = a; a, α) + α

∂

∂x
v(x = a; a, α)

]
.

The second boundary condition can be implemented as

L(N,N − 1) = − α

∆x
,

L(N,N) = 1 +
α

∆x
,

b(N) = 4−
(
v(N) +

α

∆x
(v(N)− v(N − 1))

)
.
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Thus, AD can be applied to (14) with respect to α, rather than to problem (1) with
respect to a. The required modification only occurs in a few lines of MATLAB code.

Application to the Laplace equation in two dimensions. To use our AD
methodology on the problem in section 2.2, we need to modify the finite difference
algorithm so that it approximates

∂2

∂x2
v(x, y; a, α) +

∂2

∂y2
v(x, y; a, α) = f(x, y; a) + α

∂f

∂a
(x, y; a)(15)

with boundary conditions

v(0, y; a, α) = v(1, y; a, α) = 0, y ∈ (0, 1),
v(x, 1; a, α) = 0, x ∈ (0, 1),

and

v(x, y = a sin(πx); a, α) + α ∂
∂yv(x, y = a sin(πx); a, α) sin(πx) = sin(πx), x ∈ (0, 1),

instead of the system (3) and evaluates this at α = 0. The code that evaluates f
can be modified in a straightforward manner by passing an additional argument for
α and returning the new forcing function. In this problem, f(x, y; a) is given by
an explicit formula; thus ∂f

∂a is also known explicitly. Therefore the modification is
straightforward as illustrated for the one-dimensional (1-D) problem.

Once again, the modification of the boundary conditions is more challenging.
Dirichlet boundary conditions in a finite difference approximation of (3) may be im-
plemented by creating rows in the system matrix that impose

ũ(ξ, η = 0) = sin(πx(ξ, η = 0)) for ξ = ∆ξ, 2∆ξ, . . . , 1−∆ξ.

The boundary condition for (15) can be implemented by imposing

ṽ(ξ, η = 0) + α

(
∂ξ

∂y
(ξ, η = 0)

∂ṽ

∂ξ
(ξ, η = 0) +

∂η

∂y
(ξ, η = 0)

∂ṽ

∂η
(ξ, η = 0)

)
sin(πx(ξ, η = 0))

for ξ = ∆ξ, 2∆ξ, . . . , 1−∆ξ,

where the terms ∂ṽ
∂ξ and ∂ṽ

∂η are implemented via finite differences, a central difference

for ∂ṽ
∂ξ (as described in section 2.2), and a one-sided difference for ∂ṽ

∂η .

This modification requires the addition of nonzero elements in the system matrix
Ã as in the previous example (in general, we would also need to make additions to b̃,
but this could be handled in the same way as the forcing function). By modifying Ã
in this way, the proper boundary conditions are realized when AD is performed with
respect to α.

4. Numerical results. In this section, we present numerical results for the
methodology presented above. AD is performed on both the 1-D nonlinear two-point
boundary value problem (1) and the two-dimensional (2-D) Laplace equation (3)
as well as the corresponding modified problems, (14) and (15). Since the modified
problems avoid the computation of mesh sensitivities, comparing these results (in both
the forward and reverse modes of AD) illustrate the gains that can be made with our
modification. We use the following three metrics to compare the performance of these
differentiated codes:
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• FLOPs for the forward mode. In the modified problem, the required floating
point operations (FLOPs) are expected to be less than in the original problem
since the computation of mesh sensitivities is avoided. Hence, this measure
indicates the amount of computation that can be saved using the modified
problem. FLOP1 in Tables 1 and 2 represents the FLOPs for the modified
problem and FLOP2 represents the FLOPs for the original problem. These
calculations are made using the forward mode of AD. The problem size, N ,
(the solution is of size N in the 1-D problem and of size N × N in the 2-D
problem) is varied to demonstrate how these savings scale.

• Space complexity for the reverse mode. This quantity measures the memory
requirements for the reverse mode of AD. Recall that the reverse mode re-
quires storing the function trace for the derivative computation. Hence, this
measure indicates how much space is saved by avoiding the mesh sensitivity
terms. In Tables 1 and 2, SPACE1 represents the space complexity (the num-
ber of floating point numbers that are stored) for the modified problem and
SPACE2 is the space complexity for the original problem.

• FLOPs for the reverse mode. This measure indicates how much computation
can be saved by avoiding the mesh sensitivities in the reverse mode. In
Tables 1 and 2, RFLOP1 represents the FLOPs for the modified problem in
the reverse mode, while RFLOP2 represents the corresponding FLOPs for the
original problem.

4.1. Nonlinear two-point boundary value problem. We begin by discussing
results for the nonlinear two-point boundary value problem introduced in sections 2.1
and 3.2. AD is applied to the original finite element code for (1) as well as to the
modified code to approximate (14). The values of our three metrics are listed in Table
1 for various problem sizes. We observe significant gains in terms of both FLOPs (for
both modes) and space requirements. All three performance metrics are more or less
independent of problem size. This can be explained by the fact that the complexity
of the linear system in the finite element code is linear in the problem size, N (every
nonlinear equation solved converged in five iterations). The amount of time required
to define the mesh and the finite element matrix is also linear in the problem size,
hence, the FLOPs gain remains essentially constant. In addition, the amount of space
allocated to define the mesh is proportional to N , causing the memory savings to be
independent of N .

The FLOPs in the forward mode and the FLOPs and space complexity in the
reverse mode are displayed in Figures 3, 5, and 4, respectively. Note that in each case,
these metrics behave linearly in N .

The sensitivity solution. AD of the modified problem computes the sensitivity
solution correctly. Figure 6 displays the �2-norm of the error between the sensitivity
solution computed using the methodology of section 3 and the correct analytic sensi-
tivity. The analytic sensitivity is obtained by differentiating uex and evaluating it at
the nodes of the finite element mesh.

In the next section we produce the results for the 2-D Laplace equation problem,
where the gains are more dramatic, especially in terms of memory requirements.
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Table 1
1-D problem comparisons.

N FLOP1 FLOP2 % gain SPACE1 SPACE2 % gain RFLOP1 RFLOP2 % gain
8 18924 25245 25.04 9698 10920 11.19 45800 52744 13.17
16 37352 49865 25.09 18890 20808 9.22 84984 97184 12.55
32 74624 99585 25.07 37274 40584 8.16 164008 186720 12.16
64 149168 199025 25.05 74042 80136 7.60 322056 365792 11.96
128 298256 397905 25.04 147578 159240 7.32 638152 723936 11.85

Table 2
2-D problem comparisons.

N FLOP1 FLOP2 % gain SPACE1 SPACE2 % gain RFLOP1 RFLOP2 % gain
10× 10 4.06× 104 5.44× 104 36.9 2.49× 103 3.09× 104 91.9 7.19× 104 1.18× 105 39.0
20× 20 4.15× 105 5.30× 105 21.7 1.00× 104 1.45× 105 93.1 6.65× 105 8.85× 105 24.9
40× 40 6.01× 106 6.52× 106 7.7 4.01× 105 6.29× 106 93.6 8.93× 106 9.89× 106 9.7
80× 80 8.97× 107 9.18× 107 2.3 1.60× 106 2.61× 107 93.9 1.32× 108 1.37× 108 3.6

100× 100 2.18× 108 2.21× 108 1.4 2.50× 106 3.63× 107 93.8 3.22× 108 3.28× 108 1.8
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Fig. 3. Forward mode FLOPs for the 1-D problem.
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Fig. 4. Reverse mode FLOPs for the 1-D problem.
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Fig. 5. Space complexity for the 1-D problem.
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Fig. 6. The �2-norm of the error in the sensitivity solution.

Table 3
FLOPs overhead in solving the CSE.

N Approximating the CSE Proposed AD methodology % overhead
10× 10 3.44× 104 4.06× 104 18.0
20× 20 4.01× 105 4.15× 105 3.5
40× 40 5.86× 106 6.01× 106 2.6
80× 80 8.79× 107 8.97× 107 2.1
100× 100 2.14× 108 2.18× 108 1.8

4.2. Laplace equation in two dimensions. Table 2 provides computational
metrics for AD of the 2-D problem introduced in sections 2.2 and 3.2. Results are
provided for various problem sizes. In this case, the trend is that the improvement
in the FLOPs requirement diminishes with increasing problem size. This is explained
by the fact that the most expensive step in the computation is the solution of the linear
system. This step dominates defining the mesh, the system matrix, etc. Therefore, the
difference in the FLOPs required to compute the different right-hand sides becomes
negligible.

The FLOPs requirement in the reverse mode depends on both the space complex-
ity metric (since all stored derivatives need to be accessed again in the reverse pass)
as well as the FLOPs to perform the derivative calculations themselves. Hence, in the
reverse mode, the FLOPs gain is greater than that in the forward mode. However,
the dependence of the space complexity metric on the FLOPs count is insignificant
compared to the FLOPs required to perform the linear system solve. Figures 7 and 9
display how the FLOPs in the forward mode and reverse mode compare for the two
AD methodologies. The substantial order-of-magnitude gain in space complexity can
be seen in Figure 8.

The efficiency of the code generated by our AD methodology compares favorably
with software written specifically to solve the CSE. We display the FLOPs require-
ments for solving the CSE using AD of the modified problem as well as traditional
application of AD in Table 3. Note that there is very little overhead involved with
this AD approach over a direct approximation. These results correspond to the same
approximation of the CSE that is used for the PDE.
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Fig. 7. Forward mode FLOPs for the 2-D problem.

0 20 40 60 80 100
10

3

10
4

10
5

10
6

10
7

 Problem Size(N)

 S
P

A
C

E

Modified Code
Original Code

Fig. 8. Space complexity for the 2-D problem.
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Fig. 9. Reverse mode FLOPs for 2-D problem.
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Fig. 10. The �2-norm of the error in the sensitivity solution.

The sensitivity solution. The �2-norm of the error in sensitivity calculations
versus problem size is plotted in Figure 10. As in section 4.1, the exact solution is
defined by evaluating the analytic sensitivity at the N × N finite difference nodes.
Again, we see that accurate sensitivity solutions are calculated using AD of the mod-
ified problem.

4.3. Analysis of the numerical results. These results show that a sometimes
dramatic, and usually substantial, gain in terms of FLOPs and memory requirements
can be achieved by using the modified problem. To develop an a priori estimate of the
potential gains of this AD methodology, we present the following recipe. Consider the
following PDE solution code which can be broadly divided into two main parts: the
code to define the mesh and the code for computing the solution. Consider a general
template (here a denotes the independent variables, e.g., the shape parameters):

function u = pdesolution(a)

Compute the Mesh, M(a). (Complexity: memory = Sm, FLOPs = Fm)

Compute the Solution, u = F (a,M(a)). (Complexity: memory = Ss, FLOPs = Fs)

end

For generality, we assume a multiparameter case. Assume the number of parameters
is given by p. In the above framework, the various complexities can now be estimated
by

• FLOPs for the forward mode. For AD of the modified problem, the FLOPs
will be FLOP1 = Fm + (p + 1)Fs, while for the original problem it will be
FLOP2 = (p+ 1)(Fm + Fs). The gain is

FLOP2− FLOP1

FLOP2
× 100% =

pFm
FLOP2

× 100%.

If Fm is substantial, i.e., the mesh definition requires a lot of computation as
in elliptic grid generation [20], then a significant gain can be expected. In the
1-D problem, Fm is a significant portion of the computational effort as N is
increased; thus the gain remains significant as the problem size increases.
• Space complexity for the reverse mode. For the modified problem the space

complexity will be SPACE1 = Sm + (p + 1)Ss while for the original problem
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it will be SPACE2 = (p+ 1)(Sm + Ss). The gain is

SPACE2− SPACE1

SPACE2
× 100% =

pSm
SPACE2

× 100%.

If the space requirement for the mesh setup, Sm, is substantial compared
to the solution step, Ss, then a significant gain is expected in the space
complexity. In the 2-D problem, the memory required to store the mesh and
its derivatives, Sm, remains a significant portion of the overall total memory
required (since the system matrix is sparse); thus the gain remains substantial
as the problem size is increased.
• FLOPs for the reverse mode. For the modified problem, the FLOPs required

for the reverse mode of AD will be RFLOP1 = FLOP1 + µSPACE1 while for
the original problem it will be RFLOP2 = FLOP2 + µSPACE2, where µ is
constant which determines the FLOPs required to save and access one unit
of memory (stored for accessing in the reverse pass). The gain is

RFLOP2− RFLOP1

RFLOP2
× 100% =

(1 + µ) pFm
rFLOP2

× 100%.

5. Comments and conclusions. To summarize, recall that when a problem
has a parameter-dependent domain, differentiating the discrete form of the equations
(the traditional use of AD) can lead to mesh sensitivities. These terms lead to addi-
tional computations and storage in the differentiated code. This extra computation
can be avoided by using AD to generate code to approximate the CSE. Minor modi-
fications to the original software were outlined for two example problems so that AD
of the modified code produced the desired result. Numerical experiments indicated
that the number of FLOPs and the required memory were both reduced when this
methodology was applied. In some cases, the savings were substantial (up to 25%
improvement in the FLOPs requirements for a 1-D finite element problem and bet-
ter than 10-fold improvement in the memory requirements for a 2-D finite difference
problem). These are savings over and above the calculation of the mesh sensitivity
terms themselves. In the previous section, we provided formulae that can be used to
estimate the amount of savings that this AD methodology will produce.

The methodology is useful in problems where the domain is fixed, yetMa is still
parameter dependent (e.g., this occurs when adaptive mesh refinement strategies are
used). To handle this case with AD, the mesh is simply specified as a fixed constant
(it is possible to do this in most AD software). The CSE are solved on this mesh using
the technique described in section 3. Since the approximation takes place after the
differentiation, sensitivities are found without mesh derivatives [5]. Note that fixing
the mesh is also possible in the approximate-then-differentiate approach if the domain
is not parameter dependent.

This methodology has no benefit in problems where Ma = M, however, as the
operations of differentiation and approximation commute in this case. For this situ-
ation, it is better to apply AD to the original code (with respect to a) than to apply
the proposed AD methodology (with respect to α).

In some instances, the modification of the boundary conditions can be very dif-
ficult. Programs which are set up to handle zero Dirichlet boundary conditions may
not have the capability of treating nontrivial data without some significant program
modification. These cases require extending the solution vector to include the bound-
ary points and increasing the size of the system matrix. These changes may not be
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straightforward when this occurs and the benefits reported in section 4 need to be
weighed against the resources required to perform the necessary changes. It’s possible
that the traditional application of AD is more attractive in this case.

Our methodology was presented for the situation where either the boundary con-
ditions, forcing functions, or the shape of the domain was parameter dependent. How-
ever, it can be extended to a more general case when, for example, Aa has other
dependencies on a, such as parameter-dependent coefficients. When this situation oc-
curs, the CSE contains additional functions of u. These extra terms can be combined
with the function g(u) in problem (4). The implementation of this methodology can
be more difficult in this case since we need to extract the necessary code out of the
computation of Aa(u

N ) in order to build the modified right-hand side.

This approach is applicable to a wide variety of PDE approximation schemes. In
this work, we have demonstrated the applicability of this approach for PDEs that are
approximated with either finite differences or finite element methods. However, one
should take the point of view that AD is being used to approximate the sensitivity
equation in these problems. Therefore the success of this approach comes from the
fact that the approximation scheme can be changed so that it approximates a modified
PDE (and that these modifications are small, occurring in a small portion of the code).
The application of AD to this modified code will yield the desired sensitivity solution.
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Abstract. Multilevel algorithms are a successful class of optimization techniques which ad-
dresses the mesh partitioning problem. They usually combine a graph contraction algorithm together
with a local optimization method which refines the partition at each graph level. In this paper we
present an enhancement of the technique which uses imbalance to achieve higher quality partitions.
We also present a formulation of the Kernighan–Lin partition optimization algorithm which incorpo-
rates load-balancing. The resulting algorithm is tested against a different but related state-of-the-art
partitioner and shown to provide improved results.
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1. Introduction. The need for mesh partitioning arises naturally in many finite
element (FE) and finite volume (FV) applications. Meshes composed of elements such
as triangles or tetrahedra are often better suited than regularly structured grids for
representing completely general geometries and resolving wide variations in behavior
via variable mesh densities. Meanwhile, the modeling of complex behavior patterns
means that the problems are often too large to fit onto serial computers, either because
of memory limitations or computational demands, or both. Distributing the mesh
across a parallel computer so that the computational load is evenly balanced and the
data locality maximized is known as mesh partitioning. It is well known that this
problem is NP-complete [7], so in recent years much attention has been focused on
developing suitable heuristics, and some powerful methods, many based on a graph
corresponding to the communication requirements of the mesh, have been devised,
e.g., [5].

A particularly popular and successful class of algorithms which addresses this
mesh partitioning problem is known as multilevel algorithms. They usually com-
bine a graph contraction algorithm which creates a series of progressively smaller and
coarser graphs together with a local optimization method which, starting with the
coarsest graph, refines the partition at each graph level. In this paper we present an
enhancement of the technique which uses imbalance to achieve higher quality parti-
tions. We also present a formulation of the Kernighan–Lin (KL) partition optimization
algorithm which incorporates load-balancing.

We focus here on serial partitioning. Although emphasis in the field is switching
to parallel partitioning methods, we aim here to address one of the fundamental
mechanisms of the multilevel paradigm and thus a serial implementation provides a
clear and relatively parameter-free environment for establishing how imbalance can
affect the overall performance of the strategy. However, elsewhere we have provided
a different but related parallel formulation [21], and indeed the algorithms described
here are used directly as part of that parallel strategy.
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1.1. Overview. Below, in section 1.2, we introduce the mesh partitioning prob-
lem and establish some terminology. In section 2 we then describe the multilevel
paradigm and present a new enhancement in the idea of a multilevel balancing sched-
ule. Next, in section 3, we describe a KL-type optimization algorithm which both
balances a partition of the graph to within some given tolerance and also refines it. In
section 4 we present results from the multilevel balancing and refinement algorithm,
comparing it with a similar formulation which only incorporates multilevel refinement.
We also compare different multilevel balancing schedules. Finally in section 5 we draw
some conclusions and present some ideas for further investigation.

The principal innovations described in this paper are twofold:
• In section 2.2 we formalize the idea of combining multilevel refinement with
a multilevel balancing schedule.
• In section 3.4 we describe a new formulation of a KL-type partitioning algo-
rithm (incorporating hill-climbing), which both balances and refines.

Two implementation ideas are also described:
• In section 3.3 we describe a ranking for prioritizing vertices for migration
which incorporates their weight as well as their gain.
• In section 3.5 we describe how we deal with vertices which are neighbors to
more than one subdomain.

1.2. Notation and definitions. To define the mesh partitioning problem, let
G = G(V,E) be an undirected graph of vertices V , with edges E which represent the
data dependencies in the mesh. We assume that the graph is connected. (Although
if this is not the case we have, elsewhere, discussed an algorithm for connecting the
components together [25].) We also assume that both vertices and edges are weighted
(with positive integer values) and that |v| denotes the weight of a vertex v and similarly
for edges and sets of vertices and edges. The vertex weight is used to approximate
processor loading whilst the edge weights model communication costs (although see
section 3.1). Typically both vertex and edge weights are given a unit cost although
there has been some recent work on accurate cost modeling [15], and for some real
applications the processor load can depend on many other factors such as data access
patterns. However, since this is a function of the final partition it is not possible to
estimate such costs a priori, and we do not address this issue here.

Given that the mesh needs to be distributed to P processors, define a partition
π to be a mapping of V into P disjoint subdomains Sp such that

⋃
P Sp = V . The

partition π induces a subdomain graph on G which we shall refer to as Gπ = Gπ(S,C);
there is an edge (Sp, Sq) ∈ C if there are vertices v1, v2 ∈ V with (v1, v2) ∈ E, and
v1 ∈ Sp, v2 ∈ Sq, and the weight of a subdomain is just the sum of the weights of the
vertices in the subdomain, |Sp| =

∑
v∈Sp

|v|. We denote the set of intersubdomain

or cut edges (i.e., edges cut by the partition) by Ec (note that |Ec| = |C|). Vertices
which have an edge in Ec (i.e., {v ∈ V : there exists v′ ∈ V, with (v, v′) ∈ Ec}) are
referred to as border vertices.

The definition of the graph-partitioning problem is to find a partition which evenly
balances the load (i.e., vertex weight) in each subdomain whilst minimizing the com-
munications cost. To balance the load, the optimal subdomain weight is given by
S := �|V |/P � (where the ceiling function �x� returns the smallest integer ≥ x) and
the imbalance is then defined as the maximum subdomain weight divided by the op-
timal (since the computational speed of the underlying application is determined by
the most heavily weighted processor). As is usual, throughout this paper the com-
munications cost will be estimated by |Ec|, the weight of cut edges or cut-weight,
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although see section 3.1 for further discussion on this point. A more precise definition
of the graph-partitioning problem is therefore to find π such that |Sp| ≤ S and such
that |Ec| is minimized. Note that perfect balance is not always possible for graphs
with nonunitary vertex weights.

Throughout this paper we use some fairly specific terminology and in particular
we shall refer to refinement as the improvement of partition quality (i.e., the cut-
weight) without regard to load-balance; balancing will then refer to the improvement
of imbalance and optimization refers to refinement and balancing. We also make the
distinction between those algorithms, such as that of Kernighan and Lin [14], which
refine a bisection and algorithms which refine a partition of P subdomains. Such
algorithms have been known as k-way (e.g., [13]) or multiway (e.g., [24]) algorithms,
but here we shall simply refer to them as partition (as opposed to bisection) refinement
algorithms. Finally we shall use the words processor and subdomain interchangeably;
the mesh is partitioned into P subdomains each of which will be mapped onto one
processor.

2. The multilevel paradigm. In recent years it has been recognized that an
effective way of both accelerating partition refinement and, perhaps more importantly,
giving it a global perspective is to use multilevel techniques. The idea is to group ver-
tices together to form clusters, use the clusters to define a new graph, and recursively
iterate this procedure to create a series of increasingly coarse graphs until the size
of the coarsest graph falls below some threshold. A fast and possibly crude initial
partition of the coarsest graph is calculated and then successively interpolated onto
and optimized on each of the graphs in reverse order. This sequence of contraction
followed by repeated expansion/refinement loops is known as the multilevel paradigm
and has been successfully developed as a strategy for overcoming the localized nature
of the KL [14] (and other) algorithms. The multilevel idea was first proposed by
Barnard and Simon [1] as a method of accelerating spectral bisection and improved
by both Hendrickson and Leland [9] and Bui and Jones [2], who generalized it to
encompass local refinement algorithms.

2.1. Implementation. To create a coarser graph Gl+1(Vl+1, El+1) from Gl(Vl,
El) we use a variant of the graph contraction algorithm proposed by Hendrickson
and Leland [9]. The idea is to find a maximal independent subset of graph edges
or matching of graph vertices and then collapse them. The set is independent if no
two edges in the set are incident on the same vertex (so no two edges in the set are
adjacent), and maximal if no more edges can be added to the set without breaking
the independence criterion. Having found such a set, each selected edge is collapsed
and the vertices, u1, u2 ∈ Vl say, at either end of it are merged to form a new vertex
v ∈ Vl+1 with weight |v| = |u1| + |u2|. Edges which have not been collapsed are
inherited by the child graph, Gl+1, and, where they become duplicated, are merged
with their weight summed. This occurs if, for example, the edges (u1, u3) and (u2, u3)
exist when edge (u1, u2) is collapsed. Because of the inheritance properties of this
algorithm, it is easy to see that the total graph weight remains the same, |Vl+1| = |Vl|,
and the total edge weight is reduced by an amount equal to the weight of the collapsed
edges.

A simple way to construct a maximal independent subset of edges is to visit the
vertices of the graph in a random order and pair up or match unmatched vertices
with an unmatched neighbor. It has been shown [12] that it can be beneficial to the
optimization to collapse the most heavily weighted edges and our matching algorithm
uses this heuristic.
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The initial partition. Having constructed the series of graphs until the number
of vertices in the coarsest graph is smaller than some threshold, the normal practice of
the multilevel strategy is to carry out an initial partition. Here, following the idea of
Gupta [8] we contract until the number of vertices in the coarsest graph is the same as
the number of subdomains, P , and then simply assign vertex i to subdomain Si. Un-
like Gupta, however, we do not carry out repeated expansion/contraction cycles of the
coarsest graphs to find a well balanced initial partition but instead, since our optimiza-
tion algorithm incorporates balancing, we commence on the expansion/optimization
sequence immediately.

Note that contraction down to P vertices should always be possible provided the
graph is connected (assumed, section 1.2). To see this consider that every connected
graph of V vertices must have at least V − 1 edges and that the collapsing of an edge
results in a connected graph. Thus, if V > P there must be at least one edge which
can be collapsed to create a graph with V − 1 vertices and so on by induction.

Note also that for certain graphs the resulting initial partition can be extremely
imbalanced as a result of the weights becoming extremely inhomogeneous in the coars-
est graphs. This suggests that perhaps, for such examples, contraction down to P
vertices does not enhance the final partition. However, because the final contractions
are relatively very cheap and this imbalance does not seem to affect the final partition
quality we retain this feature in order not to introduce another parameter (i.e., a
contraction threshold) to the method.

Partition expansion. Having optimized the partition on a graph Gl, the par-
tition must be interpolated onto its parent Gl−1. The interpolation itself is a trivial
matter; if a vertex v ∈ Vl is in subdomain Sp then the matched pair of vertices that
it represents, v1, v2 ∈ Vl−1, will be in Sp.

2.2. Multilevel balancing schedule. It has been noted previously (originally
in [18] and subsequently in [13, 23]) that allowing a small amount of imbalance often
leads to a higher partition quality. We also observe that one of the most attractive
features of the multilevel paradigm is the way in which the partition quality (usually
the number of cut edges) is refined gradually as the expansion proceeds; i.e., after
each refinement the partition quality of a given graph Gl is usually better than that
of Gl+1 (because there are more degrees of freedom). In this paper we combine both
observations (imbalance can lead to higher partition quality and gradual refinement
of quality being an attractive feature) by allowing a variable amount of imbalance
which is reduced gradually as the expansion proceeds. The idea is that by allowing
a large imbalance in the coarsest graphs a better partition may be found than if
balance was rigidly enforced, but that this imbalance will not cause degradation in
the final partition of the finest graph if removed gradually throughout the expansion
procedure. Note particularly the second statement—if the finest graph starts the
refinement with a high quality but poorly balanced partition, then much of the quality
may be destroyed by balancing. (See the end of this section for an example of this
behavior.)

In fact it is often not possible to achieve perfect balance in the coarsest graphs
because the vertices may be heavily weighted and very inhomogeneous (e.g., if balance
requires moving a weight of 10 from one subdomain to another but all vertices are of
weight 20 or over, perfect balance cannot be attained). Hence it could be argued that
all multilevel algorithms employ this idea of multilevel balancing. Indeed, our previous
work in this area, e.g., [24], employs a diffusive load-balancer at every refinement level
and so the idea has been implicit in our work for sometime. In this paper, however,
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p processors

n

Fig. 1. A regular domain of N = n2 vertices perfectly partitioned into P = p2 subdomains.

we formalize the idea of balancing and refinement at every level and also describe an
optimization algorithm which both achieves a given level of imbalance (if possible)
and refines for quality. Note that we make the distinction between this work and that
in the multilevel diffusion algorithm of Schloegel, Karypis, and Kumar [16], where a
diffusive load-balancer is employed at each coarse level until balance is attained and
thereafter partition quality refinement without active balancing is employed.

In order to talk about improving the balance gradually from one graph level
to another, for each graph, Gl, let Tl be the target subdomain weight. If every
subdomain, Sp, is not heavier than this target (i.e., max |Sp| ≤ Tl), then we say that
the graph is balanced and the optimization can concentrate on refinement alone (so
long as the balance is not destroyed). However, if max |Sp| > Tl, then the optimization
must concentrate on balancing (with some regard to refinement). Clearly this series
{Tl} is an arbitrary heuristic, but it must be determined with two caveats:

• If it ascends too rapidly, the balance inherited by Gl from Gl+1 may cause
the partition quality to be lost in trying to attain Tl. (See the end of this
section for an example of this behavior.)
• If it ascends too slowly, the benefits for the partition quality of having a high
imbalance tolerance may never be seen.

Some results with different functions for Tl are given in section 4.2, but with the above
in mind we derive Tl as follows:

Let G(V,E) be regular graph with N (= n×n) vertices perfectly partitioned into
P (= p× p) subdomains as in Figure 1. The maximum border length of a subdomain
is then given by

4

(
N

P

) 1
2

.

The average weight of a vertex is |V |/N , and so we can estimate the weight of border
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vertices in the subdomain as

4

(
N

P

) 1
2

× |V |
N

=
4|V |

(PN)
1
2

.

Recall that for each graph Gl we wish to define a target subdomain weight Tl which
will not cause too much degradation in partition quality when balancing its parent
Gl−1 down to its target Tl−1. After some experimentation, we have chosen to allow
an excess weight in any given subdomain of approximately half one border layer of a
subdomain in the parent graph. The target weight is given by the optimal subdomain
weight plus the excess weight and so, using the regular two-dimensional (2D) model,
we set Tl to be

Tl = �|V |/P �+ 1

2
× 4|V |

(PNl−1)
1
2

.

If we define the imbalance tolerance, θl, to be the maximum allowable subdomain
weight expressed as a proportion of the optimal subdomain weight, then

θl =
�|V |/P �+ 2|V |(PNl−1)

− 1
2

�|V |/P � ≈ 1 + 2

(
P

Nl−1

) 1
2

.

In other words a graph Gl is considered balanced if the imbalance is less than θl =
1 + 2( P

Nl−1
)

1
2 for l > 0. For the final (and original) graph, G0, which has no parent,

we can either set θ0 = 1 to aim for perfect balancing or, as is often the case (e.g.,
[13]), allow a slight imbalance. For the results in this paper we have chosen to set

θ0 = 1.03 and then we set θl = max(θ0, 1 + 2( P
Nl−1

)
1
2 ) for l > 0. Note that we have

chosen a 2D model of the regular partition; a three-dimensional (3D) model using the

same arguments gives θl = 1 + 3( P
Nl−1

)
1
3 , and results using this model can be found

in section 4.2.
Figure 2 shows an example of some typical behavior for the balancing schedule

derived above and the algorithm described in section 3. The dotted line plots the
target weight or balancing schedule, and each step down represents the transition
from one graph level Gl to its parent Gl−1. Notice that at the start of the iterations
the tolerance is around 2.3—i.e., the graph is considered balanced if every subdomain
is smaller than 2.3 times the optimal weight. The solid line represents the attained
balance—this is below the target level most of the time and, by iteration 30, it tracks
the target weight exactly, showing that the optimization algorithm in section 3 is
very good at taking advantage of any leeway in the imbalance tolerance. (The final
imbalance tolerance for the method is set at θ0 = 1.03 which is why the balance never
reaches 1.0.) Finally the dashed line shows the evolution of the cut edges (scaled by
a large factor to fit onto the graph). The peaks early on in the iterations correspond
to balances which exceed the tolerance and as mentioned above this causes serious
degradation in the partition quality as the algorithm balances the graph. However,
after about iteration 30 the cut-weight decreases monotonically.

3. The balancing and refinement optimization algorithm. In this section
we describe an optimization algorithm which combines load-balancing and partition
quality refinement. It is a KL-type algorithm incorporating a hill-climbing mechanism
to enable it to escape from local minima; in other words vertex migration from subdo-
main to subdomain can be accepted even if it degrades the partition quality and later,



MESH PARTITIONING: MULTILEVEL BALANCING AND REFINEMENT 69

balance           

target            

cut edges (scaled)

0 10 20 30 40 50 60 70 80
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

iteration

ba
la

nc
e/

cu
t e

dg
es

Fig. 2. An example of the evolution of balance and cut-weight for the multilevel balancing and
refinement algorithm.

based on the subsequent evolution of the partition, either rejected or confirmed. The
algorithm uses bucket sorting (see section 3.3), the linear time complexity improve-
ment of Fiduccia and Mattheyses [6], and is a partition optimization formulation; in
other words it optimizes a partition of P subdomains rather than a bisection. In this
respect it most closely resembles the algorithm of Karypis and Kumar [13], but ad-
ditionally incorporates load-balancing (using the diffusive algorithm of Hu and Blake
[11]; see section 3.2. The algorithm described here is strictly serial in nature, but a
parallel formulation (in which essentially each intersubdomain interface is treated as
a separate problem) can be found in [21].

3.1. The gain function. A key concept in the method is the idea of gain.
Loosely, the gain g(v, q) of a vertex v in subdomain Sp can be calculated for every
other subdomain, Sq, q 
= p, and it expresses some “estimate” of how much the
partition would be “improved” were v to migrate to Sq. The gain is usually directly
related to some cost function which measures the quality of the partition and which
we aim to minimize. Typically the cost function used is simply the total weight of
cut edges, |Ec|, and then the gain expresses the change in |Ec|. More recently, there
has been some debate about the most important quantity to minimize, and in [20]
Vanderstraeten and Keunings demonstrate that it can be extremely effective to vary
the cost function based on a knowledge of the solver. Whichever cost function is
chosen, however, the idea of gains is generic. For the purposes of this paper we shall
assume that the gain g(v, q) just expresses the reduction in the cut-weight, |Ec|.

3.2. Load-balancing: Calculating the flow. Given a graph partitioned into
unequal sized subdomains, we need some mechanism for distributing the load equally.
To do this we solve the load-balancing problem on the subdomain graph, Gπ, in order
to determine a balancing flow, a flow along the edges of Gπ which balances the weight
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of the subdomains. By keeping the flow localized in this way, vertices are not migrated
between nonadjacent subdomains, and hence (hopefully) the partition quality is not
degraded (since a vertex migrating to a subdomain to which it is not adjacent is
almost certain to have a negative gain).

This load-balancing problem, i.e., how to distribute N tasks over a network of P
processors so that none have more than �N/P �, is a very important area for research
in its own right with a vast range of applications. The topic is introduced in [17] and
some common strategies are described. Much work has been carried out on parallel
or distributed algorithms and, in particular, on diffusive algorithms [3]; here we use
an elegant diffusive variant developed by Hu and Blake [11] with fast convergence.
This method was derived to minimize the Euclidean norm of the transferred weight,
although it has recently been shown that all diffusion methods minimize this quantity
[4, 10]. The algorithm simply involves solving the system Lx = b, where L is the
Laplacian of the subdomain graph:

Lpq =




degree(Sp) if p = q,
−1 if p 
= q and Sp is adjacent to Sq,
0 otherwise,

and where bp = |Sp| − S, the weight of Sp less the optimal weight. The weight to
be transferred across edge (Sp, Sq) is then given by xp − xq. Note that this method
is closely related to the standard diffusion algorithm [3], except that the diffusion
coefficients are not fixed but are determined at each iteration by a conjugate gradient
search.

This algorithm (or, in principle, any other distributed load-balancing algorithm)
is used to determine how much weight to transfer across edges of the subdomain graph
and the optimization technique below is then used to decide which vertices to move.
The algorithm is employed as suggested in [11], solving iteratively with a conjugate
gradient solver; it is solved for a real solution and the (integer) flow is determined by
rounding. Note, however, that the Laplacian of any undirected graph contains a zero
eigenvalue with the corresponding eigenvector [1, 1, . . . , 1] and the solution iterates
are orthogonalized against this [11]. If any other singularities are detected (e.g., if the
graph is disconnected) the software will switch to another method, an intuitive and
entirely localized distributed load-balancing algorithm due to Song [19].

Occasionally whilst optimization is taking place vertex migration can cause the
subdomain graph to change (e.g., two nonadjacent subdomains may become adjacent).
If an edge disappears over which flow is scheduled to move the subdomain graph must
be rebalanced, although we speed this process up by adding the extraneous flow back
into its source subdomain and rebalancing the graph from that point. We also limit
the number of possible rebalances on any graph since otherwise the system can exhibit
cyclic behavior.

3.3. Bucket sorting. The bucket sort is an essential tool for the efficient and
rapid sorting and adjustment of vertices by their gain. The concept was first suggested
by Fiduccia and Mattheyses in [6], and the idea is that all vertices of a given gain g
are placed together in a “bucket” which is ranked g. Finding a vertex with maximum
gain then simply consists of finding the (nonempty) bucket with the highest rank and
picking a vertex from it. If the vertex is subsequently migrated from one subdomain
to another then its gain and the gains of all its neighbors have to be adjusted and
resorted by gain. Using a bucket sort for this operation simply requires recalculating
the gains of the vertex and its neighbors and transferring them to the appropriate
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buckets, an essentially localized operation. If a bucket sort were not used and, say,
the vertices were simply stored in a list in gain order, then the entire list would
require resorting (or at least merge-sorting with the sorted list of adjusted vertices)
an essentially O(N) operation for every migration.

In our implementation each bucket is (as usual) represented by a double linked
list of vertices (since vertices must be extracted from the list without having to search
through it). However, we additionally prefer to sort the vertices by gain and then
by weight. The reasoning behind this is simple: if, for example, a transfer of weight
3 between 2 subdomains is required, then it is preferable to pick 3 vertices each of
gain 1 and weight 1 rather than 1 vertex of gain 1 and weight 3. Conversely, if a
transfer of weight 2 is required, then it is better to move 1 vertex of weight 2 and
gain −1, rather than 2 vertices of weight 1 and gain −1. Thus we order the vertices
primarily by gain and then by weight, lightest first for positive gains and heaviest
first for negative gains. Rather than sorting the contents of each bucket we simply
provide a different bucket for each gain/weight combination, and so if W represents
the weight of the largest vertex in a given graph g(v) the gain of a vertex v, we rank
v with the formula:

rank(v) =

{
g(v)×W +W − |v| if g(v) > 0,
g(v)×W + |v| − 1 otherwise,

which provides the desired ordering. The ranking is unique for each combination of
g(v) and |v| because 1 ≤ |v| ≤W for all vertices v (it is assumed that |v| > 0), and so

rank(v) ≤ g(v)×W +W − 1 < g(v)×W +W = [g(v) + 1]×W.

Hence

g(v)×W ≤ rank(v) < [g(v) + 1]×W.

In other words, for a given vertex v with gain g(v), the upper bound on rank(v) is
strictly less than the lower bound on rank(w) for any vertex w with gain g(w) =
[g(v) + 1].

Note that in the very coarse graphs at the top of the multilevel process, it is
possible or even common to produce graphs with a wide range of vertex weights and
potential gains. For this reason, rather than maintaining a sparse but potentially huge
array of pointers to buckets, we store the nonempty buckets in a binary tree adding
and deleting buckets as required (see Figure 3). This tree structure may still be large
but cannot exceed the number of border vertices in the graph in size. In the sections
below the term bucket tree will be used to refer to the binary tree of buckets.

3.4. The iterative optimization algorithm. The serial optimization algo-
rithm, as is typical for KL-type algorithms, has inner and outer iterative loops with
the outer loop terminating when no migration takes place during an inner loop. The
algorithm is shown in pseudocode form in Figure 4. The optimization uses two bucket
trees (see section 3.3), and is initialized by calculating the gain for all border vertices
and inserting them into one of the bucket trees. These vertices will subsequently
be referred to as candidate vertices and the tree containing them as the candidate
tree. The idea of only inserting the border vertices into the bucket tree (rather than
all vertices) was first described in [23] and has subsequently been described as lazy
initialization [9].
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Fig. 3. A bucket tree.

The inner loop proceeds by examining candidate vertices highest gain first (by
always picking vertices from the highest ranked bucket), testing whether the vertex
is acceptable for migration, and then transferring it to the other bucket tree (the tree
of examined vertices). This inner loop terminates when the candidate tree is empty,
although it may terminate early if the partition cost (i.e., the number of cut edges)
rises too far above the cost of the best partition found so far. This type of early
termination is typical of KL-type algorithms; without it, the entire graph may be
searched with diminishing prospect of finding a better solution along the search path.
Once the inner loop has terminated any vertices remaining in the candidate tree are
transferred to the examined tree and finally pointers to the two trees are swapped
ready for the next pass through the inner loop.

Migration acceptance. Let T refer to the target weight for the graph (sec-
tion 2.2) and W represent the weight of the largest subdomain, W = maxP |Sp|. If
the required flow from subdomain Sp to subdomain Sq is Fpq, a candidate vertex v
with weight |v| (≥ 0) is accepted for migration from Sp to Sq (with weights |Sp| and
|Sq|) if

(a) W > T and 2Fpq > |v|
or (b) W ≤ T and |Sq|+ |v| ≤ T.

(3.1)

These criteria reflect the aim of trying to balance the graph down to the target
weight, T , and then keeping it there. If the graph is not yet within the imbalance
tolerance (i.e., W > T ), then (3.1a) only allows migration which reduces the required
flow. Condition (3.1b) guarantees that once balance is achieved the graph cannot
become unbalanced again.

Note that in order to satisfy the flow entirely we would only move a vertex if
from Sp to Sq if the flow, Fpq, was greater than or equal to the vertex’s weight (i.e.,
Fpq ≥ |v|). The wider acceptance condition (3.1a), 2Fpq > |v|, however, also allows
moves where |v| exceeds Fpq but which reduces the total required flow in the system.
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while (optimizing) { /* outer loop */

optimizing = 0

best cost = cost

while (vertices in candidate tree) { /* inner loop */

vertex = best candidate

if (migration acceptable for vertex) {

optimizing = 1

migrate vertex {

adjust flow and subdomain weights

adjust gains of neighboring vertices

and transfer to appropriate buckets

}

adjust gain of vertex and transfer to examined tree

if (better partition) { /* confirm migration */

best_cost = cost

reset recent move list

} else {

append vertex to recent move list

if (cost - best_cost > limit) /* early termination */

break

} /* hill-climbing mechanism */

}

transfer vertex to examined tree

} /* inner loop */

for (vertices in recent move list) /* hill-climbing mechanism */

migrate vertex back to previous partition

for (vertices in candidate tree)

transfer vertex to examined tree

swap pointers to candidate and examined trees

} /* outer loop */

Fig. 4. The Kernighan–Lin partition optimization algorithm.

For example, if |v| = 5 and Fpq = 3, the migration would not be acceptable under the
condition Fpq ≥ |v|, but using (3.1a) the move is acceptable and Fpq changes to −2
(alternatively, Fqp = 2) after migration, which is a reduction in the total.

When a vertex is accepted for migration, its subdomain is changed and the sub-
domain weights and flow are adjusted. The gains are recalculated for the vertex and
all of its neighbors and they are transferred to the appropriately ranked buckets. Note
that examined vertices are transferred between buckets in the examined bucket tree
and candidate vertices are transferred between buckets in the candidate bucket tree.
Neighboring vertices which were not in the border at this point but which become
border vertices as a result of the migration are put into the candidate tree. In this way
it is actually possible for a vertex to be migrated more than once during the course
of an inner loop (if it is moved out of and back into the border region by migration it
becomes a candidate vertex at each stage), but accepted vertices which have not yet
been confirmed (see below) cannot be transferred to the candidate tree as this can
lead to infinitely cyclic behavior.

Migration confirmation and hill-climbing. The algorithm uses a KL-type
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hill-climbing strategy. As can be seen from (3.1) migrations can be accepted even if
they increase the partition cost (i.e., have negative gain). During each pass through
the inner loop, a record of the optimal partition achieved by migration within that
loop is maintained together with a list of vertices which have migrated since that value
was attained. If subsequent migration finds a “better” partition, then the migration
is confirmed and the list is reset. Once the inner loop is terminated, any vertices
remaining in the list (vertices whose migration has not been confirmed) are migrated
back to the subdomains they came from when the optimal cost was attained.

To define a “better” partition, let π represent the optimal partition reached so
far and πi the subsequent partition after some migration (i.e., after some iterations
of the inner loop). Each partition has a cost associated with it, C(π) (in this case
just the total weight of cut edges), and an imbalance which depends on W (π), the
weight of the largest subdomain in that partition. Again let T represent the target
weight for the graph (see section 2.2). Denoting C(πi) and W (πi) by Ci and W i (and
similarly for π), then πi is confirmed as a new optimal partition if:

(a) Ci < C,
or (b) Ci = C and W i < W,
or (c) T ≤W i < W.

(3.2)

Condition (3.2c) simply states that, while the graph is unbalanced (i.e., W i >
T ), any partition which improves the balance is confirmed. Conditions (3.2a) and
(3.2b) are more typical of KL-type algorithms and confirm any partition which either
improves on the optimal cost (3.2a) or improves on the optimal balance without raising
the cost (3.2b). Note that whilst the partition is unbalanced, the conditions in (3.2)
do not actually define an ordering of partitions (i.e., if π1 and π2 are partitions with
C1 < C2 and T < W2 < W1, then either π1 or π2 would be confirmed in preference
to the other). However, because of condition (3.1a), the behavior of the unbalanced
system is monotonic in the sense that only changes that reduce ΣpΣqFpq are accepted.

3.5. Vertices adjacent to several subdomains. In general, for graphs arising
from FE/FV meshes with coarse granularity partitions (i.e., V � P ), most border
vertices will only be adjacent to vertices in one other subdomain. However, those
vertices that are adjacent to several subdomains are treated slightly differently in
that, if a tested migration is not acceptable, they are replaced in the candidate tree at
the level of their next highest gain. They are not transferred to the examined tree until
either being successfully migrated or all possible migrations have been tested. This
is best illustrated with an example: suppose a vertex is adjacent to four subdomains,
Sp, Sq, Sr, and Ss, and suppose that the respective gains are gp > gq = gr > gs. The
vertex is initially placed in the candidate tree and ranked gp. When subsequently
tested, if migration is not acceptable using the criteria in 3.1, the vertex is replaced in
the candidate tree and ranked gq (= gr). When the vertex next comes up for testing,
migration to Sp, Sq, and Sr is assessed (note that a move to Sp may now be acceptable
due to the intervening migration), and if none are acceptable the vertex is replaced
in the candidate tree with a rank gs. When the vertex is again tested, migration
to Sp, Sq, Sr, and Ss is tested, and if none are acceptable the vertex is transferred
to the examined tree ranked gp. Of course, it might be considered unnecessary to
retest moves which have already been tested (i.e., those with gains greater than the
migration under consideration), but since the edge weights to all adjacent subdomains
must be calculated to determine the next highest gain, there is no great extra expense
involved in doing so.
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Table 4.1
A summary of the test meshes.

Size Degree
Mesh V E max min avg Type
crack 10,240 30,380 9 3 5.93 2D nodal graph
4elt 15,606 45,878 10 3 5.88 2D nodal graph
t60k 60,005 89,440 3 2 2.98 2D dual graph
dime20 224,843 336,024 3 2 2.99 2D dual graph
144 144,649 1,074,393 26 4 14.86 3D nodal graph
m14b 214,765 1,679,018 40 4 15.64 3D nodal graph
fe-ocean 143,437 409,593 6 1 5.71 3D dual graph
mesh1m 1,119,663 2,212,012 4 2 3.95 3D dual graph
vibrobox 12,328 165,250 120 8 26.81 vibroacoustic matrix
memplus 17,758 54,196 573 1 6.10 digital memory circuit
oliker 50,000 95,800 4 1 3.83 3D weighted dual graph
bmw1c 100,917 208,165 38 0 4.13 3D weighted nodal graph

4. Results. We have implemented the algorithms described here within the
framework of JOSTLE, a mesh partitioning software tool developed at the Univer-
sity of Greenwich and freely available for academic and research purposes under a
licensing agreement1. The experiments were carried out on a Sun SPARC 20 with a
50 MHz CPU and 320 Mbytes of memory. The test graphs have been chosen to be
a representative sample of medium to large scale real-life problems and include both
2D and 3D examples of nodal graphs (where the mesh nodes are partitioned) and
dual graphs (where the mesh elements are partitioned). We have also included two
non mesh-based graphs (vibrobox and memplus) and two weighted graphs (oliker and
bmw1c). Such weighted graphs are not widely available since most applications do
not accurately instrument costs and it is difficult to know whether such graphs are
representative; however, they do seem to perform in a broadly similar fashion to those
with unit weights.

Table 4.1 gives a list of the graphs, their sizes, the maximum, minimum, and aver-
age degree of the vertices, and a short description. The degree information (the degree
of a vertex is the number of vertices adjacent to it) gives some idea of the character
of the graphs. These range from the relatively homogeneous dual graphs, where every
vertex represents a mesh element, in these cases a triangle (2D), tetrahedron (3D),
or brick (3D), and so every vertex has at most 3, 4, or 6 neighbors, respectively, to
the non mesh-based graphs memplus which has vertices of degree 573 and vibrobox,
where the average degree is 26.8. Most of the graphs are not weighted and so the
number of vertices in V is the same as the total vertex weight |V |, and similarly for
the edges E. However we use two weighted graphs; oliker (with weighted vertices only
and |V | = 111, 690) is the root mesh for an hierarchical adaptively refined mesh and
the weights represent the number of leaf elements that each root element has been
refined into, whilst bmw1c (with |V | = 1, 073, 726, 486 and |E| = 3, 396, 572) arises
from an attempt to correctly instrument and model costs [15].

The results of using the multilevel balancing and refinement algorithm are shown
in Table 4.2 for 4 values of P (the number of processors/subdomains). The table
shows the total weight of cut edges, |Ec|, and the run time in seconds, ts. The
algorithm is allowed a final imbalance tolerance of θ0 = 1.03 (although this may be
reset at runtime). In the following sections we compare the results with different
balancing schedules and with a similar multilevel mesh partitioner which does not use

1Available from http://www.gre.ac.uk/jostle.



76 C. WALSHAW AND M. CROSS

Table 4.2
The results of the multilevel balancing and refinement algorithm showing the cut-weight |Ec|

and CPU time in seconds ts.

P = 16 P = 32 P = 64 P = 128
Mesh |Ec| ts |Ec| ts |Ec| ts |Ec| ts
crack 1,191 0.95 1,804 1.16 2,733 1.37 3,960 3.01
4elt 1,012 1.05 1,687 1.22 2,772 2.31 4,285 3.19
t60k 984 2.75 1,588 3.27 2,445 4.33 3,631 6.27
dime20 1,274 10.01 2,282 10.37 3,617 12.34 5,517 16.60
144 41,842 22.20 60,467 26.61 83,640 37.60 113,045 55.23
m14b 45,988 29.22 72,997 37.91 105,799 49.46 147,840 77.58
fe-ocean 8,879 13.01 14,302 18.58 23,098 25.73 32,248 36.18
mesh1m 24,522 87.22 35,178 100.31 51,580 117.63 72,834 154.45
vibrobox 34,521 8.43 45,374 12.11 54,439 20.60 62,436 25.97
memplus 13,958 17.33 16,125 25.34 18,616 41.20 22,466 87.22
oliker 2,129 3.12 3,864 4.61 5,449 6.76 7,591 13.14
bmw1c 39,825 5.91 59,665 10.48 91,704 11.86 132,135 17.00

a multilevel balancing schedule. In these sections the |Ec| results in Table 4.2 are also
referred to as |Ec(J)| and |Ec(T2)|.

4.1. Comparison results. To demonstrate the quality of the partitions, we
have compared the results in Table 4.2 with those produced by METIS, another state-
of-the-art partitioning package [13]. The version we have used, kmetis 2.0.6, provides
multilevel coarsening with a heavy edge heuristic and we have used the option of
a KL partition refinement algorithm. (The default is a greedy partition refinement
algorithm which is slightly faster but provides slightly lower quality partitions.) The
primary distinctions between the two partitioners, aside from implementation details,
is that METIS coarsens to 2,000 vertices and then carries out a balanced initial
partition, whilst JOSTLE coarsens to P vertices (one per subdomain) and then uses
the multilevel balancing schedule described in section 2.2 and the balancing refinement
algorithm described in section 3.4. A more recent version of METIS is now available
but only allows greedy refinement.

Table 4.3 shows a comparison of the cut-weight |Ec|. For each value of P , the first
column shows the value of |Ec| for METIS, |Ec(M)|, while the second column shows
the ratio of |Ec| for METIS over that for JOSTLE, |Ec(M)|/|Ec(J)|. As can be seen,
with 4 exceptions (mesh1m, P = 16; oliker, P = 32, and P = 128; vibrobox, P = 64),
the results for METIS are always worse and can be 17% larger (4elt, P = 16). The
average difference in the quality ranges between 4% and 9% over the different values
of P and as an overall average METIS produces partitions which are 5.9% worse than
JOSTLE. Note that for the 2 weighted graphs METIS failed to partition bmw1c for
any value of P (apparently becoming stuck in an infinite loop—we have removed this
result from the averaging) and ran very slowly for oliker. Although this does not
demonstrate a dramatic improvement for our algorithm, it does indicate a consistent
improvement on results perceived as state-of-the-art.

We also tried using METIS in a similar manner to JOSTLE, coarsening down
to P vertices. Although not as recommended by the code authors, this gave very
similar results to Table 4.3 with an overall average partition quality 6.2% worse than
JOSTLE.

It is not the primary aim of this paper to compare run times for the algorithms, but
Table 4.4 shows a similar comparison of ts. Unfortunately the results are somewhat
distorted by idiosyncrasies of the partitioners. METIS performed particularly badly
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Table 4.3
A comparison of cut edge results for METIS, |Ec(M)|, and JOSTLE, |Ec(J)|.

P = 16 P = 32 P = 64 P = 128

Mesh |Ec(M)| |Ec(M)|
|Ec(J)| |Ec(M)| |Ec(M)|

|Ec(J)| |Ec(M)| |Ec(M)|
|Ec(J)| |Ec(M)| |Ec(M)|

|Ec(J)|
crack 1,319 1.11 2,006 1.11 2,888 1.06 4,253 1.07
4elt 1,188 1.17 1,831 1.09 2,942 1.06 4,637 1.08
t60k 1,031 1.05 1,648 1.04 2,614 1.07 3,702 1.02
dime20 1,339 1.05 2,328 1.02 3,742 1.03 5,711 1.04
144 42,219 1.01 62,482 1.03 87,045 1.04 118,079 1.04
m14b 49,744 1.08 75,743 1.04 108,221 1.02 153,154 1.04
fe-ocean 10,108 1.14 16,215 1.13 24,786 1.07 34,974 1.08
mesh1m 24,000 0.98 36,706 1.04 54,015 1.05 75,463 1.04
vibrobox 37,391 1.08 45,850 1.01 53,888 0.99 62,836 1.01
memplus 16,785 1.20 19,527 1.21 19,858 1.07 23,844 1.06
oliker 2,270 1.07 3,788 0.98 5,604 1.03 7,534 0.99
bmw1c – – – –
Average 1.09 1.06 1.04 1.04

Table 4.4
A comparison of timings for METIS, ts(M), and JOSTLE, ts(J).

P = 16 P = 32 P = 64 P = 128

Mesh ts(M)
ts(M)
ts(J)

ts(M)
ts(M)
ts(J)

ts(M)
ts(M)
ts(J)

ts(M)
ts(M)
ts(J)

crack 1.02 1.07 1.05 0.91 1.34 0.98 1.88 0.62
4elt 1.01 0.96 1.32 1.08 1.59 0.69 2.88 0.90
t60k 2.53 0.92 2.68 0.82 2.97 0.69 4.54 0.72
dime20 14.85 1.48 15.08 1.45 15.69 1.27 16.83 1.01
144 20.74 0.93 22.98 0.86 24.44 0.65 27.01 0.49
m14b 31.75 1.09 33.87 0.89 37.16 0.75 40.73 0.53
fe-ocean 10.55 0.81 12.05 0.65 13.39 0.52 15.68 0.43
mesh1m 146.45 1.68 162.34 1.62 175.00 1.49 163.24 1.06
vibrobox 3.82 0.45 4.18 0.35 5.09 0.25 7.26 0.28
memplus 2.51 0.14 3.69 0.15 4.74 0.12 9.08 0.10
oliker 71.08 22.78 71.11 15.43 71.73 10.61 72.43 5.51
bmw1c – – – –
Average 2.94 2.20 1.64 1.06

for the weighted graphs, failing completely on bmw1c and running relatively very
slowly for oliker (up to 22 times slower, P = 16), which heavily influences the averages.
In contrast, JOSTLE runs relatively slowly for the non mesh-based graphs (up to 10
times slower for memplus, P = 128); this is because, as we discuss below (section 4.2),
the vertex weight inhomogeneity in the coarse graphs means that the load-balancer
is called with unnecessary frequency.

However, if we neglect the weighted and non mesh-based graphs, this table high-
lights a difference in implementations more than anything. For both codes the op-
eration count is approximately linearly dependent on the number of border vertices
(which increase with P ), however, JOSTLE loops over border vertices while METIS
loops over all vertices in the graph. This means that for coarse granularities (larger
meshes or smaller values of P ), where a relatively small number of vertices are in the
subdomain borders, JOSTLE is faster since it visits a much smaller proportion of the
data. However, for finer granularities (smaller meshes or larger values of P ) METIS,
by accessing the data contiguously, gains from a relatively good cache hit rate, while
JOSTLE, which is essentially accessing the data at random, starts to lose out. These
differences can be quite marked; for P = 16 on a large graph, JOSTLE is up to 1.68
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Table 4.5
A comparison of cut edge results for a constant balancing schedule, |Ec(Tc)|, and the 2D sched-

ule, |Ec(T2)|.

P = 16 P = 32 P = 64 P = 128

Mesh |Ec(Tc)| |Ec(Tc)|
|Ec(T2)| |Ec(Tc)| |Ec(Tc)|

|Ec(T2)| |Ec(Tc)| |Ec(Tc)|
|Ec(T2)| |Ec(Tc)| |Ec(Tc)|

|Ec(T2)|
crack 1,255 1.05 1,828 1.01 2,766 1.01 4,068 1.03
4elt 1,136 1.12 1,771 1.05 2,889 1.04 4,401 1.03
t60k 976 0.99 1,613 1.02 2,567 1.05 3,776 1.04
dime20 1,490 1.17 2,458 1.08 4,039 1.12 5,825 1.06
144 44,543 1.06 62,602 1.04 86,171 1.03 117,082 1.04
m14b 51,318 1.12 82,156 1.13 110,179 1.04 152,379 1.03
fe-ocean 9,029 1.02 15,704 1.10 23,825 1.03 33,078 1.03
mesh1m 26,997 1.10 39,375 1.12 54,491 1.06 74,941 1.03
vibrobox 38,024 1.10 45,085 0.99 52,047 0.96 61,294 0.98
memplus 14,713 1.05 16,344 1.01 17,797 0.96 21,512 0.96
oliker 2,217 1.04 3,997 1.03 5,664 1.04 7,877 1.04
bmw1c 40,932 1.03 64,462 1.08 98,158 1.07 141,521 1.07
Average 1.07 1.05 1.03 1.03

times faster (mesh1m), while for P = 128, METIS can take about half the time (144).

4.2. Different balancing schedules. Constant schedule. The balancing
schedule derived in section 2.2 is essentially an arbitrary heuristic and in this section
we test some different schedules. First, Table 4.5 shows a comparison of the cut-
weight for a constant schedule, |Ec(Tc)|, where θl is set to 1.03 for every graph Gl.
For each value of P , the second column compares the results from this fixed schedule
with the results in Table 4.2 using the 2D schedule and referred to as |Ec(T2)|. As can
be seen the constant schedule provides partition qualities which with 6 exceptions are
always worse; the average difference in the quality ranges between 3% and 7% over
the different values of P and can be as bad as 17%. This constant schedule strategy
is similar to that used by METIS (which also has an imbalance tolerance of 1.03),
where balance is established early on in the expansion/refinement process (in the case
of METIS, during the initial partitioning) and maintained thereafter and indeed the
average difference in the quality is about the same for the METIS results (Table 4.3).

Interestingly, five out of the six results for which the constant schedule is better
than the 2D schedule are for the non mesh-based graphs. Our algorithms have all
been tuned for performance with meshes (since that is where our own requirement
for mesh partitioning lies), and so perhaps this is unsurprising. However a detailed
study of the results suggests perhaps a more simple explanation. The non mesh-based
graphs are very inhomogeneous, certainly in terms of vertex degree (see Table 4.1),
and as a result the final coarsest graphs (indeed most of the coarse graphs) have very
inhomogeneous vertex weights. This in turn means that most partitions of the coarser
graphs are unbalanced (by the definition in section 2.2), and so the balancing schedule
actually has very little effect since the optimization behaves in the same way while
the graph is unbalanced, whether the imbalance is close to the threshold (as it might
be for the 2D schedule) or far away (as in the constant schedule).

3D schedule. Table 4.6 shows a comparison of the cut-weight for the 3D sched-
ule, |Ec(T3)|, mentioned in section 2.2, and where the imbalance tolerance for graph

Gl is set to θl = 1+3( P
Nl−1

)
1
3 . Again for each value of P , the second column compares

the results from this fixed schedule with the results in Table 4.2 using the 2D schedule,
|Ec(T2)|. Overall both sets of results are very similar although on the average the 3D
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Table 4.6
A comparison of cut edge results for a 3D schedule, |Ec(T3)|, and the 2D schedule, |Ec(T2)|.

P = 16 P = 32 P = 64 P = 128

Mesh |Ec(T3)| |Ec(T3)|
|Ec(T2)| |Ec(T3)| |Ec(T3)|

|Ec(T2)| |Ec(T3)| |Ec(T3)|
|Ec(T2)| |Ec(T3)| |Ec(T3)|

|Ec(T2)|
crack 1,206 1.01 1,826 1.01 2,714 0.99 4,019 1.01
4elt 993 0.98 1,643 0.97 2,781 1.00 4,339 1.01
t60k 967 0.98 1,588 1.00 2,418 0.99 3,581 0.99
dime20 1,291 1.01 2,323 1.02 3,569 0.99 5,418 0.98
144 44,455 1.06 62,367 1.03 82,825 0.99 114,046 1.01
m14b 48,893 1.06 71,349 0.98 105,759 1.00 147,756 1.00
fe-ocean 8,764 0.99 14,676 1.03 23,140 1.00 31,717 0.98
mesh1m 23,663 0.96 36,366 1.03 52,086 1.01 73,078 1.00
vibrobox 36,092 1.05 46,288 1.02 53,341 0.98 61,830 0.99
memplus 14,142 1.01 16,052 1.00 18,370 0.99 22,512 1.00
oliker 2,157 1.01 3,755 0.97 5,483 1.01 7,737 1.02
bmw1c 38,127 0.96 60,646 1.02 89,647 0.98 132,869 1.01
Average 1.01 1.01 0.99 1.00

results are marginally worse; the average difference in the quality ranges between 1%
better and 1% worse with an overall average of just 0.22% deterioration. One might
suspect that the 3D meshes would fare better with a 3D schedule than the 2D ones,
but this does not seem to be borne out. In fact we have experimented with a number
of different formulations and found the algorithm relatively insensitive to the schedule
provided that the initial imbalance tolerance is sufficiently high.

4.3. Summary. Overall, we conclude from these results, together with the com-
parisons with METIS, and other experiments not presented here, that the use of a
multilevel balancing schedule can improve the partition quality. The improvement is
not enormous because the multilevel paradigm with a static schedule already provides
excellent results (and hence the margin for improvement is small). However, it does
exist and provides on average a 5–6% decrease in the cut-weight.

Note also that differences in quality tend to diminish as P increases. It is tempting
to speculate that this is because the margins for difference decrease as the number
of vertices per subdomain (≈ V/P ) decreases. Indeed in the limit where V = P the
only balanced partition (for an unweighted graph at least) is to put one vertex in each
subdomain and so the differences vanish altogether.

5. Conclusions and future directions. We have presented an enhancement
to the multilevel paradigm where the freedom allowed by a balancing schedule is used
to find higher quality partitions. We have also presented a formulation of a KL-
type partition optimization algorithm which incorporates a diffusive balancing flow.
The resultant algorithm has been shown to provide higher quality partitions than a
state-of-the-art partitioner and, depending on granularity, is often faster.

The algorithms are fairly simple to describe and relatively parameter-free and
as a result provide an ideal setting for testing new ideas before implementing them
within the framework of a fully parallel mesh partitioner. Recently we have provided
further results using the algorithms to address more complex partitioning problems
such as balancing multiple computational phases [25], and to minimize alternative
objective functions such as subdomain aspect ratio [22]. We also hope to use them
in the near future to optimize mapping onto parallel machine topologies (rather than
just cut-weight).
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Abstract. A successive continuation method for locating connecting orbits in parametrized
systems of autonomous ODEs was considered in [Numer. Algorithms, 14 (1997), pp. 103–124]. In
this paper we present an improved algorithm for locating and continuing connecting orbits, which
includes a new algorithm for the continuation of invariant subspaces. The latter algorithm is of
independent interest and can be used in contexts different than the present one.
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1. Introduction. Homoclinic and heteroclinic orbits, also called connecting or-
bits, are trajectories connecting equilibrium points of a system of autonomous ODEs.
Computation of connecting orbits is becoming increasingly important, both in dy-
namical systems research, such as understanding chaotic dynamics and in a variety
of applied problems, including wave propagation in combustion models, chemical re-
actions, neuronal interactions, solitary waves in fluid, solitons in nonlinear optical
fiber, and communication processes in living cells, to name a few. The corresponding
numerical problem is that of finding solutions (u(t), λ) of the system of autonomous
ODEs

u′(t)− f(u(t), λ) = 0, u(·), f(·, ·) ∈ R
n, λ ∈ R

nλ ,(1.1)

lim
t→−∞u(t) = u0, lim

t→+∞u(t) = u1.(1.2)

Most algorithms for the numerical analysis of connecting orbits reduce (1.1),
(1.2) to a boundary value problem on a finite interval using linear or higher-order
approximations of stable and unstable manifolds near u0 and u1, respectively. See
recent papers by Champneys, Kuznetsov, and Sandstede [4], Doedel, Friedman, and
Kunin [10], and Moore [14] for the history of the question and the bibliography.
Note that in the last work an alternative approach was used based on the arclength
parametrization instead of using time t as a parameter.

The algorithms in [4] use a version of Beyn’s continuation algorithm based on
projection boundary conditions (see [1], [2]). They were implemented in a set of
routines, HomCont, which are currently part of AUTO97 [8]. HomCont has capabilities for
detailed bifurcation analysis of homoclinic orbits and some bifurcations of heteroclinic
orbits. It has limited capabilities for locating connecting orbits, namely, a simplified
version of the algorithm in [10].
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The algorithms in [10] have their primary focus on locating connecting orbits and
use a modification of a continuation algorithm based on projection boundary condi-
tions (see Friedman and Doedel [12]). They were implemented in an experimental
code based on AUTO94 [9].

In order to have a well-posed problem, it is necessary for the boundary conditions
to be sufficiently smooth with respect to parameters. In both [4] and [10], the bound-
ary conditions are defined with respect to bases of stable or unstable eigenspaces of
fu(u0, λ) and fu(u1, λ). The approach in [4] is to compute an orthonormal basis in
the appropriate eigenspace, at each pseudoarclength continuation step, using a “black
box” routine based on the real Schur factorization and then to adapt this basis to be
smooth with respect to parameters, using a technique due to Beyn [2, Appendix C]
which amounts to the solution of a linear system of the dimension of the eigenspace
in question. The approach in [10] is to compute initially an orthonormal basis in the
appropriate eigenspace via the real Schur factorization and then to continue the real
Schur factorization equations (as a part of boundary conditions). At the same time
precise convergence of the algorithm in [10] is not clear, and it is somewhat cumber-
some to use. In some recent work Dieci and Eirola [6] provide a general differential
equation framework for continuation of the block Schur factorization as well as other
matrix factorizations. Reference [6] includes a comprehensive set of references for
smooth matrix factorization for parameter dependent matrices.

In this paper we present an improved algorithm for locating and continuing con-
necting orbits, which includes a new algorithm for the continuation of invariant sub-
spaces (CIS). This CIS algorithm is based on iterative refinement techniques originally
due to Stewart [15] and later revisited by Demmel [5]. We provide some new twists
to these techniques: (i) we justify these iterative refinement techniques using the dif-
ferential equations which model continuation of block Schur forms, and (ii) we make
use of these differential equations to obtain an accurate approximation of the relevant
invariant subspace.

In the end, the new algorithm is more efficient than the algorithms in [4] and
[10] and is very robust. In particular, it provides several possible safeguards against
fast variation of eigenvalues. It has been implemented in an experimental code based
on AUTO97, which is essentially a modification of the HomCont part of AUTO97, to
include the algorithm in [10] for locating and continuing connecting orbits and the
CIS algorithm, while preserving the bifurcation analysis part of HomCont.

2. An improved algorithm for locating and continuing connecting or-
bits. Assume, for simplicity of notation, that the fixed points u0 and u1 are hyper-
bolic, and the eigenvalues of fu(u0, λ) and fu(u1, λ), respectively, satisfy

Reµ0,n ≤ · · · ≤ Reµ0,n0+1 < 0 < µ0,1 < Reµ0,2 ≤ · · · ≤ Reµ0,n0 ,

Reµ1,1 ≤ · · · ≤ Reµ1,n1 < 0 < Reµ1,n1+1 ≤ · · · ≤ Reµ1,n.

In this paper, we will assume that the matrices fu(u0,1, λ) are smooth functions of λ
(for λ in an appropriate subset of R

nλ).

The method extends to the case µ0,1 = 0, as in [4]. It also extends to the cases
of complex and multiple µ0,1 by a simple modification of Step 0, (2.9) below, of the
algorithm (see [10, Section 4.3] for a computational example). The algorithm re-
quires evaluation of various projections associated with the eigenspaces of fu(u0, λ)
and fu(u1, λ). Initially these projections are constructed using the real Schur factor-
izations [13]
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fu(u0, λ) = Q0R0Q
T
0 , fu(u1, λ) = Q1R1Q

T
1 .

The first factorization has been chosen so that the first n0 columns q0,1, . . . , q0,n0

of Q0 form an orthonormal basis of the right invariant subspace S0 of fu(u0, λ),
corresponding to µ0,1, . . . , µ0,n0 , and the remaining n−n0 columns q0,n0+1, . . . , q0,n of
Q0 form an orthonormal basis of the orthogonal complement S⊥

0 . Similarly, the first n1

columns q1,1, . . . , q1,n of Q1 form an orthonormal basis of the right invariant subspace
S1 of fu(u1, λ), corresponding to µ1,1, . . . , µ1,n1 , and the remaining n − n1 columns
q1,n1+1, . . . , q1,n of Q1 form an orthonormal basis of the orthogonal complement S⊥

1 .
In the algorithm below the matrices Q0(λ) and Q1(λ) are assumed to be computed at
each continuation step by a “black box” routine, described in section 3, which ensures
their continuity.

The approximate finite interval problem is to find a branch of solutions (u(t), λ, u0,
u1, T ), u ∈ C1([0, 1],Rn), λ ∈ R

nλ , provided nλ = n − (n0 + n1) + 2; nλ ≥ 0,
u0, u1 ∈ R

n, T > 0, is the length of the time interval, for some small ε0, ε1 > 0, of the
time-scaled differential equation

u′(t)− Tf(u(t), λ) = 0, 0 < t < 1,(2.1)

subject to left boundary conditions

(u(0)− u0) · q0,n0+i(u0, λ) = 0, i = 1, . . . , n− n0,(2.2)

|u(0)− u0| = ε0,(2.3)

right boundary conditions

(u(1)− u1) · q1,n1+i(u1, λ) = 0, i = 1, . . . , n− n1,(2.4)

|u(1)− u1| = ε1,(2.5)

and stationary state conditions

f(u0, λ) = 0,(2.6)

f(u1, λ) = 0.(2.7)

Remark 1. Initially, we integrate in time to obtain a typically crude orbit with
initial point u(0) ∈ S0, but the terminal point u(1) /∈ S1, in general. Hence, τi defined
by

τi = (u(1)− u1) · q1,n1+i(u1, λ)/ε1, i = 1, . . . , nτ = n− n1(2.8)

are, in general, nonzero, and the initial connecting orbit on the branch of connecting
orbits is found via a sequence of homotopies that locate successive zero intercepts of
the τj in (2.8). In each homotopy step we compute a branch, that is, a one-dimensional
manifold, of solutions. For this we must have nc−nv = n−1, where nc is the number
of constraints, and nv is the number of scalar variables. We keep u(1) free, while u (0)
is allowed to vary on the surface of the sphere in S0 of radius ε0: (i) according to
(2.10) below at steps 0 through n0, when λ is fixed and ci in (2.10) play the role of
the control parameters; and (ii) according to (2.3) at steps n0 + 1 through n0 + nλ ,
when λ varies.

Let S0,k, k = 1, . . . , n0, be the right invariant subspace of fu(u0, λ0) correspond-
ing to the eigenvalues µ0,1, . . . , µ0,k. Then the first k columns q0,1, . . . , q0,k of Q0 form
an orthonormal basis of S0,k and the remaining n− k columns q0,k+1, . . . , q0,n of Q0

form an orthonormal basis of the orthogonal complement S⊥
0,k.
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1. Initialization.
Step 0. Initialize the problem parameter vector λ, and set the algorithm param-

eters ε0 and T to small, positive values, so that u(t) is approximately constant on
[0, T ]. Set

u(t) = u0 + ε0c1q01, 0 ≤ t ≤ 1,(2.9)

or

u(t) = u0 + ε0c1q01e
Reµ0,1t, 0 ≤ t ≤ 1, Reµ0,1 > 0,

ε1 = |u(1)− u1|, c1 = 1, or −1 and c2 = · · · = cn0
= 0.

2. Locating a connecting orbit, λ is fixed.
Step 1. Time integrate to get an initial orbit. Compute a solution branch to the

system (2.1), (2.2), (2.8), (2.5), and

(u (0)− u0) · q0,i(u0, λ)/ε0 − ci = 0, i = 1, . . . , nc = n0,(2.10)

in the direction of increasing T , until u(1) reaches an ε1-neighborhood of u1 for some
ε1 > 0. Scalar variables are T , ε1 ∈ R, τ ∈ R

n−n1 . There are n differential equations
with nc = 2n − n1 + 1 constraints and nv = n − n1 + 2 scalar variables, and hence
nc−nv = n−1. In practice one typically continues until ε1 stops decreasing, its value
being not necessarily small.

Step k, k = 2, . . . , n0 (for n0 > 1). Compute a branch of solutions to the system
(2.1)–(2.3), (2.8), (2.5)–(2.10) to locate a zero of, say, τk−1 (while τ1, . . . , τk−2 = 0,
fixed). Free scalar variables are ε1, c1, . . . , ck, τk−1, . . . , τn−n1

. There are n differential
equations with nc = 2n−n1 +2 constraints and nv = n−n1 +3 scalar variables, and
hence nc − nv = n− 1.

3. Locating a connecting orbit, λ varies.
Step k, k = n0+1, . . . ,n0+nλ ≡ n−n1+1. Compute a branch of solutions to the

system (2.1)–(2.3), (2.8), (2.5)–(2.7) to locate a zero of, say, τk−1 (while τ1, . . . , τk−2 =
0, fixed). Free scalar variables are ε1, τk−1, . . . , τn−n1 , λ1, . . . , λk−n0 ∈ R, u0, u1 ∈ R

n.
There are n differential equations with nc = 4n − n0 − n1 + 2 constraints and nv =
3n− n0 − n1 + 3 scalar variables, and hence nc − nv = n− 1.

4. Increasing the accuracy of the connecting orbit.
Compute a branch of solutions to the system (2.1)–(2.7) in the direction of de-

creasing ε1 until it is “small.” Free scalar variables are ε1, T, λ1, . . . , λnλ−1 ∈ R,
u0, u1 ∈ R

n. As before, nc = 4n− n0 − n1 + 2, nv = 3n− n0 − n1 + 3.
5. Continue the connecting orbit.

Compute a branch of solutions to the system (2.1)–(2.7). Free variables are the
(real) scalar T , and λ1, . . . , λnλ

, and the vectors u0, u1 ∈ R
n. As before, nc = 4n −

n0 − n1 + 2, nv = 3n− n0 − n1 + 3. Alternatively, a phase condition∫ 1

0

(u
′
(t)− q′(t)) · u′′

(t) dt = 0(2.11)

may be added if T is kept fixed and ε0 and ε1 are allowed to vary. Here q(t) is a
previously computed orbit on the branch.

Remark 2. In principle, our algorithm of continuation of invariant subspaces of
fu(u0, λ) and fu(u1, λ) in section 3 breaks down only if two eigenvalues, one associated
with the subspace being continued and one not, approach the same point on the
imaginary axis (one from the left and one from the right). In this case the algorithm
should stop anyway since a bifurcation is being approached.



COMPUTING CONNECTING ORBITS 85

3. Continuation of invariant subspaces. Let A(λ) ∈ R
n×n denote one of

the following: fu(u0, λ), fu(u1, λ). The basic continuation algorithm requires at each
pseudoarclength continuation step computation of a right invariant (typically, stable
or unstable) m-dimensional subspace S(λ) of A(λ). In general, the function A is
smooth in λ (say, differentiable), and it is important that S(λ) be smooth also, as
otherwise convergence difficulties can be expected.

In this section we show how to constructively obtain smooth and orthogonal
Q(λ) = [Q1(λ) Q2(λ)] ∈ R

n×n, Q1(λ) ∈ R
n×m, Q2(λ) ∈ R

n×(n−m) so that Q1(λ)
span S(λ) and Q2(λ) span the orthogonal complement S(λ)⊥. Moreover, if we let
Sk(λ), k = 1, . . . ,m, be the right invariant subspaces of A(λ) corresponding to the
first k eigenvalues µ1, . . . , µk of A, then the first k columns q1, . . . , qk of Q(λ) form an
orthonormal basis of Sk(λ), and the remaining n − k columns form an orthonormal
basis of the orthogonal complement Sk(λ)

⊥.
To justify our construction, we should recall that in our continuation procedure

we parametrize a solution branch in terms of so called pseudoarclength; let s denote
the pseudoarclength variable.1 Thus, both fixed points u0 and u1 (see (2.6)–(2.7))
as well as the parameter(s) λ are smooth functions of s. The matrix-valued function
A : λ ∈ R

nλ → R
n×n can thus be viewed as a smooth function from s ∈ R →

R
n×n. As a consequence, we can and will think of the continuation of invariant

subspaces with respect to the scalar pseudoarclength variable s. For this reason, we
will abuse notation and freely write A(s) for A(λ). In what follows, a “ ˙” will indicate
differentiation with respect to s.

Remark 3. If nλ = 1 in (1.1), then one may be able to continue in λ itself, rather
than reparametrizing the problem by arclength.

The basic issue is the following: suppose that initially we have the (real) block
Schur factorization

A(0) = Q(0)R(0)QT (0), Q(0) = [Q1(0) Q2(0)],(3.1)

where R(0) is block upper triangular (Rii(0), i = 1, 2, are not required to be triangu-
lar)

R(0) =

[
R11(0) R12(0)

0 R22(0)

]
,

the columns of Q1(0) span an invariant subspace S(0) of A(0), and the columns of
Q2(0) span the orthogonal complement S(0)⊥. We want to obtain a block Schur
factorization for the matrix A(s), close to A(0), exploiting (if possible) the work
already done to obtain the block Schur form for A(0).

This problem fits within the general framework developed in [6]. Suppose that
the matrix A(s) has two groups of eigenvalues, Λ1(s) and Λ2(s), which stay disjoint
for all s around 0. Then, in an interval about s = 0 there is the smooth factorization

A(s) = Q(s)R(s)QT (s), Q(s) = [Q1(s) Q2(s)],(3.2)

where R(s) is in block Schur form R(s) =
[
R11(s) R12(s)

0 R22(s)

]
. Here, R11 has eigenvalues

Λ1 and R22 has eigenvalues Λ2. A constructive procedure to obtain the factorization

1Typically, this is the general procedure of most practical continuation algorithms; e.g., this is
the strategy implemented in AUTO.
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QRQT of A can be based upon differential equations models. As in [6], we differentiate
the relations A = QRQT and QTQ = I, let H := QT Q̇, and obtain

Ṙ = QT ȦQ+RH −HR,(3.3)

Q̇ = QH.(3.4)

Now we use triangularity of R and the fact that H must be skew symmetric, HT =
−H; we partition H in the same way as R, and then can determine H12 by solving
the Sylvester equation

R22H
T
12 −HT

12R11 = (QT ȦQ)21.(3.5)

The blocks H11 and H22 are not uniquely determined, and we may set them to 0
(in any case, they must be chosen skew symmetric). Thus, in principle, we can solve
(3.3)–(3.4) subject to initial conditions (ICs) obtained from the factorization of A(0),
in order to obtain a smooth path of block Schur factorizations.

We can accumulate the transformations in such a way that we are always looking
for corrections close to the identity. To be more precise, we can rewrite (for all s)

Q(s) = Q(0)U(s), with U(0) = I,(3.6)

and use this in (3.4), thereby obtaining a differential equation for U, U̇ = UH (notice
that H is the same as before). We now look for exact solutions to the U differential

equation. For all s, partition U(s) = [U1(s) U2(s)] =
[
U11(s) U12(s)
U21(s) U22(s)

]
, with the same

block dimensions as R. Since U(0) = I, there is an open interval about 0, call it

I0, where we can require that U1 has the structure U1 =
[

I
U21U

−1
11

]
U11. Next, for all

s ∈ I0, we define

Y (s) := U21(s)U
−1
11 (s),(3.7)

use the orthogonality relation UT1 U1 = I, and choose U11 symmetric,2 to obtain
U1 = [ IY ] (I + Y

TY )−1/2. In a similar way, for U2 we use UT2 U2 = I and UT1 U2 = 0,
to eventually obtain, for every s ∈ I0,

U(s) =

[(
I
Y

)
(I + Y TY )−1/2

(−Y T
I

)
(I + Y Y T )−1/2

]
.(3.8)

Thus, we need to find the function Y ∈ R
(n−m)×m in (3.8). For any given s ∈ I0,

define E(s) by

QT (0)A(s)Q(0) = QT (0)[A(0) + (A(s)−A(0))]Q(0) =: R(0) + E(s) =
[
R̂11 R̂12

E21 R̂22

]
.

(3.9)

Now we substitute Q(s) given by (3.6), (3.8), and A(s) obtained from (3.9) into the
invariant subspace relation,

QT2 (s)A(s)Q1(s) = 0,(3.10)

2This way, U−1
11 is the unique positive definite square root of I + Y TY .
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to obtain the following algebraic Riccati equation for Y :

R̂22Y − Y R̂11 = −E21 + Y R̂12Y(3.11)

or

F (Y ) = 0, F (Y ) := R̂22Y − Y R̂11 + E21 − Y R̂12Y.(3.12)

Remark 4. If we think of S(0) and Q(0) as approximations to S(s) and Q(s), for
s given, then we may interpret the form (3.8) as well as the resulting Riccati (3.11)
as an iterative refinement technique to improve the accuracy of computed invariant
subspaces. This is the viewpoint in the works of Stewart [15], Dongarra, Moler, and
Wilkinson [11], Chatelin [3], and Demmel [5]. However, we prefer to think of (3.8)
as the exact solution at a given s of the differential equation U̇ = UH (see (3.4) and
(3.6)). We will exploit this fact later.

How to solve (3.11). The following two iterative methods have been often
advocated to solve the Riccati equation (3.11) (or (3.12)).

1. The iteration [15]:

R̂22∆k −∆kR̂11 = −F (Yk−1) , Yk = ∆k + Yk−1,(3.13)

with Y0 = 0, k = 1, 2, . . . .
2. The Newton iteration [5]:

(R̂22 − Yk−1R̂12)∆k −∆k(R̂11 + R̂12Yk−1) = −F (Yk−1) , Yk = ∆k + Yk−1,(3.14)

with Y0 = 0, k = 1, 2, . . . .
Therefore, we need to solve a Sylvester equation in the inner loop of the iterative

refinement. This can be effectively done by using LAPACK routines. As shown in the
convergence analysis for the iterations (3.13) and (3.14) by Stewart [15] and Demmel
[5], respectively, if we let

κ =
‖R̂12‖F ‖E21‖F
sep2(R̂11, R̂22)

,(3.15)

then under the assumptions κ < 1/4 and κ < 1/12, the iterations (3.13) and (3.14)
converge linearly and quadratically, respectively. In (3.15), ‖ · ‖F is the Frobenius
norm of a matrix.

The parameter κ can be interpreted as follows. Its numerator, ‖R̂12‖F ‖E21‖F ,
measures the quality of the initial approximate invariant subspace: it will be small
when the approximation is good, and the factor ‖E21‖F will be zero if and only if the

initial approximation is in fact correct. The function sep(R̂11, R̂22) in the denominator

is the smallest singular value of the operator which maps Y to R̂22Y − Y R̂11, and
it measures the separation of the spectra of R̂11 and R̂22. If sep(R̂11, R̂22) is small,

it means that some eigenvalues of R̂11 and R̂22 can be made to merge with small
changes in R̂ii; this means that the invariant subspaces belonging to the two parts of
the spectrum are unstable and hard to compute. Thus κ will be small if we start with
a good initial approximate invariant subspace and if the eigenvalues associated with
that subspace are well separated from the remainder of the spectrum. Oversimplifying,
both algorithms converge if (i) the spectra of R11(0) and R22(0) are far enough apart
and (ii) the perturbation E(s) of R(0) is small enough.

Remark 5. We point to some additional safeguards, which ensure proper perfor-
mance of the algorithms (3.13) and (3.14).
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1. Note that from (3.9) we have ‖E21‖F ≤ ‖E‖F ≤ ‖A(s) − A(0)‖F . Hence,
from (3.15), if

α‖A(s)−A(0)‖F ≤ 1

4
, α =

‖R̂12‖F
sep2(R̂11, R̂22)

,(3.16)

then κ < 1/4. Therefore we are guaranteed that for any matrix X ∈ R
n×n with

α‖X − A(0)‖F ≤ 1
4 we can find the invariant subspaces S and S⊥ by Algorithm

(3.13), say. And no eigenvalue of A |S can “merge” with an eigenvalue from A |S⊥ ,
where A |S denotes the restriction of A to S, etc. In other words, the eigenvalues
of A |S and A |S⊥ remain separated for all matrices in a ball around A(0) of radius
1/(4α). Thus, employing the safeguard (3.16) ensures that the iterations (3.13) and
(3.14) will diverge only when a small perturbationA(s) of A(0) will make an eigenvalue
from S(s) and an eigenvalue from S(s)⊥ coalesce.

2. The quantity ‖E21‖F /sep(T̂11, T̂22) can be interpreted [13, pp. 347–348] as an
estimate from above of the tangent of the angle between the subspaces S(0) and S(s)
spanned by Q1(0) and Q1(s), respectively. Hence the convergence of our algorithms
implies that this angle always stays between 0 and π/2. It is useful to monitor this
angle and, in some situations, control it. A convenient measure in this case is the sine
of this angle [13, p. 77] given by

dist(S(0), S(s)) =
√
1− σ2

min

(
QT1 (0)Q1(s)

)
.

Taking into account that by (3.2), (3.6), and (3.8),

Q1(s) = (Q1(0) +Q2(0)Y )(I + Y
TY )−1/2,

this reduces to

dist(S(0), S(s)) =

√
1− σ2

min (I + Y
TY )

−1/2
=

‖Y ‖2√
1 + ‖Y ‖22

.(3.17)

The previous discussion has been motivated by the standard linear algebra view-
point, that is, of “how to refine the initial trivial estimate U = I.” In particular, this
gave us the initial conditions Y0 = 0 for the iterations (3.13) and (3.14). However,
from the point of view of continuation, this is usually not the best strategy, since
it amounts to starting with the old solution as initial guess. We can do better by
using the differential equation formulation and taking an Euler approximation to the
solution.

Recall that the matrix Y , solution of (3.11), is related to U by (3.7): Y (s) =
U21(s)U

−1
11 (s) for all s in a neighborhood of 0. Here, U1 =

[
U11

U21

]
, and U = [U1 U2]

solves the differential equation U̇ = UH (see (3.4)–(3.6)). That is,

U̇1 = U1H11 + U2H21, U̇2 = −U1H
T
21 + U2H22.(3.18)

Recall that the factor H21 is determined by (3.5), but there is freedom insofar as
the choice of H11 and H22. We now show that the range of s-values guaranteeing
invertibility of U11(s) is unaffected by the choice of H11 and H22 in (3.18), and hence
there is little reason not to set H11 and H22 both equal to 0 when we represent U as
in (3.8).
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Lemma 3.1. Let U = [U1 U2] be the solution of (3.18) with U(0) = I, obtained
by setting H11 = 0 and H22 = 0 in (3.18), while determining H21 by (3.5). Let
Ũ(s) = [Ũ1 Ũ2] be the solution of (3.18) with Ũ(0) = I and H11 and H22 nonzero
skew symmetric matrices. Then, we have (for all s)

Ũ1(s) = U1(s)C(s),

where C(s) ∈ R
m×m is orthogonal. Therefore, partitioning U1 =

[
U11

U21

]
, and similarly

for Ũ1, we have Y (s) = U21(s)U
−1
11 (s) = Ũ21(s)Ũ

−1
11 (s) for the same range of s values.

Proof. For all s, let p(λ, s) be the characteristic polynomial of the matrix A(s).
Then, we have the factorization p(λ, s) = p1(λ, s)p2(λ, s), where the factors p1 and
p2 have no common root, and the roots of p1 give Λ1, while the roots of p2 give Λ2.
Thus, we have

p1(Q
T (0)A(s)Q(0), s)U1(s) = 0

and

p1(Q
T (0)A(s)Q(0), s)Ũ1(s) = 0.

Therefore, since rank(p1(A(s), s)) = n −m, then Ũ1(s) = U1(s)C(s), where C(s) is
orthogonal (since ŨT1 (s)Ũ1(s) = I).

Now, because of Lemma 3.1, we can just integrate the differential equations (3.18)
with H11 and H22 equal to 0:

[U̇1 U̇2] = [U2H21 − U1H
T
21], U(0) = I.

So, the idea is to approximate the solution of these differential equations from 0 to
s in order to get an approximation V1 to U1(s) and thus obtain an approximation to
Y (s) from V21V

−1
11 , where we have partitioned V1 =

[
V11

V21

]
. We use a forward Euler

step to obtain V1.
3

1. Initialization.
Set U(0) = I and obtain H21(0) from solving the Sylvester equation

R22(0)H21(0)−H21(0)R11(0) = − (0 I)Q(0)T Ȧ(0)Q(0) (I 0)T .(3.19)

2. Euler step.
Let V1 = U1(0)+sU2(0)H21(0). Obtain initial guess for the Riccati equation (3.11)

(or (3.12)):

Y0 = V21V
−1
11 .(3.20)

Remark 6. We now look at how this new initial guess Y0 in (3.20) impacts
convergence of the iterations (3.13) and (3.14). We also make some comments on
expense.

1. Observe that the value of Y0 in (3.20) is nothing but Y0 = sH21(0). It is easy
to verify that this is precisely the same approximation we would have obtained by
using a forward Euler step to approximate the solution at s of the differential equation
satisfied by Y .

3Use of the Euler step is an accepted standard in continuation algorithms, and it is the strategy
implemented in AUTO.
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2. By our construction, we see that Y0 in (3.20) is a second order approximation
(in s) to the exact solution Y (s). More precisely, from Taylor expansion at s = 0 of the
exact solution Y (s), we immediately get that Y (s) = sẎ (0)+O(s2) = sH21(0)+O(s

2).
On the other hand, the initial guess Y0 = 0 is only an O(s) approximation to Y (s).

3. In practice, in (3.19), we do not have a close expression for Ȧ(0), but we can
replace it by the difference quotient (1/s)(A(s) − A(0)). With this choice, the value
of Y0 (defined as in (3.20)) turns out to be the solution of the Sylvester equation

R22(0)Y0 − Y0R11(0) = −E21.(3.21)

Since Ȧ(0) = (1/s)(A(s) − A(0)) + O(s2), the value of Y0 in (3.21) is still a O(s2)
approximation to the exact Y (s).

4. The estimates (and proof) of convergence for (3.13) and (3.14) relied on the
value of κ in (3.15) to be sufficiently small. Much the same arguments can be used for
the refined guess in (3.20) by the following simple modification. In U(s) in (3.8), we
let Y (s) = Y0 +∆Y and use this form of U in the invariant subspace relation (3.10).
So doing, we obtain the new Riccati equation

(R̂22 − Y0R̂12)∆Y −∆Y (R̂11 + R̂12Y0) = −F (Y0) + ∆Y R12∆Y.(3.22)

Now, it is a simple verification that iterative solution of (3.22) by either of the two
iterations, (3.13) or (3.14), appropriately reformulated for the unknown ∆Y , produces
precisely the same sequence as the original iterations on the unknown Y had they been
started with initial guess Y0 in (3.20). As a consequence, the convergence results we
quoted after (3.15) hold unchanged, except that we have a new κ value, call it κ̃:

κ̃ =
‖R̂12‖F ‖F (Y0)‖F
sep2(R̃11, R̃22)

, R̃11 = R̂11 + R̂12Y0, R̃22 = R̂22 − Y0R̂12.(3.23)

We now look at the ratio

κ̃

κ
=
‖F (Y0)‖F
‖E21‖F

(
sep(R̂11, R̂22)

sep(R̃11, R̃22)

)2

.

By our previous remark, F (Y0) is close to 0 at second order in s, whereas E21 is

only first order close to 0. To compare sep(R̃11, R̃22) with sep(R̂11, R̂22), we realize
that sep(R̃11, R̃22) is a second order approximation to sep(R11(s), R22(s)), whereas

sep(R̂11, R̂22) is only a first order approximation to the same quantity. Therefore, in

first approximation,
( sep(R̂11,R̂22)

sep(R̃11,R̃22)

)2
is 1 + O(s/sep(R11(s), R22(s))). To summarize,

we have that

κ̃/κ = O(s),(3.24)

with an obvious improvement in the radius of convergence for both iterations (3.13)
and (3.14).

5. By creating the initial guess Y0 from (3.20) we need to solve the Sylvester
equation (3.19) or (3.21). Typically, this involves Schur reduction of the matrices
R11(0) and R22(0), which is somewhat expensive. However, suppose we use the New-
ton iteration (3.14); then, at each iteration step we need to Schur factor the matrices

R̂11+R̂12Yk−1 and R̂22−Yk−1R̂12. At the convergence of Newton’s method, these are
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precisely the matrices we will need for the next continuation step in (3.19). There-
fore, no extra factorizations are needed in this case. For a practical comparison of the
iterations for the two initial guesses (3.20) and Y0 = 0, we refer to the next section.
A more extensive comparison and further details can be found in [7].

Remark 7. An alternative to our approach for continuing orthogonal invariant
subspaces could be easily obtained as follows. Let Q(0) : QT (0)A(0)Q(0) be a Schur
factorization of A(0), Q(0) = [Q1(0) Q2(0)] as usual, so that (say) Q1(0) spans the
invariant subspace relative to the eigenvalues with positive real parts. Next, consider
A(s) which has the same number of eigenvalues with a positive real part asA(0). Then,
one may think to take the ordered Schur factorization of the matrix A(s) : PTA(s)P ,
and partition P = [P1 P2] so that P1 spans the invariant subspace relative to the
eigenvalues with a positive real part of A(s). In general, P1 is not smooth (that is, it
is not true that P1 = Q1(0)+ sQ̇1(0)+ · · · ). To enforce smoothness, we may solve an
orthogonal Procrustes problem and replace P1 with P1V , where V is the orthogonal
polar factor of PT1 Q1(0) (see [13]). Essentially, this is the approach used by Beyn [2],
and then implemented in HomCont [4]. However, we believe that the approach we
have adopted is preferable to the one we just outlined. For one thing, the latter is
usually more expensive than our approach. Moreover, unlike the one we just outlined,
our approach to continuation of invariant subspaces is more in tune with the original
continuation problem: continuation of the subspaces influences the continuation step,
and using first derivative information (as we did to obtain (3.20)) is bound to reflect
genuine difficulties of the original differential equation (such as nearing a bifurcation)
into the continuation algorithm.

4. Example: Heteroclinic orbits in a four-dimensional singular pertur-
bation problem. Consider the problem of finding traveling wave front solutions to
the FitzHugh–Nagumo equations with two diffusive variables,

vt = vxx + v(v − a)(1− v)− w, wt = δwxx + ε(v − γw),(4.1)

for small positive ε, where δ ranges between a small and large value. For δ small
this is a singularly perturbed reaction-diffusion system. In moving coordinates, v1 =
v(z), v2 = v

′
(z), w1 = w(z), w2 = w

′(z) with z = t+ cx, the reduced ODE is

v′1 = v2,
v′2 = cv2 − v1(1− v1)(v1 − a) + w,(4.2)

w′
1 = w2,

w′
2 = [cw2 − ε(v1 − γw1)]/δ.

In [10] we located a heteroclinic orbit of (4.2). Here we first reproduced this
result with our new code and then located a heteroclinic orbit with δ = ε = 0.001,
γ = 13.23529, a = 0.3, and c = 0.2571271. In this case n0 = n1 = 2, where the
relevant eigenvalues are µ0,1 = 0.6958, µ0,2 = 257.2, µ1,1 = −0.4247, and µ1,2 =
−0.06553. We then performed a two parameter continuation in (δ, c) in the direction
of increasing δ; see Figure 4.1 for the bifurcation diagram and Figure 4.2 for some
typical solutions in (v1, t) coordinates.

We have implemented four methods to solve the Riccati equation: (i) the “simple
iteration” (3.13) with zero initial guess, (ii) Newton’s method (3.14) with zero initial
guess, (iii) simple iteration (3.13) with Euler initial guess, and (iv) Newton’s method
with Euler initial guess. The numerical results agree with our theoretical results; in
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Fig. 4.1. Bifurcation diagram in (δ, c) coordinates. At label 10 (δ, c) = (0.3198, 0.2376) and the
eigenvalues are µ0,1 = µ0,2 = 0.7406, µ1,1 = −0.4357, and µ1,2 = −0.06502. At label 11 (δ, c) =
(0.4462, 0.2265) and the eigenvalues are µ0,1 = µ0,2 = 0.6204, µ1,1 = −0.4409, and µ1,2 = −0.06565.
The eigenvalues are complex between the labels 10 and 11. At label 12 (δ, c) = (0.5085, 0.2202) and
the eigenvalues are µ0,1 = 0.5098, µ0,2 = 0.6538, µ1,1 = −0.4436, and µ1,2 = −0.06612, where
|µ1,1|+ |µ1,2| = µ0,1. At label 13 (δ, c) = (1.383, 0) and the eigenvalues are µ0,1 = −µ1,2 = 0.1099,
µ0,2 = −µ1,1 = 0.5454. The part of the branch below the δ-axis is symmetric to the one above the
δ-axis.
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Fig. 4.2. Some typical solutions in (v1, t) coordinates.
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Fig. 4.3. Bifurcation diagram in (δ, c) coordinates computed by HomCont (AUTO97).

particular, the choice of the Euler initial guess is a big improvement with respect to
the simpler zero guess. Specifically, for the same pseudoarclength continuation step
(it took 433 such steps to compute the branch), (iii) and (iv) required much fewer
iterations to converge than (i) and (ii). Some insight in the advantages gained by
use of the Euler guess is obtained by considering the typical convergence behavior of
the 4 methods (i)–(iv): on average, method (i) required 7 iterations for convergence,
method (ii) needed 5, method (iii) needed slightly more than 4, and method (iv)
required less than 3 iterations for convergence. In one exceptional case, methods (i)
and (ii) required as many as 25 iterations. Finally, (i) and (ii) failed to converge in
some cases (at the end of the continuation), because the continuation step was not
small enough, whereas (iii) and (iv) never failed to converge.

Labels 10, 11, 12, 14, and 15 mark local bifurcations (of the eigenvalues), while
label 13 marks a global bifurcation, the intersection of the current branch with the
branch c = 0 (the detailed analysis of these bifurcations will be given elsewhere).
For comparison, we repeated the computation of the above branch using HomCont (in
AUTO97); see Figure 4.3. Note that in this case we have not suceeded in continuing the
original branch beyond the global bifurcation point and instead switched branches.
Indeed, by varying the continuation step size, with our code we could select the desired
branch at label 13, but we could not achieve the same result with HomCont. Though
we do not have a precise explanation for this difference in performance, we feel that
this example confirms our theoretical insight that our numerical method is more in
tune with the original continuation problem.
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Abstract. We study the solution of generalized eigenproblems generated by a model which
is used for stability investigation of tokamak plasmas. The eigenvalue problems are of the form
Ax = λBx, in which the complex matrices A and B are block-tridiagonal, and B is Hermitian positive
definite. The Jacobi–Davidson method appears to be an excellent method for parallel computation of
a few selected eigenvalues because the basic ingredients are matrix vector products, vector updates,
and inner products. The method is based on solving projected eigenproblems of order typically less
than 30.

We apply a complete block LU decomposition in which reordering strategies based on a combi-
nation of block cyclic reduction and domain decomposition result in a well-parallelizable algorithm.
One decomposition can be used for the calculation of several eigenvalues. Spectral transformations
are presented to compute certain interior eigenvalues and their associated eigenvectors. The conver-
gence behavior of several variants of the Jacobi–Davidson algorithm is examined. Special attention is
paid to the parallel performance, memory requirements, and prediction of the speed-up. Numerical
results obtained on a distributed memory Cray T3E are shown.

Key words. generalized eigenvalue problems, Jacobi–Davidson method, Arnoldi method, block-
tridiagonal systems, parallelization
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1. Introduction. Consider the generalized eigenvalue problem

Ax = λBx, A,B ∈ C
Nt×Nt ,(1)

where A and B are complex block-tridiagonal Nt ×Nt matrices and B is Hermitian
positive definite. The number of diagonal blocks is denoted by N and the blocks are
n× n; therefore Nt = N × n.

Eigenvalue problems arise in many applications. We are particularly interested
in generalized eigenvalue problems as they occur in linear magnetohydrodynamics
(MHD). Such problems are generated by a finite-element spectral code CASTOR
(complex Alfvén spectrum of toroidal plasmas) [8]. This code is applied intensively at
the FOM Institute voor Plasmafysica, Nieuwegein (the Netherlands) for the stability
investigation of tokamak plasmas [9, 13]. The physicists are particularly interested in
accurate approximations of certain interior eigenvalues, called the Alfvén spectrum and
their associated eigenvectors. Figure 1 shows the complete and the Alfvén spectrum
of (1) for a small test problem with N = 50 and n = 32. A target σ is given in
the neighborhood in which we want to find several eigenvalues with corresponding
eigenvectors. In general, the subblocks of A are dense and Nt can be very large,
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Fig. 1. Entire (left) and Alfvén (right) spectrum of a small MHD problem: N = 50, n = 32.

so computer storage demands are very high. Until now powerful shared memory
machines with a huge amount of memory, such as the Cray C90, were used for this
purpose. In this paper, we study as an alternative the feasibility of parallel computers
with a large distributed memory for solving large generalized eigenvalue problems.

A promising method for computing selected eigenvalues of (1) is the Jacobi–
Davidson (JD) algorithm [16, 3, 4, 5, 15]. The method has become very popular, and
since we have started this project many aspects have been investigated, for instance, a
variant with harmonic Ritz values has already been implemented [12]. In the future,
we consider implementation of the Jacobi–Davidson QZ algorithm (JDQZ) [6] and
inclusion of explicit deflation. In section 2 we briefly describe the JD algorithm
for solving a block-tridiagonal eigenvalue problem. Within JD a parallel method to
compute the action of the inverse of the block-tridiagonal matrix A− σB is used. In
this approach, called DDCR, a block-reordering based on a combination of domain
decomposition and cyclic reduction is combined with a complete block-tridiagonal LU
decomposition of A − σB, so LU = A − σB. Both the construction of L and U and
the triangular solves parallelize well. In this report we concentrate on the application
of DDCR within JD. Originally, it was developed as a parallel preconditioner to apply
within JD and appropriate for solving MHD eigenvalue problems. Some aspects of
this technique are discussed in section 3.

However, the availability of a complete LU decomposition gives us the opportunity
to apply the Jacobi–Davidson method to a standard eigenvalue problem instead of a
generalized eigenvalue problem. Writing (1) as (A− σB)x = (λ− σ)Bx, we have

x = (λ− σ)(A− σB)−1Bx.

If we define Q as (A− σB)−1
B, for some value σ, we obtain the standard eigenvalue

problem

Qx = µx with µ =
1

λ− σ ⇔ λ = σ +
1

µ
.(2)

The eigenvalues µ of (2) form the dominant part of the spectrum, which makes them
relatively easy to compute. In practice, one has to be careful because small pivot
elements can be generated during the decomposition of A− σB, especially when σ is
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very close to an eigenvalue. In that case, taking Q = (LU)−1B in (2) may influence
the computed spectrum. It is advisable to visualize the obtained eigenvalue spectrum
and to compare it with results of a run with another target in the neighborhood of
the spectrum. A smaller tolerance can also give information about the accuracy.

As a basis for the development of the parallel code, we have taken a sequential
FORTRAN code for the JD algorithm, which was developed by the late Albert Booten
at CWI [3, 4, 5]. The data structure for storing the matrices was modified in such
a way that we could use optimized BLAS routines as much as possible. Furthermore,
that part of the CASTOR code [8] which generates the matrices A and B has been
parallelized and coupled with the JD code. Of course, other (generalized) eigenvalue
problems satisfying (1) can be solved by our code. Several subroutines are available
to read data efficiently from files and to distribute them to the processors. Section 4
describes the data organization of the JD code on the Cray T3E. Moreover, the
memory requirements are given for both our sequential and parallel implementation.

In section 5 the convergence behavior of several variants of the Jacobi–Davidson
algorithm is examined. Numerical results for three MHD eigenproblems obtained by
a Cray T3E are presented and analyzed, and an analysis for the parallel speed-up is
given. Conclusions are drawn in section 6.

2. The JD algorithm. Recently the JD method has been introduced as a new
powerful technique for solving a variety of eigenproblems [16]. In this section we
describe the method briefly and comment on our implementation. Suppose an eigen-
vector x is approximated by a linear combination of k search vectors vj , j = 1, 2, . . . , k,
where k is very small compared with Nt. Let Vk be the Nt× k matrix whose columns
are given by vj . Then the approximation to the eigenvector can be written as Vks,
for some k-vector s. The search directions vj are made orthonormal to each other,
hence V ∗

k Vk = I.
Suppose that an approximation to an eigenvalue is denoted by θ. The vector s

and the scalar θ are constructed in such a way that the vector r = QVks − θVks is
orthogonal to the k search directions. From this Rayleigh–Ritz requirement it follows
that

V ∗
k QVks = θV

∗
k Vks⇐⇒ V ∗

k QVks = θs.(3)

In this way one obtains a “projected” eigenvalue problem in which the order of the
matrix V ∗

k QVk is k. By using a proper restart technique, k can remain so small that
this problem can be solved by the QR method. The approximate eigenvalue θ is the
eigenvalue of the projected system with the largest modulus.

At each step of the algorithm, a new search direction is constructed. Suppose that
we have obtained an approximation u = Vks of the true eigenvector x associated with
some eigenvalue µ. We assume that ‖u‖2 = 1, hence θ = u∗Qu is an approximation
of µ. Let us define P = uu∗ as the orthogonal projector onto the subspace spanned
by {u}. Then I − P is the projector onto the orthogonal complement of span{u},
which is denoted by u⊥. Any vector x ∈ C

n can be written as x = x1 + x2 with x1 ∈
span{u} and x2 ∈ u⊥. We can scale x such that x = u + z with z ⊥ u. In the JD
algorithm a correction vector z ∈ u⊥ is constructed. The restriction of Q to u⊥ is
given by

QP = (I − P )Q(I − P ).(4)

If we rewrite (4) and substitute the resulting expression for Q into Qx = µx, we
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Jacobi–Davidson for Qx = µx,Q = (A− σB)−1B.
Parameters: iter,Nev, tolJD, kmin,m (m ≥ kmin +Nev), itSOL.
step 0: initialize

Choose an initial vector v1 with ‖v1‖2 = 1; set V1 = [v1];
W1 = [Qv1]; k = 1; it = 1; nev = 0

step 1: update the projected system
Compute the last column and row of Hk := V ∗

k Wk

step 2: solve and choose approximate eigensolution of projected system
Compute the eigenvalues θ1, . . . , θk of Hk and choose θ := θj with |θj | maximal
and θj �= µi, for i = 1, . . . , nev; compute associated eigenvector s with ‖s‖2 = 1

step 3: compute Ritz vector and check accuracy
Let u be the Ritz vector Vks; compute the vector r := Wks− θu;
if the residual r̂ := (A− (σ + 1

θ
)B)u satisfies ‖r̂‖2/|σ + 1

θ
| < tolJD then

nev := nev + 1; µnev := θ; if nev = Nev stop; goto 2
else if it = iter stop

end if

step 4: solve correction equation approximately with itSOL steps of GMRES
Determine an approximate solution z̃ of z in
(I − uu∗)(Q− θI)(I − uu∗)z = −r ∧ u∗z = 0

step 5: restart if projected system has reached its maximum order
if k = m then

5a: set k = kmin + nev; compute the k eigenvalues of Hm with largest modulus;
construct C ∈ C

m×k with columns the associated eigenvectors;
orthonormalize columns of C; compute Hk := C∗HmC

5b: compute Vk := VmC; Wk := WmC
end if

step 6: add new search direction
k := k + 1; it := it+ 1; call MGS [Vk−1, z̃]; set Vk = [Vk−1, z̃]; Wk = [Wk−1, Qz̃];
goto 1

Fig. 2. JD algorithm after spectral transformation.

obtain, using Qu− θu = r, z ⊥ u, Pu = u, and Pz = 0,

(QP − µI)z = −r + (µ− θ − u∗Qz)u.(5)

Since r is orthogonal to u, premultiplication of (5) by u∗ yields µ = θ + u∗Qz. Note
that µ is unknown and its best approximation will be θ. In this way, we obtain as a
correction equation for z

(I − P )(Q− θI)(I − P )z = −r, u∗z = 0.(6)

It is sufficient to solve (6) only approximately. This can be done by some steps of
an iterative method, for example, GMRES [14]. When an approximate solution z̃ of
(6) has been constructed, it is made orthogonal to the previous search directions, and
the new search vector vk+1 is taken equal to z̃/‖z̃‖2. Then k is increased by 1, and
the new matrix V ∗

k QVk is constructed by expanding the “old” matrix by one new row
and one new column.

Our implementation of the JD method for the computation of several eigenvalues
is shown in Figure 2. The following remarks apply to the algorithm:

(i) The number of iteration steps that have been performed is denoted by it.
The maximum allowed number of iterations is equal to iter.
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(ii) The method is accelerated by searching for the best eigenvector approxima-
tion by selecting θ such that |θ| is maximal. To include the possibility of multiple
eigenvalues, the condition θj �= µi, j = 1, . . . , k must be interpreted as follows: an
accepted eigenvalue µi can be equal to only one θj . So, if the projected system con-
tains more than one θj close to µi, then it may be a multiple eigenvalue and, since its
modulus is maximal, it becomes the next selected eigenvalue.

(iii) The value nev indicates the number of eigenvalues found so far that satisfy
the acceptance criterion, and the parameter Nev is the number of eigenvalues that we
are looking for. The approximate eigenvalues θ that satisfy the acceptance criterion

‖r̂‖2
|σ + 1

θ |
< tolJD with r̂ := (A− (σ + 1

θ )B)u,(7)

are referred to as µi for i = 1, . . . , nev. The algorithm stops when nev is equal to Nev
or when it equals iter. In order to reduce computation time, we compute the actual
residual r̂ only if r satisfies

‖r‖2
|θ| < 100× tolJD with r :=Wks− θu = (Q− θI)u.(8)

From experiments we observe that (7) is hardly satisfied when (8) is violated.
(iv) In the actual implementation of the algorithm, precautions have to be taken

in step 2: theoretically, it is possible that all eigensolutions of the projected system
satisfy the acceptance criterion. If that would happen, no new θ and corresponding
approximate eigenvector u can be found in step 2. In that case, a vector z̃ is chosen
that is not in the subspace spanned by Vk, and the algorithm proceeds at step 5.

(v) The subspace spanned by Vk contains the eigenvectors corresponding to the
eigenvalues found before, together with some search directions. In this way, implicit
deflation is incorporated automatically, which means that the detected eigenvectors
are not filtered out. Of course, they may not influence the progress in finding the
next eigenpair or lead to an eigenpair already found. The process of acceleration to
find the next eigenpair, as described above, ensures that each accepted eigenpair will
be unique. This technique differs from the deflation technique described in [6] which
uses explicit deflation. The latter technique can be more stable but requires more
operations per iteration step.

(vi) We require that the number of search directions k may not become too large.
Therefore, if k has reached the valuem, the upper bound for the order of the projected
eigenvalue problem, k is reduced to kmin+nev. This is accomplished by extracting the
most interesting information from Hk: the vectors which lead to previously accepted
eigenvectors of the original problem are kept in the system together with those vectors
that correspond to the kmin most promising eigenvalues, with |θ| maximal. In other
words,m−(kmin+nev) vectors are thrown away. The columns of the remaining matrix
C ∈ C

m×k are again orthonormalized and a new Hk is obtained by Hk := C∗HmC.
Postmultiplication of Vm and Wm with C provides the new bases Vk and Wk. This
restart technique is also applied in [6].

(vii) We use modified Gram–Schmidt (MGS) [7] to orthonormalize vectors;“call
MGS [Vk−1, z̃]” in step 6 means that z̃ is made orthonormal to the columns of Vk−1.
As suggested in [16] we apply MGS twice. Although classical Gram–Schmidt (CGS)
has better parallel properties, we use MGS because it is more stable. Evidently,
all inner products and all vector updates in our parallel implementation have been
parallelized.
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(viii) The original code that was taken as a basis for this project did not use
harmonic Ritz values [6, 16]. Numerical experiments with a comparable algorithm
using harmonic Ritz values have been described in [12]. The main advantage is that
the LU decomposition of A − σB is used as a preconditioner and not as a shift
and invert technique; then rounding-off errors in the decomposition for very large
eigenvalue problems have less influence on the eigenvalue spectrum. We mention that
the harmonic approach requires more memory and costs about 20% more execution
time per Jacobi–Davidson iteration step.

2.1. Solving the correction equation. In step 4 of the JD algorithm (Fig-
ure 2), we must solve the correction equation

(I − uu∗)(Q− θI)(I − uu∗)z = −r and u∗z = 0(9)

approximately. From u∗z = 0, (9) can be rewritten as (I−uu∗)(Q−θI)z = −r, which
is equivalent to (Q− θI)z + εu = −r with ε = −u∗(Q− θI)z (cf. [16] ). In order to
construct a suitable preconditioner for (9), it may be useful to write the equation in
the augmented form of order Nt + 1,[

Q− θI u
u∗ 0

] [
z
ε

]
=

[ −r
0

]
(10)

(cf. also [15, Theorem 3.5]). If Q − θI is nearly singular, then the matrix will
be ill-conditioned; the augmented form leads to a better conditioned matrix. The
augmented correction equation can be solved, for instance, by applying some fixed
number of steps of GMRES(m) (at most m steps with full GMRES, no restarts). A
special choice for m is 0 (or itSOL = 0), in which case the JD algorithm is closely
related to the Arnoldi method [7]. Important differences between the JD algorithm
of Figure 2 with itSOL = 0 and the Arnoldi method are the structure of the matrix
Hk and the way the restarts are performed. The projected matrices Hk obtained
by applying the Arnoldi factorization are always upper Hessenberg with nonnegative
subdiagonal elements. The matrices Hk obtained by k steps of JD do not have this
structure (except for itSOL = 0 and k ≤ m, although rounding errors may appear for
growing k). So, the computation of the eigenvalues of Hk requires an extra step to
transform Hk to upper Hessenberg. Since JD does not have to repair the Hessenberg
form, the restart technique in step 5 can be kept simple (see section 2). For details on
the restart technique in the implicitly restarted Arnoldi method (IRAM), in which the
Hessenberg structure of Hk has to be retained, we refer to [10]. A third difference with
Arnoldi is the choice of θ; by selecting |θ| maximal the JD method is accelerated. We
also refer to Discussion 4.1 in [15] for a clear discussion on the relation between the JD
method, including the exact solution of the correction equation and shift-and-inverse
Arnoldi. In that discussion no restarts are considered.

The convergence of GMRES(m) may be accelerated by incorporating a suitable
(cheap) preconditioner. As in Booten et al. [5] and Sleijpen et al. [15], we rewrite the
inverse of the augmented matrix, with K = Q− θI, as[

K u
u∗ 0

]−1

=

[
I −K−1u
0∗ 1

] [
I 0
u∗/ν −1/ν

] [
K−1 0
0∗ 1

]
(11)

with ν = u∗K−1u. It is easy to verify that

K = Q− θI = −θ(A− σB)−1[(A− (σ + 1
θB)](12)
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and K−1 may be approximated by − 1
θ I. Hence, by replacing K

−1 with − 1
θ I in (11)

and ν by − 1
θu

∗u = − 1
θ , we obtain the preconditionerM−1:

[
K u
u∗ 0

]−1

≈
[ − 1

θ (I − uu∗) u
u∗ θ

]
=M−1.(13)

The augmented equation (10) can be preconditioned byM−1 and then in almost all
cases the number of JD iterations needed to find the first eigenvalue will be smaller
than in cases where no preconditioning is used, as numerical experiments demonstrate
in section 5.

3. The LU decomposition. To calculate an Alfvén spectrum we choose some
target values σ in the neighborhood of this spectrum. For each σ we compute a
complete LU decomposition of A−σB. One (L, U) pair can be used for the calculation
of several eigenvalues. However, if the method becomes too slow, it might be useful
to choose a new target σ.

3.1. Block-tridiagonal LU approach. The matrices A and B in (1) have the
same block-tridiagonal structure and therefore A−σB is also block-tridiagonal. Since
the subblocks are more than 50% full, a complete LU decomposition of A − σB is
relatively cheap: the total number of nonzeros in L+U is at most twice as much as in
A−σB. In the rest of this paper, this technique is referred to as the block-tridiagonal
LU approach. The decomposition is performed on a block level. This enables us to
use partial pivoting, which makes the decomposition more robust. In order not to
disturb the block-tridiagonal structure, the search for pivot elements is restricted to
the blocks on the main diagonal. In our experiments, this pivot strategy seems to
work well.

For a large number of diagonal blocks, the total number of complex multiplications
required for the construction of L and U is approximately 7

3 Nn
3, and the number of

multiplications required for performing the triangular solves with both L and U once
is approximately 3Nn2.

3.2. The DDCR method. To improve parallelization possibilities of block-
tridiagonal LU decomposition, we use a reordering based on a combination of domain
decomposition (DD) and cyclic reduction (CR), discussed in [18].

Let p be the number of processors that is actually used, and let the integer
Np = �Np � 1 represent the number of diagonal blocks to be treated on each processor

(except possibly the last processor, on which the number of diagonal blocks can be
less). The first step of the DDCR method is to perform a block-reordering of both
block rows and block columns based on a domain decomposition strategy with p
nonoverlapping subdomains. The second step of the DDCR method is to construct a
block lower-triangular matrix L and a block upper-triangular matrix U in such a way
that A− σB = LU and all blocks on the main diagonal of U are identity matrices.

For Np large, the construction of a block-tridiagonal LU decomposition of the first
block-tridiagonal matrix on the first processor costs about 7

3 n
3Np multiplications. In

[18] it is shown that the rest of the block-tridiagonal LU decomposition costs about
19
3 n

3(N − Np) multiplications. Hence the total number of multiplications required
for the construction of L and U is approximately

( 73 Np +
19
3 (N −Np))n3 = 1

3 (19N − 12Np)n3.(14)

1By �x� we denote the smallest integer ≥ x and by �x� the largest integer ≤ x.
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In the same way it can be shown that for large Np the number of multiplications
required for performing the triangular solves with both L and U once is approximately

(3Np + 5(N −Np))n2 = (5N − 2Np)n2.(15)

4. The parallel implementation and data organization. We started this
project with the parallelization of the original code [3, 4, 5] on a Cray T3D in Eagan,
MN. The last part of the development has been done on a Cray T3E in Delft, the
Netherlands. Some important characteristics of the Cray T3E in Delft are listed in
Table 1.

Table 1
Main characteristics of the Cray T3E at HPαC centre, Delft.

# processors 80 (72 in parallel)
Clock period 3.33 ns clock
Peak performance / processor 600 Mflop/s
Total peak performance 33.6 Gflop/s
Local memory 128 Mbytes
Total memory 10 Gbytes
Data cache size 8 Kbytes
Compiling system Cray CF90
GiGaRing channels available

The communication steps in the recent code have been implemented with fast
SHMEM routines (shared memory access library). These SHMEM routines are data pass-
ing library routines similar to message passing library routines and minimize the
overhead associated with data passing requests, maximize bandwidth, and minimize
data latency. Optimized BLAS routines are used as much as possible to achieve high
performance per processor, and for the linear algebra part LAPACK routines [1] are
called. For considerations on the programming technique, data distribution and com-
munication on the MHD application, we refer to [11].

4.1. Distribution of the MHD matrices. For large problems with a lot of
data, the I/O is often very expensive. Therefore, we do not read the MHD matrices
from the files but generate them during execution, which takes only a few seconds. A
part of the CASTOR code, which computes the matrix elements, has been coupled
with our JD code. Moreover, it has been parallelized such that the available processors
generate their own pieces of the matrices A and B in (1). The matrices are distributed
block-row-wise along the processors; each processor gets one or more main diagonal
blocks with their nearest sub- and superdiagonal blocks belonging to the same block
row. All vectors are distributed accordingly. As a consequence, for a matrix-vector
multiplication the memory traffic (of only two vectors of length n) is reduced to the
first sub- and last superdiagonal block per processor.

4.2. Data format: CRS format versus dense block-tridiagonal format.
The compressed row storage (CRS) format puts the subsequent nonzeros of the matrix
rows in contiguous memory locations. To describe a sparse matrix A, we need three
vectors, one for complex nonzero floating point numbers (mat A) and two for integers
(colind A, rowptr A). For more details and examples, we refer to [2].

CRS format has the advantage that it can be used to store general sparse matrices.
However, the DDCR decomposition is completely based on the block-tridiagonal form
of A− σB. This implies that, for our applications, CRS format can be advantageous
only if the blocks of A and B are sparse enough. From Table 2, which gives the
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Table 2
Times for the matrix–vector multiplication on a single processor of a Cray T3E. Results for the

block-tridiagonal form (dense blocks including zero values) are denoted by DENSE. Results for CRS
format are denoted by CRS(A) and CRS(B) for A and B, respectively.

Execution times in µ-seconds on a Cray T3E, N = 40.
MATVEC n = 16 n = 32 n = 48 n = 64 n = 80
DENSE BLOCKS 4490 14577 32055 54666 93924
CRS(A) 2469 9874 22518 33733 52861
CRS(B) 1421 4979 10806 15814 24374

Number of nonzeros in A and B.
nnz(A) 11392 47906 109542 196300 308180
nnz(B) 5934 22778 50532 89196 138770

execution times for matrix-vector multiplications on a single processor of a Cray T3E
for matrices A and B generated by the CASTOR code, we may conclude that CRS
format is to be preferred for both A and B on this platform.

4.3. Memory requirements. In this section, we will indicate which amount
of memory is required for both the sequential and parallel implementation, expressed
in nnz(A) and nnz(B), the numbers of nonzero values in the A and B, respectively,
and N , n, and Nev, where N denotes the number of diagonal blocks, n the blocksize
of the block-tridiagonal matrices, and Nev the number of eigenvalues we are looking
for. The last parameter is m, the maximum allowed value of the projected system.
As stated in section 2, m is much smaller than the order N ×n of the matrices A and
B.

A CRS-formatted matrix of nnz(A) nonzero values requires 16 nnz(A) bytes for
storing mat A and 8 nnz(A) bytes for colind A, respectively (cf. section 4.2). The
integer array rowptr A uses an additional 8 Nn bytes. The memory space for the CRS-
formatted matrix B can be expressed in nnz(B), analogously. The block-tridiagonal
LU decomposition needs 3 Nn2 COMPLEX words. The subspace matrix Vk and asso-
ciated space Wk use 2 Nnm COMPLEX words, and the restart in step 5 of Figure 2
requires (in the worst case) another Nnm COMPLEX words. The total requirements for
those matrices are 3 Nnm COMPLEX words. The accepted eigenvectors are stored in a
matrix of order Nn×Nev. An additional working space for some vectors takes 5 Nn
COMPLEX words.

Besides the matrix Hk, its Hessenberg form and its eigenvectors plus some work-
ing space require 4m(m + 1) COMPLEX words. Summarizing, the amount of memory
required for the current sequential implementation in complex arithmetic, where one
COMPLEX word corresponds with 16 bytes, is approximately

24 (nnz(A) + nnz(B)) + 16Nn(3(n+m) +Nev + 7) + 64m(m+ 1) bytes.(16)

For the MHD matrices, the average sparsity of the sub-, super-, and diagonal blocks
of A is approximately 41% and of B 20%, i.e., nnz(A) ≈ 0.41× 3Nn2 and nnz(B) ≈
0.20 × 3Nn2. Thus, the amount of memory for the sequential implementation (16)
approximates

16Nn(5.75n+ 3m+Nev + 7) + 64m(m+ 1) bytes.(17)

The parallel implementation requires per processor approximately an additional
32n(Npn+3n) bytes for the DDCR solver and some extra memory (10 %) to distribute
the CRS matrices, in case their sparsity is not equally partitioned over the block
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Fig. 3. Part of the eigenvalue spectrum of an MHD problem with N = 40, n = 64. The target
σ is indicated by an “∗”. In the right picture the order in which they appear are shown.

rows. The small matrix of the projected system is present on all processors, and
sequential steps, like the solution of the projected eigenvalue problem, are performed
by all processors to avoid communication. Summarizing, the amount of memory (per
processor) for our parallel implementation approximates

48Npn
2 + 16Npn(3(n+m) +Nev + 7) + 32n(Npn+ 3n) + 64m(m+ 1) bytes

= 128Npn
2 + 16Np(3m+Nev + 7) + 96n

2 + 64m(m+ 1) bytes.
(18)

5. Numerical results.

5.1. The influence of the correction equation. In the left picture of Fig-
ure 3, the eigenvalues of an MHD problem with N = 40 and n = 64 near the target
σ = (−0.15, 0.60) are plotted. In the right picture, the eigenvalues are numbered
consecutively as they are found. The solid line in Figure 4 displays the convergence
behavior of this MHD problem solved by JD with itSOL = 0. Each “◦” indicates a
converged eigenvalue. Obviously, to find the first eigenvalue is rather expensive, but
after that only a few iteration steps are required to find the next ones. Note that
after 30 and 39 JD iteration steps two eigenvalues were even found in one step. It
appears that with this target even more eigenvalues (probably of the upper Alfvén
branch) can be found than the 15 we asked for. However, since an implicit restarting
technique is used, the order of the projected system will then grow . A better solution
will be to choose a new target based on the results of the last (few) runs.

The question arises if it is possible to reduce the number of JD iteration steps
when GMRES(m) is applied to the augmented correction equation (10). In Table 3, we
distinguish four variants to solve the correction equation:

• JD-sol: in each JD step GMRES(m) is applied without preconditioning.
• JD-sol∗: GMRES(m) is applied only if ‖r̂‖2 < εtr without preconditioning.
• JD-solP: in each JD step GMRES(m) is applied with preconditioning from the
left byM−1.

• JD-solP∗: GMRES(m) is applied only if ‖r̂‖2 < εtr with preconditioning from
the left byM−1.

The preconditioning matrix M−1 has been introduced in section 2.1. The JD-sol
variant does not improve the convergence process: from Figure 4 we know that if
itSOL = 0, 23 iterations are needed to get the first eigenvalue. It is known that in the
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Fig. 4. Convergence behavior of JD with itSOL = 0 (solid line with “◦”s) and JD-solP∗,
GMRES(20) (dashed line with “✷”s); N = 40, n = 64.

Table 3
Both the number of JD iterations as well as the execution time (in seconds on four processors)

are given for several JD implementations with itSOL = 1 and εtr = 1.0.

Number of JD steps to find first eigenvalue
GMRES(1) GMRES(2) GMRES(5) GMRES(10) GMRES(15) GMRES(20)

JD-sol 23 25 26 30 32 26
JD-sol∗ 23 24 21 21 13 12
JD-solP 23 33 13 19 22 28
JD-solP∗ 23 28 15 12 12 12

Execution time to find first eigenvalue
JD-sol 1.68 2.55 4.89 10.09 15.58 16.38
JD-sol∗ 1.44 1.97 2.69 4.51 2.33 2.28
JD-solP 1.69 3.46 2.31 6.20 10.49 17.82
JD-solP∗ 1.45 2.46 1.49 1.36 1.76 2.29

Number of JD steps to find 15 eigenvalues
JD-sol 72 139 140 109 107 82
JD-sol∗ 72 105 122 100 92 70
JD-solP 74 188 117 97 79 71
JD-solP∗ 75 147 119 90 71 55

Execution time to find 15 eigenvalues
JD-sol 7.19 17.61 29.82 39.25 54.80 54.53
JD-sol∗ 6.87 12.94 24.98 33.77 43.61 40.43
JD-solP 7.43 23.74 25.08 35.20 40.63 47.26
JD-solP∗ 7.26 18.15 24.33 30.25 31.83 30.45

first steps of the process the vectors vk are usually poor approximations of the wanted
eigenvectors, and solving the correction equation more accurately will not speed up
the convergence. Therefore, we take in the first steps itSOL = 0 until the 2-norm
of the actual residual r̂ in (7) drops below a threshold value εtr, i.e., for εtr = 1.0
after 9 “Arnoldi” steps then only an additional 3 steps are required to find the first
eigenvalue (JD-sol∗, GMRES(20)). We refer to [6] for more details, discussions and
variants of the JD method and the influence of the way the correction equation is
solved on the convergence behavior of the JD method.

If the correction equation is solved by GMRES(m) preconditioned from the left by
M−1, then in almost all cases the number of JD iterations to the first eigenvalue is
smaller than when no preconditioning is applied. This is also true for the complete
process of finding 15 eigenvalues, when sufficient GMRES inner iterations are applied.
Compared to a multiplication with Q−θI, the application ofM−1 is relatively cheap
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and as a consequence, the P-variants are usually much faster than those without pre-
conditioning. The convergence history of JD-solP∗ with GMRES(20) is also displayed
in Figure 4. Notice that the residual after an eigenpair is accepted in case itSOL = 0
remains much smaller (≈ 10−4) compared to the JD-solP∗-variant.

However, each GMRES(m) step requires a multiplication with Q − θI, a very ex-
pensive operation even when performed in parallel. As a consequence, a reduction in
the number of JD steps due to applying GMRES(m) does not guarantee a reduction in
execution time. In fact, the timings listed in Table 3 indicate that GMRES(1) pro-
vides the fastest way to find 15 eigenvalues. When we replace step 4 in the algorithm
of Figure 2 by z̃ = r (corresponding to itSOL = 0) the number of JD steps hardly
increases, resulting in the lowest execution time (see Table 4). Based on these and
other results (not included in this paper), we continue with JD with itSOL = 0.

Table 4
Both the number of Jacobi–Davidson iterations as well as the execution time (in seconds on

four processors) is given for JD with itSOL = 0.

1 eigenvalue 15 eigenvalues
# JD steps Time # JD steps Time

JD, itSOL = 0 23 0.99 78 5.23

5.2. Parallel performance on the Cray T3E. In the rest of this paper, we
set itSOL = 0 which implies that z̃ = r (cf. Table 2, step 4). From numerical
experiments this appears to be the best choice for minimizing the total wall clock
time, as is illustrated in section 5.1. Three generalized eigenvalue problems, exploited
by the linearized MHD equations (7)–(10) in [17] with resistivity η = 5·10−6 and ratio
of specific heats γ = 5

3 , generated by CASTOR have been timed. Their specifications
are given in Table 5. N is the number of diagonal block and the number of Fourier

Table 5
The MHD problems used in the numerical experiments.

Problem N n σ nnz(A) nnz(B)
I 40 64 (-0.15, 0.70) 196300 89196
II 160 64 (-0.20, 0.70) 798632 362991
III 320 128 (-0.20, 0.70) 6491568 2886495

modes is equal to n/16, where n denotes the blocksize. All problems describe the same
physical problem. In [17] more information on the background concerning resistive
magnetohydrodynamic spectra in tokomaks can be found. The other parameters in
the algorithm were chosen as follows:

iter = 300; Nev = 15; tolJD = 10
−6; kmin = 10; m = 30.

Table 6 shows the results for the test problems I, II, and III. The third column
shows the wall clock time (measured in seconds) required for the construction of the
parallel block-tridiagonal LU decomposition. The numbers in parentheses show the
Mflop rates, calculated by using the estimate (14) for the number of multiplications.
For the block-tridiagonal LU decomposition we obtain a reasonable fraction of the
theoretical peak performance, which is due to the level-3 BLAS routines that perform
most of the work in this preprocessing phase. Problem I shows that when the number
of processors increases from one to two, the wall clock time increases, also. This is
due to the computation of the extra fill-in blocks in L and U which are generated
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when the reordering technique for parallel processing is performed. Increasing the
number of processors again by a factor two approximately halves the wall clock time.
The reduction in wall clock time for p = 40 compared with p = 20 is very poor due to
the fact that pure cyclic reduction has been applied, since N = p. When we calculate
those speed-ups for Problems II and III, we see that a gain of 1.44 and 1.65 is reached,
respectively. From the performance of more than 10 Gflop/s on 64 processors achieved
for the largest problem, we may conclude that the block-tridiagonal LU decomposition
is extremely suitable for this platform. However, we must realize that for growing
block size the decomposition becomes very expensive.

Table 6
Wall clock times (in seconds) of several parts of the JD process on the Cray T3E for Problems

I, II, and III.

Problem p Time for the Time for Number of Sequential Total time
LU decomposition JD process JD steps time triangular solves

I 1 1.06 (184) 16.99 81 0.77 4.74 (67)
I 2 1.15 (315) 10.07 85 0.81 3.92 (114)
I 4 0.60 (750) 5.74 87 0.82 2.11 (244)
I 5 0.52 (899) 4.78 80 0.78 1.76 (275)
I 8 0.34 (1440) 3.62 84 0.85 1.23 (424)
I 10 0.32 (1542) 3.23 79 0.74 1.17 (425)
I 20 0.26 (2003) 2.70 79 0.72 1.02 (495)
I 40 0.24 (2155) 2.44 71 0.76 0.91 (508)

II 2 4.85 (300) 153.60 300 3.77 57.98 (109)
II 4 2.44 (732) 72.59 300 3.77 29.29 (242)
II 5 2.00 (930) 59.40 300 3.76 24.17 (299)
II 8 1.27 (1547) 30.14 247 3.08 12.69 (485)
II 10 1.07 (1864) 25.23 241 3.01 10.62 (571)
II 16 0.70 (2908) 21.32 300 3.74 8.84 (868)
II 20 0.62 (3305) 21.08 300 4.61 8.18 (942)
II 32 0.45 (4654) 16.13 300 4.08 6.06 (1282)
II 40 0.43 (4857) 10.26 198 2.41 4.01 (1281)

III 10 13.52 (2355) 184.07 300 3.49 95.88 (630)
III 16 8.81 (3708) 109.82 300 3.58 61.91 (991)
III 20 7.28 (4525) 92.13 300 3.38 53.64 (1149)
III 32 4.97 (6700) 39.38 196 2.19 23.87 (1700)
III 40 4.42 (7565) 54.45 300 3.53 33.80 (1842)
III 64 3.22 (10461) 39.50 300 3.59 25.41 (2461)

The fourth column shows the wall clock time required for the JD process without
the time required for preprocessing. Since a part of the algorithm is not performed
in parallel (solution of the projected eigenvalue problem), we cannot expect linear
speed-up. The fifth column gives the number of Jacobi–Davidson iteration steps.
If this number is equal to 300, less than 15 eigenpairs have been found. In those
cases it should have been better to choose a smaller value for Nev. For Problem II
approximately 54 iterations were needed to obtain 14 eigenpairs. We emphasize that
it is hard to predict how many eigenvalues can be found in the neighborhood of some
target σ. It appears that the first 12 eigenvalues of Problem III are easy to find within
100 iterations, whereas 300 iterations are not sufficient to get 15 of them.

The sixth column displays the time spent by solving the eigenvalue problem on the
projected system. For an equal number of iterations, this time should be independent
of the number of processors involved. However, we found deviating values for p =
20 and p = 32 in the case of Problem II. We observe that the contribution of the
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Fig. 5. The relative 2-norm of the residual (7) or (8) against the wall clock times (in seconds)
of Problem II (first 14 eigenpairs) obtained on p = 16, 20, 32, 40 processors of the Cray T3E.

sequential part to the total wall clock time is small, especially for large �Np �.
The seventh column shows the total time spent in performing the triangular

solves. Again the numbers in parentheses show the Mflop rates, which have been
calculated by using the estimate (15) of the number of multiplications. The level-2
BLAS routines used for the triangular solves are significantly slower than the level-3
BLAS routines used for the construction of L and U , because the ratio of computations
and memory-to-processor data transfer is much more favorable for level-3 BLAS than
for level-2 BLAS. Therefore, the Mflop rates are significantly lower than those obtained
for the construction of L and U . The triangular solves in combination with one matrix-
vector multiplication with the matrix B form the expensive application of the operator
Q = (LU)−1B.

In general, the convergence history hardly depends on the number of processors.
This is illustrated by Figure 5, which shows the history of Problem II for the first 14
eigenpairs on 16, 20, 32, and 40 processors. In all cases, the“same” eigenvalues were
found in the same order. The distance between the “same” eigenvalues is about 10−6

as we might expect, since tolJD = 10
−6.

5.3. Analysis of the speed-ups. The computations in the JD algorithm can be
divided into three parts: the solution of the (small) projected eigenvalue problems, the
triangular solves with L and U , and a part consisting of matrix-vector multiplications
with B and A−σB, inner products and vector updates. The CPU times per processor
for these parts are denoted by t

(p)
seq, t

(p)
LU , and t

(p)
lp , respectively; in case p processors are
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used for execution. If we assume that the time for communication can be neglected

and the inner products scale linearly, the expected speed-up S
(p)
JD on p processors is

S
(p)
JD =

t
(1)
seq + t

(1)
LU + t

(1)
lp

t
(p)
seq +

t
(p)

LU

S
(p)

LU

+
t
(p)

lp

p

,(19)

in which S
(p)
LU is the expected speed-up for the triangular solves. In the following, we

will show that an approximation of S
(p)
LU , p > 1, is given by (Np = �Np �)

S
(p)
LU ≈ 3pN

(5− 2
p )(N+1−p)+5p�log2 p−1�

for Np > 1,

S
(p)
LU ≈ 3p

5�log2 p	 for Np = 1.
(20)

If the JD code executes on one processor, the sequential block-tridiagonal LU approach
is applied and in that case the number of multiplications in the triangular solves is
approximately 3Nn2. Almost every multiplication can be combined with one addition,
hence the wall clock time required on one processor is approximately 3Nn2tmul, in
which tmul is the time required for performing a complex multiplication combined
with an addition. On p processors, the parallel direct solver (SOL)DDCR is applied.
The first part of the triangular solves corresponds to the solution of N − p+ 1 block-
tridiagonal systems, which scales linearly. The number of multiplications in this part
is approximately 3(N − p + 1)n2ω, in which ω is the number of multiplications in
the DDCR approach divided by the number of multiplications in the block-tridiagonal
LU approach. From (15) it follows that ω ≈ (5 − 2

p )/3. Hence the wall clock time

required for the domain decomposition part is approximately (3ω(N−p+1)n2tmul)/p.
The second part deals with cyclic reduction. The wall clock time required for this

part is approximately 5n2tmul multiplied by the number of steps in cyclic reduction.
In case Np > 1, p − 1 processors perform the cyclic reduction in �log2 p − 1� steps.
Otherwise, in the case of pure cyclic reduction (Np = 1), the process is performed
on p processors in �log2 p� steps. The expressions in (20) are obtained by dividing
the approximate wall clock time on one processor by the sum of the wall clock times
required for the first and second part of the triangular solves on p processors.

Figure 6 shows both the predicted speed-ups by (19) and (20) and the measured
speed-ups obtained from Table 6. Since this table does not contain the information
for p = 1 for Problems II and III, the execution time must be approximated by, for
instance,

T (1) = t(p)seq+S
(p)
LU×t(p)LU+p×t(p)lp for both p = 2 (Problem II) and p = 10 (Problem III).

(21)

The large variation in the number of JD steps has been balanced out by dividing t
(p)
seq,

t
(p)
LU , and t

(p)
lp by those numbers. For Problem I the predicted speed-up S

(p)
JD is a little

too high for p large compared with the measured speed-up. This is caused by the
fact that the simple prediction model assumes that the inner products scale linearly,
which is not quite true for small vectors.

Notice that the speed-ups become higher when the problem size grows, which

could be expected. If we increase the order of A and B, t
(p)
seq hardly changes, when we

keep the order of the projected systems fixed. Accordingly, the communication time
due to inner products remains equal. However, the computational work expressed by

t
(p)
LU and t

(p)
lp will increase with the order of the eigenvalue problem.
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Fig. 6. The predicted (solid line) and measured speed–up (“◦”) of the block-tridiagonal
LU factorization and the JD algorithm for Problems I, II, and III, respectively.

6. Conclusions. We have studied the JD method for the parallel computation
of a few selected eigenvalues of large generalized eigenvalue problems arising in the
stability investigation of tokamak plasmas. The method has been combined success-
fully with a parallel complete block-tridiagonal LU decomposition, which appears to
be robust because pivoting is used. However, in order not to disturb the block struc-
ture of the matrix, the search for pivot elements is restricted to the blocks on the
main diagonal. Numerical experiments performed on a Cray T3E demonstrate that
this method parallelizes well.

Most other ingredients in the JD method like the matrix-vector multiplications,
vector updates and inner products parallelize very well. Only the construction and
solution of the small projected eigenvalue problems in the JD method do not par-
allelize. However, the order of these systems is kept small and is independent of
the problem size. Hence for large applications, the total time spent in solving the
projected systems is small compared with the time spent in the parallel parts of the
method.

We observe that for large problems the measured speed-up corresponds quite well
with the prediction. More important is that the speed-up for large problems is much
higher than for smaller ones; therefore we may conclude that the JD method is very
well suited for parallel execution.

The main reason to study implementations on distributed memory machines, like
the Cray T3E for large eigenvalue problems, is the memory bound of shared memory
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machines. If n and N are large (n� m and N � p), then our parallel implementation
of JD requires approximately 128Nn2 bytes of memory. Our sequential implementa-
tion requires approximately 92Nn2 bytes. The total amount of memory of the Cray
T3E at HPαC, Delft, is only slightly larger than the 8 Gbytes of main memory of the
Dutch National supercomputer with shared memory, a Cray C90 with 12 CPUs at
SARA, Amsterdam. Hence on the current Delft configuration, we can solve problems
of approximately the same size on the Cray C90. Recently, we got the opportunity to
execute our code on a 512 processor Cray T3E, which enables us to examine larger
eigenvalue problems (see also [12]).

We remark that the JD method is applicable for generalized eigenvalue problems
Ax = λBx in which the action of the inverse of A, B, or A − σB for a target σ
is not available. The projections included in the correction equation guarantee a
proper update of an approximate eigenvector in the “right” direction. When we
started our research, we hoped to be able to exploit the sparsity pattern within the
block-tridiagonal structure of A − σB, by using an incomplete LU decomposition as
a preconditioner for GMRES(m) to solve the correction equation approximately. If an
incomplete decomposition would have been used, the transformation described by (2)
would not have been possible and in that case the application of JD applied to the
generalized eigenvalue problem would probably have been more efficient than Arnoldi’s
method. However, it turned out to be more efficient to construct a complete block-
tridiagonal LU decomposition of A − σB, because the block tridiagonal structure of
this matrix can be exploited. Moreover, since the decomposition is performed on a
block level, BLAS routines can be used, which guarantees an efficient implementation
per processor. We therefore end up with the standard eigenvalue problem (2) in which
the spectrum of interest is also the dominant part of the spectrum.

For this special eigenvalue problem it is not efficient to use several GMRES steps for
the correction equation that appears in the JD method. Four variants have been ex-
amined and the best results were obtained when the iteration process starts with some
Arnoldi-like steps, until the residual is sufficiently small. The process can be accel-
erated by applying a (cheap) preconditioner within GMRES(m). However, a reduction
in the number of Jacobi–Davidson steps does not guarantee a reduction in execution
time. From numerical experiments, it appears that the best choice for minimizing the
wall clock time is to take z̃ = r in step 4 of the algorithm in Figure 2. If we should
use a (very) good preconditioner and solve the correction equation exactly, then the
convergence to the next eigenvector will be quadratic (see [15, Theorem 3.2]). For this
special case, it is probably more efficient to use Arnoldi’s method than JD. However,
the difference in efficiency will not be large, because the most expensive operation in
both JD and Arnoldi’s method is the matrix-vector multiplication with Q in (2) and
both methods need approximately the same number of matrix-vector multiplications.
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Abstract. A two-dimensional front tracking method based on conservation for scalar conserva-
tion law and for the Euler system of gas dynamics is being developed. In the method, discontinuities
are tracked by enforcing the conservation properties of the PDEs. Unlike the traditional front track-
ing methods, for which the conservation is only a property that may or may not be preserved, in this
front tracking method the conservation is the mechanism by which the tracking is performed. The
method is also extended to treat the reflection wall boundary in the Euler system. As an attempt
to treat the interactions of discontinuities by enforcing the conservation properties without solving
two-dimensional Riemann problems, three special cases of treatment of discontinuity interactions in
scalar conservation law and in the Euler system of gas dynamics are studied. Finally, numerical
experiments are implemented in both scalar and system cases to show the efficiency of the method.
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1. Introduction. In this paper we are concerned with the nonlinear hyperbolic
system of conservation laws

(1.1) ut +

m∑
i=1

fi(u)x = 0,

where u and f(u) can be either scalars or vectors and m = 1, 2. It is well known that
solutions to (1.1) can develop discontinuities, no matter how smoothly the initial and
boundary conditions are proposed. It is also well known that in most cases the interior
structure of discontinuities is of little interest, but the effect of the discontinuity rela-
tions (the Rankine–Hugoniot conditions) on the hydrodynamic scale flow is important
for applications. On these two observations the so-called front tracking methods have
been developed, which treat discontinuities as interior moving boundaries coupled to
finite difference calculation for the smooth part of solution.

One of the important features of front tracking methods is the usage of lower
dimensional grids, called fronts, which fit the discontinuities in the numerical solutions.
In regions that are surrounded by fronts, the numerical solutions to (1.1) are solved
separately using methods designed for smooth solutions. The propagation of the fronts
and the updating of the states on their two sides are performed by the requirement
that the jump conditions be satisfied across the fronts in some way.

An approach that is widely accepted for advancing fronts is to compute the prop-
agation speed of the fronts in every time step. This can essentially be done by solving
the Riemann problems between the states on the two sides of the fronts. Once the
propagation speed is obtained, the discontinuity locations at the new time can be
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computed, and then the front tracking can be carried on to the next time step. In
doing so, the conservation properties of the system (1.1) is generally not preserved.

In the last three decades, a great number of front tracking methods of this type
have been developed; see [1], [9], [10], [11], [12], [13], [14], [18], [32], [35], [39], and
the references cited therein. Here we call the front tracking methods of this type
the traditional front tracking methods. The traditional front tracking methods have
been proved successful in application in the sense that high accuracy and resolution
can be achieved for both solutions in smooth regions and discontinuity locations on
significantly coarse grids. However, the price for high accuracy and resolution is the
complexity of the algorithm.

We would particularly mention the contributions of Glimm and his coworkers to
the traditional front tracking. In their systematic development of front tracking meth-
ods they have been building a very extensive set of tools to deal with the complexity
of the algorithm so that the high accuracy and resolution on coarse grids can be ob-
tained even for some problems with geometrically and toplogically complex fronts.
However, their algorithm is really expensive.

The reason for the complexity of the algorithm is not difficult to see. The ba-
sis of the traditional front tracking methods is the assumption that the solution to
be solved is piecewise smooth. The high accuracy and resolution of the methods
rely heavily on the fact that the locations of fronts are accurately computed in every
time step. If an error of large magnitude occurs at a time, there is no mechanism in
the tracking methods to delete it in the later computation. However, the accurate
computation of front locations will become difficult when solutions have geometri-
cally and topologically complex fronts, and the assumption of piecewise smoothness
becomes questionable. At this moment, much work of the algorithm must be spent
on resolving the geometrical and topological configuration of the fronts for obtain-
ing high accuracy, and often knowledge of the exact solutions is invested for this
purpose.

For many years the author has been working on a different approach of front
tracking in which discontinuities are advanced by enforcing the conservation properties
of (1.1) rather than by computing their propagation speed. The philosophy of the
work comes from, in addition to the above observation on the traditional front tracking
methods, the following two observations on front capturing methods.

(1) In front capturing methods the conservation properties insure the correct prop-
agation speed of discontinuities in numerical solutions. Capturing difference schemes
are always designed in the conservative form so that when solutions are smooth the
scheme is consistent with (1.1), and when discontinuities are involved and there are
errors of large magnitude, the errors will be controlled by the conservation properties
so that the discontinuity locations are still correct even though the consistency does
not hold any more [23].

(2) Harten’s subcell resolution [15] shows that the conservation properties can
actually be used to locate discontinuities within grid cells.

These observations motivate us to develop a front tracking method which uses
the conservation properties of (1.1) as its tracking mechanism. It is expected that the
correct front locations can be guaranteed by enforcing the conservation properties.
When fronts are simple, the method is consistent with (1.1) in smooth regions and its
jump conditions on the fronts, and when the fronts are complex and errors of large
magnitude occur, the errors can be controlled by conservation and can be deleted
when the complex fronts are gone. Thus, the requirement that the locations of fronts
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be accurately computed in every time step can be relaxed, the complexity of the
algorithm can be greatly reduced, and the algorithm itself will be much more robust.

This approach has been proved successful in one space dimension. The one-
dimensional front tracking method of this type developed in [25], [27], [28], [29], and
[30] shows the following advantages over the traditional front tracking methods:

(1) The method can be applied to any front capturing schemes and it works as
an adjustment of the schemes near discontinuities. Therefore, the algorithm can be
easily coded in a nearly front capturing fashion.

(2) The algorithm is implemented on uniform Cartesian grids; thus, we avoid the
use of adaptive grids and get rid of the related small-cell problem that troubles all
the traditional front tracking methods.

(3) The method preserves the conservation of the solution; therefore, the handling
of discontinuity collisions and formations is quite simple and robust. Due to a so-
called “stacking technique” described in section 4 in [30], the handling is also very
detail-resolving.

Some studies have been done on the accuracy, stability, and entropy satisfaction
of the method in the one-dimensional scalar case. In [25] a study was made on
the accuracy of the discontinuity position when the numerical solution was piecewise
smooth, and it was shown that when the underlying scheme was of rth order and the
reconstruction of the numerical solution in the critical cell was of (r − 1) order, the
discontinuity position was rth order accurate. In [19], a total variation diminishing
(TVD) study was made for the method and it was shown that when the underlying
scheme was TVD and the time step was restricted by the Courant–Friedrichs–Lewy
(CFL) condition then the whole algorithm was TVD. In [31], a study was made on
the entropy satisfaction of the method and it was shown that when the underlying
scheme satisfied the entropy condition and some criterions were also satisfied for the
tracked fronts, the numerical solution satisfied the entropy condition.

We are going to extend this conservative front tracking method in two space
dimensions, and for this purpose we plan to write a series of papers. This paper, the
first one of the series, is mainly devoted to presenting the basic ideas by describing
the tracking of single discontinuity curves (with some restriction in topology). Some
special cases of the treatment of discontinuity interactions are studied in this paper.
The systematic treatment of discontinuity interactions and some other issues of the
two-dimensional front tracking method are still in development and will appear in our
future papers.

The main difficulty in extending the front tracking method in two space dimen-
sions lies in the recovery of discontinuity curves out of the cell-averages of the numer-
ical solution in critical cells, the cells that are cut through by the discontinuity curves
(see section 3). In the one-dimensional case the discontinuity positions are recovered
by the requirement that the solution be conserved in the critical cells. However, in the
two-dimensional case the discontinuity in a critical cell is represented by a segment
of curve, the recovery of which, conceptually speaking, needs an infinite amount of
information. The requirement of conservation in the critical cell provides only one
equation, which is not enough for the recovery.

A recovery procedure is developed in section 3, which is close in spirit to the
“reconstruction via primitive function” described in [15]. The procedure uses the
cell-averages in the critical cell as well as the cell-averages in the nearby critical cells
cut through by the same discontinuity to recover the segment of curve. Upon this
recovery procedure a front advancing algorithm is built. In section 3 we will show
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that this front advancing algorithm is more substantial, natural, and much simpler
than that of the traditional front tracking methods.

There are a few other front tracking methods that also relate to the conserva-
tion properties of (1.1). Chern and Colella [2] use a “flux redistribution” algorithm
to maintain the conservation in their front tracking method. The “flux differences”
produced in advancing the fronts are distributed into nearby cells based on the char-
acteristic aspects in the vicinity of the tracked discontinuity.

LeVeque and Shyue [20], [21] use a wave propagation method to track discon-
tinuities. The cell-averages in both regular and irregular grid cells are updated by
computing the waves propagating in and out of the cells during the time step so that
the conservation of the solution is maintained.

However, in those front tracking methods, the conservation is only considered as
an important property that should be preserved, rather than used as the mechanism
of tracking as in the method presented in this paper. The front locations are still
computed by computing the propagation speed from the solutions to the Riemann
problems.

Therefore, the front locations do not get as much feedback from the conservation
as in this method, and the methods are more complex.

In his early paper [26] the author also presented an extension of the tracking
method in two space dimensions. However, the method described in that paper is still
very much of the traditional type in which even the conservation is not preserved. The
front locations are still computed by computing the propagation speed. The difference
is that the propagation speed along the horizontal or vertical grid lines is computed,
instead of the normal propagation speed as in the other traditional front tracking
methods mentioned above. The method is much more complex than the present one.

The paper is organized in the following way: section 2 is a brief recall of the track-
ing method in one space dimension. Section 3 presents the two-dimensional tracking
method for the scalar conservation law. The method is presented in the semidiscrete
form because the direct full-discretization of the method will be complicated. Section
4 extends the tracking method to the Euler system of gas dynamics in two space
dimensions. Section 5 uses the idea of the tracking method to develop a treatment of
reflection wall boundary in the Euler system of gas dynamics. Section 6 presents the
treatments of three special cases of discontinuity interactions on the observation of
conservation without solving two-dimensional Riemann problems. Section 7 displays
two numerical examples in the scalar conservation law and one numerical example of
regular shock reflection in the Euler system of gas dynamics for the tracking method.

2. A brief recall of the tracking method in one space dimension. In
this section we briefly recall the tracking method in the one-dimensional case. In
our early paper we presented the method in the context of conservation error (see
[25]); however, in this paper we present the method in the context of cell-average,
considering that the later presentation is more natural and convenient.

We are concerned with the tracking method for the hyperbolic system of conser-
vation laws

(2.1) ut + f(u)x = 0,

where u : R×R→ Rm is an m-dimensional vector of conserved quantities, and f(u)
is a vector-valued function of u, called flux function for the system.

We begin with the scalar case in which both u and f are scalar. Assume that the
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underlying difference scheme

(2.2) un+1
j = unj − λ(f̂nj+1/2 − f̂nj−1/2)

is of Godunov type, where unj is a cell-average approximation to the solution, f̂nj+1/2

is a flux average approximation to f(u) on the cell boundary, and λ = τ/h is the
mesh ratio with τ and h being the time and space increments of the grid, respectively.
As is well known, the numerical flux in the Godunov-type scheme is computed as
follows: On each time level a piecewise polynomial function ũn(x, tn) is reconstructed
out of the cell-averages, which is a polynomial of the same order in each grid cell
[xj−1/2, xj+1/2]. The reconstruction maintains the conservation in the sense that in
each cell

(2.3)
1

h

∫ xj+1/2

xj−1/2

ũn(x, tn)dx = u
n
j .

We solve (2.1) (approximately at most time) with ũn(x, tn) as the initial data to
obtain the solution ũn(x, t), and then the numerical flux is computed as

(2.4) f̂nj+1/2 =
1

τ

∫ tn+1

tn

f(ũn(xj+1/2, t))dt.

Constructed in this way, the scheme is of (2k + 1)-points; i.e, the numerical flux
is a function of 2k variables

(2.5) f̂nj+1/2 = f̂(u
n
j−k+1, . . . , u

n
j+k),

where k is a number related to the order of the polynomial in each cell, and is con-
sistent with the flux in (2.1) in the sense that f̂(u, . . . , u) = f(u); see [23].

Assume that the cell [xj1−1/2, xj1+1/2] harbors a discontinuity at tn, which is
called a critical cell. In the critical cell, in addition to the ordinary cell-average unj1 ,

we define two more cell-averages un,−j1 and un,+j1
, which are computed using information

only from the left and right sides of the discontinuity, respectively. The discontinuity
position can then be recovered from these cell-averages by enforcing the conservation
property and the recovery will be described later.

Now we describe the step of computation from tn to tn+1. First, we extend the
cell-averages on the two sides of the discontinuity by extrapolation to the other sides
and obtain un,−j1+1, . . . , u

n,−
j+k and un,+j−k, . . . , u

n,+
j1−1, where the data with “−” are from

the left to the right and the data with “+” are from the right to the left. Then the
numerical solution on the next time level are computed on the left and right sides as

(2.6) un+1
j = unj − λ(f̂n,−j+1/2 − f̂n,−j−1/2)

for j < j1, and

(2.7) un+1
j = unj − λ(f̂n,+j+1/2 − f̂n,+j−1/2)

for j > j1, respectively, where f̂
n,−
j+1/2 and f̂

n,+
j+1/2 are defined as

(2.8) f̂n,−j+1/2 = f̂(u
n
j−k+1, . . . , u

n
j1−1, u

n,−
j1
, . . . , un,−j+k)
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and

(2.9) f̂n,+j+1/2 = f̂(u
n,+
j−k+1, . . . , u

n,+
j1
, unj1+1, . . . , u

n
j+k).

In the critical cell, the cell-averages un+1,−
j1

and un+1,+
j1

are computed from un,−j and

un,+j as in (2.6) and (2.7). In doing so, we let the computation on each side of the

discontinuity use information only from the same side. However, the cell-average un+1
j1

is computed as

(2.10) un+1
j1

= unj1 − λ(f̂n,+j1+1/2 − f̂n,−j1−1/2)

under the consideration that the two cell boundaries are on the two sides of the
discontinuity.

We see that in the algorithm extrapolated data from one side are widely used,
which is an another important feature of the method. A problem that is faced by
the front tracking is that when near the fronts there will never be enough regular
cells on one side to carry out the computation by the underlying scheme. Most
tracking methods solve this problem by introducing adaptive grids and define cell-
averages of the numerical solution on the irregular cells; however, complexities follow.
In our method, the extrapolation provides all the data necessary for carrying out
the computation by the underlying scheme on one side; in doing so, we avoid the
complexity of adaptive grid.

We now reconstruct a piecewise polynomial function, still denote by ũn+1(x, tn+1),
out of the cell-averages at tn+1. In ordinary cells, it is reconstructed by the recon-
struction procedure of the underlying Godunov type scheme, only the extrapolated
data from the same sides should be used when the cells are near the discontinuity. In
the critical cell, we reconstruct ũn+1,−(x, tn+1) and ũ

n+1,+(x, tn+1) out of the cell-
averages on the left and right sides of the discontinuity and their extrapolated data
on the other sides, respectively. We then consider ũn+1(x, tn+1) in the critical cell to
be a piecewise polynomial function of the form

(2.11) ũn+1(x, tn+1) =

{
ũn+1,−(x, tn+1), x < ξn+1;
ũn+1,+(x, tn+1), x ≥ ξn+1,

where ξn+1 is the discontinuity position at tn+1. Then ξ
n+1 can be determined from

(2.12)

1

h

∫ xj1+1/2

xj1−1/2

ũn+1(x, tn+1)dx =
1

h

(∫ ξn+1

xj1−1/2

ũn+1,−(x, tn+1)dx

+

∫ xj1+1/2

ξn+1

ũn+1,+(x, tn+1)dx

)
= un+1

j1
,

which comes from the requirement of conservation in the critical cell. In particular,
when the underlying scheme is Godunov and the reconstruction is piecewise constant,
the solution to (2.12) is simply

(2.13) ξn+1 = xj1−1/2 + h
un+1
j1
− un+1,+

j1

un+1,−
j1

− un+1,+
j1

.

Once the discontinuity position is obtained, the critical cell at tn+1 can then be
determined. If [xj1−1/2, xj1+1/2] is still the critical cell, the numerical solution on the
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new level will not be changed. Otherwise, one of the two adjacent cells will become
the critical cell and the numerical solution in the related cells should be adjusted
accordingly. For example, if the discontinuity position moves to the left adjacent grid
cell at tn+1, then the left adjacent cell is the critical cell at the new time. Meanwhile
the numerical solution should be changed as follows:

(2.14)

un+1,−
j1−1 := un+1

j1−1,

un+1,+
j1−1 := un+1,+

j1−1 ,

un+1
j1−1 := u

n+1
j1−1 + u

n+1
j1
− un+1,+

j1
,

un+1
j1

:= un+1,+
j1

,

where un+1,+
j1−1 on the right side is the extrapolated data of the cell-averages from the

right in this cell. In this change, the numerical solution on the right is extended in
the new critical cell in a piecewise polynomial fashion and the sum un+1

j1−1 + u
n+1
j1

is
conserved. The case that the discontinuity position moves to the right can be treated
analogously.

Thus, a step of the tracking method is completed.
When (2.1) is a system, in analogy with the scalar case, we define the cells that

harbor a discontinuity to be the critical cells. However, in this case, (2.1) has m
different kinds of characteristics and, therefore, has m different kinds of discontinu-
ities. Hence, the critical cells are classified in m kinds according to the types of the
discontinuities they harbor. For example, if (2.1) is the Euler system of gas dynamics,
(see, e.g., [3] and [23]), we say a critical cell [xj1−1/2, xj1+1/2] is a left shock critical

cell, denoted by LSCC, if the solution to the Riemann problem R(un,−j1 , un,+j1
) has a

strong left shock, where R(ul, ur) denotes the Riemann problem with ul and ur as its
left and right states. The right shock critical cell, denoted by RSCC, and the contact
discontinuity critical cell, denoted by CDCC, can be defined analogously.

The computation in critical cells is still implemented as in the scalar case, only
we are now dealing with vectors rather than scalars. However, the recovery of dis-
continuity positions and the reconstruction of the solution in critical cells are more
complex than those in the scalar case, in which the boundary conditions on the tracked
discontinuities are to be implemented. As one can see, the conserved quantities are
exchanged through any interfaces by means of propagation of waves corresponding to
different characteristics. The boundary conditions on a discontinuity interface repre-
sent, physically speaking, the waves that correspond to the characteristics entering
the region through the interface. Therefore, in the system case we should separate the
waves associated with different characteristic fields in the critical cell so that the waves
associated with the characteristic fields other than those of the tracked discontinuity
can enter in the corresponding regions.

We use the Euler system as an example to describe the recovery and reconstruc-
tion. The recovery and reconstruction to be presented here are only piecewise con-
stant; therefore, they are only first-order. A high-order piecewise polynomial version
of recovery and reconstruction is still in development.

As in the scalar case, we compute the left and right cell-averages un+1,−
j1

and

un+1,+
j1

at tn+1. We solve the Riemann problem R(un+1,−
j1

, un+1,+
j1

). As is well known,

the solution to the Riemann problem is un+1,−
j1

far enough to the left and is un+1,+
j1

far enough to the right, and between them there are left and right centered waves,
either shocks or rarefaction waves, a contact discontinuity, and two constant states,
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Fig. 1. Solution to a Riemann problem. On the far left is ul and on the far right is ur, between
them are two centered waves, either shock or rarefaction waves, a contact discontinuity, and two
intermediate states u∗l and u∗r to connect ul and ur.

denoted by u∗l and u
∗
r , respectively, to connect u

n+1,−
j1

to un+1,+
j1

, as shown in Figure 1;
see section 3.3 in [3]. We consider the solution in the critical cell to be a piecewise
constant function of the form

(2.15) ũn+1(x, tn+1) =




un+1,−
j1

, x < ξn+1
l ;

u∗l , ξn+1
l ≤ x < ξn+1

m ;

u∗r , ξn+1
m ≤ x < ξn+1

r ;

un+1,+
j1

, ξn+1
r ≤ x,

where ξn+1
l , ξn+1

m , and ξn+1
r are scalars that are to be solved (see Figure 2). When all

the waves in the Riemann problem are discontinuities, we see that (2.15) is exactly
the solution with ξn+1

l , ξn+1
m , and ξn+1

r as the three discontinuity positions. When
there are rarefaction waves of first and third characteristic fields in the solution and
when they are very weak, (2.15) is approximate to the exact solution up to the second
order of the strength of the rarefaction waves.

ξn+1
l , ξn+1

m and ξn+1
r can be determined again by the requirement of conservation

in the critical cell, which now turns to be

(2.16)
ξn+1
l − xj1−1/2

h
un+1,−
j1

+
ξn+1
m − ξn+1

l

h
u∗l+

ξn+1
r − ξn+1

m

h
u∗r+

xj1+1/2 − ξn+1
r

h
un+1,+
j1

= un+1
j1

and is a linear system of equations.

If the critical cell is an LSCC, then ξn+1
l is the discontinuity position at the new

time. In this case, un+1,+
j1

should be adjusted according to the picture of the recon-

structed solution in the critical cell. As one can see, the reconstructed ũn+1,+(x, tn+1)
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Fig. 2. The reconstructed solution (solid line) in a critical cell is a piecewise constant vector
function as shown in the figure. The two intermediate states u∗l and u∗r are obtained from the

Riemann problem R(un+1,−
j1

, un+1,+
j1

). ξn+1
l

, ξn+1
m , and ξn+1

r are the three discontinuity positions

to be solved. The reconstructed u+ in the critical cell is obtained by extending the right structure of
u across ξn+1

l
to the left as u∗l (dash line).

is a piecewise constant function

(2.17) ũn+1,+(x, tn+1) =



u∗l , x < ξn+1

m ;

u∗r , ξn+1
m ≤ x < ξn+1

r ;

un+1,+
j1

, ξn+1
r ≤ x,

which is obtained by extending the right part of ũn+1(x, un+1) across ξn+1
l to the left

as u∗l (see Figure 2). According to (2.17) and the definition of cell-average, un+1,+
j1

should be updated as

(2.18)

un+1,+
j1

:=
ξn+1
m − xj1−1/2

h
u∗l +

ξn+1
r − ξn+1

m

h
u∗r +

xj1+1/2 − ξn+1
r

h
un+1,+
j1

= un+1
j1
− ξ

n+1
l − xj1−1/2

h
(un+1,−
j1

− u∗l ).

In doing so, the waves associated with the second and third characteristic fields are
included in the right cell-average, and thus the boundary conditions on the disconti-
nuity are implemented. The cases of RSCC and CDCC can be treated analogously.
In the case of RSCC un+1,−

j1
is changed and un+1,+

j1
is not, and in the case of CDCC

both un+1,−
j1

and un+1,+
j1

are changed.
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Once the discontinuity positions are obtained, the critical cells on the new time
level can be determined as in the scalar case. However, in the system case in the
adjustment of cell-averages, the intermediate states should be used instead of the
extrapolated data. For example, if the critical cell is an LSCC and the discontinuity
position moves to the left at tn+1, then the un+1,+

j1−1 on the right side of (2.14) should
be replaced by u∗l . The other cases can be treated analogously. Thus, a step of
computation is completed.

As one can see, in critical cells the waves associated with the characteristic fields
other than those of the tracked discontinuity are often very weak. For example, in
an LSCC u∗l , u

∗
r , and u

n+1,+
j1

are often quite close to each other. In this case, the
coefficient matrix of (2.16) will become ill-conditioned and particular care should be
taken in solving it. We set (ξn+1

l − xj1−1/2)/h, (ξ
n+1
m − xj1−1/2)/h, and (ξn+1

r −
xj1−1/2)/h as the unknowns in the system; thus, the coefficients of (ξ

n+1
l −xj1−1/2)/h

will be dominant in the coefficient matrix when the other waves are weak.
We use the Gauss elimination to solve (2.16) and choose a critical number ε.

When the pivot in the kth step is found to be smaller than εA1,1, where A1,1 is the
pivot in the first step, we stop the elimination and set the unknowns corresponding to
the remaining part to be zero. In doing so, (2.16) is sometimes not exactly satisfied
and the solved ξn+1

m and ξn+1
r are not reliable. However, the solved ξn+1

l is still reliable
because the coefficients of (ξn+1

l −xj1−1/2)/h are still of O(1). Therefore, in any case

we adjust un+1,+
j1

according to the second part of (2.18), which uses only ξn+1
l . In the

numerical examples in [25], ε is chosen to be 10−4.
Techniques that deal with interactions of discontinuities are also developed on the

observation of conservation, and they resolve the numerical solution in the vicinity of
the interaction points on subcell scale; see [25].

3. The tracking method for scalar conservation law in two space di-
mensions. From now on we develop our tracking method for conservation laws in
two space dimensions

(3.1) ut + f(u)x + g(u)y = 0,

where u(x, y, t) is either a scalar or a vector function of x, y, and t, and f(u) and
g(u) are either scalar or vector functions of u. We first begin in this section with the
scalar case, in which all u, f , and g are scalars.

We are going to develop the tracking method in semidiscretization, considering
that this will be easier than the development direct in full-discretization. To this end,
we partition the (x, y)-plane by setting

(3.2) xi+1/2 = (i+ 1/2)h, yj+1/2 = (j + 1/2)h (i, j ∈ Z)

and denote the grid cell centered at (ih, jh) by ∆i,j , where h is the space increment.
It will also be useful to define xi and yj by

(3.3) xi = ih, yj = jh (i, j ∈ Z).

Integrating (3.1) over ∆i,j for fixed t and dividing it by h
2 gives the semidiscrete form

of (3.1),

(3.4)
dui,j
dt

= − 1
h
(f̂i+1/2,j − f̂i−1/2,j)− 1

h
(ĝi,j+1/2 − ĝi,j−1/2),
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where ui,j(t) is a cell-average approximation to the solution at t and f̂i+1/2,j(t) and
ĝi,j+1/2(t) are flux average approximations to f(u) and g(u) on the vertical and hori-
zontal cell boundaries at the time, respectively; see section 17 in [23]. We still assume
that the scheme is of Godunov-type, which means that piecewise polynomial functions
are reconstructed out of cell-averages in x and y directions and the numerical fluxes
are evaluated by solving Riemann problems at cell boundaries. In order to avoid using
data on diagonal directions, we assume the numerical fluxes to be of the forms

(3.5) f̂i+1/2,j(t) = f̂(ui−k+1,j(t), . . . , ui+k,j(t))

and

(3.6) ĝi,j+1/2(t) = ĝ(ui,j−k+1(t), . . . , ui,j+k(t)).

We assume that the solution involves a discontinuity across a smooth surface in
the (x, y, t)-space, on the two sides of which the solution is smooth. It is seen that
at any fixed time t the discontinuity is represented by a smooth curve in the (x, y)-
plane, which we denote by C(t). We define the two sides of C(t) to be the negative
and positive sides and mark the quantities associated with the two sides by “−” and
“+,” respectively (the negative side may not lie on the left of the positive one).

In the two-dimensional case the critical cells are defined to be the grid cells that
are cut through by C(t), and the discontinuity positions are defined to be the inter-
section points of C(t) with grid lines (see Figure 3). The discontinuity positions are
classified into two kinds: the ones on horizontal grid lines, denoted by ξni1,j1−1/2, are
called x-positions and the ones on vertical grid lines, denoted by ηni1+1/2,j1

, are called
y-positions, where ∆i1,j1 is a critical cell. Every critical cell has two discontinuity
positions on its boundaries, which it shares with its adjacent critical cells (see Fig-
ure 3). The critical cells are classified into three types according to the ways C(t)
cuts through them. The critical cells with two x-positions or two y-positions are of
xx-type or yy-type, respectively, while the ones with an x-position and a y-position
are of xy-type.

The numerical solution in a critical cell ∆i1,j1 , as in the one-dimensional case,
consists of three data, ui1,j1(t), the ordinary cell-average, and u−i1,j1(t) and u

+
i1,j1

(t),
the cell-averages computed using information only from the negative and positive
sides. The discontinuity curve C(t) will be recovered out of these cell-averages.

As in the one-dimensional case, the evolution of cell-averages in cells distant
from the discontinuity is governed by (3.4), which is a system of ordinary differential
equations (ODEs). The evolution of cell-averages in cells near the discontinuity and
the evolution of positive and negative cell-averages in critical cells involve information
only from the same sides. This can be done by employing extrapolated data of the
cell-averages on the two sides of the discontinuity. For example, in the yy-type critical
cell ∆i2,j2 with two y-positions, ηi2−1/2,j2 and ηi2+1/2,j2 (see Figure 3), the negative

cell-average u−i2,j2(t) satisfies

(3.7)
du−i2,j2
dt

= − 1
h
(f̂−i2+1/2,j2

− f̂−i2−1/2,j2
)− 1

h
(ĝ−i2,j2+1/2 − ĝ−i2,j2−1/2),

where f− and g− are numerical fluxes evaluated using extrapolated data from the
negative side. In the evaluation, the x-fluxes use only extrapolated data in x direction
while the y-fluxes use only extrapolated data in y direction. This is possible because
the numerical fluxes are defined to be of the form (3.5) and (3.6). Analogously, the
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Fig. 3. The discontinuity curve C(t) cuts through the grid and divides the solution region into
two parts. The negative and positive sides are indicated as in the figure. ξi1,j1−1/2 is an x-position
and etai1+1/2,j1 is a y-position. δi1,j1 is an xy-type critical cell, δi2,j2 is a yy-type critical cell,
and δi3,j3 is an xx-type critical cell.

positive cell-average u+
i2,j2

(t) satisfies a system of equations involving information only
from the positive side.

The ordinary cell-average in critical cells are computed as follows: In the yy-type
critical cell ∆i2,j2 , ui2,j2(t) satisfies

(3.8)
dui2,j2
dt

= − 1
h
(f̃i2+1/2,j2 − f̃i2−1/2,j2)−

1

h
(ĝ+i2,j2+1/2 − ĝ−i2,j2−1/2),

where, according to the picture of the solution,

(3.9)

f̃i+1/2,j2(t) �
1

h

(∫ ηi+1/2,j2

yj2−1/2

f(u−(xi+1/2, y, t))dy +

∫ yj2+1/2

ηi+1/2,j2

f(u+(xi+1/2, y, t))dy

)

i = i2 − 1, i2.

Noticing that f̂ ’s are flux averages approximations, one can evaluate the two integrals
in (3.9) by “reconstruction via primitive function” described in [15] on given flux

averages f̂ ’s, f̂−’s, and f̂+’s and the two discontinuity positions up to any specified
order of accuracy. The computation in an xx-type critical cell can be carried out
analogously in a symmetric way.
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However, the computation is not carried out directly in an xy-type critical cell.
Adjacent xy-type critical cells should first be organized to form either an xx-type
or a yy-type rectangle of two cells, called rectangle for computation (RC). Then the
computation in it is carried out as described above. For example, the critical cell
∆i1,j1 and ∆i1,j1−1 can be organized to form an RC of yy-type with two disconti-
nuity positions ηi1−1/2,j1−1 and ηi1+1/2,j1 . We define the cell-average of the RC to
be

(3.10) vi1,j1−1/2(t) = ui1,j1(t) + ui1,j1−1(t).

Then vi1,j1−1/2(t) satisfies

(3.11)

dvi1,j1−1/2

dt
= −λ(f̃i1+1/2,j1 + f̂

−
i1+1/2,j1−1 − f̂+

i1−1/2,j1
− f̃i1−1/2,j1−1)

−λ(ĝ+i1,j1+1/2 − ĝ−i1,j1−3/2).

Thus, before carrying out the computation in critical cells, we should first organize
them in RCs of either xx-type or yy-type. They consist of only one grid cell when the
organized critical cells are of xx-type or yy-type and consist of two grid cells when
the organized critical cells are of xy-type. By organizing the critical cells in this way
the small-cell problem will be avoided and the algorithm will be in a dimension-by-
dimension fashion, which will be seen in the following discussion.

Now we obtain a system of ODEs that governs the evolution of the numerical
solution. However, it is not closed because it involves discontinuity positions in critical
cells. To close it, one needs to represent the discontinuity positions by cell-averages; in
other words, one needs to recover the discontinuity positions out of the cell-averages.

To describe the recovery procedure, we begin with a special case illustrated in
Figure 4(a), in which the discontinuity curve C(t) crosses over a sequence of yy-type
RCs of one cell centered at (xi, yj1) for i1 − r ≤ i ≤ i1 + r; the negative and positive
sides are as indicated in the figure. We are going to recover the curve segment in the
cell ∆i1,j1 . It is seen that C(t) can be described by a function y = y(x) (we ignore
the dependence of y on t since the time is fixed). We say that this discontinuity curve
is of y-type, and our task is to determine the function y(x).

First, we reconstruct u−(x, y, t) and u+(x, y, t), the solution on the two sides of
the discontinuity, by using reconstruction procedure of the underlying scheme in the
y direction. The reconstruction of u−(x, y, t) uses extrapolated data in the y direction
from the negative side while the reconstruction of u+(x, y, t) uses extrapolated data
in the y direction from the positive side.

Now we define a function F (x) as

(3.12) F (x) =

∫ x

xi1−r−1/2

ds

(∫ y(s)

yj1−1/2

u−(s, y, t)dy +
∫ yj1+1/2

y(s)

u+(s, y, t)dy

)
.

On the observation of conservation and from the definition of cell-average we have

(3.13)
h2ui,j1(t) =

∫ xi+1/2

xi−1/2

ds

(∫ y(s)

yj1−1/2

u−(s, y, t)dy +
∫ yj1+1/2

y(s)

u+(s, y, t)dy

)

= F (xi+1/2)− F (xi−1/2).
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Fig. 4. (a) The discontinuity curve C(t) crosses over a sequence of yy-type RCDs of one cell.
(b) The discontinuity curve C(t) crosses over a sequence of yy-type RCDs of either one or two cells.
In the two pictures, δi1,j1 is the yy-type critical cell in which the discontinuity is to be recovered.

From (3.13) we can easily compute the point values {F (xi+1/2)} by summation:

(3.14) F (xi+1/2) = h
2

i∑
l=i1−r

ui,j1(t).

Let Hr+1(x;F ) be an (r+1)th-order interpolation of F at the points {xi+1/2}, where
r is the order of the underlying scheme. That is,

(3.15a) Hr(xi+1/2;F ) = F (xi+1/2),

(3.15b)
dm

dxm
Hr+1(x;F ) =

dm

dxm
F (x) +O(hr+1−m), 0 ≤ m ≤ r.

In particular, for m = 1 we have

(3.16)

H ′
r+1(x;F ) = F

′(x) +O(hr)

=

∫ y(x)

yj1−1/2

u−(x, y, t)dy +
∫ yi1+1/2

y(x)

u+(x, y, t)dy +O(hr).

Then the segment of the discontinuity curve in the critical cell can be recovered by
solving for y(s) form (3.16). In particular, when u− and u+ are piecewise constant
and the interpolation Hr+1(x;F ) is piecewise linear, the recovered curve in the critical
cell ∆i1,j1 is a segment of line

(3.17) y(x) = ξ = yj1−1/2 + h
ui1,j1(t)− u+

i1,j1
(t)

u−i1,j1(t)− u+
i1,j1

(t)
for xi1−1/2 ≤ x ≤ xi1+1/2.
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The discontinuity curve can also be recovered if it crosses over RCs of two cells,
only in this case more rows of cell-averages should be involved in defining F (x) (see
Figure 4(b))

Recovered in such a way, the curve is actually not continuous but piecewise
smooth. We should reorganize the curve segments to produce a continuous curve.
For example, we can define C(t) as follows: Assume that the curve segments recov-
ered in the critical cells ∆i1,j1 and ∆i1+1,j1 are yi1(x) and yi1+1(x). Then the segment
of the discontinuity curve in [xi1 , xi1+1] is defined as

(3.18) y(x) =
x− xi1
h

yi1+1(x) +
xi1+1 − x

h
yi1(x).

In doing so, the discontinuity position ηi1+1/2,j1 is defined just as the mean value of
the two recovered positions at xi1+1/2.

A discontinuity curve of x-type can be defined and recovered analogously. Con-
ceptually speaking, a general smooth discontinuity curve can always be covered by
several subcurves that are either of x-type or of y-type, and each of them can be
recovered as above. At the overlapped part of two adjacent subcurves the recovered
curve segment can be taken as a mean weighted in some way of the two segments
recovered in the two subcurves. However, in this paper we consider only discontinuity
curves of either x-type or y-type and leave the issue of general curve to a future study.

It is seen that the recovery procedure is close in spirit to the “reconstruction via
primitive function” for essentially nonoscillatory (ENO) schemes described in [15]. It
uses several cell-averages in the vicinity to recover the segment of discontinuity. As
is well known, the “reconstruction via primitive function” has degrees of freedom of
selecting the stencil for the interpolation. For Godunov-type schemes, various stencil
selections are designed to eliminate spurious oscillations and to retain the smooth-
ness of the numerical solutions, among which the ENO stencil selections distinguish
themselves by their moving feature that always obtains information from regions of
smoothness when discontinuities are present; see [16], [17]. We see that the stencil
selections of Godunov-type schemes, in particular the ENO stencil selections, can also
be applied to the interpolation in this recovery procedure to stabilize the computation.

Now we close the system of ODEs that governs the evolution of the numerical so-
lution by substituting the recovered discontinuity positions into it. Thus, the tracking
method in semidiscrete form is completed and its spatial accuracy is of high order.
To obtain a full-discretization of the method that is of high order in time as well
as in space, we can discretize the system by the Runge–Kutta method. As one can
see, the right side of the system of ODEs, which involves the recovery procedure, is
not so explicit; therefore, the direct full-discretization of the tracking method will be
complicated.

Finally, we need to determine the critical cells at the new time according to the
picture of the discontinuity curve at the time. In doing this, the conservation should
be preserved. Two typical cases illustrated in Figure 5 are discussed in the following,
and the other cases can be treated analogously.

If C(tn+1) is as shown in Figure 5(a), then ∆i1,j1 is a critical cell at tn+1. If
∆i1,j1 is also the critical cell at tn, then the numerical solution has nothing to change.
Otherwise, if ∆i1,j1−1 is the critical cell at tn, then in ∆i1,j1−1, u

n+1
i1,j1−1 is defined

to be the computed un+1,−
i1,j1−1, and in ∆i1,j1 , u

n+1,+
i1,j1

is defined to be the computed

un+1
i1,j1

, un+1,−
i1,j1

is defined to be the extrapolated data of the cell-averages from the

negative side in the y direction, and the ordinary cell-average un+1
i1,j1

is computed by
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Fig. 5. (a) Discontinuity curve C(tn+1) crosses one grid cell in y direction. (b) C(tn+1)
crosses two cells in y direction.

the requirement that the sum of the cell-averages in the two grid cells be conserved.
If C(tn+1) is as shown in Figure 5(b), then both ∆i1,j1 and ∆i1,j1+1 are critical

cells at tn+1. The negative and positive cell-averages can still be computed according
to the locations of the critical cells at tn. According to the picture, it seems that the
ordinary cell-averages in the two cells can be computed as

(3.19) Q1 =
1

h2

(∫ ∫
∆i1,j1

\A
un,−(x, y, tn+1)dxdy +

∫ ∫
A

un,+(x, y, tn+1)dxdy

)

and

(3.20) Q2 =
1

h2

(∫ ∫
B

un,−(x, y, tn+1)dxdy +

∫ ∫
∆i1,j1+1\B

un,+(x, y, tn+1)dxdy

)
,

where A and B are the curved triangles formed by C(tn+1) and the cell-boundaries.
However, taking Q1 and Q2 as the new cell-averages may not maintain the conserva-
tion. To maintain the conservation we take

(3.21) un+1
i1,j1

=
1

2
(vn+1
i1,j1+1/2 +Q1 −Q2)

and

(3.22) un+1
i1,j1+1 =

1

2
(vn+1
i1,j1+1/2 +Q2 −Q1),

where vn+1
i1,j1+1/2 is the sum of the two cell-averages. In doing so, the adjustment will

not favor any one of the new critical cells. Thus, we complete a step of computation.
Now we are going to give some interesting observations on the tracking method

to end this section. To this end, we assume the discontinuity curve still to be of y-
type as shown in Figure 4(a). We see that the recovered discontinuity positions in the
critical cell ∆i1,j1 depend on the cell-averages from ūi1−r−1,j1(t) through ūi1+r+1,j1(t);
therefore, we have from (3.8) that ūi1,j1 satisfies

(3.23)
dūi1,j1
dt

= − 1
h
(Fi1+1/2,j1 −Fi1−1/2,j1) + Gi1,j1 ,
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where

(3.24) Fi1+1/2,j1 = F(ūi1−r,j1 , . . . , ūi1+r+1,j1)

is a function depending on cell-averages from ūi1−r,j1(t) through ūi1+r+1,j1(t) and

(3.25) Gi1,j1 = −
1

h
(g+i1,j1+1/2 − g−i1,j1−1/2)

is a known term. Equation (3.23) is a conservative scheme that describes the evolution
of the cell-average in the critical cell. The first question is, To what differential
equation does (3.23) approximate? For this regard, we fix the x-space increment and
shrink the y-space increment to zero (in doing so we have assumed the grid to be
rectangular) and obtain

(3.26)

∂

∫ yj1+1/2

yj1−1/2

u(x, y, t)dy

∂t
+

∂

∫ yj1+1/2

yj1−1/2

f(u(x, y, t))dy

∂x
+G(x, yj1 , t) = 0,

where

(3.27)∫ yj1+1/2

yj1−1/2

f(u(x, y, t))dy =

∫ y(x,t)

yj1−1/2

f(u−(x, y, t))dy +
∫ yj1+1/2

y(x,t)

f(u+(x, y, t))dy),

in which y(x, t) is the discontinuity position that is determined from
∫ yj1+1/2

yj1−1/2
u(x, y, t)dy

by

(3.28)

∫ yj1+1/2

yj1−1/2

u(x, y, t)dy =

∫ y(x,t)

yj1−1/2

u−(x, y, t)dy +
∫ yj1+1/2

y(x,t)

u+(x, y, t)dy

and

(3.29) G(x, yj1 , t) = g(u(x, yj1+1/2, t))− g(u(x, yj1−1/2, t)).

In derivation of (3.26) we have used

(3.30) F(u, . . . , u) =
∫ yj1+1/2

yj1−1/2

f(u(x, y, t))dy,

which is obvious in the discussion. Equation (3.26) is a partial differential equation
(PDE) of conservation law with source term, which describes the evolution of the
quantity

∫ yj1+1/2

yj1−1/2
u(x, y, t, )dy.

The second question is, What is the relation between (3.26) and the Hugoniot
condition? For this regard, we substitute (3.27) and (3.28) into (3.26) and view
y(x, t) as the dependent variable in (3.26). Then by differentiation and noticing (3.1)
we obtain

(3.31) (u+ − u−)∂y
∂t

+ (f(u+)− f(u−))∂y
∂x
− (g(u+)− g(u−)) = 0,

which is only the Hugoniot condition of the two-dimensional conservation law in the
form with x and t being the independent variables; see [24].
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In all the other types of front tracking methods mentioned in this paper, the
tracked fronts are moved by the normal propagation speed computed from the solu-
tions to the Riemann problems. In doing so, the Hugoniot condition is treated as a
group of ODEs rather than as a PDE, from which many geometrical and topologi-
cal complexities follow. In those methods much of the algorithm has to be spent on
dealing with the reorganizing of the new fronts, untangling the tangled fronts, etc.
However, as can be seen in the above discussion, in our method the Hugoniot con-
dition is treated as a PDE rather than as a group of ODEs, and (3.23) shows that
the complexity of the algorithm is only of that of a one-dimensional front capturing
method, no reorganizing and untangling are needed.

4. The tracking method for the Euler system of gas dynamics in two
space dimensions. The Euler system of gas dynamics in two space dimensions is

(4.1a) ut + f(u)x + g(u)y = 0,

(4.1b) u = (ρ,mx,my, E)T ,

(4.1c) f(u) = qxu+ (0, p, 0, qxp)T ,

(4.1d) g(u) = qyu+ (0, 0, p, qyp)T ,

(4.1e) p = (γ − 1)

(
E − 1

2
ρq2
)
, q2 = (qx)2 + (qy)2,

where ρ, qx, qy, p, and E are the density, x-component, and y-component of velocity,
pressure, and total energy, respectively, mx = ρqx is the x-component of momentum,
my = ρqy is the y-component of momentum, and γ is the ratio of specific heats.

The one-dimensional Riemann problem for the two-dimensional Euler system is
an initial value problem with the initial data consisting of two constant states u−

and u+ separated by a jump of a straight line. This problem can be solved in the
normal direction of the straight line by neglecting the velocity parallel to the jump.
Any difference in the parallel component is assumed to take place across the contact
surface. Thus, the solution has a similar structure as that in one space dimension. It
consists of four constant states, two centered waves, either shocks or rarefactions, and
a contact discontinuity consisting of a discontinuity of density and a discontinuity of
tangential velocity, a slip-line. The two intermediate states u∗,− and u∗,+ have the
same pressure and normal velocity but different densities and tangential velocities.
Here we shall introduce in addition to the four constant states one more intermediate
state u∗,t which has the velocity and pressure of u∗,− and the density of u∗,+. Defined
in this way, u∗,t is connected with u∗,− by a density discontinuity and is connected
with u∗,+ by a slip-line. The necessity of doing this will be seen in the following
discussion.

The tracking method to be presented in this section is first-order only. This will
be seen in the following discussion. The high-order tracking method is still under
investigation. As one has seen in section 2, the things that need to be revised in
the extension of the method in the system case because of the presence of different
characteristics are (1) the classification of critical cells and of discontinuity curves and
(2) the reconstruction of the numerical solution in critical cells.

We define the orientation of a discontinuity curve to be that of the normal to
the curve points from the negative side to the positive side. In an LSCC the one-
dimensional Riemann problem in the normal direction )n, R(u−i1,j1(t), u

+
i1,j1

(t), )n), has
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Fig. 6. The reconstruced solution in the critical cell δi1,j1 is constant in each rectangle, where
ξl, ξm,l, and ξr are the locations of the jumps.

a strong left shock, while in an RSCC and a CDCC it has a strong right shock and a
strong contact discontinuity, respectively. A discontinuity curve is said to be LS, RS,
or CD if all its critical cells are LSCC, RSCC, or CDCC, respectively.

We still consider the method in semidiscrete form and consider the special case
illustrated in Figure 4(a) for the reconstruction of solution. The cases containing
the RC of two cells can be treated also by involving more rows of cell-averages. We
consider that the solution to be reconstructed in the critical cell ∆i1,j1 is piecewise
constant. However, unlike the scalar case, in the system case it should involve all
the five states that come from the Riemann problem R(u−i1,j1(t), u

+
i1,j1

(t), )n). We also
consider that the jumps of the solution in the critical cell are segments of straight
lines parallel to the x axis; i.e., the solution has the form

(4.2) u(x, y, t) =




u−i1,j1 , yj1−1/2 < y ≤ ξl,
u∗,−, ξl < y ≤ ξm,l,
u∗,t, ξm,l < y ≤ ξm,r,
u∗,+, ξm,r < y ≤ ξr,
u+
i1,j1

, ξr < y ≤ yj1+1/2,

where ξ’s are the positions of the jumps as shown in Figure 6. We then follow the
idea described in section 3 to recover the discontinuity curve in ∆i1,j1 . Under the
above considerations, the discontinuity is recovered only by the cell-averages in this
cell, and we are led to the 4× 4 linear system

(4.3)

ξl − yj1−1/2

h
ui1,j1 +

ξm,l − ξl
h

u∗,− +
ξm,r − ξm,l

h
u∗,t

+
ξr−ξm,r

h u∗,+ +
yj1+1/2−ξr

h ui1,j1 = ui1,j1 ,

which comes from the requirement of conservation in the critical cell.
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We see that the contact discontinuity has two degrees of freedom. One can has
a contact discontinuity with only a density jump and one can have a contact discon-
tinuity with only a tangential velocity jump. These two degrees of freedom must be
separated in the reconstruction. Otherwise, if we still define only one discontinuity
position for the contact discontinuity, (4.3) will become a system of four equations
but with only three unknowns and, thus, will be overdetermined.

Once (4.3) is solved, the discontinuity curve in the critical cell can be recovered.
If the tracked discontinuity is an LS, the recovered discontinuity curve in the critical
cell is a segment of line

(4.4) y = ξl, xi1−1/2 < x ≤ xi1+1/2 .

The positive cell-average in the critical cell u+
i1,j1

should be adjusted as

(4.5)

u+
i1,j1

:=
ξm,l − yj1−1/2

h
u∗,− +

ξm,r − ξm,l
h

u∗,t +
ξr,−ξm,l

h
u∗,+ +

yj1+1/2 − ξr
h

u+
i1,j1

= ui1,j1 −
ξl − yj1−1/2

h
(u−i1,j1 − u∗,−).

Once the discontinuity curve is recovered in each critical cell, a continuous disconti-
nuity curve can be produced as in (3.18). An RS can be treated analogously.

When the discontinuity is a CD, there will be two computed positions ξm,l and
ξm,r for it. According to the structure of the solution to the Riemann problem,
ξm,l and ξm,r are supposed to be the same since the density discontinuity and the
slip-line coincide. However, in the numerical computation they are different due
to the truncation errors and round-off errors. The final discontinuity position of
the contact discontinuity can be taken as a weighted mean of ξm,l and ξm,r, and
the error of doing this is of the same order as the truncation error. The weight
can be taken, say, according to the strengths of the density jump and the slip-line.
However, in this paper we consider only shocks and leave the issue to our future
study.

As in the one-dimensional case, the coefficient matrix of (4.3) will often become
ill-conditioned because the waves associated with the other characteristics are often
quite weak. The particular care described in section 3 should also be taken in solving
(4.3) by the Gauss elimination. However, the situation in two space dimensions is a
bit more severe than that in one space dimension. We design the critical number ε as
follows: We select three numbers ε1< ε2< ε3 for the critical number. First we set ε
to be ε1 and then check the computed discontinuity positions. If any one of them is
found more than two cells away from the center of the critical cell, we set ε to be ε2
and then check the computed discontinuity positions again. If again any one of them
is found more than two cells away from the center of the critical cell, we set ε to be
ε3. In the numerical example of the regular reflection problem presented in section
7, the ε1, ε2, and ε3 are taken to be 10−3, 2.5 × 10−3, and 5 × 10−3. We found that
almost all the cases can be taken care of with ε1, only very few cases should be taken
care of with ε2 and ε3, and the bad cases occur only in the regions near to the foot of
the reflected shock and very occasionally.

Up to now the normal direction )n needed in defining the Riemann problem is
still unknown. The normal direction can only be computed from the discontinuity
positions. For example, the normal can be taken as the normal to the line connecting



FRONT TRACKING BASED ON CONSERVATION 133

the two discontinuity positions in the critical cell. Therefore, the above discussion does
not actually recover the discontinuity positions because the discontinuity positions
themselves are used in it. However, it produces an operator equation about the
discontinuity positions,

(4.6) (ξ, η) = P(ξ, η),

where P stands for the recovery procedure described above. In the full-discretization
of the tracking method we can use the discontinuity positions obtained at the previous
time step in the right side of (4.6). For example, when we use the predictor-corrector
method to discretize the time derivative, in the predictor step the discontinuity posi-
tions at tn are used to compute the normal, and in the corrector step the discontinuity
positions obtained in the predictor step are used to compute the normal. In doing so,
the first order of accuracy is maintained.

Finally, critical cells on the new time level are determined according to the picture
of the discontinuity curve on this level. Only in the system case should the left or
right intermediate states be used to define the positive and negative cell-averages in
the new critical cells when the discontinuity moves to new grid cells, as it was done
in the one-dimensional case. Thus, we complete a step of computation.

The tracking method presented here is only first-order. To obtain the high-order
tracking method, we should replace the piecewise constant reconstruction by a piece-
wise polynomial reconstruction to reconstruct the solution, replace the piecewise con-
stant recovery by a piecewise polynomial recovery to recover the discontinuity curve,
and find a feasible solver of the operator equation (4.6) which is high-order accurate.

5. Treatment of reflection wall boundary. The basic ideas of the tracking
method can be summarized as follows:

(1) On each side of a discontinuity the computation uses information only from
the same side.

(2) We reconstruct the solution and locate the discontinuity positions based on
conservation.

(3) We extend the solution on each side of the discontinuity properly to the other
side so that the solution is well defined on either side in critical cells (refer, for example,
to (2.18) and (4.5)).

These ideas can also be applied to treat a reflection wall (RW) boundary for the
Euler system of gas dynamics so that the computation in this part will be carried out
on a uniform Cartesian grid. The things that are different for an RW boundary are
as follows:

(1) The RW boundary is fixed in the flow; therefore, it needs not to be tracked,

(2) The Hugoniot conditions do not hold on the RW boundary; instead, the flow
flux is reflected on it.

We develop a treatment of RW boundaries in this section. As we will see in the
following discussion, the treatment is only first-order because it is developed under
the consideration that the numerical solution is piecewise constant.

Assume that there is a reflection wall and that it is represented by a fixed curve C
at all the times. The grid cells that are cut through by C are called the reflection wall
critical cells (RWCC). The discontinuity positions, geometrical types of the critical
cells, are defined as those for physical discontinuities. As one can see, discontinuity
positions of an RW boundary are fixed in the flow; therefore, the treatment of an RW
boundary can be developed in full-discrete form.
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Fig. 7. δi1,j1 is an xx-type RWCC with two discontinuity positions ξn
i1,j1+1/2

and ξn
i1,j1−1/2

.

Ai1,j1 , Ai1+1,j1 , Ai1+1,j1+1 are the intersections of the mirror image of δi1,j1\δ−i1,j1 with the grid

cell δi1,j1 , δi1+1,j1 , δi1+1,j1+1, and δi1,j1+1, respectively.

We describe only the treatment of xx-type RWCC; the other types of RWCC can
be treated analogously without any substantial difference. Assume that ∆i1,j1 is an
xx-type RWCC with two x-positions ξi1,j1−1/2 and ξi1,j1+1/2 as shown in Figure 7.
The wall boundary in ∆i1,j1 is denoted by B and is assumed to be a segment of
a line. For the RW boundary, there is only one side of the flow; the flow in the
other side does not exist. We define the side in the flow to be the negative side and
define un,−i1,j1 to be the cell-average at tn computed using information only from the

negative side. We also define ∆−
i1,j1

to be the part of the critical cell that lies on the
negative side and define un,pi1,j1 to be the partial cell-average that approximates the
quantity

(5.1)
1

h2

∫ ∫
∆−

i1,j1

u(x, y, tn)dxdy.

In ∆−
i1,j1

the exact solution of the Euler system satisfies

(5.2)
1

h2

∫ ∫
∆−

i1,j1

u(x, y, tn+1)dxdy

=
1

h2

∫ ∫
∆−

i1,j1

u(x, y, tn)dxdy − λfni1+1/2,j1
− λ(gn,pi1,j1+1/2 − gn,pi1,j1−1/2)− λFn,b,
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where

(5.3) fni1+1/2,j1
=

1

hτ

∫ tn+1

tn

∫ yj1+1/2

yj1−1/2

f(u(xi1+1/2, y, t))dydt,

(5.4) gn,pi1,j1∓1/2 =
1

hτ

∫ tn+1

tn

∫ xi1+1/2

ξi1,j1∓1/2

g(u(x, yj1∓1/2, t))dxdt,

and

(5.5) Fn,b = 1

hτ

∫ tn+1

tn

∫
B

(f(u), g(u)) · )ndsdt,

where )n is the outward normal vector of the wall boundary. Fn,b is, in fact, the
average of the flux reflected by the wall. A main ingredient in the treatment is the
evaluation of Fn,b.

Assume that the full-discrete scheme for (3.1) is

(5.6) un+1
i,j = uni,j − λ(f̂ni+1/2,j − f̂ni−1/2,j + ĝ

n
i,j+1/2 − ĝni,j−1/2),

where uni,j and u
n+1
i,j are the cell-average approximations at the two times, f̂ni+1/2,j and

ĝni,j+1/2 are the flux average approximations, and λ = τ/h is the mesh ratio. First

we compute a provisional value of un+1,−
i1,j1

by (5.6) using information only from the
negative side. Now we discretize (5.2) as follows:

(5.7) un+1,p
i1,j1

= un,pi1,j − λf̂ni1+1/2,j1
− λ(ĝn,pi1,j1+1/2 − ĝn,pi1,j1−1/2)− λF̂n,b,

where un,pi1,j1 and u
n+1,p
i1,j1

are the approximations to the partial cell-averages at the two
times, ĝn,pi1,j1+1/2 and ĝ

n,p
i1,j1−1/2 are the approximations to g

n,p
i1,j1+1/2 and g

n,p
i1,j1−1/2, and

F̂n,b is the approximation to Fn,b.
The flux averages gn,pi1,j1∓1/2 can be computed from the ĝni,j+1/2’s and the discon-

tinuity positions in the way as the two integrals in (3.9) are computed from f̂i+1/2,j ’s

and the discontinuity positions. F̂n,b is computed as follows: For a given normal
direction )n, we define an operator R�n such that R�n(u) is a state which has the same
density, pressure, and tangential velocity of u but opposite normal velocity of u. In
the RWCC ∆i1,j1 , we solve the Riemann problem R(un,−i1,j1 ,R�n(un,−i1,j1), )n) and obtain
the intermediate state un,∗ (this Riemann problem has only one intermediate state).
We do the same job for un+1,−

i1,j1
and obtain un+1,∗. Then F̂n,b is computed as

(5.8) F̂n,b = 0.5(f(un,∗) + f(un+1,∗), g(un,∗) + g(un+1,∗)) · )n |B|
h
,

where |B| is the length of the segment B.
Once un+1,p

i1,j1
is computed, un+1,−

i1,j1
should be recomputed. According to the defi-

nition,
(5.9)

un+1,−
i1,j1

� 1

h2

∫ ∫
∆i1,j1

un,−dxdy =
1

h2

∫ ∫
∆−

i1,j1

undxdy +

∫ ∫
∆i1,j1\∆−

i1,j1

un,−dxdy.

The first term on the left side of (5.9) is approximated by un+1,p
i1,j1

. The difficulty is the
evaluation of the second term since the solution on the positive side does not exist.
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The question is how to properly extend u in ∆i1,j1 \∆−
i1,j1

so that the waves reflected
by the wall will go into the flow.

It is well known that the reflection wall boundary conditions can be accomplished
by setting on the other side of the wall a state that has the same density, pressure,
and tangential velocity but opposite normal velocity. This means that on the wall
boundary we should solve the Riemann problem between the two states and the
solution u should be extended to the positive side as the intermediate state in the
Riemann problem. Under this consideration we compute un+1,−

i1,j1
as follows: We mirror

∆i1,j1 \∆−
i1,j1

at the wall and obtain its mirror image lying in the flow (see Figure 7,
the area indicated by dash lines). The mirror image intersects with the grid cells on
the negative side and we denote by Ai,j the intersection of the image with the cell ∆i,j

and by |Ai,j | the area of the intersection. In each cell that intersects with the mirror
image we solve the Riemann problem R(ũn+1

i,j ,R�n(ũn+1
i,j ), )n) to obtain an intermediate

state u∗i,j , where ũ
n+1
i,j is un+1

i,j if the cell is ordinary and is the provisional value of

un+1,−
i,j if the cell is an RWCC. Then un+1,−

i1,j1
is evaluated as

(5.10) un+1,−
i1,j1

= un+1,p
i1,j1

+
1

h2

∑
i,j

|Ai,j |u∗i,j .

Thus, the treatment of the RWCC is completed.
Here we would like to mention the work of [22], [6], and [7], in which treatments

of RW boundaries are also studied. The idea of the mirror image and its intersec-
tions with the grid cells actually comes from those papers. However, the boundary
treatment presented here is different from theirs in essence.

6. Treatments of three special cases of discontinuity interactions. As
was discussed in the introduction, there are difficulties for the traditional front track-
ing methods in dealing with complex fronts. One typical case of complex fronts
is the discontinuity interactions. The treatment of discontinuity interactions of the
traditional front tracking methods relies heavily on the knowledge of the exact solu-
tions to two dimensional Riemann problems; see [11] and the references cited therein.
However, the solutions to two-dimensional Riemann problems are much more com-
plicated than those for one-dimensional problems; see [8]. This situation makes the
two-dimensional traditional front tracking methods very expansive and it is impossi-
ble to build general algorithms for them. The solutions to two-dimensional Riemann
problems have too many possible cases and it is not realistic to build an algorithm
that covers all of them.

The problem seems to have a solution in our conservative front tracking method.
As was discussed in the introduction, the method works by enforcing the conservation
properties of the PDE; thus, it relaxes the requirement that the discontinuity positions
be accurately computed in every time step. This relaxation allows us to not solve the
two dimensional Riemann problems in treating the two dimensional discontinuity
interactions.

In this section, as a beginning of the study, we present the treatments of three
special cases of discontinuity interactions on the observation of conservation without
solving two-dimensional Riemann problems. These cases will occur in the numerical
examples in the following section. The idea of the treatments applies to more com-
plex cases. The development of a systematic treatment of discontinuity interactions
will be discussed in our future papers. The treatments are presented in full-discrete
form.
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Fig. 8. Incoming discontinuites L12 and L13 meet at O and produce an outgoing discontinuity
L23. The three discontinuities divide the whole region into three parts marked by 1, 2, and 3,
respectively. The cell δi1,j1 , which contains O, is the node cell. ξn

i1,j1+1/2
, ηn

i1+1/2,j1
, and ηn

i1−1/2,j1
are the three discontinuity positions of the node cell. The imaginary y-postion η̃n

i1+1/2,j1
that belongs

to L12 is the intersection point of the extension of L12 and the grid x = xi1+1/2.

(1) Triple point in scalar conservation law.
We are concerned with the scalar conservation law and are using (5.6) as the

underlying scheme. Assume that there is a horizontal discontinuity L12 moving to
the above and a vertical discontinuity L13 moving to the left. They meet at point O
and produce the third discontinuity L23, which is of either x-type or y-type. The xy
plane is then divided into three regions in which the numerical solution is denoted
by un,1, un,2, and un,3, respectively (see Figure 8). It is seen that L12 and L13 are
the incoming discontinuities, L23 is the outgoing discontinuity, and O is the triple
point.

We call the grid cell containing O the node cell. In the node cell the numerical
solution has four cell-averages, uni1,j1 , the ordinary cell-average, and u

n,1
i1,j1

, un,2i1,j1
, and

un,3i1,j1
, the cell-averages computed using information only from regions 1, 2, and 3,

respectively, where (xi1 , yj1) is the center of the node cell. The node cell has three
discontinuity positions, ηni1−1/2,j1

, belonging to L12, ξ
n
i1,j1+1/2, belonging to L13, and

either ξni1,j1−1/2 or η
n
i1+1/2,j1

, belonging to L23 (see also Figure 8).
We define three critical cells overlapping in the node cell, each of which belongs

to one of the discontinuities. For each critical cell, one of the discontinuity positions
is one of the discontinuity positions of the node cell, and the other one is obtained
by the smooth extension of the corresponding discontinuity to the cell boundary. For
example, for the critical cell belonging to L12, one of its discontinuity positions is
ηni1−1/2,j1

, and for the other one, η̃ni1+1/2,j1
is the intersection point of the extension

of L12 and the vertical grid line x = xi1+1/2 (see also Figure 8). Once the imaginary
discontinuity position is obtained, the “ordinary” cell-averages on each critical cell can
be computed according to the picture of the discontinuity. Of course, this “ordinary”
cell-average has only imaginary meaning.
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Fig. 9. (a) O is still in the cell δi1,j1 . (b) O moves into the cell δi1−1,j1+1.

The computation in all ordinary and critical cells, including the imaginary critical
cells in the node cell, is implemented as described in the previous sections. In doing so,
we also compute the numerical fluxes f̃ni+1/2,j ’s and g̃

n
i,j+1/2’s defined as in (3.9). On

the cell boundaries of the node cell we have three sets of numerical fluxes corresponding
to the three overlapping critical cells, which are denoted by f̃n,12 and g̃n,12, f̃n,13 and
g̃n,13, and f̃n,23 and g̃n,23, respectively.

To determine the node cell, we first locate the triple point O at tn+1, which is
the intersection point of the two incoming discontinuities L12 and L13. Under the
conventional restriction of the CFL number there can be only three possible cases:
(1) O is still in ∆i1,j1 , (2) O is in either ∆i1−1,j1 or ∆i1.j1+1, and (3) O is in ∆i1−1,j1+1

(see Figure 9). In the following we are going to discuss the three cases one-by-one.
1. O is still in ∆i1,j1 . In this case un+1

i1,j1
is computed from uni1,j1 using numerical

fluxes chosen according to the picture of the discontinuities in the node cell. For
example, in the case illustrated in Figure 9(a), L23 is a y-type discontinuity curve,

(6.1) un+1
i1,j1

= uni1,j1 − λ(f̃n,23i1+1/2,j1
− f̃n,12i1−1/2,j1

)− λ(g̃n,13i1,j1+1/2 − g̃n,2i1,j1−1/2).

In (6.1) g̃n,2i1,j1−1/2 is a numerical flux using information only from region 2, which is

also g̃n,23i1,j1−1/2 or g̃n,12i1,j1−1/2 according to the definition of the three sets of numerical

fluxes. ∆i1,j1 is still the node cell on the new time level.
2. O is in ∆i1−1,j1 . In this case we combine the cells ∆i1,j1 and ∆i1−1,j1 and

compute un+1
i1,j1

+ un+1
i1−1,j1

from uni1,j1 + u
n
i1−1,j1

by choosing numerical fluxes on the
boundary of the union of the two grid cells according to the picture of the discontinu-
ities, as we compute un+1

i1,j1
in the previous case. Then we evaluate un+1

i1−1,j1
according
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to the picture of the solution in the grid cell. For example, in the case illustrated in
Figure 9(b),

(6.2)

un+1
i1−1,j1

=
1

h2

(∫ ∫
A1

u1(x, y, tn+1)dxdy +

∫ ∫
A2

u2(x, y, tn+1)dxdy

+

∫ ∫
A3

u3(x, y, tn+1)dxdy

)
,

where u1, u2, and u3 are the solutions reconstructed in the three regions using infor-
mation only from the same regions and A1, A2, and A3 are the three areas indicated in
Figure 9(b). Once un+1

i1−1,j1
is computed un+1

i1,j1
can be computed by subtracting un+1

i1−1,j1

from un+1
i1−1,j1

+ un+1
i1,j1

. ∆i1−1,j1 is the node cell on the new time level. Discontinuity
L12 loses a critical cell and L23 obtains a critical. The case that O is in ∆i1,j1+1 can
be treated likewise.

3. O is in ∆i1−1,j1+1. In this case we combine the four grid cells, ∆i1,j1 , ∆i1−1,j1 ,
∆i1,j1+1, and ∆i1−1,j1+1, and compute the sum of the cell-averages on them using
the properly chosen numerical fluxes on the boundary of the union of the four grid
cells. Then we evaluate un+1

i1−1,j1+1, u
n+1
i1−1,j1

, and un+1
i1,j1+1 according to the picture of

the solution in the corresponding grid cells in the same way as un+1
i1−1,j1

is evaluated

in (6.2) in case 2. Once they are computed, un+1
i1,j1

can be computed by subtracting
them from the sum of the four cell-averages. ∆i1−1,j1+1 is the node cell on the new
time level. Both L12 and L13 lose a critical cell and L23 obtain two critical cells.

In cases 2 and 3 we evaluate un+1
i1,j1

after the evaluation of cell-averages on the
other cells, under the consideration that the discontinuity L23 is produced by the
interaction of L12 and L13.

(2) Reflection point of regular shock reflection.
We are concerned with the Euler system of gas dynamics in two space dimensions

(4.1). A shock travels down a reflection wall to the right with a sufficiently large angle
and forms a regularly reflected shock behind it as shown in Figure 10. The dashed
lines represent the incident and reflection shocks at tn and the solid lines represent
them at tn+1. The incident and reflection shocks divide the region of solution into
three regions denoted by 1, 2, and 3 as shown in the figure.

The wall is taken to be the bottom of the region of solution and a Cartesian
grid is set as shown in the figure, on which the wall is set on the line y = −0.5h
with h the space increment. We denote by O′ and O the reflection points at tn and
tn+1 and again call the grid cells containing the reflection points the node cells. In
the node cell at tn the numerical solution has four cell-averages, uni1,0, the ordinary

cell-average, and un,1i1,0
, un,2i1,0

, and un,3i1,0
, the cell-averages computed using information

only from region 1, 2 and 3, respectively, where (xi1 , 0) is the center of the node cell.
The node cell has three discontinuity positions: ηni1+1/2,0, belonging to the incident
shock; ηni1−1/2,0, belonging to the reflected shock; and ξni1,−1/2, the x-coordinate of
the reflection point.

As in the previous case, we define two critical cells overlapping in the node cell,
each of which belongs to either the incident or reflected shock. For each critical cell,
one of the discontinuity positions is one of the discontinuity positions of the node cell,
and the other one is obtained by the smooth extension of the corresponding shock
to the cell boundary. For example, for the critical cell belonging to the reflected
shock, one of its discontinuity positions is ηni1−1/2,0, and the other one, η̃ni1+1/2,0, is
the intersection point of the extension of the reflected shock and the vertical grid line



140 MAO DE-KANG

Fig. 10. (a) The reflection point at tn is still in δi1,j1 . (b) The reflection point at tn +1 moves
to the right adjacent cell.

x = xi1+1/2. As one sees, the imaginary discontinuity position is out of the region
of solution. One way to solve this problem is to extend the solution across the wall
to define one more critical cell and then define an RC of two cells (see section 3).
However, in this paper we consider the RC is still of one cell by viewing part of its
interior pulled out by the moving out of one of its discontinuity positions. Once the
imaginary discontinuity position is obtained, the imaginary ordinary cell-average on
each critical cell can then be computed on the above observation. For example, the
imaginary ordinary cell-average in the RC of the reflected shock at tn can be computed
as

1

h2

{(
0.5h− 1

2
(ηni1−1/2,0 + η̃

n
i1+1/2)

)
un,2i1,0

+

(
1

2
(ηni1−1/2,0 + η̃

n
i1+1/2)− 0.5h

)
un,3i1,0

}
.

Again as in the previous case, the computation in all ordinary and critical cells,
including the imaginary critical cells in the node cell, is implemented as described in
the previous sections. The reflection point is determined as the intersection point of
the incident shock and the wall. There will be two possible cases for the node cell at
tn+1.

1. The reflection point O at tn+1 is still in ∆i1,0 as shown in Figure 10(a). In this
case, the cell is still the node cell, and the ordinary cell-average is computed by the
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properly chosen numerical fluxes on the boundary of the cell according to the picture
of the discontinuities. In particular, the flux on the bottom boundary is evaluated as

(6.3)

g̃ni1,−1/2 =

1
2 (ξ

n
i1,−1/2 + ξ

n+1
i1,−1/2)− xi1−1/2

h
ĝn,3i1,−1/2

+
xi1+1/2 − 1

2 (ξ
n
i1,−1/2 + ξ

n+1
i1,−1/2)

h
ĝn,1i1,−1/2.

2. The reflection point O moves to ∆i1+1,0 as shown in Figure 10(b). In this case
∆i1+1,0 is the critical cell at tn+1, and the sum of the ordinary cell-averages on the
two cells is computed by the properly chosen numerical fluxes on the boundary of the
union of the two cells. In this case the fluxes on the bottom boundary are evaluated
as
(6.4)
g̃ni1,−1/2 + g̃

n
i1+1,−1/2

=

1
2 (ξ

n
i1,−1/2 + ξ

n+1
i1,−1/2)− xi1−1/2

h
ĝn,3i1,−1/2 +

xi1+3/2 − 1
2 (ξ

n
i1,−1/2 + ξ

n+1
i1,−1/2)

h
ĝn,1i1+1,−1/2.

The cell-averages in each region in the two cells should be updated according to the
picture of the discontinuities. In particular, un+1,3

i1+1,0 in the new node cell is computed as
follows: Extrapolate the numerical solution in region 3 on the y direction and denote
the extrapolated data in this cell by v. Solve the Riemann problem R(v, un+1,2

i1+1,0, )n)

and obtain the intermediate state u∗,+, where )n is the normal of the reflected shock
as shown in the figure, which can be evaluated from the corresponding discontinuity
positions. We then define the first, second, and fourth components of un+1,3

i1+1,0 to

be that of u∗,+ and the third component to be 0, considering that the flow on the
reflection wall has zero vertical velocity. The ordinary cell-average in the new node
cell is computed according to the picture of the discontinuities, and the cell-average
in ∆i1,0 is computed by the requirement that the sum of the cell-averages in the two
cells be conserved.

(3) Foot point of vertical shock on reflection wall.
A vertical shock travels up on a reflection wall as shown in Figure 11. The shock

divides the region of solution into two regions denoted by 1 and 2. We also denote
the imaginary region on the other side of the wall by 3. We denote the foot point of
the shock on the wall by O.

A Cartesian grid is set such that the reflection wall crosses the grid obliquely.
Again, we call the grid cell that contains the foot point O the node cell. We assume
that the node cell is at (xi1 , yj1) as shown in the figure. The ideas used in the previous
two cases can still be used in the present case, only we shall deal with partial cell-
averages because of the presence of the wall.

First we extend the tracked shock vertically across the wall to the imaginary
region and denote the intersection point of the extension and the vertical grid line
x = xi1−1/2 by η̃ni1−1/2,j1

. We then define a yy-type critical cell in the cell with
ηni1+1/2,j1

and η̃ni1−1/2,j1
as the two discontinuity positions and with regions 1 and 2

as the two sides. The ordinary cell-average in this critical cell then can be computed
according to the picture of the shock. Of course, this ordinary cell-average has only
imaginary meaning.

The computation in all ordinary and critical cells, including the imaginary critical
cell, is implemented as described in the previous sections. The foot point at the new
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Fig. 11. The foot point of the vertical shock on the reflection wall is O. ηn
i1+1/2,j1

is the

discontinuity position of the tracked shock and η̃n
i1−1/2,j1

is the imaginary discontinuity position of

the tracked on the other side of the wall.

time is determined as the intersection point of the vertical shock and the wall, which
can be computed from the corresponding discontinuity positions. The node cell at
the new time is then determined after the foot point is determined.

In the present case partial cell-averages on the node cell should be dealt with
instead of the ordinary cell-averages because the node cell is an reflection wall cell.
For example, if the foot point is still in ∆i1,j1 at tn+1, we compute the partial cell-

average un+1,p
i1,j1

which is the approximation to partial cell-average of the exact solution

(6.5)
1

h2

∫ ∫
∆1,2

i1,j1

u(x, y, tn+1)dxdy,

where ∆1,2
i1,j1

is the part of the grid cell that lies in regions 1 and 2. This cell-average
can also be computed by the properly chosen numerical fluxes on the boundary of the
cell according to the picture of the shock and the wall boundary. We then reconstruct
a piecewise constant function on the part of the cell lying in regions 1 and 2 as in
(4.2) and (4.3) with u−i1,j1 , u

+
i1,j1

, and ui1,j1 replaced by un+1,1
i1,j1

, un+1,2
i1,j1

, and un+1,p
i1,j1

,
respectively. We see that the ξ’s now still have the geometric meaning that, e.g.,
ξm,l − ξl represents the area in which the function is valued as u∗,−. We then update
the partial cell-averages in region 1 or region 2 in the way as u+

i1,j1
is updated in (4.5).

Thus the computation is completed.

If the foot point moves out of the original node cell, then we should combine
the corresponding cells, as we have done in the previous cases, and implement the
computation on the union of the combined cells.

It is seen that the treatments of the node cells in all the three cases maintain the
conservation of the numerical solution and does not solve two-dimensional Riemann
problems.
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7. Numerical examples. In this section we display three numerical examples
of the method. Two of them are in scalar conservation law and the third one is a
regular shock reflection problem in the Euler system of gas dynamics.

The following scalar conservation law in two space dimensions

(7.1) ut +

(
1

2
u2

)
x

+

(
1

2
u

)
y

= 0

is considered. The underlying semidiscrete scheme (3.4) is a second-order TVD scheme
of the type described in [33]. The time derivative is discretized by the predictor-
corrector method. The recovery of discontinuity curve is of piecewise constant; i.e.,
it is first-order. Two Riemann problems studied in [37] are tested. Their initial data
are defined as

(7.2) u0(x, y) =



u1, x > 0, y > 0,
u2, x ≤ 0, y > 0,
u3, x ≤ 0, y ≤ 0,
u4, x > 0, y ≤ 0.

The first problem is with the initial data

(7.3) (u1, u2, u3, u4) = (−0.2,−1.0, 0.5, 0.8).
The solution has a y-type shock curve, which has several corner points, the points
of discontinuity in first derivative. The test is taken on a grid of 40 × 40 and the
numerical solution is shown in Figure 12. Figure 12(a) represents the surface of the
numerical solution and Figure 12(b) represents the contour plot of the solution plus
the discontinuity curve. The analysis of the data shows that both the numerical
solution and the shock curve have second-order accuracy except at the corner points,
where they still have first-order accuracy. We compare the numerical shock to the
exact shock and find that they almost coincide. Only near the corner points can small
differences be observed in an amplified picture.

The second problem is with the initial data

(7.3) (u1, u2, u3, u4) = (−1.0,−0.3, 0.5, 0.8).
The solution has two y-type shock curves, an x-type shock curve, and a triple point
of the kind discussed in the previous section. The test is again taken on a grid of
40 × 40 and the numerical solution is shown in Figure 13. Figure 13(a) represents
the surface of the numerical solution and Figure 13(b) represents the contour plot of
the numerical solution plus the discontinuity curves. We see that one of the y-type
shock curves has a sharp corner; however, the numerical results around it still have
first-order accuracy and the computation is stable.

Now we consider the Euler equations (4.1). We test our tracking method on a
nonsteady regular shock reflection problem and compare the numerical solution with
the experimental results in [5]. The Euler system for γ-law gas with γ = 5/3 is
considered. A planar shock with Mach number 2.05 is moving down a shock tube and
impinges on a wedge with an angle of 60◦. A reflected shock is formed, which extends
from the reflection point to the shock tube wall, where it forms a bow shock in front
of the wedge, as shown in Figure 14. The solution to this initial value problem is
self-similar, i.e., u(x, t) = u(σt, σx) for every σ. The solution consists of three regions
denoted by 1, 2, and 3, two shocks of y-type, two RW boundaries, and two node
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Fig. 12. The first Riemann problem. (a) The surface of the solution. (b) The contour plot of
the solution plus shock curve.

points, the reflection point, and the foot point of the reflected shock at the shock
tube.

The underlying scheme is still a second-order TVD scheme of the type described
in [33], and the recovery of the discontinuity curve is of piecewise constant, so it is
first-order. The wedge is set be the bottom of the region of solution as in the second
case in the previous section, and the corner point that connects the wedge and the
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Fig. 13. The second Riemann problem. (a) The surface of the solution. (b) The contour plot
of the solution plus the shock curves.

shock tube is located at the grid point (xi0−1/2,−1/2h), as shown in Figure 15. At
the initial time the reflected shock possesses only two xy-type critical cells centered
at (xi0−1, 0) and (xi0 , 0), which are also the two node cells, the cells contain the node
points. In these two critical cells, the initial data of the numerical solution in region
3 is set as follows.
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Fig. 14. A planar shock with Mach number 2.05 is moving down a shock tube and impinges on
a wedge with an angle of 60◦. A reflected shock is formed, which extends from the reflection point
to the shock tube wall, where it forms a bow shock in front of the wedge.

Fig. 15. The initialization of the numerical experiment is shown as in the figure. The wedge
is set to be the bottom of the solution region. The corner point connecting the shock tube and wedge
is located at (xi0−1/2,−0.5h). The region 3, i.e., the region between the bow shock and the wedge,
starts with zero area. This region contains initially two critical cells centered at (xi0−1, 0) and
(xi0 , 0), respectively. The initial data in these cells are evaluated as described in this section.

We denote the state in region 2. by u2 and solve the one-dimensional Riemann
problem R(u2,R�n(u2), )n) in the vertical direction )n = (0,−1) and obtain a middle
state u∗. In the grid cell centered at (xi0 , 0) the initial cell-average is set to be u

∗ under
the consideration that the flow is reflected on the wedge. To define the initial data
in the cell centered at (xi0−1, 0) we solve the Riemann problem R(u∗,R�n1

(u∗), )n1) in
the normal direction of the shock tube )n1. Then the initial cell-average in the cell is
set to be the middle state in the solution to the second Riemann problem under the
consideration that the flow in this cell is reflected also by the shock tube.

All the initial discontinuity positions of the reflected shock are set to locate at
the grid point (xi0−1/2,−1/2h). This means that the reflected shock is started with
a “bubble” of zero area. In such a setting, both the regular cell-averages in the two
critical cells are u2.

As one can see, the above initialization is quite reasonable and arbitrary, in which
we do not solve two-dimensional Riemann problems.
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Fig. 16. Numerical results of a regular shock reflection on a grid of 40× 160. Contour plots of
physical quantities in region 3 plus shock curves. (a) Density. (b) Pressure.

The numerical experiment is carried out on grids of 40 × 160 (which should be
considered quite coarse from the viewpoint of computation). The shocks, node cells,
and RW boundaries are treated by the methods described in the previous sections.
Figure 16 shows the numerical solution. In the figures, picture (a) presents the contour
plot of the density in region 3 plus the discontinuity curve and picture (b) presents
that for the pressure. It is seen that the numerical solution agrees quite well with the
physical results presented in [5].

The whole computation is quite stable, even at the very beginning. The fronts
at the beginning should be considered complex because they have structures of the
magnitude of mesh size. However, the small structures are not resolved accurately
at this stage of the run, but are resolved roughly by the conservation properties. To
show the efficiency of the algorithm in handling complex structures, we display the
numerical results at two very early stages. Figure 17 displays the numerical solution
at the 25th time step, the bubble of the reflected shock is about two cells in height,
and Figure 18 displays the solution at the 60th time step, the bubble is about four
cells in height (results are displayed on a grid of 5×20). The computation on the grid
of 40 × 160 took in total 500 time steps. Both the results show that the numerical
solution began to show its self-similar form at these early stages.

Figure 19 displays the density distribution along the wall of the numerical solution.
There are small oscillations in the distribution on the shock tube part. This is because
the cell-averages displayed in this part are not centered at the wall but are on the two
sides of the wall with varying distances of O(h).

There are some wiggles behind the reflected shocks in the density and pressure
contours. There are two possible reasons for this phenomena. (1) The front tracking
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Fig. 17. The numerical solution at the 25th time step; the bubble of the reflected shock is about
two cells in height.

Fig. 18. The numerical solution at the 60th time step; the bubble of the reflected shock is about
four cells in height.

method is only first-order since the reconstruction in the critical cell is first-order; see
section 5. Therefore, there might be first-order errors related to the characteristic
fields other than that of the tracked reflected shock in the area. (2) The density and
pressure contours in region 3 are plotted by MATLAB in the following way. In the
cells that are out of a region we set the corresponding cell-averages to be “NaN” and
then plot them. In doing so, the plotted region is not regular, neither a rectangle nor
a square, but a region with part of its boundary being zigzag lines, which affects the
plot quality in this area. Right now we can not tell which reason is more important.

To see the gain of accuracy in using the tracking method, we refer to the last
numerical example in [2]. This is of the same problem; however, its reflected shock is
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Fig. 19. The density distribution along the wall of the numerical solution on the grid.

computed by front capturing method. The example was run on a grid of 100× 400.
We see that the quality of the smooth part is almost the same as that of our example
on the grid of 40× 160, but our tracked reflected shock is much sharper than theirs.
We also refer to the numerical examples in [11] and [1], which are of a similar problem
and are computed by a traditional tracking method, to see the comparison between
this tracking method and the traditional tracking methods.

The algorithm is coded in Fortran language. The Fortran used for the numerical
experiment is an old version, which only partially supports the Fortran 90 features,
with no pointer and module. Therefore, the realization of some data structures are
very poor in the code. The numerical experiment on the grid of 40 × 160 ran for
330 minutes on a PC-586 Pentium 100, not a fast one. The computer does not have
the function to check the CPU time consumed in each part; therefore, we cannot tell
precisely the CPU time ratio. However, we manually check the CPU times for each
part and found that more than 90% of the time was consumed on the computation in
the smooth regions in one time step. This confirms the analysis in the end of section 3
that the complexity of the front tracking part is only that of a one-dimensional front
capturing method.
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Abstract. The application of nonparametric probability density function estimation for the
purpose of data analysis is well established. More recently, such methods have been applied to
fluid flow calculations since the density of the fluid plays a crucial role in determining the flow.
Furthermore, when the calculations involve directional or axial data, the domain of interest falls on
the surface of the sphere. Accurate and fast estimation of probability density functions is crucial for
these calculations since the density estimation is performed at each iteration during the computation.
In particular the values fn(X1), fn(X2), . . . , fn(Xn) of the density estimate at the sampled points
Xi are needed to evolve the system. Usual nonparametric estimators make use of kernel functions to
construct fn. We propose a special sequence of weight functions for nonparametric density estimation
that is especially suitable for such applications. The resulting method has a computational advantage
over kernel methods in certain situations and also parallelizes easily. Conditions for convergence turn
out to be similar to those required for kernel-based methods. We also discuss experiments on different
distributions and compare the computational efficiency of our method with kernel based estimators.

Key words. probability density, nonparametric estimation, fluid mechanics, convergence, kernel
method, efficient algorithm

AMS subject classifications. 65U05, 62G05, 62G07, 65D15, 65Y20
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1. Introduction. Nonparametric density estimation is the problem of the es-
timation of the values of a probability density function, given samples from the as-
sociated distribution. No assumption is made about the type of the distribution
from which the samples are drawn. This is in contrast to parametric estimation
in which the density is assumed to come from a given family, and the parameters
are then estimated by various statistical methods. Early contributors to the theory
of nonparametric estimation include Smirnov [21], Rosenblatt [16], Parzen [15], and
Chentsov [3]. Extensive descriptions of various approaches to nonparametric estima-
tion along with a comprehensive bibliography can be found in books by Silverman
[23] and Nadaraya [14]. More recent developments are presented in books by Scott
[18] and Wand and Jones [27]. Results of the experimental comparison of some widely
used methods appear in [10, 25].

In addition to data analysis, an important application of nonparametric density
estimation is in computational fluid mechanics. When the flow calculations are per-
formed in a Lagrangian framework, a set of points in space are evolved through time
using the governing equations. In time, points that were initially close can move apart,
leading to mesh distortion and numerical difficulties. Problems with mesh distortion
can be eliminated to a certain extent by the use of smoothed particle hydrodynamics
(SPH) techniques [2, 13, 9, 12]. SPH treats the points being tracked as samples com-
ing from an unknown probability distribution. These calculations often require the
computation of the values of not only the unknown density, but its gradient as well.

∗Received by the editors August 16, 1995; accepted for publication (in revised form) August 3,
1999; published electronically June 13, 2000.

http://www.siam.org/journals/sisc/22-1/29046.html
†Department of Computer Science, University of California, Santa Barbara, CA 93106 (omer@cs.

ucsb.edu).
‡Department of Mathematics, Indian Institute of Technology, Bombay, India (ashok@math.

iitb.ernet.in).

152



NONPARAMETRIC DENSITY ESTIMATION 153

In contrast to applications concerned with the display of the density, where it is suffi-
cient to estimate the density on some grid, in these fluid flow calculations the density
estimate is required at each sample point. Another difference in these two types of
applications is that when dealing with data analysis, one is usually concerned with
the optimal accuracy one can get for a given sample size. In fluid flow calculations,
where additional “data” can be obtained with increased discretization, one is usually
more concerned with the optimal variation of the computational effort as a function
of error.

In some applications, for example, in problems involving directional data [24], the
samples lie on the unit circle S1 or along the surface of the unit sphere S2. A special
case of directional data is axial data, in which the density is symmetric about the
center of the circle or the sphere, that is, f(�x) = f(−�x).

Various methods have been proposed for nonparametric density estimation in
mathematical statistics, such as the kernel [15, 1, 28] and the orthogonal series meth-
ods [17, 11]. The kernel method has been extensively studied, and it is probably the
most popular scheme in applications such as SPH. In this method, the value of the
density at the point x is estimated as

fn(x) =
1

nAh

n∑
i=1

K

(
x−Xi

h

)
,(1)

where fn is the estimate of the density given a sample of size n, Xi are the positions of
the samples drawn from a probability distribution with an unknown density function
f , K is a kernel function, h is the window width, and Ah is a normalization factor
to make fn into a probability density. One of the drawbacks of the kernel method
is the computational cost involved. Even though it is possible to reduce the cost in
the one-dimensional case using the expansion of a polynomial kernel and an updating
strategy [19], this strategy cannot be easily extended to higher dimensions [5]. Binning
methods [5] can be used in any dimension. However, since the density in this case is
evaluated on a uniform grid, this method is not suitable for the fluid flow calculations
in which we are interested, where an estimate is required at each sample point.

We propose a cosine-based weight function estimator cm(x) for nonparametric
density estimation, which is a special case of the class of estimators that form a δ
sequence [26, 28]. This estimator is similar to the kernel estimator but has the ease
of evaluation of a series expansion. The role of the window width parameter h of the
kernel method is replaced by a smoothing parameter m in our method, and fn is now
of the form

fn(x) =
1

n

n∑
i=1

cm (x−Xi) .(2)

Our choice of cm is particularly suitable for applications in fluid flow calculations
where the values fn(X1), fn(X2), . . ., fn(Xn) at the sampled directions themselves
are required at each point in each time step in the flow simulation. We show that with
this estimator the required n values can be computed efficiently using only O(m1+dn)
arithmetic operations for directional data and O(mdn) arithmetic operations for axial
data in d dimensions, where m need not be large as long as it increases without bound
with n. This is in contrast to the O(n2) operations required by the kernel method
for this computation in the worst case and an expected complexity of O(hdn2) with
kernels having bounded support. However, in the special case of d = 1, the complexity
of the kernel method can be reduced to linear after an initial sorting step.
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We derive conditions under which the sequence of estimated density functions fn
constructed in this fashion converge to the unknown density f , and experimentally
verify the accuracy and the efficiency of our method in practical test cases. Exper-
iments and theoretical analyses also indicate how m should vary with n for optimal
accuracy.

The paper is organized as follows. In section 2 we define the weight function
estimator cm and give the conditions for the convergence of the mean integrated square
error (MISE) when the sample space is S1 (Theorem 3). The conditions guarantee
that ∫

E(fn(x)− f(x))2dx→ 0

as n → ∞. We also present corresponding results for S2. In section 3 schemes for
efficient computation of these estimates on S1 and S2 are presented. In sections 4
and 5, we describe experimental results with our estimator and compare it with the
kernel method for some distributions encountered in practice. Our experiments imply
a net savings on the number of operations performed over kernel methods in certain
situations and also verify the formula found for the optimal choice of m. The results
show that the kernel method and our estimator perform well in different settings, and
thus complement each other. The main conclusions are presented in section 6. The
appendix contains additional test results.

2. The cosine estimator and the convergence of MISE. In this section, we
first mention some related work done on spherical data; then we define our estimator
and derive conditions for its convergence for directional data on the circle, and give
corresponding results for directional and axial data on the sphere and axial data on
the circle.

The kernel method for nonparametric density estimation for directional and axial
data is discussed in [6, 8]. While dealing with directional data, Fisher, Lewis, and
Embleton [6] recommend using the following kernel:

Wn(P, Pi) =

[
Cn

4π sinh(Cn)

]
exp

[
Cn(xTXi)

]
.(3)

For axial data they recommend the kernel

Wn(P, Pi) = A(Cn) exp
[
Cn(xTXi)

]
,(4)

where A(Cn) normalizes W to a probability density function, and Cn is the reciprocal
of h used in the definition of kernel estimators. x and Xi are the Cartesian represen-
tation of points P and Pi, respectively, and xTXi is the inner product of these two
vectors. Wn(P, Pi) plays the role of K(x − Xi) of (1). Hall, Watson, and Cabrera
[8] analyze estimators for directional data with the x − Xi term in (1) replaced by
1− xTXi. Observe that the term xTXi is the cosine of the angle between the points
P and Pi, and therefore 1 − xTXi is a measure of the distance along the surface
of the sphere between points P and Pi. Inner product plays a crucial role in these
estimators. We consider an estimator that can be written in terms of powers of the
inner product, the power playing the role of the smoothing parameter. This enables
us to expand the estimator in a series and facilitates fast computation.
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Fig. 1. The functions c32(x) and c32(x− π
4
) on S1 and on [−π, π].

2.1. The case of S1. We first define our estimator on S1. Assume Xj , j =
1, 2, . . . , n, is a sequence of independently and identically distributed (i.i.d.) random
variables (observations) for directional data on [−π, π] with probability density func-
tion f ∈ C2[−π, π]. We impose the additional condition that f(−π) = f(π) since the
random variables Xj are defined on the unit circle S1.

As an estimator of the density of directional data f(x), x ∈ [−π, π], we consider
a nonparametric estimator of the form given by (2) with

cm(x) =
1

Am
cos2m

(x
2

)
(5)

on [−π, π]. The normalization factor Am given below makes cm(x) integrate to 1 on
[−π, π]:

Am =

∫ π

−π
cos2m

(x
2

)
dx.

Making use of a table of integrals such as Gradshteyn and Ryzhik [7] and by using
Stirling’s formula, it can be shown that

Am =
π

22m−1

(
2m

m

)
∼ 2

√
π√
m

.(6)

As examples, the functions cm(x) and cm(x− π
4 ) for m = 32 are shown on S1 in

Figure 1(a) and on the interval [−π, π] in Figure 1(b).
We wish to find sufficient conditions under which the sequence of estimators fn

converges to f in the MISE sense. In order to do this, we first show the convergence
of the bias and then derive the conditions under which the variance converges to 0.
We shall then use these results to prove convergence of MISE on S1.

First we show that as m → ∞, the expected value of the estimate fn(x) ap-
proaches the actual density f(x) uniformly for any given n.
Lemma 1. Suppose f ∈ C2[−π, π] and let fn(x) be as given in (2). Then

Efn(x)→ f(x) as m→∞ uniformly, independently of n.
Proof.

Efn(x) =

∫ π

−π
cm(x− s)f(s)ds,(7)
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as shown in Silverman [20] and Whittle [29]. By a change of variable∫ π

−π
cm(x− s)f(s)ds =

∫ x+π

x−π
cm(−y)f(x + y)dy =

∫ x+π

x−π
cm(y)f(x + y)dy(8)

since cm(y) = cm(−y). By using the periodicity of cm and f , along with (7), (8), and
the mean value theorem,

Efn(x) =

∫ π

−π
cm(y)f(x + y)dy =

∫ π

−π
cm(y)(f(x) + f ′(x)y + f ′′(ξx(y))y2/2)dy,

where ξx(y) is some point between x and y. Therefore

Efn(x) = f(x)

∫ π

−π
cm(y)dy +

∫ π

−π
cm(y)f ′(x)ydy +

∫ π

−π
cm(y)f ′′(ξx(y))y2/2dy.

From (6), the first integral evaluates to 1, and since ycm(y) is an odd function, the
second integral evaluates to 0. Let 2M ′ = maxx∈[−π,π] |f ′′(x)|. We then have the
following estimate for the bias:

|Efn(x)− f(x)| ≤
∣∣∣∣
∫ π

−π
cm(y)f ′′(ξx(y))y2dy

∣∣∣∣
≤M ′

∫ π

−π
cm(y)y2dy = M ′

∫ π

−π

1

Am
cos2m(y/2)y2dy.

For any δ such that 0 < δ ≤ π,

|Efn(x)− f(x)| ≤M ′
∫
|y|<δ

1

Am
cos2m(y/2)y2dy + M ′

∫
|y|≥δ

1

Am
cos2m(y/2)y2dy

≤M ′δ2

∫
|y|<δ

1

Am
cos2m(y/2)dy +

2π3M ′

3

1

Am
cos2m(δ/2)(9)

since cos y decreases as |y| increases on the interval under consideration. Furthermore,
the integral in (9) is bounded above by 1. Therefore,

|Efn(x)− f(x)| ≤M ′δ2 +
2π3M ′

3

cos2m(δ/2)

Am

≤M ′δ2 +
2π3M ′

3

(
1− δ2/8 + δ4/384

)2m
Am

(10)

= M ′δ2 +
2π3M ′

3

(
1− δ2(1− δ2/48)/8

)2m
Am

.

In order to get a bound, we will choose δ as a function of m. If we take δ → 0

as m → ∞, then
(
1− δ2(1− δ2/48)/8

)2m → exp(−mδ2(1 − δ2/48)/4). Observe
that if mδ2 → ∞ as m → ∞, then this term decays exponentially. The second
expression in (10) is the product of this term and 1/Am = O(

√
m), and thus the

product approaches 0 since the exponential decay dominates. In order to get a good
bound on the first term of (10), we wish to choose δ satisfying the condition that

mδ2 → ∞ such that the δ2 is as small as possible. We can choose δ = 1/m
1
2−ε,

where ε > 0 is arbitrarily small. Thus M ′/m is an asymptotic bound on the bias.
Furthermore, the bound is independent of x; hence, the convergence is uniform.



NONPARAMETRIC DENSITY ESTIMATION 157

Lemma 2. Suppose f ∈ C2[−π, π] and let fn(x) be as given in (2). Then
var fn(x)→ 0 uniformly as n→∞, provided m→∞ as n→∞, and m = o(n2).

Proof.

var fn(x) =
1

n

∫ π

−π
cm(x− s)2f(s)ds− 1

n

{∫ π

−π
cm(x− s)f(s)ds

}2

as shown in Whittle [29]. As a consequence of Lemma 1, the second integral ap-
proaches f(x) asymptotically, and hence, the second term approach 0 since f is
bounded. It thus suffices to show the convergence of the first integral to 0.

Let M = maxx∈[−π,π] |f(x)|. As in Lemma 1, making a change of variable y =
x− s and using periodicity as in (8), we get

1

n

∫ π

−π
cm(y)2f(x + y)dy ≤ MA2m

nA2
m

→ M√
8π

√
m

n
,

where the expression on the right-hand side is a consequence of the asymptotic ex-
pression for Am in (6). Since m/n2 → 0 as n → ∞, the above integral converges to
0. Since m is independent of x, the convergence is uniform. Therefore the variance of
fn(x) converges uniformly to 0 under the conditions of the lemma.

Note that the bound on the bias for the cosine method given by Lemma 1 is of
the form

|Efn(x)− f(x)| ≤ 1

2
max |f ′′(x)|/m,(11)

and the bound for the variance given by Lemma 2 is

var fn(x) ≤ 1√
8π

max |f(x)|√m/n .(12)

Therefore, the role played by m for the cosine method is the same as h−2 of the kernel
based methods, where h is the window width of the kernel estimator. In other words
when m ∼ h−2, the bounds on the bias and the variance of the cosine estimator are in
accordance with the asymptotic behavior of the kernel method found in Silverman [23].
Such similarity of rates of convergence is to be expected since the cosine estimator is
essentially like the kernel estimator, though the forms of the functions differ. It will be
shown later that the main advantage of the cosine estimator lies in its computational
efficiency.
Theorem 3. Suppose f ∈ C2[−π, π] and fn(x) is as given in (2). If m→∞ as

n→∞, and m = o(n2), then

MISE =

∫ π

−π
E(fn(x)− f(x))2dx→ 0

as n→∞.
Proof.∫

E(fn(x)− f(x))2dx =

∫
(Efn(x)− f(x))2dx +

∫
var fn(x)dx

as shown in Whittle [29]. From Lemmas 1 and 2, each of the integrals approaches 0.
Hence, the MISE converges to 0.
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In fact, the MISE is of the form

MISE = O(1/m2) + O(
√
m/n),(13)

where the asymptotic bounds on the constants are as given in (11) and (12). However,
as we shall explain later, the exact asymptotic constants are not all that important
for practical computations.

Conditions for the convergence of the estimates and its derivatives on the real
line instead of S1 can be found in [4]. Next we consider the case when the directional
data lie along the surface of the unit sphere.

2.2. The case of S2. Let Xj , j = 1, 2, . . . , n, be a sequence of i.i.d. random
variables (observations) with values on the surface of the unit sphere S2 centered at
the origin in R

3. Suppose that the probability density function f(x) of the Xj has
bounded second derivatives. We consider a nonparametric estimator of the form

fn(x) =
1

n

n∑
i=1

cm(x,Xi)(14)

for some m to be determined as a function of n. The cm are defined in this case as
follows. If αxX denotes the angle between points x and X, then

cm(x,X) =
1

Am
cos2m

(αxX
2

)
.(15)

The normalizing factor Am is given below:

Am =
4π

m + 1
.

Through a derivation along the lines of the case of the circle, the following theorem
can be proved for the convergence of the estimators.
Theorem 4. Suppose f ∈ C2(S2) and let fn(x) be as given in (14). If m → ∞

as n→∞ and m = o(n), then

MISE =

∫
E(fn(x)− f(x))2dx→ 0.

Analogous to (13), the form of the MISE is found to be

MISE = O

(
1

m2

)
+ O

(m
n

)
.(16)

From this expression for MISE we see that as in the case of S1, m ∼ h−2, where h is
the window width of the kernel estimator.

When dealing with axial data, we can consider the following axial estimator for
spherical data:

cm(x,X) =
1

A2m
cos2m(αxX).

We can also define a corresponding estimator on the circle, where we take the cosine
of the arc length between two points, instead of the cosine of half the arc length as in
the case of directional data. The relationship between the asymptotic MISE, m and n,
is the same as in (13) and (16) for the cases of the circle and the sphere, respectively.
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3. Efficient evaluation of the density estimator. In this section, we shall
describe an efficient algorithm for the computation of the density estimates fn(x)
evaluated at a set of n observed points X1, X2, . . . , Xn on the unit circle S1 (d = 1
case) and on the unit sphere S2 (d = 2 case). We also show that if the value
of fn at some arbitrary x is desired, then this is also easily accomplished once
fn(X1), fn(X2), . . . , fn(Xn) have been computed. The efficiency of our method is
based on the fact that fn(x) is defined in terms of the functions cm(x) as given in (5)
or (15).

Suppose we represent the positions of the observed points X1, X2, . . . , Xn by their
Cartesian coordinates. We show that for any x, fn(x) can be expressed as a polynomial
of total degree m in the coordinates of x. The coefficients of this polynomial can be
determined in turn from the coordinates of the Xi. Moreover, the coefficients are the
sums of the contributions due to each Xi independently.

First we consider the case of directional data on S1. From (2), (5), and the
half-angle formula for cosine we get

fn(x) =
1

nAm

n∑
i=1

(
1 + cos(x−Xi)

2

)m
.(17)

Denote the points on S1 corresponding to the angles x and Xi for i = 1, 2, . . . , n, by
�x = (x1, x2) and �Xi = (Xi1, Xi2) in Cartesian coordinates and let 〈, 〉 represent the

standard inner product on R
2. Then cos(x − Xi) = 〈�x, �Xi〉. Substituting this into

(17) we get

fn(x) =
1

n2mAm

n∑
i=1

(
1 + 〈�x, �Xi〉

)m
=

1

n2mAm

n∑
i=1

(1 + x1Xi1 + x2Xi2)
m
.(18)

The expression (18) is a polynomial of degree m in x1 and x2. For a fixed m, we can
compute the coefficients by adding the contribution of each Xi as follows. Using the
multinomial theorem and (18)

fn(x) =
1

n2mAm

n∑
i=1

∑
r+s≤m

(
m

r, s

)
xr1x

s
2 X

r
i1X

s
i2,(19)

where the inner summation is over all r + s ≤ m with r, s ≥ 0. Changing the order of
summation

fn(x) =
1

2mAm

∑
r+s≤m

(
m

r, s

)
M(r, s) xr1x

s
2,(20)

where

M(r, s) =
1

n

n∑
i=1

Xr
i1X

s
i2,

and Am is as given by (6). If we use the asymptotic expression for Am in (6) for
computational ease, then (20) simplifies to

fn(x) =

√
m

2m+1
√
π

∑
r+s≤m

(
m

r, s

)
M(r, s) xr1x

s
2(21)
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Table 1
Computational complexity of the cosine estimator.

Circle (d = 1) Sphere (d = 2)

Axial data mn m2n

Directional data m2n m3n

for large m. Now we consider the number of operations required for the evaluation
of fn(x) given the observations X1, X2, . . . , Xn. The powers Xr

i1 and Xr
i2 for a fixed

i and r = 1, 2, . . . ,m can be computed with O(m) multiplications. Doing this for
i = 1, 2, . . . , n requires O(mn) multiplications. After the conclusion of this step, each
of the O(m2) averages M(r, s) for a given r and s can be computed with an additional
O(n) operations. Since there are a total of O(m2) terms in fn(x) corresponding to
the pairs r, s with 0 ≤ r, s,≤ m, this means that the coefficients of the polynomial in
(20) or (21) can be computed with a total of O(m2n) arithmetic operations.

Once the coefficients of fn(x) have been computed, to evaluate fn(x) with �x =
(x1, x2) we calculate the powers xr1 and xr2 for r = 1, 2, . . . ,m in O(m) operations.
Since the coefficients are already available, the remaining computation in (20) requires
only an additional O(m2) multiplications and additions. The results for different cases
are summarized in Table 1.

Remark. For our MISE convergence condition for S1 (Theorem 3) to be satisfied,
m must increase without bound with n. Theoretically, we can take m to be as
slowly increasing as we like. Then the above result implies that the computation
of the density at all of the sample points can be accomplished using only about O(n)
arithmetic operations if the magnitude of m gives acceptable accuracy for fn(x). The
problem with taking m to be too slowly growing is that the magnitude of m controls
the error terms in our convergence proofs.

An efficient algorithm for the evaluation of fn(�x) for directional data on S2 is

constructed similarly. When �X1, �X2, . . . , �Xn are observations on S2 drawn from an
unknown density, it can be shown [4] that

fn(x) =
m + 1

π2m+2

∑
r+s+t≤m

(
m

r, s, t

)
M(r, s, t) xr1x

s
2x
t
3,(22)

where the summation is over all r + s + t ≤ m with r, s, t ≥ 0, and

M(r, s, t) =
1

n

n∑
i=1

Xr
i1X

s
i2X

t
i3 .

This time the coefficients of the polynomial in (22) can be computed with a total of
O(m3n) arithmetic operations. After this preprocessing, each evaluation of fn(x) for
x ∈ S2 requires only an additional O(m3) operations.

Corresponding results can be derived for axial data as summarized in Table 1.
It should also be noted that we needed the Cartesian representation of the data. If

the data are given in spherical coordinates, then there will be an additional overhead
for obtaining the Cartesian representation. However, this overhead takes only linear
time and so will be negligible for sufficiently large data. Furthermore, it has been
shown [24] that for an important class of applications, Cartesian coordinates are
preferable to spherical coordinates, as the latter system is not numerically stable for
solving the differential equations that arise.



NONPARAMETRIC DENSITY ESTIMATION 161

In the subsequent parts of this section we shall compare the computational effi-
ciency of our scheme with that of the kernel method.

3.1. Parallelization. One of the advantages of the computational strategy de-
scribed above is the ease of parallelization. Parallelization is required in many fluid
flow calculations due to the large sizes of the systems. The kernel method is some-
what difficult to parallelize. If we use an efficient kernel implementation that performs
kernel evaluations only for those points which are within a cut-off distance h of the
given sample, then an efficient implementation of the parallelization requires periodic
load balancing and domain decomposition so that points that are close by remain on
the same processor, and so that each processor has roughly the same load in terms
of the computational effort. Also, the communication pattern for the kernel method
is not very regular. In contrast, parallelization for the cosine estimator can easily
be accomplished by a global reduction operation, for which efficient implementations
are usually available. This method requires the same computational effort for each
point, and so the load is easily balanced by having the same number of points in each
processor. Domain decomposition does not play an important role in this scheme,
since the points can be on any processor.

3.2. Theoretical comparison of the kernel and the cosine estimators.
Now we analyze the computational efficiency of the kernel and the cosine density
estimation methods. An important measure of the efficiency of the algorithms is not
just the convergence rate of the error with sample size n, but the relationship of the
computational effort C required as a function of the error E. For the kernel estimator,
we can write the asymptotic MISE E as

E = O

(
h4 +

1

hdn

)
,(23)

where h is the smoothing parameter, d = 1, 2 is the dimension, and n is the sample
size. The computational effort required for this nonparametric density estimation can
be expressed as

C = O(hβnγ),(24)

where 0 ≤ β ≤ d and γ = 1 or 2 depending on the details of the algorithm used. For
a given sample size, (23) gives the optimal h as h ∼ n−1/(d+4). However, since the
equation for the computational complexity also depends on h, we need to consider
the possibility that a value of h smaller than this optimal value may actually result
in a lower computational effort.

Let us consider a variation of h with n of the form

h = O(n−α), 1/(d + 4) ≤ α < 1/d .(25)

From (25), (24), and (23) we obtain

C = n−αβ+γ ⇒ n = C
1

γ−βα ⇒ E = C
−4α
γ−βα + C

dα−1
γ−βα .

For minimum error, the exponent of both the terms on the right should be the same,
otherwise the error due to the higher term will dominate. This leads to α = 1/(d + 4)
which is the same as the value of optimal α for a given n. If we let hoptn represent
the optimal h minimizing the MISE for a given n, and hoptC represent the optimal
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h minimizing the computational effort as a function of the error, then the expression
derived above for α does not necessarily imply that hoptn = hoptC since the relation
hoptn = khoptC would still satisfy the expression for α for some constant k. If k < 1,
then we can choose a suboptimal value of h in order to improve the speed of the
algorithm.

The optimal variation of error with computational complexity using this value of
α is given by

C = E
β
4 − (d+4)γ

4 .

Let us now consider the cosine estimator. We can write the asymptotic MISE as
follows:

E = O

(
m−2 +

md/2

n

)

where E is the MISE, m is the smoothing parameter, d is the dimension (d = 1 for
the circle and d = 2 for the sphere), and n is the sample size. The computational
effort required for this estimator can be expressed as C = O(mξn), where ξ can be
determined from Table 1. The expression for C above is the same as (24) with γ = 1,
and β = −2ξ, recalling that m behaves as h−2. By an analysis similar to the previous
case we can show that the optimal variation of error with computational complexity
is given by

C = E
−(d/2+ξ)

2 −1.

As examples, for the cosine estimator on the circle (d = 1) with axial data (ξ = 1)
and directional data (ξ = 2), the computational complexity and the error are related
by C = E−1.75 and C = E−2.25, respectively.

The complexity of the kernel estimator is the same for axial and directional data.
However, several different possibilities exist depending on how efficient the implemen-
tation of the estimator is. If we consider estimators of the form given by (3) and (4),
then we have d = 1, β = 0, γ = 2, and therefore

C = E−2.5.(26)

However, if we consider a kernel with bounded support, and use an efficient imple-
mentation of the algorithm that computes the kernel only for those points that have
a nonzero contribution, then the expected value of β is 1 and we get C = E−2.25

for data on the circle. Note that the worst case complexity remains as in (26). For
the d = 1 case, we can consider an efficient algorithm using polynomial kernels and
updating [19], which uses a linear time after an initial O(n log n) sorting step. In
this case β = 0, γ = 1, and C = E−1.25, which means that the kernel method has a
better asymptotic complexity than the cosine kernel. However there appears to be no
natural generalization of this update strategy to higher dimensions [5].

Results for the different cases can be determined in the manner demonstrated
above and are presented in Table 2. We wish to mention that the exact asymptotic
constants in Theorem 3 are not quite that important (compared with the exponent
on E), since asymptotically the slowdown incurred by the cache misses dominates the
overall running time. We can expect that the simpler memory access pattern of our
estimator will make it advantageous over the kernel method in the asymptotic case.
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Table 2
Variation of the optimal computational effort versus MISE. The numbers in the table represent

η, where the relationship between the computational effort C and E =MISE is given by C = E−η.
*Does not take into account an initial sorting step.

Estimator Circle (d = 1) Sphere (d = 2)

Cosine, axial data 1.75 (ξ = 1) 2.5 (ξ = 2)

Cosine, directional data 2.25 (ξ = 2) 3.0 (ξ = 3)

Kernel, worst case 1.25 * (β = 0, γ = 1) 3.0 (β = 0, γ = 2)

Kernel, expected case 1.25 * (β = 0, γ = 1) 2.5 (β = 2, γ = 2)

Since the worst case complexities of the kernel method and the cosine estimator
for directional data on the sphere have the same order, the relative efficiencies of
the methods can be tested only through experiments. Similarly, since the worst case
complexity of the cosine estimator for axial data on the sphere is the same as the
expected case for an efficient implementation of the kernel estimator, we need to
perform experiments to test the relative merits of the two estimators.

4. Experimental results. We performed numerical experiments for axial and
directional data on the circle and sphere in order to test the effectiveness of our
estimator. We first plot estimates for known distributions and then demonstrate that
the MISE follows expected trends for certain distributions. We finally compare the
computational efficiency of our estimator with that of kernel methods. More empirical
results are presented in the appendix.

We consider the function ψ(φ, θ) = exp (US cos2(θ))/A where A normalizes the
function to be a density on the surface of a sphere and S is a known function of U .
The angles φ and θ are the azimuth and the elevation in spherical coordinates. This
is the solution to a particular problem in fluid mechanics. In Figure 2(a) we present a
typical estimate for the d = 1 version of the above density function where ψ was taken
to be ψ(x) = exp (US cos2(x))/A. In this figure, we take the data to be directional.
However, since this function is symmetric with respect to the center of the circle, we
can consider the data as axial and use the axial estimator. We can see from Figure
2(b) that this requires a much smaller value of m.

In Figure 3(a) the MISE is compared versus m and n for the one-dimensional ψ
distribution using the axial cosine estimator. We also compare with one case of the
directional estimator in order to show the benefit of using the axial estimator. In
Figure 3(b) the MISE is compared versus m and n for the two-dimensional version of
the ψ distribution on the surface of a sphere using the directional estimator.

We next present results for experiments comparing the speed of the cosine and the
kernel estimators. We consider the optimal variation of the computational effort with
MISE. In order to get the optimal computational effort for a given MISE, we allow for
the possibility that we may require different sample sizes for the kernel and the cosine
estimators. This is justified because in iterative calculations one can easily change
the “sample” size by changing the discretization of the system. We have performed
these comparisons only for spherical data. The case of data on the circle was not
considered because of the asymptotic analyses of the previous section which clearly
indicate that the linear kernel algorithm in the one-dimensional case will outperform
the cosine estimator. However, in a parallel implementation, the sorting step for the
linear kernel algorithm may be slow, and then one may wish to consider the cosine
estimator.
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Fig. 2. Cosine estimates for ψ(x) = exp (US cos2(x))/A, the one-dimensional case of the ψ
function defined above. The solid line represents the true density. (a) The dashed line represents
the directional estimate with m = 100, n = 500. (b) The dashed line represent the axial estimate
with m = 40, n = 500.

The following kernel was chosen for the comparisons:

K(x) =




1
A (1− 1.5x2 + 0.75x3), x ∈ [0, 1],

1
A0.25(2− x)3, x ∈ [1, 2],

0 otherwise,
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Fig. 3. MISE versus m and n for the ψ density. (a) One-dimensional (on the circle): ψ(x) =
exp (US cos2(x))/A; the solid line shows the results for the axial cosine estimator and the dashed
line for the directional estimator (with n = 2000). (b) Two-dimensional (on the sphere): ψ(φ, θ) =
exp (US cos2(θ))/A as defined above; MISE for the directional cosine estimator.

where A is the normalization constant, and the ratio of the distance between two
points along the surface of the sphere to h is given as the argument to the kernel
function. The use of this kernel for comparisons can be justified by its popular use
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Fig. 4. Comparison of time (in seconds) versus the MISE for the cosine and kernel estimation
of axial data sampled from ψ(φ, θ) = exp (US cos2(θ))/A as defined above. The points marked in o
represent the kernel estimate. The points marked in x represent the cosine estimate.

in fluid mechanics calculations [12]. Furthermore, we cannot expect any other kernel
to give a significantly better performance, for the following reasons: (i) It is well
known that most kernels are equally good [23, Table 3.1] with respect to “efficiency,”
as defined in [23]. (ii) Given that the efficiency is about the same, the only other
consideration is the computational effort involved. Our kernel takes between 6 and 10
floating point operations for a nonzero evaluation (including the cost of computing the
square of the distance). Any other reasonable kernel would require at least 6 floating
point operations. Apart from this, the memory access times and zero-evaluations
would add the same constant to all kernels.

Figures 4 and 5 compare the computational effort required for the cosine weight
function estimator and the kernel estimator for certain densities. We obtained the
data using the following procedure. We performed estimates for various values of n,
m, and h and obtained the MISE and the time for the calculations. For the cosine
and the kernel estimates, we separately plotted the data for the time required for the
calculations versus the error. We chose the lower envelope of the data as the curve for
that particular estimator since the values of m,n for the data on the lower envelope
give the best obtainable speed for a given MISE.

In the implementation of the kernel estimator, we divided the sphere into cells
such that the sides of the cells had length at least 2h (since the kernel defined above
has window width 2h, rather than h). We placed each sample in the appropriate cell.
When computing the density for a point in a particular cell, we need to search over
points in only a few cells. The expected complexity of this scheme is O(n2h2).

We first consider data estimated using the axial cosine estimator and an axial
variant of the kernel estimator. Figure 4 shows the results for the two-dimensional
ψ distribution. This is an example of a highly nonuniform distribution. We can see
that the kernel and the cosine estimators are about equally fast.
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We next consider a more uniform distribution given by f(φ, θ) ∝ cos(θ) + 1/(8π),
where φ is the azimuth and θ is the elevation. The results presented in Figure 5(a)
show that the cosine estimator outperforms the kernel estimator by more than an
order of magnitude when the axial forms of both the estimators are used.

After this we considered the two densities mentioned above but treated the data
as directional and estimated them using the directional variants of the kernel and the
cosine estimators. For the ψ distribution, the cosine estimator performed very poorly
in computational efficiency, and we do not present results for this case. Figure 5(b)
presents the results for the distribution given by f(φ, θ) ∝ cos(θ)+1/(8π). We can see
that the cosine estimator still outperforms the kernel estimator, though only slightly.

5. Discussion. The comparison of the estimates with the true density indicate
that the cosine estimator produces accurate results for the distributions tested. Plots
of MISE versus m and n follow the expected trends. As the sample size increases, the
error for the optimal m decreases. Besides, the optimal value of m increases as the
sample size increases. It can also be seen that as the number of points increases, the
range of m over which the estimate performs well also increases. We can use this to
our advantage by choosing a suboptimal value of m which decreases the computational
effort significantly but increases the error only slightly.

The experiments comparing the computational efficiencies show that the cosine
estimator outperforms the kernel estimator for axial data when the distribution is
moderately uniform. If the distribution is highly nonuniform, then the two estima-
tors give comparable performance for axial data. The cosine estimator outperforms
the kernel estimator slightly for directional data when the distribution is moderately
uniform. However, the timing results for the cosine estimator are poor for highly
nonuniform directional data. In general, when the data is not very nonuniform,
smoother weight functions are used. This gives a low value of m which implies a
fast evaluation using the cosine estimator. However, this leads to a higher h for the
kernel estimator, which implies that more samples contribute to the kernel evaluation
of each sample point and, hence, this leads to more computational effort. Conversely,
when the distribution is highly nonuniform, especially for directional data, the ker-
nel method is to be preferred. The empirical test results presented in the appendix
further demonstrate this point.

We also analyzed our experimental data to estimate an optimum variation of m
with n. Using the results of our experiments, we can perform a least squares analysis
and approximate m as kn1/2.5 for one-dimensional density estimation which is the
same as that expected based on the asymptotic expression for the MISE. Choosing
m = kn1/3 appears to give reasonable estimates for density on the surface of a sphere.
This result is also consistent with the theoretical predictions. Here, the magnitude of
k depends on the complexity of the density function. It varies between 1 and 10 for
the distributions considered here.

We also noted the values of m, n, and h, which gave the optimal computational
effort for a given MISE, and compared the results for the kernel and the cosine es-
timators. We observed that the values of h were close to the values which gave the
minimum MISE for the given sample size. However, the values of m were signifi-
cantly lower than the values which gave the minimum MISE for the given sample
size, though the error involved itself was not much higher than the minimum MISE.
Thus, it appears that we can choose a suboptimal smoothing parameter in order to
increase the speed in the case of the cosine estimator.
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Fig. 5. Plot of time (in seconds) versus the MISE for the cosine and the kernel estimation of
data sampled from f(φ, θ) ∝ cos(θ) + 1/(8π). The points marked in o represent the kernel estimate.
The points marked in x represent the cosine estimate. (a) Data treated as axial. (b) Data treated
as directional.
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Fig. 6. Plot of density functions g(φ; s) = k cosh (s sinφ) for different values of s, where φ is
the elevation. The solid line denotes s = 8.0, the dashed line s = 4.0, the dash-dotted line s = 2.0,
and the dotted line s = 0.0.

6. Conclusions. In this paper, we have described a weight function estimator
for nonparametric estimation of probability density functions based on cosines, and
we provided conditions under which the estimate and its derivatives converge to the
actual functions. We have developed a scheme for the efficient computation of the
density and presented experimental results to check the performance of the estimator
for practical problems. These results are particularly relevant to certain fluid mechan-
ics calculations and, in general, to situations where the sample size can be controlled,
for example, though refinement of the discretization. We have also given an empir-
ical formula for choosing the weight function exponent parameter of the estimator.
Our experimental results suggest that the cosine estimator outperforms the kernel
estimator for both directional and axial data that are moderately uniform. It gives
performance comparable to the kernel estimator for highly nonuniform axial data,
while the kernel method is preferable for highly nonuniform directional data. There
is potential for further theoretical study of our estimator.

Appendix. Further test results. We present more test results in this section
in order to study the relative efficiencies of the cosine and the kernel techniques, as
the density function is varied systematically from being relatively uniform to being
sharply peaked on the unit sphere.

For these tests, we chose density functions g(φ; s) = k cosh (s sinφ), where s is a
constant that governs the sharpness of the density function, φ is the elevation, and
k = s/(4π sinh s) normalizes this to a probability density function. Figure 6 shows
the density as a function of the elevation alone for different values of the parameter s.
This function is symmetric about the center of the sphere, and thus we can use the
axial estimators, as in section 4. We can also ignore our knowledge of this symmetry
and use the general directional estimators.
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Fig. 7. Plot of MISE versus time for the density function g(φ; 0.5) = k cosh (0.5 sinφ). The
points marked by * are for the cosine estimator, and the points markeds by o are for the kernel
estimator. (a) Axial estimator. (b) Directional estimator.
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Fig. 8. Plot of MISE versus time for the density function g(φ; 1.0) = k cosh (1.0 sinφ). The
points marked by * are for the cosine estimator, and the points markeds by o are for the kernel
estimator. (a) Axial estimator. (b) Directional estimator.
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Fig. 9. Plot of MISE versus time for the density function g(φ; 2.0) = k cosh (2.0 sinφ). The
points marked by * are for the cosine estimator, and the points markeds by o are for the kernel
estimator. (a) Axial estimator. (b) Directional estimator.
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Fig. 10. Plot of MISE versus time for the density function g(φ; 4.0) = k cosh (4.0 sinφ). The
points marked by * are for the cosine estimator, and the points markeds by o are for the kernel
estimator. (a) Axial estimator. (b) Directional estimator.
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Fig. 11. Plot of MISE versus time for the density function g(φ; 8.0) = k cosh (8.0 sinφ). The
points marked by * are for the cosine estimator, and the points markeds by o are for the kernel
estimator. (a) Axial estimator. (b) Directional estimator.
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We present the results of the experiments as plots of time versus MISE for the
kernel estimator versus the cosine estimator, for both axial and directional data. The
kernel estimator is the one used in the empirical tests in section 4. The tests were
performed on an Intel Celeron 300MHz processor with 64 MB memory. The C code
was compiled with the gcc compiler at optimization level −O3.

We can see from Figures 7, 8, 9, 10, and 11 that when the density function
is not very sharp, the cosine estimator outperforms the kernel estimator for both
axial and directional data. As the density becomes sharper, the kernel method starts
outperforming the cosine estimator for directional data, though the latter is still
better for axial data. When the density becomes extremely sharp, the kernel method
becomes better for both types of data, though for axial data the two methods are still
comparable to a certain extent in terms of speed. These results follow the theoretically
predicted trends and demonstrate that these two methods complement each other for
different types of data.

Appendix. We thank the referees for their detailed comments and advice, espe-
cially for directing our attention to the current literature.
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Abstract. Many real-world problems are successfully modeled by partial differential equations.
Many numerical solvers for these problems use triangular and tetrahedral meshes to accurately model
complex geometries. Such problems often involve shocks and discontinuities, and it is important to
devise interpolation methods that can accurately approximate solutions containing such features.
These interpolants are required for the postprocessing of the solution, e.g., for visualization and to
recover solution values at arbitrary points over the numerical domain. This paper describes a triangle-
based quadratic interpolant that is “data-bounded” and so will not create any values outside of the
range of the existing data points. The method is compared with the standard quadratic interpolant
and extended to the case of quadratic tetrahedral elements.

Key words. interpolation, triangles, tetrahedra, quadratic elements
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1. Introduction. In scientific computing, the visualization of the solution to
real-world problems is an essential aid to the understanding of the physical problem
being modeled. Interpolation schemes that will respect the physical properties of the
underlying data are thus needed, one example being to preserve positivity. Many
data sets that require such interpolants result from the numerical solution of partial
differential equations (PDEs). Many of the methods used to solve such PDE problems
compute solutions on rectangular or hexahedral meshes. A good survey of a number
of interpolants for such meshes which are appropriate for scientific visualization in
that they provide values that are bounded by the data values (data bounded) and
possibly preserve the shape of data values is given by Brodlie and Mashwama [6].
These interpolants are piecewise linear bilinear and trilinear and are piecewise cubic
and bicubic. One such interpolant is a bounded bicubic interpolant on a rectangular
mesh [6].

In two and three spatial dimensions a number of general purpose PDE solvers
employ triangular and tetrahedral elements in conjunction with triangular and tetra-
hedral mesh generators to solve problems defined on complex domains. The best
example of this being the finite element method [12]. Alternatively, a number of au-
thors use a cell-centered or cell-vertex finite volume spatial discretization schemes to
solve convection-dominated PDEs; see [5], [7], [11] for details. An important feature
of these problems is that initial smooth conditions may develop into steep gradients
or even shocks and discontinuities.

Standard quadratic interpolation techniques [8], [12] can be used to fit six shape
functions over each triangle to give an approximation to the surface. Section 2 below
and [10] both show that this method can easily produce interpolated values outside the
physical range of the data values. Similar problems arise with the standard quadratic
interpolant for tetrahedra [12].
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There have been many methods which have attempted to overcome some of the
problems associated with such interpolants. Some of the earliest work is that of
Barnhill and co-authors [2], [3]. This work will be described in outline form and used
as a starting point for the new triangular interpolant developed here. Two other im-
portant interpolation methods in this area are those of Abgrall [1] and Barth [4]. Both
these schemes have the common approach of using adaptive multitriangle stencils to
achieve high-order accuracy for problems which may have shocks and discontinuities.
The problem is that the number of possible combinations grows rapidly, the stencil
used is potentially large, and the points considered may be some distance from the
original node. Abgrall’s good results provide a more than adequate justification of
the scheme however.

A recent paper by Pratt and Berzins [10] showed that by adopting a relatively
simple approach which involved sacrificing accuracy at the midpoints of edges it was
possible to achieve positivity for problems with steep gradients. The aim here is to
overcome this deficiency and to consider a simpler alternative to Abgrall’s scheme.
This will be done by decomposing a standard quadratic interpolant into a combina-
tion of four one-dimensional quadratics. Replacing each of these one-dimensional
interpolants by ones which preserve data-boundedness, possibly by replacing one
quadratic by two piecewise quadratics, enables a new data-bounded interpolant to
be devised. This interpolant is bounded by the minimum and maximum data values
defining it and may therefore be utilized to preserve positivity. It can also be used
for the visualization of the solution and by the numerical solver to recover values
over the numerical domain. A novel feature of the new scheme is that the method is
local to each triangle or tetrahedral element. The price that is paid for this is that
when the interpolant is modified to preserve data-boundedness the resulting piecewise
polynomial is only C0 continuous rather than C1 continuous.

The extension of the approach to tetrahedra proves to be straightforward by using
a combination of positivity preserving one-dimensional and triangular interpolants.

2. The standard quadratic triangular interpolation scheme. A two-
dimensional quadratic triangular interpolant of an unknown function u(x, y) needs
six data points: these points are usually at the vertices of the triangle and the mid-
points of the sides [12]. These can be mapped to area coordinates (L1, L2, L3). Six
shape functions can be fitted to these points such that each is unified at one point
and zero at the others. These shape functions are shown in (1):

φ1 = (2L1 − 1)L1, φ2 = (2L2 − 1)L2,

φ3 = (2L3 − 1)L3, φ4 = 4L2L1,(1)

φ5 = 4L3L2, φ6 = 4L1L3.

The area coordinates of points, (L1, L2, L3), 1 to 6 being (1, 0, 0), (0, 1, 0), (0, 0, 1),
( 1
2 ,

1
2 , 0), (0,

1
2 ,

1
2 ), and (1

2 , 0,
1
2 ), respectively. The interpolated value UI is then defined

by

UI(L1, L2, L3) =

6∑
i=1

φi(L1, L2, L3)Ui.(2)

The position of the points Ui is shown in Figure 1. Ui, i = 1, 2, 3 being the points at
which the corresponding Li = 1.

The problem with the standard interpolation formula is that the shape functions
associated with the three vertex values are negative over large parts of the triangle.
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Fig. 1. Example triangle.

Thus it is possible that new and unphysical extrema may be introduced [10]. Consider,
e.g., the centroid of the triangle marked as U7 in Figure 1. In the case when standard
quadratic interpolation based on the values Ui, i = 1, 6 is used, then

U7 = U

(
1

3
,
1

3
,
1

3

)
=

4

9
(U4 + U5 + U6)− 1

9
(U1 + U2 + U3).(3)

Hence if all the values Ui, i = 1, 6 are positive but the values U1, U2, and U3 are
in some sense large compared to U4, U5, and U6, then U7 may be negative. More gen-
erally, possible extrema of the standard quadratic interpolant polynomial UI defined
by (2) lie at the points at which (after replacing L3 with 1 − L1 − L2 ) ∂U∂L1

= 0 and
∂U
∂L2

= 0. Differentiating UI and collecting terms together gives a pair of equations
for L1, L2, the critical points:

4L1(U1 + U3 − 2U6) + 4L2(U3 + U4 − U5 − U6) = (U1 + 3U3 − 4U6),

4L1(U3 + U4 − U5 − U6) + 4L2(U3 + U2 − 2U5) = (U2 + 3U3 − 4U5).

The standard multivariable calculus test for determining extrema is that D < 0, where

D = ( ∂
2UI

∂x∂y − ∂2UI

∂x2
∂2UI

∂y2 ). The case when D > 0 defines saddle points, or if D = 0
the test fails, and there may be no maximum or minimum or a line of critical points.
A lengthy but straightforward derivation shows that D has the same sign as −Det,
where Det is the determinant of the preceding pair of equations.

Although this test provides useful help in understanding why the standard inter-
polant may not be data-bounded, it does not directly help to construct a data-bounded
interpolant. It is this problem, that of constructing a data-bounded quadratic inter-
polant, that will be addressed in sections 4 and 5 below. This will be achieved by
showing that the original polynomial may be interpreted as a combination of one-
dimensional quadratics. A geometrical outline of the approach is indicated by Fig-
ure 1 which indicates how a point on the line ABC is defined in terms of quadratics
using U2, U4, and U1 to define a value at A, U5, U7, and U1 to define a value at B,
and using U3, U6, and U1 to define a value at C. A further quadratic interpolation
using ABC then defines points on that line. The problems are thus reduced to that
of finding data-bounded quadratic polynomials in one space dimension and of finding
a suitable centroid value.

3. Two data-bounded piecewise quadratic polynomials. In this section
two data-bounded one-dimensional piecewise quadratic polynomials are devised. These
polynomials will play an important role in the triangular interpolant in section 4 and
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in the tetrahedral interpolant in section 8. The approach taken to ensure data bound-
edness will be, when necessary, to decompose the original quadratic polynomial into
two piecewise polynomial quadratics.

3.1. Polynomial P1. Consider the case of the standard one-dimensional quad-
ratic interpolant for the function u(x) defined on the interval [0, h] mapped onto [0, 1]
with data points at 0, 1

2 , and 1 given by U0, U 1
2
, and U1. Let this polynomial be

defined by

q1(U0, U 1
2
, U1, L1) = U0φ̂1 + U 1

2
φ̂2 + U1φ̂3,(4)

where

φ̂1 = (1− L1)(1− 2L1), φ̂2 = 4L1(1− L1), φ̂3 = L1(2L1 − 1),

and L1 + L2 = 1. Differentiating with respect to L1 gives

dq1

dL1
= 0 at L1 =

1

2
+ r, where r =

U1 − U0

4(2U 1
2
− U1 − U0)

(5)

and differentiating again with respect to L1 gives

d2q1
dL2

1

= 4(−2U 1
2
+ U1 + U0),(6)

which is also a second-order difference approximation to h2 d2u
dx2 (

1
2 ). This result shows

that the polynomial may have extrema at nonnodal points. If the second derivative
is zero then as q is linear and hence takes its extrema at the ends of the interval.

In order to get a data-bounded interpolant for which any extrema lie at data
points, the key observation in modifying the polynomial is that on the interval [0, 1

2 ]
a completely different value of U1 may be used from the original. Similarly, on the
interval [12 , 1] a completely different value of U0 from the original may be used without
destroying C0 but not C1 continuity of the solution. Thus the original polynomial is
replaced by two piecewise quadratic polynomials.

Let these new values of U0 and U1 be denoted by U∗
0 and U∗

1 , respectively. The
new piecewise polynomial is then defined by

p1(U0, U 1
2
, U1, L1) = U0φ̂1 + U 1

2
φ̂2 + U∗

1 φ̂3, 0 ≤ L1 ≤ 1

2
,(7)

= U∗
0 φ̂1 + U 1

2
φ̂2 + U1φ̂3,

1

2
< L1 ≤ 1.(8)

These new values of U∗
0 and U∗

1 will be defined by moving extrema to the closest
nodal point, denoted by Lnewext , by using (5). In the case when r ≤ − 1

2 or r ≥ 1
2 , then

U∗
0 = U0 and U∗

1 = U1 and the original polynomial is unchanged

Lnewext = 0,− 1

2
< r ≤ −1

4
, U∗

1 = 4U 1
2
− 3U0,(9)

Lnewext =
1

2
, − 1

4
< r ≤ 0, U∗

1 = U0,(10)

Lnewext =
1

2
, 0 < r ≤ 1

4
, U∗

0 = U1,(11)

Lnewext = 1,
1

4
< r ≤ 1

2
, U∗

0 = 4U 1
2
− 3U1.(12)
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In all the above four cases U1−U∗
1 and U0−U∗

0 may be rewritten in a more convenient
form as

Lnewext = 0, U∗
1 − U1 =4U 1

2
− 3U0 − U1 =

(1 + 2r)

2
4 (2U 1

2
− U0 − U1),(13)

Lnewext =
1

2
, U∗

1 − U1 = U0 − U1 = − r 4 (2U 1
2
− U0 − U1),(14)

Lhalfext =
1

2
, U∗

0 − U0 = U1 − U0 = r 4 (2U 1
2
− U0 − U1),(15)

Lnewext = 1, U∗
0 − U0 =4U 1

2
− 3U1 − U0 =

(1− 2r)

2
4 (2U 1

2
− U0 − U1).(16)

From the last four equations and (6)

U1 − U∗
1 = α(r)

d2q1
dL2

1

, where − 1/2 ≤ r ≤ 0,(17)

U0 − U∗
0 = α(r)

d2q1
dL2

1

, where 0 ≤ r ≤ 1/2,(18)

and where 0 ≤ α(r) ≤ 1/4 is the piecewise linear function defined as in (13)–(16).
Thus the algorithm adds a nonlinear multiple of the second derivative in order to get
a data-bounded interpolant. The extra term introduced by this approach is given by

q1(. . . , L1)− p1(. . . , L1) = (U∗
1 − U1)φ̂3, 0 ≤ L1 ≤ 1

2
,(19)

= (U∗
0 − U0)φ̂1,

1

2
< L1 ≤ 1.(20)

As a consequence of this, the error as defined on [12 , 1] is no longer defined by the
standard form on [h/2, h] given by

u(x)− q1(U0, U 1
2
, U1, L1) = x(x− h/2)(x− h)

1

6

d3u

dx3
(ξ1), ξ1ε[0, h],(21)

where u(x) is defined at the start of this section, but by

u(x)− p1(U0, U 1
2
, U1, L1) = x(x− h/2)(x− h)

1

6

d3u

dx3
(ξ1)

− 2

h2
(U∗

0 − U0)(x− h/2)(x− h).(22)

Substituting from (15) and (16) for U∗
0 − U0 gives

u(x)− p1(U0, U 1
2
, U1, L1) =

(x− h/2)(x− h)

[
4 α(r)

4(−2U 1
2
+ U0 + U1)

2 h2
+

x

6

d3u

dx3
(ξ1)

]
.(23)

Thus in the same way as limiter schemes in the solution of hyperbolic PDEs vary
the order of the method to preserve positivity (see [5]) the function α(r) varies the
order between second order |α(r)| = 1/4 and third order α = 0 to preserve data-
boundedness. The case α(r) = 1/4 occurs only if U0 = U 1

2
or U1 = U 1

2
and then the

use of a linear polynomial is unavoidable.
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In contrast, when linear interpolation is used, e.g., on the subinterval [h/2, h], to
substitute for the polynomial q1 the approximation polynomial is

l1(U 1
2
, U1, L1) = U 1

2
2(1− L1) + U1(2L1 − 1)(24)

and the modified form of the error may, for comparison purposes, be written as
u(x) − l1(.) = u(x) − q1(.) − (l1(.) − q1(.)). After some manipulation this may be
written as

u(x)− l1(U 1
2
, U1, L1) =

(x− h/2)(x− h)

[
4(−2U 1

2
+ U0 + U1)

2 h2
+

x

6

d3u

dx3
(ξ1)

]
.(25)

A comparison between (23) and (25) shows that when the term d3u
dx3 (ξ1) vanishes then

the ratio of the two errors is 4α(r) : 1. This is not generally the case. In the examples
below, for example, the ratios of the errors in the two cases are obtained by comparing
the bracketed terms ([ ]) in (23) and (25). Furthermore, if the original polynomial
q1(.) violates the positivity of the data values, then in order for the modified polyno-
mial to be data bounded there must be a significant cancellation in the two terms in
[ ] in (23) and (25). This is also shown in the examples below.

3.1.1. Numerical examples. In this section the cases U0 = 100, U 1
2

= 0.3, and
U1 = 0.1, and U0 = 1.0, U 1

2
= 0.3, and U1 = 0.1 are considered as data points for the

function u(x) defined by

u(x) = U1 ea(1−x)
b

,(26)

where

a = log(U0/U1), c = log(U 1
2
/U1), and b = (log(a)− log(c))/ log(2).

In the first case U0 = 100 and the new and original polynomials are identical in [0, 0.5].
Table 1 shows the values of the interpolants at points in (0.5, 1.0) and Table 2 shows
the errors in the interpolants. In particular, the original quadratic polynomial has a
minimum of about −12, whereas the new polynomial remains positive. In this case
the new value of U∗

0 is 0.9, U∗
0 − U0 = −99.1 α(r) = 0.246, and the change to the

original polynomial has to be substantial to achieve data-boundedness. Also shown
are the results from the linear polynomial l1 defined by (24).

Now consider the case when the value of U0 is changed to U0 = 1, U 1
2

= 0.3, and

U1 = 0.1 . The new and original polynomials are identical in [0, 0.5]. Table 1 shows
the differences at points in (0.5, 1.0). In particular, the original quadratic polynomial
q1 has a minimum of about 0.0975, whereas the new polynomial p1 remains within
the range of the data. In this case the new value of U∗

0 is 0.9, U∗
0 − U0 = −0.1, and

α(r) = 0.05. Thus the change to the original polynomial is quite small to ensure that
the data values stay within the range of the data. It should be noted that the new
polynomial is the same for both values of U0 as the value of r in both cases defines the
same value of U∗

0 . Also shown are the results from the linear polynomial l1 defined
by (24).
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Table 1
Results for the standard, modified quadratic, and linear interpolants.

U0 L1 0.5 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
100.0 u(x) 0.3 0.230 0.184 0.153 0.133 0.119 0.110 0.105 0.102 0.100
100.0 p1 0.3 0.262 0.228 0.198 0.172 0.150 0.132 0.118 0.108 0.102
100.0 l1 0.3 0.280 0.260 0.240 0.220 0.200 0.180 0.160 0.140 0.120
100.0 q1 0.3 -4.197 -7.700 -10.21 -11.72 -12.24 -11.76 -10.29 -7.820 -4.357
1.0 u(x) 0.3 0.267 0.238 0.212 0.189 0.169 0.151 0.136 0.122 0.110
1.0 p1 0.3 0.262 0.228 0.198 0.172 0.150 0.132 0.118 0.108 0.102
1.0 l1 0.3 0.280 0.260 0.240 0.220 0.200 0.180 0.160 0.140 0.120
1.0 q1 0.3 0.257 0.220 0.178 0.160 0.137 0.120 0.107 0.100 0.098

Table 2
Errors in the standard, modified quadratic, and linear interpolants.

U0 L1 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
100.0 p1 − u(x) 0.032 0.044 0.045 0.039 0.031 0.022 0.013 0.006 0.002
100.0 ll − u(x) 0.050 0.076 0.087 0.087 0.081 0.070 0.055 0.038 0.020
100.0 q1 − u(x) -4.42 -7.880 -10.36 -11.85 -12.35 -11.87 -10.39 -7.920 -4.458
1.0 p1 − u(x) -0.005 -0.010 -0.014 -0.017 -0.019 -0.019 -0.018 -0.014 -0.008
1.0 l1 − u(x) 0.013 0.022 0.028 0.031 0.031 0.029 0.024 0.018 0.010
1.0 q1 − u(x) -0.009 -0.018 -0.024 -0.029 -0.031 -0.031 -0.028 -0.022 -0.012

3.2. Polynomial P2. Consider now the case of the one-dimensional quadratic
interpolant to the function u(x) on [0, 1] with data points at 0, 1

3 , and 1 given by
U0, U 1

3
, and U1 defined by

q2(U0, U 1
3
, U1, L1) = U0φ̄1 + U 1

3
φ̄2 + U1φ̄3,(27)

where

φ̄1 = (1− L1)(1− 3L1), φ̄2 = 4.5L1(1− L1), φ̄3 =
1

2
L1(3L1 − 1),

and L1 + L2 = 1. Differentiating with respect to L1 gives

dq2

dL1
= 0 at L1 =

1

2
+ s, where s =

U1 − U0

3(3U 1
3
− U1 − 2U0)

.(28)

Differentiating again with respect to L1 gives

d2q2
dL2

1

= 3(−3U 1
3
+ U1 + 2U0).(29)

As above, this polynomial may have extrema at nonnodal points which may be re-
moved by modifying the polynomial on the interval [0, 1

3 ] by using a completely differ-
ent value of U1 from the original or on the interval [13 , 1] by using a completely different
value of U0 from the original. This approach preserves C0 but not C1 continuity of
the solution. The new polynomial is defined by

p2(U0, U 1
3
, U1, L1) = U0φ̄1 + U 1

3
φ̄2 + U∗

1 φ̄3, 0 ≤ L1 ≤ 1

3
(30)

= U∗
0 φ̄1 + U 1

3
φ̄2 + U1φ̄3,

1

3
< L1 ≤ 1.(31)
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Define the values of U∗
0 and U∗

1 by moving extrema to the closest nodal point, denoted
by Lnewext . In the case when s ≤ − 1

2 or s ≥ 1
2 , then U∗

0 = U0 and U∗
1 = U1 and the

original polynomial is unchanged. Define the values of U∗
0 and U1

1 by again moving
extrema to the closest nodal point:

Lnewext = 0,− 1

2
< s ≤ −1

3
, U∗

1 = 9U 1
3
− 8U0,(32)

Lnewext =
1

3
,− 1

3
< s ≤ −1

6
, U∗

1 = 4U0 − 3U 1
3
,(33)

Lnewext =
1

3
, − 1

6
< s ≤ 1

6
, U∗

0 = (U1 + 3U 1
3
)/4,(34)

Lnewext = 1,
1

6
< s ≤ 1

2
, U∗

0 = (9U 1
3
− 5U1)/4.(35)

The extra error introduced by this approach is given by

q2(. . . , L1)− p2(. . . , L1) = (U1 − U∗
1 )φ̂3, 0 ≤ L1 ≤ 1

3
,(36)

= (U0 − U∗
0 )φ̂1,

1

3
< L1 ≤ 1,(37)

where

Lnewext = 0, U∗
1 − U1 = 9U 1

3
− 8U0 − U1 = (1 + 2s) 3(3U 1

3
− U1 − 2U0),

Lnewext =
1

3
, U∗

1 − U1 = 4U0 − 3U 1
3
− U1 = −

(
1

3
+ 2s

)
3(3U 1

3
− U1 − 2U0),

Lnewext =
1

3
, U∗

0 − U0 = (U1 + 3U 1
3
)/4− U0 =

(
1

12
+

s

2

)
3(3U 1

3
− U1 − 2U0),

Lnewext = 1, U∗
0 − U0 =(9U 1

3
− 5U1)/4− U0=

(
1

4
− s

2

)
3(3U 1

3
− U1 − 2U0).

From the last four equations and (5) U1 −U∗
1 = β(s) d2q2

dL2
1
, where 0 ≤ β(s) ≤ 1/3 and

similarly for U0−U∗
0 . Hence similar arguments as put forward by (21)–(25) in section

3.1 apply.

4. A data-bounded two-dimensional quadratic interpolant. In extending
the ideas behind the one-dimensional schemes above to two dimensions there are a
number of possible ways to proceed. A direct two-dimensional analogy for the previous
section would be to notice that the value of U1 could be changed to U∗

1 for values of
L1 < 1

2 and similarly for U2 and U3. Although this approach can be made to work
for a single triangle, there is a problem in enforcing continuity of the solution along
exterior edges in a mesh of triangles. For a positive interpolant in a mesh of triangles
it is thus important for the scheme to treat edges independently.

The starting point for the two-dimensional quadratic scheme is the observation
that the ordinary quadratic interpolant may be written as a combination of four
one-dimensional quadratic interpolants; two along exterior edges, one through the
centroid, and the final one across the other three. There are three such interpolants
which will be denoted by UI,j , j = 1, 2, 3; the subscript I being used to avoid confusion
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with data points. For example, referring to Figure 1, let

UA = q1(U2, U4, U1, L1),

UB = q2(U5, U7, U1, L1),

UC = q1(U3, U6, U1, L1),

UI,1 = q1

(
UA, UB , UC ,

L3

L2 + L3

)
,(38)

where L3/(L2+L3) represents the position along the line ABC in that L3 = 0 at A and
L2 = 0 at C. As each polynomial is exact for a quadratic this interpolant will reproduce
a quadratic function. This approach has some similarities with that of Barnhill and
co-authors [2], [3] except that they use three combinations of two quadratics along
edges only with linear interpolation between them and subtracted a multiple of linear
interpolation using the values U1, U2, and U3. The main differences here are the use
of the centroid value U7 and the use throughout of quadratic polynomials. The two
other ways of writing the interpolant are

UD = q1(U2, U5, U3, L3),

UE = q2(U4, U7, U3, L3),

UF = q1(U1, U6, U3, L3),

UI,2 = q1

(
UD, UE , UF ,

L1

L2 + L1

)
;(39)

UG = q1(U1, U4, U2, L2),

UH = q2(U6, U7, U2, L2),

UK = q1(U3, U5, U2, L2),

UI,3 = q1

(
UG, UH , UK ,

L3

L1 + L3

)
.(40)

In the case of the standard quadratic interpolant the centroid value, U7 is computed
using (3). This value, as has already been shown in section 2, will not preserve
data-boundedness.

Using the notation of section 2 it is now straightforward to describe the bounded
positive quadratic interpolant. Let ÛA be the value corresponding to UA above but re-
placing the polynomial q1 with p1 and letting the values ÛB , ÛC , ÛD, ÛE , ÛF , ÛG, ÛH ,
ÛK be similarly defined using the data-bounded polynomials p1 and p2, and using
a centroid value U7 that is itself bounded by the data values Uj , j = 1, . . . , 6. The
method used to compute this centroid value will be given in the next section.

Define the polynomials ÛI,j , j = 1, 3 by

ÛI,1 = p1

(
ÛA, ÛB , ÛC ,

L3

L2 + L3

)
,(41)

ÛI,2 = p1

(
ÛD, ÛE , ÛF ,

L1

L2 + L1

)
,(42)

ÛI,3 = p1

(
ÛG, ÛH , ÛK ,

L3

L1 + L3

)
,(43)

each of these polynomials being data-bounded and piecewise quadratic. The effect of
using the different combinations of bounded quadratics means that the polynomials
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are no longer identical and may be directionally biased. For these reasons the bounded
positive interpolant used is ÛI , where

ÛI(L1, L2, L3) =
1

3
(ÛI,1 + ÛI,2 + ÛI,3).(44)

5. Choosing the centroid value, U7. In the case of the cell-centered finite
volume schemes [5], [7] values at the centroids of triangles are the primary ones gen-
erated by the method. In this case interpolation techniques are used to compute the
values at the midpoints of edges [5] and at the nodes [10]. In the case of triangu-
lar quadratic finite element based schemes [12], however, the centroid values are not
available and must be computed.

The primary requirement is that the centroid value is itself data-bounded and
that any error introduced is comparable to other errors already present. In the case
when the standard quadratic value U7, defined by (3), is data-bounded, then this
value is used unchanged.

Let Umax and Umin be the maximum and minimum of the values U1, . . . , U6. In
the case when U7 lies outside of the range of these values, then U7 is set to either
Umax or Umin using the following procedure. For convenience, consider the case when
U7 > Umax, the other case follows without difficulty. Let the (data-bounded) linear
interpolant value at the centroid be denoted by UL

7 and defined by

UL
7 =

1

3
(U1 + U2 + U3);(45)

then from (3)

U7 = UL
7 −

2

9
[(U1 − 2U4 + U2) + (U2 − 2U5 + U3) + (U3 − 2U6 + U1)] .(46)

Let h1, h2, and h3 be the lengths of the three edges connecting U1 and U2, U2, and
U2, and U3 and U1, respectively; then

U1 − 2U4 + U2 = h2
1

∂2UI
∂z2

1

,(47)

where zi is the local coordinate along the ith edge with length hi. A similar interpre-
tation of the other terms in (46) gives

U7 − UL
7 =

2

9

[
h2

1

∂2UI
∂z2

1

+ h2
2

∂2UI
∂z2

2

+ h2
3

∂2UI
∂z2

3

]
.(48)

As the linear value UL
7 is data-bounded and the quadratic one is not, it follows that

we can find a constant 0 ≤ γ ≤ 1 such that

γ =
Umax − UL

7

U7 − UL
7

(49)

and hence in replacing U7 by Umax an extra source of error is introduced, which will
be denoted by e7, where e7 = U7 − Umax, and note that

e7 = (1− γ)
2

9

[
h2

1

∂2UI
∂z2

1

+ h2
2

∂2UI
∂z2

2

+ h2
3

∂2UI
∂z2

3

]
.(50)
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6. Error and continuity analysis. The interpolation error of the standard
quadratic triangular interpolant is given by Johnson [9], for example. In order to
estimate the value of the extra error incurred by using the one-dimensional data-
bounded polynomials consider the case of the interpolant defined by (38). The values
ÛA, ÛB , ÛC each have an error of the type considered in sections 3.1 and 3.2. Let these
errors be denoted by eÛA, eÛB , and eÛC , respectively. In addition there is a possible
extra error due to the use of the approximate centroid value. From (27) this can be
written as e7φ̄2(L1). Hence the additional error due to preserving data-boundedness
in ÛI,1, which is denoted by eÛI,1, is given by

eÛI,1 = q1

(
UA, UB , UC ,

L3

L2 + L3

)

− p1

(
UA + eÛA, UB + eÛB + e7φ̄2(L1), UC + eÛC ,

L3

L2 + L3

)
.(51)

Adding and subtracting the term q1(UA+eÛA, UB+eÛB+e7φ̄2(L1), UC+eÛC ,
L3

L2+L3
)

and simplifying using the results in section 3.1 gives

eÛI,1 = −q1
(
eÛA, eÛB + e7φ̄2(L1), eÛC ,

L3

L2 + L3

)
+

φ̄1

(
L3

L2 + L3

)
α(r̂)

[
(UA − 2UB + UC) + (eÛA − 2(eÛB + e7φ̄2(L1)) + eÛC)

]
,(52)

where α(r̂) is calculated by using the modified solution values, i.e., ÛA instead of
UA, etc. The errors eÛI,2 and eÛI,3 may be similarly estimated. This expression
shows how the additional errors introduced by the one-dimensional interpolations,
eÛA, eÛB , and eÛC combine with the centroid error to introduce an additional error,
of the same order as the one-dimensional errors, into the interpolant. The first term in
(52) is the quadratic interpolant of the errors at points A, B, and C while the second
term consists of a term similar to that arising from ensuring that the polynomial q1
is data-bounded, e.g., see (23), but with errors in the data values.

Regarding the continuity of the interpolant defined in this way, the polynomials
defined along the edges of each triangle and through its centroid are clearly continuous.
The question remains as to whether or not the dependency of the modified polynomials
on r and s might cause discontinuities. Both r and s depend in a fixed well-defined
way on the nodal data values and so the new interpolant is a composition of continuous
functions of (x, y) and so is continuous.

7. Numerical examples. In order to illustrate the properties of the interpolant
three simple examples defined on a triangle with vertices at (0, 0), (0, 1), and (1, 0)
are used. The first problem has a maximum at (x0, y0) the second problem has a
minimum at (x0, y0) while the third problem has a ridge of maximum values across
the triangle.

Problem 1.

u(x, y) =
1

0.1 + (x− x0)2 + (y − y0)2
, x0 = 0.25, y0 = 0.1.(53)

Problem 2.

u(x, y) = 10[(x− x0)
2 + (y − y0)

2], x0 =
1

3
, y0 =

1

3
.(54)
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Problem 3.

u(x, y) = 2− 1

2
(x + y0y)

2 + x0 (x + y0y), x0 = −1

3
, y0 = −2.0.(55)

Figures 2–10 display the results for these three problems, and the associated
numerical tables in Appendices A, B, and C show the solution values to two significant
figures at the mesh points (0.1i, 0.1j), where i = 0, . . . , 10, j = 0, . . . , 10, and i+j ≤ 10.
For each of the three problems the original quadratic and new quadratic interpolants
are shown. For Problems 2 and 3 the exact solution is identical to the standard
quadratic interpolant and so is not shown. In the case of Problem 1 the exact solution
is shown.

In the case of Problem 1 the original interpolant has a maximum value of about
9.8 along the line x = 0, whereas the new polynomial does not allow the solution to
rise above the largest nodal value of 5.7971, thus giving rise to the large maximum
error shown in Figure 4.

For Problem 2 the data and original interpolant are both zero at the centroid
x = 1

3 , y = 1
3 but the new interpolant (correctly given its intent) does not allow the

solution values to dip below the smallest data value of 0.56.
In the case of Problem 3, the original quadratic interpolant peaks at 2.1, but the

new polynomial remains bounded by the maximum nodal value of 2.041 at point 6.
Overall, these results show that the new interpolant remains bounded between the
maximum and minimum data values.

8. Extension to tetrahedral elements. The method described above is read-
ily extended to the case of the standard quadratic interpolant on tetrahedra [12]
in which each exterior triangular face has the same data points as the triangular
quadratic interpolant in Figure 1. The data points are shown in Figure 11 and are
numbered 1 to 10. Suppose that we wish to find the value of the interpolant at a point
lying on the QRS triangle defined by the points Q,R, and S on which the volume
coordinate L3 is constant. Let QR,RS, and QS be the midpoints of the lines between
Q and R, R and S, and between Q and S, respectively. Furthermore let c1 be the
centroid of the triangular face defined by points 1, 2, 3; c2 be the centroid of the
triangle defined by the points 1, 3, 8; and c3 be the centroid of the triangle defined
by the points 2, 3, 8.

The central idea is to use the monotone positive polynomials p1 and p2 defined in
section 2 to compute sufficient values on the triangle defined by Q,R, and S so that
the triangular interpolant described in section 3 may be used to find the value of the
interpolant. The values at Q,R, and S are computed using the p1 polynomials along
the tetrahedral edges, while the values at the midpoints QR,RS, and QS are com-
puted using the p2 polynomial and the centroid values Uc1 , Uc2 , and Uc3 , respectively,
on the exterior faces of the tetrahedron. The three centroid values are calculated in
the same way as in section 5. In other words,

UQ = p1(U2, U5, U3, QL3),

US = p1(U8, U7, U3, SL3),

UR = p1(U1, U6, U3, RL3),

UQR = p2(U4, Uc1 , U3, QRL3),

URS = p2(U9, Uc2 , U3, RSL3),

UQS = p2(U10, Uc3 , U3, QSL3),
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Fig. 2. Problem 1. Original values.
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Fig. 4. Problem 1. Errors in new interpolant.
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Fig. 6. Problem 2. New positive interpolant.

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1

0.1

0.1
0.1

0.1
0.1

0.1
0.1

0.1
0.1

0.1
0.1

0.10.1
0.2

0.2

0.3 0.3
0.4

0.4

0.5

Fig. 7. Problem 2. Errors in new interpolant.

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅

❅
❅



192 MARTIN BERZINS

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
0.8

1
1.2

1.2

1.4

1.4

1.6

1.6

1.8

1.8

2

Fig. 8. Problem 3. Data values and original interpolant.
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Fig. 9. Problem 3. New interpolant.
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Fig. 11. Example tetrahedron.

where QL3 is the L3 coordinate of point Q, and similarly for the other five values of
L3 .

The final step is to use the values UQ, UR, US , UQR, URS , UQS in the positive
triangular interpolant described in section 6 to compute the required value. The
accuracy and positivity properties follow from the properties of the individual linear
and triangular interpolants.

As in the case of triangles where for any point there are three such interpolants
of this type there are four such tetrahedral interpolants, the one described being
associated with the volume coordinate L3. Again as in the triangular case, providing
that the standard quadratics q1, q2, and the standard quadratic triangular interpolant
defined by (1) are used, then all four interpolants will give the same answer. When the
positivity preserving polynomials p1 and p2 and the positivity preserving triangular
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interpolant defined by (36) are used the four values will no longer be identical, though
all will be in the range of the data. One solution is to average the four values.
Alternatively the closest value to the original quadratic could be used.

9. Conclusions and extensions. This new method for quadratic interpolation
on triangles and tetrahedra, based on combinations of linear monotone quadratic
polynomials, will preserve positivity in the data in that the interpolant created will
be bounded by the maximum and minimum function values used to define it.

An obvious extension of the approach is to consider the interpolant values on a
triangle by global rather than local data values, e.g., [6]. This may be done by locating
extrema on each edge, if necessary replacing them by global extremal data values, and
using a data-bounded quadratic to interpolate in between these new values on that
part of the subedge where the extremal value lies. In this way, if a nonnodal extremal
value outside the data bounds was detected, each quadratic edge polynomial would
be decomposed into three piecewise quadratic polynomials.

Appendix A. Problem 1. Data values.

1.0

1.2 1.3

1.5 1.6 1.7

1.9 2.1 2.2 2.2

2.4 2.7 2.8 2.8 2.7

3.1 3.5 3.8 3.8 3.5 3.1

4.0 4.7 5.2 5.2 4.7 4.0 3.2

4.9 6.2 7.0 7.0 6.2 4.9 3.8 2.9

5.8 7.5 8.9 8.9 7.5 5.8 4.3 3.2 2.4

6.2 8.2 9.8 9.8 8.2 6.2 4.5 3.3 2.5 1.9

5.8 7.5 8.9 8.9 7.5 5.8 4.3 3.2 2.4 1.9 1.5

Problem 1. Original quadratic interpolant values.
Data values are shown as [ ].

[1.0]

1.4 1.7

1.8 2.1 2.3

2.2 2.5 2.7 2.7

2.6 3.0 3.2 3.2 3.0

[3.1] 3.4 3.6 3.6 3.4 [3.1]

3.6 3.9 4.1 4.1 3.9 3.6 3.1

4.1 4.4 4.6 4.6 4.4 4.1 3.6 2.9

4.6 5.0 5.2 5.2 5.0 4.6 4.1 3.4 2.6

5.2 5.6 5.7 5.7 5.6 5.2 4.7 4.0 3.1 2.1

[5.8] 6.1 6.3 6.3 6.1 [5.8] 5.3 4.6 3.7 2.7 [1.5]

Problem 1. New positive quadratic interpolant values.
Data values are shown as [ ].

[1.0]

1.4 1.7

1.8 2.1 2.3

2.2 2.6 2.7 2.7

2.6 3.0 3.2 3.2 3.0

[3.1] 3.5 3.6 3.6 3.4 [3.1]



DATA-BOUNDED TRIANGULAR QUADRATIC INTERPOLANT 195

3.6 3.9 4.1 4.1 3.9 3.5 3.0

4.1 4.4 4.5 4.6 4.4 4.0 3.5 2.8

4.6 4.9 5.0 5.0 4.9 4.5 4.0 3.3 2.5

5.2 5.4 5.4 5.5 5.4 5.2 4.6 3.9 3.0 2.1

[5.8] 5.8 5.8 5.8 5.8 [5.8] 5.3 4.6 3.7 2.7 [1.5]

Appendix B. Problem 2. Data values and original interpolant values.

Data values used are shown as [ ].

[5.6]

4.3 3.8

3.3 2.7 2.4

2.5 1.9 1.5 1.4

1.8 1.3 .89 .72 .76

[1.4] .82 .46 .29 .32 [.56]

1.2 .59 .22 .06 .09 .32 .76

1.1 .56 .19 .02 .06 .29 .72 1.4

1.3 .72 .36 .19 .22 .46 .89 1.5 2.4

1.7 1.1 .72 .56 .59 .82 1.3 1.9 2.7 3.8

[2.2] 1.7 1.3 1.1 1.2 [1.4] 1.8 2.5 3.3 4.3 [5.6]

Problem 2. New positive quadratic interpolant values.
Data values used are shown as [ ].

[5.6]

4.3 3.8

3.3 3.0 2.4

2.5 2.2 1.9 1.4

1.8 1.6 1.3 1.0 .76

[1.4] 1.2 .94 .77 .67 [.56]

1.4 1.0 .75 .63 .67 .67 .76

1.5 1.1 .77 .60 .61 .77 1.0 1.4

1.7 1.3 .94 .76 .75 .94 1.3 1.8 2.4

1.9 1.6 1.3 1.1 1.0 1.2 1.6 2.2 3.0 3.8

[2.2] 1.9 1.7 1.5 1.4 [1.4] 1.8 2.5 3.3 4.3 [5.6]

Problem 2. Errors in new positive quadratic interpolant.

[0.0]

0.0 0.0

0.0 .20 0.0

0.0 .27 .28 0.0

0.0 .32 .42 .31 0.0

[0.0] .33 .48 .48 .35 [0.0]

.27 .42 .53 .54 .54 .35 0.0

.40 .51 .58 .58 .55 .48 .32 0.0

.40 .53 .59 .58 .53 .48 .42 .27 0.0

.27 .43 .53 .51 .42 .33 .31 .27 .20 0.0

[0.0] .27 .40 .40 .27 [0.0] 0.0 0.0 0.0 0.0 [0.0]

Appendix C. Problem 3. Data values and original interpolant.

Data values used are shown as [ ].
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[.67]

.98 1.1

1.3 1.4 1.5

1.5 1.6 1.7 1.8

1.7 1.8 1.8 1.9 1.9

[1.8] 1.9 1.9 2.0 2.0 [2.0]

1.9 2.0 2.0 2.0 2.1 2.1 2.0

2.0 2.0 2.1 2.1 2.0 2.0 2.0 2.0

2.1 2.1 2.0 2.0 2.0 2.0 1.9 1.9 1.8

2.0 2.0 2.0 2.0 1.9 1.9 1.8 1.7 1.6 1.5

[2.0] 2.0 1.9 1.9 1.8 [1.7] 1.6 1.5 1.4 1.3 [1.2]

Problem 3. New positive quadratic interpolant values.
Data values used are shown as [ ].

[.67]

.98 1.1

1.3 1.4 1.5

1.5 1.6 1.7 1.8

1.7 1.8 1.8 1.9 1.9

[1.8] 1.9 1.9 2.0 2.0 [2.0]

1.9 2.0 2.0 2.0 2.0 2.0 2.0

1.9 2.0 2.0 2.0 2.0 2.0 2.0 1.9

2.0 2.0 2.0 2.0 2.0 1.9 1.9 1.8 1.7

2.0 2.0 2.0 1.9 1.9 1.8 1.8 1.7 1.6 1.5

[2.0] 2.0 1.9 1.9 1.8 [1.7] 1.6 1.5 1.4 1.3 [1.2]

Problem 3. Errors in new positive quadratic interpolant.

[0.0]

0.0 0.0

0.0 .005 0.0

0.0 .007 .007 0.0

0.0 .008 .01 .008 0.0

[0.0] .01 .01 .01 .01 [0.0]

.05 .03 .02 .01 .02 .03 .04

.08 .06 .04 .02 .01 .02 .03 .06

.08 .07 .05 .03 .01 .01 .02 .04 .06

.05 .04 .03 .01 .01 .008 .008 .01 .02 .04

[0.0] 0.0 0.0 0.0 0.0 [0.0] 0.0 0.0 0.0 0.0 [0.0]

In this case the original quadratic interpolant peaks at 2.1, but the new polynomial
remains bounded by the maximum nodal value of 2.041 at point 6.
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Abstract. This paper compares the theoretical effectiveness of bilinear approximation over
quadrilaterals with linear approximation over triangles. Anisotropic mesh transformation is used to
generate asymptotically optimally efficient meshes for piecewise linear interpolation over triangles
and bilinear interpolation over quadrilaterals. For approximating a convex function, although bilinear
quadrilaterals are more efficient, linear triangles are more accurate and may be preferred in finite
element computations; whereas for saddle-shaped functions, quadrilaterals may offer a higher-order
approximation on a well-designed mesh. A surprising finding is different grid orientations may yield
an order of magnitude improvement in approximation accuracy

Key words. mesh generation, interpolation, quadrilateral patch, triangulation, bilinear approx-
imation
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1. Introduction. This paper compares the theoretical effectiveness of bilinear
approximation over quadrilaterals with linear approximation over triangles. The nov-
elty is in the use of anisotropic mesh transformation to generate asymptotically op-
timally efficient meshes in the comparison. Elementary analysis based on a simple
quadratic data model is used. Although both linear and bilinear interpolants are
O(h2) accurate, the results suggest linear triangles are always more accurate than
general convex bilinear quadrilaterals in approximating a convex function but bilin-
ear approximation may offer a higher-order approximation for saddle-shaped functions
on a well-designed mesh. A surprising finding is different grid orientations may yield
an order of magnitude “superconvergence” improvement in approximation accuracy.
This work is a basic study on optimal meshes with the intention of gaining insight
into the more complex meshing problems in finite element analysis.

We consider the problem of interpolating a given smooth data function with con-
tinuous piecewise linear triangles or bilinear quadrilaterals over a domain to satisfy
a given error tolerance. A mesh that achieves this error tolerance with the fewest
elements is defined to be optimally efficient. Intuitively, one would expect smaller
and denser elements in regions where the function has sharp peaks or large vari-
ations. Since each convex quadrilateral can be split across either one of the di-
agonals into two triangles, one can imagine embedding a refined triangular mesh
within the quadrilateral mesh. A practical question arises as to whether the bilin-
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ear approximation over quadrilaterals or linear approximation over triangles is more
effective.

To make a fair comparison, we need to compare bilinear approximation over an
“optimal” quadrilateral mesh versus linear approximation over an “optimal” triangu-
lar mesh. Provably optimal triangular meshes [7, 9] have been produced by anisotropic
mesh transformation.

Anisotropic mesh generation using a Riemannian metric is emerging as an effective
technique for unstructured grid generation where the vertex distribution is highly
nonuniform. The central idea is to control the element shapes and sizes by specifying
a symmetric metric tensor that measures the approximation error. The metric tensor
determines the corresponding anisotropic transformation. The anisotropic mesh is
then the image of a uniform mesh of optimal shape elements under the anisotropic
transformation. Simpson [18] gives a survey on anisotropic meshes.

Nadler [14], D’Azevedo and Simpson [8, 9], and D’Azevedo [7] have studied local
anisotropic transformation for the generation of optimally efficient triangular meshes.
Peraire et al. [15], Fortin and coworkers [10, 1], Borouchaki and coworkers [2, 3, 4]
have used a local metric in anisotropic mesh generation for dynamic remeshing in
solving compressible flow problems. In these works, a local metric is used to control
the size and shape of elements on the computational mesh.

Several techniques are used to generate anisotropic meshes. Bossen [5] uses a
physically-based model of interacting “particles” to define vertices of a triangulation.
The attractive (repulsive) forces are derived using a local Riemannian metric. The
particles are triangulated to produce a modified Delaunay mesh in the Riemannian
space defined by the metric. Shimada [16, 17] uses a similar physically-based close
packing of elliptic “bubbles” for generating isotropic meshes. The ellipses are nearly
circular bubbles over the transformed space. Ait-Ali-Yahia et al. [1] use a physical
spring analogy to perturb points in a structured mesh to generate an anisotropic
quadrilateral mesh. George, and George and Hecht [11, 12] use a point insertion
process and mesh smoothing to generate an anisotropic triangular mesh. Triangles
can be further merged to form a quadrilateral mesh. Common to the above described
approaches, the metric tensor is interpolated from piecewise constant values defined
over an underlying “background” mesh.

The approach used in this investigation has two major differences. First, we
assume a continuous Hessian metric is available and we derive a continuous global
coordinate transformation to the isotropic space. The underlying theory relies on
a classical result in differential geometry described in section 2.3. A well-shaped
(regular) mesh over the isotropic space is transformed back to the original physical
space to produce an anisotropic mesh. Second, the Hessian “metric” need not be
positive definite. In fact, it is precisely the nonpositive definite case that yields the
interesting superconvergent result.

An outline of the paper follows. In section 2, we review the key ideas in [7] for
generating optimally efficient triangular meshes. In section 3, we consider error prop-
erties of bilinear interpolation. We consider the optimal geometry for quadrilateral
patches in section 3.2. We compare the effectiveness of quadrilaterals versus triangu-
lar meshes using the local quadratic model in section 4. Numerical experiments and
the results are described in section 5. Finally section 6 gives a brief summary.

2. Triangular patch. This section is a brief review of the basic ideas in [7] for
determining optimal triangle geometry. We show a linear transformation of a regular
mesh of optimal-shape triangles yields an optimally efficient mesh for interpolating a
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quadratic function.

2.1. Quadratic model. We shall consider a local analysis where we assume
the data function f(x, y) in the neighborhood of (xc, yc) is well approximated by its
quadratic Taylor expansion,

f(x, y) = f(xc + dx, yc + dy)

≈ f(xc, yc) +∇f(xc, yc)[dx, dy] + 1

2
[dx, dy]H[dx, dy]t.(2.1)

Let the error formula be ET (x, y) = p�(x, y) − f(x, y), where p�(x, y) is the linear
interpolant. By our assumption, ET (x, y) is a quadratic function and level curves
for ET (x, y) = c form a family of conics with a common center at (xc, yc). They
form a family of ellipses if det(H) > 0 and hyperbolas if det(H) < 0. Note by the
interpolation condition, the curve ET (x, y) = 0 passes through all vertices of the
triangle. If det(H) > 0 (conic is an ellipse), then ET (x, y) attains the local maximum
at the center (xc, yc); otherwise, det(H) < 0 (conic is a hyperbola) the maximum
error is attained at the midpoint of an edge. The error at a displacement from the
center is given by

ET (xc + dx, yc + dy) = ET − 1

2
[dx, dy]H[dx, dy]t, ET = ET (xc, yc).(2.2)

The key insight in [7] is in interpreting the Hessian matrix H in (2.2) as a sym-
metric metric tensor. Let the symmetric Hessian matrix be diagonalizable as

H = Qt
[
λ1 0
0 λ2

]
Q = St

[
1 0
0 ε

]
S, where ε = sign(det(H)),

S =

[ √|λ1| 0

0
√|λ2|

]
Q, and Q is orthogonal, QtQ = I.(2.3)

Note that transformation S is essentially a rotation to align eigenvectors along the
coordinate axes then followed by a simple scaling. Under this transformation S, the
expression [dx, dy]H[dx, dy]t reduces to (dx̃)2 + ε(dỹ)2, where [x̃, ỹ]t = S[x, y]t. The
error function can be rewritten as

ET (xc + dx, yc + dy) = ET − 1

2
[dx, dy]H[dx, dy]t

= ET − 1

2

(
(dx̃)2 + ε(dỹ)2

)
(2.4)

= ẼT (x̃c + dx̃, ỹc + dỹ),

where ẼT (x̃, ỹ) denotes the corresponding error function under transformation S in
(x̃, ỹ)-space. The error expression ẼT (x̃, ỹ) has no preferred direction (except for the
sign), hence we shall call the (x̃, ỹ)-space the “isotropic” space.

2.2. Optimal shape. In the following, we shall determine the best triangle
shape that minimizes the interpolation error. We can determine the “efficiency” of
the elements by computing their ratio of error to area. A small ratio indicates a more
efficient element, i.e., one can achieve a lower error tolerance and tile the domain with
about the same number of elements.
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We consider first the case f(x, y) is convex (det(H) > 0, ε = 1) and level curves
or contours of ẼT (x̃, ỹ) are concentric circles given by

ẼT (x̃c + dx̃, ỹc + dỹ) = ET − 1

2

(
(dx̃)2 + (dỹ)2

)
.(2.5)

Let T̃ be the transformed image of triangle T over the isotropic space, with vertices
at (x̃1, ỹ1), (x̃2, ỹ2), and (x̃3, ỹ3). The circumcircle of T̃ corresponds to the level curve
of value zero. Hence the radius of this circumcircle is sqrt(2|ET |) and relates directly
to the maximum error attainable (at the center). If this center is exterior to triangle
T , the maximum error is attained at the midpoint of the longest edge (of length L)
with value L2/8. We can easily see that an equilateral triangle covers the most area
for a fixed circumcircle, therefore an equilateral triangle for T̃ is of optimal shape.

If f(x, y) is not convex but has a saddle-shaped graph (det(H) < 0, ε = −1), then

ẼT (x̃, ỹ) = ẼT (x̃c + dx̃, ỹc + dỹ)

= ET − 1

2

(
(dx̃)2 − (dỹ)2

)
(2.6)

= ET − 1

2

(
(x̃− x̃c)

2 − (ỹ − ỹc)
2
)
.

We note that the error function ẼT (x̃, ỹ) is a harmonic function and thus attains its
extrema on the boundary of T̃ . By calculus, we can show that the local extrema along
edge (x̃i, ỹi), (x̃j , ỹj) is attained at the midpoint with value

Ẽ

(
x̃i + x̃j

2
,
ỹi + ỹj

2

)
=

1

8

∣∣(x̃i − x̃j)
2 − (ỹi − ỹj)

2
∣∣ .

The details for finding the optimal-shape triangle in this case are found in [7]. The
optimal-shape triangle geometry that minimizes the efficiency ratio (error/area) is not
unique, but the same maximum error is attained at the midpoint of each edge.

From the above two results on optimal-shape triangles, we see that a regular mesh
of optimal-shape triangles over the isotropic (x̃, ỹ)-space corresponds to an optimally
efficient mesh over the original (x, y)-space. Every triangle attains the same maximum
error; moreover, these triangles cover the most area for the error attained and so are
optimally efficient. Since the linear transformation S is basically a rotation followed
by a rescaling of coordinate axes, we find the areas of triangles are scaled accordingly.
Hence the inverse transformation S−1 maps this regular mesh to produce an optimally
efficient mesh in the original (x, y)-space.

2.3. Differential geometry. The constant Hessian matrix H in (2.1) deter-
mines the coordinate transformation S that maps [x̃, ỹ]t = S[x, y]t so that

[dx, dy]H[dx, dy]t = (dx̃2 + εdỹ2).

We may view the Hessian matrix H(x, y) as a local metric for measuring the interpo-
lation error [dx, dy]H[dx, dy]t. If a function is approximated by piecewise quadratic
patches, then each patch would define a constant Hessian matrix and a corresponding
coordinate transformation. In the limit where each quadratic patch is infinitestimally
small, we need to determine a continuous transformation (x̃(x, y), ỹ(x, y)), that sat-
isfies [dx, dy]H(x, y)[dx, dy]t = dx̃2 + εdỹ2, where H(x, y) is the Hessian matrix of a
general function.
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The necessary and sufficient conditions for finding the anisotropic coordinate
transformation (x̃(x, y), ỹ(x, y)) are given by a classical result in differential geometry
for characterizing a “flat” space [19]: that the Riemann–Christoffel tensor formed
from the metric tensor H = {hij} is identically zero. This condition reduces to

0 = Γ = det




h11
∂h11
∂x

∂h11
∂y

h12
∂h12
∂x

∂h12
∂y

h22
∂h22
∂x

∂h22
∂y


 .(2.7)

In this case, a sufficient condition is for H = {hij} to satisfy

K1h11 +K2h12 +K3h22 = 0

for some constants K1, K2, K3. The coordinate transformation (x̃(x, y), ỹ(x, y)) may
be found by solving an initial value ordinary differential equation. Again, the inverse
transformation (x(x̃, ỹ), y(x̃, ỹ)) maps a regular mesh of optimal shaped triangles to
yield an optimally efficient mesh.

3. Quadrilateral patch. In this section, we follow the approach of using a
simple quadratic data function in deriving the error term for a triangular patch to
derive the error term for bilinear approximation over a quadrilateral patch.

3.1. Bilinear interpolant. We shall use the isoparametric formulation (com-
monly used in finite element analysis) by considering basis functions over the normal-
ized (p, q)-space over the unit square, 0 ≤ p, q ≤ 1. Basis functions are

φ1(p, q) = (1− p)(1− q), φ2(p, q) = p(1− q),
φ3(p, q) = pq, φ4(p, q) = (1− p)q

(3.1)

that satisfy φi(xj , yj) = δij and sum to one, 1 =
∑i=4
i=1 φi(p, q).

Mapping from (p, q) to the original (x, y)-space is by

x(p, q) = x1φ1(p, q) + x2φ2(p, q) + x3φ3(p, q) + x4φ4(p, q),(3.2)

y(p, q) = y1φ1(p, q) + y2φ2(p, q) + y3φ3(p, q) + y4φ4(p, q)

that maps vertex (0, 0) to (x1, y1), (1, 0) to (x2, y2), (1, 1) to (x3, y3), and (0, 1) to
(x4, y4). The bilinear interpolant (over (p, q)-space) is given by

pb(x(p, q), y(p, q)) =

i=4∑
i=1

f(xi, yi)φi(p, q) .(3.3)

3.2. Optimal shape. In the following, we shall determine the best quadrilat-
eral shape that minimizes the interpolation error. The error function for quadratic
interpolation over a parallelogram can be shown by direct algebraic expansion (see
Appendix A) to be

EQ(p, q) = pb(x(p, q), y(p, q))− f(x(p, q), y(p, q))

= EQ − 1

2

(
µ1(p− pc)

2 + µ2(q − qc)
2
)
,(3.4)

with centroid at [pc, qc] = [1/2, 1/2],

[ux, uy] = [x2 − x1, y2 − y1], [vx, vy] = [x4 − x1, y4 − y1],



ARE QUADRILATERALS BETTER THAN TRIANGLES? 203

EQ = EQ(pc, qc) =
1

8
(µ1 + µ2) ,

0 =
∂

∂p
EQ(pc, qc) =

∂

∂q
EQ(pc, qc),(3.5)

µ1 = [ux, uy]H[ux, uy]
t, µ2 = [vx, vy]H[vx, vy]

t.

For a convex function (det(H) > 0), µ1 and µ2 are positive, hence the maximum error
is attained at the centroid [pc, qc].

For this convex case, we can show a square over the isotropic space is of optimal
shape by minimizing the efficiency ratio (error/area). Since the isoparametric bilinear
interpolant (3.3) exactly fits linear functions [13], the error attained at the centroid
(xc, yc) (which is a lower bound on the maximum error) can be written as

EM =
1

4

(
i=4∑
i=1

1

2
[xi, yi]H[xi, yi]

t

)
− 1

2
[xc, yc]H[xc, yc]

t(3.6)

=
1

2

(
i=4∑
i=1

(
1

4
[xi, yi]H[xi, yi]

t

)
− [xc, yc]H[xc, yc]

t

)
,

[xc, yc] = [(x1 + x2 + x3 + x4)/4, (y1 + y2 + y3 + y4)/4] .(3.7)

This expression can be further simplified over the isotropic space where H is the
identity

EM =
1

8

(
i=4∑
i=1

(
(x̃2
i + ỹ2

i )− (x̃2
c + ỹ2

c)
))

=
1

8

(
(x̃2

1 + x̃2
2 + x̃2

3 + x̃2
4)− 4x̃2

c + (ỹ2
1 + ỹ2

2 + ỹ2
3 + ỹ2

4)− 4ỹ2
c

)
=

1

8
(L2

1 + L2
2 + L2

3 + L2
4), with L2

i = (x̃i − x̃c)
2 + (ỹi − ỹc)

2,

where [x̃i, ỹi]
t = S[xi, yi]

t and [x̃c, ỹc]
t = S[xc, yc]

t are the corresponding coordinates
over the isotropic space. The area of this transformed convex quadrilateral is (see
Figure 1)

Area =
1

2
(L1L2 sin(θ1) + L2L3 sin(θ2) + L3L4 sin(θ3)− L4L1 sin(θ1 + θ2 + θ3)) .

Since the isotropic transformation S in (2.3) is a rotation followed by a rescaling of
the coordinate axis, the area of quadrilateral over the isotropic space is scaled by
sqrt(|λ1λ2|) = sqrt(det(H)) (intrinsic to H). By calculus, we can show this ratio
of EM/area is minimized and attained by a square with L1 = L2 = L3 = L4 and
θ1 = θ2 = θ3 = π/4. Hence the most efficient shape among all general convex bilinear
quadrilaterals is a square over the isotropic space with an efficiency ratio of 1/4.

If f(x, y) is saddle-shaped (det(H) < 0), the error expression for a parallelogram
is still

EQ(p, q) =
1

8
(µ1 + µ2)− 1

2
(µ1(p− pc)

2 + µ2(q − qc)
2) .
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(x̃c, ỹc)

(x̃1, ỹ1)

(x̃2, ỹ2)

(x̃3, ỹ3)

(x̃4, ỹ4)

L1

L2

L3

L4

θ1

θ2

θ3

Fig. 1. Convex quadrilateral over isotropic space.

Under the anisotropic transformation S,

µ1 = ũ2
x − ũ2

y, µ2 = ṽ2
x − ṽ2

y ,

[
ũx ṽx
ũy ṽy

]
= S

[
ux vx
uy vy

]
.

Now both µ1 and µ2 vanish for

[ũx, ũy] = [L,L], [ṽx, ṽy] = [−L,L],(3.8)

which corresponds to a square rotated by π/4. The above indicates an “exact fit”
(EQ(p, q) = 0) if µ1 = µ2 = 0. This suggests bilinear approximation is a better
interpolant than linear interpolation and the simple quadratic model is inadequate to
fully capture the error properties in this case.

To summarize, a square over the isotropic space in any orientation is optimal for
the elliptic case and a square rotated by π/4 is optimal for the hyperbolic case.

4. Comparison of quadrilaterals versus triangles. In this section, we shall
show a refined triangulation produced by the Delaunay triangulation (DT) will al-
ways produce better accuracy for approximating a convex quadratic function. We
shall apply the geometric interpretation of the maximum interpolation error over the
transformed isotropic space.

Theorem 4.1. Any convex quadrilateral over the isotropic space can be decom-
posed into two triangles with no increase in maximum interpolation error for approx-
imating a convex quadratic.

Proof. We shall use the DT [8] in selecting the diagonal for decomposing the
general convex quadrilateral into two triangles. The DT has an interesting property
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A(x1, y1)

B(x2, y2)

C(x3, y3)

D(x4, y4)

•E

•O(xc, yc)

Fig. 2. Maximum triangulation error attained on boundary edge.

that three vertices form a triangle in DT iff no other vertex is interior to the circum-
circle formed by these vertices. This is also commonly known as the “empty circle”
property.

Case 1. The maximum error of the DT is attained at the midpoint (E) of a bound-
ary edge (see Figure 2). In this case the error attained is due to linear interpolation
along the edge AB, with value |AB|2/8. Since the isoparametric bilinear interpolant
over the quadrilateral also reduces to linear interpolation along the boundary edge,
the maximum error for bilinear quadrilateral cannot be less than this value. Therefore
the theorem holds.

Case 2. The maximum error of the DT is attained at the center of circumcircle,
(xc, yc) (see Figure 3). For simplicity and without loss of generality, we perform a
translation such that the isotropic quadratic data function is 1

2 ((x−xc)2 +(y− yc)2).
The maximum error is R2/2, where R is the radius of the circumcircle. The interpo-
lation error given by the quadrilateral is (3.3),

EQ(xc, yc) =

(
i=4∑
i=1

fiφi(p, q)

)
− f(xc, yc), fi = f(xi, yi)

=
(
(1− φ3(p, q))R

2/2 + φ3(p, q)f3

)− 0(4.1)

since f1 = f2 = f3 = R2/2 and f(xc, yc) = 0. We have

f(x3, y3) = ((x3 − xc)
2 + (y3 − yc)

2)/2 > R2/2 ,(4.2)
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A(x1, y1)

B(x2, y2)

C(x3, y3)

D(x4, y4)

O(xc, yc)•

R

Fig. 3. Maximum triangulation error attained at center of circum-circle.

A(x1, y1)

B(x2, y2)

C(x3, y3)

D(x4, y4)

E•

Fig. 4. Maximum triangulation error cannot be on diagonal.

and therefore the error attained by quadrilateral at (xc, yc) is higher than R2/2, thus
the theorem holds.

Cases 1 and 2 are exhaustive since the maximum error of the DT cannot be
attained at the the midpoint of a diagonal, unless it also satisfies Case 1 or Case 2
as in a square (see Figure 4). We have � BCD ≤ π/2 to satisfy the “empty circle”
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property. If � CDB > π/2 (similar argument for � CBD > π/2), then by cosine rule
for triangles,

|BC|2 = |CD|2 + |BD|2 − 2|CD||BD| cos( � CDB) > |BD|2 ,(4.3)

thus the maximum error is attained in 
BCD on edge BC (Case 1). The remaining
alternative is where 
BCD forms an acute triangle. Then 
BCD will have a larger
maximum error given in terms of radius of the circumcircle, which is covered in Case 2.

Therefore over the isotropic space, the DT refined linear triangulation is more
accurate than the isoparametric bilinear quadrilateral.

This theorem suggests if the data function is not saddle shaped, the refine DT tri-
angulation (over the isotropic space) produced above will yield better approximation
accuracy, even on arbitrary meshes of general convex quadrilaterals.

4.1. Comparison of efficiency ratio. For the optimal shape equilateral trian-
gle, the area, AT , is

√
3L2/4, from (2.4) we obtain an efficiency ratio of

ET
AT =

L2/6√
3L2/4

= 2
√

3/9 ≈ 0.385.

Area of the optimal square configuration is L2, thus the ratio is 1/4 = 0.25. Hence for
an element-by-element comparison, the quadrilateral is more efficient. In other words,
if we were to approximate a function with either N quadrilaterals or N triangles,
quadrilaterals are preferred.

On the other hand, triangles may have advantages over quadrilaterals for finite
element computations. Matrix assembly and the solution of the sparse linear equa-
tions are commonly the most intensive calculations. If we decompose a quadrilateral
mesh into triangles as done above, no extra nodes are introduced. There will be
twice as many triangular elements but the resulting assembled matrix has a similar
sparsity pattern and the same number of unknowns. Matrix assembly with a general
convex quadrilateral usually requires costly evaluations of the Jacobian distortion in
numerical quadrature over the isoparametric space, whereas assembly of linear trian-
gle elements is simpler. Therefore if computation with N quadrilaterals is as costly
as using 2N triangles, then triangles are preferred due to their better accuracy and
simplicity. The actual computation costs may depend on the implementation of the
finite element code.

Consider the approximation of a saddle-shaped function by a square (unrotated)
over the isotropic space. The error formula gives

EQ(p, q) =
1

8
(µ1 + µ2)− 1

2
(µ1(p− pc)

2 + µ2(q − qc)
2), (pc, qc) =

(
1

2
,
1

2

)

= −1

2
((p− pc)

2L2 − (q − qc)
2L2), where µ1 = L2 = −µ2 .(4.4)

The maximum error is attained at the midpoint of each edge. Let (p, q) = (1, 1/2),
then EQ = L2/8. This gives an efficiency ratio of 1/8 = 0.125. One optimal triangle
shape for the saddle-shaped function is the triangle with vertices at (0, 0), (L, 0),
(1/2L,

√
5/2L) over the isotropic space [7], which has area

√
5L2/4. The maximum

error is L2/8 and attained at the midpoint of each edge. This gives an efficiency
ratio of 1/(2

√
5) ≈ 0.224. Thus over the isotropic space, a mesh with N (unrotated)

squares should yield roughly the same accuracy as 2N triangles. This is verified in
the numerical experiments.
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Fig. 5. Error profiles for Example 1.
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Fig. 6. Error profiles for Example 2.
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Fig. 7. Error profiles for Example 2.
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Fig. 8. Error profiles for Example 3.
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Table 1
Summary of results for Example 1.

Minimum Median 90 Maximum Number of
error error percentile error elements

Triangle 5.27E-2 5.39E-2 5.50E-2 5.74E-2 2923
Mesh I 5.75E-2 5.76E-2 5.78E-2 5.79E-2 1488
Mesh II 2.29E-4 4.62E-4 8.30E-4 3.04E-3 1480

5. Numerical experiments. In this section, we demonstrate that a well-de-
signed mesh for bilinear interpolation of a saddle-shaped function may give substan-
tial improvements over a triangular mesh. The examples are taken from [7]. The
procedure in [7] for generating optimal triangular meshes is modified to generate op-
timal quadrilateral meshes. Only elements entirely interior to the unit square are
generated to simplify the presentation.

Example 1. Exponential increase along x-axis,

f(x, y) = exp(5x) sin(5y).

Example 2. A near singularity at (x0, y0) = (0.5, 0.2),

f(x, y) =
(x− x0)

2 − (y − y0)
2

((x− x0)
2 + (y − y0)

2)2
.

Example 3. A more severe near singularity,

f(x, y) =
((x− x0)

2 + (y − y0)
2)2 − 8(x− x0)

2(y − y0)
2

((x− x0)
2 + (y − y0)

2)4
.

Example 4. Example 4 is Example 2 modified by a rescaling of y-axis,

f(x, y) =
(x− x0)

2 − (
√

10y − y0)
2

((x− x0)
2 + (

√
10y − y0)

2)2
.

The results of the experiments are summarized in Figures 5–8 and Tables 1–4.
Mesh I is generated by optimal squares over the isotropic space. Mesh II is generated
by optimal squares with a π/4 rotation over the isotropic space to capture the “super-
convergence” behavior. Both meshes have similar element size, element shape, and
density and differ mainly in their orientation. The meshes are displayed in Figures 9–
16. Results for optimal triangular meshes produced in [7] are included for comparison.
Mesh I produces an almost level error profile. This indicates an equilibration of inter-
polation error evenly over all elements. Error profile for Mesh I is roughly comparable
to an optimal triangular mesh with about twice as many triangles and in agreement
with discussions in section 4. Mesh II displays the “superconvergence” behavior by
consistently achieving an error 5–10 times smaller than Mesh I.

It can be shown [6] that the coordinate lines in the isotropic space are mapped to
eigentrajectories of the Hessian matrix. Thus as the curved element boundaries are
poorly approximated by straight edges, the resulting quadrilateral will no longer have
parallel sides (Figures 13, 14). The simple analysis for superconvergence in section 3
for parallelograms may not be adequate and this leads to an anomalous increase in
the error displayed in Example 3 of a severe singularity.
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Table 2
Summary of results for Example 2.

Minimum Median 90 Maximum Number of
error error percentile error elements

Triangle 1.87E-2 2.01E-2 2.16E-2 2.57E-2 1072
Mesh I 2.13E-2 2.15E-2 2.17E-2 2.21E-2 550
Mesh II 2.82E-4 4.69E-4 7.33E-4 1.38E-3 546

Table 3
Summary of results for Example 3.

Minimum Median 90 Maximum Number of
error error percentile error elements

Triangle 1.02 1.16 1.32 1.70 650
Mesh I 1.11 1.14 1.16 1.23 349
Mesh II 1.80E-2 3.94E-2 6.75E-2 3.16E-1 352

Table 4
Summary of results for Example 4.

Minimum Median 90 Maximum Number of
error error percentile error elements

Triangle 2.91E-2 3.68E-2 4.61E-2 6.46E-2 608
Mesh I 3.81E-2 4.00E-2 4.24E-2 4.61E-2 284
Mesh II 9.36E-4 1.76E-3 3.04E-3 6.13E-3 286

Table 5 shows the effect of generating finer meshes over the isotropic space. If
we consider the median error, Mesh I shows the expected O(h2) convergence. From
the efficiency ratio (error/area), we can also predict the decrease of error is propor-
tional to the number of elements. Results for Mesh II clearly display the higher than
O(h2) “superconvergence” behavior. From another perspective, about 5–10 times
more elements are needed for Mesh I to match the accuracy of Mesh II.

6. Summary. We have used a simple locally quadratic model to develop a ge-
ometric interpretation of the interpolation error. We determine the optimal element
shapes and their efficiency ratio (error/area) over the isotropic space. The analysis
shows for approximating convex data functions, although bilinear quadrilaterals are
more efficient, linear triangles are more accurate and may be preferred in finite ele-
ment computations. For approximating saddle-shaped data functions, a well-designed
quadrilateral mesh may show “superconvergence” improvements in approximation ac-
curacy. Numerical experiments show good agreement with the analysis, and a surpris-
ing finding is different grid orientations may have an order of magnitude improvement
in accuracy.

Appendix A. In this section, we show the error function for quadratic interpo-
lation over a parallelogram is given by (3.4) by simple algebraic expansion. Let the
data function be

f(x, y) =
1

2
[x, y]H[x, y]t + [g1, g2][x, y]

t + c(A.1)

and the affine isoparametric transformation be[
x(p, q)
y(p, q)

]
= T

[
p
q

]
+

[
x1

y1

]
, T =

[
ux vx
uy vy

]
=

[
x2 − x1 x4 − x1

y2 − y1 y4 − y1

]
.(A.2)
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Fig. 9. Mesh I for Example 1.

Fig. 10. Mesh II for Example 1.
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Fig. 11. Mesh I for Example 2.

Fig. 12. Mesh II for Example 2.
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Fig. 13. Mesh I for Example 3.

Fig. 14. Mesh II for Example 3.
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Fig. 15. Mesh I for Example 4.

Fig. 16. Mesh II for Example 4.
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Table 5
Convergence test on Example 3.

Minimum Median 90 Maximum Number of
error error percentile error elements

Mesh I 11.1E-1 11.4E-1 11.6E-1 12.3E-1 349
Mesh I 3.22E-1 3.23E-1 3.24E-1 3.26E-1 1223
Mesh I 8.03E-2 8.07E-2 8.12E-2 8.23E-2 5063
Mesh I 1.99E-2 2.02E-2 2.04E-2 2.08E-2 20603
Mesh II 1.80E-2 3.94E-2 6.75E-2 3.16E-1 352
Mesh II 2.35E-3 4.22E-3 9.16E-3 6.35E-2 1260
Mesh II 3.10E-4 7.20E-4 1.29E-3 9.41E-3 5244
Mesh II 5.19E-5 1.79E-4 3.78E-4 1.24E-3 21389

Then the interpolation error can be shown to be

EQ(p, q) = pb(x(p, q), y(p, q))− f(x(p, q), y(p, q))

= EQ − 1

2

(
µ1(p− pc)

2 + µ2(q − qc)
2
)
,(A.3)

with centroid at [pc, qc] = [12 ,
1
2 ],

EQ = EQ(pc, qc) =
1

8
(µ1 + µ2) ,

µ1 = [ux, uy]H[ux, uy]
t, µ2 = [vx, vy]H[vx, vy]

t.

Let the data function over (p, q)-space be written as

f̃(p, q) = f(x(p, q), y(p, q))

=
1

2
[p, q]H̃[p, q]t + [g̃1, g̃2][p, q]

t + c̃,

where H̃ = T tHT =

[
h̃11 h̃12

h̃12 h̃22

]
and(A.4)

[g̃1, g̃2] = ([g1, g2] + [x1, y1]H)T ,(A.5)

c̃ = c+ [g1, g2][x1, y1]
t +

1

2
[x1, y1]H[x1, y1]

t .

The function values at the four interpolating corners are

f1 = f̃(0, 0) = c̃ , f3 = f̃(1, 1) =
1

2
(h̃11 + h̃22 + 2h̃12) + g̃1 + g̃2 + c̃ ,(A.6)

F2 = f̃(1, 0) =
1

2
h̃11 + g̃1 + c̃ , f4 = f̃(0, 1) =

1

2
h̃22 + g̃2 + c̃ .

By (3.3) and (A.3) (note the vanishing of linear and constant terms),

EQ(p, q) =

(
i=4∑
i=1

fiφi(p, q)

)
− f̃(p, q)

=
1

2

(
p(1− q)h̃11 + pq(h̃11 + h̃22 + 2h̃12)
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+(1− p)qh̃22 − (p2h̃11 + q2h̃22 + 2pqh̃12)
)

=
1

2

(
ph̃11 + qh̃22 + 2pqh̃12 − p2h̃11 − q2h̃22 − 2pqh̃12

)
=

1

2

(
p(1− p)h̃11 + q(1− q)h̃22

)

=
1

8
(h̃11 + h̃22)− 1

2

(
h̃11

(
p− 1

2

)2

+ h̃22

(
q − 1

2

)2
)
.(A.7)

From (A.2) and (A.4), we have h̃11 = µ1 and h̃22 = µ2; hence the error function has
the form given in (A.3).
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Abstract. Standard multigrid methods are not well suited for problems with anisotropic dis-
crete operators, which can occur, for example, on grids that are stretched in order to resolve a
boundary layer. One of the most efficient approaches to yield robust methods is the combination of
standard coarsening with alternating-direction plane relaxation in the three dimensions. However,
this approach may be difficult to implement in codes with multiblock structured grids because there
may be no natural definition of global lines or planes. This inherent obstacle limits the range of an
implicit smoother to only the portion of the computational domain in the current block. This report
studies in detail, both numerically and analytically, the behavior of blockwise plane smoothers in
order to provide guidance to engineers who use block-structured grids. The results obtained so far
show alternating-direction plane smoothers to be very robust, even on multiblock grids. In common
computational fluid dynamics multiblock simulations, where the number of subdomains crossed by
the line of a strong anisotropy is low (up to four), textbook multigrid convergence rates can be
obtained with a small overlap of cells between neighboring blocks.

Key words. robust multigrid methods, multiblock grids, anisotropic discrete operators

AMS subject classification. 65M55
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1. Introduction and previous work. Standard multigrid techniques are effi-
cient methods for solving many types of partial differential equations (PDEs), due to
their optimal complexity (the required work is linearly proportional to the number
of unknowns) [2], optimal memory requirements, and good efficiency and scalabil-
ity in parallel implementations [12, 14]. Although highly efficient multigrid methods
have been developed for a wide class of problems governed by PDEs, these methods
are still underutilized in production and commercial codes [21]. One reason for this
underutilization is that the textbook efficiency achieved in solving uniformly elliptic
problems is not maintained in anisotropic problems; i.e., convergence rates of standard
multigrid methods degrade on problems that have anisotropic discrete operators.

Several methods to deal with anisotropic operators have been studied in the multi-
grid literature. One popular approach is semicoarsening where the multigrid coarsen-
ing process is not applied uniformly to all of the coordinate directions [15, 16, 18, 23].
By selectively not coarsening the grid in certain directions, the anisotropy can be re-
duced on the coarser grids. This process makes the smoothing problem easier because
only part of the high-frequency error (namely, the error components oscillating in the
directions of coarsening) should be eliminated in relaxation.

Another approach for dealing with anisotropic problems is to develop robust
smoothers that can eliminate all the high-frequency errors in the presence of strong
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anisotropies [13, 17, 22]. These robust smoothers can be efficiently implemented in
the framework of a multigrid method with full coarsening. Plane-implicit relaxation
schemes belong to this family of robust smoothers. These schemes are natural for
structured grids. (It is more difficult to apply them to unstructured grids because
there is no natural definition of a plane or even a line.) Other intermediate alter-
natives that combine implicit relaxation with partial and full coarsening have been
presented in the multigrid literature [6, 7, 9, 10, 19, 25].

Previously [13], we studied the behavior of plane-relaxation methods as multigrid
smoothers on single-block grids in three dimensions. With numerical experiments and
the local mode analysis, we compared different methods by considering the depen-
dence of their smoothing factors on the anisotropy strength. It was observed that
for strong anisotropies and practical grid sizes, there are significant differences in
the smoothing factors, depending on whether periodic or Dirichlet boundary condi-
tions are employed. For Dirichlet boundary conditions, increasing anisotropy turns
the smoother into an exact solver. (The convergence factor is inversely proportional
to the anisotropy strength.)

It has long been known (see, e.g., [2]) that the alternating-direction plane relax-
ation scheme is a simple, extremely efficient, and robust method. Its efficiency, in fact,
is improved in the presence of strong anisotropies. This scheme was considered to be
essentially more expensive (in work-count per relaxation sweep) than point relaxation
schemes. However, it was found (see [13]) that the overall convergence rate of the
three-dimensional (3-D) multigrid solver does not deteriorate if, instead of exactly
solving two-dimensional (2-D) problems arising in plane-relaxation sweeps, just one
2-D V-cycle with alternating-line smoother is used in each point. A similar idea of
performing plane relaxation with a 2-D multigrid method has been successfully imple-
mented in [9]. With this improvement, the convergence factor per work unit of the 3-D
V-cycle employing the alternating-direction plane relaxation scheme for an isotropic
problem is just twice that of the most efficient cycle using a pointwise smoother.
This cost does not look excessive, taking into account the excellent robustness of the
alternating-direction plane relaxation smoother in treating anisotropic problems.

Such single-block algorithms are very efficient (especially for structured grids with
stretching) due to their relatively easy implementation (on both sequential and par-
allel computers) and good architectural properties (parallelism and cache memory
exploitation). However, multiblock grids are needed to deal with complex geometries
or to facilitate parallel processing. This multiblock approach is already useful in serial
computers: it improves the data locality properties and efficiently exploits the mem-
ory hierarchy of the underlying computer [8].

Plane smoothers have been successfully applied to solve the incompressible Navier–
Stokes equations on rectangular multiblock grids (multiblock grids where lines and
planes are globally defined) [17]. The methods combining semicoarsening with block
smoothers (see, e.g., [7]) are also very efficient on such grids. On general multiblock
grids (multiblock grids without global definitions of planes or lines), however, algo-
rithms based on global semicoarsening are not viable. Moreover, the plane-implicit
smoother can be applied only within the current block, and so this plane smoother
becomes a blockwise plane smoother. The purpose of this paper is to study whether
the optimal properties of plane-implicit smoothers deteriorate for general multiblock
grids where these smoothers are not applied globally, but inside each block.

The idea of relaxing not whole lines but portions of lines first appeared in [1]. This
issue was also discussed by Jones and Melson in [11], who suggested that multiblock
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grids have a detrimental effect on the performance of implicit schemes. By using nu-
merical experiments and rigorous analysis, they derived relations between the block
size, the amount of overlap between blocks, and the strength of the anisotropy that
must hold for the resulting multigrid algorithm to be efficient. By looking at the model
problem, they showed that textbook multigrid efficiency is achieved only when the
block sizes (and, therefore, the range of the implicit operators) are proportional to
the strength of the anisotropy.

We have developed a flexible 3-D code to study the behavior of blockwise plane
smoothers and determine whether the result relating the convergence rate with the
block size, the overlap size, and the anisotropy strength obtained for the 2-D case
holds for 3-D. The current version of the code solves the nonlinear diffusion-convection
equation by using a full multigrid approach with the full approximation scheme [2, 24]
for V-cycles. This report presents results for the linear anisotropic diffusion equation.
This equation can be solved in a multiblock, cell-centered, stretched grid for complex
geometries. Each block can overlap with neighboring blocks. The code is implemented
in Fortran 77 and has been parallelized with the standard OpenMP directives for
shared-memory parallel computing.

The research code is described in section 2. We have analyzed two cases of
anisotropy. The first case is an anisotropic equation discretized on uniform grids (sec-
tion 3) and the second case is an isotropic equation discretized on stretched grids
(section 4). Different strategies for parallelizing multigrid solvers with blockwise re-
laxation schemes are outlined in section 5. Finally, section 6 presents some conclusions
and future research directions.

2. The numerical problem. We will study the behavior of plane smoothers
on multiblock grids when solving the anisotropic diffusion equation

a
∂2u(x, y, z)

∂x2
+ b

∂2u(x, y, z)

∂y2
+ c

∂2u(x, y, z)

∂z2
= f(x, y, z)(2.1)

on a 3-D rectangular open domain Ω, with suitable boundary conditions on δΩ, where
u is an unknown function and f is a specified source function. Coefficients a, b, and c in
(2.1) can, in general, be functions of the spatial variables. A finite volume discretiza-
tion of (2.1) is applied on a cell-centered computational grid Ω1, where the explicit
form of the function u at the boundary δΩ is used to implement the Dirichlet boundary
conditions. The discretization is given by the system of equations L1u1 = f1.

This paper studies two sources of anisotropy: anisotropic equation coefficients
and nonunitary cell aspect ratios due to grid stretching. These sources reflect different
situations: the former represents problems with a uniform anisotropy throughout the
domain, while the latter exhibits problems with an anisotropy that varies from cell to
cell. Grid stretching is commonly used in computational fluid dynamics (CFD) grid
generation to pack points in regions with large solution gradients while avoiding an
excess of points in more benign regions. In the present work, the stretching of the
grid in a given direction is characterized by the stretching ratio (quotient between
two consecutive mesh sizes in the same direction). See Figure 2.1 for examples of
stretched grids. Varying local grid aspect ratios cause the mesh sizes (and, therefore,
the anisotropy strength) to be different in each cell. Note that for an exponential
stretching in all the directions, every cell can have a different anisotropy.
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Fig. 2.1. 32 × 32 × 32 uniform grid, 32 × 32 × 32 grid stretched along x-direction (stretching
ratio 1.5), and 32× 32× 32 grid stretched along all directions (stretching ratio 1.5).

2.1. The single-block algorithm. Our research code implements the full ap-
proximation scheme (FAS) to deal with nonlinearity. However, in the simplified (linear
problem) case studied in this report the FAS performance is exactly the same as for
the correction scheme.

A sequence of nonnested grids Ωl(l = 1, . . . ,M) is used in the multigrid scheme
where Ω1 is the finest target grid and the rest of the grids are obtained by applying
cell-centered coarsening. The coarse grids are uniform grids covering the target do-
main with one-cell-width margins. The finite volume discretization is defined on all
the grids. Dirichlet boundary conditions are implemented by linear interpolation be-
tween two neighboring (marginal and inner) cell centers to the real boundary location.
In nonstretched-grid solvers, hl = 2hl−1 and h1 = h. Llul = f l is the discretization
of (2.1) on Ωl. The following iterative algorithm represents a V(γ1, γ2)-cycle to solve
the system L1u1 = f1.

ALGORITHM 1.
step 1: Apply γ1 sweeps of the smoothing method to L1u1 = f1

Restriction part

for l = 2 to M

step 2: Compute the residual rl−1 = f l−1 − Ll−1ul−1

step 3: Restrict the residual rl = Il−1
l

rl−1

step 4: Restrict the current approximation vl = Il−1
l

ul−1

step 5: Compute the right-hand side function f l = rl + Llvl

If (l < M), then

step 6: Apply γ1 sweeps of the smoothing method to Llul = f l

else

step 7: Solve the problem LMuM = fM on the coarsest grid

Prolongation part

for l = M − 1 to 1

step 8: Correct the current approximation ul = ul + Ill+1(u
l+1 − vl+1)

step 9: Apply γ2 sweeps of the smoothing method to Llul = f l.

The intergrid operators that perform the restriction (I l−1
l at Steps 3 and 4) and

the prolongation (I ll+1 at Step 8) connect the grid levels. The prolongation operator
maps data from the coarser level to the current one while the restriction operators
transfer values from the finer level to the current one. We used volume weighted
summation for the restriction operator and trilinear interpolation in the computational
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Fig. 2.2. Alternating-direction plane-implicit smoother.

Fig. 2.3. Multiblock grid for a multielement airfoil. Neighboring subgrids share a grid plane.

space was used for the prolongation operator. (See [24] for detailed definitions of these
intergrid operators.)

Alternating-direction plane smoothers (see Figure 2.2 for Steps 1, 6, and 9), in
combination with full coarsening, have been found to be highly efficient and robust
for anisotropic discrete operators on single-block grids [13].

• Optimal work per cycle. An exact solution of each plane is not necessary; an
approximate solution obtained by a single, 2-D multigrid cycle gives the same
convergence rate of the 3-D multigrid cycle as an exact solution of each plane,
but in much less execution time.
• Very low convergence factor. The convergence rate improves as the anisotropy
becomes stronger.

2.2. Multiblock grids. Multiblock grids divide domain Ω into P subdomains
Ωp (p = 1, . . . , P )

Ω = ∪Pp=1Ωp,(2.2)

where each subdomain Ωp is covered with a structured grid Ω
1
p. The grid blocking is

generated by the grid generation software to deal with geometric complexities (Fig-
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Fig. 2.4. Data structure of a subgrid without overlap: n is the number of cells per side in every
block, m is the number of blocks per side in the split, and δ is the number of overlapping cell planes.

Fig. 2.5. Data structure of a subgrid with overlap: n is the number of cells per side in every
block, m is the number of blocks per side in the split, and δ is the number of overlapping cell planes.

ure 2.3). A similar blocking is induced on the coarser grid levels. For multigrid, we
construct a sequence of grids Ωl (l = 1, . . . ,M); each grid is defined as the union of
P blocks:

Ωl = ∪Pp=1Ω
l
p; (l = 1, . . . ,M).(2.3)

We assume that the grid lines are contiguous (possessing C0 continuity) across the
block interfaces (Figure 2.3).

This decomposition generates artificial boundaries within the original domain. It
is necessary to apply some boundary conditions to the governing equations at these
interfaces. In practice, a Dirichlet boundary condition is applied at artificial boundary
cells (Figure 2.4). (Artificial boundary cells are cells adjacent to the boundary of
the given block.) The values of the unknowns assigned to these boundary cells are
derived from the values at the corresponding cells in the neighboring blocks. Therefore,
subgrids are extended to include these artificial boundary cells.

2.3. Overlapping subdomains. Let us define the extended subgrid Ωlp,δ which

is the subgrid Ωlp including all the inner and artificial boundary cells, plus an external
margin of δ-cells deep overlapping into the neighboring block (Figure 2.5). In the
general case of a cubic (3-D) partitioning when the overlap can be different in each of
the six directions, δ is a six-component vector (δpx, δ

m
x , δpy , δ

m
y , δpz , δ

m
z ). The expressions

Llpu
l
p = f lp and Llp,δu

l
p,δ = f lp,δ denote discretizations on Ω

l
p and Ω

l
p,δ, respectively.
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Fig. 2.6. Grid hierarchy of overlapping subdomains with a fixed number of overlapping cells: n
is the number of cells per side in every block, m is the number of blocks per side in the split, and δ
is the number of overlapping cell planes.

For simplicity, we consider a uniform overlapping (the same δ) throughout all the
block interfaces. We must distinguish between the number of overlapping cells (2δ)
and the physical size of the overlap ((2δ + 1)h). The latter is defined as the distance
between centers of the artificial boundary cells of the two extended subgrids sharing
a block interface. There are two strategies for the coarse-level block overlapping:

• Fixed overlap. The overlap parameter δ is the same in all the levels of the
multigrid hierarchy (Figure 2.6). Consequently, the overlapping space in-
creases on the coarse levels. (It is doubled in each coarsening step.) This
expansion happens because the number of the overlapping cells in the cross-
interface direction remains fixed, while the size of each cell is doubled.
• Decreasing overlap. The number of overlapping cells in the cross-interface
direction is reduced (δ is divided by 2 for each coarser level; see Figure 2.7).
The overlapping space may also increase but much more slowly than in the
previous case.

Again, in order to compare these strategies, we have to consider the performance
(i.e., convergence rate per work unit) of the obtained algorithms. The work-count per
cycle is a bit higher in the algorithm with a fixed overlap, due to the memory and
computation overhead on the coarse levels. However, these two alternatives do not
exhibit the same convergence rate (see discussion in section 3). Much of the efficiency
of the multigrid algorithm is lost when using a decreasing overlap. Consequently, the
fixed-overlap strategy was found to be globally more efficient.

The grid generation code generates a multiblock grid decomposed into subgrids in
which grid lines are continuous through the block boundaries. The coarsening proce-
dure is performed simultaneously on all the blocks. We assume that the block bound-
aries are visible on all the coarse grids (except possibly the coarsest grid covering the
whole domain). This implies that the grid lines remain continuous on all the coarse
levels. Extended subgrids are defined on all the levels at the beginning of the sim-
ulation code. The margin cells are constructed to coincide with the corresponding
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Fig. 2.7. Grid hierarchy of overlapping subdomains with a decreasing number of overlapping
cells: n is the number of cells per side in every block, m is the number of blocks per side in the split,
and δ is the number of overlapping cell planes.

inner cells in overlap regions. Note that overlapping cells may belong to several (more
than 2) subgrids. This inherently implies a deterioration of the efficiency in a parallel
setting.

In a general multiblock grid, there is no global definition of a line or a plane and
so we have two alternatives to implement a V-cycle with an implicit smoother:

• Domain decomposition with multigrid applies the V-cycle inside each block.
• Multigrid with blockwise plane smoother (multigrid with domain decomposi-

tion smoother) applies the V-cycle on the entire multiblock domain, while the
smoothers (Steps 1, 6, and 9) are performed inside each block.

2.4. Domain decomposition technique with multigrid. The following it-
erative algorithm represents a domain decomposition VDD(γ1, γ2)-cycle to solve the
system L1u1 = f1, where Ω1 is a multiblock grid decomposed into P subgrids.

ALGORITHM 2.
for p = 1 to P

step 1: Apply V(γ1, γ2)-cycle to solve the system L1p,δu
1
p,δ = f1p,δ on Ω1

p,δ

update 1: Update the overlap cells of neighboring blocks with values obtained in step 1.

This technique is widely known by the computational community; it is the one-
level multiplicative approach to solve the problem in a domain decomposition manner
[20]. This alternative does not present a high level of parallelism because blocks are
updated in sequential order. Other alternatives (Jacobi or colored ordering) with a
higher parallelism can be found in the domain decomposition literature. The main
drawback of the one-level multiplicative approach is its slow convergence rate. The
convergence of this technique cannot be better than the convergence of the Schwartz
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method, which is known to be very poor. In fact, the convergence of a multigrid cycle
with blockwise plane smoother will be bounded above by the convergence rate of the
domain decomposition solver.

2.5. Multiblock with blockwise smoother. This approach is a priori more
efficient because the multigrid algorithm is applied on the whole domain. Its efficiency
and excellent parallelization potential already have been demonstrated for isotropic
elliptic problems [4] where pointwise red-black smoothers were used. In the proposed
multigrid method for multiblock grids, the plane smoothers are applied within each
block because no global definition of plane or line is assumed. However, the rest of
the operators (restriction and prolongation) are completely local and do not need any
global information. This method is a simple modification of the one-block approach,
with the smoother applied blockwise. The following iterative algorithm represents a
VBW-cycle with the blockwise smoother to solve the system L1u1 = f1, where Ω1 is
a multiblock grid.

ALGORITHM 3.
Apply γ1 sweeps of the blockwise smoother:

for p = 1 to P

step 1: Apply the smoothing method to the system L1p,δu
1
p,δ = f1p,δ

update 1: Update the overlap cells of neighboring blocks with u1p,δ

Restriction part

for l = 2 to M

for p = 1 to P

step 2: Compute the residual rl−1
p = f l−1

p − Ll−1
p ul−1

p

step 3: Restrict the residual rlp = (Ill−1)r
l−1
p

step 4: Restrict the current approximation vlp = (Ill−1)u
l−1
p

for p = 1 to P

update 2: Update vlp,δ and rlp,δ in the external margin cells by using vlp and rlp of neighboring

blocks

for p = 1 to P

step 5: Compute the right-hand side f lp,δ = rlp,δ + Ll
p,δv

l
p,δ

If (l < M), then

Apply γ1 sweeps of

for p = 1 to P

step 6: Apply the smoothing method to the system Ll
p,δu

l
p,δ = f lp,δ

update 3: Update the overlap cells of neighboring blocks with ulp,δ
else

step 7: Solve the coarsest-grid problem Llul = f l on the whole domain

for p = 1 to P

update 4: Update ulp,δ in the external margin cells by using ulp of neighboring blocks

Prolongation part

for l = M − 1 to 1

for p = 1 to P

step 8: Correct the current approximation ulp = ulp − (Ill+1)(u
l+1
p − vl+1

p )

for p = 1 to P

update 5: Update ulp,δ in the external margin cells by using ulp of neighboring blocks.

Apply γ2 sweeps of

for p = 1 to P
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Fig. 2.8. The algorithm presents two different update processes.

step 9: Apply the smoothing method to the system Ll
p,δu

l
p,δ = f lp,δ

update 6: Update the overlap cells of neighboring blocks using ulp,δ .

At Step 7, the problem is solved exactly on the coarsest grid common to all the
blocks. The cost of solving the system on this grid is negligible compared with the
total work.

At updates 2, 4, and 5 the external margin of overlapping cells of neighboring
blocks are updated by using inner cells of the current block (Figure 2.8a). At updates
1, 3, and 6 the overlapping cells of neighboring blocks are updated by using inner and
external overlapping cells of the current block (Figure 2.8b).

The algorithm includes two computation-update processes:

• Global computation of the residual, restriction, and prolongation (Steps 2,
3, 4, and 8) are performed on inner cells of Ωlp for all the blocks. Then the
external margin of overlap cells of all the blocks are simultaneously updated
(updates 2, 4, and 5).
• Within a smoothing step (Steps 1, 6, and 9), the update of the solution values
at the internal and external overlap cells of neighboring blocks (updates 1, 3,
and 6) is performed immediately after completing the smoothing process at
the current block Ωlp,δ. The new, smoothed ulp,δ approximation is used. Thus,
the order of these updates repeats the order in which the blocks are treated
in the smoothing steps.

Next, we study the properties of the plane-smoother technique for multiblock
grids in two situations:

• anisotropic equation discretized on uniform grids;
• isotropic equation discretized on stretched grids.

3. Anisotropic equation discretized on uniform grids. A cell-centered dis-
cretization of (2.1) on a uniform grid is given by
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Luix,iy,iz ≡ ε1
h2
x

(uix−1,iy,iz − 2uix,iy,iz + uix+1,iy,iz )

+
ε2
h2
y

(uix,iy−1,iz − 2uix,iy,iz + uix,iy+1,iz )(3.1)

+
1

h2
z

(uix,iy,iz−1 − 2uix,iy,iz + uix,iy,iz+1) = f ′
ix,iy,iz ,

where (ix, iy, iz) are coordinates of cell centers, ix = 1, . . . , nx, iy = 1, . . . , ny, iz =
1, . . . , nz, ε1 = a/c, and ε2 = b/c are the anisotropy coefficients; f ′ is a discretization
of the continuous function f(x, y, z)/c; and hx, hy, and hz are the mesh sizes in the
x, y, and z directions, respectively. The equation is cell centered and the grid nodes
are at the cell vertices. The grid may have different mesh sizes in each dimension.

A multigrid method separates the treatment of different error components: the
high-frequency components of the error are reduced in relaxation (smoothing) steps
and the low-frequency error components are eliminated in the coarse-grid correction.
Thus, the efficiency of a multigrid solver depends strongly on the smoothing factor
of the relaxation. Indeed, the derivation of a good smoother is probably the most
important step when developing multigrid algorithms.

Consequently, the efficiency of our multigrid technique is determined by the
smoothing properties of the blockwise plane smoother. Of course, the smoothing factor
of the blockwise plane smoother approaches the factor of a pointwise smoother when
the number of blocks increases. In the limit, each block consists of one cell only and
the blockwise smoother reverts to a pointwise smoother. This is not a realistic case.
We always assume that the number of cells per block is large. Our goal is to study the
behavior of the blockwise smoothers when the number of subdomains crossed by the
line of a strong anisotropy is low (up to four). This is common in CFD simulations. It
is unlikely that regions of very strong anisotropies will traverse many blocks, especially
for stretched grids. In such cases, textbook convergence rates could be obtained by
allowing larger overlaps in the blocks with the strong anisotropy, while in other blocks
the overlaps can be small. Even when an extremely strong anisotropy traverses four
blocks in a line, we obtain good convergence rates when using a moderate overlap.

The smoothing properties of a blockwise plane smoother are analyzed for the
model (3.1) for an anisotropy (in the equation coefficients) ranging from 1 to 106. The
number of subdomains crossed by the strong anisotropy is either two or four. As a
point of reference, we take the convergence rate obtained by a V(1,0)-cycle for the
isotropic problem on a single-block grid with a Gauss–Seidel plane smoother. This
cycle demonstrates a textbook multigrid convergence rate of about 0.36 (the plane-
smoother convergence of reference) [13]. The convergence rate of the same V(1,0)-
cycle with the pointwise Gauss–Seidel smoother is about 0.55 (the point-smoother
convergence of reference).

3.1. Numerical results. Let us assume an N3 global grid partitioned in
m3 blocks (cubic partitioning). Each block is covered with Ωlp,δ extended subgrid.
Our aim is to obtain the dependence of the convergence rate ρ(m,n, δ, ε) on the
following parameters:

• number of blocks per side, m;
• number of cells per block side, n (n = N

m );• overlap parameter describing intersection between neighboring blocks, δ;
• strength of the anisotropy, ε.
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Fig. 3.1. Rectangular uniform multiblock grid used in the numerical experiments: n is the
number of cells per side in every block and m is the number of blocks per side in the split.

3.1.1. Description of test problem. All the numerical experiments reported
here deal with the numerical solution of (2.1) on the unit cube Ω = (0, 1)×(0, 1)×(0, 1)
with the right-hand side of

f(x, y, z) = −(a+ b+ c) sin(x+ y + z)(3.2)

discretized on 643 and 1283 multiblock grids (Figure 3.1) with different overlaps
(δ = 0, 2, 4, and 8). Dirichlet boundary conditions are enforced on the boundary
by evaluating

u(x, y, z) = sin(x+ y + z).(3.3)

The asymptotic convergence rate monitored in the numerical tests is the asymp-
totic rate of reduction of the L2 norm of the residual function in one V(1,1)-cycle.

The (x, y)-plane Gauss–Seidel smoother is applied inside each block and the blocks
are updated in lexicographic order. For intergrid transfers, the same operators as
defined in section 2.1 are used. The 2-D problems defined in each plane are solved by
one 2-D V(1,1)-cycle with x-line Gauss–Seidel smoothing.

3.1.2. Discussion of results. Two sets of calculations were performed to deter-
mine the experimental asymptotic convergence rate as a function of the anisotropies.
In the first set, two parameters (ε1 and ε2) are varied, and in the second, just one
parameter (ε1) is varied while the second parameter (ε2) remains equal to 1.

• Both ε1 and ε2 are varied for the single block case (m = 1) and two multiblock
cases (m = 2 and m = 4). Different overlaps between blocks (δ = 0, 1, and 2)
are examined. The upper graphs in Figures 3.2 and 3.3 show the results for
643 (N = 64) and 1283 (N = 128) grids, respectively.

• Only the parameter ε1 is varied for the single block case (m = 1), and two
multiblock cases (m = 2 and m = 4). Different overlaps between blocks
(δ = 0, 1, and 2) are examined. The lower graphs in Figures 3.2 and 3.3 show
these results for 643 (N = 64) and 1283 (N = 128) grids, respectively.

All the graphs exhibit a similar behavior with respect to δ and ε. We can distin-
guish three different cases:

• In the single-block case (m = 1), the convergence rate decreases quickly
for an anisotropy larger than 100, tending to (nearly) zero for very strong
anisotropies. In fact, the convergence rate per V(1,1)-cycle decreases quadrat-
ically with increasing anisotropy strength, as was predicted in earlier work
[13].
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Fig. 3.2. Experimental convergence factors, ρe, of one 3-D V (1, 1)-cycle with blockwise (x, y)-
plane smoother in a 643 grid with respect to the anisotropy strength (ε1 and ε2) for different values
of the overlap (δ) and the number of blocks per side (m).

Fig. 3.3. Experimental convergence factors, ρe, of one 3-D V(1, 1)-cycle with blockwise (x, y)-
plane smoother in a 1283 grid with respect to the anisotropy strength (ε1 and ε2) for different values
of the overlap (δ) and the number of blocks per side (m).
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Fig. 3.4. Experimental convergence factors, ρe, of one 3-D V(1, 1)-cycle with blockwise (x, y)-
plane smoother in 1283 and 643 grids with respect to the anisotropy strength (ε1 and ε2) for different
values of the overlap (δ) and 2 blocks per side (m = 2).

• If the domain is blocked with the minimal overlapping (m > 1 and δ = 0),
the convergence rate for small anisotropies (1 ≤ ε ≤ 100) is similar to that
obtained with a single block with a pointwise smoother on the whole domain
(i.e., point-smoother convergence of reference, which is about 0.552). It in-
creases to a fixed value for larger anisotropies. This limit is defined by the
convergence in the corresponding domain decomposition algorithm. The con-
vergence rate for strong anisotropies gets closer to one for finer grids (compare
Figures 3.2 and 3.3 for the same m and δ but different N).
• If the domain is blocked with larger overlapping (m > 1 and δ ≥ 2), the
convergence rate for small anisotropies is similar to that obtained without
blocking on the whole domain (i.e., plane-smoother convergence of reference
which is about 0.362) and increases to the fixed domain decomposition limit
for very strong anisotropies. The asymptotic value for strong anisotropies gets
closer to one for smaller overlaps and finer grids (compare Figures 3.2 and
3.3 for the same m but different δ and N).

Numerical results show the following properties of the convergence behavior:

• Convergence is very poor with the minimal overlap (δ = 0), but it improves
rapidly with larger overlaps (δ ≥ 2).
• If we compare the results for 643 and 1283 and m = 2 (Figures 3.2 and 3.3),
we realize that the convergence rate for large anisotropies is bounded if the
overlap is increased in proportion to the size of the block, i.e., ρ(2, n, δ, ε) ≈
ρ(2, 2n, 2δ, ε) (see Figure 3.4). Therefore, mesh-independent convergence rates
can be obtained for large anisotropies by increasing the number of overlap
cells in proportion to the number of cells per side in the subgrid. The amount
of extra work (in relative terms) to maintain the convergence rate at a fixed
level does not increase for finer grids.
• For 17-cell overlap (δ = 8), 2 blocks per side (m = 2), and 323 cells per
block (n = 32), we obtain for all anisotropies (nearly) the same convergence
rate as for the isotropic case without blocking (plane-smoother convergence of
reference). This overlap results in only a 25 percent computation and memory
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penalty (these results are not shown in the figures).
• The smoothing factor for very strong anisotropies degenerates with an in-
creasing number of blocks m because the blockwise smoother tends to be a
pointwise smoother.

3.2. Analysis. The full-space Fourier analysis is known as a simple and very
efficient tool to predict convergence rates of multigrid cycles in elliptic problems.
However, this analysis is inherently incapable of accounting for boundary conditions.
In isotropic elliptic problems where boundary conditions affect just a small neigh-
borhood near the boundary, this shortcoming does not seem to be very serious. The
convergence rate of a multigrid cycle is mostly defined by the relaxation smoothing
factor in the interior of the domain, and therefore predictions of the Fourier analysis
prove to be in amazing agreement with the results of numerical calculations. In the
presence of a strong anisotropy, boundary conditions have a stronger effect on the
overall convergence factor that a multigrid cycle can achieve. If the strong anisotropy
direction aligns with the grid (as in (3.1)) and the domain is not blocked, then the
smoothing factor calculated by the full-space Fourier analysis still predicts well the
multigrid cycle convergence rate. In the case of nonalignment, however, the full-space
analysis cannot reflect the poorness of the coarse-grid correction, which slows down
the convergence (see [5, 3]) and so the half-space analysis must be used instead. The
multiblock structure brings additional difficulties: in strongly anisotropic problems
on decomposed domains, artificial boundaries have a large effect on the solution in
the interior (e.g., on the relaxation stage), making even the half-space analysis inade-
quate. In the extreme case of a very large anisotropy, the behavior of a plane smoother
is similar to that exhibited by a one-level overlapping Schwartz method [20]. The fol-
lowing analysis is an extension of the half-space Fourier analysis, taking into account
the influence of a second boundary.

We will consider the discrete equation (3.1) on a layer (ix, iy, iz) : 0 ≤ ix ≤ N,
−∞ < iy, iz <∞. This domain is decomposed by overlapped subdomains in an x-line
partitioning. The boundaries of all the subdomains are given by the set of cell planes
orthogonal to the x-coordinate axis. Boundary conditions are represented by one 2-
D Fourier component at a time. In this way, the original 3-D problem is translated
into a one-dimensional (1-D) problem where frequencies of the Fourier component are
considered parameters. When estimating the smoothing factor for the 3-D alternating-
direction plane smoother, we analyze only the high-frequency Fourier components. A
2-D Fourier component ei(θyiy+θziz), (|θy| ≤ π; |θz| ≤ π) is a high-frequency compo-
nent if the absolute value of either θy or θz is greater than or equal to π/2.

We are given values of N,m, n, δ, ε1 and ε2 (see definitions in section 3.1), and
we let the integers ix = 0, . . . , N numerate the cells. We also label the blocks with
numbers from 1 to m. To predict the smoothing factors observed in our numerical
experiments, we assume that the strongest anisotropy direction is aligned with the
x axis, i.e., ε1 > ε2 ≥ 1. The actual boundary separating two neighboring blocks is
placed between the cell centers. Recall that the overlap parameter δ corresponds to
the case where the width of the domain shared by two overlapped blocks is (2δ+1)h.
The left boundary condition of the first block is defined at the center of the actual
(not artificial) left boundary cell l1 = 0; the right boundary condition is defined at
r1 = n+ δ + 1. Each block k (k = 2, . . . ,m− 1) has two (artificial) boundary planes
settled in the interior of the domain: the center of the left boundary cell is located
at lk = (k − 1)n − δ and the center of the right boundary cell is at rk = kn + δ + 1.
The left boundary cell of the last mth block is centered at lm = (m − 1)n − δ and
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the center of the right boundary cell is at rm = N . One application of the 3-D
alternating-direction plane smoother on the kth block includes three plane-relaxation
sweeps. In the analysis, we assume that in the first sweep, the smoother proceeds in
the x direction from ix = lk to ix = rk, solving the corresponding y-z-plane problems
exactly. In numerical tests, just one V(1,1)-cycle is applied to approximate the 2-
D solutions. The second and third sweeps are performed in the y and z directions,
respectively.

Let us consider (3.1) with the initial approximation ũix,iy,iz and the source func-
tion f ′

ix,iy,iz
given in the form

ũix,iy,iz = A(ix)e
i(θyiy+θziz),

f ′
ix,iy,iz = F (ix)e

i(θyiy+θziz),

ix = 0, . . . , N,

where A and F are (N + 1)-dimensional complex-valued vectors. A(ix) and F (ix)
represent the corresponding amplitudes of the Fourier component at ix.

Let E(ix) be the amplitude of the algebraic error in the kth block after updating
the solution values at the overlap [lk, (k−1)n]. We have E(ix) = U(ix)−A(ix), where
U(ix) is the amplitude of the exact discrete solution

U(0) = U0, U(N) = U1,

ε1U(ix − 1) + µ1U(ix) + ε1U(ix + 1) = F (ix),

ix = 1, . . . , N − 1,
µ1 = −2ε1 + 2ε2

(
cos θy − 1

)
+ 2
(
cos θz − 1

)
,

with given boundary conditions U0 and U1.
In the first sweep, the new amplitude E1(ix) is defined from

E1(lk) = E(lk), E1(rk) = E(rk),

ε1E1(ix − 1) + µ1E1(ix) = −ε1E(ix + 1),(3.4)

ix = lk + 1, . . . , rk − 1.

After the second sweep the new amplitude E2(ix) is the solution of the following
system of equations:

E2(lk) = E(lk), E2(rk) = E(rk),

ε1E2(ix − 1) + µ2E2(ix) + ε1E2(ix + 1) = −ε2eiθyE1(ix),(3.5)

ix = lk + 1, . . . , rk − 1,
µ2 = −2ε1 + ε2

(
e−iθy − 2

)
+ 2
(
cos θz − 1

)
.

Finally, the amplitude E3(ix) of the approximate solution obtained after the third
sweep is found from the following system of equations:

E3(lk) = E(lk), E3(rk) = E(rk),

ε1E3(ix − 1) + µ3E3(ix) + ε1E3(ix + 1) = −eiθzE2(ix),(3.6)

ix = lk + 1, . . . , rk − 1,
µ3 = −2ε1 + 2ε2

(
cos θy − 1

)
+
(
e−iθz − 2

)
.
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The smoothing factor of the alternating-direction plane smoother step is the ratio
between the L2 norms of high-frequency errors before and after the step is performed.
This analysis is very rigorous and especially useful for predicting the convergence in
full multigrid (FMG) algorithms (see, e.g., [2]). In these algorithms, where only a
few smoothing steps are performed on each grid and the initial error is basically the
difference between solutions on successive grids, this analysis allows a direct estimation
of the algebraic error at any stage of the algorithm.

To estimate asymptotic convergence rates, the following simplifications can be
adopted.

3.2.1. Simplifications in different regimes. There are two processes affecting
the amplitude of high-frequency error components. The first is the smoothing in the
interior of the blocks. The effect of this smoothing is very similar to that on the single-
block domain. It is well described by the smoothing factor, SM , derived from the
usual full-space Fourier mode analysis (see [2, 13, 24]). If the problem is essentially
isotropic (ε1 = O

(
1
)
), then each of the three sweeps (3.4)–(3.6) contributes to the

alternating-direction plane-relaxation smoothing factor. This smoothing factor proves
to be very small (SM = 1/

√
125 ≈ 0.089 in the pure isotropic problem), but the

overall convergence rate in a V-cycle is worse because it is dictated by the coarse-
grid correction. To predict the asymptotic convergence rate in a V-cycle, the two-
level analysis should be performed. In problems with a moderate anisotropy in the x
direction (ε1 = O

(
h−1

)
), the high-frequency error is reduced mainly in the third sweep

(3.6) and the smoothing factor approaches the 1-D factor SM = 1/
√
5 (see [13]). In

strongly anisotropic problems (ε1 = O
(
h−2

)
), the third sweep reduces the smooth

error components as well, actually solving the problem rather than just smoothing
the error.

The second process influencing the high-frequency error is the error propaga-
tion from incorrectly specified values at the block boundaries. The distance on which
this high-frequency boundary error penetrates inside blocks strongly depends on the
anisotropy. It can be estimated by considering a semi-infinite problem associated with
the sweep (3.6). The left-infinite problem stated for the kth block assumes a zero right-
hand side and omits the left boundary condition

E(rk) = B, E2(ix) = 0, −∞ < ix < rk.

The solution of this problem is

E3(ix) = Bλl

(
θy, θz

)ix−rk
,

where λl(θy, θz) satisfies

ε1λ
−1 + µ3 + ε1λ = 0, |λ| ≥ 1.(3.7)

For high-frequencies under the assumption ε1 > ε2 ≥ 1,∣∣∣λl(θy, θz)∣∣∣ ≥ Λl = ∣∣∣λl(0, π/2)∣∣∣.
The right-infinite problem is similarly solved, providing∣∣∣λr(θy, θz)∣∣∣ ≤ Λr = ∣∣∣λr(0, π/2)∣∣∣,
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where λr(θy, θz) is a root of (3.7) satisfying |λ| ≤ 1.
The roots of quadratic equation (3.7) for θy = 0 and θz =

π
2 are given by

Λl =

∣∣∣∣∣− µ̂3

2
+

√
µ̂2

3

4
− 1
∣∣∣∣∣ and

Λr = Λ
−1
l =

∣∣∣∣∣− µ̂3

2
−
√

µ̂2
3

4
− 1
∣∣∣∣∣ ,

where

µ̂3 = −2− (i+ 2)
ε1

.

Thus, if

Λrk−lk−2δ−1
r � Λ2δ+1

r ,

i.e., the influence of the far boundary (e.g., rk+1 boundary on rk), is negligible in
comparison with the influence of the nearby boundary (lk+1 on rk), then the high-
frequency error amplitude reduction factor, RF, is estimated as the ratio between
the amplitudes on the right boundary rk before and after the plane-smoother step is
performed. After relaxing the kth block, the amplitude at lk+1 is about BΛ

−2δ−1
l and

after relaxing the (k + 1)-th block, the estimated amplitude at rk is B(Λr/Λl)
2δ+1 =

B(Λr)
4δ+2. Thus, the reduction factor could be approximated by

RF ≈
(
Λr

)4δ+2

.(3.8)

If the anisotropy is strong (ε1 = O
(
h−2

)
), both boundaries (far and nearby)

affect the error amplitude reduction factor. If the number of blocks m is not too large,
then the corresponding problem includes m coupled problems (like 3.6) with zero
right-hand sides. This multiblock problem can directly be solved. For the two-block
partition it results in

RF =

(
Λn−δ−1
l − Λn−δ−1

r

Λn+δ
l − Λn+δ

r

)2

.(3.9)

In all the numerical tests described in sections 3.1–3.2, the V(1,1)-cycle conver-
gence rate can be predicted by the (squared) smoothing factor, which is calculated as
the maximum value of SM or RF .

3.2.2. Relation to domain decomposition convergence theory. When the
anisotropy is very strong and the number of blocks is much greater than two, con-
vergence rates observed in numerical tests are well described by the domain decom-
position convergence theory [20]. In this case, we are not interested in the smoothing
properties of the 3-D smoother but in its resolution properties because it becomes an
exact method to solve N noncoupled 2-D problems (when ε1 and ε2 are very large)
or N2 1-D problems (when only ε1 is large). In fact, asymptotic convergence rates for
large anisotropies are in good agreement with convergence rates predicted for 1-D or
2-D domain-decomposition Schwartz methods.
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Table 3.1
Experimental, ρe, and analytical, ρa, convergence factors of a single 3-D V(1, 1)-cycle with

blockwise (x,y)-plane Gauss–Seidel smoother (2× 2× 2 partition) versus anisotropy strength, width
of the overlap, and the block size.

n = 64 n = 128
ε1 δ ρe ρa ρe ρa

0 0.882 0.881 0.939 0.939
106 2 0.534 0.529 0.731 0.729

4 0.321 0.316 0.567 0.566
8 0.341 0.340

0 0.87 0.87 0.92 0.92
104 2 0.51 0.51 0.66 0.67

4 0.29 0.29 0.49 0.49
8 0.27 0.26

0 0.58 0.56 0.58 0.56
102 2 0.18 0.14 0.19 0.14

4 0.12 0.14 0.14 0.14
8 0.14 0.14

3.2.3. Comparison with numerical tests. For simplicity, we consider the
V(1,1)-cycle with only z-planes used in the smoothing step. The assumption that ε1 >
ε2 ≥ 1 validates this simplification. The predicted smoothing factor for this relaxation
is SM = 1/

√
5 [13]. In numerical calculations for isotropic problems on single-block

domains, the asymptotic convergence rate was 0.14 per V(1,1)-cycle, which is very
close to the value predicted by the two-level Fourier analysis (0.134).

The next case we present is the comparison of the analytical predictions and the
numerical results for the V(1,1)-cycle convergence rates for different anisotropies for
the domain decomposed into two blocks in each direction. In this case, for predicting
the reduction factor, RF, analytical expression (3.9) can be used. The formula for the
asymptotic convergence rate ρa is

ρa = max
(
RF 2, 0.14

)
.(3.10)

Table 3.1 presents a representative sample of experiments for the case ε1 
 ε2 = 1.
In this table, ρe corresponds to asymptotic convergence rates observed in the numer-
ical experiments, while ρa is calculated by means of (3.10). The results demonstrate
nearly perfect agreement.

The asymptotic convergence rate deteriorates as the number of blocks grows. For a
multiblock partition, an accurate value of RF can still be calculated. (In the case when
the domain is partitioned into m blocks, it will be the spectral radius of a (m−1)-by-
(m − 1) matrix.) We decided, however, to present another, simplified, methodology.
Here the convergence upper bound, ρDD, which is the asymptotic convergence rate
in the multiblock domain decomposition solver is estimated numerically as ρDD = ρe
for ε1 = ∞. The reduction factor RF is calculated from expression (3.8), and the
predicted convergence rate is

ρa = max
(
min(RF 2, ρDD), 0.14

)
.(3.11)

Practically, this formula implies that for small anisotropies (ε1 ≤ 10) and for
very large anisotropies (ε1 ≥ 104) the asymptotic convergence rate is estimated by
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Table 3.2
Moderate anisotropy: experimental, ρe, and analytical, ρa, convergence factors versus overlap

parameter, block size, and number of blocks.

ρe
ε1 δ ρa n = 16 n = 32 n = 64

m = 4 m = 2 m = 4 m = 2

0 0.56 0.64 0.58 0.63 0.58
102 2 0.14 0.23 0.18 0.26 0.19

0 0.83 0.85 0.79 0.86 0.82
103 2 0.40 0.52 0.38 0.54 0.44

4 0.19 0.20 0.42 0.28

some constants calculated numerically. The analytical expression is correct in the
range of moderate anisotropies. Notice that RF depends only on two parameters (ε1
and δ) which means that estimate (3.11) provides a good prediction only if n 
 δ.
Table 3.2 compares this analytical prediction with the results of numerical tests for
some moderate anisotropies and different values of the overlap parameter δ.

We can now discuss the different convergence behavior exhibited by fixed and
decreasing overlaps. A decreasing overlap introduces errors on the coarse grids which
become smooth errors on the fine grids and, therefore, cannot be eliminated by the
smoother on the fine grids. This is especially true in cases of weak to moderate
anisotropy when the reduction factor is defined by smoothing properties rather than
by the properties of a domain decomposition solver. The convergence in this case
is still bounded above by the convergence rate of the domain decomposition solver,
but we lose a lot of efficiency, especially because the domain decomposition solver is
sensitive to such issues as number of blocks and overlap size.

For a givenm and δ/n ratio, if the domain decomposition solver is efficient enough,
then it is possible to use the same δ/n ratio on coarser grids rather than using a fixed
number of cells in the overlap regions. However, adopting a fixed δ/n ratio as a general
rule for overlapping reduces the solver down to the level of a domain decomposition
solver. In the case of fixed overlap, the domain decomposition solver efficiency is just
an upper bound on the convergence rate. The bound is sharp only for huge anisotropies
(huge in strength and relevant region size).

4. Isotropic equation discretized on stretched grids. In this section, we
study numerically the behavior of plane-implicit smoothers for multiblock grids when
the anisotropy is not uniform but exponential. For stretched grids, each cell can have a
unique level of anisotropy (see Figure 4.1). The stretching is applied near the boundary
to mimic grids used in CFD simulations.

Consider an N3 global grid partitioned intom3 blocks (cubic partitioning)(Figure
4.1). Again, each block is supplied with an extended Ωlp,δ subgrid. Our goal is to ana-
lyze the dependence of the convergence rate ρ(m,n, δ, α) on the following parameters:

• number of blocks per side, m;
• number of grid cells per block side, n;
• overlap parameter, δ;
• stretching ratio, α = hi+1

hi
.

4.1. Description of test problem. All the numerical experiments reported
here deal with the numerical solution of (2.1) on the unit cube Ω = (0, 1)×(0, 1)×(0, 1)
with the right-hand side and boundary conditions given by expressions (3.2) and (3.3).
The discretization is done on 643 and 1283 rectangular stretched multiblock grids with
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Fig. 4.1. Rectangular stretched multiblock grid used in the numerical experiments: n is the
number of cells per side in every block, m is the number of blocks per side in the split, and α is the
stretching ratio.

various overlaps (δ = 0, 2, 4, 8).
As before, we tested a FAS version of V(1,1)-cycle with the blockwise alternating-

direction plane smoother, unweighted solution averaging, volume-weighted residual
averaging, and trilinear correction interpolation. The solutions of the 2-D problems in
each plane are approximated by one 2-D V(1,1)-cycle employing alternating-direction
line Gauss–Seidel smoothing. The asymptotic convergence rates observed in the nu-
merical tests are presented in Figures 4.2 and 4.3.

4.2. Discussion of results. Numerical simulations were performed to obtain
the experimental convergence rate with respect to the stretching ratio, α. The single-
block and multiblock grids (m = 1, 2, and 4) with different overlaps (δ = 0, 2, and
4) were tested. Figure 4.2 shows the results for a 643 grid, and Figure 4.3 for a 1283

grid. The results can be summarized in the following two observations:
• With a 23 partitioning, even the minimum overlap (δ = 0) is enough to exhibit
good convergence rates. The results for a multiblock grid with overlap of δ = 2
match with the results obtained for the single-block anisotropic case. That is,
the convergence rate tends toward zero as the anisotropy increases.
• With a 43 partitioning, results are not as good. With the minimal overlap
(δ = 0), the convergence rate degrades for finer grids. However, with a larger
overlap (δ = 2), the convergence rate again tends towards the convergence
rate demonstrated in single-block grid anisotropic cases.

5. Parallel implementation of multigrid technique. Blockwise smoothers
may also be used to facilitate the parallel implementation of a multigrid method on
a single-block (rectangular) grid. Notice that in this case there are global lines and
planes and we are interested in blockwise smoothers only for purposes of parallel
computing. To get a parallel implementation of a multigrid method, one can adopt
one of the following strategies (see, e.g., [14]).

• Domain decomposition: A domain decomposition is applied first. Then, a
multigrid method is used to solve problems inside each block.
• Grid partitioning: A multigrid method is used to solve the problem in the
whole grid.

Domain decomposition is easier to implement and implies fewer communications
(better parallel properties), but it has a negative impact on the convergence rate.
On the other hand, grid partitioning implies more communication but it retains the
convergence rate of the sequential algorithm (better numerical properties).
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Fig. 4.2. Experimental convergence factors, ρe, of one 3-D V(1, 1)-cycle with blockwise
alternating-direction plane smoother in a 643 grid with respect to the stretching ratio (α) for different
values of the overlap (δ) and number of blocks per side (m).

Fig. 4.3. Experimental convergence factors, ρe, of one 3-D V(1, 1)-cycle with blockwise
alternating-direction plane smoother in a 1283 grid with respect to the stretching ratio (α) for dif-
ferent values of the overlap (δ) and number of blocks per side (m).

From a parallel code designer point of view, our approach is somewhere between
domain decomposition and grid partitioning. Blockwise plane smoothers appear to
be a tradeoff between architectural and numerical properties (domain decomposition
and grid partitioning).

• Convergence rate. For the isotropic case the convergence rate is equal to that
obtained with grid partitioning, and it approaches the convergence rate of a
domain decomposition method as the anisotropy becomes stronger.
• Communications. Although higher than in domain decomposition, the num-
ber of communications is lower than in grid-partitioning algorithms.

However, it should be noted that due to the lack of definition of global planes and
lines, grid partitioning is not viable in general multiblock grids.

Therefore, the use of blockwise smoothers is justified to facilitate parallel pro-
cessing when the problem does not possess a strong anisotropy crossing the whole
domain. In such a case, the expected convergence rate (when using moderate overlaps
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at the block interfaces crossed by a strong anisotropy) is similar to the rate achieved
with grid partitioning, but the number of communications is considerably lower.

6. Conclusions and future directions. We have analyzed the smoothing
properties of blockwise plane smoothers for multiblock grids. For simplicity, our anal-
ysis and test problems have focused on rectangular grids, although the results can
be extrapolated to more general multiblock grids. As a point of reference, we take
the convergence rate obtained by the plane smoother in the isotropic problem on a
single-block grid.

Typically, in true CFD simulations, there are no very large anisotropies crossing
the whole domain. The regions of very strong anisotropies are narrow (usually where
there are thin boundary layers). Therefore, it is unlikely that such a region will be
divided into many blocks in the direction normal to the thin layer. Anisotropies cross-
ing one, two, or up to four blocks are very practical, especially for stretched grids. For
these cases, the overall convergence rate is still very good with a moderate overlap,
as has been demonstrated in the present report.

The blockwise plane method works as a smoother for low anisotropies and be-
comes a domain decomposition solver for very large anisotropies. We have obtained an
analytical expression that predicts the smoothing properties of the blockwise plane-
implicit smoother with respect to the block size, the amount of overlap, and the
strength of the anisotropy. The expression has been validated with numerical experi-
ments.

As an example, for a line of strong anisotropy partitioned into two blocks, the
multigrid convergence of reference can be obtained with an overlap of just 25 percent
of the number of cells in the block, and this convergence rate can be maintained by
increasing linearly the number of overlapping cells with the problem size. In actual
problems, a much smaller overlap is likely to be sufficient.

We have also analyzed the case of an isotropic equation on grids which are
stretched near to the boundaries, a common case in practical CFD problems. This
case is even more favorable, as the convergence rate obtained for the single-block
grid is maintained in multiblock grids with very small overlaps, tending to zero with
increasing anisotropy strength.

Blockwise alternating-direction plane relaxation methods are found to be robust
smoothers and their use should be considered for inclusion in the next generation
of production CFD codes. A robust multiblock code should check whether there
is an anisotropy crossing a block interface. If so, an extended subgrid overlapping
with the neighboring block should be constructed. A multiblock strategy opens the
possibility of using an adaptive smoother—that is, different smoothers for different
portions of the domain, where choice of the smoother is based on a minimization
of operation count while retaining optimum smoothing performance. An example
of this would be using a plane-implicit smoother in the portions of the domain
that have strong anisotropies while using a point smoother in the regions that are
isotropic.

The present code updates the blocks following the lexicographic ordering. How-
ever, in order to run the code on a parallel computer, so that each processor solves a
set of blocks, the update ordering must present a higher parallelism grade. The next
step will be to analyze the convergence rate and architectural properties of red-black
(or general-colored) ordering of the blocks. We intend to continue the work on the
block-structured algorithms. In particular, we will study the applicability of blocked
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alternating-direction plane methods as multigrid smoothers for convection-dominated
problems and more complicated PDEs.
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Abstract. The problem of minimizing a sum of Euclidean norms dates from the 17th century
and may be the earliest example of duality in the mathematical programming literature. This
nonsmooth optimization problem arises in many different kinds of modern scientific applications.
We derive a primal-dual interior-point algorithm for the problem, by applying Newton’s method
directly to a system of nonlinear equations characterizing primal and dual feasibility and a perturbed
complementarity condition. The main work at each step consists of solving a system of linear
equations (the Schur complement equations). This Schur complement matrix is not symmetric, unlike
in linear programming. We incorporate a Mehrotra-type predictor-corrector scheme and present
some experimental results comparing several variations of the algorithm, including, as one option,
explicit symmetrization of the Schur complement with a skew corrector term. We also present
results obtained from a code implemented to solve large sparse problems, using a symmetrized Schur
complement. This has been applied to problems arising in plastic collapse analysis, with hundreds
of thousands of variables and millions of nonzeros in the constraint matrix. The algorithm typically
finds accurate solutions in less than 50 iterations and determines physically meaningful solutions
previously unobtainable.
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1. Introduction. A problem which arises in many applications is to minimize
a sum of Euclidean vector norms, i.e.,

D : min

{
n∑
i=1

‖zi‖ : y ∈ �m; zi ∈ �d; AT
i y + zi = ci, i = 1, . . . , n

}
,

where Ai ∈ �m×d, ci ∈ �d, i = 1, . . . , n, are given. In most applications d = 2 or
d = 3 so that the terms in the sum are norms of vectors in a two or three-dimensional
Euclidean space. If d = 1, the problem D is equivalent to a linear program (LP).
The minimization objective is convex but not differentiable at any point where some
zi = 0.

The sum of norms problem, D, has a long and interesting history. The special
case d = m = 2, n = 3, Ai = I, was studied by Fermat in the 17th century. This
amounts to finding the point in �2 which minimizes the sum of distances from it
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to three given points. In the early 19th century it was realized that this particular
convex optimization problem has a natural dual maximization formulation. Kuhn
[Kuh91] regards this as the first instance of duality in the mathematical programming
literature. Further history is given in [Kuh67].

Duality theory for D is easily described using min-max theory. Let xi ∈ �d,
i = 1, . . . , n. For consistency with standard notation for LP, we refer to xi as the
primal variables and y, zi as the dual variables, even though in our experience it is
usually the dual problem D which explicitly arises in applications. We have

min
AT

i y+zi=ci

n∑
i=1

‖zi‖ = min
AT

i y+zi=ci
max

‖xi‖≤1

n∑
i=1

xTi zi

= max
‖xi‖≤1

min
AT

i y+zi=ci

n∑
i=1

xTi zi

= max
‖xi‖≤1

min
y

(
n∑
i=1

cTi xi − yT
n∑
i=1

Aixi

)

= max

{
n∑
i=1

cTi xi : ‖xi‖ ≤ 1;

n∑
i=1

Aixi = 0

}
.

The first equality follows from Cauchy–Schwartz, the second from min-max theory
[Roc70, Cor. 37.3.2], the third trivially, and the fourth because if

∑n
i=1Aixi is not

zero, the minimized value would be −∞. Therefore, the dual of D is the primal
problem

P : max

{
n∑
i=1

cTi xi : xi ∈ �d, ‖xi‖ ≤ 1, i = 1, . . . , n;

n∑
i=1

Aixi = 0

}
.

This result is an easy generalization of the duality theory in [Kuh67] and is a special
case of a much more general theory of convex optimization given in [NN94]. Nonethe-
less, we are not aware of its explicit appearance in the literature earlier than [And96b].

Although the duality theory has been known in its simplest form for nearly two
centuries, it was not understood until relatively recently how to exploit duality in
algorithms for minimizingD. Iteratively reweighted least squares (Weiszfeld’s method
[Wei37]) has long been used as a robust though slowly converging method to solve
D. Another well-known approach is to replace the terms ‖zi‖ in the objective by the
differentiable quantity

√‖zi‖2 + µ2, where µ is a fixed positive number. This method
is also robust but converges arbitrarily slowly as µ → 0. Neither of these algorithms
use any aspect of duality. In both cases, the reason for the slow convergence is that,
in most interesting applications, some of the norms in the objective D have zero as
their optimal value.

Calamai and Conn [CC80,CC87] and Overton [Ove83] solved D using Newton
methods combined with an active set approach to determine which norms ‖zi‖ are
zero at an optimal solution. These methods were the first to exploit the duality
structure of the problem, as they explicitly compute both primal and dual solutions.
However, Newton’s method was derived in the y,z space only, with the x variables
computed by least-squares estimates. The methods of Calamai and Conn and Overton
are quite efficient if not many norms ‖zi‖ are zero. However, if this number is large,
the number of iterations is typically also large because the active set of zero norms
must be updated at every step.
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During the past decade, it was realized that the class of interior-point methods,
so successful for solving LP’s, could be extended to solve many convex optimization
problems; the primary reference for this important development is Nesterov and Ne-
mirovskii [NN94]. Andersen [And96b] gave a specific method for solving D which is
based on a primal interior-point method for LP. In this method the terms ‖zi‖ are
replaced by

√‖zi‖2 + µ2, but the quantity µ is treated as an extra variable, whose
value is determined by duality estimates. Using this method, Andersen was the first
to be able to solve D rapidly and accurately even when the number of variables is large
and many norms ‖zi‖ are zero at a solution point. In [AC98] it was demonstrated
how the linearly constrained problem can be reduced to the unconstrained case using
an exact l1 penalty function, while still preserving the sparsity structure.

In this paper we present a primal-dual interior-point method for solving P and
D. The basic algorithm is easy to motivate and implement. The number of iterations
needed is substantially less than that required for the primal interior-point method
used by Andersen [And96b]. This is consistent with general experience with primal-
dual versus primal interior-point methods for LP [Wri97].

The sum of norms problem is a special case of quadratically constrained quadratic
programming (QCQP), also known as optimization over the quadratic cone. Nesterov
and Todd [NT98a,NT98b] gave a theoretical discussion of algorithms for optimization
over homogeneous self-dual cones, including the quadratic cone. See also Adler and
Alizadeh [AA95] for another primal-dual algorithmic approach to QCQP. Our view is
that the sum of norms problem is sufficiently important that a specialized approach
is justified. Also taking this view, Xue and Ye [XY97] gave a complexity analysis of
the sum of norms problem, using an interior-point method and exploiting the general
theory given in [NT98a,NT98b].

Our primal-dual algorithm is derived in the next section, applying Newton’s
method to three conditions: primal and dual feasibility, and complementarity. A key
point is the derivation of the appropriate complementarity condition. The main work
at each step consists of solving a system of linear equations (the Schur complement
equations). This Schur complement matrix is not symmetric, unlike its counterpart
in linear programming.

Section 3 discusses a Mehrotra predictor-corrector enhancement to the algorithm
and considers symmetrizing the Schur complement equations, including a compen-
sating skew corrector term. Section 4 presents experimental results for some small
Steiner tree test problems.

Section 5 discusses a large-scale implementation using a symmetrized Schur com-
plement. This has been used to solve applied problems arising in plastic collapse anal-
ysis with hundreds of thousands of variables and millions of nonzeros in the constraint
matrix. The algorithm typically finds accurate solutions in less than 50 iterations and
determines physically meaningful solutions that were considered unobtainable until
now.

In fact, problem D arises in many applications. These include least-distance
problems in two or three-dimensional Euclidean space, such as the classical Steiner
tree problem. Xue and his coauthors [XLD99a,XLD99b] have investigated a wide
variety of problems of this kind; see their papers for other references. However,
problem D also arises in very different contexts. Alpert et al. [ACK+98] have recently
applied a variant of our algorithm presented in this paper to the placement of circuits
in VLSI design. Chan, Golub, and Mulet [CGM96] applied a nonlinear version of the
algorithm to some applications in image reconstruction. Ito and Kunisch [IK99] used



246 K. ANDERSEN, E. CHRISTIANSEN, A. CONN, AND M. OVERTON

an active set method to solve related image reconstruction problems. Byrnes and
Bright [BB] used iteratively reweighted least-squares to solve trajectory optimization
problems in space exploration. In fact, this method (Weiszfeld’s method) has long
been used at the Jet Propulsion Laboratory as a basic workhorse to solve problems of
the form D that arise in spacecraft missions such as the Galileo and Pioneer “fly-by’s”
of the outer planets [Mai87,Mic]. Strang [Str79] considered an isoparametric design
problem to which Overton [Ove84] applied a version of his algorithm mentioned above.
Parks [Par91] has applied related methods to solve minimal surface (soap bubble)
problems. Alexander and Maddocks [AM93] used the method of [Ove83] to solve
friction problems arising in robotics. Finally, plastic collapse analysis problems have
been mentioned already and are discussed at greater length in the final section of the
paper. A key similarity in all these applications is that some, and perhaps many, of
the norms in the sum to be minimized can be expected to have the value zero at an
optimal solution.

We believe there is great opportunity to apply the primal-dual method given in
this paper to these and many other interesting applications.

Notation. Let Id denote the d× d identity matrix. Let

x =



x1

...
xn


 ∈ �dn, z =



z1

...
zn


 ∈ �dn, c =



c1
...
cn


 ∈ �dn,

A =
[
A1 · · · An

] ∈ �m×dn.

The primal feasible region is given by

X =
{
x ∈ �dn : Ax = 0; ‖xi‖ ≤ 1, i = 1, . . . , n

}
(1)

and the dual feasible region is

Y =
{
(y,z) ∈ �m ×�dn : ATy + z = c

}
.(2)

Consequently, we may rewrite D as

D : min

{
n∑
i=1

‖zi‖ : (y,z) ∈ Y
}

and P as

P : max
{
cTx : x ∈ X} .

2. Complementarity and Newton’s method. Suppose x ∈ X and (y,z) ∈ Y
are, respectively, primal and dual feasible. Then the duality gap, i.e., difference
between the primal and dual objective functions, is

n∑
i=1

‖zi‖ −
n∑
i=1

cTi xi =

n∑
i=1

(‖zi‖ − xTi zi) ≥ 0.(3)

The duality gap must be zero at an optimal solution. It is zero if and only if, for each
i = 1, . . . , n, either ‖zi‖ is zero or xi = zi/‖zi‖. This complementarity condition can
be conveniently expressed as

zi − ‖zi‖xi = 0, i = 1, . . . , n.(4)
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It follows from the complementarity condition that for each i, either zi = 0 or ‖xi‖
= 1; we say that strict complementarity holds if, for each i, only one of these two
conditions holds. It may happen that no strictly complementary solution exists, unlike
in LP.

Primal-dual interior-point methods are based on Newton’s method applied to
three sets of equations: primal feasibility, dual feasibility, and an appropriate comple-
mentarity/centering condition. The feasibility equations are, respectively,

Ax = 0(5)

and

ATy + z = c.(6)

We assume from now on that the m × dn matrix A has full rank. We also assume
that m < dn, since otherwise P and D are solved by x = 0, z = 0.

The primal and dual feasibility equations consist of m + dn equations in the
m+2dn scalar variables represented by y and x, z. To make this a square system we
need another dn equations, which are available in the form of the complementarity
condition (4). This condition is not differentiable if ‖zi‖ is zero, but it may be replaced
by the centering condition

zi −
(
‖zi‖2 + µ2

) 1
2

xi = 0, i = 1, . . . , n,(7)

where µ > 0.
The following theorem is from [And96b], showing that the centering condition (7)

is in fact the complementarity condition for the following pair of smooth optimization
problems:

Dµ : min

{
n∑
i=1

(
‖zi‖2 + µ2

) 1
2

: (y,z) ∈ Y
}
,

Pµ : max

{
cTx+ µ

n∑
i=1

(
1− ‖xi‖2

) 1
2

: x ∈ X
}
.

Theorem 1. The problems Dµ and Pµ are a primal-dual pair. Specifically, Dµ

has the solution (y(µ),z(µ)) and Pµ has the solution x(µ), all satisfying (5), (6), and
(7).

Proof. The proof is a simple modification of the proof (given in section 1) that P
and D are a primal-dual pair. See [And96b] for details.

This theorem shows that introducing the centering parameter µ in the comple-
mentarity conditions for the original pair of problems is equivalent to smoothing the
norms in D and introducing a cost into P which moves the primal solution away from
its boundary. The solutions (x(µ),y(µ),z(µ)) of Pµ, Dµ, for µ > 0, define a sort of
central path for P , D, though not one derived from a logarithmic barrier function
and therefore not centered in the usual sense.

Let us write the centering condition (7) as

Θ(µ,z)x− z = 0, where Θ(µ,z) = Diag

((
‖zi‖2 + µ2

) 1
2

Id

)
.(8)
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Collecting (6), (5), and (8) together, we have the nonlinear system of equations

Gµ(x,y,z) =


 ATy + z − c

Ax
Θ(µ,z)x− z


 = 0,(9)

whose solution is (x(µ),y(µ),z(µ)). Newton’s method applied to Gµ at a given point
(x,y,z) gives the following linear system defining updates to the variables:


 0 AT Idn
A 0 0
Eµ 0 −F µ




 ∆x

∆y
∆z


 =


 rdrp
rc


 ,(10)

where

rd = c−ATy − z, rp = −Ax, rc = z −Eµx,(11)

Eµ = Diag (ωµi Id) , F µ = Diag

(
Id − 1

ωµi
xiz

T
i

)
,(12)

and

ωµi =
(‖zi‖2 + µ2

) 1
2 .(13)

The equation rd = 0 is maintained exactly at each step, by always defining z =
c−ATy. Although rp can be set to zero initially by setting the first iterate x = 0 or
setting x to a null vector of A, we do not assume this, since primal feasibility cannot
be maintained exactly in the presence of rounding errors.

Eliminating ∆z and using rd = 0, we have[
F−1
µ Eµ AT

A 0

] [
∆x
∆y

]
=

[
F−1
µ rc
−Ax

]
.(14)

Defining Hµ = E−1
µ F µ, and using the definition of rc in (11), we find after one more

elimination step that

AHµA
T∆y = AE−1

µ z(15)

and

∆x = E−1
µ (F µ∆z + rc) ,(16)

where (immediately from dual feasibility)

∆z = −AT∆y.(17)

The operations of multiplying vectors by F µ and E−1
µ are trivial since F µ is block

diagonal and Eµ is positive diagonal. Notice the explicit dependence of Eµ and F µ on
the centering parameter µ, in contrast to the situation in LP, where the corresponding
diagonal matrices depend only on the current variables. This is a consequence of the
more complicated nature of the complementarity condition (4).
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The main cost of this process is forming and factoring the Schur complement
AHµA

T . Except in the trivial case d = 1, the block-diagonal matrix Hµ is not
generally symmetric, since F µ is not. This presents difficulties for large sparse prob-
lems, where it is highly desirable to use sparse Cholesky techniques which apply only
to symmetric, positive definite systems. Sparse LU factorization techniques for non-
symmetric linear systems are more costly since they require pivoting for stability and
therefore are not able to exploit sparsity as effectively as Cholesky methods.

However, note that F µ is positive definite (in the sense that vTF µv > 0 for all

v 
= 0) as long as x ∈ X , and therefore so are Hµ and AHµA
T (since Eµ and F µ

commute). Furthermore, it follows from (7) that for (x,y,z) = (x(µ),y(µ),z(µ)) (see
Theorem 1), the matrix F µ and therefore alsoHµ and AHµA

T are symmetric for all

µ > 0. Consequently, when defined sufficiently close to the “central path,” AHµA
T

is nearly symmetric. One of the issues we shall discuss in the next section is the effect
of symmetrizing Hµ by defining it to be 1

2E
−1
µ (F µ + F Tµ ) instead of E−1

µ F µ.
As µ→ 0, for each i, either zi(µ) or xi(µ)− zi(µ)/‖zi(µ)‖ converges to zero. In

the latter case, the limit of the ith block of the corresponding F µ is singular, while
in the former case the limit of the ith block of the corresponding Eµ is zero.

We now discuss how to update the iterates x, y, and z after ∆x, ∆y, and ∆z
are computed. We start by observing that ∆z is a descent direction for the smoothed
dual objective function in Dµ: the gradient of this function with respect to z is easily
seen to be E−1

µ z. Using (17) and (15), we have

(∆z)
T
E−1
µ z = − (∆y)

T
AE−1

µ z

= − (∆y)
T
AHµA

T∆y

< 0

(unless z = 0), since the symmetric part of AHµA
T is positive definite. Conse-

quently, it is natural to update y and z by using a line search on the smoothed dual
function in Dµ, as follows.

Dual line search rule.

ỹ = y + β̂∆y, z̃ = z + β̂∆z,(18)

where

β̂ ≈ arg min
0≤β≤1

n∑
i=1

(
‖zi + β∆zi‖2 + µ2

) 1
2

.(19)

The same steplength must be used for y and z to maintain dual feasibility. Of course,
the univariate minimization problem need not be solved exactly.

The direction ∆x is not necessarily an ascent direction for the penalized primal
objective function in Pµ, so a line search is not appropriate to update the primal iterate
x. We consider two possibilities: the primal scaling rule and the primal steplength
rule.

Primal scaling rule.

x̃ = γ̄ (x+ ∆x) ,(20)

where

γ̄ = max {γ : γ‖xi + ∆xi‖ ≤ 1 i = 1, . . . , n} .(21)
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The scaling rule is a trivial computation.

Primal steplength rule. The step to the boundary is given by

αmax = max {α : ‖xi + α∆xi‖ ≤ 1, i = 1, . . . , n} = min
i
αi,

where αi is the positive root of a quadratic equation:

αi =

−∆xTi xi +

√
‖∆xi‖2

(
1− ‖xi‖2

)
+
(
∆xTi xi

)2
‖∆xi‖2

, i = 1, . . . , n.

We choose 0� τ < 1 and define

ᾱ = ταmax.(22)

Then the steplength rule is defined by

x̃ = x+ min(1, ᾱ)∆x.(23)

Both rules preserve primal feasibility in exact arithmetic. For the steplength rule,
conventional experience with primal-dual interior-point methods dictates a choice of
τ less than 1, but not much less, for example, τ = .99 or τ = .999. For sums of norms,
however, we found that τ = 1 also works quite well. This allows iterates x to actually
reach the boundary of the feasible region, but the matrix F µ still cannot be singular
as long as µ > 0. Increased ill-conditioning of the linear systems which are solved as
convergence takes place is a standard feature of interior-point methods and generally
does not cause great difficulties except when the iterates are nearly optimal. The
reason we do not allow τ = 1 is that rounding errors may then cause the updated x
to lie just outside the feasible region.

The scaling rule always places x exactly on the boundary of the feasible region.
This is not appropriate if the solution x has all component norms ‖xi‖ < 1, but this
is a trivial case since then the dual solution must be zero by complementarity. As
far as we know, the scaling rule does not have an analogy in standard interior-point
implementations: such a rule is possible only when the primal equality constraints
are homogeneous as they are here.

Equations (15), (16), (17), and the updating rules just described define the basic
ingredients of a primal-dual interior-point method for solving P and D. To complete
the description of the algorithm we must define a rule for updating the parameter µ:
for this we introduce a predictor-corrector method.

3. Mehrotra’s predictor-corrector method and a symmetrized algo-
rithm with a skew correction term. Mehrotra’s predictor-corrector method is
a standard tool in primal-dual interior-point software for LP. The basic idea is to
first compute a predictor step defined by first-order approximations to the optimal-
ity conditions (i.e. Newton’s method), and to follow this with a corrector step which
also takes second-order terms into account. A key point is that both predictor and
corrector use the same matrix factorization; only the right-hand sides of the linear
equations defining the steps differ. Another key component is a technique for estimat-
ing the centering parameter µ. Mehrotra’s method was originally given in [Meh92];
an excellent discussion may be found in [Wri97, Chapter 10].
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We now discuss how to adapt Mehrotra’s method to our problem. Let us replace
x, y, and z in the centering condition (8) by x+∆x, y+∆y, and z+∆z, respectively,
obtaining, for i = 1, . . . , n,

zi + ∆zi −
(
‖zi + ∆zi‖2 + µ2

) 1
2

(xi + ∆xi) = 0,

i.e.,

zi + ∆zi − ωµi
(

1 + 2
zTi ∆zi
(ωµi )

2
+
‖∆zi‖2
(ωµi )

2

) 1
2

(xi + ∆xi) = 0,

which gives

zi + ∆zi − ωµi
(

1 +
zTi ∆zi
(ωµi )

2
+
‖∆zi‖2
2(ωµi )

2
− (zTi ∆zi)

2

2(ωµi )
4

+ · · ·
)

(xi + ∆xi) = 0.

Moving first-order terms to the left-hand side, constant and second-order terms to the
right-hand side, neglecting higher than second-order terms, and changing the sign of
the equation we obtain

(Eµ∆x− F µ∆z)i = (rc)i −
zTi ∆zi
ωµi

∆xi − ‖∆zi‖
2

2ωµi
xi +

(zTi ∆zi)
2

2(ωµi )
3
xi(24)

for i = 1, . . . , n. The idea, then, is to compute the predictor steps ∆x, ∆y, and
∆z from (15)–(17), and then use these to define the second-order terms which are
included in the right-hand side of the linear system solved to obtain the corrector
step, using the factorization of AHµA

T a second time.
As noted above, a key component of Mehrotra’s method is to exploit the result

of the predictor step to define a heuristic value for the centering parameter µ to be
used in the computation of the corrector step. This is provided by

µ̃ =
(gap(x+ ∆x,z + ∆z))

3

n (gap(x,z))
2 ,(25)

where

gap(x,z) =

n∑
i=1

(‖zi‖ − xTi zi) .(26)

This is a natural generalization of Mehrotra’s formula for LP. The value µ̃ may be
substituted for µ in all the terms on the right-hand side of (24), including the second-
order terms as well as the constant term, giving

h
(1)
i = zi − ωµ̃i xi −

zTi ∆zi

ωµ̃i
∆xi − ‖∆zi‖

2

2ωµ̃i
xi +

(zTi ∆zi)
2

2(ωµ̃i )
3
xi,(27)

where

ωµ̃i =
(‖zi‖2 + µ̃2

) 1
2 .(28)
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It is not practical to substitute µ̃ for µ on the left-hand side of (24), since the
factorization of Hµ has already been computed using the previous value for µ. Con-
sequently, we also add to the right-hand side of (24) further corrector terms of the
form

h
(2)
i =

(
ωµi − ωµ̃i

)
∆xi +

(
1

ωµi
− 1

ωµ̃i

)(
zTi ∆zi

)
xi.(29)

As noted in the previous section, the nonsymmetry of Hµ is a major disad-
vantage for large sparse problems. We therefore consider here the idea of explicitly
symmetrizingHµ, defining it to be 1

2E
−1
µ (F µ+F Tµ ) instead of E−1

µ F µ. This suggests

subtracting a skew correction term 1
2E

−1
µ (F µ−F Tµ )∆z from the right-hand side, i.e.,

adding terms

h
(3)
i =

1

2ωµi

(
(∆zTi xi)zi − (∆zTi zi)xi

)
(30)

to (24). Note the use of ωµi , not ωµ̃i , in the denominator. Putting all this together,
the corrector step is defined by

Eµ∆x− F µ∆z = rcc,(31)

where the ith block of the “corrected centering” residual is

(rcc)i =

{
h

(1)
i + h

(2)
i if Hµ = E−1

µ F µ,

h
(1)
i + h

(2)
i + h

(3)
i if Hµ = 1

2E
−1
µ

(
F µ + F Tµ

)
,

(32)

using (27), (29), and (30).
Substituting rcc for rc in (14), we therefore compute the corrector steps from

AHµA
T∆y = A

(
E−1
µ r

c
c + x

)
(33)

and

∆x = E−1
µ (F µ∆z + rcc)(34)

with ∆z given by (17).
Note that by analogy with standard practice in LP, it might seem appropriate

to modify the right-hand side rc used by the predictor step by substituting 0 for µ
in its definition.1 In practice, whether or not this is done seems to have little effect,
but one reason not to make this choice is that then the dual predictor step is no
longer guaranteed to be a descent direction for the smoothed objective function in
Dµ. There is no guarantee that the dual corrector step is a descent direction for either
this function or the corresponding function defined using µ̃ instead of µ, although it
usually is. If it is a descent direction for the latter function, we update the iterates as
before, using µ̃ instead of µ in the objective function in the dual line search. Otherwise,
we abandon both primal and dual corrector steps and use the predictor steps instead.

We now summarize the algorithm. We initialize it with x = 0, y set to the
minimizer of ‖c−ATy‖, and z = c−ATy. Assume that an initial value of µ > 0 is
given, as well as a termination tolerance ε.

1In fact, this was done in the experiments reported in section 5.
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Predictor-Corrector Algorithm for Minimizing a Sum of Norms.
(1) Define ωµi , Eµ, and F µ by (12)–(13).

(2) Define Hµ by either E−1
µ F µ or 1

2E
−1
µ (F µ + F Tµ ) and find either the LU or

Cholesky factorization, respectively, of AHµA
T . In the former case, quit if

the LU factorization generates a zero pivot. In the latter case, either quit if the
Cholesky factorization fails, or modify the factorization, effectively redefining
Hµ by a nearby positive definite approximation.

(3) Determine the predictor steps ∆y, ∆z, and ∆x from (15), (17), and (16).
(4) Define x̃ from the primal scaling rule (see (20) and (21)) or the primal

steplength rule (see (22) and (23)), and ỹ, z̃ by the dual line search rule
(see (18) and (19)). Quit if the dual line search fails to achieve a reduction
in the smoothed dual.

(5) Define µ̃ by (25) and ωµ̃i by (28).
(6) Determine the corrector steps ∆y, ∆z, and ∆x from (33), (17), and (34).
(7) If (E−1

µ̃ z)
T∆z < 0, redetermine x̃, ỹ, and z̃ using the primal scaling or

steplength rule with µ̃ instead of µ, and the dual line search rule with µ̃
instead of µ. Quit if the dual line search rule fails to achieve a reduction in
the smoothed dual objective.

(8) Replace x, y, z, and µ by x̃, ỹ, z̃, and µ̃, respectively.
(9) If ‖Ax‖ > gap(x,z), quit. (This cannot happen in exact arithmetic and

indicates that rounding errors will dominate any further computation.)
(10) If gap(x,z) < ε and ‖c−ATy − z‖+ ‖Ax‖ < ε, quit; otherwise repeat.
There are several ways the algorithm might terminate when rounding errors pre-

vent further progress: breakdown of the factorization, failure in the line search, or
growth in the primal infeasibility ‖Ax‖ with respect to the duality gap measure
gap(x,z). The occurrence of any of these conditions essentially indicates that the
convergence tolerance ε is set too small; in any case, when they occur, the current or
previous approximation is generally quite accurate.

4. Experiments on small problems. We now report some numerical results
for this algorithm, comparing the symmetrized and nonsymmetrized versions and
other algorithmic options described above. These results were obtained using a Mat-
lab implementation run on a set of small topologically-constrained Steiner tree test
problems (for more details, see [DO98]). The sparsity in the data is determined by the
tree structure and its topological constraint, but subject to these qualifications, the
data are generated randomly. Each table shows a summary of results from many runs
with different random data on the same problem class. Sparsity was not exploited. In
all cases d = 2. The dual line search was performed using the Matlab fmin function
with its default tolerance. The machine used was a Sparc Ultra with IEEE double
precision arithmetic.

The tables show, for various cases, the number of iterations, the final values of
gap(x,z) (defined in (26)), and the infeasibility norm sum ‖Ax‖ + ‖c −ATy − z‖,
each as medians over a set of randomly generated problems in a given class. The
termination tolerance ε was set to 10−10.

In Tables 1 and 2, we consider a class of Steiner tree problems with n = 50,
m = 62, for which strict complementarity holds at the solution, and for which the
median number of indices for which ‖zi‖ = 0 at the optimal solution is 15. We
compare the nonsymmetric and symmetrized variants of the algorithm (Hµ = E−1

µ F µ

and Hµ = 1
2E

−1
µ (F µ + F Tµ ), respectively) with two choices for updating the primal

variable: the scaling rule and the steplength rule with τ = 0.999. All variants used the
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Table 1
Summary of results for the scaling rule.

Version iter gap infeas
(median) (median) (median)

Not symmetrized 8 1e− 12 1e− 12
Symmetrized 8 1e− 06 6e− 13

Symmetrized, skew corr 7 1e− 08 7e− 13
Symmetrized, mod Chol 15 5e− 11 1e− 12

Symmetrized, skew corr, mod Chol 9 2e− 11 4e− 12

Table 2
Summary of results for the steplength rule.

Version iter gap infeas
(median) (median) (median)

Not symmetrized 9 4e− 12 6e− 13
Symmetrized 11 8e− 08 2e− 13

Symmetrized, skew corr 9 4e− 09 1e− 14
Symmetrized, mod Chol 15 4e− 11 8e− 13

Symmetrized, skew corr, mod Chol 10 1e− 11 4e− 13

dual line search rule. For the symmetrized algorithm, we tested both a version which
quits if the Cholesky factorization of Hµ fails and one that modifies the factorization
and continues iterating: the latter is standard practice in LP [Wri97, p. 219]. We
also tested a variant of the symmetrized version which omits the skew correction

h
(3)
i . Finally, we also tested the effect of omitting the correction h

(2)
i , but this had

essentially no effect in any case.
Table 1 shows the results for the primal scaling rule and Table 2 shows the re-

sults using the primal steplength rule. The notations “skew corr” and “mod Chol”
refer to the use of the skew correction term and the modified Cholesky factorization,
respectively.

The results clearly confirm three remarkable properties of primal-dual predictor-
corrector algorithms now well known for linear programming:

• Robust convergence to an optimal solution in all cases tested.
• Rapid local convergence so a consistently small number of iterations is re-

quired despite the demand for high accuracy.
• Highly accurate solutions achieved despite the extremely ill-conditioned linear

systems being solved toward the end of the solution process.
We now comment in more detail on the results in Tables 1 and 2. First, notice

the high accuracy achieved by the nonsymmetric version of the algorithm; the sym-
metrized version without the modified Cholesky factorization cannot reach the same
level of accuracy. With modified Cholesky, high accuracy is achievable, but more

iterations are required. The inclusion of the skew correction term h
(3)
i substantially

improves the performance of the symmetrized version of the algorithm whether or not
the Cholesky factorization is modified.

For both the nonsymmetric and symmetrized versions the primal scaling rule has
a slightly lower iteration count than the primal steplength rule, apparently because
this version of the algorithm has a somewhat faster local convergence rate. However,
we note that the scaling rule has the significant disadvantage that it is not applicable
if nonhomogeneous linear constraints are added to the problem.

In Tables 3 through 6 we display results for a different class of topologically
constrained Steiner tree examples based on the Chung–Graham ladder problem (see
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Table 3
Results for the scaling rule on the 20 Chung–Graham ladder problems with strictly complemen-

tary solutions.

Version iter gap infeas
(median) (median) (median)

Not symmetrized 7 2e− 13 7e− 15
Symmetrized 16 6e− 11 7e− 15

Symmetrized, skew corr 10 2e− 11 8e− 15
Symmetrized, mod Chol 16 6e− 11 7e− 15

Symmetrized, skew corr, mod Chol 10 2e− 11 8e− 15

Table 4
Results for the steplength rule on the 20 Chung–Graham ladder problems with strictly comple-

mentary solutions.

Version iter gap infeas
(median) (median) (median)

Not symmetrized 9 2e− 12 7e− 15
Symmetrized 16 6e− 11 8e− 15

Symmetrized, skew corr 10 7e− 12 8e− 15
Symmetrized, mod Chol 16 6e− 11 8e− 15

Symmetrized, skew corr, mod Chol 10 7e− 12 8e− 15

[DO98]). For these examples, n = 85, m = 84, and the median number of indices for
which ‖zi‖ equals 0 at the optimal solution is 10. For most of these problems, no
strictly complementary (SC) solution exists. (Recall from section 2 that a solution
is said to be strictly complementary if, for each i, exactly one of the two conditions
‖zi‖ = 0 and ‖xi‖ = 1 holds.)

Tables 3 and 4 show results for the 20 cases out of 200 generated where an SC
solution is found (using the primal scaling and primal steplength rules, respectively),
while Tables 5 and 6 show results for the other 180 cases where no SC solution is
found, presumably because such a solution does not exist. The algorithm achieves
the same accuracy (by the duality gap and feasibility measures) on the SC and non-
SC problems, but the iteration count is markedly higher in the non-SC case, and the
rate of convergence of the algorithm was observed to be slower in the non-SC case.
For the non-SC problems, the residuals ‖zi‖ are not reduced nearly as close to zero
for indices i for which SC does not hold. The reason for this is that the duality gap
tolerance requires the products zTi (zi/‖zi‖ − xi) to be small and both factors in the
product for such an index i converge to zero as the solution is approached.

For these problems, the modified Cholesky factorization is not needed: the results
are identical whether or not it is used.

On the basis of the experiments reported in this section, we recommend the
symmetrized version of the algorithm with the skew correction term and the modified
Cholesky factorization, using the dual line search and either the primal scaling or
the primal steplength rule. The choice of the symmetrized version is based on the
substantial advantage of being able to use the Cholesky factorization instead of the
LU factorization.

5. Large sparse problems arising in plastic collapse analysis. A variant
of the algorithm described above has been used to solve some challenging large sparse
problems arising in plastic collapse analysis. We used a symmetrized version of the
algorithm, with Hµ = 1

2E
−1
µ (F µ+F Tµ ), so that the Schur complement AHµA

T can
be factored by Cholesky decomposition, modified to ensure positive definiteness as
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Table 5
Results for the scaling rule on the 180 Chung–Graham ladder problems with NO strictly com-

plementary solution.

Version iter gap infeas
(median) (median) (median)

Not symmetrized 14 3e− 11 8e− 15
Symmetrized 16 5e− 11 8e− 15

Symmetrized, skew corr 14 4e− 11 8e− 15
Symmetrized, mod Chol 16 5e− 11 8e− 15

Symmetrized, skew corr, mod Chol 14 4e− 11 8e− 15

Table 6
Results for the steplength rule on the 180 Chung–Graham ladder problems with NO strictly

complementary solution.

Version iter gap infeas
(median) (median) (median)

Not symmetrized 16 3e− 11 8e− 15
Symmetrized 22 5e− 11 8e− 15

Symmetrized, skew corr 17 3e− 11 8e− 15
Symmetrized, mod Chol 22 5e− 11 8e− 15

Symmetrized, skew corr, mod Chol 17 3e− 11 8e− 15

discussed earlier. This is the primary cost of the algorithm. Details of this and other
numerical linear algebra issues are available in [AA97,AY97,And96a]. The primal
steplength rule was used, with τ = 0.99 in (22).

This sparse implementation was developed over several years with large-scale
applications in mind. There are two primary differences from the algorithm discussed
in section 3. The first is that a different generalization of Mehrotra’s method was
used, based on differentiating a form of the centering condition which incorporates
the symmetrization of F µ directly, and therefore does not require a skew correction
term. The second is that individual centering parameters were used instead of one
parameter, namely,

µ̃i =




µ̃ if 0.25 <
(
1− ‖x̃i‖2

)
,

µ̃
(
1− ‖x̃i‖2

)− 1
2

if µ ≤
(
1− ‖x̃i‖2

)
≤ 0.25,

√
µ̃ if

(
1− ‖x̃i‖2

)
< µ

for i = 1, . . . , n. This modification was found to give significant improvements in
performance for the large-scale problems.

The first three classes of test problems are taken from [And96b], where a pri-
mal barrier method was used. We are unaware of any other published results for
large sparse problems of the form (D). These test problems are finite-dimensional
discretizations of collapse problems in rigid plasticity. The discretization step and the
physical interpretation of the results can be found in [Chr96,ACO98]. The discrete
optimization problems are the same as in [And96b]. The m× dn matrix A is a typi-
cal finite element matrix which in plastic analysis is not square since the equilibrium
equation for the continuum is underdetermined. As earlier,Hµ is block diagonal with
block size d× d. In the cases reported here d is either 2 or 3. The runs were made on
the same Convex 3240 vector machine (using IEEE-compatible double precision) as
in [And96b] so comparisons of accuracy and CPU time are meaningful.
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In Tables 7–11, n and m specify the problem dimensions, while |A|, |AHµA
T |,

and |L|, respectively, denote the number of nonzeros in A, the upper triangle of
AHµA

T , and the Cholesky factor L of AHµA
T . These numbers are the same

as in [And96b], except for small variations in sparsity due to improvements in the
implementation. The iteration count is denoted by “iter” and “cpu” is the CPU
time in seconds. The heading “‖zi‖ = 0” indicates the number of norms in the dual
objective that are zero at the optimal solution. More precisely, ‖zi‖ is interpreted as
being zero if it is less than the tolerance 10−10. The heading “relgap” denotes the
relative duality gap ∣∣∑n

i=1 ‖zi‖ − cTx
∣∣∑n

i=1 ‖zi‖+ 1
.

In addition to being scaled this expression is the left-hand side of (3) rather than the
right-hand side used in (26): if Ax = 0 exactly we have

cTx = (ATy + z)Tx = xTz.

Hence the difference is dominated by the primal infeasibility ‖Ax‖ indicated in the
last column.

Table 7
Problem and solution characteristics for sspN .

N n m |A| |AHµAT | |L|
4 25 15 224 97 105

10 121 99 1760 1010 1785
50 2601 2499 48800 31010 171083

100 10201 9999 197600 127010 929515
300 90601 89999 1792800 1161010 13203975
400 160801 159999 3190400 2068010 31011299

N iter cpu ‖zi‖ = 0 relgap ‖Ax‖
4 7 0 0 2e− 10 2e− 14

10 8 1 0 2e− 10 7e− 15
50 9 65 0 2e− 09 4e− 13

100 10 354 0 1e− 09 9e− 14
300 11 6709 0 1e− 09 2e− 13
400 12 22139 0 2e− 10 2e− 13

Table 7 summarizes the results for the first set of problems, denoted sspN (simply
supported plate with a point load solved on an N ×N grid). They all have the same
structure but vary in size, depending on the grid in the finite element analysis. In
this problem d = 3. This set of problems is characterized by having no zero norms in
the solution, i.e., they are, in fact, smooth optimization problems. In [And96b] the
constraints ‖xi‖ ≤ 1 are satisfied within a tolerance of order 10−9. These constraints
are satisfied exactly in the primal-dual method. Except for this small improvement in
accuracy, the primal-dual method shows no significant difference, for these problems,
compared to the primal barrier method in [And96b]. There is a small reduction in
the iteration count but not in the CPU time. This is a consequence of the fact that
these problems are smooth. We shall see below that the primal-dual method handles
the presence of zero norms more efficiently than the primal method.
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For this problem, as well as for the other results reported below, there is no
significant difference in the final duality gap and primal infeasibility achieved by the
two algorithms. They are, in all cases, about 10−8 or less.

The second set of problems, denoted by lNa13, arises in the plane strain model in
plasticity. Again N indicates the grid size. In these problems d = 2. Characteristics
and results are given in Table 8.

Table 8
Problem and solution characteristics for lNa13.

N n m |A| |AHµAT | |L|
3 49 52 1390 1142 1207

12 625 640 21331 26406 57421
21 1849 1876 64762 84384 278691
30 3721 3760 131683 175086 726046
60 14641 14720 524403 713766 4337857
99 39601 39732 1425134 1957631 14693151

120 58081 58240 2092843 2881926 24202413

N iter cpu ‖zi‖ = 0 relgap ‖Ax‖
3 14 1 12 5e− 10 2e− 12

12 19 34 179 2e− 09 4e− 12
21 24 200 958 4e− 10 4e− 12
30 24 461 2315 7e− 09 3e− 11
60 28 4710 11265 4e− 09 1e− 10
99 30 17937 33503 7e− 09 9e− 10

120 34 44144 50548 8e− 09 4e− 10

In this problem set, the number of zero norms varies from 25 percent for N = 3
to 87 percent for N = 120. Compared with the primal barrier method in [And96b]
there is a significant reduction in the number of iterations and in CPU time. This
is shown in Table 9. The primal-dual algorithm also obtains significantly more zero
norms in the optimal solution. From our physical understanding of the solution we
believe this is correct. It is one of several indications that the primal-dual method is
more accurate than the primal barrier method.

Table 9
Comparison of the primal barrier method and the primal-dual method for lNa13.

Primal barrier Primal-dual
N n ‖zi‖ = 0 iter cpu ‖zi‖ = 0 iter cpu
3 49 0 26 2 12 14 1

12 625 179 33 68 179 19 34
30 3721 1756 52 1313 2315 24 461
60 14641 9843 80 15246 11265 28 4710

120 58081 47602 176 284378 50548 34 44144

There is an important physical interpretation of the complementarity condition
(4) in the plasticity problems considered in this section: the vectors zi represent the
deformation (strain) tensor at discrete points in the continuum while the xi represent
the stresses. Thus, if there is any deformation at a point, then the stresses at that
point are on their bounds (have norm one) and their directions are determined by the
complementarity condition. With this interpretation the complementarity condition
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is the so-called “flow rule” for the material.
In the third set of test problems, only a small part of the material undergoes

deformation; therefore a very large number of the norms are expected to be zero in
the optimal solution. As shown in Table 10, the number of zero norms varies from
62 to 96 percent of the total number of terms. Comparison with [And96b] confirms
the observations from Table 9: for the primal-dual method the iteration count is
significantly reduced and increases very slowly with the problem size. The CPU time
is reduced by a factor 4 or more, and we are able to solve larger instances of the
problem.

Table 10
Problem and solution characteristics for lNa20.

N n m |A| |AHµAT | |L|
20 1681 1718 59054 76945 246012
40 6561 6636 234145 315504 1511239
60 14641 14754 525236 715653 4433304
80 25921 26072 932327 1277402 8645485

120 58081 58308 2094509 2885699 24240011

N iter cpu ‖zi‖ = 0 relgap ‖Ax‖
20 20 134 1224 9e− 09 4e− 11
40 32 1416 6156 6e− 09 3e− 11
60 32 4937 14181 7e− 09 5e− 11
80 32 12133 25359 8e− 09 4e− 11

120 29 36516 57127 7e− 09 3e− 11

The last class of test problems is taken from [AC98]. These are problems of the
form (D) with additional linear equality constraints:

min

{
n∑
i=1

‖zi‖ , such that AT
i y + zi = ci, i = 1, . . . , n, and ETy = d

}
,(35)

where E ∈ �m×l and d ∈ �l, i.e., l is the number of linear constraints. In [AC98],
it is shown how the �1 penalty function approach makes it possible to transform the
linearly constrained problem to the unconstrained form (D) in section 1, and the
physical interpretation and setup of the test problems are described. This class of
problems is denoted clN13.

Characteristics and results for these constrained problems are seen in Table 11.
In addition to the number l of linear constraints, there is a new column, “constr”,
indicating the relative infeasibility of these constraints measured by the expression∥∥∥ETy − d

∥∥∥
‖d‖+ 1

.

For the primal barrier method in [AC98], the number of iterations varies from 30
(for N = 3 and N = 12) to 201 (for N = 300). For the primal-dual method the
variation is from 11 (for N = 3) to 24 (for N = 201) and 35 (for N = 399). For the
case N = 201 the CPU time is reduced from 36,371 seconds in [AC98] to 6,179 using
the primal-dual method. However, we can do even better: in the clN13 problems
there is one column that is relatively dense, resulting in considerable fill-in during the
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Table 11
Problem and solution characteristics for clN13.

N n m l |A| |AHµAT | |L|
3 9 26 10 163 168 198

12 144 320 145 2818 2790 7402
30 900 1880 901 17848 17511 78128
60 3600 7360 3601 71698 70126 413267
99 9801 19866 9802 195523 191000 1859559

120 14400 29120 14401 287398 280656 2047512
201 40401 81338 40402 807013 787580 9919534
399 159201 319466 159202 3182023 3103949 30001436

N iter cpu ‖zi‖ = 0 relgap ‖Ax‖ constr
3 11 0 1 1.6e− 08 4.4e− 09 1.0e− 15
12 13 4 95 6.7e− 09 2.1e− 13 1.1e− 13
30 16 31 651 4.0e− 09 2.3e− 13 3.4e− 12
60 20 180 2878 7.4e− 09 1.3e− 13 7.8e− 11
99 24 890 8234 1.2e− 08 1.0e− 13 7.0e− 13
120 25 1238 12311 1.2e− 08 1.0e− 11 2.0e− 13
201 24 6179 35803 3.1e− 08 1.0e− 13 5.1e− 13

399∗ 35 34776 146326 7.8e− 14 2.0e− 13 6.3e− 13

factorization. Using the technique described in [And96a] for handling dense columns
these problems can be solved more efficiently, making it possible to solve for larger
values of N . The asterisk in the table indicates that the result for N = 399 was
obtained by this method. Using the same technique, the case N = 201 required 4,293
CPU seconds, and there were 6,367,553 nonzero elements in the L factor.

We conclude that for nonsmooth problems the primal-dual method is significantly
more efficient than the primal barrier method applied in [And96b,ACO98,AC98]. The
number of iterations increases slowly with the size of the problem. Finally, the primal-
dual method appears to be less vulnerable to ill-conditioning near the optimal solution.
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Abstract. We present a finite difference multigrid technique that efficiently solves optimal
control problems associated with the steady state solid fuel ignition model. This is a nonlinear
indefinite problem which gives rise to singular optimal control systems. Regarding the direct problem,
necessary and sufficient conditions for existence of solutions are given and second-order convergence
of numerical solution errors with respect to the mesh size is proven. A robust nonlinear multigrid
method is implemented to validate this convergence estimate.

Two optimal control strategies for solid fuel ignition phenomena are considered and compared.
The corresponding optimality systems are solved to second-order accuracy by a multigrid method
whose convergence properties are independent of the values of the weights in the cost functionals
and of the number of grid points.

Key words. steady state solid fuel ignition model, finite difference method, convergence esti-
mates, optimal control problem, nonlinear multigrid method

AMS subject classifications. 49J20, 65N06, 65N12, 65N55
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1. Introduction. Modeling of combustion phenomena is an important task in
various fields of application. Combustible systems give rise to reaction-diffusion prob-
lems where heat production occurs and must be controlled. Control can be required,
for example, to avoid blow-up phenomena or to obtain an optimal combustion process.

Our goal is to develop a finite difference multigrid method that accurately and
efficiently solves singular optimal control problems for such systems. We further
compare two different control formulations with respect to their ability and cost to
influence the temperature distribution. The steady state solid fuel ignition model,
which can give rise to blow-up phenomena [4, 9, 10, 11, 14, 15, 16, 18, 21, 22, 23], is
given by

∆u+ δ exp(u) = f in Ω,(1.1)

u = 0 on ∂Ω.

Due to the nonmonotonic sign in front of the exponential term, this nonlinear in-
definite problem may admit multiple solutions or no solution at all depending on Ω
and on the value of the positive coefficient δ. Actually, the absence of coerciveness
represents a major difficulty in the analysis and the solution of this problem.

We present new results concerning existence of solutions of (1.1) and of its dis-
cretized counterpart in the presence of control, f �= 0. Our analysis is based on the
upper and lower solutions method [10, 16, 22, 23]. We extend a result of Bramble
[5] to prove second-order accuracy of the numerical solution with respect to the mesh
size.
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The nonlinear algebraic problem arising from the discretization of (1.1) is solved
by a nonlinear multigrid method [1, 6, 7, 8, 12, 24]. For the smoother, the Gauss–
Seidel variant of the Picard iteration considered in the theory of upper and lower
solutions method is used. We prove that the sequence of approximations obtained
by this iterative scheme is monotone and converges under certain conditions to the
solution of the discrete problem.

The optimal control problems we consider are defined by

min
f∈L2(Ω)

J(u(f), f),

∆u+ δ exp(u) = f in Ω,(1.2)

u = 0 on ∂Ω,

where two tracking-type cost functionals are considered. Notice that the optimal
control problems associated to the steady state solid fuel ignition model are “singular”;
see [17]. Proper functional settings within which the existence of solutions to (1.2) is
guaranteed are proposed and analyzed in [14, 15]. However, it is not obvious whether
with either of the two formulations a significant degree of control of the state variable
can be achieved and which of the two cost functions performs preferably. For this
reason, we implement reliable multigrid algorithms for both formulations and give a
comparison from the point of view of open loop control.

More precisely, we apply multigrid techniques to the optimality system associated
with (1.2). This will allow to solve the optimal control problem in a few multigrid cy-
cles. These multigrid algorithms have contraction factors independent of the number
of grid points and of the value of the weights in the cost functionals. For the smooth-
ing process, we show that the Gauss–Seidel–Newton (GSN) method is superior to the
Gauss–Seidel–Picard (GSP) approach.

In the next section we derive and analyze the steady state solid fuel ignition
model. In section 3 the discretization of this model and its accuracy are considered.
In the following, section 4, the nonlinear multigrid method is discussed and numerical
experiments with the steady state solid fuel ignition model are presented. In section
5 optimal control problems for this model are formulated. The numerical solution
process for the optimal control problem is presented and the results of numerical
experiments are discussed.

2. Derivation and analysis of the model. In the following two subsections
we derive the steady state solid fuel ignition model and prove necessary and sufficient
conditions for the existence of solutions to this model.

2.1. Derivation of the model. Consider a solid explosive material and assume
that this material is contained in a bounded two-dimensional domain Ω. Unless
otherwise specified it is assumed that ∂Ω is smooth or that Ω is a quadrilateral.
The ignition process is characterized by the appearance of a localized warm region
in which heat is produced due to a chemical reaction process. By considering a solid
fuel we actually study the pointwise balance between chemically generated heat and
heat transfer due to conduction; see, e.g., [4].

We consider a combustion system whose equilibrium state is characterized by a
temperature T0, pressure p0, density ρ0, and the oxidant mass fraction y0. In terms of
these reference values the combustion model can be written in a nondimensional form
by the transformation T → T/T0, p→ p/p0, ρ→ ρ/ρ0, and y → y/y0. The following
system of equations describing the combustion of the solid fuel is obtained [4]:
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∂tT −∆T = εδym exp
(
T − 1
εT

)
,(2.1)

∂ty − β∆y = −εδΓym exp
(
T − 1
εT

)
,

with initial and boundary conditions given by

T (x, 0) = 1, y(x, 0) = 1, x ∈ Ω,(2.2)

T (x, t) = 1,
∂y(x, t)

∂η
= 0, x ∈ ∂Ω, t ∈ (0,∞),

where β, Γ, and δ are nonnegative constants and ∂
∂η denotes the normal derivative.

Further m = νF + νO, with νF and νO stoichiometric constants. The parameter ε is
given by ε = RT0

E , where R is the gas constant and E is the total energy of the system.

If the following conditions are met,

(I) the heat loss is sufficiently large compared to the energy release (en-
ergy equilibrium is established);

(II) the maximum system temperature is never significantly different from
the initial value due to the relatively cold boundary,

then a first-order approximation with respect to the changes in T and y of (2.1)–(2.2)
is justified. We set

T = 1 + εu, y = 1− εc,

where u and c are two auxiliary quantities to express temperature- and oxidant mass-
fraction changes. If further ε� 1, the equations in u and c decouple and the following
model for u is obtained:

∂tu−∆u = δ exp(u)− f in Ω, t ∈ (0,∞),
u = 0 in Ω, t = 0,(2.3)

u = 0 on ∂Ω, t ∈ (0,∞),

which is called the solid fuel ignition model [4]. Here we introduced a continuous
source term function f that will be used to describe the control mechanism.

The equation for c reads ∂tc− β∆c = δΓ exp(u). It is linear in c and its solution
depends on u. We shall not consider this problem any further.

The stationary version of (2.3) is called the steady state solid fuel ignition model
[4] and it is given by

∆u+ δ exp(u) = f in Ω,(2.4)

u = 0 on ∂Ω.

Although this model is obtained from assumptions simplifying the full solid fuel prob-
lem it provides many features of this model; see [4] and references therein. The
investigation of the steady state model is important for the analysis from the point
of view of dynamical systems as well as numerical analysis of the time-dependent
problem, which will be considered in a forthcoming paper.
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Table 1
Numerical estimates for δ∗ for a unit square domain.

Reference δ∗ u(0.5, 0.5)
from Jensen’s ineq. 7.2616 1.00

[9] 6.8054 1.39043
[9] 6.8081 1.39166
[18] 6.808124 1.39166
[18] 6.8082 1.392

2.2. Analytical results. In this section we determine necessary and sufficient
conditions for existence of solutions to the steady state solid fuel ignition problem
with control. For the convenience of the reader we recall some analytical results for
the case without control,

∆u+ δeu = 0 in Ω,(2.5)

with homogeneous Dirichlet boundary conditions in two spatial dimensions. In [10]
it is shown that (2.5) can have at most two solutions. If solutions of (2.5) exist, then
there exists a unique minimal (global) solution defined by u ≤ v, where v is any other
solution of (2.5) [10]. A necessary condition for the existence of at least one solution
is expressed by the following theorem [10].

Theorem 2.1. Let λ0 be the smallest eigenvalue of −∆ under homogeneous
Dirichlet boundary conditions. If λ0 < δe, then the set of solutions is empty.

Thus, in order to have at least one solution we must have λ0 ≥ δe. For the proof
of Theorem 2.1 one should notice that a solution u of (2.5) must satisfy Jensen’s
inequality [10]:

−λ0J + δe
J ≤ 0, J = (Φ0, u)L2 ,

where Φ0 is the eigenfunction of −∆ corresponding to λ0, with the normalization
(Φ0, 1) = 1. Further we notice that if λ0 < δe Jensen’s inequality is not satisfied,
henceforth there exists no solution. Moreover, recalling that the eigenvalues of −∆
on Ω = [0, L] × [0, L] are given by λmn = π2(m2 + n2)/L2, m, n = 1, 2, . . . , we
conclude that the set of solutions becomes empty for Ω sufficiently large.

If Ω is a unit square, then there exists a critical value δ∗ > 0 such that [4, 11, 10]:
• If δ > δ∗, there is no solution.
• If δ ∈]0, δ∗] (δ ∈]0, δ∗[), then there exists at least one and at most two solution
which belong to W 2,p(Ω), p ≥ 1.
• If δ = δ∗, there exists one solution u∗ ∈ H1

0 (Ω) ∩W 2,p(Ω), p ≥ 1, and δ∗ is
referred to as the turning point.

For the case of Ω = [0, 1]× [0, 1], the turning point has been estimated, based on
continuation techniques [9, 11, 18]; see Table 1.

We next consider the inhomogeneous case (2.4) where the existence of solutions
depends also on the inhomogeneity f . We can generalize the Jensen inequality to this
case:

−λ0J + δe
J ≤ (f,Φ0)L2 , J = (Φ0, u)L2 ,(2.6)

which gives a necessary condition such that the steady state solid fuel ignition model
with forcing term can have a solution.
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Sufficient conditions for existence of solutions to (2.4) can be obtained by means
of the upper and lower solutions method [10, 16, 22, 23]. In order to present our
results obtained by this method, let us consider a general nonlinear elliptic problem:

−∆u = F (u) in Ω,(2.7)

u = 0 on ∂Ω,

where Ω is of class C2+α, α > 0, and F is Hölder continuous in (x, u). For the case of
the solid fuel ignition problem we have F (x, u) = δeu− f(x), where f is a continuous
function on Ω. We need the following definition.

Definition 2.2. A function ũ ∈ Cα(Ω) ∩ C2(Ω), α > 0, is called upper solution
of (2.7) if

−∆ũ ≥ F (ũ) in Ω; ũ = 0 on ∂Ω.(2.8)

Similarly, û ∈ Cα(Ω)∩C2(Ω), α > 0, is called lower solution if it satisfies the reversed
inequality.

A pair of upper and lower solutions is called ordered if ũ ≥ û in Ω. For any pair
of ordered upper and lower solutions, we denote by 〈ũ, û〉 the sector of all functions
u ∈ C(Ω) such that û ≤ u ≤ ũ in Ω.

Assume that F (x, u) satisfies a one-sided local Lipschitz condition, i.e., for every
ũ ≥ û there exists a continuous nonnegative function c in Ω such that

F (x, u1)− F (x, u2) ≥ −c(x)(u1 − u2) for û ≤ u2 ≤ u1 ≤ ũ.(2.9)

If F (u) = δ exp(u)− f this condition is satisfied with c(x) identically zero. We define
a sequence {u(k)} by the following iteration process:

−∆u(k) = F (u(k−1)) in Ω; u(k) = 0 on ∂Ω.(2.10)

Upper and lower sequences {u(k)} and {u(k)}, corresponding to initial conditions
u(0) = ũ and u(0) = û, with ũ and û upper and lower solutions, respectively, are of
special interest. The following properties hold. (See, e.g., [22].)

Lemma 2.3. Upper and lower sequences are well defined and possess the mono-
tone property,

û ≤ u(k) ≤ u(k+1) ≤ u(k+1) ≤ u(k) ≤ ũ in Ω

for every k.
The next theorem follows from results in [22].
Theorem 2.4. Let ũ and û be ordered upper and lower solutions of (2.7), and let

F be Hölder continuous in (x, u) and satisfy the Lipschitz condition (2.9). Then {u(k)}
converges monotonically from above to a solution ū, and {u(k)} converges monotoni-
cally from below to a solution u, and both solutions of (2.7) belong to C2+α(Ω), α > 0.
Moreover, u ≤ ū.

To assert the existence of one solution to (2.4) it remains to construct an ordered
pair of upper and lower solutions. To construct a lower solution choose û = ψ, with ψ
the solution of the Poisson problem, ∆ψ = f , with homogeneous Dirichlet boundary
conditions and f ∈ C(Ω). In fact,

−∆ψ = −f < δeû − f = F (û),
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as desired.
We next construct an upper solution to (2.4) for δ sufficiently small. For this

purpose we express f = f+ − f− with f+ and f− nonnegative functions defined by
f+ = maxΩ(f, 0) and f

− = maxΩ(−f, 0). Consider the linear problem
−∆ω = cω + 1 + f− in Ω; ω = 0 on ∂Ω,(2.11)

where 0 < c < λ0 with λ0 the smallest positive eigenvalue of −∆ with homogeneous
Dirichlet boundary conditions. From the Fredholm alternative and the maximum
principle it follows that (2.11) has a unique solution ω∗ > 0 in Ω. Then ũ = ω∗ is an
upper solution to (2.4), provided that δ is sufficiently small. In fact we have

−∆ω∗ = cω∗ + 1 + f− ≥ δeω∗
+ f− ≥ δeũ − (f+ − f−) ≥ δeũ − f = F (ũ)

for all sufficiently small δ > 0.
Finally notice that ũ ≥ û. In fact, since ũ and f+ are positive functions in Ω it

follows from −∆(ũ− û) = cũ+ 1 + f+ that ũ− û ≥ 0. That is, ũ and û are ordered
upper and lower solutions of (2.4) and the existence of solutions to (2.4) follows from
Theorem 2.4.

3. The numerical solution of the steady state solid fuel ignition model.
In the next two sections we define a finite difference multigrid algorithm for the steady
state solid fuel ignition model. We prove that the solution of the nonlinear indefinite
discrete problem provides second-order accurate solutions. In order to validate this
estimate numerically we solve the problem by using the multigrid scheme. This solver
is optimal in terms of number of computer operations, and it is robust in the sense
that it reliably computes solutions very close to the turning point.

3.1. The discretization of the steady state solid fuel ignition problem.
We commence by describing the finite difference approximation [19] of the steady state
solid fuel ignition problem on Ω = [0, 1] × [0, 1]. Let Ωhk

, k = 1, 2, . . . ,M , denote
a sequence of uniform grids. The integer k is called the level number. The coarsest
grid corresponds to k = 1 with mesh size h1 = 1/4, and the finest corresponds to
k =M with mesh size hM = h1/2

(M−1). The set of mesh points is defined by (xi, yj),
xi = (i−1)hk and yj = (j−1)hk, i, j = 1, . . . , Nk, where Nk = 2

(k+1)+1. A numerical
function on Ωhk

will be denoted by uhk . To every continuous function u on Ω there
exists an associated numerical function defined by its pointwise restriction to the grid
points of Ωhk

denoted by u(xi, yj), or uij for short.
The five-point stencil finite difference discretization of (2.4) on Ωh is denoted by

∆huh + δ exp(uh) = fh in Ωh,(3.1)

uh = 0 on ∂Ωh.

The methods used in the previous section to prove necessary and sufficient conditions
for existence of solutions to the steady state solid fuel ignition model can be extended
to the present discrete case. In particular, a necessary condition for existence of
solutions is given by the inequality (2.6) with λ0 the smallest eigenvalue of −∆h with
homogeneous Dirichlet boundary conditions.

A sufficient condition for existence of solutions to (3.1) can be obtained by adap-
tation of the upper and lower solutions method to the discrete system of finite differ-
ence equations which correspond to (3.1) [21]. A discrete function ũh (ûh) is called
an upper (lower) solution of (3.1) if −∆hũh ≥ Fh(ũh) (−∆hûh ≤ Fh(ûh)), with
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Fh(uh) = δ exp(uh) − fh. Utilizing the upper and lower solutions method of the
previous section we can construct an ordered pair of upper and lower solutions for
the discretized problem (3.1). The existence of a solution to (3.1) follows from a
modification of Theorem 2.4 to the discrete case. (Compare Theorem 3.3 of [21].)

3.2. Accuracy of the numerical approximation. The new result of this
section is the second-order accuracy of the solution to (3.1). The linear indefinite case
was considered in [5]. We extend those results to the present nonlinear indefinite case.

Let u be the minimal solution to the steady state solid fuel ignition model. We
have the following lemma.

Lemma 3.1. Let u ∈ C4(Ω) be one bounded solution to the steady state solid fuel
ignition model (2.4) and let uh satisfy (3.1), with limh→0 ||u− uh||0 = 0, where || · ||0
denotes the maximum norm on Ωh. Then for sufficiently small mesh sizes h,

||u− uh||0 = O(h2).

To prove this lemma notice that u ∈ C4(Ω) satisfies

∆hu+ δ exp(u) = fh + Th(u) in Ωh,(3.2)

u = 0 on ∂Ωh,

where Th(u) is the local truncation error given by

Th(uij) =
1

12
h2

(
∂4u

∂x4
+
∂4u

∂y4

)
+O(h4).

For every mesh size h define a function v ∈ C4(Ω), with v = 0 on ∂Ω, such that
its restriction vh to Ωh satisfies v

h = u − uh. For these functions one can use the
following estimate due to Bramble [5]:

||vh||0 ≤ C||∆hvh + κvh||0,(3.3)

where C is independent of h and κ is a positive function satisfying

|κ|Ω ≡ max
Ω
|κ(x)| ≤ κ̄,

where κ̄ must not coincide with an eigenvalue λ of the problem: ∆W + (κ− κ̄)W +
λW = 0 in Ω, W = 0 on ∂Ω. We apply Bramble’s estimate with κ = δeu. Using

Taylor’s expansion for eu
h

around u, and the fact that ∆huh + δeu
h

= fh, we obtain

||vh||0 ≤ C||∆hvh + δeuvh||0 = C||∆hu−∆huh + δeu(u− uh)||0

= C||∆hu−∆huh + δeu − δeuh

+ δ

∞∑
n=0

(−1)n (u− u
h)n+2

(n+ 2)!
eu||0

≤ C||∆hu+ δeu − fh||0 + δ||u− uh||20
∑
n=0

||u− uh||n0
(n+ 2)!

||eu||0.

Utilizing (3.2) we find

||u− uh||0 ≤ C||Th(u)||0 +Bhδ||eu||0||u− uh||20 ≤ C
1

6
h2M4 +Bhκ̄||u− uh||20,



270 ALFIO BORZÌ AND KARL KUNISCH

where

Bh =
∑
n=0

||u− uh||n0
(n+ 2)!

and M4 = max

(
max

Ω

∣∣∣∣∂4u

∂x4

∣∣∣∣ ,maxΩ

∣∣∣∣∂4u

∂x4

∣∣∣∣
)
.

Since by assumption limh→0 ||u − uh||0 = 0 there exists an h0 sufficiently small such
that 1−Bhκ̄||u− uh||0 > 0 for any h ≤ h0. This implies the estimate

0 ≤ (1−Bhκ̄||u− uh||0)||u− uh||0 ≤ C 1
6
h2M4, h ≤ h0.

Consequently, ||u− uh||0 = O(h2) for h sufficiently small as desired.
The estimate of Lemma 3.1 will be demonstrated by numerical experiments. We

shall show that as the mesh is refined according to h → h′ = h/2, the norm of the
solution error reduces with a factor of 4.

4. A multigrid method for the steady state solid fuel ignition problem.
After proving existence of the numerical approximation and its degree of accuracy
we now construct a multigrid algorithm that computes these discrete solutions in
an efficient way, i.e., with a contraction number which is much smaller than one and
independent of the mesh size. By this method we are able to validate the second-order
accuracy estimate given above.

The approach we use is the full approximation scheme of Brandt [6] which we
describe in the following sections. As a smoother for problems of the type considered
here the GSP iteration is choosen; see, e.g., [18]. Convergence for the GSP scheme
will be proved. This relaxation process is then accelerated by multigrid techniques.

4.1. The GSP iterative method. A monotone sequence {u(h,m)} of approxi-
mations to (3.1) can be obtained by repeated application of the Picard iteration:

−∆hu(h,m) = Fh(u(h,m−1)) in Ωh, u(h,m) = 0 on ∂Ωh.(4.1)

This iteration has the drawback of requiring the solution to a Poisson problem at each
step. We shall therefore consider a Gauss–Seidel version that does not require the
exact solution of the discrete Poisson problem, but nevertheless provides a monotone
sequence.

Consider the standard regular splitting Ah = Dh−(L+U)h, where Ah represents
the matrix of coefficients for −∆h with Dirichlet boundary conditions.

A Gauss–Seidel iterative method for Ahuh = Fh can be expressed as u(h,m) =
[I − (Dh − Lh)−1Ah]u(h,m−1) + (Dh − Lh)−1Fh. That is,

u(h,m) = u(h,m−1) − (Dh − Lh)−1[−∆hu(h,m−1) − F (u(h,m−1))].(4.2)

This iteration has the following property.
Lemma 4.1. The repeated application of the GSP iteration (4.2) with lower (up-

per) solution as initial value defines a monotonically increasing (decreasing) sequence
{u(h,m)} of lower (upper) solutions.

To prove this lemma let us consider the case of a lower solution as initial approx-
imation. (The case of an upper solution can be proven the same way.) Observe that
(Dh − Lh)−1 is positive definite. (See, e.g., [25].) This implies that if u(h,m−1) is a
lower solution, that is, −∆hu(h,m−1) − F (u(h,m−1)) ≤ 0, then u(h,m) ≥ u(h,m−1) and
the sequence is monotonic increasing.
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To prove that u(h,m) is also a lower solution let us apply (Dh −Lh) from the left
to (4.2) to obtain

(Dh − Lh)u(h,m) = (Dh − Lh)u(h,m−1) − [Ahu(h,m−1) − F (u(h,m−1))].

Notice that all elements of Uh are positive. Then add and subtract −Uhu(h,m) on the
left-hand side and −Uhu(h,m−1) on the right-hand side to obtain

(Dh − Lh − Uh)u(h,m) + Uhu(h,m) = (Dh − Lh − Uh)u(h,m−1) + Uhu(h,m−1)

− [Ahu(h,m−1) − F (u(h,m−1))],

Ahu(h,m) = −Uh(u(h,m) − u(h,m−1)) + F (u(h,m−1)),

Ahu(h,m) ≤ F (u(h,m−1)) ≤ F (u(h,m)),

and therefore −∆hu(h,m) − F (u(h,m)) ≤ 0, which proves Lemma 4.1.
Since the GSP iteration is slow it cannot be recommended for the solution of

(3.1). An efficient solver is obtained by implementing a multigrid method where the
GSP iteration acts as a smoother. By using the GSP scheme we avoid the difficulties
reported in [9, 18] to define a robust multigrid smoother to solve the present problem.

4.2. The multigrid method for nonlinear problems. We construct a multi-
grid algorithm by combining the GSP iteration used as the smoother and the coarse
grid correction. The resulting algorithm solves (3.1) to the level of the truncation
error in a number of operations proportional to the number of variables. To sketch
this method, called full approximation scheme (FAS), consider the discrete problem
(3.1) expressed as

Ah(uh) = fh on Ωh.(4.3)

On the grid of level k, with mesh size h, the smoothing procedure is denoted by uh =
Sν(uh, fh), where Sν is the smoothing operator applied ν times. This corresponds,
for example, to ν steps of the GSP scheme. To correct for the smooth component of
the error, a coarse grid correction (CGC) is defined. First, a coarse grid problem is
constructed on the grid with mesh size H = hk−1,

AH(uH) = IHh f
h + τHh ,(4.4)

where IHh : Ωh → ΩH denotes a restriction operator, and τHh is the fine-to-coarse
defect correction defined by

τHh = AH(ÎHh u
h)− IHh Ah(uh),(4.5)

with ÎHh : Ωh → ΩH being a restriction operator not necessarily equal to IHh . For

example, ÎHh can be the straight injection. Once the coarse grid problem is solved,
the coarse grid correction follows,

uhnew = u
h + IhH(u

H − IHh uh),(4.6)

where IhH : ΩH → Ωh represents an interpolation operator. If the high frequency
components of the error on the finer grid are indeed well damped, then the grid
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ΩH should provide enough resolution for uh, and hence IhHu
H should be a good

approximation for uh. This idea of transferring to a coarser grid can be applied
along the set of nested meshes. One starts at level M with a zero approximation and
applies the smoothing iteration ν1 times. Then the problem is transferred to a coarser
grid and so on. Once the coarsest grid is reached, one solves the coarsest problem
to convergence by applying, as we do, a few steps of the smoothing iteration. The
solution obtained on each grid is then used to correct the approximation on the next
finer grid. The coarse grid correction followed by ν2 postsmoothing steps is applied
from one grid to the next, down to the finest grid with level M . This entire process
represents one multigrid cycle.

The application of N FAS cycles is denoted by N -FAS. One can choose a starting
grid with a level number K < M which is coarser than the finest grid where the
solution is desired. In this case one applies N -FAS on level K and then the solution is
interpolated on the next finer grid. The interpolation provides a first approximation
for the N -FAS on this finer level and so on until the finest grid is reached. The
combination of the nested iteration technique and the N -FAS scheme is called the
N -FMG scheme.

4.2.1. Prolongation and restriction operators. It is useful to recall the al-
gebraic interpretation of the multigrid method in order to choose optimal prolongation
and restriction operators for the present nonlinear problem. See [1, 8, 24] for a general
discussion on this aspect of multigrid methods.

In one spatial dimension, it is known that a standard choice of multigrid compo-
nents can lead to an effective direct solver (cyclic reduction). For example, combining
the algebraic equations of the discrete system, which corresponds to (3.1) on Ωh, one
obtains

ui−2 − 2ui + ui+2 +H
2δ

[
eui−1 + 2eui + eui+1

4

]
= H2

[
fi−1 + 2fi + fi+1

4

]
,

where H = 2h. Whereas, if we represent our problem on the grid ΩH we have,

ui−2 − 2ui + ui+2 +H
2δeui = H2f̂i.

Hence, one can derive an expression for f̂i so that the solution of the two algebraic
problems coincide, that is,

f̂i =
fi−1 + 2fi + fi+1

4
− δ

[
eui−1 + 2eui + eui+1

4

]
+ δeui .

Comparing this formula with the definition of the coarse problem (4.4) in the FAS
scheme, where

fH = IHh f
h +AH(ÎHh u

h)− IHh Ah(uh),

an explicit expression for IHh is obtained. Namely, in stencil notation,

IHh = [1 2 1]/4,

and ÎHh is the straight injection operator.
In two dimensions these operators correspond to the half-weighted restriction and

the simple injection, respectively, [12, 24]. By using IHh and ÎHh optimal convergence
properties are observed as can be seen in Table 2 in the next section. For prolongation
IhH we use the bilinear interpolation operator.
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Table 2
Contraction factors ρ∗. (Use δ = 6.0 and f = 0.)

Injection Full- Half-weighted
M ρ∗ ρ∗ ρ∗
3 0.75 0.129 0.150
4 0.106 0.164 0.158
5 0.179 0.164 0.156
6 0.180 0.165 0.155
7 0.175 0.166 0.155

4.3. Experiments with the steady state solid fuel ignition model. We
conducted numerical experiments to measure efficiency, accuracy, and robustness of
the solution process defined by finite difference discretization and multigrid methods.

Before we consider specific examples let us define some quantities which will be
used to describe the numerical features of our algorithm. We shall report the values
of the maximum norm of the solution error, eh = uh − u, on the grid Ωh, that is,
||eh||0 = maxΩh

|uh− u|. If an exact solution of the continuous problem is not known
we take the solution on Ωh as the reference solution, compute the intergrid error
EH = uH − ÎHh uh on ΩH , and the norm ||EH ||0 = maxΩH

|uH − IHh uh| [7].
We define the contraction factor as the “asymptotic” value of the ratio between the

discrete L2-norm of the residuals r(u)h = fh −Ah(uh) resulting from two successive
multigrid cycles on a given mesh [12],

ρ∗ = lim
N

||r(u)h(N)||L2

||r(u)h(N−1)||L2

.(4.7)

In order to measure the computational cost of a multigrid cycle let us use the “work
unit” (WU) [7]. A work unit is the computational work done by one smoothing step
on the finest grid.

For the experiments reported in the following sections some parameters of the
multigrid algorithm are held fixed: Two pre- and one postsmoothing step are used
on each level. Further, K = 3 if an N -FMG algorithm is applied. We use the half-
weighted restriction operator discussed in the previous section. This choice provides
the best contraction number for the multigrid cycle as can be seen in Table 2. (In the
tables, the notation (-k) means 10−k.)

We consider two examples. For the first one we choose u(x, y) = 1
π2 sin(πx) sin(πy)

and δ = 6.0. By substituting this function into the steady state solid fuel ignition
model (3.1) we obtain an expression for f so that (3.1) admits u as a solution. In the
second example, f = 0 is taken, and because δ < δ∗ ∼ 6.80 we know that the model
admits at least one solution. In both cases, the Jensen inequality is satisfied.

4.3.1. Example 1. In this case the function f is given such that the solution
u of (3.1) is known. Results of numerical experiments are reported in Table 3. The
quantity ||eh||0 computed by the N -FMG scheme is reported for each level. (M =
{3, 4, 5, 6}.) Observe that already for 4-FMG, the norm of the error reduces almost
exactly by a factor H2/h2 = 4 as stated in Lemma 3.1. Similar results can be shown
relative to the norm of the residual of (3.1), in agreement with the fact that the
truncation error behaves like O(h2). This means that the problem has been solved to
the level of this error. Therefore no improvement in the solution can be expected by
further cycling of the multigrid method. This is clearly shown by comparison of the
results obtained by 4-FMG and 6-FMG.
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Table 3
Convergence behavior: Example 1.

1-FMG 2-FMG 4-FMG 6-FMG 6-FMG

k ||eh||0 ||eh||0 ||eh||0 ||eh||0 ||eH ||0/||eh||0
3 0.14(-2) 0.87(-3) 0.36(-3) 0.36(-3) -
4 0.45(-3) 0.91(-4) 0.90(-4) 0.90(-4) 4.0
5 0.24(-4) 0.22(-4) 0.22(-4) 0.22(-4) 4.09
6 0.64(-5) 0.56(-5) 0.56(-5) 0.56(-5) 3.93

Table 4
Contraction factor ρ∗ : Example 1.

M N = 3 N = 4 N = 5
3 0.159 0.159 0.129
4 0.109 0.119 0.146
5 0.103 0.104 0.138
6 0.109 0.109 0.130
7 0.113 0.114 0.126

Table 5
Convergence behavior: Example 2.

1-FMG 2-FMG 4-FMG 6-FMG 6-FMG

k ||Eh||0 ||Eh||0 ||Eh||0 ||Eh||0 ||EH ||0/||Eh||0
3 0.15(-1) 0.43(-2) 0.57(-3) 0.51(-3) -
4 0.37(-2) 0.16(-3) 0.13(-3) 0.13(-3) 3.92
5 0.47(-3) 0.34(-4) 0.32(-4) 0.32(-4) 4.06
6 0.30(-4) 0.86(-5) 0.85(-5) 0.82(-5) 3.90

Table 6
Contraction factor ρ∗: Example 2. (δ = 6.8.)

M N = 3 N = 4 N = 5
3 0.14 0.14 0.27
4 0.53 0.49 0.48
5 0.46 0.45 0.45
6 0.43 0.44 0.45
7 0.37 0.42 0.44

In Table 4 we report the values of the quotient
||r(u)h(N)||L2

||r(u)h
(N−1)

||L2
appearing in (4.7) to

show that the present algorithm has a contraction factor independent of the number
of grid points.

4.3.2. Example 2. We repeat the experiment presented above for the case f = 0
and δ = 6.0, for which (3.1) admits at least one solution. In Table 5 the quantity
||EH ||0 is reported for each level (M = {3, 4, 5, 6}) after the application of the N -
FMG scheme as in the Example 1. As in the previous example a second-order accurate
solution is obtained by N -FMG for N ≥ 4. Contraction factors similar to those found
with the example above can be reported for the present case as well. Let us now
choose δ = 6.8 for which the solution is known to be very close to the turning point.
In Table 6 we can see that the multigrid algorithm preserves its property of a mesh-size
independent contraction factor.
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5. Optimal control of the steady state solid fuel ignition model. In this
section we show that multigrid methods can be used to efficiently solve the optimality
systems arising in open loop optimal control for steady state problems. Control will
be exerted by adding or subtracting thermal energy to the fuel through a source term.
Due to the lack of coercivity of the state equation it is at first not obvious how to
properly formulate optimal control problems related to the solid fuel ignition model.
In previous work two formalisms were considered:

min
f∈L2(Ω)

J(u(f), f),

∆u+ δ exp(u) = f in Ω,(5.1)

u = 0 on ∂Ω,

where the cost functional J(u, f) is chosen either as

J1(u, f) =
1

2
||u− z||2L2(Ω) +

β

2
||eu − ez||2L2(Ω) +

ν

2
||f ||2L2(Ω)(5.2)

(see [15]), or as

J2(u, f) =
1

2
||u− z||2L2(Ω) +

1

2
||∇u−∇z||2L2(Ω) +

ν

2
||f ||2L2(Ω)(5.3)

(see [14]). In (5.2) and (5.3) the next to last terms guarantee the existence of solutions
to (5.1). In these cost functionals ν is the weight of the cost of the control, β is a
positive scaling factor, and z ∈ H2(Ω) is the desired state. In both cases radial
unboundedness of J in (5.1) is guaranteed by the choice of the cost functional. Thus,
minimizing sequences are a priori bounded and existence of a solution (f∗, u∗) =
(f∗, u(f∗)) to the optimal control problem (5.1) with J = J1 or J = J2 can be
established. (For J = J2, only the time-dependent case is considered in [14], but the
same techniques can be used to treat the stationary case.)

To derive necessary optimality conditions of first order, we introduce the La-
grangian,

L(u, f, λ) = J(u, f)+ < ∆u+ δ exp(u)− f, λ >H−1,H1
0
.(5.4)

Let G : H1
0 (Ω) → H−1 denote the linearization of the nonlinear operator in (2.4) at

an optimal solution u∗,

Gv = ∆v + δeu
∗
v.

Note that G, considered as operator in L2(Ω), has compact resolvent so its spectrum
consists only of eigenvalues. We assume that zero is not an eigenvalue of G. Under
this condition it can be shown that there exists λ∗ ∈ H1

0 (Ω) such that the first-order
optimality conditions hold:

L(u,f)(u
∗, f∗, λ∗) = 0 and ∆u∗ + δeu

∗
= f∗,

where L(u,f) denotes the derivative of L with respect to (u, f). For J = J1 this results
in the optimality system

∆u+ δ exp(u)− f = 0,
∆λ+ δ exp(u)λ+ (u− z) + βeu(eu − ez) = 0,(OPC1)

νf − λ = 0,
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where for convenience we omitted the superscript ∗. Similarly, the optimality condi-
tion for J = J2 is found to be

∆u+ δ exp(u)− f = 0,
∆λ+ δ exp(u)λ+ (u− z)−∆(u− z) = 0,(OPC2)

νf − λ = 0.
In the following sections we shall concentrate on the numerical solution of (OPC1)
and (OPC2) and their comparison from the point of view of open loop control. Before
doing so, we first look at the regularity properties of (u, f, λ). Due to the last equation
in (OPC1) and (OPC2) we have f ∈ H1(Ω) ⊂ Lp(Ω) for every p ∈ [1,∞). It follows
that u ∈ W 2,p(Ω) and λ ∈ W 2,p(Ω) for both (OPC1) and (OPC2). In particular, u
and λ as well as f are elements of C(Ω), so the numerical framework developed above
is applicable.

6. Numerical solution of the optimal control problem. To solve the sys-
tems (OPC1) and (OPC2) we first discretize them using finite differences and then
solve the resulting nonlinear algebraic systems using a multigrid method similar to
that used for the steady state solid fuel ignition model.

The discrete system corresponding to (OPC1) is denoted by

∆huh + δ exp(uh)− fh = 0,
∆hλh + δ exp(uh)λh + (uh − zh) + βeuh

(eu
h − ezh) = 0,(6.1)

νfh − λh = 0,
and for (OPC2) we have

∆huh + δ exp(uh)− fh = 0,
∆hλh + δ exp(uh)λh + (uh − zh)−∆(uh − zh) = 0,(6.2)

νfh − λh = 0.
While we shall not analyze the convergence of the coupled systems (6.1) and (6.2)
we observe that for given f the state equations in (6.1) and (6.2) have second-order
convergence property by the results of section 3. Further the costate equations are
linear in λh so that the results of Bramble [5] apply and we expect to obtain second-
order accurate solutions of the optimality systems.

To solve (6.1) and (6.2) two smoothing schemes are considered in the construction
of the multigrid algorithm. In the first case, as in [2, 3], we make the following
definition: An iteration step, uh = Sν(uh, fh), consists of one step of an iterative
solver applied to the state equation, then one step of an iterative solver applied to the
costate equation and finally update of the control function by means of f = λ/ν. As
iterative solver for each equation we take one iteration of the GSP iteration.

In the second case, one iteration of the GSN iteration is used. It is a Newton step
applied at each grid point to the set of variables φ = (u, λ, f). It is defined by

φ
(new)
ij = φ

(old)
ij − [G′(φij)]−1G(φij).(6.3)

The vector equation G(uh, λh, fh) = 0 represents (6.1) or (6.2) and G′(uh, λh, fh)
denotes the Jacobian of G.

We shall use either the GSP-multigrid method with the GSP scheme used as the
smoother or the GSN-multigrid method with the GSN iteration scheme used as the
smoother. Both methods are summarized as follows:
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GSP- or GSN-multigrid method for solving Ah(φh) = fh.
(1) Apply ν1 smoothing steps: φ

h = Sν1(φh, fh).
(2) Transfer the approximate solution: φH = ÎHh φ

h.
(3) Compute the right-hand side of the FAS equation: fH = IHh f

h + τHh .

(4) Apply γ-FAS scheme to AH(φ̂H) = fH (iterative solution if k = 1).

(5) Use coarse level correction: φh = φh − IhH(φH − φ̂H).
(6) Apply ν2 smoothing steps: φ

h = Sν2(φh, fh).
Notice that this algorithm does not involve any global linearization of the optimal
control problem. It is applied directly to the optimal control system whereas other
multigrid approaches [13] set up an integral equation characterizing the optimal con-
trol. Both the GSP-multigrid and GSN-multigrid solve (OPC1) and (OPC2) in a few
multigrid cycles to second-order accuracy.

6.1. Experiments with the optimal control of the steady state solid
fuel ignition model. In this section we give examples demonstrating the efficiency
of the proposed methods to solve optimal control problems. We report the values of
the tracking functionals ||uh − zh||0 as well as of the control costs ||f ||L2 = ||λ||L2/ν.
The numerical accuracy of the solution can be expressed by ||EH ||0 and the norm of
the error of the adjoint variable λ is defined by ||V H ||0 = maxΩH

|λH − ÎHh λh|. The
residual of the adjoint equation is denoted by r(λ)h. We recall that the critical value
for δ is δ∗ = 6.808.

We first consider the GSP-multigrid method. For the desired state we take
z(x, y) = 1

π2 sin(πx) sin(πy) and we set the parameters δ = β = 6.0 and ν = 5 · 10−3.
For this value of ν good results are obtained. It turns out, however, that for smaller
values of ν the performance of the GSP-multigrid method quickly degenerates. Thus
the method is not robust with respect to this parameter. Some results with (OPC1)
are reported in Table 7 where we can note that the values of ||uh−zh||0 quickly reach
an optimal value and that second-order convergence of EH holds. In Table 8 analo-
gous results are presented for (OPC2). In both cases the N -FMG scheme with N > 2
guarantees an efficient optimal control and second-order convergence. The advantage
of using multigrid acceleration of the GSP scheme can be seen in Figure 1 where
the convergence history of the GSP-multigrid and the GSP iteration are compared
for solving (OPC1). A similar behavior is obtained for (OPC2). In this figure one
can notice that for the GSP iteration the error of the costate equation may initially
increase, but nevertheless the GSP-multigrid method shows the desired convergence
properties.

We have obtained a significant improvement in robustness upon the GSP-multigrid
method by implementing the GSN-multigrid scheme. This method computes the so-
lution of (OPC1) and (OPC2) in a few work units with values of ν as small as 10−9.
See the convergence history of the GSN-multigrid method illustrated in Figures 2 and
3. We were not able to obtain similar results with the GSP scheme.

The results reported in Tables 9, 10, and 11 confirm the expected optimal control
behavior: As ν decreases, ||fh||L2 increases and ||uh−zh||0 decreases, both for (OPC1)
and (OPC2). In both cases the values of ||uh − zh||0 are almost independent of the
discretization level, showing that the numerical solution quickly attains its optimal
value. As ||uh − zh||0 measures tracking ability, we observe the difference of values
between (OPC1) and (OPC2) and note that, relative to control force, the J2-based
formulation allows better tracking than the J1-based formulation.

A direct comparison among these tables shows that the GSN-multigrid method
is very robust with respect to changes of ν. By inspecting the values of ||EH ||0 and
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Table 7
Tracking and accuracy results with (OPC1) obtained by the GSP-multigrid method.

2-FMG 5-FMG

k ||uh − zh||0 ||EH ||0 ||uh − zh||0 ||EH ||0
3 0.63(-1) 0.144(-1) 0.54(-1) 0.838(-3)
4 0.56(-1) 0.311(-2) 0.54(-1) 0.138(-3)
5 0.55(-1) 0.456(-3) 0.54(-1) 0.347(-4)
6 0.55(-1) 0.326(-4) 0.54(-1) 0.869(-5)
7 0.54(-1) - 0.54(-1) -

Table 8
Tracking and accuracy results with (OPC2) obtained by the GSP-multigrid method.

2-FMG 5-FMG

k ||uh − zh||0 ||EH ||0 ||uh − zh||0 ||EH ||0
3 0.13 0.144(-2) 0.138 0.613(-3)
4 0.13 0.154(-3) 0.138 0.154(-3)
5 0.13 0.389(-4) 0.138 0.387(-4)
6 0.13 0.978(-5) 0.138 0.969(-5)
7 0.13 – 0.138 –
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Fig. 1. Comparison of the GSP-multigrid method (with “–”) and the GSP scheme (with “*”)
for solving the state equation (left) and the costate equation (right) of (OPC1). (Use δ = β = 6.0
and ν = 5 · 10−3.)
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Fig. 2. Convergence history of the GSN-multigrid method for solving the state equation (left)
and the costate equation (right) of (OPC1) for different ν. We have ν = 10−3 with “*,” ν = 10−5

with “–,” ν = 10−7 with “+,” ν = 10−9 with “. . . .”
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Fig. 3. Convergence history of the GSN-multigrid method for solving the state equation (left)
and the costate equation (right) of (OPC2) for different ν. We have ν = 10−3 with “*,” ν = 10−5

with “–,” ν = 10−7 with “+,” ν = 10−9 with “. . . .”

Table 9
Tracking and accuracy results with (OPC1) and (OPC2) obtained by the GSP-multigrid method.

Use β = δ = 6.8 and ν = 10−1.

OPC1 OPC2
3-FMG 3-FMG

k ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2 ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2

3 0.34 0.20(-2) 0.14(-2) 2.57 0.25 0.12(-2) 0.18(-2) 3.04
4 0.34 0.39(-3) 0.30(-3) 2.58 0.25 0.28(-3) 0.41(-3) 3.05
5 0.34 0.99(-4) 0.75(-4) 2.58 0.25 0.72(-4) 0.10(-3) 3.05
6 0.34 0.24(-4) 0.19(-4) 2.58 0.25 0.18(-4) 0.25(-4) 3.05
7 0.34 – – 2.58 0.25 – – 3.05

5-FMG 5-FMG

k ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2 ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2

3 0.33 0.15(-2) 0.12(-2) 2.57 0.25 0.11(-2) 0.16(-2) 3.04
4 0.34 0.39(-3) 0.30(-3) 2.58 0.25 0.28(-3) 0.41(-3) 3.05
5 0.34 0.98(-4) 0.75(-4) 2.58 0.25 0.72(-4) 0.10(-3) 3.05
6 0.34 0.24(-4) 0.18(-4) 2.58 0.25 0.18(-4) 0.26(-4) 3.05
7 0.34 – – 2.58 0.25 – – 3.05

Table 10
Tracking and accuracy results with (OPC1) and (OPC2) obtained by the GSP-multigrid method.

Use β = δ = 6.8 and ν = 10−3.

OPC1 OPC2
3-FMG 3-FMG

k ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2 ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2

3 0.29(-1) 0.72(-3) 0.46(-4) 4.95 0.54(-2) 0.31(-3) 0.30(-3) 5.56
4 0.30(-1) 0.18(-3) 0.11(-4) 4.95 0.55(-2) 0.12(-3) 0.12(-3) 5.65
5 0.30(-1) 0.47(-4) 0.29(-5) 4.96 0.56(-2) 0.35(-4) 0.35(-4) 5.67
6 0.30(-1) 0.19(-4) 0.73(-6) 4.96 0.56(-2) 0.93(-5) 0.93(-5) 5.67
7 0.30(-1) – – 4.96 0.56(-2) – – 5.68

5-FMG 5-FMG

k ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2 ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2

3 0.29(-1) 0.72(-3) 0.45(-4) 4.93 0.54(-2) 0.30(-3) 0.30(-3) 5.56
4 0.30(-1) 0.18(-3) 0.11(-4) 4.95 0.55(-2) 0.12(-3) 0.12(-3) 5.65
5 0.30(-1) 0.47(-4) 0.29(-5) 4.96 0.56(-2) 0.35(-4) 0.35(-4) 5.67
6 0.31(-1) 0.12(-4) 0.73(-6) 4.96 0.56(-2) 0.93(-5) 0.93(-5) 5.67
7 0.31(-1) – – 4.96 0.56(-2) – – 5.68
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Table 11
Tracking and accuracy results with (OPC1) and (OPC2) obtained by the GSP-multigrid method.

Use β = δ = 6.8 and ν = 10−5.

OPC1 OPC2
3-FMG 3-FMG

k ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2 ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2

3 0.26(-2) 0.41(-3) 0.35(-5) 5.72 0.64(-4) 0.27(-4) 0.33(-6) 5.82
4 0.30(-2) 0.15(-3) 0.12(-5) 5.81 0.65(-4) 0.11(-5) 0.11(-5) 6.05
5 0.33(-2) 0.45(-4) 0.30(-6) 5.83 0.66(-4) 0.29(-5) 0.28(-5) 6.15
6 0.34(-2) 0.11(-4) 0.77(-7) 5.84 0.67(-4) 0.35(-5) 0.35(-5) 6.20
7 0.34(-2) – – 5.84 0.67(-4) – – 6.21

5-FMG 5-FMG

k ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2 ||uh − zh||0 ||EH ||0 ||V H ||0 ||fh||L2

3 0.26(-2) 0.42(-3) 0.35(-5) 5.72 0.64(-4) 0.33(-6) 0.33(-6) 5.82
4 0.30(-2) 0.15(-3) 0.12(-5) 5.81 0.65(-4) 0.11(-5) 0.11(-5) 6.05
5 0.33(-2) 0.45(-4) 0.30(-6) 5.83 0.66(-4) 0.29(-5) 0.28(-5) 6.15
6 0.33(-2) 0.11(-4) 0.77(-7) 5.84 0.67(-4) 0.35(-5) 0.35(-5) 6.20
7 0.34(-2) – – 5.84 0.67(-4) – – 6.21

Table 12
Convergence results with (OPC1) and with (OPC2).

OPC1
3-FMG 5-FMG

ν ||r(u)h||L2 ||r(λ)h||L2 WU ||r(u)h||L2 ||r(λ)h||L2 WU
10−1 9.42(-7) 1.35(-7) 15.98 6.56(-9) 2.10(-9) 26.63
10−3 9.56(-7) 1.70(-8) 15.98 6.72(-9) 1.53(-10) 26.63
10−5 1.29(-6) 1.09(-8) 15.98 9.19(-9) 6.74(-11) 26.63

OPC2
3-FMG 5-FMG

ν ||r(u)h||L2 ||r(λ)h||L2 WU ||r(u)h||L2 ||r(λ)h||L2 WU
10−1 9.45(-7) 3.29(-8) 15.98 6.57(-9) 3.54(-10) 26.63
10−3 1.48(-6) 8.27(-9) 15.98 9.00(-9) 4.92(-11) 26.63
10−5 1.55(-7) 7.71(-11) 15.98 5.43(-11) 6.12(-13) 26.63

||V H ||0 reported in the Tables 9, 10, and 11, we can state that the GSN-multigrid
algorithm provides second-order convergent solutions to the optimal control systems.
In fact, provided M > 3, we already observe for the 3-FMG method a ν-independent
reduction of ||EH ||0 and ||V H ||0 by a factor of four from one mesh to the next.
Moreover, from Table 12 we conclude that only a few work units are employed by
the 3-FMG method and by the 5-FMG method to reduce the values of the residuals
below a small tolerance. (Here, we used β = δ = 6.8.)

In Table 13 we depict the convergence factors for the state and the costate equa-
tions of (OPC1) and (OPC2), with various values for δ, β = δ, and ν = 10−5. We
observe that for a wide range of δ-values the convergence factors are quite independent
of the number of variables. Note here that the controlled system is considered for val-
ues of δ significantly larger than the critical value δ∗ beyond which the uncontrolled
system does not admit solutions. A slight deterioration is revealed as the coefficient
of the nonlinearity becomes very large.

When solving (OPC1) a value of the scaling factor β must be chosen. In Table 14
the influence of this factor on the numerical solution of (OPC1) is documented. Note
that ||uh − zh||2L2(Ω) decreases as β is increased.

The convergence properties of the GSN-multigrid method discussed above have
been tested against a wide range of choices for z. For example, take za(x, y) =
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Table 13
Convergence factors of the GSN-multigrid method on different grids and various δ.

OPC1
M=4 M=7

δ ρ∗u ρ∗λ ρ∗u ρ∗λ
1 0.09 0.10 0.09 0.09
10 0.07 0.09 0.08 0.09
50 0.15 0.16 0.12 0.12
100 0.19 0.19 0.13 0.12

OPC2
M=4 M=7

δ ρ∗u ρ∗λ ρ∗u ρ∗λ
1 0.09 0.09 0.10 0.11
10 0.09 0.09 0.10 0.05
50 0.09 0.09 0.10 0.05
100 0.07 0.07 0.09 0.05

Table 14
Convergence results for solving (OPC1) using the 3-FMG method with various β, δ = 6.0, and

M = 7.

OPC1

β ||r(u)h||L2 ||r(λ)h||L2 ||EH ||0 ||uh − zh||0 ||fh||L2

1 9.39(-7) 2.87(-9) 0.10(-4) 0.59(-2) 4.89
6 1.13(-6) 8.80(-9) 0.10(-4) 0.31(-2) 5.04
24 1.38(-6) 2.69(-8) 0.12(-4) 0.17(-2) 5.16
48 1.87(-6) 4.69(-8) 0.10(-4) 0.12(-2) 5.20
96 2.53(-6) 7.50(-8) 0.10(-4) 0.85(-3) 5.24
200 2.93(-6) 1.23(-7) 0.96(-5) 0.59(-3) 5.28
400 3.88(-6) 1.95(-7) 0.98(-5) 0.42(-3) 5.30
1000 2.61(-5) 1.13(-6) 0.71(-6) 0.26(-3) 5.33

Table 15
Convergence results for solving (OPC1) and (OPC2) using the 3-FMG algorithm with δ = β =

6.8, ν = 10−5, and M = 7.

OPC1

a ||uh − zh||0 ||r(u)h||L2 ||r(λ)h||L2 ρ∗u ρ∗λ
1 0.34(-2) 1.29(-6) 1.09(-8) 0.08 0.08
3 0.33(-2) 1.28(-6) 1.09(-8) 0.08 0.08
6 0.33(-2) 1.27(-6) 1.08(-8) 0.08 0.08
9 0.32(-2) 1.26(-6) 1.08(-8) 0.08 0.08
18 0.31(-2) 1.22(-6) 1.11(-8) 0.08 0.08
144 0.26(-2) 9.50(-6) 4.11(-4) 0.06 0.10

OPC2

a ||uh − zh||0 ||r(u)h||L2 ||r(λ)h||L2 ρ∗u ρ∗λ
1 0.67(-4) 1.55(-7) 7.70(-11) 0.01 0.01
3 0.67(-4) 1.55(-7) 1.15(-10) 0.01 0.01
6 0.66(-4) 1.55(-7) 1.98(-10) 0.01 0.01
9 0.66(-4) 1.55(-7) 2.28(-10) 0.01 0.01
18 0.66(-4) 1.55(-7) 5.68(-10) 0.01 0.01
144 7.93 3.43(-6) 3.36(-6) 0.08 0.02

a
π2 sin(πx) sin(πy). The contraction factors, the level of residuals reached, and the
values of ||uh − zh||0 remain almost invariant when increasing the coefficient a; see
Table 15.
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Table 16
Convergence results for solving (OPC1) and (OPC2) using the 5-FMG algorithm with objective

functions z1 and z2. Here is δ = β = 6.8, ν = 10−4, and M = 7.

OPC1

z ||uh − zh||0 ||r(u)h||L2 ||r(λ)h||L2 ||fh||L2 ρ∗u ρ∗λ
z1 0.10(-1) 2.82(-8) 3.98(-10) 6.06 0.08 0.08
z2 0.10 6.31(-8) 3.46(-9) 5.89 0.08 0.08

OPC2

z ||uh − zh||0 ||r(u)h||L2 ||r(λ)h||L2 ||fh||L2 ρ∗u ρ∗λ
z1 0.64(-3) 4.10(-8) 3.15(-11) 6.59 0.06 0.06
z2 0.10 4.07(-8) 3.80(-10) 6.53 0.06 0.06
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Fig. 4. Numerical solutions of (OPC1) (top) and (OPC2) (bottom) with objective functions z1
(left) and z2 (right).

Other examples were tested using the following objective functions:

z1(x, y) =
1

π2
sin(πx) sin(πy)(x− 1/2)2(y − 1/2)2

and

z2(x, y) =
1

π2
.

Here z2 does not satisfy homogeneous Dirichlet boundary conditions and therefore is
not attainable by any control. In both cases the GSN-multigrid scheme performs well,
as can be seen in Table 16. To better interpret these last results see Figure 4.

7. Conclusions. Optimal solution and control algorithms for the steady state
solid fuel ignition model were presented. They are based on finite difference discretiza-
tion and multigrid techniques. Two alternative formulations of the optimal control
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problem were considered and in both cases the desired optimal control behavior has
been obtained. The numerical solution process was based on the results of our analy-
sis: We gave necessary and sufficient conditions for existence of solutions to the direct
problem and proved second-order accuracy of the numerical solution. The main tool
was the method of upper and lower solutions that was also used to analyze a suitable
numerical iterative method. We considered two types of smoothers in the nonlinear
multigrid scheme. This method solves the optimal control problem to the level of
truncation errors in only a few cycles. Moreover, in the refining process, second-order
accuracy of the solution to the direct problem as well as to optimality systems was
observed. The method appears to be very efficient and robust with respect to changes
in the value of the weights in the cost functionals.

Acknowledgments. The authors would like to thank Dr. A. Kauffmann,
Dr. M. Vanmaele, and Dr. S. Volkwein for helpful discussions.
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CONSTRUCTION OF SOLUTION CURVES FOR LARGE
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Abstract. This work represents a step toward advancing classical methods of bifurcation anal-
ysis in conjunction with very large-scale scientific computing needed to model realistically processes
which involve laminar and steady flows of incompressible fluids. A robust method of analysis based
on pseudoarclength continuation, Newton’s method, and direct solution of linear systems is proposed
and applied to the analysis of a representative system of fluid mechanics, namely the tilted lid driven
cavity. Accurate solution curves, possessing simple singular points, were computed for Reynolds
numbers varying from 0 to 10,000 and for different angles of tilt. The results demonstrate that
two-dimensional models with up to 1,000,000 algebraic equations can be studied feasibly using the
methods described here with state-of-the-art vector supercomputers.

Key words. incompressible and viscous fluids, Navier–Stokes equations, parameter continua-
tion, path following, factorization of large unsymmetric sparse matrices, lid driven cavity
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1. Introduction. Steady-state flows of incompressible fluids are at the heart of
many materials and chemical processing systems [Derby et al., 1994; Salinger et al.,
1994]. Typically, the fluid flows in such processes can be very complicated, three-
dimensional (3D), time-dependent, and most often capricious. Their study, along
with coupled physical phenomena such as heat transfer, mass transfer, and chemical
reaction, often requires extremely large-scale computations, with fine discretizations,
to resolve phenomena occurring at disparate length scales. Analysis, design, and opti-
mization demand an understanding of the system’s behavior under systematic change
of its physical parameters—a prime example of the utility of bifurcation analysis but,
at the same time, an enormous challenge due to the computational effort involved in
obtaining accurate steady-state solutions.

Classical bifurcation analysis has been extremely useful for the understanding
of mathematical models that depend on parameters. The most successful method
is a combination of pseudoarclength parameter continuation [Keller, 1992], Newton’s
method, and factorization of the matrices of coefficients of the underlying systems of
linear algebraic equations. Unfortunately, the high cost of this approach has delayed
computer-aided bifurcation analysis of fluid systems in 3-D space. The bottleneck and
most expensive part of the solution process is the factorization of large and sparse
matrices. However, this situation is changing rapidly in view of the increasing compu-
tational power of parallel computers and important developments in computational
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linear algebra. Of importance to this investigation are high performance BLAS2/3
[Basic Linear Algebra Subprograms, Dongarra et al., 1990] kernels supported by many
vendors of high performance computers, fast and high quality graph partitioning and
ordering [Karypis and Kumar, 1995], sparse factorization methods that exploit paral-
lelism, and combined direct/iterative methods for solution of really challenging linear
algebra problems [Duff, 1996].

Our overall goal is to develop classical methods of bifurcation analysis so that they
become viable for realistic problems arising from modeling of materials processing sys-
tems in 3-D space. This article takes a first step in that direction by analyzing very
large-scale two-dimensional flow problems. Its primary concern is to seek for mod-
ifications of the classical methods of bifurcation analysis that substantially increase
their performance at a lower cost. These modifications must be simple enough to al-
low straightforward implementation on modern message passing parallel computers.
In addition, the resulting method ought to be tested extensively with representative
test cases.

Section 2 describes a representative two-dimensional system of fluid mechanics,
namely, the lid driven cavity (LDC), which is subjected to analysis in the remaining
sections. The corresponding 3-D system is the topic of [de Almeida and Derby, 1999].
The mathematical model is characterized by a single parameter, namely, the Reynolds
number.

A classical method of approximate solution of the Navier–Stokes equations, namely,
the Galerkin finite element method, is presented in section 3—the method is iterative
owing to nonlinearity. The iterates satisfy a full linearization of the original equations.
This iterative method, known as Newton’s method, converges quadratically for a suit-
able initial guess, and it is the most well-known robust method for solving nonlinear
systems of equations. Its cost, however, is high and is dominated by the factorization
of a large and sparse Jacobian matrix at each iteration. Although a multitude of
alternative methods [Gomes-Ruggiero, Martinez, and Moretti, 1992] appeared in the
literature promising lower costs, we concluded that the complexity of the resultant
algorithms hinders their message passing parallel implementation.

The purpose of section 3 is twofold. First, it presents Newton’s method in the
context of solving Galerkin’s weak form of the Navier–Stokes equations for a fixed
Reynolds number. The iterates are then approximated with the finite element method.
Second, it advocates the use of an inner iteration within each (outer) Newton’s iter-
ation. Each inner iteration attempts to accelerate convergence by solving the linear
system of equations with the existent factorization of the Jacobian matrix. The maxi-
mum number of inner iterations must cost only a prescribed fraction of a factorization
and each inner iteration must reduce the magnitude of the iterates’ correction. Oth-
erwise, the inner iteration is interrupted and the outer iteration is resumed with a
new factorization of the Jacobian matrix. It is shown that for the particular case of
the Navier–Stokes equations, Newton’s method combined with inner iterations (NMI)
delivers higher convergence rates at a cost lower than that of Newton’s method alone.
This is no accident. According to [Brent, 1973], the method just described was first
proposed by [Shamanskii, 1967] as a modification of Newton’s method.

The method was severely tested on a state-of-the-art vector supercomputer, the
Cray C-90, in order to determine its limitations in realistic large-scale numerical sim-
ulations. The geometry of the domain where the Navier–Stokes equations apply was
chosen so that the underlying system of algebraic equations was the most challenging
for current reordering methods. Nevertheless, identical convergence rates were ob-



CONSTRUCTION OF SOLUTION CURVES 287

Fig. 2.1. Lid driven cavity with rhombus geometry.

tained for very refined distinct finite element partitions. It was also concluded that
with the current powerful vector supercomputers and fast algorithms for factorization
of sparse matrices, nonlinear systems of up to 1,000,000 algebraic equations resulting
from the discretization of Navier–Stokes equations can be solved.

In section 4 a predictor-corrector method for construction of solution curves of
the Navier–Stokes equations is put forward. The method consists of several simple
modifications of the classical pseudoarclength continuation of [Keller, 1992] aimed at
lowering cost while preserving robustness. The predictor step is an explicit Euler
method. Because this first-order accurate method requires the solution of a linear
system, it is only employed in curved portions of the solution curve. Otherwise, in
flat portions of the solution curve, the predictor step is approximated by simple finite
differences. Similarly, the corrector step with pseudoarclength parametrization of the
solution curve is used only in curved portions of the solution curve, while the method
described in section 3, NMI, is the corrector method of choice for flat portions of the
solution curve.

A dramatic cost reduction was obtained by recycling an existent factorization
of the Jacobian matrix along the solution curve. This was possible because of the
generous radius of convergence of Newton’s method when applied to the Navier–
Stokes equations. The predictor-corrector method (section 4) was also subjected to
extensive tests, with the LDC problem, (section 5) that constructed solution curves
for Reynolds numbers up to 10,000 in the presence of simple singular points. The
method performed outstandingly.

Last but not least, section 6 briefly discusses necessary modifications for the
implementation of the algorithm on message passing parallel computers and extensions
that allows the analysis of 3-D problems.

2. Governing equations of fluid motion in a cavity. The confined flow of
an incompressible fluid in a lid driven cavity (LDC) was chosen as a representative
system of fluid mechanics (Figure 2.1). Despite the system’s simple boundary con-
ditions and geometry, the fluid flow can be surprisingly nontrivial for certain speeds
of the lid and/or some variations in the geometry of the cavity. In fact, the flow is
characterized by multiple vortices, boundary layers with separation and reattachment,
internal layers, and point singularities (see Figures 5.3 and 5.4).

Denoting Ω the region of two-dimensional Euclidean space occupied by the con-
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( v, p )

Re
Re* Re*

Fig. 2.2. Sketch of solution curve.

fined fluid in the cavity, the governing equations of steady-state motion of a Newtonian
and incompressible fluid are the Navier–Stokes system,

Re ∇x v v(x) = divx T ∀ x ∈ Ω ,(2.1a)

divx v = 0 ∀ x ∈ Ω ,(2.1b)

v(x) = vb(x) ∀ x ∈ ∂Ω .(2.1c)

Here Re := ρvwh
µ denotes the Reynolds number, where ρ is the density of the fluid

and µ, its dynamic viscosity; v is the spatial velocity field in units of vw;

T (x) := −p(x)I +
(∇x v +∇x v

T
)

is the stress in units of µvwh at the point x in a Newtonian fluid; p is the pressure field
modified by a conservative body force; and vb is the boundary data for velocity—
it is zero everywhere on ∂Ω except on the lid where its constant magnitude is one.
Therefore, vb satisfies the global mass balance compatibility condition.

A collection of solutions to (2.1) for different values of Re is best represented as
a “curve” in an abstract solution space (v, p) × Re (Figure 2.2). A parametrization
of this curve with respect to the naturally appearing parameter Re,(

v (·,Re) , p (·,Re)
)
,(2.2)

is inconvenient in virtue of the existence of simple singular points Re∗, where

v′(·,Re∗) :=
∂v

∂Re
(·,Re∗) =∞ and p′(·,Re∗) :=

∂p

∂Re
(·,Re∗) =∞ ,(2.3)

also known as turning points. Other possible singular points are those where v′(·,Re∗)
and p′(·,Re∗) are multivalued. In any case the singularity is often associated to the
onset of multiple pairs, as indicated in Figure 2.2, for the same value of Re in (2.2).
Nevertheless, this parametrization can be safely used away from such points inasmuch
as a particular branch of the curve is unambiguously selected.

The solution curve of (2.1) for the LDC does exhibit singular points, particularly
when the angle of tilt is not zero. The values of angle of tilt studied here are illustrated
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θ = 0◦ θ = 10◦ θ = 20◦

Fig. 2.3. Angles of tilt examined.

in Figure 2.3 (they all preserve the same aspect ratio of one). The reason for choosing
this particular aspect ratio is explained in section 3.2.

An adequate parametric representation of a solution curve of (2.1) is obtained by
introducing a reparametrization with a new parameter λ, that is,(

v (·,Re(λ)) , p (·,Re(λ))
)

(2.4a)

or

(
v̂(·, λ), p̂(·, λ)

)
,(2.4b)

where v̂(·, λ) := v (·,Re(λ)) and p̂(·, λ) := p (·,Re(λ)). The reparametrization is
defined (sections 4.1.2 and 4.2.2) so that simple singular points are eliminated.

This article is primarily concerned with showing cost-effective means of construct-
ing (2.4) when solving (2.1) is extremely computationally intensive. Therefore the
solution curves computed here are not used for an in-depth discussion of the physics
of the LDC as modeled by (2.1).

3. Approximate solution to Galerkin’s weak form. The most common
weak form of (2.1) follows: find (v, p) ∈ V × L2

0(Ω) such that

Re c(v , v , u) + a(v , u) + b(p , u) = 0 ∀ u ∈ H1
0(Ω) ,(3.1a)

b(q , v) = 0 ∀ q ∈ L2
0(Ω) ,(3.1b)

where

c(w , v , u) :=

∫
Ω

∇xw v(x) · u(x) dx , a(v , u) :=

∫
Ω

(
∇x v +∇x v

T
)

•∇x u dx ,

b(p , u) :=

∫
Ω

−p(x) divx u dx ,

V :=
{
v ∈ H1(Ω) | v ≡ vb on ∂Ω

}
, and the spaces H1(Ω) and L2

0(Ω) are defined in
the appendix. The inner product between two tensors is denoted A •B.

3.1. Newton’s method. A solution to (3.1) for a fixed Re can be found it-
eratively by computing a sequence

{
(v(n), p(n)) ∈ V × L2

0(Ω) | n = 1, 2, . . .
}

, with a

suitable initial guess for the velocity field v(0) ∈ V—an initial guess for a pressure
field can be arbitrary by virtue of the linearity of (3.1) with respect to p. Each it-
erate (v(n), p(n)) is computed by correcting its predecessor, (v(n−1), p(n−1)), with a
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correction (v
(n)
c , p

(n)
c ) ∈ H1

0(Ω)× L2
0(Ω) so that

v(n) ≡ v(n−1) + v(n)c ,(3.2a)

p(n) ≡ p(n−1) + p(n)c .(3.2b)

The correction satisfies a linearization of (3.1),

Re
{ linearized convection︷ ︸︸ ︷

c
(
v(n)c , v(n−1) , u

)
+ c
(
v(n−1) , v(n)c , u

)}
+ a
(
v(n)c , u

)
+ b
(
p(n)c , u

)

= −
{ residual of (3.1a) at (v(n−1),p(n−1))︷ ︸︸ ︷
Re c

(
v(n−1) , v(n−1) , u

)
+ a
(
v(n−1) , u

)
+ b
(
p(n−1) , u

)}
∀ u ∈ H1

0(Ω) ,

(3.3a)

b
(
q , v(n)c

)
= −

residual of (3.1b) at v(n−1)︷ ︸︸ ︷
b
(
q , v(n−1)

)
∀ q ∈ L2

0(Ω) .(3.3b)

The magnitude of the corrections,
∥∥v(n)c

∥∥
H1(Ω)

and
∥∥p(n)c

∥∥
L2(Ω)

, converges quadrat-

ically to zero in a few number of iterations, provided that the right and left sides
of (3.3) are small enough for n = 1. The iterative method (3.2)–(3.3), known as
Newton’s method, is the most successful method for solving (3.1); however, it is also
the most expensive. This investigation searches for simple modifications that sub-
stantially reduce the cost of the method without sacrificing its robustness. In fact
the results obtained showed that it is possible to lower the cost while improving the
convergence rate.

3.2. Finite dimensional approximation. It is natural to search for an approx-
imate solution of (3.3), at the nth iteration, in a finite dimensional subspace Vh

c ×Phc
of H1

0(Ω)×L2
0(Ω), where h is a parameter associated to the dimension of the subspaces

Vh
c and Phc . Let {uj | j = 1, 2, . . . , N} be a basis of Vh

c and {ql | l = 1, 2, . . . ,M}, a

basis of Phc ; then the approximate solution (vhc , p
h
c )

(n)
can be formally expressed as a

linear combination of these bases,

vhc ≡
N∑
j=1

α
(n)
j uj ,(3.4a)

phc ≡
M∑
l=1

β
(n)
l ql ,(3.4b)

where α
(n)
j and β

(n)
l are real coefficients. Similarly the test functions u and q in

(3.3) can be represented in terms of the same bases—this is the Galerkin’s method.
After substitution of (3.4), and similar representations for u and q, into (3.3) and
invoking the arbitrariness of u and q, one obtains a system of linear equations for the
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coefficients αj and βl:

N∑
j=1

A
(n−1)
i,j α

(n)
j +

M∑
l=1

Bl,i β
(n)
l = −m(n−1)

i i = 1, 2, . . . , N,(3.5a)

N∑
j=1

Bk,j α
(n)
j = −c(n−1)

k k = 1, 2, . . . ,M,(3.5b)

where

A
(n−1)
i,j := Re

{
c
(
uj , v

(n−1) , ui

)
+ c
(
v(n−1) , uj , ui

)}
+ a(uj , ui) ,(3.6a)

Bk,j := b(qk , uj) ,(3.6b)

m
(n−1)
i := Re c

(
v(n−1) , v(n−1) , ui

)
+ a
(
v(n−1) , ui

)
+ b
(
p(n−1) , ui

)
,(3.6c)

c
(n−1)
k := b

(
qk , v

(n−1)
)
.(3.6d)

Remarks. In view of (3.2a) and (3.3b), v(n) satisfies the weak mass balance (3.1b)
for every iteration n—and so does v(n−1). Therefore the residual of the mass balance

b
(
q , v(n−1)

)
is zero for all n and c

(n−1)
k = 0 (up to round-off error).

The accuracy and stability of the approximation (3.4) depends upon the choice for
the velocity and pressure correction spaces, Vh

c and Phc [Brezzi and Fortin, 1991]. A
systematic method for choosing and constructing these spaces is provided by the finite
element method. The choice made here employs piecewise biquadratic basis functions
for velocity and linear piecewise discontinuous functions for pressure, both of them
with compact support over the finite element; this is the so-called Q2−P1 mixed finite
element.

The system of linear equations (3.5) can be put into a matrix form(
A(n−1) BT

B 0

) (
α(n)

β(n)

)
= −

(
m(n−1)

c(n−1)

)
(3.7)

for each iteration in (3.3). The elements of the submatrices A and B, and the residual
vectors m and c are exhibited in (3.6). α and β are the vectors of coefficients αj and
βl, respectively. Owing to the choice of the basis functions with compact support,
A and B are extremely sparse. The density of nonzero elements in these matrices is
typically on the order of 0.01% for large N and M . The method of choice to solve
(3.7) is a triangular factorization of the coefficient matrix

J(n−1) :=

(
A(n−1) BT

B 0

)
(3.8)

such that

P(n−1) J(n−1) Q(n−1) = L(n−1) U(n−1) ,(3.9)

where P and Q are, respectively, row and column permutation matrices; L is an upper
triangular unit matrix and U is a lower triangular matrix. The factorization method
employed here is similar to that of [Duff and Scott, 1993]. Typical performance of the
method is shown in Table 3.1 as applied to the test cases of sections 3.4 and 5. Of
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Table 3.1
Solution of J x = b on a CRAY C-90 (one CPU). Floating point operation count is 99% accurate

when compared to Cray Hardware Performance utility hpm.

Number of equations
110, 802 441, 602 992, 402

Factorization CPU time (min) 1.05 14.33 66.02
Factorization MFLOPS 570 662 718
Forward substitution CPU time (s) 1.54 16.59 54.68
Backward substitution CPU time (s) 0.46 8.40 26.76
Storage of LU (Gbytes) 1.35 10.56 35.08

course J needs to be conveniently reordered [Sloan, 1989; Duff, Reid, and Scott, 1989;
Karypis, 1996, see METIS] so that its triangular factors are also sparse. In view of the
aspect ratio chosen for the LDC, the methods of [Sloan, 1989] and [Duff, Reid, and
Scott, 1989] do not perform any better than simply reordering the finite elements along
either the horizontal or vertical directions. The multilevel nested dissection method
of METIS reduces the sparsity of the L and U factors by a factor of two, however, it’s
not unusual for the operation count of profile-based factorization methods to exhibit
a tenfold increase. In summary, the coefficient matrix J associated to the aspect ratio
chosen for the LDC is the worst possible case for profile-reduction reordering methods.

The solution of

J(n−1) x(n) = b(n−1),(3.10)

where

b(n−1) := −
(

m(n−1)

c(n−1)

)
and x(n) :=

(
α(n)

β(n)

)
,(3.11)

is obtained by forward and backward substitutions, respectively,

L(n−1) y(n) = P(n−1) b(n−1) solve for y(n),(3.12a)

U(n−1) z(n) = y(n) solve for z(n),(3.12b)

x(n) = Q(n−1) z(n) .(3.12c)

3.3. Inner iteration in Newton’s method. The cost of factoring J is the most
expensive part in computing a converged solution of (3.1). This cost can be drasti-
cally reduced by exploiting multiple forward/backward substitutions with the existing
factors of J in order to reduce the residuals and the magnitude of the corrections in
(3.3). Let

J(n−1) x(n) = b(n−1)(3.13)

represent a finite approximation of (3.3) at the nth iteration. After a factorization

of J(n−1) is obtained, k inner iterations of forward/backward substitutions are per-
formed:

L(n−1) y(i) = P(n−1) b(i) ,(3.14a)

U(n−1) z(i) = y(i) ,(3.14b)

x(i) = Q(n−1) z(i), i = 1, 2, . . . , k .(3.14c)
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The number of inner iterations is determined by the total cost of (3.14) relative to

the cost of the factorization of J(n−1), provided that the magnitude of the corrections
and residuals in (3.3) are monotonically decreasing during the inner iterations (3.14).

If the cost of factoring J(n−1) is C and the cost of one iteration in (3.14) is Ci,
then the maximum number of inner iterations, kmax, is computed by

kmax = f
C
Ci ,

where f is the fraction of C that (3.14) is allowed to cost. In the experiments reported
in later sections, f = 0.5 is used and the resultant k is typically smaller than kmax.

It is observed that the reasons why k is often smaller than kmax are either because
the magnitude of the residuals and corrections passed the convergence criteria before
k reached kmax or because the magnitude of the corrections or residuals increased
in the kth inner iteration (sections 3.4 and 5). When the latter occurs, the solution

x(k) is discarded and x(k−1) is used to factor J(n) and to resume the (n + 1)th outer
iteration.

The convergence criteria of (3.3) are

∥∥v(n)c

∥∥
H1(Ω)∥∥v(n)∥∥
H1(Ω)

≤ 10−5 ,(3.15a)

∥∥p(n)c

∥∥
L2(Ω)∥∥p(n)∥∥
L2(Ω)

≤ 10−5 ,(3.15b)

√√√√√ N∑
i=1

(
m

(n)
i

)2
N

≤ 10−5 .(3.15c)

Convergence is declared if all of the above are satisfied simultaneously.
Inner iterations within Newton’s method is not a new idea. The method just

described belongs to a class of high-order methods, that is, methods that converge
q-superlinear with q-order larger than two. According to [Brent, 1973], Shamanskii
[Shamanskii, 1967] first introduced the modification (3.14) in Newton’s method. In
fact, the q-order of convergence is exactly k + 1. We were unaware of Shamanskii’s
work and it is our belief that the method has been rediscovered by others also [Fortin,
Fortin, and Gervais, 1987; Fortin and Fortin, 1985].

3.4. Results and comments. The performance of Newton’s method combined
with inner iterations (NMI) is reported below. The method is employed to solve (3.1)
with θ = 0 for three values of Re, namely, 0, 250, and 500 and three finite element
approximations: (a) 10,000 finite elements and 110, 802 equations, (b) 40,000 finite
elements and 441,602 equations, and (c) 90,000 finite elements and 992,402 equations.
The finite elements are distributed uniformly on the cavity. The initial guess v(0) for
the case with Re = 250 was the velocity field obtained from Re = 0. Similarly, v(0)

for the case with Re = 500 was the solution obtained from Re = 250.
The convergence of NMI as a function of outer iterations is illustrated in Fig-

ures 3.1 and 3.2 and compared against Newton’s method. It was observed that when
the tolerances (3.15) for the magnitude of the correction fields were satisfied, the
root-mean-square (3.15c) of the residual vector associated to the weak momentum
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Fig. 3.1. Comparison of Newton’s method (NM) and its improvement by inner iterations
(NMI). (a) Relative norms of velocity and pressure correction fields, respectively (3.15a) and (3.15b),
per outer iteration at Re = 250 with 110, 802 equations. (b) Corresponding root-mean-square of
momentum and mass residuals.

(a) (b)

Fig. 3.2. Comparison of Newton’s method (NM) and its improvement by inner iterations
(NMI). (a) Relative norms of velocity and pressure correction fields, respectively (3.15a) and (3.15b),
per outer iteration at Re = 500 with 110, 802 equations. (b) Corresponding root-mean-square of
momentum and mass residuals.

balance (3.3a) was on the order of 10−8 or less. Furthermore, regardless of what the
tolerances in (3.15) were, the root-mean-square of the residual vector associated to
the weak mass balance (3.3b) was on the order of 10−13 or less (this is in agreement
with the Remarks in section 3.2). Therefore, it was concluded that the criteria in
(3.15) were conservative and gave rise to well-converged solutions with respect to the
fixed-point iteration (3.3).

The NMI (3.14) had an impressive higher rate of convergence than Newton’s
method alone with the bonus of a lower cost (Figure 3.3). The lower cost arose from
the fact that the inner iterations were inexpensive—compared to the cost of a full
factorization (Figure 3.4), yet they were sufficient to guarantee convergence of the
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Fig. 3.3. Comparison of CPU time in seconds (CRAY C-90) between Newton’s method (NM)
and its improvement by inner iterations (NMI) for the case with 110, 802 equations.
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Fig. 3.4. Comparison of Newton’s method (NM) and its improvement by inner iterations
(NMI). (a) Factorizations of J of dimension n×n at three values of Reynolds number; n = 110, 802.
(b) Corresponding number of forward/backward substitutions. Maximum number of substitutions
allowed are represented with outlined bars.

method.

Another observed property of the NMI was the invariance with respect to the
finite element approximation. Convergence results for 441,602 and 992,402 equations
were exactly the same as those obtained with 110,802 equations (see Appendix B in
[de Almeida and Derby, 1997]). The most attractive result is shown in Figure 3.2,
where one single factorization aided by many forward/backward substitutions which
cost less than 50% of a factorization, sufficed to obtain accurate convergence. The
result was independent of the finite element approximation (see Figures B.2 and B.5
in [de Almeida and Derby, 1997]).

From the foregoing, a natural question arises: Can one do better by recycling
an existing factorization from a previous value of Re to a future value of Re? This
question motivated the remaining part of this article which shows that in the context of
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a predictor-corrector continuation method the inner iteration performs outstandingly.
It was found that several solutions of (3.1) for different values of Re can be computed
with a single factorization of J when Re is far from singular points Re∗, while, when
Re is close to Re∗, one or two factorizations suffice to obtain convergence.

4. A predictor-corrector method. A class of methods for construction of
solution curves (2.2) or (2.4) is known under the generic name of predictor-corrector
methods or simply continuation methods.

Let (v(m−1), p(m−1)) be a solution of (3.1) for a particular value of Re = Re(m−1),
where m is an index varying from one to a prescribed number of solution points. A
solution curve of (3.1) through (v(m−1), p(m−1)) can be constructed via a two-step
approach. The first step predicts a solution at a new value of the Reynolds number,

Re
(0)
(m), typically by marching tangentially to the solution curve. The second step

corrects the predicted solution, Re
(0)
(m), iteratively until a converged solution, Re(m),

is found.

The predictor-corrector method proposed below employs two different parametriza-
tions of the solution curve, namely, natural and pseudoarclength parametrizations.
The former is used away from singular points of the solution curve and the latter is
used in the vicinity of simple singular points. The resultant method combines the
robustness of the pseudoarclength parametrization with the inexpensiveness of the
natural parametrization.

4.1. First-order predictor step. The most common predictor method requires
the computation of the tangent vector to the solution curve at (v(m−1), p(m−1)). This
constitutes a first-order predictor method. Other higher order methods exist but they
are not cost-effective for the Navier–Stokes problem treated here.

4.1.1. Natural parametrization. Denoting the tangent vector to the solution
curve illustrated in Figure 2.2

(
1, (v′(m−1), p

′
(m−1))

)
,(4.1)

where v′(m−1) := v′(·,Re(m−1)) := ∂v
∂Re (·,Re(m−1)) and p′

(m−1) := p′(·,Re(m−1)) :=
∂p
∂Re (·,Re(m−1)), and assuming that the tangent exists, then the tangent vector must
satisfy

Re(m−1)

{ linearized convection︷ ︸︸ ︷
c
(
v′(m−1) , v(m−1) , u

)
+ c
(
v(m−1) , v

′
(m−1) , u

)}
+ a
(
v′(m−1) , u

)

+ b
(
p′

(m−1) , u
)

= −
partial derivative of (3.1a) w.r.t Re︷ ︸︸ ︷

c
(
v(m−1) , v(m−1) , u

) ∀ u ∈ H1
0(Ω) ,

(4.2a)

b
(
q , v′(m−1)

)
= 0 ∀ q ∈ L2

0(Ω) ,(4.2b)

which is the total derivative of (3.1) with respect to Re, evaluated at (v(m−1), p(m−1),
Re(m−1)). Note that the solution pair of (4.2), (v′(m−1), p

′
(m−1)), belongs to H1

0(Ω)×
L2
0(Ω) (see also 4.6).
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A finite-dimensional approximation of (4.2) can be readily obtained by following
the contents of section 3.2, which leads to a system of linear equations,

(
A BT

B 0

) (
α

β

)
= −

(
m
0

)
,(4.3)

where α and β are the vectors of coefficients of the finite dimensional approximations
of v′ and p′, respectively. The elements of the vector m are

mi := c
(
v(m−1) , v(m−1) , ui

)
.(4.4)

It is clear that the matrix of coefficients in (4.3) is equal to the matrix J of (3.7)
evaluated at (v(m−1), p(m−1),Re(m−1)). If a factorization of J at this solution point is
available, the tangent vector to the solution curve at this point can be computed at
the cost of one forward/backward substitution. If a factorization of J is not available,
then solving (4.2) should be avoided by computing an approximate tangent vector,

(
1, (v′(m−1), p

′
(m−1))

) ≈ (1,
( v(m−1) − v(m−2)

Re(m−1) − Re(m−2)
,

p(m−1) − p(m−2)

Re(m−1) − Re(m−2)

))
,(4.5)

given by the secant that joins the previous solution point (v(m−2), p(m−2),Re(m−2))
to the current point. This approximation often works well in practice inasmuch as
the curvature of the solution curve is small. In fact, (4.5) is the method of choice,
introduced here to compute the tangent direction. An accurate tangent is computed
by solving (4.3) only if a factorization of J is already available or when the corrector
step demands for it (section 4.3).

An approximation to the next solution point on the curve is then obtained by

v(m) ≡ v(m−1) + ∆Re(m−1) v
′
(m−1) and(4.6a)

p(m) ≡ p(m−1) + ∆Re(m−1) p′
(m−1) ,(4.6b)

where ∆Re(m−1) is a prescribed steplength of Re (section 4.3) at the (m − 1)th
continuation step (see Figure 4.1).

4.1.2. Arclength parametrization. As mentioned in section 2, a parametriza-
tion of the solution curve by Re is inconvenient in the neighborhood of singular points
Re∗. It was suggested that a reparametrization should take place such that the so-
lution curve can be constructed beyond those points. It is proposed here that the
reparametrization should occur when the curvature of the solution curve reaches a
threshold. Owing to the high cost of computing the curvature of the solution curve,
it is recommended that the angle α between successive tangents along the solution
curve be computed alternatively. Thus, in the experiments reported below, when

α := arccos


 1 + v′(m−1) · v′(m−2) + p′

(m−1) p
′
(m−2)√

1 +
∥∥v′(m−1)

∥∥2
H1(Ω)

+
∥∥p′

(m−1)

∥∥2
L2(Ω)

√
1 +

∥∥v′(m−2)

∥∥2
H1(Ω)

+
∥∥p′

(m−2)

∥∥2
L2(Ω)




(4.7)

is greater than 10◦, the solution curve is automatically reparametrized by λ (sec-
tion 2) and the construction of the curve is resumed immediately. If α becomes smaller
than 10◦, then the parametrization of the solution curve is reverted to the natural
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Fig. 4.1. Predictor step with solution curve parametrized by the natural parameter Re.

parametrization. Note that in (4.7)

v′(m−1) · v′(m−2) :=

∫
Ω

v′(m−1)(x) · v′(m−2)(x) dx and(4.8a)

p′
(m−1) p

′
(m−2) :=

∫
Ω

p′
(m−1)(x) p′

(m−2)(x) dx .(4.8b)

The tangent vector to the solution curve in terms of λ is obtained by the chain
rule of differentiation,

v̇(m−1) := v̇(·, λ(m−1)) :=
∂v̂

∂λ
(·, λ(m−1)) = v′(m−1) Ṙe(m−1),(4.9a)

ṗ(m−1) := ṗ(·, λ(m−1)) :=
∂p̂

∂λ
(·, λ(m−1)) = p′

(m−1) Ṙe(m−1),(4.9b)

where Ṙe(m−1) := dRe
dλ(m−1)

, with the independent assumption of

∥∥v̇(m−1)

∥∥2
H1(Ω)

+
∥∥ṗ(m−1)

∥∥2
L2(Ω)

+ Ṙe
2

(m−1) = 1 ,(4.10)

necessary to determine Ṙe uniquely (modulo a sign). Because the magnitude of the
tangent as a function of λ is one, λ is the so-called arclength parameter.

Solving for Ṙe(m−1) in (4.9)–(4.10) yields

Ṙe(m−1) =
±1√

1 +
∥∥v′(m−1)

∥∥2
H1(Ω)

+
∥∥p′

(m−1)

∥∥2
L2(Ω)

.(4.11)

According to Keller’s recommendation [Keller, 1992], the correct choice of the sign in
(4.11) is the one that delivers 0 ≤ α ≤ π

2 (see Figure 4.2) so that the construction of
the solution curve moves “forward.” Therefore,(

Ṙe(m−1),
(
v̇(m−1), ṗ(m−1)

)) · (Ṙe(m−2),
(
v̇(m−2), ṗ(m−2)

))
> 0 ,

Ṙe(m−1)

(
1,
(
v′(m−1), p

′
(m−1)

)) · (Ṙe(m−2),
(
v̇(m−2), ṗ(m−2)

))
> 0 .
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(m−2)
(m−1)

α

Fig. 4.2. Correct choice of the angle α between successive tangent vectors on the solution curve.

Thus,

sign
(
Ṙe(m−1)

)
= sign

(
Ṙe(m−2) + v′(m−1) · v̇(m−2) + p′

(m−1) ṗ(m−2)

)
.

Substituting the above into (4.11), the working formula to find Ṙe(m−1) is

Ṙe(m−1) =
sign

(
Ṙe(m−2) + v′(m−1) · v̇(m−2) + p′

(m−1) ṗ(m−2)

)
√

1 +
∥∥v′(m−1)

∥∥2
H1(Ω)

+
∥∥p′

(m−1)

∥∥2
L2(Ω)

.(4.12)

In view of (4.9) and (4.12), a first-order approximation in λ to the mth solution
point is simply

v(m) ≡ v(m−1) + ∆λ(m−1) v̇(m−1) ,(4.13a)

p(m) ≡ p(m−1) + ∆λ(m−1) ṗ(m−1), and(4.13b)

Re(m) = Re(m−1) + ∆λ(m−1) Ṙe(m−1) ,(4.13c)

where ∆λ(m−1) is the steplength of the pseudoarclength parameter at the mth con-
tinuation step (section 4.3).

4.2. Corrector step. The role of the corrector is to solve (3.1) for a given initial
guess obtained in the predictor step. The corrector methods described below differ
on the kind of parametrization employed.

4.2.1. Natural parametrization. Given the initial guess (v
(0)
(m), p

(0)
(m)) at Re(m),

obtained with the predictor method of section 4.1.1 (4.6), a solution of (3.1) can be
computed (sections 3.1 and 3.2). An illustration of the predictor-corrector process
for the mth continuation step is presented in Figure 4.3, where (v(m), p(m)) denotes
a converged solution. This corrector method will fail in the vicinity of simple sin-
gular points such as turning points because the direction of search for a solution is
perpendicular to the abscissa of the graph.

4.2.2. Pseudoarclength parametrization. A widely used corrector method
[Keller, 1992] to construct solution curves in the neighborhood of turning points and
other simple singular points consists of searching for a solution of (3.1) by constraining

(3.3) such that the iterates (v
(n)
(m), p

(n)
(m),Re

(n)
(m)) lie in the direction perpendicular to
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Fig. 4.3. Predictor-corrector step with natural parametrization.

Fig. 4.4. Predictor-corrector step with pseudoarclength parametrization.

the tangent vector (see Figure 4.4). Therefore,

(4.14)
(
Re

(n)
(m) − Re(m−1)

)
Ṙe(m−1) +

(
v
(n)
(m) − v(m−1)

) · v̇(m−1)

+
(
p
(n)
(m) − p(m−1)

)
ṗ(m−1) = ∆λ(m−1) .

It is clear that neither the converged solution nor any of the iterates (v
(n)
(m), p

(n)
(m),Re

(n)
(m))

satisfies the arclength condition, that is,√∥∥v̇(n)(m)

∥∥2
H1(Ω)

+
∥∥ṗ(n)(m)

∥∥2
L2(Ω)

+
(
Ṙe

(n)

(m)

)2 �= 1 ∀ n .

For this reason, λ is not the arclength parameter. However, because ∆λ is measured
along the tangent direction on the solution curve, λ is known in the literature as
the “pseudoarclength parameter.” The distinction must be made clear whenever the
context generates confusion. Although rarely used, a genuine arclength parameter
continuation merits attention.
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The mth corrector step is as follows: compute the sequence
{

(v
(n)
(m), p

(n)
(m),Re

(n)
(m)) ∈

V × L2
0(Ω) × R | n = 1, 2, . . .

}
for a given predictor guess (v

(0)
(m), p

(0)
(m),Re

(0)
(m)) such

that

v
(n)
(m) ≡ v(n−1)

(m) + v(n)c ,(4.15a)

p
(n)
(m) ≡ p

(n−1)
(m) + p(n)c ,(4.15b)

Re
(n)
(m) ≡ Re

(n−1)
(m) + Re(n)c ,(4.15c)

where the correction (v
(n)
c , p

(n)
c ,Re(n)c ) ∈ H1

0(Ω)× L2
0(Ω)× R satisfies

(4.16a)

Re
(n−1)
(m)

{
c
(
v(n)c , v

(n−1)
(m) , u

)
+ c
(
v
(n−1)
(m) , v(n)c , u

)}
+ a
(
v(n)c , u

)
+ b
(
p(n)c , u

)
+ Re(n)c c

(
v
(n−1)
(m) , v

(n−1)
(m) , u

)
= −

{
Re

(n−1)
(m) c

(
v
(n−1)
(m) , v

(n−1)
(m) , u

)
+ a
(
v
(n−1)
(m) , u

)
+ b
(
p
(n−1)
(m) , u

)} ∀ u ∈ H1
0(Ω) ,

b
(
q , v(n)c

)
= −b

(
q , v

(n−1)
(m)

) ∀ q ∈ L2
0(Ω) ,(4.16b)

(4.16c) v(n)c · v̇(m−1) + p(n)c ṗ(m−1) + Re(n)c Ṙe(m−1)

= ∆λ(m−1) −
{(
v
(n−1)
(m) − v(m−1)

) · v̇(m−1)

+
(
p
(n−1)
(m) − p(m−1)

)
ṗ(m−1) +

(
Re

(n−1)
(m) − Re(m−1)

)
Ṙe(m−1)

}
.

The magnitude of the corrections
∥∥v(n)c

∥∥
H1(Ω)

,
∥∥p(n)c

∥∥
L2(Ω)

, and
∣∣Re(n)c

∣∣ converge

quadratically to zero in a few number of iterations, provided that the right and left
sides of (4.16) are small enough for n = 1.

A finite dimensional approximation of (4.16) (section 3.2) leads to a linear system
of equations with a sparse matrix of coefficients,(

J d
a Ṙe

) (
x

Rec

)
=

(
b
N

)
,(4.17)

for each iteration n in (4.16), holding m− 1 fixed, where

di := c
(
v
(n−1)
(m) , v

(n−1)
(m) , ui

)
,

a := Ṙe(m−1) (α(m−1),β(m−1))
T

recall (4.3), (4.9) and (4.16c),

x := (α(n),β(n))
T

recall (3.7) and (4.16a),

N := ∆λ(m−1) −
{(
v
(n−1)
(m) − v(m−1)

) · v̇(m−1)

+
(
p
(n−1)
(m) − p(m−1)

)
ṗ(m−1) +

(
Re

(n−1)
(m) − Re(m−1)

)
Ṙe(m−1)

}
.
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The method of choice for solving (4.17) consists of a triangular factorization of J
followed by block elimination. Thus,

J v = b solve for v,(4.18a)

Jw = d solve for w,(4.18b)

Rec =
N − a · v
Ṙe − a ·w ,(4.18c)

x = v − Recw .(4.18d)

Compared to (3.12), the above is twice as expensive in virtue of an extra forward-
backward substitution. The strategy and convergence criteria to solve (4.17) is identi-
cal to that described in sections 3.2–3.3. Here, however, the cost of a factorization of
J is greatly amortized (section 5) along the solution curve. That is, the L and U fac-
tors of J are recycled in several/many continuation steps inasmuch as the convergence
criteria and the cost criterion are satisfied.

The predictor-corrector method based on the pseudoarclength parameter requires
the evaluation of a number of scalar and vector products of field quantities (4.16c).
In addition the angle α (4.7) needs to be computed at every predictor step. Frequent
evaluation of the inner products (4.8) incurs extra costs that can be as high as, or
higher than, as the cost of a forward-backward substitution. Therefore, an effort must
be made to compute these products efficiently.

4.3. Steplength control and corrector failure measures. An efficient step-
length strategy is vital to parameter analysis. If the steplength is too small, only
a small portion of the solution curve is constructed. On the other hand, too large
a steplength hinders the convergence of the corrector step. Steplength control in
predictor-corrector methods of parameter analysis is typically done by observing the
convergence rate of the corrector step during the computation of past solution points
[Gunzburger and Peterson, 1991; Allgower and Georg, 1990; Bank and Mittelmann,
1989; Schwetlick and Cleve, 1987; Deuflhard, Fiedler, and Kunkel, 1987; Heijer and
Rheinboldt, 1981; Rheinboldt, 1980].

Presumably, the collected information helps to estimate a priori the radius of
convergence of the corrector step in the next solution point. One drawback of this
approach is that it often fails in the vicinity of turning points because the estimates of
the radius of convergence are based on portions of the solution curve that are relatively
flat. In practice, one resorts to heuristic methods for adjusting the steplength. For
instance, a heuristic steplength control can be designed and improved in the process
of mesh refinement.

The Navier–Stokes equations have a generous radius of convergence in large por-
tions of the solution curve up to the proximity of turning points (section 5). Only
very close to a turning point, the radius of convergence diminishes dramatically. This
behavior makes it difficult to make reliable estimates of the radius of convergence near
turning points.

The heuristic steplength control advocated here enforces a monotonic rate of
convergence on the corrector step. That is, the magnitude of the norms in (3.15), in

addition to
∣∣Re(n)c

∣∣ in the case of the pseudo arclength parametrization, must decrease
for each outer iteration n in the corrector step. Otherwise, a corrector failure is
declared. The steplength is reduced by a factor of four and an accurate computation
of the tangent direction is made by factoring J and solving (4.3). A maximum number
of three failures is allowed in the corrector step before the iterations are interrupted.
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If the corrector step converges without requiring a factorization of J, the steplength
is increased by a factor of two. The natural parameter steplength is computed and
compared to an upperbound. A valid steplength is the smallest value between the
upperbound and the increased stepsize. In the results shown in section 5, corrector
failures occur most often for solution points close to turning points. The amount
of reduction or increase of the parameter steplength is problem dependent and also
important to keep the method’s cost low. Note that several corrector failures will
incur a prohibitive cost to the predictor-corrector method. Each failure adds to the
existing expenses the cost of a factorization of J used to compute an accurate tangent.
The situation is not so critical because, as shown in section 5, the cost of factoring J
is amortized in the corrector iterations.

4.4. Transition between parametrizations. When the angle α (4.7) between
two successive tangent vectors in the solution curve is greater than 10◦, the pseudoar-
clength parametrization of the curve is employed (sections 4.1.2 and 4.2.2). Other-
wise, the natural parametrization is the method of choice. When a transition from
the natural parametrization to the pseudoarclength parametrization occurs, the initial
pseudoarclength parameter steplength is selected by

∆λ(m−1) =
∆Re(m−2)

Ṙe(m−1)

,(4.19)

where (m − 2) is the continuation step where α > 10◦ occurred. When the converse
takes place, the initial natural parameter steplength is selected by

∆Re(m−1) = ∆λ(m−2) Ṙe(m−2) .(4.20)

In this last case the initial natural parameter steplength is considered valid only if
it is less than or equal to an upperbound. In the experiments reported below the
upperbound is 100.

5. Results and discussion. Solution curves to the LDC problem (section 2)
possessing 100 solution points were constructed by the methods presented in sections
3 and 4. Employing the heuristic steplength control described in section 4.3, it was
found that the Reynolds number ranged between 0 and 10,000. The results were
accurate with respect to the finite element approximations shown in Figure 5.1, and
also with respect to the fixed-point iterations (Figures 5.6 and 5.8). Results obtained
with θ = 20◦ and 40,000 finite elements (441,602 equations) are identical to the results
presented below (see Appendix C in [de Almeida and Derby, 1997]).

The kinetic energy of the system K, measured in units of 1
2 ρ v

2
w h2, is defined as

K :=

∫
Ω

v(x) · v(x) dx =
∥∥v∥∥2

L2(Ω)
,

where v is measured in units of vw and length is measured in units of h. Therefore
0 < K < 1 for any value of Re. Alternatively, the kinetic energy can be measured in
units of 1

2µvwh, in this case

K̂ = Re
∥∥v∥∥2

L2(Ω)
.

Figure 5.2 shows the kinetic energy as a function of the Reynolds number. For
angles of tilt θ = 0 and θ = 10 the kinetic energy increases monotonically with Re
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θ = 0◦ θ = 20◦

Fig. 5.1. Finite element partition with 10000 finite elements and 110, 802 equations.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

REYNOLDS NUMBER

0.18

0.2

0.22

0.24

0.26

0.28

0.3

0.32

S
Q

U
A

R
E

R
O

O
T

O
F

K
IN

E
T

IC
E

N
E

R
G

Y

θ = 0o

θ = 10
θ = 20

o

o

0 10 20 30 40 50 60 70 80 90 100

CONTINUATION STEP

0

10

20

30

40

50

60

70

80

90

T
A

N
G

E
N

T
A

N
G

LE
oθ = 0

θ = 10
θ = 20

o

o

(a) (b)

Fig. 5.2. Solution curve with 100 points and 110, 802 equations. (a) Square root of kinetic
energy K of the LDC system for different geometries of the cavity. (b) Angle α between successive
tangent vectors on the solution curves corresponding to the geometries in (a).

and appears to approach an asymptotic limit. This behavior is a consequence of the
evolution of the primary vortex in the cavity with an increasing Reynolds number.
As Figure 5.3 shows, the primary vortex grows and fills a substantial portion of the
cavity, therefore the system attains a greater kinetic energy level. The growth in size
and strength is initially fast, with respect to the Reynolds number, for 0 < Re < 2000
and moderate to slow for Re > 2000. The secondary vortices, present at the lower
corners and upper left corner do not show a significant tendency to grow; therefore
they do not contend for space in the cavity. In the absence of competition, the primary
vortex expands and occupies the area of the circle circumscribed in the cavity.

The variation of the kinetic energy with the Reynolds number for the angle of tilt
θ = 20 is qualitatively and quantitatively different owing to the presence of turning
points. Multiple values of K in the range 1449.7 < Re < 2002.8 result from the the
existence of distinct configurations of vortices in the cavity with same level of kinetic
energy. Figure 5.4 shows three different flow configurations at the same value of Re.
The kinetic energy of the system lowers significantly for Re > 2000 in virtue of the
expansion of secondary vortices carrying stagnant flow. In addition, K decreases with
increasing Reynolds number in the range 1550 ≤ Re ≤ 2000 on the upper branch,
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Re = 0

Re = 2066.6 Re = 4066.6

Re = 8066.6 Re = 9466.6

Fig. 5.3. Flow speed and stream function contours for tilt angle θ = 0 with finite element
partition corresponding to 110, 802 equations.

indicating that a change of sign on dK
dRe occurs prior to the first turning point.

Qualitative changes in the flow with increasing Reynolds number are reflected in
the performance of the predictor-corrector method (Figures 5.5 and 5.6). When the
flow is rapidly changing with the Reynolds number, factorizations of J are needed
more often but still more than one solution point can be obtained with a single
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Re = 0

Re = 1550 Re = 1550

Re = 1550 Re = 3784

Fig. 5.4. Flow speed and stream function contours for tilt angle θ = 20 with finite element
partition corresponding to 110, 802 equations. Turning points occur at Re = 1449.7 and Re = 2002.8.

factorization assisted by a few inner iterations that rarely approach 50% of the cost of
a factorization. For θ = 0 the average number of converged solutions per factorization
is 5.8, and for θ = 10 it is 7.1. This shows that exploitation of a factorization of J
along the solution curve is cost effective. Evidently, whenever a factorization takes
place a high-order convergence results.
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Fig. 5.5. Performance of predictor-corrector method with 110, 802 equations. (a) Factorizations
of J per continuation step for tilt angle θ = 0. (b) Corresponding forward/backward substitutions
per continuation step represented with filled bars. Maximum allowed forward/backward substitutions
represented with outlined bars.
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Fig. 5.6. Performance of predictor-corrector method with 110, 802 equations. (a) Relative
norms of velocity and pressure correction fields, respectively, (3.15a) and (3.15b), per continuation
step for tilt angle θ = 0. (b) Corresponding root-mean-square of momentum and mass residuals.

The most demanding case is when the flow change with Re is more dramatic, par-
ticularly in the vicinity of turning points (Figures 5.7 and 5.8). Here the corrector step
automatically employs the more expensive pseudoarclength parameter continuation
as long as α < 10◦ (Figure 5.2b). Fortunately α > 10 for only a few solution points.
In addition, corrector failures are likely to occur. The additional expenses, mentioned
in section 4.3, are reflected on extra factorizations and forward/backward substitu-
tions that may exceed 50% of the cost of a factorization (Figure 5.7). Nevertheless
the method is still attractive because the average number of converged solutions per
factorization is 1.3. This is especially surprising considering the fact that the stepsize



308 VALMOR F. DE ALMEIDA AND JEFFREY J. DERBY

0 10 20 30 40 50 60 70 80 90 100

CONTINUATION STEP

0

1

2

3

F
A

C
T

O
R

IZ
A

T
IO

N
S

θ = 20o

0 10 20 30 40 50 60 70 80 90 100

CONTINUATION STEP

0

5

10

15

20

25

30

35

F
O

R
W

A
R

D
/B

A
C

K
W

A
R

D
S

U
B

S
T

IT
U

T
IO

N
S

θ = 20o

(a) (b)

Fig. 5.7. Performance of predictor corrector method with 110, 802 equations. (a) Factorizations
of J per continuation step for tilt angle θ = 20. (b) Corresponding forward/backward substitutions
per continuation step represented with filled bars. Maximum allowed forward/backward substitutions
represented with outlined bars.
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Fig. 5.8. Performance of predictor corrector method with 110, 802 equations. (a) Relative
norms of velocity and pressure correction fields, respectively (3.15a) and (3.15b), per continuation
step for tilt angle θ = 20. (b) Corresponding root-mean-square of momentum and mass residuals.

on Re reduces four orders of magnitude before the continuation passes through the
turning points.

6. Conclusions and final remarks. A cost-effective procedure for applying
parametric continuation to the steady-state analysis of very large-scale process models
which contain the Navier–Stokes equations to describe laminar, incompressible fluid
flow was presented. The efficiency of this scheme relies on the judicious use of matrix
factorizations and appropriate simplifications to the calculation of solution tangent
vectors. The cost of the method, in terms of both arithmetic operations count and
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data storage, is dominated by the solution of large linear systems of equations with
sparse matrices of coefficients. When constructing a solution curve of the Navier–
Stokes system, a factorization can be made cost effective, that is, several or many
solutions can be accurately computed by recycling an existing factorization along the
solution path.

The cost of constructing a solution curve can be further reduced by alternating
automatically between the less expensive natural parametrization of the solution curve
and the pseudoarclength parametrization. The angle between successive tangents to
the solution curve can be used effectively, as an alternative to the curvature, to control
the transition between parametrizations. To lessen the cost of computing the tangent
angle, the tangent to the solution curve can be approximated by the secant joining two
previously computed solution points; as long as the points are not in the neighborhood
of a singular point—only simple singular points are considered here.

The proposed method was tested on a series of two-dimensional prototype prob-
lems of various sizes. In light of the results obtained, we estimate that with state-of-
the-art vector supercomputers, analysis of two-dimensional models of materials and
chemical processing will be feasible for nonlinear systems of up to 1,000,000 equa-
tions. This statement must be qualified by two potential limitations. For the test
cases undertaken here, the limiting factor is data storage rather than arithmetic oper-
ation count. However, for the largest system tested, the CPU time (operation count)
borders on the limit of what may be considered acceptable—the factorization of the
system with 992,402 equations required approximately one hour of CPU time and
the construction of the steady-state solution curve from Re = 0 to 10,000 and tilt
angle θ = 0◦ required a total of 34 CPU hours. The results are encouraging, since
our experience indicates that discretizations of this magnitude (less than 1,000,000
equations) are more than adequate for producing numerically convergent solutions
to realistic two-dimensional models. However, this satisfaction with two-dimensional
model performance will certainly not hold for the analysis of 3-D counterparts. We
outline our approach to such problems below.

Today’s parallel supercomputers promise a substantial increase in CPU memory
and computational speed. Our work [de Almeida and Derby, 1999] toward utilizing
parallel computers’ resources to solve 3-D models is twofold. First, the method of
bifurcation analysis proposed here can be readily implemented in parallel by employing
a substructuring subdomain decomposition algorithm [Chan and Mathew, 1994] and
factoring the resultant subdomain matrices in parallel. The equivalent linear algebra
description of this approach is the method of multiple fronts [Duff and Scott, 1994].
The difficulty with this approach is how to exploit parallelism to factor the associated
Schur complement matrix. A feasible alternative is to factor the Schur matrix in
parallel via nearest neighbor comunication. Again, data storage requirement is the
bottleneck of a direct method of solution of the linear system.

Second, there exists a class of models of materials processing systems involv-
ing several field quantities (multiphysics applications) for which even the proposed
method of analysis will likely be inadequate. For such models, a promising alterna-
tive is to resort to an iterative method of solution of linear systems of equations as
a preconditioner for an existing direct method—so-called nonconventional precondi-
tioning [Duff, 1996]. Our work towards both of these ends is reported in [de Almeida
and Derby, 1999].
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Appendix. Functional spaces and norms. Definitions of the standard func-
tional spaces and norms used heretofore.

L2(Ω) :=
{
π : Ω→ R | ∥∥π∥∥2

L2(Ω)
< +∞

}
,

∥∥π∥∥
L2(Ω)

:=

(∫
Ω

π(x)
2
dx

) 1
2

,

H1(Ω) :=
{
ψ : Ω→ R | ∥∥ψ∥∥2

H1(Ω)
< +∞

}
,

∥∥ψ∥∥
H1(Ω)

:=

(∫
Ω

ψ(x)
2

+∇x ψ · ∇x ψ dx

) 1
2

,

H1(Ω) :=

{
ψ : Ω→ R

2 | ψ (x) =
∑
i

ψi (x) ii , ψi ∈ H1(Ω) for i = 1, 2

}
,

H1
0(Ω) :=

{
ψ : Ω→ R

2 | ψ ∈ H1(Ω) and ψ ≡ 0 on ∂Ω
}
,

∥∥ψ∥∥
H1(Ω)

:=

(∫
Ω

ψ(x) ·ψ(x) +∇xψ •∇xψ dx

) 1
2

,

∥∥ψ∥∥
L2(Ω)

:=

(∫
Ω

ψ(x) ·ψ(x) dx

) 1
2

.
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1. Introduction. We consider partial differential equations of the type

pT f(x)± pTR(x)p+ l(x) = 0,(1.1)

where x ∈ R
n, p = Vx(x), and R(x), l(x) ≥ 0. Equation (1.1) is a Hamilton–Jacobi

type equation which arises in nonlinear theory. For example, consider the optimal
control problem

J(x0, u) =

∫ ∞

0

l(x(t, x0)) + ‖u(x(t, x0))‖2dt,(1.2)

where l : R
n → R is a positive definite, monotonically increasing function, u ∈ R

m,
and x satisfies the differential equation

ẋ = f(x) + g(x)u,(1.3)

x(0) = x0.

It is well known [1] that the optimal control can be directly found to be u∗ = − 1
2g
T ∂V
∂x ,

where V satisfies the Hamilton–Jacobi–Bellman equation

∂V T

∂x
f(x)− 1

4

∂V T

∂x
g(x)

(
∂V T

∂x
g(x)

)T
+ l(x) = 0.(1.4)
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Equations similar to (1.4) are derived when solving various H∞ problems. In this
case, in addition to (1.3), an output equation for y ∈ R

p is given by

y = h(x).(1.5)

The system (1.3) is said to have L2 gain ≤ γ if

‖y(x)‖ ≤ γ0‖u(x)‖(1.6)

for all u ∈ L2[0,∞], for all t > 0, for some γ0, 0 ≤ γ0 ≤ γ. If Vx(x) = p satisfies the
Hamilton–Jacobi–Isaacs equation

pT f(x) +
1

4γ2
pT g(x)gT (x)p+ hT (x)h(x) = 0,(1.7)

then the system (1.3) has L2-gain γ for all u(x) satisfying ‖u(x)‖ ≤ δ, for sufficiently
small δ > 0. See [2], [3] for details. In this case, equality occurs if u∗(x) = 1

2γ2 g
T (x)p.

Because (1.1) is a first-order nonlinear equation, closed form solutions cannot be
found in general. Furthermore, the only information known about V (x) is that it is a
C2 positive definite solution locally in a neighborhood around the equilibrium point
x = 0 and V (0) = 0. The size of this neighborhood is not known in advance, and no
boundary conditions are known, so traditional numerical methods are inapplicable.
Approximate solutions of (1.1) have been found either through a power series method
[4], [5] or a successive approximation approach [6], [7], [8]. In this paper, an iterative
procedure is introduced which computes the stabilizing solution of (1.1) for any x0

near the origin. Convergence is shown to be exponential, allowing the user to find
a solution of any desired accuracy. By applying the algorithm to sufficiently many
points near the origin, an approximate solution over the entire neighborhood can be
pieced together through, for example, polynomial interpolation.

The paper is organized as follows. In section 2, the motivation and the algorithm
are given. Section 3 discusses the numerical issues involved in the implementation
of the procedure. Section 4 states the results pertaining to existence and rate of
convergence, and gives an example highlighting these results. In section 5, two nu-
merical examples are given. Section 6 illustrates the convergence rate graphically.
Another simulation is presented comparing the algorithm to different methods in the
literature. Finally it is shown how the computation along an initial manifold can be
used to calculate an approximate solution in an entire neighborhood of the origin, by
applying the method of characteristics.

2. Algorithm.

2.1. Motivation. First, the problem is formally defined. For the dynamic sys-
tem

ẋ = f(x) + g(x)u,(2.1)

y = h(x),

with x ∈ R
n, u ∈ R

m, h(x) ∈ R
p, where f(x), g(x), h(x) are smooth and f(0) =

h(0) = 0, a positive semidefinite function V −(x) : Uρ → R is sought in an open
neighborhood Uρ around the origin which satisfies the Hamilton–Jacobi equation

H∗(x, Vx) ≡ V Tx f(x) +
1

k
V Tx g(x)g

T (x)Vx + h
T (x)h(x) = 0(2.2)
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and renders (2.1) asymptotically stable with u = 2
kg

T (x)V −
x (x). Here, k is a parame-

ter which depends on the type of problem being considered. For instance, in the H∞
problem, k = 4γ2, while for the optimal control problem k = −4.

The algorithm operates in the Hamiltonian space of (2.2), i.e., it considers the
2n-dimensional ODE

dx

dt
= H∗

p ,(2.3)

dp

dt
= −H∗

x .

It can be shown that any solution of the Isaacs equation H∗(x, Vx) = 0 corresponds
to an invariant manifold of the Hamiltonian system [2]. Furthermore, under suitable
conditions for the optimal control and H∞ problems, the Hamiltonian system is re-
stricted to the hyperbolic case, i.e., the linearization of (2.3) has no eigenvalues on
the imaginary axis. This insures the existence of an n-dimensional stable manifold.
Finally, for x near the origin, the stable manifold can be expressed as a graph of x.
Therefore, seeking the stabilizing solution of (2.2) at a fixed point near the origin is
equivalent to identifying the stable invariant manifold of (2.3) at that point.

Define

z(t, z0) �
(
x(t, x0, p0)
p(t, x0, p0)

)
,(2.4)

z0 �
(
x0

p0

)
,

where x(t, x0, p0) and p(t, x0, p0) are the solutions of (2.3) at time t with initial con-
ditions x0 and p0. Also define H̄ as the linearization of (2.3) around the equilibrium
point (x, p)T = (0, 0)T . Then (2.3) can be rewritten as

ż = H̄z + h(z), h ∈ O(‖z‖2),(2.5)

H̄ =
∂

∂z

(
H∗
p

−H∗
x

)
z=0

.

Fix a point x = x0, x0 ∈ Uρ. Finding the stabilizing solution of (2.2) at x0, defined

as p∗0 � V −
x (x0), is equivalent to finding the vector p0 which causes z(t, z0) → 0 as

t→∞.
The algorithm uses this asymptotic behavior of the stabilizing solution of (2.2) to

find p∗0. For a fixed time t, it evaluates each possible solution vector p by measuring
how close the trajectory of the Hamiltonian system (2.3) passing through (x0, p) comes
to the origin. This is repeated for larger and larger times to produce a sequence of
vectors which converge to a point on the stable manifold.

Define the distance function

F (t, p0) � ‖z(t, z0)‖2 = ‖x(t, x0, p0)‖2 + ‖p(t, x0, p0)‖2.(2.6)

F measures the distance from the solution of (2.5), z(t, z0) to the origin at time t with
initial condition z0. Because x0 is fixed, F depends solely on the terminal time t and
the initial condition p0.

Since the solution of (2.2), p∗0 = V −
x (x0), lies on the stable manifold of (2.5),

limt→∞ F (t, x0, p
∗
0)→ 0. Because F is a positive semidefinite function, finding p∗0, or
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where the stable manifold intersects x = x0, is equivalent to solving

inf
p0

lim
t→∞F (t, x0, p0).(2.7)

However, because the Hamiltonian system (2.5) is nonlinear, a closed form so-
lution for z(t, z0) is generally not available, and the minimization cannot be done
analytically. To approximate a solution numerically, a sequence of times which mono-
tonically increases towards infinity is chosen, and for each element in this sequence F
is minimized with respect to p0. For each i = 1, 2, 3, . . . define

ti ↑ ∞,(2.8a)

F i � min
p0
F (ti, p0),(2.8b)

pi0 � argmin
p0

F (ti, p0).(2.8c)

As i becomes larger, ti →∞, and F can be considered, in a sense, as measuring
the asymptotic behavior of candidate solutions. It will be shown in section 4 that
F i → 0 and pi0 → p∗0.

2.2. Initial guess. In order to solve (2.8b) and (2.8c) for fixed i, an iterative
procedure is, in general, required. For each i, a starting estimate is taken to be the
converged value pi−1

0 . Since the algorithm is an iterative procedure, a starting guess
for p∗0 is needed. A good estimate for p∗0 which is taken to be p00, can be found
by considering the linearization of (2.1). For any linear system, the solution of the
corresponding Hamilton–Jacobi equation is V L(x) = xTPx, where P is the stabilizing
solution of the algebraic Ricatti equation

PA+ATP +
1

k
PBBTP + CTC = 0,(2.9)

where A = ∂f
∂x (0), B = g(0), C = ∂h

∂x (0). It is assumed that σ(A) ⊂ C−.
Thus, the initial guess for the algorithm is V Lx (x0) = p

L
0 = 2xT0 P .

This has a nice geometric interpretation because pL0 is the intersection of the
stable eigenspace of H̄ with the linear variety x = x0. Because x0 is always chosen
near the origin, pL0 will lie close to p∗0.

3. Implementation.

3.1. Minimizing the distance function over the costate variable. For
each element in a sequence ti, the algorithm solves the problem

pi0 = argmin
p0

F (ti, p0).(3.1)

The minimization is done iteratively via a Gauss–Newton method. For a fixed t =
ti, define j as the iteration variable for the Gauss–Newton method. Then, Newton’s
equation is

(pj+1)T � (pj)T −∇F (∇2F )−1,(3.2)

where ∇F and ∇2F are the gradient and Hessian with respect to the covector p,

∇F = zT (t, pj)
∂z

∂p
,

∇2F =
∂z

∂p

T ∂z

∂p
+ zT (t, pj)

∂2z

∂p2
,(3.3)
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and the derivative terms ∂z
∂p and ∂2z

∂p2 are also evaluated at the point (ti, pj). Here,

the second derivative ∂2z
∂p2 represents a bilinear operator on z. More specifically,

zT (t, pj)∂
2z
∂p2 =

∑2n
i=1 zi(t, p

j)∂
2zi
∂p2 , where zi is the ith component of z.

The idea behind the Gauss–Newton method is that for points close to the min-

imizing point, the second derivative term of the Hessian, ∂2z
∂p2 , is dominated by the

first-order term. Therefore, if a starting guess near the optimum can be found, the
Hessian can be replaced by the approximation

∇̃2F � ∂z

∂p

T ∂z

∂p
,(3.4)

and the iteration equation (3.2) becomes

(pj+1)T = (pj)T − zT ∂z
∂p

(
∂z

∂p

T ∂z

∂p

)−1

= (pj)T − zT (t, pj)∂z
∂p

+

(t, pj),(3.5)

where ∂z
∂p

+
is the generalized inverse.

Here, the optimum costate vector for the previous time in the sequence ti is used
for the initial guess, i.e., p0 at time ti is the optimal initial condition p∗ for time ti−1.
If δt � (ti−ti−1) is small, the corresponding minimizing initial conditions will lie near
each other as well, i.e., ‖pi − pi−1‖ will also be small. Since the sequence of times is
chosen by the user, a “good” starting guess can always be constructed.

Because the Hamiltonian system is nonlinear, the two terms in (3.5) need to be
calculated numerically as well. The vector z(t, pj) is a solution of the Hamiltonian
system (2.3) with initial condition (x0, p

j), which can be integrated using standard
Runge–Kutta methods. A greater difficulty lies in calculating ∂z

∂p . Two approximation
methods are presented.

In the first method, the variational equation is adjoined to the Hamiltonian sys-
tem. Write the Hamiltonian system (2.2) in terms of its linearization,

ż = H̄z + h(z),(3.6)

with h(z) ∈ O(‖z‖2). Then the variational matrix ∂z
∂p satisfies the equation

d

dt

∂z

∂p
=

(
H̄ +

∂h

∂z
(z(t, pj))

)
∂z

∂p
,(3.7)

∂z

∂p

∣∣∣
t=0

=

(
0
I

)
.(3.8)

The initial condition is derived by noting that ∂z
∂p is “half” of the full variational

matrix ∂z
∂z0

= ( ∂z∂x0

... ∂z∂p0 ).

Equation (3.7) is linear but time-varying, so in general it cannot be solved directly.
But it can be rearranged and adjoined to (3.6) to form a 2n(n+1)-dimensional system,
which is then integrated numerically.

The second method to calculate ∂z
∂p is through a simple finite difference approx-

imation. Define ei ∈ R
n as the unit vector at coordinate i and let δ > 0 be a



HAMILTON–JACOBI SOLUTIONS 317

perturbation factor. Then, a forward difference approximation to the derivative is

∂z

∂pi
(t, pj) ≈ z(t, p

j + δei)− z(t, pj)
δei

.(3.9)

Note that the forward difference approximation requires integrating a 2n-dimensional
system n+1 times, therefore it has the same computational cost as the first method.
If higher accuracy is desired, a central difference approximation can be employed.
However, in that case, the 2n-dimensional system will need to be integrated 2n times,
resulting in a higher computational cost. δ must be chosen small enough to approxi-
mate the derivative but not too small to lose precision.

3.2. Time of closest approach. Choosing the sequence of times used in the
algorithm will have a major influence on its performance. For example, suppose the
sequence of times tend to infinity too quickly, say ti+1 − ti ≥ K >> 0. Then there
may be numerical problems in finding the corresponding initial conditions, or the
elements in the sequence of initial conditions will have such wide spacing between
them that confidence in the solution may be reduced. On the other hand, choosing
ti+1 − ti very small may put unnecessary computational burden on the algorithm to
get a satisfactory answer.

A method for choosing the sequence of times is introduced in this section. It
balances the issues raised above by taking an element in pi0 and finding the time
which brings the trajectory passing through it closest to the origin. This new time,
called the time of closest approach (TOCA), is chosen as the next time, ti+1, in
the sequence. Because the solutions of a differential equation are continuous with
respect to the time and the initial condition, it follows that pi+1

0 lies close to pi0.
Furthermore, the TOCA “optimizes” each initial condition pi0, in the sense that it
pulls the trajectory passing through it as close to the origin as possible.

Definition 3.1. Consider a system of differential equations ż = f(z), z(0) = z0,
and assume a unique solution, z(t, z0), passing through z0 exists for t ∈ [0,∞). Then
TOCA, t∗, is defined as the time at which the trajectory comes closest to the origin
for all time greater than or equal to zero, i.e.,

‖z(t∗, z0)‖2 ≤ ‖z(t, z0)‖2 ∀t ∈ [0,∞).(3.10)

The point of closest approach (POCA) is defined as the solution of the differential
equation at t∗ with initial condition z0, i.e., z∗ � z(t∗, z0).

Remark 3.1. For a fixed initial condition z0, the TOCA can be calculated by
minimizing the distance function F over all positive times, i.e.,

t∗ � argmin
t≥0

F (t, z0).(3.11)

The TOCA is well defined as long as a solution to the differential equation exists.
Note that if z0 lies on an asymptotically stable manifold of the system, then the POCA
is zero and the TOCA is defined as ∞. Intuitively, this indicates that the sequence
of times using TOCA will diverge, satisfying the conditions of the algorithm.

The TOCA can also be thought of as the time where a trajectory “turns away”
from the origin. Since the algorithm seeks the trajectory which approaches the origin,
the TOCA allows the algorithm to “eliminate” certain initial conditions by measuring
when their trajectories stop approaching the equilibrium point.
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Fig. 1. Restricting the search space of p∗0.

This minimization is also performed using a Gauss–Newton method, and analo-
gously the iteration equation is

tj+1 = tj − zT (tj , p0)∂z
∂t

+

(tj , p0).(3.12)

As above, the initial guess for the iteration is the optimal time for the previous
initial condition, i.e., tj0 = ti−1. The “interlocking” nature of the TOCA with the
sequence pi0 makes this initial guess close to the optimal in practice.

The terms in (3.12) can be found directly. zT (tj , p0) can be determined by inte-
grating system (2.2). And note that ∂z

∂t (t
j , p0) =

dz
dt (z(t

j , x0, p0)), which can be found
exactly from the right-hand side of the Hamiltonian system (2.2). Therefore, for each
iteration only 2n integrations are required.

4. Convergence results. pL0 is the intersection of the stable eigenspace of H
with the linear variety x = x0. p

L
0 can be found directly from the solution of the

algebraic Ricatti equation (2.9) and is used as the initial guess in the iteration formulas
defined by the algorithm. Because x0 is chosen to be near the origin, at x0 the stable
manifold of (2.2) should be “close” to the stable eigenspace, i.e., p∗0 should lie near
pL0 . Therefore, instead of considering all vectors p as candidates to lie on the stable
manifold, the algorithm considers the set P � {p : ‖p− pL0 ‖ ≤ δ} for δ suitable large.
See Figure 1.

Remark 4.1. Restricting the state space to the set P is not needed in the imple-
mentation of the algorithm, but is made here to insure the existence of accumulation
points of the sequence pi0.

Lemma 4.1. F i → 0, as ti →∞.
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Proof. p∗0 lies on the stable manifold of (2.2), so limti→∞ ‖z(ti, x0, p
∗
0)‖ → 0. For

each ti,

F i = ‖z(ti, x0, p
i
0)‖2 = min

p0∈P
‖z(ti, x0, p0)‖2 ≤ ‖z(ti, x0, p

∗
0)‖2.(4.1)

Therefore, as ti →∞,

0 ≤ limF i ≤ lim ‖z(ti, x0, p
∗
0)‖2 = 0.(4.2)

That is, F i → 0.
Because pi0 lies in the closed bounded set P , it has an accumulation point p̄ in P .
Assumption. For any sequence (tj , x0, p

j
0) and p = limj→∞ p

j
0 the following holds:

z lim
j→∞

(tj , x0, p
j
0) = lim

j→∞
(tj , x0, p).

This assumption will prevent situations such as that depicted in [9].
The next lemma states that any accumulation point must lie on the stable man-

ifold of (2.3).
Lemma 4.2. If F i → 0, then any accumulation point of pi0 lies on the stable

manifold. Furthermore, there exists exactly one accumulation point, i.e., pi0 is a
convergent sequence.

Proof. Define pj0 as a subsequence of pi0 which converges to an accumulation point
p̄. Then

lim
j→∞

‖z(tj , x0, p
j
0)‖ = ‖ lim

j→∞
z(tj , x0, p

j
0)‖(4.3)

= ‖z( lim
j→∞

tj , x0, lim
j→∞

pj0)‖
= lim
t→∞ ‖z(t, x0, p̄)‖,

which goes to zero from Lemma 4.1. Therefore, p̄ must lie on the stable manifold.
Now suppose two accumulation points p̄1, p̄2 exist. Both points must lie on the

stable manifold, but x0 was chosen to lie inside the neighborhood where the stable
manifold can be written as a graph, i.e., M− � p = V −

x (x0). Therefore, p̄1 = p̄2 = p∗,
and the entire sequence converges to the stable manifold.

Together, the above insure convergence of the algorithm to the stabilizing solution
of (2.2). The following lemma, which is proved in [9], [10], gives an upper bound on
the rate of convergence.

Lemma 4.3. Define λ1 as the eigenvalue with the largest negative real part of H̄.
Then

‖pi0 − p∗0‖ = O(eReλ1t).(4.4)

The proof of Lemma 4.3 is based on the variations of constants formula applied to
the Hamiltonian system and the bound is not sharp. However, if the nonlinearities of
the Hamiltonian system are removed, i.e., ż = H̄z, the sequence of costates generated
by the algorithm can be calculated analytically and the convergence rate can be found
directly. While this does not provide a “true” rate of convergence for the nonlinear
case, by moving x0 close to the origin, the nonlinear terms can be considered as a
perturbation of the linearized Hamiltonian, and the following result [10] can be viewed
as a better estimate for the convergence of the algorithm.
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Lemma 4.4. For a fixed time, the minimization problem

min
p0
F (t, x0, p0) = z0e

H̄T teH̄tz0

such that (I 0)z0 = x0

can be directly solved. Furthermore, as t→∞,

‖p0(t)− p∗0‖ = O(e2Reλ1t).

Hence, if x0 is chosen such that the nonlinear terms have a “small” effect on
the dynamics, the convergence rate can effectively double. This can be seen in the
following example.

4.1. Example. Consider the H∞ problem for the nonlinear system

ẋ = Ax+ εf(x) +Bu,

y = Cx.

Increasing ε is equivalent to strengthening the effect of the nonlinear terms on the
system dynamics.

Define

A =

(
0 1
−1 −2

)
, B =

(
0
1

)
, C =

(
1 0

)
,

f(x) =

(
x2

1

x1x2 − x2
2

)
, γ = 1.3.

The algorithm was used to solve the corresponding Hamilton–Jacobi equation at the
point (0.1 0)T for different values of ε. For all cases, the first terminal time in the
sequence ti in (2.8a) used in the program was 2.0. Since the solution to the Hamilton–
Jacobi equation is not known when ε �= 0, for all cases the simulation was run until
five significant digits were obtained in the solution. The resulting state trajectories
are given in Figure 2.

This indicates that the algorithm is indeed finding a stabilizing trajectory. Figure
3 shows the error graph of the algorithm for each iteration for each value of ε.

The eigenvalues of the corresponding Hamiltonian matrix are ±1.31,±0.48. For
the linear case ε = 0, the straight line of the error curve on the semilogarithmic axis
implies exponential convergence with respect to the iteration variable. The slope of
the line indicates the rate of convergence, which can be calculated using a least square
fit. In this case, the rate of convergence is −0.96, which is indeed O(e2λ1t) as expected.
As ε increases, the nonlinear terms have a stronger effect on the algorithm, and the
rate of convergence decreases accordingly.

5. Illustrative examples.

5.1. Optimal control problem with nonquadratic cost. The first example
is a linear system with a nonquadratic cost function. The example is from [5],

ẋ = −ax+ u,(5.1)

J =

∫ ∞

0

x2 + x4 + u2dt.



HAMILTON–JACOBI SOLUTIONS 321

0 0.02 0.04 0.06 0.08 0.1 0.12
–0.03

–0.025

–0.02

–0.015

–0.01

–0.005

0

x
1

x
2

Phase portraits for different ε

0   
0.25
0.5 
0.75
1   

Fig. 2. State trajectories of system with algorithmic control.
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Fig. 3. Effect of nonlinear terms on convergence.

The corresponding Bellman equation is

H∗(x, Vx) = −axVx − 1

4
V 2
x + x2 + x4 = 0,(5.2)

and the optimal control of (5.1) is u∗ = − 1
2V

−
x , where

V −
x (x) = −2x(a−

√
a2 + 1 + x2).(5.3)
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Fig. 4. Numerical solution for system (5.1).

In the case a = 1, (5.2) was solved by the algorithm for x ∈ [−1, 1]. The initial
guess for V −

x (x) was chosen to be −2x. The starting time in the sequence ti in (2.8a)
was chosen as t0 = 2 and the times were increased at each iteration by 0.1.

The top graph of Figure 4 shows that the algorithm finds the stabilizing solution
of (5.2) for different fixed values of x. The graph on the bottom shows the progress
of the algorithm to the correct solution for x = −1, which is V −

x (−1) = −1.46410.
Figure 5 displays two error estimates used when the true solution is not known in

advance. The graph on the top displays the first error estimate which is the residual
of the Bellman equation for each minimizing initial condition pi0. Since the algorithm
seeks a solution to the Bellman equation, each iteration should cause the residual to
decrease to zero. The bottom graph shows the second error estimate which shows
the progress of the distance function F (ti, pi0) = ‖x(ti, x0, p

i
0)‖2 + ‖p(ti, x0, p

i)‖2 as ti

increases. Clearly, this function should monotonically decrease to zero as well as ti

grows bigger.

5.2. A two-dimensional linear H∞ problem. For a linear system

ẋ = Ax+Bu,(5.4)

y = Cx,

the Hamilton–Jacobi–Isaacs equation whose solution insures the L2 gain from u to y
is less than or equal to γ reduces to the algebraic Ricatti equation (2.9). Specifically,
with k = 4γ2, the stabilizing solution is V −

x = xTX and the corresponding control is
u∗ = 1

2γ2B
T (V −

x )T = 1
2γ2B

TXx.

Although (2.9) can be solved directly, the optimal control can also be found at a
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Fig. 5. Error functions for system (5.1).

specific initial condition by the algorithm. Let

A =

(
0 1
−1 −2

)
,

B =

(
0
1

)
,(5.5)

C =
(
1 0

)
,

and set γ = 1.3. The algorithm was run at the initial point x = (1 0)T , with initial
guess for p∗ arbitrarily chosen to be (1 1)T . The first time in the sequence ti in
(2.8a) used in the program was t0 = 5, and the times were increased at each iteration
by 0.25. The TOCA was not used.

The true solution Vx(x) = (2.839 1.220)T is found by directly solving the alge-
braic Ricatti equation. Figure 6 shows the convergence of each component of pi to the
true solution. The bottom two graphs show the distance function F and the residual
function H∗, which indicate that the algorithm is indeed converging to a stabilizing
solution of (2.9).

6. Convergence rate versus eigenvalues of a Hamiltonian. Lemma 4.4
shows that for linear systems,

ei = ‖pi0 − p∗0‖ ≈ Ce2 Reλ1t,(6.1)

where λ1 is the eigenvalue with largest negative real part of H̄. Therefore,

ln(ei) ≈ lnC + 2Reλ1t
i.(6.2)

So if the graph of the error function versus the sequence ti is a straight line on semilog
axes, then the error is truly decreasing exponentially as the times in the algorithm
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Fig. 6. Solution and error analysis for (2.9).

increase. Furthermore, the slope of the line will determine the time constant or the
rate of decay.

The Hamiltonian matrix associated with (5.2) is

H =

(−a − 1
2−2 a

)
.(6.3)

H has eigenvalues ±√a2 + 1. Running the algorithm at x = 1 for different values
of a, Figure 7 displays the logarithmic error graph. Clearly, the curves are all linear,
which imply exponential convergence. Furthermore, as a increases the slope of each
line increases, indicating a faster rate of convergence. By finding the least square
fit to each curve, the rate of convergence can be tested. Table 6.1 shows how the
eigenvalues of the Hamiltonian and the convergence rate of the algorithm vary as a
increases.
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Table 6.1
Eigenvalues of H versus rate of convergence.

a λ 2λ mcalc

1
√
2 −2.83 −2.83

2
√
5 −4.47 −4.46

3
√
10 −6.32 −6.37

4
√
17 −8.24 −8.25

Clearly, the rate of convergence is consistently twice the eigenvalue of the Hamil-
tonian matrix.

For higher dimensional systems, this convergence ration depends on the eigenvalue
with largest negative real part eigenvalue of the Hamiltonian. Consider the linear H∞
problem (5.4), (5.5). The associated Hamiltonian system of the Isaacs equation is

(
ẋ
ṗ

)
=

(
A 1

2γ2BB
T

−2CTC −AT
)(

x
p

)
,(6.4)

and the eigenvalues of (6.4) are ±1.31,±0.48. Figure 8 shows the graph of the error
versus the time on semilog axes. The straight line indicates that the convergence is
indeed exponential, and the slope confirms that the rate is approximately double the
minimum eigenvalue of H.

6.1. A nonlinear second-order system. Solve the optimal control problem

ẋ1 = x2,(6.5)

ẋ2 = εx3
1 + u,
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subject to to the performance index

J =
1

2

∫ ∞

0

x2
1 + x

2
2 + u

2dt.(6.6)

This problem was solved in Nishikawa [5] using a perturbation method, and by
Beard [7] using a successive approximation scheme. Results using all three methods
will be compared when ε = 1.

The corresponding Bellman equation for this problem is

H � x2p1 + x
3
1p2 −

1

2
p22 +

1

2
x2

1 +
1

2
x2

2 = 0,(6.7)

and the optimal control is simply u∗ = p2.
Nishikawa and Beard develop fourth-order approximations of the optimal control.

They are

un(x) =− x1 − 1.7321x2 − x3
1 − 1.3235x2

1x2 − 0.6923x1x
2
2 − 0.1323x3

2,(6.8)

ub(x) =− 1.0376x1 − 1.7975x2 − 1.3079x3
1 − 1.3429x2

1x2

− 0.4664x1x
2
2 − 0.74x3

2.

These controls are compared to the numerical control obtained by our algorithm for
the initial conditions x1(0) ∈ (−1, 1) and x2(0) = 0. The algorithm was run until five
digits in the solution were obtained, and the results are shown in Figure 9. In the
figure, JA refers to the controls obtained by the algorithm, JB to Beard’s control, and
JN to Nishikawa’s control.

The first plot shows the associated costs for all three methods. These graphs
are indistinguishable, so the differences are plotted as well. It is seen that the cost
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obtained by this algorithm is comparable to the other methods. However, by strength-
ening the stopping criteria, the costs under our method can be decreased even further
at an extra computational cost. Finally, the graph on the bottom right shows a sample
trajectory of the system using all three controls.

6.2. Forming the surface numerically. Our algorithm does not find an ana-
lytic expression for the control in terms of the state x0 like the other two methods.
However, the control function can be computed numerically by choosing enough points
around the origin and integrating the Hamiltonian system forward and backward in
time. The forward time trajectory brings the characteristic towards the origin and
the backward time trajectory propagates the solution outward. Figure 10 shows the
projection of the Hamiltonian system on the state space (x1, x2) of the plant using
various initial conditions along the line x2 = 0.

It should be apparent that any section of the state space can be “covered” by
characteristics given a sufficient number of initial points by the algorithm.

Recall the Hamiltonian system also solves for V (x) and its derivatives as well.
Therefore, the value function over the entire region can be estimated by using inter-
polation methods between the characteristics. Also, since in this case u(t) = p2(t), a
numerical solution for the feedback control can be found as well. Figure 11 shows the
graphs of both functions.
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7. Conclusions. There is a need for numerical methods which approximate so-
lutions to the special types of equations which arise in nonlinear control theory. This
paper presents an algorithm which calculates an open-loop solution to these Hamilton–
Jacobi type equations for points sufficiently close to the origin.
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A NEW LAGRANGIAN METHOD FOR TIME-DEPENDENT
INVISCID FLOW COMPUTATION∗
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Abstract. This paper presents a new Lagrangian approach for the two-dimensional (2-D) time-
dependent Euler equations. It may be considered as a sequel to the authors’ previous Lagrangian
approaches for steady supersonic flow computations [C. Y. Loh and W. H. Hui, J. Comput. Phys.,
89 (1990), pp. 207–240; W. H. Hui and C. Y. Loh, J. Comput. Phys., 103 (1992), pp. 450–464;
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15 (1994), pp. 1038–1058; C. Y. Loh and M. S. Liou, J. Comput. Phys., 113 (1994), pp. 224–248].
The theoretical background and the intrinsic flow coordinates as well as the Lagrangian conservation
form are introduced based on the concept of material functions (or path functions). A TVD scheme
of the Godunov type is chosen to describe the numerical procedure. Several examples are then given
to justify the claimed advantages of the new methodology, namely, (a) any contact discontinuities
are crisply solved and (b) grids are automatically and accurately generated following pathlines.

Key words. Lagrangian description, TVD scheme, inviscid unsteady flow

AMS subject classifications. 65C20, 65M05, 76N10, 70D10, 76L05

PII. S1064827597330856

1. Introduction. It is well known that there exist two self-contained general
formulations of studying fluid flow: the Eulerian formulation observes flow at fixed
locations whereas the Lagrangian formulation does so following fluid particles.
Most of the existing work uses the Eulerian formulation in which the computa-

tional cells are fixed in space, while fluid particles move across cell interface. It is
this convective flux that causes severe numerical diffusion in the numerical solutions
using Eulerian formulation. Indeed, contact discontinuities or slip lines are smeared
badly and shocks are also smeared, albeit somewhat better than contact discontinu-
ities. Moreover, the smearing of contact increases with time and distance as a result
of continuous mixing of fluid particles. This process exhibits the nature of Eulerian
formulation. It cannot be stopped by simply reducing the artificial damping of the
numerical scheme. In [1], it is estimated, for example, for a second-order scheme, the
smearing is in the order of O(n1/3), where n is the number of time steps. Higher or-
der schemes such as piecewise parabolic method (PPM) and essentially nonoscillatory
(ENO) may have better performance, but the process still exists as a result of the fun-
damental nature of the Eulerian approach. Special treatments or numerical fixes, such
as artificial compression, steeper reconstruction, and subcell resolution [1], were then
introduced in association with higher order schemes (PPM, ENO, etc.). For many
problems, great improvements are achieved. However, these numerical fixes either
have side-effects or are not always reliable. Since the sixties, the primary efforts of
computational fluid dynamics (CFD) algorithm researchers have been concentrated
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on developing better (more robust, accurate, and efficient) ways to deal with this
convective flux. Although great progresses have been made, numerical diffusion still
exists, causing inaccuracy, and is even more difficult to handle in multidimensional
flow problems.

Computational cells in the Lagrangian formulation, on the other hand, are literally
fluid particles. Consequently, there is no convective flux across cell boundaries and
the numerical diffusion is thus minimized. Fundamentally, Lagrangian formulation
is ideal for crisp contact resolution. In addition, flow physics is closely followed in a
Lagrangian approach and the numerical scheme may benefit from it. The most famous
Lagrangian method in use at the present time is the arbitrary Lagrangian–Eulerian
method (ALE) [2]. The ALE begins with the first principles of flow physical laws,
and the grid nodes are advanced in space and time according to their corresponding
velocities. Most modern Lagrangian methods follow the same idea of using staggered
grids with velocities at nodes and other quantities at cell centers. For any Lagrangian
approach, however, in some cases (e.g., vortical flow with roll-up) the very essence
of allowing computational cells to exactly follow the fluid particles can result in cell
distortion so severe that the grid lines cross one another and cause the failure of the
numerical process. To prevent this from happening, the ALE makes a step back to
the Eulerian phase by using continuous rezoning.

Along the line of Lagrangian approach, recently, Hui and van Roessel [3] and
van Roessel and Hui [4] developed a new idea in reformulating the Euler equations
of gas dynamics and Navier–Stokes equations and thus laid the foundation of a new
Lagrangian description for fluid dynamics. They utilize three material functions,
M1,M2,M3, to replace the conventional particle labels x0, y0, z0 (typically, the initial
position of the particle) as independent variables; then the fourth independent variable
τ turns out to have the same dimension as time, which they term the Lagrangian time.
A material function or path function [5] is defined as a function that remains constant
along a fluid particle path. In the case of steady flow, the material functions become
identical to stream functions [4] and their number reduces from three to two. The
following is a brief account of their derivation for two-dimensional (2-D) unsteady
inviscid flows. The purpose is to show the existence of the new coordinate system.
Tensor notations are used for precise and compact presentation.

The derivation begins with an attempt to eliminate the continuity equation. In
Cartesian coordinates x1−x2 (standing for the usual x− y), let x0 = t be the time of
motion, v0=1, vi, i = 1, 2, the x1 and x2 components of velocity (namely, u, v), and
ρ the density. Then, the continuity equation can be written as

(ρvi),i = 0, i = 0, 1, 2.

The material functionsM i(x0, x1, x2), i = 1, 2, are defined as functions satisfying the
following equations:

εijkK(M1,M2)
∂M1

∂xj
∂M2

∂xk
= ρvi, i, j, k = 0, 1, 2,(1)

where εijk is the permutation symbol and K(M1,M2) is a function related to the
Jacobian by

ρ

K
=

∂(M1,M2)

∂(x1, x2)
.(2)
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Equation (2) is obtained by setting i = 0 in (1). By substituting (1) in the continuity
equation, it is observed that the continuity equation is identically satisfied and thus
can be eliminated:

(ρvi),i = εijk
∂

∂xi

[
K

∂M1

∂xj
∂M2

∂xk

]
= 0, i, j, k = 0, 1, 2.

Rewrite (1) using I, J,K = 0, 1, 2 in place of i, j, k:

vI =
K

ρ
εIJK

∂M1

∂xJ
∂M2

∂xK
,

M i, i = 1, 2, are readily verified to be material functions since

DM i

Dt
= vI

∂M i

∂xI
=

K

ρ
εIJK

∂M i

∂xI
∂M1

∂xJ
∂M2

∂xK
= 0.(3)

Now, consider M i, i = 1, 2, as new independent variables and choose a third one, M0,
in such a way that the new Jacobian remains the same as before,

∂(M0,M1,M2)

∂(x0, x1, x2)
=

∂(M1,M2)

∂(x1, x2)
=

ρ

K
.

Then, there are totally three new independent variables M i, i = 0, 1, 2. The inverse
transformation provides

∂xi

∂M0
=

K

ρ
εijk

∂M1

∂xj
∂M2

∂xk
, i, j, k = 0, 1, 2.

From (1), the above relations result in

vi =
∂xi

∂M0
, i = 1, 2; v0 = 1 =

∂x0

∂M0
=

∂t

∂M0
.

In other words, M0 plays a role as time. It is thus termed the Lagrangian time and
denoted by τ . τ is indeed a physical time. Following a fluid particle, τ differs from t
only by a constant and may be considered as the time individually specified for this
fluid particle. The material derivative now reduces to

D

Dt
= vi

∂

∂xi
=

∂xi

∂τ

∂

∂xi
=

∂

∂τ
.(4)

Equation (4) shows that the new coordinate system (τ,M1,M2) is truly Lagrangian.
By now, the existence of the new Lagrangian coordinate system is justified.
The major difference between the new and conventional Lagrangian formulations

lies in the choice of fluid particle labels. In the conventional Lagrangian description
of fluid motion, fluid particle labels x0, y0, and z0 being the independent variables are
often chosen from the initial fluid particle positions (e.g., in ALE [2]). In contrast,
the new Lagrangian description is characterized by employing material functions (or
stream functions in the steady flow case) as fluid particle labels. It turns out that
by so doing, an intrinsic flow coordinate is established and a direct and exact rela-
tion between flow physics (velocity) and flow geometry—the compatibility equation is
found, while such relation is only expressed approximately and implicitly in the con-
ventional Lagrangian formulation (such as the Lagrangian phase of ALE [2]). When
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written in conservation form, this relation becomes a geometrical conservation law.
As a consequence of the new Lagrangian formulation, we are able to use an unsplit,
nonstaggered grid, and to utilize the well-established modern high resolution shock-
capturing schemes.

In general, it is observed that the new Lagrangian approach possesses the following
features compared to its Eulerian counterpart:

• A computational cell is literally a fluid particle; consequently physics is closely
followed.
• Contact discontinuity resolution is crisp and never becomes smeared.
• Grids are automatically generated following particle pathlines or streamlines.
The geometrical conservation law assures the correct deformation of each grid
cell.
• On the other hand, as in any (pure, nonrezoned) Lagrangian approach, the
numerical procdure may fail when the computational cells are highly distorted
and grid line crossing occurs (e.g., when vortical roll-up occurs).

Currently our research on the new Lagrangian approach is mostly concentrated in
applying finite difference approach in the steady supersonic flow regime. The present
authors [6, 7, 8] first put forward a Lagrangian conservation form and applied a
Godunov/TVD scheme in 2-D steady supersonic flow computation. In the meantime,
they also successfully apply a random choice method [9] for the 2-D supersonic flow
problems. In [8], they developed a shock cell splitting technique to exactly locate
the shock, which was recently further improved by LePage and Hui [10]. Loh and
Liou [11, 12] applied the finte difference and random choice methods for 2-D real gas
problems. Recently, they [13, 14] extended the TVD scheme to solve three-dimensional
(3-D) supersonic flow problems and obtained interesting results.

In this paper, we report our research on the Lagrangian approach for 2-D unsteady
inviscid flow, which includes the new Lagrangian formulation, the corresponding con-
servation form, and the TVD numerical scheme. The contents are organized in the
following way. In section 2, the new conservation forms for 2-D unsteady flows are
derived. Section 3 is devoted to the numerical method applied in the new Lagrangian
approach. In section 4, several typical numerical results are presented to show the
advantages of the new methodology. Finally the paper is concluded in section 5.

2. Lagrangian conservation form for 2-D unsteady flows. The new La-
grangian coordinates may be considered as the intrinsic flow coordinates, which is
analogous to the intrinsic (or natural) coordinates for a spatial curve in differential
geometry. From the viewpoint of numerical computation, we are more interested in
the conservation form of the governing equations. Although such a Lagrangian con-
servation form can be derived via the first principles of physics, we prefer a derivation
based on applying coordinate transformation to the Euler equations (5). By so do-
ing, the compatibility equations, which provide geometrical conservation laws for grid
deformation, are directly available. The coordinate transformations from Cartesian
variables (t, x, y) to Lagrangian variables (τ, ξ, η) (hereafter, M1,M2 are replaced by
ξ, η, respectively) lead to a compact form of the Euler equations under the new system.
The Eulerian conservation laws for 2-D unsteady flows are

∂E

∂t
+

∂F

∂x
+

∂G

∂y
= 0,(5)

where
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E =




ρ
ρu
ρv
ρe


 , F =




ρu
ρu2 + p
ρuv

(ρe+ p)u


 , G =




ρv
ρuv

ρv2 + p
(ρe+ p)v


 .

As usual, t, u, v, ρ, and p are, respectively, time, the Cartesian components of flow
velocity, density, and pressure of the fluid obeying the γ-law; the special total energy

e =
1

2
(u2 + v2) +

1

(γ − 1)
p

ρ
.

Note that the γ-law is not a condition for converting (5) into a Lagrangian form but is
a convenient choice since it is set in our Riemann solver. Let r = (x, y)T , V = (u, v)T

denote the Cartesian coordinates and the fluid velocity, respectively. Then,

V =
Dr

Dt
=

∂r

∂τ
.(6)

Furthermore, we define the following Lagrangian quantities:

T = (U, V )T =
∂r

∂ξ
, S = (X,Y )T =

∂r

∂η
.(7)

These quantities represent the lateral displacement gradients of a fluid particle (or a
quadrilateral computational cell). Note that they should not be confused with the
lower case flow velocities (u, v) and coordinates (x, y). We also define

W =
∂t

∂ξ
, Z =

∂t

∂η
.(8)

Then the Jacobian matrix of the transformation is

J =
∂(t, x, y)

∂(τ, ξ, η)
=


 ∂t/∂τ ∂t/∂ξ ∂t/∂η

∂x/∂τ ∂x/∂ξ ∂x/∂η
∂y/∂τ ∂y/∂ξ ∂y/∂η


 =


 1 W Z

u U X
v V Y


 .(9)

Notice that

∂W

∂τ
=

∂

∂τ

(
∂t

∂ξ

)
=

∂

∂ξ

(
∂t

∂τ

)
= 0,

∂Z

∂τ
=

∂

∂τ

(
∂t

∂η

)
=

∂

∂η

(
∂t

∂τ

)
= 0.

In other words, W and Z are independent of τ during marching forward in time. For
simplicity, we let W = Z = 0 identically. The Jacobian matrix J is now reduced to

J =


 1 0 0

u U X
v V Y


 ,(10)

and its determinant becomes

|J | =
∣∣∣∣ U X
V Y

∣∣∣∣ .(11)

Equation (11) denotes the volume ratio during the change of independent variables.
Subsequently,

K = ρ|J | = ρ

∣∣∣∣ U X
V Y

∣∣∣∣(12)
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(a) (b)

(c) (d)

Fig. 1. Physical and computational space-time domains. (a) Physical domain, (b) computa-
tional domain, (c) cell layout on a typical ξ − η plane, (d) mass flux of a cell.

is the mass flux (Figure 1(d)). The function K thus derived is identical to the 2-
D definition of (2). From (12), |J | = K/ρ, and the Jacobian matrix of the inverse
transformation

J−1 =
∂(τ, ξ, η)

∂(t, x, y)
=


 ∂τ/∂t ∂τ/∂x ∂τ/∂y

∂ξ/∂t ∂ξ/∂x ∂ξ/∂y
∂η/∂t ∂η/∂x ∂η/∂y


 =


 1 0 0

u U X
v V Y




−1

(13)

=
ρ

K


 K

ρ 0 0
J21 Y −X
J31 −V U


 ,

where

J21 = −
∣∣∣∣ u X
v Y

∣∣∣∣ , J31 = −
∣∣∣∣ u U
v V

∣∣∣∣ .
Equation (13) provides all the partial derivatives ∂

∂t ,
∂
∂x , and

∂
∂y that are needed in

converting the Eulerian conservation form (5) into a new Lagrangian conservation
form with (τ, ξ, η) as the independent variables:

∂

∂t
=

∂

∂τ
+

ρ

K
J21

∂

∂ξ
+

ρ

K
J31

∂

∂η
,

∂

∂x
=

ρ

K
Y

∂

∂ξ
− ρ

K
V

∂

∂η
,
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∂

∂y
= − ρ

K
X

∂

∂ξ
+

ρ

K
U

∂

∂η
.

Now, corresponding to (3), it can easily be confirmed that the material derivatives of
ξ and η vanish,

Dξ

Dt
=

Dη

Dt
= 0,

and that ξ and η are truly material functions or path functions.
After some algerbraic manipulation, (5) is transformed into a new Lagrangian

conservation form with independent variables (τ, ξ, η)

∂El

∂τ
+

∂Fl

∂ξ
+

∂Gl

∂η
= 0,(14)

where the subscript l stands for Lagrangian form and

El =




K
Ku
Kv
Ke


 , Fl =




0
Y p
−Xp
−J21p


 , Gl =




0
−V p
Up
−J31p


 .

Moreover, from (7), we have the following compatibility conditions between the τ -
derivatives, ξ-derivatives, and η-derivatives of r:

∂T

∂τ
=

∂V

∂ξ
,

∂S

∂τ
=

∂V

∂η
.(15)

Equation (15) represents the geometrical deformation of the computational cells (fluid
particles) and is hence called the geometrical conservation law. It provides the exact
relations between flow physics (velocity) and geometry and marks the major differ-
ence between the new Lagrangian approach and a conventional one. A conventional
Lagrangian approach (such as ALE) employs interpolation to march forward and to
achieve grid deformation. Such relations between flow velocity and cell geometry, of
course, exist but are not required explicitly.
By combining the Lagrangian physical conservation laws (14) and the geometrical

conservation laws (15), we achieve a complete set of the new Lagrangian conservation
form (for brevity the subscript l is dropped off):

∂E

∂τ
+

∂F

∂ξ
+

∂G

∂η
= 0,(16)

where

E =




e1

e2

e3

e4

e5

e6

e7

e8



≡




K
Ku
Kv
Ke
U
V
X
Y




, F =




f1

f2

f3

f4

f5

f6

f7

f8



≡




0
Y p
−Xp
−J21p
−u
−v
0
0




, G =




g1

g2

g3

g4

g5

g6

g7

g8



≡




0
−V p
Up
−J31p
0
0
−u
−v




.
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We note here that in the conventional Lagrangian formulation, including ALE, the
Euler equations of gas dynamics have never been written in conservation form (diver-
gence form), except in the special case of one-dimensional (1-D) flow.
At first glance, the Lagrangian equation system (16) seems to have four more

equations to solve than (5). A closer investigation shows that there is no need to
solve the first equation, it only states that mass flux K is constant all the time along
a pathline. Only seven equations need to be solved. The last four equations stand for
a dynamic flow-adapting grid generation-deformation procedure. Their counterpart
in an Eulerian approach (such as the finite volume method) is the grid generation in
the presence of general solid bodies and walls. The solution turns out to be a straight
forward step in the numerical approach as described in the next section and costs
little overhead (generally, less than 5%) in the CPU time consumption.
Regarding the hyperbolicity of the system (16), after careful investigation, it turns

out that the system (16) is only weakly hyperbolic [22], in contrast to the hyperbolicity
of the original Euler equations (5). In other words, in system (16), all 8 eigenvalues
are real but only 7 (instead of 8) linearly independent eigenvectors can be found. Let
α and β be the directional cosines of any directions in the ξ−η plane, α2+β2 = 1, and
define α′ = αξx + βξy, β

′ = αηx + βηy, where, from (13), ξx = Y/|J |, ξy = −X/|J |,
ηx = −V/|J |, ηy = U/|J |. Then, the eigenvalues of the system (16) are λ1 = 0,
λ± = ±a(α′2 + β′2)1/2, where λ1 has a multiplicity of 6 and a is the local speed of
sound. With these eigenvalues, from (13), the local CFL number ν for marching in
the computational space is

ν =
(γpρ)1/2

K
max

[
(V 2 + Y 2)1/2

∆ξ
,
(U2 +X2)1/2

∆η

]
∆τ ≤ 1,

when the flow is continuous. In the presence of discontinuity, the above eigenvalue
analysis is no longer valid, local shock speeds from the Riemann solvers are required
instead, and the expression for a local CFL number becomes very complicated.

3. Numerical approach. The Lagrangian conservation form derived in the
above section provides a formulation for applying various numerical methods in the
flow computations. In principle, all the existing numerical methods that are appropri-
ate for the Eulerian formulation are appropriate for the new Lagrangian one as well.
We shall choose to give brief descriptions to the Godunov/TVD schemes, since it is
one of the most popular schemes in gas dynamics computation and is easy to apply.
The space-time physical domain and computational domain in the τ −ξ−η space

are respectively illustrated in Figures 1(a) and 1(b). A physical cell in the x − y
plane marching along its pathline corresponds to a rectangle cell in the ξ − η plane
marching in the τ direction in the computational space τ − ξ − η. The superscript k
refers to the marching time step number and the subscripts i and j refer to the cell
index number on a time plane τ = const. The time step ∆τk = τk+1 − τk is uniform
for all i and j but is always chosen to satisfy the CFL stability condition. The mesh
divides the computational domain into cuboid control volumes or cells which in ξ and
η directions are centered at (τk, ξi, ηj) and have heights ∆ξi = ξi+1/2 − ξi−1/2 and
∆ηj = ηj+1/2 − ηj−1/2 (for all k). Unless otherwise stated we shall use uniform cell
width ∆ξi for all i and ∆ηj for all j (Figure 1(c)).
In the physical space (t, x, y) a cuboid cell marching in (τ, ξ, η) space corresponds

to a fluid particle marching along its path tube with step ∆t (∆t = ∆τ). The fluid
particle is bounded by four path surfaces ξ = ξi±1/2 and η = ηj±1/2 around it.
Initially, any curvilinear coordinate mesh on the x− y plane surface may be used as
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(a) (b)

Fig. 2. (a) Left and right states for 1-D local Riemann solver; (b) right or left state for a local
boundary Riemann solver.

the ξ−η coordinate mesh and the initial T and S can be determined from (7) as part
of the initial condition. A solid wall is always a path surface (material surface) and
hence a coordinate surface.
The Godunov scheme [15, 16] for (16) is derived by applying the divergence the-

orem to the cuboid cell (i, j, k). The result is

Ek+1
i,j = Eki,j −

∆τk

∆ξi
(F

k+1/2
i+1/2,j − F

k+1/2
i−1/2,j)−

∆τk

∆ηj
(G

k+1/2
i,j+1/2 −G

k+1/2
i,j−1/2),(17)

i = 1, 2, . . . ,m, j = 1, 2, . . . , n,

where the notation for the cell average of any quantity f is

fki,j =
1

∆ξi∆ηj

∫ ξi+1/2

ξi−1/2

∫ ηj+1/2

ηj−1/2

f(τk, ξ, η)dξdη(18)

and the notation for time τ average of f is

(19)

f
k+1/2
i+1/2,j =

1

∆τk

∫ τk+1

τk

f(τ, ξi+1/2, ηj)dτ, f
k+1/2
i,j+1/2 =

1

∆τk

∫ τk+1

τk

f(τ, ξi, ηj+1/2)dτ.

In (17), ideally, the cell-interface fluxes F
k+1/2
i+1/2,j and G

k+1/2
i,j+1/2 for the cell (i, j)

would be obtained from the self-similar solution of a local 2-D Riemann problem
formed by the average constant state Qi,j = (u, v, p, ρ)

T
i,j of the cell (i, j) and those

of its adjacent cells. Unfortunately, due to its complexity, the exact solution to a
general 2-D Riemann problem is not yet available. On the other hand, it is known
that a monotone difference scheme to a general conservation form converges to the
physically relevant entropy-satisfying solution. In particular, Crandall and Majda [17]
establish the rigorous convergence for dimensional splitting algorithms when each step
is approximated by a monotone difference scheme (such as the Godunov scheme) for a
single conservation law of multidimension. We shall extend and apply the dimensional
splitting in the Godunov scheme for the hyperbolic system of conservation laws (16).
When applying the dimension-splitting technique in the Godunov scheme (17),

one only needs to solve a regular 1-D Riemann problem formed by two adjacent con-
stant states, say, Qi,j andQi+1,j in the normal direction of the interface (Figure 2(a)).
For a high resolution TVD scheme, nonlinear interpolation is employed across the in-
terface line to reconstruct the flow variables at both sides of the interface before
applying the local 1-D Riemann solver. At a solid wall, a boundary Riemann problem
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is solved, which consists of Riemann data that are a mirror image with respect to the
wall (Figure 2(b)).

The numerical procedure of the Godunov/TVD scheme can now be summarized
as follows:

(i) Initiation. Assume the initial conditions of a flow problem are given at t = 0
(τ = 0) in the x− y plane. Then an appropriate ξ − η coordinate mesh is laid on the
x−y plane (for instance, we take ξ and η equal to the arc length of their corresponding
coordinate lines on x− y plane), with ξ = ξ0, ξ1, ξ2, . . . , ξm, η = η0, η1, η2, . . . , ηn, and
the curve ξ = ξ0 (or η = η0) coinciding with the body surface if there is a solid
wall (Figure 1(a)). Hence T0 , S0 as well as the flow variable Q0 = (u0, v0, p0, ρ0)T

are known on x − y plane as initial conditions. Subsequently, E0
i,j , i = 1, 2, . . . ,m,

j = 1, 2, . . . , n, are available. For example, if we choose ξ, η to be the respective arc
lengths of x- and y-coordinate lines then, from (7), T0 =(1, 0)T , S0 =(0, 1)T , and E0

follows from its expressions in (16).

(ii) Evaluate cell interface fluxes, and update e5, e6, e7, e8. With all E
k
i,j and

Qk
i,j known at step k (k = 0, 1, 2, . . .), the Q data is first upgraded or reconstructed
via a monotonic upstream-centered scheme for conservation laws (MUSCL) TVD
procedure by nonlinear interpolation. This upgrading is performed in a dimension-
by-dimension way. For example, in the ξ direction, let f be any of the above physical
variables u, v, p, or ρ, then, instead of assuming a uniform state in the cells (i, j)
and (i + 1, j), we assume linearly distributed states and use linear extrapolation to
determine cell interface flow variables fr = fi+1,j − .5(fi+2,j − fi+1,j)φ(r

+) with
r+ = (fi+1,j − fi,j)/(fi+2,j − fi+1,j) and fl = fi,j + .5(fi,j − fi−1,j)φ(r

−) with r− =
(fi+1,j−fi,j)/(fi,j−fi−1,j), where φ(r) = max(0,min(1, r)) is the minmod flux limiter
and subscripts r and l correspond to right and left states, respectively. They are then
projected on the normal direction of the cell interface (Figure 2(a)) and used as the
input to the the local Riemann solvers. To obtain the normal direction of an interface,
say, between cells (i + 1, j) and (i, j), the directional vector of this interface is first
obtained by taking the average of the unit vectors of Si+1,j and Si,j and its normal
vector follows in a straightforward way. At a solid wall, of course, its normal direction

is chosen as the normal to the wall. New cell interface flow variables V
k+1/2
i±1/2,j or

V
k+1/2
i,j±1/2 and p

k+1/2
i±1/2,j or p

k+1/2
i,j±1/2 are obtained as the results of these Riemann solvers.

Then fluxes F and G are calculated from their expressions in (16). In order to do so,
we first update Tki,j and S

k
i,j to T

k+1
i,j and Sk+1

i,j :(
Uk+1
i,j

V k+1
i,j

)
= Tk+1

i,j = Tki,j +
∆τk

∆ξi
(V

k+1/2
i+1/2,j −V

k+1/2
i−1/2,j),(20)

(
Xk+1
i,j

Y k+1
i,j

)
= Sk+1

i,j = Ski,j +
∆τk

∆ηj
(V

k+1/2
i,j+1/2 −V

k+1/2
i,j−1/2).(21)

Thus the updating of U , V , X, and Y (i.e., e5, e6, e7, e8) is completed. With these

newly updated U, V,X, Y and the pressures p
k+1/2
i±1/2,j or p

k+1/2
i,j±1/2 from the local Riemann

solvers, flux components f2, f3, f4 and g2, g3, g4 are readily available according to their
expressions in (16). For example, for the cell (i, j), f4, the fourth component of F at
the interface between cells (i+ 1, j) and (i, j), is evaluated as

−pk+1/2
i+1/2,j

∣∣∣∣∣ u
k+1/2
i+1/2,j Y k+1

i,j

v
k+1/2
i+1/2,j Xk+1

i,j

∣∣∣∣∣ .
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(iii) Use (17) to update e2, e3, e4 and advance by one step (e1 requires no updat-
ing).
(iv) Decode Ek+1

i,j to get Qk+1
i,j . For simplicity, all the i, j, k superscripts and

subscripts are dropped. From (12) and the expression of E in (16),

ρ =
K

(e5e8 − e6e7)
, u =

e2

K
, v =

e3

K
, p = (γ − 1)ρ

[e4

K
− .5(u2 + v2)

]
.

Now the numerical procedure for advancing one time step is completed. To march
forward further, one goes back to (ii) and repeats (ii)–(iv). The loop from (ii) to (iv)
is self-sustained when marching in the τ − ξ − η computational space. However, if a
grid in the physical x− y plane is required for plotting a curve or contours, one may
(v) Generate grid points (coordinates of cell centers) along pathlines

xk+1
i,j = xki,j +

1

2
∆τk(uki,j + uk+1

i,j ), yk+1
i,j = yki,j +

1

2
∆τk(vki,j + vk+1

i,j ).

Each grid point represents the center of a fluid particle (a computational cell). Note
that unlike the conventional Lagrangian approach (e.g., ALE), these new x, y coordi-
nates are not fed back to, as they are not used in, the computational process. Again,
unlike any conventional Lagrangian methods using staggered grids, our approach does
not need a staggered grid and the information of the positions of cell corners is never
required.
An interesting feature of the time-dependent Lagrangian approach is that the

entire physical domain of computation may move along with the main flow and keep
deforming its shape. It plays a role as a moving viewing window. One can always
adjust the viewing window so that it becomes relatively motionless. For this purpose,
only a few more lines in the Fortran code are needed. For instance, assume the main
flow directs from left to right, we wait until the leftmost column of cells moves over
a distance of about the average cell size, then a new column of cells is injected as the
new leftmost column. To avoid increasing the number of cells, the rightmost column
of cells, which is exiting the viewing window, is removed. In section 4, this technique
is applied to examples 2 and 3.

4. Typical numerical results. In this section, the new Lagrangian approach is
tested for accuracy and robustness on several numerical examples. γ = 1.4 is used
for all the cases. The numerical results are then compared to exact solutions or
experimental results whenever they are available, or to the numerical results by other
Eulerian approaches. Example 4 is also chosen for convergence test or validation. In
all the examples, a modest grid is used to demonstrate that the Lagrangian approach
is capable of catching all the flow features even with a coarse grid, except when
convergence test is carried out.
The first example is indeed a 1-D Riemann problem but is numerically solved

as a 2-D problem. The initial data is chosen from the well-known Sod’s shock tube
problem, namely, (ul, vl, pl, ρl) = (1.0, 0, 1.0, 1.0), (ur, vr, pr, ρr) = (1.0, 0, 0.1, 0.125),
where the subscripts l and r denote left and right states, respectively. A grid of 80×4
with ∆x = ∆y = 0.01 is employed in the computation. Since the flow is uniform in
y direction, only 4 grid points are used in this direction. The computed pressure p
and density ρ at time t = 0.2 are shown in Figure 3, where the corresponding exact
solutions are also plotted for comparison. It is observed that our numerical results
agree well with the exact solutions. While a shock is resolved in about two points, the
contact discontinuity remains almost absolutely sharp, as claimed in section 1. Note



UNSTEADY FLOW LAGRANGIAN METHOD 341

(a) (b)

Fig. 3. Comparison of numerical solutions and exact solutions for a 1-D Riemann problem,
(a) pressure and (b) density distributions along x direction.

that in the density plot, there is a little dip-down (glitch) after the contact, which is
a common phenomenon for Lagrangian approach (see, e.g., [23]).
The next example is a genuine 2-D problem—a steady supersonic flow of Mach

numer 2.9 past a ramp channel. The steady state is achieved by time marching
until the flow variables do not change with time. At the bottom, a ramp of 10.94◦

locates at x = 0.5 (Figure 4), while the top wall is a horizontal straight line. The
height of the physical domain is 1.0 at the inlet, and initially, the domain length is
chosen to be 3.0. As mentioned in section 3, we apply the motionless viewing window
technique, the size and shape of the window change slightly with time-marching. A
grid of 90 × 40 with ∆x = 0.032 and ∆y = 0.025 is employed. A ∆t = .001 is
chosen as the marching time step size. For this oblique shock and shock reflection
problem, there exists a steady state exact solution. The free stream state is given as
(u, v, p, ρ) = (2.9, 0, 1/1.4, 1.0); the state downstream of the oblique shock is evaluated
to be (u, v, p, ρ) = (2.6193, 0.50632, 1.5282, 1.7), with a shock angle of 29◦; while the
state after shock reflection is (u, v, p, ρ) = (2.4015, 0, 2.934, 2.6872). Since the flow is
supersonic, all the flow variables are specified at the inlet as boundary conditions. At
the outlet, boundary condition is simply the extrapolation condition.
In Figure 4(a) the Lagrangian grid is seen deformed with the flow and becomes

condensed when the fluid is compressed. In Figure 4(b) the isobars and the shock
reflection is clearly displayed. Figures 4(c) and 4(d) show, respectively, pressure plots
along the bottom wall and the top wall; along with the corresponding exact solutions.
The numerical solutions agree well with the exact ones. Figure 4(e) displays the
density distribution along y direction at the domain exit. The plot is seen in good
agreement with the exact solution except there are “glitches” at the top and bottom
walls, since solid walls represent contacts.
In the third example, we consider a supersonic flow with a subsonic pocket—the

problem of supersonic flow past a channel with a ramp segment. The total length of
the physical domain is 3.3 with height at inlet 1.0. As shown in Figure 5, a ramp of
15◦ is located at the bottom wall between x = 0.5 and x = 1, the rest of the top and
bottom walls are horizontal flat lines [18, 19]. When a Mach 1.8 flow passes through
the channel, an oblique shock, a Mach stem, shear layers, and reflected shocks are
generated as shown in Figure 5. Again a modest grid of 90 × 40 cells is used in the
computation. To test if the steady state is reached, the computation was first carried
to t = 8 and then to t = 18. The computed flow is found only slightly changed
from t = 8 to t = 18. The contours and plots in Figures 5 and 6 are based on the
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(a) (b)

(c) (d)

(e)

Fig. 4. Supersonic flow of Mach 2.9 past a ramp channel. The ramp angle is 10.94◦. (a) The
deformed Lagrangian grid (when flow becomes steady), (b) isobars (40 levels between max. and min.
pressure values), (c) pressure distribution along bottom wall, (d) pressure distribution along top wall,
and (e) density distribution at domain exit; solid lines denote the exact solutions. A 90× 40 grid is
used.

numerical results at t = 18. In Figure 5, the grid formed according to the flow, the
isobars and the isomachs are illustrated. A notch at the upper right corner of the
physical domain is due to the slow-down of the flow downstream of the Mach stem,
where the flow becomes subsonic with a Mach number as low as 0.65. Although the
grid is relatively crude, all the flow features are clearly displayed: the Mach stem is
about 20% of the domain height, the oblique and reflected shocks, and particularly
the shear layers stemming out from the triple point. The quality of the shear layers
is seen comparable to that of a finer grid in Eulerian formulation (see, e.g., [18, 19]).
In Figure 6, pressure and Mach number distributions along the top and the bottom
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Fig. 5. The grid, isobars, isopycnics, and isomachs for aM = 1.8 flow past a 15◦ ramp channel
at t = 18. The Mach stem is about 20% of the max. domain height. Also note the shear layer issued
from the triple point.

(a) (b)

(c) (d)

Fig. 6. (a) and (b), pressure distributions along bottom and top solid walls; (c) and (d), Mach
number distributions along bottom and top solid walls.

walls are plotted. When passing across a shock, these plots show crisp resolutions of
2 to 3 points. They agree well with the results by the Eulerian method (e.g., [19]).

The fourth example is the Mach reflection of a shock wave from a wedge [20].
A vertical plane shock of Mach 1.3 travels over a wedge of 25◦ and generates Mach
reflection as shown in Figure 7. The isobars, isomachs, and grids at t = 1.2 are
displayed. They agree well with the experimental result [20]. In particular, the
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(a) (b)

(c) (d)

(e) (f)

Fig. 7. An M = 1.3 plane shock past a wedge of 25◦ at t = 1.2. (a) Isobars, (b) isomachs,
(c) grid (150 × 60), (d) isomachs with double grid (300 × 120), (e) isomachs with quadruple grid
(600× 240), (f) experimental shadowgraph [20].

contactline (shear layers) stemming from the triple point is clearly seen from the
isomach contours. In this case, a grid of 150× 60 is employed with ∆x = ∆y = 0.01,
∆t = 0.002. The initial state is Q0 = (p0, u0, v0, ρ0)T = (1/1.4, 0, 0, 1)T and the flow
state at the left end is Qi = (1.2893, 0.44231, 0, 1.5157)

T . We also run the problem
with a given CFL number ν according to the expression at the end of section 2, instead
of a fixed ∆t. Although the numerical process does not blow up for ν up to 0.9, the
output isomachs are noisy with wiggles. The results are improved and clean when ν
is reduced to 0.5 or less. At ν = 0.5, 360 time steps are marched to reach t = 1.2 and
CPU time is considerably saved as compared to the case with fixed ∆t = 0.002.
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(a)

(b)

Fig. 8. (a) Initial grid (60 × 60) and initial conditions for the implosion/explosion problem.
(b) Lagrangian grids at different time steps, 1–12 correspond to t = 0.05 to t = 0.06 with a uniform
increment of ∆t = 0.05.

The present example is also chosen to go through a convergence test (validation)
for the new Lagrangian approach. For this purpose, double grid (300 × 120) and
quadruple grid (600 × 240) are used and the same code is run with appropriate half
and quarter time step sizes, respectively, to t = 1.2. Figures 7(d) and 7(e) demonstrate
the corresponding isomachs of the two runs, they look almost identical except that
the denser grid yields a sharper picture. In addition, they all agree well with the
isomachs in Figure 7(b) and the convergence of the numerical approach is justified.

The last example is an interesting implosion/explosion problem. A numerical
study of this problem has been carried out in [21]. A typical implosion/explosion
problem is depicted in Figure 8(a). Consider a square duct of infinite length. Inside
the duct, initially separated by a diaphragm, an inner square contains a gas of different
state from the outer one. The centers of these two squares coincide (Figure 8(a)). At
t = 0, the diaphragm is ruptured, and the inner and outer gases begin to interact with
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each other. The implosion/explosion problem may be regarded as a 2-D version of the
shock tube problem with four surrounding walls. However, due to higher dimension,
the flow pattern is much more complicated. In our test, we choose the inner state
Qi and outer state Qo as follows: (ui, vi, pi, ρi) = (0, 0, 0.14, 0.125), (uo, vo, po, ρo) =
(0, 0, 1.0, 1.0). Initially, a uniform grid of 60× 60 is laid as shown in Figure 8(a) with
grid size ∆x = ∆y = 0.01. Two computation runs are carried out to t = 0.6. The
first one runs with a fixed CFL number ν = 0.7 and it takes 1060 time steps to reach
t = 0.6. The second one runs with a fixed time step ∆t = 0.0005, taking only 600 steps
and less CPU time. In this case, it is more advantageous to march with a constant
time step size. Figure 8(b) illustrates how the grid is deformed with the flow from
t = 0.05 to t = 0.6 with an increment of ∆ = 0.05. Soon after time t = 0.6 (step
12) the computation stops due to severe cell deformation and the consequent gridline
crossing. An indication of the failure is that the determinant of transformation |J |
in (11) passes through 0 and becomes negative, rendering the transformation invalid.
Figure 9(a) and 9(b) display, respectively, the isobars and isopycnics at different time
steps. Steps 1–12 correspond to the same steps in Figure 8(b). Since the pressure of
Qi is lower at the beginning, a shock appears in the inner region. It propagates and
contracts to the center. At the four corners of the shock, triple points and embedded
shocks are generated as observed from step 1, Figure 9(a). Later on, very complicated
flow patterns are developed. From Figure 9(b), it is seen that the contact stays in the
center area but keeps changing its shape and reducing its encircled area slowly and
steadily. The contact can be located by comparing the contours at the same step in
Figures 9(a) and 9(b). The Mach numbers in the domain range from 0 to about 0.3.
The present problem is a typical one of low Mach number flow.

In Figure 10, pressure and density distributions along the centerline in x-direction
are plotted. In general, shocks are resolved in 2–4 points and the contacts are almost
absolutely sharp, which is a well-known major advantage of the Lagrangian approach.
Qualitatively the contours in Figure 9(a) and 9(b) are comparable to those from [21],
except the 2-D shocks look thicker due to the crude grid. In contrast, a grid of
359 × 359 points is employed in [21] to achieve high resolution. In Figure 10(b), the
numerical density value dips down slightly across a contact, as other examples do in
the present paper (see also, e.g., [23]).

Finally, regarding the CPU time consumption, it somewhat slightly depends on
the newton iterations in the local Riemann solvers (i.e., flow complexity). Typically
on a CRAY-YMP without vectorization, CPU time consumption per cell per time
step is 120µs. With appropriate vectorization, it is expected to be a few times faster.

5. Concluding remarks. In this paper, with the concept of material functions
(path functions), we successfully introduce the new Lagrangian formulation in conser-
vation form for time-dependent inviscid flows and its numerical procedure based on
the standard Godunov/TVD numerical schemes. Various numerical examples are pre-
sented to demonstrate the capability and robustness of the new Lagrangian approach
in handling unsteady or steady, supersonic or subsonic inviscid flow computations.

Compared to the Eulerian approach, the new Lagrangian approach possesses the
following features:

(i) Flow physics is closely followed, and contact discontinuity resolution is crisp
and never becomes smeared.

(ii) Grids are automatically generated following particle pathlines. The geomet-
rical conservation law assures the correct deformation of each grid cell.

A possible extra advantage is some enhancement of shock resolution since the



UNSTEADY FLOW LAGRANGIAN METHOD 347

(a)

(b)

Fig. 9. (a) Isobars, (b) isopycnics of the implosion/explosion problem. 1–12 correspond to
t = 0.05 to t = 0.6 with a uniform increment of ∆t = 0.05.
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(a) (b)

(a) (b)

Fig. 10. (a) Pressure, (b) density along centerline in x direction, presented at every other stage,
2–12 correspond to the same stages as in Figure 9. Shocks are resolved in 2–4 points. Contacts are
resolved almost absolutely sharp.
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Lagrangian TVD scheme changes its upwind direction automatically according to the
flow, playing a role as a rotating upwind scheme.
Compared to the conventional Lagrangian approach (such as the Lagrangian

phase of ALE), the new Lagrangian formulation puts the Euler equations in diver-
gence form, making it possible to use an unsplit, nonstaggered grid. In other words, it
provides an intrinsic coordinate system and a direct and exact relation between flow
physics and grid geometry—the geometrical conservation laws, which allows proper
analysis and easy application of modern high resolution shock capturing schemes and
subsequently may yield better results.
On the other hand, it shares with any conventional Lagrangian method the same

difficulty for flows where fluid particles experience servere distortion, resulting in grid-
line crossing and failure. In ALE [2], the gridline curdling is remedied by rezoning—a
step back to the Eulerian phase. In the new Lagrangian approach, a remedy to grid-
line crossing is under investigation and will be reported in the future.

Acknowledgments. The authors are thankful to the reviewers for their valuable
comments.
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Abstract. A gradient particle method is used to compute probability densities for processes
with delay bifurcations that are sensitive to very small noise. The method is particularly useful for
computing the probability density in the transition region, where asymptotic approximations may
not be valid. For a one-dimensional steady bifurcation problem and a two-dimensional FitzHugh–
Nagumo model, we solve the Fokker–Planck equation (FPE) and compare the results with direct
simulations and asymptotic approximations.

Key words. particle method, Fokker–Planck, probability density, delay bifurcation, FitzHugh–
Nagumo

AMS subject classifications. 65P30, 60G51, 37H20, 35K15

PII. S1064827599350332

1. Introduction. Certain dynamical systems are very sensitive to noise, such
as models of chemical kinetics [1], [2], neuron firing [2], [3], chaotic wave mode in-
teractions [4], and lasers [5]. The deterministic dynamics of these systems, described
by systems of ordinary differential equations (ODEs), can change substantially when
very small noise is introduced. The probability density for the process describes the
sensitivity of the process to noise. It can be used to find a variety of properties of the
stochastic process, including time and location of state transitions and moments. Even
though the probability density function holds all of the information for the stochastic
process, much of the previous work on noisy nonlinear dynamics does not attempt to
compute or approximate it. This is because it can be difficult to find the probability
density when the underlying dynamical system is complicated and the noise is small.

In general, the goal is to find p(x, t), the probability that the process takes the
value x at a given time t. Given a system of stochastic differential equations (SDEs)
describing the process,

dx = a(x, t)dt +
√

2εdW (ε is a constant),(1.1)

with W a vector of independent Brownian motions, the probability density p(x, t)
satisfies the partial differential equation (PDE),

∂p

∂t
= ε2∇2p−∇ · (ap),(1.2)

known as the Fokker–Planck equation (FPE) [6]. Note that the white noise in the
SDEs corresponds to the diffusion in (1.2), while the drift a(x, t) describes the con-
vection. In this paper, we consider problems in which a slow variation of a control
parameter through a critical point results in a delay in the transition between states
for the underlying noiseless dynamics ((1.1) with ε = 0). This delay can be changed
significantly by very small noise (e.g., 0 < ε ≤ 10−4). This is discussed in detail in
section 2.
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There are several issues to consider in trying to find a solution to (1.2). For small
noise (ε� 1) it is expected that p(x, t) has large gradients, as is typical of solutions of
problems with small diffusion. Then one might look for an asymptotic approximation,
rather than a numerical solution. However, in the problems we study in this paper,
the probability density has large gradients in some regions of space or time but not in
others. Then an asymptotic approach may not be uniformly applicable. Therefore a
numerical solution is necessary both to validate the asymptotic approximation where
it is correct, and to provide a solution when the asymptotic approximation breaks
down. The asymptotic expansions for (1.2) are discussed in detail in [7]. In this
paper we focus on numerical solutions for the probability density and illustrate their
complementary relationship to the asymptotic results.

A variety of numerical methods can be considered for solving (1.2). For very
small diffusion, grid-based numerical methods can introduce numerical diffusion which
obscures the effects of the small noise. Since the main purpose of the calculation is to
determine the effect of the small noise, an appropriate method must sufficiently resolve
the solution. In the applications we consider in this paper the diffusion coefficient in
the Fokker–Planck equation is 10−8 or smaller. Under these circumstances, adapting
or refining the mesh could be expensive or impractical.

Another approach is to find the probability density from simulations of (1.1),
which avoids the issue of numerically solving (1.2). While this is a direct and intu-
itive way to find p(x, t) given the SDE (1.1), a very large number of simulations is
necessary to obtain a smooth result for the density function. The number of simu-
lations necessary can increase with the dimension of x, and it also depends on the
concentration of the density. We discuss the various methods further in the context
of the application of section 2.

In this paper we use a gradient-particle method (GPM) to find the probability
densities from (1.2) for problems with noisy delay bifurcations. Even with very small
noise, the concentration and the gradient of the probability density function for these
processes can vary significantly. The GPM incorporates the natural idea of simulation
of (1.1) into the numerical solution of (1.2) so that the effects of the noise are not
obscured and the result for the density is smooth.

In section 2 we give a description of a one-dimensional problem which illustrates
why GPMs are appropriate for this problem. In section 3 we outline the algorithm,
which uses ideas from [8] and [9]. In section 4 we compare the GPM results for the
one-dimensional problem of section 2 with results from direct simulation (DS) and the
asymptotic method of [7]. In section 5 we compute the probability density function for
the noisy FitzHugh–Nagumo model and compare the GPM results with DS and the
asymptotic results. In this paper we focus on the computational issues in finding the
probability density function, and refer the reader to [7] for a complete discussion of
the complementary asymptotic methods. A brief outline of the asymptotic approach
is given in the appendix.

2. Motivation for the GPM. A description of a simple example of a delay
bifurcation illustrates the important issues. The deterministic problem is

dy

dt
= cy − y3.(2.1)

This equation was studied in [10] as a canonical model of the delay of a steady bi-
furcation. We summarize the results. If the control or bifurcation parameter, c, is a
constant, there are two steady state solutions: y = 0 for all c and y =

√
c for c > 0.
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Fig. 2.1. The solution of (2.2) for ε = 0 and ε = 10−4. The solid line is the deterministic
solution of (2.2) with (ε = 0), and the dash-dotted lines are five realizations of the solution of (2.2)
with ε = 10−4. In both cases the initial condition was y(0) = 10−6 and µ = .01. Note that the noisy
solution makes the transition to a solution near ±√µt much sooner than the deterministic solution
does; that is, the delay of the transition is reduced in the presence of noise.

The solution y =
√
c is stable for c > 0. That is, there is a steady bifurcation from

the zero solution to the solution y =
√
c at the critical parameter value c = 0.

Now consider c = µt for 0 < µ � 1. When the system is subcritical, (µt < 0),
y(t) decays exponentially. As t increases so that t > 0, y(t) remains small for a long
interval of time. For

√
µt = O(1), y(t) grows rapidly, approaching y(t) ∼ √µt. This is

known as a delay bifurcation, since the solution does not immediately increase rapidly
as the coefficient µt varies slowly through the critical point µt = 0. This behavior can
be seen from the exact solution of (2.1).

Now we consider the effect of noise on the delay bifurcation. Previous studies
have considered the reduction of the delay with the addition of sinusoidal oscillations
[10]. Numerical simulations of

dy = (µty − y3)dt +
√

2εdW,(2.2)

where W is standard Brownian motion, demonstrate that the delay is reduced with
the addition of noise [11], even though ε = 10−4 (see Figure 2.1). The simulations
of Figure 2.1 show that the noisy dynamics are close to the deterministic dynamics,
except during the transition from y � 1 to y ∼ ±√µt. These simulations suggest that
the probability density function is sharply peaked about either y = 0 or y = ±√µt,
except in the transition region. This variation suggests that the concentration of the
probability density function changes significantly over time.

A quantitative description of the delay can be obtained by considering the FPE
for the probability density p(y, t), defined as

p(y, t)dy = P(y(t) ∈ (y, y + dy) at time t),(2.3)

for the process y(t) described in (2.2). For ε 
= 0 we look for the solution of

pt = ε2pyy − ((µty − y3)p)y = 0, p(0) = p0(y).(2.4)

An asymptotic approximation can be made for this density when the random dynamics
are close to the deterministic dynamics [7], but from the few typical realizations in
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Figure 2.1, that leaves a significant region (in this case between t = 30 and t =
50) in which this approximation may fail. Therefore we are especially interested in
computing p(y, t) in this transition region. As mentioned in the introduction, p(y, t)
gives the probability that the process has made the transition from y ∼ 0 to y ∼ ±√µt
at time t and can be used to compute moments of the process y(t) or the expected
time until this transition is made [7].

In section 4 we use a GPM to compute the probability density function for this
one-dimensional example of a delay bifurcation. In section 5 we extend this method to
a two-dimensional model, the FitzHugh–Nagumo model. There the noise also reduces
the time of a delay bifurcation. We have several reasons for using GPMs which follow
from the discussion above.

1. The diffusion in the FPE is very small for the cases of interest, that is, ε� 1.
(In particular, ε ≤ .0001 in this paper.) Insufficiently resolved grid-based methods
give numerical diffusion which swamps the diffusion due to the noise.

2. The probability density has steep gradients in some regions in space and time
and not in others. This is due to the fact that the noisy dynamics follow the deter-
ministic dynamics closely except in the transition region. Outside of the transition
region the gradients are large, but within this region the gradients are no longer large.
This variation in shape, and the transition of the process itself, could make adaptive
methods expensive. Such a method would require frequent regridding, based on some
prior knowledge given by analysis or preprocessing or on monitoring the evolution of
the solution at each step.

3. A straightforward simulation method involving only direct simulation of the
SDE would require a large number of realizations in order to resolve the probability
density in all regions of space and time of interest. The natural idea of simulating the
stochastic motion by solving the SDE (1.1) is incorporated in the GPM. It requires
many fewer realizations than the DS method since both particle positions and gra-
dients are computed. We compare the GPM results to the DS results in sections 4
and 5.

3. The method. We outline the GPM for computing the probability density
function p(x, t) for the process described by (1.1). Here x and a(x, t) are vectors (in
one and two dimensions for the applications in this paper) and dW is a vector of
independent white noise processes. Then the probability density satisfies the Fokker–
Planck equation (1.2) with initial condition p(x, 0) = p0(x). In one dimension x = x
and a(x, t) = a(x, t), and the equation for px(x, t) is

(px)t = ε2
∂2px
∂x2

− (apx)x − axxp− axpx.(3.1)

In two dimensions we use the notation of the application in section 5, taking x = (u, v),
g = (g1, g2) ≡ (pu, pv), and a = (a1, a2) and differentiating (1.2),

∂

∂t

(
g1

g2

)
= ε2∇2

(
g1

g2

)
− ∂

∂u

[
a1

(
g1

g2

)]
− ∂

∂v

[
a2

(
g1

g2

)]

−
[

(a1)u (a2)u
(a1)v (a2)v

](
g1

g2

)
−
(

(a1)uu + (a2)vu
(a1)uv + (a2)vv

)
p.(3.2)

These equations are similar to those in [8], where the convection-diffusion equation
for a chemical concentration in an incompressible flow was solved with GPMs. The
main difference between [8] and this application is that the equation for the gradient
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in this paper involves both ∇p and p itself, while the equation for the gradient in
[8] involves only the derivatives of p. This is because the flow was incompressible
(∇ · a = 0) for the convection-diffusion equation studied in [8]. This is not true for
(1.1) in general, and, in particular, ∇ · a 
= 0 for the delay bifurcation applications
which we study here. It follows that there is a reconstruction of p from ∇p in each
time step. A similar reconstruction was required in [9] for the solution of a reaction-
diffusion system using a gradient random walk method. We outline the steps of
the algorithm, pointing out differences and similarities to [8] and [9]. Both [8] and
[9] contain excellent discussions of GPMs and comparisons with previous work in
deterministic and random particle methods. We do not repeat their discussion here
but mention a few alternative approaches at the end of this section.

The algorithm is based on the observation that both the particle motion and
the evolution of the gradient vectors contribute to changes in ∇p and thus in p as
well [8]. Specifically, in (3.1) the terms ε2(px)xx − (apx)x correspond to changes in
concentration due to the motion of the particles as described by (1.1). The terms
−axxp − axpx give the changes in shape due to the evolution of px. Similarly in
the two-dimensional case, the terms ε2∇2(gj) − ∇ · (agj) for j = 1, 2 are due to
the motion of the particles, and the remaining terms on the right-hand side of (3.2)
describe changes in the gradient vectors. The motion of the particles is obtained by
solving (1.1).

One additional note is that the probability densities described above are defined
on an infinite domain. However, the probability densities are exponentially small
outside a bounded region. Therefore we compute on a rectangular region which con-
tains all but the tails of the probability density whose mass is essentially zero and set
p(x, t) = 0 on the boundary of this region.

The algorithm:
Initial conditions: To each of N particles assign position vectors xk, the probability
density pk ≡ p0(xk) from the initial condition, and gradient vectors gk ≡ ∇pk for
k = 1, . . . , N .
At each time step:

1. Find the new position of the particles by solving (1.1). In this paper a second
order weak explicit scheme for SDEs [12] was used. Since the coefficient of the noise
is a constant, the scheme simplifies considerably,

x(t + ∆t) = x(t) +
1

2
(a(z(t + ∆t), t + ∆t) + a(x(t), t))∆t + ε

√
2∆tvn,

z(t + ∆t) = x(t) + a(x(t), t)∆t + ε
√

2∆tvn,(3.3)

where vn is a standard normal random variable, generated at the nth time step.
2. Evolve the gradient vectors using the remaining terms from the equation. For

the one-dimensional example, gk = (px)k and (gk)t = −axxpk − axgk, and axx and ax
are evaluated at xk. In two dimensions the equation is

∂gk
∂t

= −
[

(a1)u (a2)u
(a1)v (a2)v

](
g1k

g2k

)
−
(

(a1)uu + (a2)vu
(a1)uv + (a2)vv

)
pk.(3.4)

This step is similar to one used in [8], but there is an extra term involving pk that
was not present in the applications studied in [8], as discussed above. A second order
Runge–Kutta method was used to advance gk.
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Note that this step is not present in the method used for reaction-diffusion equa-
tions in [9] and [13]. Instead changes in the shape of the density were obtained by
either creating or destroying particles, depending on the sign of terms analogous to the
right-hand side of (3.4). In this paper the number of particles is constant throughout
the computation, and changes in the shape of the density enter through the evolution
of the gradient computed in this step.

3. Reconstruct pk from its gradient vector gk. In one dimension this is accom-
plished by computing ĝk = (pk)x∆xk, then sorting the particles and approximating
the integral of gk with a sum of the ĝk’s to get pk.

In two dimensions, using xk = (uk, vk), we find it convenient to compute g̃k =
∇pk∆u∆v. Then ∇p(u, v, t) is determined on a lattice with points given by (uj , vm),
for j = 1, . . . , Nu, m = 1, . . . , Nv, as follows:

(
pu(uj , vm, t)
pv(uj , vm, t)

)
=

N∑
k=1

g̃k(t)δx((uk − uj), (vk − vm)).(3.5)

Here δx approximates the two-dimensional Dirac delta function, using the piecewise
linear hat function as in [8],

δ x((u− uj), (v − vm))(3.6)

=
1

∆u∆v
max

(
0, 1− |u− uj |

∆u

)
max

(
0, 1− |v − vm|

∆v

)
.

Then p(u, v, t) is obtained using the method outlined in [8], by solving two Pois-
son’s equations. Note that this reconstruction must be performed at every time step
since the evolution equation for the gradient, as in (3.4), depends on p. Briefly, the
reconstruction of p(u, v, t) is computed on the rectangle a ≤ u ≤ b, and c ≤ v ≤ d,

∇2φ = pu, φ(a, v) = φ(b, v) = φv(u, c) = φv(u, d) = 0,

∇2ψ = pv, ψu(a, v) = ψu(b, v) = ψ(u, c) = ψ(u, d) = 0,

p(u, v, t) = φu + ψv + constant.(3.7)

Here the rectangle is sufficiently large so that p(u, v, t) is essentially zero on the bound-
aries. This reconstruction method is discussed in [8]. As noted there, we found that
this reconstruction gives a nonnegative result for the density. The constant in (3.7)
was chosen in order to properly normalize p(x, y, t) for any t, so that the integral over
space of the density is 1. We found that this constant approached zero as the number
of points in the reconstruction lattice was increased and was negligible as compared
to the maximum of the density function.

In [9] the reconstruction step used a method similar to random vortex methods
[14]. The method suggested by Anderson [15] uses Poisson’s formula to obtain a
point-gradient formulation for the recovery of p(u, v, t). This method is expensive,
but fast multipole methods of [16] can be used to reduce the computation time. Some
smoothing problems were encountered in [9] in using the fast multipole methods.
Since we found the implementation straightforward and the method (3.7) sufficiently
fast we used the method of [8]. As noted there, this reconstruction method does
introduce some errors when the gradients are very large. In our problem these errors
are apparent in the tails of the density, but they did not affect the bulk of the density.
These effects are discussed further in the following sections. We used the fishpack
subroutines [17] to solve (3.7).
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In the next sections we illustrate the use of particle methods for these applications
and compare the results with other methods. We have not explored all possibilities for
optimizing run time. Higher order methods could be used to solve (1.1), which could
introduce some savings even though these methods require that additional random
variables be generated at each time step [12]. Higher order methods could also be used
to evolve gk. We also found that adaptive initial placement of the particles, based
on experience with the solution, could be used to reduce the number of particles
necessary for resolution. However, we did not pursue this further than trying a few
different initial placements of particles for each case. Future work could explore these
time saving steps and compare this reconstruction method with that of [15] for the
noisy delay bifurcation problems described here.

4. The one-dimensional model of a steady bifurcation. First we give the
results for the probability density for the one-dimensional steady delay bifurcation
example as discussed in section 2. The equation for p(y, t) is given by

pt = ε2pyy − ((µty − y3)p)y,(4.1)

p(0) = p0(y).(4.2)

As an initial condition, we take

p0(y) =
1√

2πε2
exp

(
− (y − y0)2

2ε2

)
.(4.3)

As discussed above, y decays exponentially for t < 0. Then starting with (4.3) is the
same as taking an initial condition at t < 0 so that y(0) < ε and the noise dominates
the dynamics at the critical point t = 0. The figures compare computations of p(y, t)
using 10,000 and 15,000 particles in the GPM with p(y, t) obtained from a DS of the
SDE (2.2). The results at t = 36 are also compared with an asymptotic approximation
which is valid through a part of the transition region, as discussed in detail in [7], and
summarized in the appendix.

In Figure 4.1(a), we see good agreement between all methods, noting that the
direct simulation with 60,000 realizations (particles) has statistical errors, while the
GPM method gives a much smoother solution. In Figure 4.1(b) this difference is even
more obvious. Figure 4.1 shows that the GPM can be used to compute the probability
density through the transition region and gives the probability density before and after
this transition has occurred (mean transition time is shown to be t ≈ 28 in [7] for this
case). Specifically, Figure 4.1(a) shows the probability density while the process is still
concentrated around y = 0. Figure 4.1(b) shows the density within the time interval
in which the process makes the transition from y � 1 to |y| ∼ √µt, and Figure 4.1(c)
shows the density at a time when the transition is likely to have occurred. Thus the
GPM result is valid throughout the transition interval, which is a longer time range
than the validity interval for the asymptotic approximation. The reconstruction of the
density from its gradient provides the smoothing which gives good results even though
the GPM uses only 10,000 particles, as compared to the nonsmooth results from the
DS of the particle motion, using 60,000 particles. Even though the GPM requires
additional computations of the evolution of the gradients and the reconstruction of
p(y, t) from py(y, t), the computation times for the GPM with 10,000 particles and
the DS with 60,000 particles are comparable (overnight on a Pentium II workstation
to compute to t = 40). Note that the time step can not be too large, in order to keep
computational errors below the noise level.
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Fig. 4.1. Comparison of results for the density at t = 24, t = 36, and t = 40, with µ = .01 and
ε = 10−4 and initial condition (4.3). (a) The solid line is the GPM solution with 10,000 particles, the
dash-dotted line is the GPM solution for 15,000 particles, and the dotted line is the result from the DS
of (2.2) with 60,000 realizations (particles). Although it is not shown, the asymptotic approximation
of [7] is in good agreement with all of these results. (b) The solid line is the GPM solution with
10,000 particles and the dotted line is the result for DS of (2.2) with 60,000 realizations (particles).
The dash-dotted line is the asymptotic (Gaussian-type) approximation, which does not capture the
behavior of the tails for this value of t, when the density is less concentrated. (c) The solid line is
the GPM solution with 10,000 particles, and the dotted line is the result from the DS of (2.2) with
60,000 particles. The numerical results are in good agreement as far as location and general shape
of the density, but the DS results are not smooth.

Recalling that the density p(y, t) is reconstructed from py(y, t) at each step in
the GPM method, one might expect that errors in the reconstruction can feedback
into the computation. We found that these errors could be significant, especially in
the transition zone. Then the gradient is not large, except near y = ±√µt, where
the density function drops off sharply. The reconstruction errors for p(y, t) near
y = ±√µt can appear in the computation near this sharp gradient in the density
function. By decreasing the time-step and using a sufficiently fine grid, we reduced
this error substantially. For example, for times before the transition (t < 28) we used
a time step of ∆t = .0005, in order to keep the errors of the computations (O(∆t2))
well below the noise level (ε = 10−4). If we computed until t = 40 with this same ∆t
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Fig. 5.1. The solid line is the solution of v from (5.1) with ε = 0, while the dotted line is the
solution for v from (5.1) with ε = 10−5, a = .2, b = .05, γ = .4, and I(t) = µt with µ = .001.
The bottom figure is an enlargement of the top figure. The bifurcation point for the problem when
I is constant is Ic ≈ 273. Then it is clear that there is a delay in the transition from steady to
oscillatory behavior, but the delay is reduced when small noise is present.

we would eventually see errors in the tails of the density which were approximately
5–10% of the peak of the density. To avoid these reconstruction errors, we reduced
the size of the time step through the transition region. For 28 < t < 32 we used
∆t = .00025, but for t > 32 we found the computation increasingly sensitive to
reconstruction errors. When we used ∆t = .0001 for 32 < t < 36 and ∆t = .00001 for
36 < t < 40, we found an error in the tails that was approximately 3–4% of the height
of the peak of the density. By using ∆t = .00001 for 32 < t < 36 and ∆t = .000005
for 36 < t < 40, we reduced this error, as shown in Figure 4.1(c).

5. The two-dimensional model: FitzHugh–Nagumo. Next we consider the
two-dimensional model of FitzHugh–Nagumo [2], [18],

du = b(v − γu)dt,

dv = (−f(v)− u + I(t))dt +
√

2εdW,(5.1)

f(v) = v(v − 1)(v − a),(5.2)

where a, b, and γ are physical parameters. This is a reduced model of the propagation
of neural impulses in the giant axon of a squid, with v the potential difference across
the membrane of the axon, and u the recovery current. I(t) is an applied current
and plays the role of the bifurcation parameter. When I is constant, there is a Hopf
bifurcation at I = Ic; for I < Ic the stable solution is constant, while for I > Ic
the stable solution is periodic. Figure 5.1 shows that there is delay in the bifurcation
from constant to periodic behavior as the applied current I(t) = µt is increased slowly
(µ � 1). In the realizations with small noise (ε = 10−5 in Figure 5.1) this delay is
significantly reduced. Only the solution for v is shown in Figure 5.1, since the variable
u is virtually slaved to v. That is, the behavior of u follows that of v, with a time lag.
Then a transition to oscillatory behavior in v is followed by a transition to oscillatory
behavior in u. Since the noise causes a reduction in the delay until the transition to
the oscillatory state, we anticipate that the gradient of the probability density varies
significantly in the transition region. The probability density for this process satisfies
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(1.2) with a1 = b(v − γu) and a2 = −f(v)− u + I(t) so that

∂p

∂t
= ε2∇2p− ((b(v − γu)p)u − ((−f(v)− u + I(t))p)v.(5.3)

We determine p(u, v, t) using the GPM and compare to the results from the
direct simulation of (5.1) and the asymptotic approximation of [7], summarized in
the appendix. In the computations the initial condition was

p(u, v, t0) = pasymp(u, v, t0),(5.4)

where pasymp(u, v, t0) is the asymptotic approximation to the density obtained in [7]
and t0 > 0 is some time before the transition time. This choice of initial condition
is justified by the dynamics of the system. For a typical realization, as shown in
Figure 5.1, the stochastic and deterministic behavior are close until t approaches
the transition time.The asymptotic approximation and the numerical computations
agree for t below the transition interval, which Figure 5.1 suggests is t < 370 for the
parameter values used there. We verified this agreement by starting at different initial
times t0 < 350 with initial conditions of the type (5.4). As expected, the asymptotic
approximation is valid until large values of t where the probability function is less
concentrated around the deterministic dynamics.

The use of the initial condition (5.4) also illustrates the complementary nature
of the asymptotic approximation and the computational method; the asymptotic ap-
proximation is used as an initial condition at t0 before the transition time, and then
the computational method is used to find the probability density in the transition re-
gion, where the validity of the asymptotic method is suspect. This is a very practical
reduction of the amount of computation necessary, since the computational method
does not perform as well as the asymptotic method for values of t0 before the tran-
sition time, where the density function has large gradients. The computation time is
significantly reduced, since the computations are done for t > t0 > 0, rather than for
all t > 0.

In Figure 5.2 we compare the results from GPM and the asymptotic method of
[7] for t = 375 and the same parameter values as in Figure 5.1. These figures show
good agreement between the two methods. This is expected, since the process has not
reached the expected transition time (calculated as t ≈ 383 in [7]), and the density
is still concentrated around the deterministic behavior. In Figure 5.3 we compare
the GPM and asymptotic method for t = 390 and t = 410 for the same parameter
values as in Figure 5.2, and in Figure 5.4 we compare the results from the GPM
and asymptotic method for a different value of µ = .003. In both of these cases the
results are compared for times before and after the transition to oscillatory behavior.
Again good agreement is seen for the location of the concentration of the density
and the shape of the peak. The shape and location of the density is consistent with
the simulations and the dynamics of (5.1). The density remains centered around the
deterministic dynamics, but the variable v makes the transition to the oscillatory state
first, so that the density is less concentrated about the deterministic value of v. The
gradients are larger in the variable u since u follows v with a time lag. That is, the
gradients in u are also decreasing but not as fast as in the v direction.

Errors in the reconstruction of p can accumulate in our computations, since the
reconstruction must be carried out at each time step, and the result for p is used in the
evolution of the gradient vectors (3.4) at the following time step. The computations
in [8] did not have this accumulation of error, since the concentration (analogous
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Fig. 5.2. Comparison of the probability density p(u, v, t) computed with the GPM of this paper
(top row) with the asymptotic result from [7] (bottom row). The parameter values are the same
as in Figure 5.1, and ε = 10−5. The left column is the surface plot, and the right column is the
corresponding contour plot. Good agreement in both location and shape is obtained from the two
methods. Note that this is for a time before the transition has occurred.

to p(u, v, t)) did not appear in the equation for the gradient (see section 3). There
is some oscillation in the tails of the numerical result which is especially evident at
t = 410 in Figure 5.3 and t = 145 in Figure 5.4. There the contour line at the base of
the peak is irregularly shaped (not elliptic). This is due to the reconstruction process,
which has difficulty resolving the very steep gradients. We found an increased effect
of these errors when |pu| is much larger than |pv|, which is far into the transition
zone. Since this p is reconstructed from ∇p at every time step, these errors can
accumulate over long computation times, as is required for these computations. As in
the one-dimensional problem of section 4, these errors can be reduced by decreasing
the time step and adjusting the reconstruction lattice. We chose the lattice and time
step so that the computations would not take longer than 10–20 hours on a Pentium
II workstation, times which are comparable to direct simulation times. As in the
one-dimensional example, we took ∆t = .0005 for times before the transition. As the
density began to spread out, we reduced the time step to ∆t = .0001, and the errors
in the tails were reduced by a few percent of the maximum height of the density.
The largest reconstruction lattice that we used was 512× 256, and the smallest time
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Fig. 5.3. Comparison of the contour plots for p(u, v, t) for the asymptotic result [7] with GPM
results for t = 375, t = 390, t = 410. The parameters are the same as in Figure 5.2. The (a)–(c) are
the results from the GPM. The (d)–(f) are the asymptotic results.

step was .00001. Even with these extreme cases the error in the tails of the density
(approximately 2–3% of the peak of the density) was not completely eliminated. In
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Fig. 5.4. Comparison of the contour plots for p(u, v, t) for the asymptotic result [7] with GPM
results for the parameter values ε = 10−5, a = .2, b = .05, γ = .4, and I(t) = µt with µ = .003.
The plots are compared for times before (t = 130) and after ( t = 145) the transition. Again there
is a large change in the shape of the density. Accumulation of reconstruction errors is reduced as
described in the text. The top row are the results from the GPM. The bottom row are the asymptotic
results.

this application we found it more effective to reduce the errors by using the asymptotic
approximation for an initial condition at larger values of t, where the approximation
is still valid and agrees with the computation. (For Figure 5.3 we used (5.4) with
t0 = 390, and for Figure 5.4 we used (5.4) with t0 = 135.) This adjustment reduces
the computing time and the accumulation of error. The resulting reduction of the error
can be seen in comparing Figures 5.3 (µ = .001) and 5.4 (µ = .003). In Figure 5.4,
the parameter µ is larger (µ = .003) and the transition occurs at a faster rate. Then
the probability density after the transition is obtained from computing over a shorter
time interval, and we found less accumulation of reconstruction errors for µ = .003.

In Figure 5.5 we compare the results for p(u, v, t) from solving (5.3) with a GPM
and from the DS of (5.1). The results from the DS use 80,000 realizations, while
the GPM uses 10,000 particles. The statistical errors in the DS are increasingly
evident as time increases since the density is spreading out. An increasing number of
realizations would be necessary to properly approximate the density for later times.
The results for the GPM method are smooth, and the number of particles is sufficient
for resolving the peak in the density. Other solutions were obtained using a larger
number of particles in the GPM, but they gave essentially the same results.
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Fig. 5.5. Comparison of p(u, v, t) computed as the solution of (5.3) with the GPM (left col-
umn) using 10,000 particles and computed by DS of (5.1) (right column) using 80,000 realizations
(particles) for t = 375, t = 390, and t = 410. The parameters are the same as in Figures 5.2 and
5.3. Note the different scales of the plots, which indicate that the density is less concentrated for
increasing time. As time increases, the results of the DS get increasingly rough, which indicates that
an increasing number of realizations is necessary to obtain an approximation for p(u, v, t). Here
a = .2, b = .05, and γ = .4, µ = .001, and ε = 10−5.

In Figure 5.6 we compare the results for the marginal density

p(v, t) =

∫ ∞

−∞
p(u, v, t)du.(5.5)

The dynamics of v indicate the transition time since the transition in u follows that of
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Fig. 5.6. Comparison of the marginal density p(v, t) obtained by the DS of (5.1) (80,000 re-
alizations) and the GPM for t = 377 and t = 415. Here a = .2, b = .05, γ = .4, µ = .001, and
ε = 10−5.

v. Therefore p(v, t) itself may be used to determine when the transition has occurred,
as in [7]. Figure 5.6 compares the results for the marginal density, using p(u, v, t)
for the GPM and the DS of (2.2). Note that even with the extra step of smoothing,
that is, integration in u, the results from the DS do not give a smooth result for the
marginal density.

6. Conclusion. A gradient particle method is used to solve FPEs for noisy delay
bifurcations. The solution of the FPE gives the time-dependent probability density
function for the stochastic process.

In these problems, a delay in the transition between states occurs in the deter-
ministic dynamics when a bifurcation parameter varies slowly through the bifurcation
point. This delay is reduced by the presence of noise, even if it is very small. The
probability density gives a complete description of the process, and in particular it
describes the transition of the process. Since there is considerable variation in the
gradient of the density, numerical methods must be used to solve the FPE, yielding
results which are complementary to those obtained asymptotically. The small diffu-
sion of the cases of interest (very small noise) and the variation in the concentration
of the density suggest that the GPMs are practical methods for computing the solu-
tion to the FPE. These methods incorporate simulation of the noisy process (motion
of the particles) with the evolution of the gradients of the probability density. The
reconstruction of the density from its gradient introduces a smoothing so that fewer
realizations are necessary than in computing the density with a direct simulation.

We compute probability densities through the transition regions and compare the
GPM results to asymptotic results and direct simulations. The GPMs yield satisfac-
tory results throughout the transition regions, where the asymptotic method is no
longer valid and yield results which are much smoother than those obtained with di-
rect simulation. Some caution must be used in applying the GPMs, since the density
must be reconstructed from its gradient at each time step and errors can accumu-
late over long time periods. These errors can be reduced by adjusting the time step
and reconstruction grid, and by using the asymptotic approximation as an “initial
condition,” which reduces the length of the time of computation.
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Appendix. The asymptotic method. We give a brief summary of the asymp-
totic method of [7] which was used to approximate the probability densities in sec-
tions 4 and 5. The asymptotic method is based on a Gaussian-type ansatz for the
form of the probability density. With this ansatz the problem is reduced to solving a
system of ODEs.

For the one-dimensional example of section 4, the ansatz for p(y, t) is

p(y, t) ∼ C

[
1

2

√
g(t)e

−(y−|F (t)|− 2ε√
gn

)2
g(t)

2ε2 +
1

2

√
g(t)e

−(y+|F (t)|− 2ε√
gn

)2
g(t)

2ε2

]
.(A.1)

Here F (t) is the solution of the deterministic problem (2.1) for c = µt, g(t) is a
function to be determined, and C is a normalization constant. By substituting (A.1)
into the FPE (2.4) and using a perturbation expansion about ε = 0, an ODE for g(t)
is found at leading order

−g′(t)
2

= g2 + (µt− 3F 2(t))g.(A.2)

This equation has the solution

g(t) =
e−2Q

2
∫ t
0
e−2Q(t′)dt′ + cg

≡ gn(t)

2
∫
gn(t′)dt′

,(A.3)

Q(t) =

∫ t

µt′ − 3F 2(t′)dt′, cg = constant,

and the result can be substituted in (A.1) to give an asymptotic approximation to
p(y, t).

The idea behind (A.1) is that the density is approximately Gaussian, centered
around the deterministic dynamics given by F (t). The concentration of the density
varies in time, with ε2/g(t) playing the role of a time-dependent variance. When
the function g(t) is very small, the variance is large and the Gaussian-type approx-
imation is no longer valid. This point was discussed in section 4, where the asymp-
totic approach fails when the density is less concentrated in the transition region
(see Figure 4.1(b)). Note that the ansatz (A.1) is actually a linear combination
of two Gaussian-type densities since there are two possible deterministic solutions,
y = ±|F (t)|, symmetric about y = 0.

Similarly, for the two-dimensional example of section 5, one can make the ansatz

p(u, v, t) ∼ C exp

[
−g(t)

2ε2
(v − V (t))2 − h(t)

ε2
(u− U(t))(v − V (t))− k(t)

2ε2
(u− U(t))2

+
q(t)

ε
(v − V (t)) +

r(t)

ε
(u− U(t)) + s(t)

]
.(A.4)

Here (U(t), V (t)) is the deterministic solution to (5.1) with ε = 0. Substitution of
(A.4) into (5.3) yields a system of coupled ODEs for g(t), h(t), k(t), q(t), and r(t), and
s(t), which depend on U(t) and V (t) and describe the time-dependent concentration
of the density. This system can be solved numerically, and the solution is substituted
into (A.4) to give an asymptotic approximation for p(u, v, t).
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Abstract. This article addresses some asymptotic and numerical issues related to the solution of
Burgers’ equation, −εuxx+ut+uux = 0 on (−1, 1), subject to the boundary conditions u(−1) = 1+δ,
u(1) = −1, and its generalization to two dimensions, −ε∆u+ut+uux+uuy = 0 on (−1, 1)×(−π, π),
subject to the boundary conditions u|x=1 = 1 + δ, u|x=−1 = −1, with 2π periodicity in y. The
perturbation parameters δ and ε are arbitrarily small positive and independent; when they approach
0, they satisfy the asymptotic order relation δ = Os(e−a/ε) for some constant a ∈ (0, 1).

The solutions of these convection-dominated viscous conservation laws exhibit a transition layer
in the interior of the domain, whose position as t→∞ is supersensitive to the boundary perturbation.
Algorithms are presented for the computation of the position of the transition layer at steady state.
The algorithms generalize to viscous conservation laws with a convex nonlinearity and are scalable
in a parallel computing environment.
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1. Introduction. In this article we address some asymptotic and numerical is-
sues related to the solution of Burgers’ equation,

−εuxx + ut + uux = 0 on (−1, 1), u(−1) = 1 + δ, u(1) = −1,(1.1)

and its generalization to two dimensions,

(1.2)

−ε∆u + ut + uux + βuuy = 0 on (−1, 1)× (−π, π), u|x=−1 = 1 + δ, u|x=1 = −1.

In the latter case, we assume periodicity (period 2π) in the second coordinate (y). The
perturbation parameters δ and ε are arbitrarily small positive; they are independent,
but when they approach 0, they satisfy the asymptotic order relation

δ = Os(e
−a/ε) as δ, ε ↓ 0(1.3)

for some constant a ∈ (0, 1) which does not depend on δ or ε. This asymptotic relation
implies that δ is transcendentally small (in the sense of asymptotic analysis) compared
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with ε, but δ dominates e−1/ε as ε ↓ 0. (See [1, 2, 3, 4, 5] for definitions and basic
concepts of asymptotic analysis.)

If ε = 0, the solution of (1.1) develops a shock (discontinuity) in finite time, even
when the initial data are smooth [6, 7]. The perturbation introduced by a nonzero
ε models the presence of viscosity, which tends to smooth the discontinuity [8, 9].
Instead of a shock, one has a transition layer—a region of rapid variation, which
extends over a distance O(ε) as ε ↓ 0. The position of the transition layer varies
with time, and its eventual location at steady state is extremely sensitive to the
boundary data. In fact, even the transcendentally small perturbation δ leads to a
measurable (that is, order one) effect on the eventual location of the transition layer.
This phenomenon, known as supersensitivity, was first observed by Lorentz [10]. It
has been studied extensively for Burgers’ equation and more general viscous conser-
vation laws in one dimension by Kreiss and Kreiss [11], Kreiss [12], Laforgue and
O’Malley [13, 14, 15, 16, 17, 18], and Reyna and Ward [19, 20, 21].

An example from combustion theory shows that supersensitivity is of more than
mathematical significance. A simple model of flame propagation in gaseous fuels in-
volves a system of two coupled convection-diffusion equations, one for the temperature
of the mixture, another for the concentration of the reaction-limiting component in
the mixture [22, section 3.2]. If one ignores exponentially small perturbations in the
data, one finds that the Lewis number L, which is a measure for the ratio of heat
and mass transfer in the mixture, has no effect on the location of the combustion
front. Yet, numerical computations show that this location is very sensitive—in fact,
supersensitive—to the value of L.

Although the phenomenon of supersensitivity is fairly well understood theoreti-
cally, at least for one-dimensional problems, the numerical solution of such problems
still poses formidable challenges, especially in more than one dimension. The meth-
ods that have been proposed in the numerical literature for singularly perturbed
boundary-value problems (see, for example, [23]) tend to focus on uniform approxi-
mations or finite elements with special features, not on the supersensitive dependence
of the transition layer on the boundary data. On the other hand, the algorithms
we propose are designed specifically to capture the phenomenon of supersensitivity.
They use the fact that the solution approaches a certain profile as the perturbation
parameters approach zero and focus on the computation of the corrections.

Our ultimate goal is to develop algorithms for multidimensional problems that are,
first of all, suitable for long-time integration, so stable steady states can be computed
with confidence; second, extremely accurate in space, so the eventual location of tran-
sition layers can be predicted with accuracy; and third, scalable in a multiprocessing
environment, so large-scale problems can be solved in a reasonable length of time.
Although we discuss only Burgers’ equation and its generalization to two dimensions,
the algorithms are not restricted by the special form of the nonlinearity.

In section 2 we consider Burgers’ equation. We propose a simple algorithm that
effectively captures the supersensitive location of the transition layer at steady state.
We stress the importance of the regions outside the transition layer, where the solution
does not yet deviate appreciably from the boundary values. In section 3 we address
the generalized Burgers’ equation in two dimensions. We show through a formal
asymptotic analysis that the location of the transition layer may vary in the direction
of periodicity (y), but the transition layer is essentially flat, and only its average
position (averaged over y) depends supersensitively on the small parameters. We
then develop an algorithm that effectively approximates the transition layer.
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2. One-dimensional case. We begin by considering (1.1),

−εuxx + ut + uux = 0 on (−1, 1), u(−1) = 1 + δ, u(1) = −1.(2.1)

As shown by Laforgue and O’Malley [16], the solution approaches a certain profile
function as ε ↓ 0,

u(x, t) = − tanh η + e−a/εu1(η, σ) + · · · ,(2.2)

where

η =
x− x∗(σ)

ε
, σ = te−a/ε.(2.3)

The hyperbolic tangent incorporates a transition layer centered at x∗, which connects
the limiting values ±1 at ∓∞. Note that these limiting values are transcendentally
close to the prescribed boundary values 1 + δ and −1 of u at −1 and 1. The position
of the transition layer varies on a transcendentally slow time scale; if δ = 2be−a/ε, its
limit as σ →∞ is

x∗
as = 1− a + ε ln b.(2.4)

The important points to observe are that, first, the solution u approaches a certain pro-
file function as ε ↓ 0; second, the accurate determination of the steady-state position
of the transition layer requires long-term integration; and, third, a transcendentally
small perturbation of the boundary data has a measurable effect on the location of
the transition layer.

The asymptotic analysis has been generalized to more general nonlinearities by
Laforgue and O’Malley [17, 18] and Reyna and Ward [19], with similar results. One
finds a limiting profile, which generalizes the hyperbolic tangent function, and a transi-
tion layer which moves on a transcendentally slow time scale to a steady-state position.
This position depends supersensitively on the boundary perturbation. Whenever this
situation arises, appropriate variants of the following algorithms can be developed.

2.1. Spatial approximation. To approximate the solution in space, we use
a domain decomposition method with two nonoverlapping subdomains, where the
interface is located approximately at the center of the transition layer; an adaptive
pseudospectral method on each subdomain; and collocation based on Tchebychev
polynomials, where the collocation points are concentrated in the transition layer.
The algorithm is standard and has been described elsewhere [24, 25, 26, 27, 28]; we
summarize it here only for completeness.

Let x∗ ∈ (−1, 1) denote the (approximate) position of the center of the transition
layer; x∗ varies in time (t), but since t enters only as a parameter in the discussion of
the spatial approximation, we do not write it explicitly. We decompose,

Ω1 = (−1, x∗), Ω2 = (x∗, 1),(2.5)

and map each of the subdomains Ω1 and Ω2 linearly onto (−1, 1),

g1 : y ∈ (−1, 1) �→ x = g1(y) = −1 + 1
2 (x∗ + 1)(y + 1) ∈ Ω1,

g2 : y ∈ (−1, 1) �→ x = g2(y) = 1− 1
2 (1− x∗)(1− y) ∈ Ω2.
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The restrictions of u to Ω1 and Ω2 exhibit boundary layer behavior near x∗. The point
x = x∗ corresponds to y = 1 under g1 and to y = −1 under g2. To concentrate the
collocation points near x∗, we define a one-parameter family of nonlinear mappings
of the interval (−1, 1) onto itself,

f1(· , α) : s ∈ (−1, 1) �→ y = f1(s, α) = 1− (4/π)arctan
(
α tan 1

4 (1− s)π
) ∈ (−1, 1),

f2(· , α) : s ∈ (−1, 1) �→ y = f2(s, α) = −1 + (4/π)arctan
(
α tan 1

4 (s + 1)π
) ∈ (−1, 1).

If the parameter α is small, f1 concentrates points near 1 and f2 concentrates points
near −1. Concentrating points near critical points is the computational analog of
coordinate stretching in asymptotic analysis. The choice of α can be optimized by
means of a priori estimates [24, 25]; we usually take α = ε1/2 [27]. The composite
maps,

hi(· ;α) = gi(· ) ◦ fi(· , α), i = 1, 2,

are one-to-one from (−1, 1) onto Ωi; we denote their inverses by h−1
i (· ;α), i = 1, 2.

We look for the solution of (2.1) by approximating locally on each of the sub-
domains Ω1 and Ω2 and imposing C1 continuity at x∗. If U denotes the global
approximation, then

U(x) = Ui(x) for x ∈ Ωi, U ∈ C1([−1, 1]).

The local approximations consist of finite sums of Tchebychev polynomials,

Ui(x) =

N−1∑
j=0

aijTj(h
−1
i (x;α)), x ∈ Ωi, i = 1, 2; Tj(cos θ) = cos(jθ), θ = π/N.

2.2. Integration for times of order one. For short-time integration it suffices
to combine a one-step forward Euler approximation with an implicit treatment of the
second-order spatial derivative and an explicit treatment of the nonlinear term.

Starting with an approximate solution U0 = U(· , t0) at time t0, we identify the
point x∗ = x∗(t0) with the location of the zero of U0, partition the domain in two
subdomains, and select the collocation points. Fixing this configuration temporarily,
we compute a sequence {Un : n = 1, 2 . . .} of successive approximations Un using the
algorithm

−εD2Un +
Un − Un−1

∆t
+ Un−1DUn−1 = 0, n = 1, 2, . . . .(2.6)

The symbol D represents the pseudospectral differentiation operator in physical space
[29]. The time step ∆t is constant, so Un is the approximate solution of the boundary-
value problem (1.1) at t0 + n∆t. The algortithm (2.6) is nonconservative.

When the location of the zero of Un has moved over a distance ε, we suspend
the algorithm (2.6). We shift x∗ to the current location of the zero, reconfigure
the partition, update the collocation points, replace U0 by the values at the new
collocation points (using interpolation if necessary), and continue the algorithm (2.6).
We repeat this process until the steady state is reached. The change in the location
of the zero of the computed approximation becomes smaller as time progresses, so the
same collocation configuration serves for longer and longer time intervals.
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Table 1
Location of the transition layer at steady state.

ε = 0.1 ε = 0.05

δ x∗∞ x∗as x∗∞ x∗as
1.0 · 10−1 0.72464 0.700427 0.86237 0.850213

1.0 · 10−2 0.47486 0.470176 0.73755 0.735084

1.0 · 10−3 0.24133 0.240724 0.62055 0.619955

1.0 · 10−4 0.05265 0.052606 0.50485 0.504826

1.0 · 10−5 0.00537 0.005504 0.38962 0.389696

Table 2
Effect of grid refinement (N) on x∗∞; ε = 0.1, δ = 1.0 · 10−3.

N 15 19 29 39 49 59
x∗∞ 0.25576 0.24115 0.24166 0.24133 0.24140 0.24143

The algorithm (2.6) requires the solution of Un from the equation

AUn = Un−1 + (∆t)Un−1DUn−1.(2.7)

The matrix A, which is order 2N − 1, has a block structure,

A =


A1 b1

at
1 c bt2

a2 A2


 .

A1 and A2 are square matrices of order N−1; a1, a2, b1, and b2 vectors of length N−1;
c is a constant. The center row accounts for the C1 continuity at the interface. This
block structure allows a solution of the system (2.7) in two parallel processes from
opposite ends. The matrix A does not change as long as the collocation configuration
is frozen. However, its condition number increases with the number of collocation
points. This increase puts a lower limit on the values of δ one can handle in practice.

Table 1 gives the location of the transition layer at steady state, x∗
∞, computed

with the algorithm (2.6) with N = 39 collocation points in each subdomain and a
time step ∆t = 0.02. The number x∗

as = 1−ε ln(2/δ), which is an asymptotic estimate
of x∗ (see (2.4)), is given for comparison. The initial conditions were usually obtained
by linear interpolation from the boundary data, but variations were made to test the
answers. The lower limit on ε is determined by the fact that the computation time for
the algorithm (2.6) increases as ε decreases. In subsection 2.4 we discuss an algorithm
suitable for long-time integration.

Table 2 shows the impact of grid refinement (the number of collocation points,
N) on the value of x∗

∞.

2.3. Neglecting viscosity. In supersensitive boundary-value problems, the so-
lution in the “tails” on either side of the transition layer is exponentially close to the
prescribed boundary values, so the viscous term is exponentially small there. It is
therefore tempting to assume that one can sacrifice some accuracy in the computa-
tion of the viscous term during the transient phase and still find the position of the
transition layer at steady state with a high degree of accuracy.

An extreme form of this assumption underlies the approach where one constructs
a first approximation by ignoring the viscous term altogether. Using a conservative
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finite-difference scheme, such as Godunov, one constructs the entropy solution of the
inviscid conservation law (ε = 0) and takes this as a first approximation. One then
constructs higher order uniform approximations, for example, by means of a het-
erogeneous domain-decomposition method, using either a different numerical scheme
to solve the full viscid problem in the interior of the transition layer or some other
approximation of the viscous equation.

The χ method introduced by Brezzi, Canuto, and Russo [30] is a more sophisti-
cated nonlinear adaptive scheme based on the same assumption. Here, one replaces
the boundary-value problem by

−εχ(uxx) + ut + (f(u))x = 0 on (−1, 1), u(−1, t) = 1 + δ, u(1, t) = −1,(2.8)

where χ ≡ χσ,τ is a smooth monotone function, χ(s) = 0 if |s| ≤ σ, and χ(s) = s
if |s| ≥ σ + τ for some positive numbers σ and τ . This method has been applied to
Burgers’ equation [31] and the incompressible Navier–Stokes equations [32]. However,
we claim that the χ method cannot accurately predict the ultimate position of the
transition layer, at least for Burgers’ equation on a finite interval with Dirichlet data.
This claim is supported by the following observations.

Consider the results quoted in [31, Table II]. With few exceptions, they involve
relatively large values of σ (σ is called δ in [31]); in fact, σ is typically greater than
ε−1/2 (ε is called ν in [31]) by one or two orders of magnitude. The viscous term
is therefore always neglected, unless uxx is of the same order as ε−1/2; that is, the
viscous term is neglected everywhere except in the transition layer. If the χ method
gave the correct position of the transition layer at steady state, then the same would
certainly be the case when we simply multiply the viscous term by a smooth function
of position, whose support is of order one and includes the transition layer. After all,
in the latter case we account for the viscous term over a much broader region. These
arguments lead us to consider the boundary-value problem

−εH(x)uxx + ut + uux = 0 on (−1, 1), u(−1, t) = 1 + δ, u(1, t) = −1,(2.9)

instead of the boundary-value problem (2.8). Here, H is a smooth cutoff function,

H(x) =

{
1
2 (1 + tanh(α(x− x∗(t) + β))) , x < x∗(t),
1
2 (1 + tanh(α(−x + x∗(t) + β))) , x > x∗(t).

(2.10)

We use a numerical approximation of x∗(t) and choose the parameters α and β so

H(x) = 1 if |x− x∗(t)| < 1
2β, H(x) = 0 if |x− x∗(t)| > 3

2β

to within machine accuracy (1 · 10−15). The algorithm (2.6) leads to the solution of
Un from the equation

−εHD2Un +
Un − Un−1

∆t
+ Un−1Dun−1 = 0, n = 1, 2, . . . .(2.11)

The results given in Table 3 (computed for ε = 0.1 and δ = 1.0 · 10−2, with α =
200) show that the algorithm (2.11) can give incorrect results for the position of the
transition layer at steady state. (The correct value is x∗

∞ = 0.47486; see Table 1.)
The position of the shock freezes too early during the transient phase. The actual
moment of freezing depends on the size of the zone to the left of the transition layer
(where H ≡ 0). The result improves as β increases, but for β = 0.8 the algorithm
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Table 3
Location of the transition layer at steady state computed with the χ method.

β 0.1 0.2 0.3 0.4 0.5 0.6 0.7
x∗∞ 0.0056 0.0110 0.0174 0.0384 0.0923 0.1067 0.1565

fails to converge. (The position of the transition layer keeps oscillating between the
regions where H ≡ 1 and H ≡ 0.) On the other hand, if we include the missing part
of the viscous term explicitly and use the algorithm

(2.12)

−εHD2Un − ε(1−H)D2Un−1 +
Un − Un−1

∆t
+ Un−1Dun−1 = 0, n = 1, 2, . . . ,

instead of (2.11), we retrieve the correct position of the transition layer at steady
state. This result demonstrates clearly that, when the problem is supersensitive, it is
not advisable to neglect the viscous term, even when that term is exponentially small.

Note that the modified algorithm (2.13) treats the second-order derivative explic-
itly in the region where H ≡ 0 and implicitly in the region where H ≡ 1. The idea
of using a cutoff function to construct a composite algorithm is described in detail in
our article [28]. The procedure offers a very general tool for the design of heteroge-
neous domain decompositions in the framework of a finite-difference approximation.
However, since the algorithm (2.13) is based on a Tchebyshev pseudospectral approx-
imation, the partially explicit treatment of the viscous term forces a severe constraint
on the time step that cannot be circumvented. For example, with ε = 0.1 and N = 49
collocation points per subdomain, the time step must be 10 times smaller than the
time step for the algorithm (2.6). The algorithm (2.13) is therefore certainly not
practical for long-time integration.

2.4. Long-time integration. The explicit treatment of the nonlinear term in
the algorithm (2.6) imposes a severe constraint on the time step (CFL condition).
The algorithm is therefore not suitable for long-time integration. The alternative
approach commonly taken is to use a fully implicit scheme in combination with a
Newton algorithm [33]. However, an implicit scheme can be expensive and is certain
to increase interprocessor communication in a multiprocessing environment. If the
solution of the viscous conservation law is close to a certain profile function, as is the
case for Burgers’ equation, at least after an initial transient, the following algorithm
offers a more efficient alternative.

We start the integration of (2.1) at t = t0, say, when we have an approximate
profile with a transition layer centered at x∗. We construct the function u0,

u0(x) = − tanh
x− x∗

2ε
,(2.13)

which satifies Burgers’ equation exactly, and look for a solution u of the form

u(x, t) = u0(x) + δv(x, t).(2.14)

Then v must satisfy the nonlinear boundary-value problem

−εvxx + vt + u0vx + u′
0v + δvvx = 0 on (−1, 1),

v(−1, t) = δ−1(1 + δ − u0(−1)), v(1, t) = δ−1(−1− u0(1)).
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Fig. 1. The profile function u0 (dashed line) and the computed solution U(· , t) at some time t
(solid line); ε = 0.05, δ = 1 · 10−3.

We integrate this boundary-value problem for t > t0, using the algorithm

(2.15)

−εD2V n +
V n − V n−1

∆t
+ u0DV n + u′

0V
n = −δV n−1DV n−1, n = 1, 2, . . . ,

and define an approximation U of u for t > t0,

U(x, t) = u0(x) + δV (x, t), t > t0.(2.16)

We proceed with the integration as long as the supremum of U(· , t) − u0 remains
of the order of δ. When this criterion is no longer met, at t = t1, say, we suspend
the integration, identify the point x∗ with the location of the center of the transition
layer at t1, update the profile function u0, and continue the integration beyond t1.
We repeat the procedure until the steady state is reached. Figure 1 shows a profile
function u0 and the computed solution U(· , t) at some time t. Note that the former
is monotone, the latter is not.

The algorithm (2.16) is very similar to (2.6). The spatial approximation is handled
with the same domain-decomposition method, so the structure of the resulting linear
system is the same as in (2.7). But the constraint on the time step is relaxed by a
factor δ. With the algorithm (2.16) we can integrate the boundary-value problem for
values of ε as small as 0.01, down to δs of the order of 10−6, using time steps that are
typically 50 times larger than with the algorithm (2.6). Table 4 gives some results
for x∗

∞, computed with the algorithm (2.16), with N = 39 collocation points in each
subdomain.

3. Two-dimensional case. Next, we consider Burgers’ equation generalized to
two dimensions,

(3.1)
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Table 4
Location of the transition layer at steady state.

ε = 0.1 ε = 0.05 ε = 0.02 ε = 0.01

δ x∗∞ x∗∞ x∗∞ x∗∞
1.0 · 10−1 0.72346 0.86175

1.0 · 10−2 0.47508 0.73774 0.89518

1.0 · 10−3 0.24140 0.62057 0.84827 0.92429

1.0 · 10−4 0.05275 0.50485 0.80210 0.90104

1.0 · 10−5 0.00561 0.38964 0.75609 0.87800

1.0 · 10−6 0.00066 0.27452 0.70996 0.85482

1.0 · 10−7 0.83084

−ε∆u + ut + uux + βuuy = 0 on (−1, 1)× (−π, π), u|x=−1 = 1 + δ, u|x=1 = −1.

We assume periodicity in y (period 2π). The perturbation δ may vary with y; its
Fourier expansion is

δ ≡ δ(y) = δ0
∑
k∈Z

ηkeiky.(3.2)

The coefficients ηk, as well as the prefactor δ0, are independent of y. The prefactor
δ0 is arbitrarily small positive and defined in such a way that η0 = 1 and ηk = O(1)
as δ0 ↓ 0 for k = ±1,±2, . . . . The order relation (1.3) between δ and ε, which must
hold uniformly in y, implies that

δ0 = Os(e
−a/ε) as δ0, ε ↓ 0(3.3)

for some a ∈ (0, 1). We show in section 3.1 that, under these conditions, the average
position of the transition layer (averaged over y) depends supersensitively on the
small parameters ε and δ0. In section 3.2 we briefly review the spatial approximation.
Section 3.3 is devoted to the integration procedure.

3.1. Profile function. The algorithm we propose for the solution of the bound-
ary-value problem (3.1) is again based on the assumption that the solution is close to
a known profile function. Our goal in this section is to show that, under the conditions
given above, the profile function is asymptotically independent of y and again given
to leading order by the hyperbolic tangent, as in (2.2).

We introduce the constant x∗ ∈ (0, 1) such that x∗ ∼ 1− ε ln(2/δ0) as ε ↓ 0. We
define the function u0,

u0(x) = − tanh
x− x∗

2ε
,(3.4)

and look for a profile function u of the form

u(x, y) = u0(x) + v(x, y).(3.5)

Because −εu′′
0 + u0u

′
0, v must satisfy the differential equation

−ε∆v + u0vx + u′
0v + βu0vy + vvx + βvvy = 0,(3.6)

together with the boundary conditions

v|x=−1 = δ − δ0, v|x=1 = 0.(3.7)
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The linearized equation,

*(v) ≡ −ε∆v + u0vx + u′
0v + βu0vy = 0,(3.8)

has a solution, *(u′
0) = 0, so we reduce the order by substituting

v = u′
0w.(3.9)

Then w must satisfy the equation

−ε∆w − u0wx + βu0wy = 0,(3.10)

together with the boundary conditions

w|x=−1 = (δ − δ0)/u′
0(−1), w|x=1 = 0.(3.11)

We estimate w by means of the coefficients in its Fourier expansion,

w(x, y) =
∑
k∈Z

wk(x)eiky.(3.12)

The leading coefficient w0 is the solution of the boundary-value problem

−εw′′
0 − u0w

′
0 = 0 on (−1, 1), w0(−1) = 0, w0(1) = 0,(3.13)

so w0 = 0. Note that this result is a direct consequence of the fact that we have defined
x∗ in terms of the average δ0 in (3.4); any other definition leads to an inhomogeneous
boundary-value problem, whose solution w0 does not vanish.

The remaining coefficients wk, k = ±1,±2, . . . , are found from the boundary-
value problem

−εw′′
k − u0w

′
k + (εk2 + iβku0)wk = 0, wk(−1) = δ0ηk, wk(1) = 0.(3.14)

This is a classical turning-point problem, as u0 changes sign in the interval (−1, 1).
The asymptotic behavior of wk as ε ↓ 0 can be found by the method described in [3,
section 3.E],

(3.15)

wk(x) ∼
[
ckeiβkx +

(
1− cke−iβk

)
e−(1+x)/ε +

(
0− ckeiβk

)
e−(1−x)/ε

]
wk(−1).

The coefficient ck is such that the functional

L[w] =
1

2

∫ 1

−1

[
εw′2 + (εk2 + iβku0)w2

]
exp

(
1

ε

∫ x

0

u0(ξ) dξ

)
dx(3.16)

has a critical point at w = wk,

∂L[wk]

∂ck
= 0.(3.17)

Notice that the differential equation (3.14) is the Euler equation of the functional L;
the Neumann boundary conditions w′

k(±1) = 0 are the natural boundary conditions
associated with L.
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Obviously, finding an explicit expression for ck is out of the question. The best
we can aim for is an asymptotic expansion as ε ↓ 0, and even here we must resort
to computational assistance. Using the symbolic manipulation language MAPLE, we
find

ck ∼ e−(x∗+1)/ε

(1 + β2)ε2k2
e−iβk(1+2x∗) as ε ↓ 0.(3.18)

The first term in the brackets in (3.16) represents the regular part of the asymptotic
behavior of wk, which dominates in the interior; the remaining two terms represent
the singular part, which dominates near the endpoints of the interval. Since we are
interested in the transition layer, which is located in the interior, we ignore the singular
part and take only the regular part, wk(x) ∼ ckwk(−1)eiβkx. That is, we take

vk(x) ∼ δ0ηke−(1+x∗)/ε

(1 + β2)ε2k2

u′
0(x)

u′
0(−1)

eiβk(1−2x∗+x) as ε ↓ 0.(3.19)

If we use the asymptotic approximation

u′
0(x)

u′
0(−1)

=
1− tanh2((x− x∗)/(2ε))

1− tanh2((−1− x∗)/(2ε))
∼ 1− tanh2((x− x∗)/(2ε))

4e−(1+x∗)/ε
,

we obtain the asymptotic expression

vk(x) ∼ δ0ηk
4(1 + β2)ε2k2

eiβk(1−2x∗+x)

(
1− tanh2 x− x∗

2ε

)
.(3.20)

This result implies that the Fourier series of v, as well as those of vx and vy, converge.
Furthermore, ‖v‖∞ and ‖vy‖∞ are O(δ0ε

−2).
Finding the asymptotic behavior of ‖vx‖∞ is less obvious. It follows from (3.16)

that w′
k(x) ∼ ckeiβkx as ε ↓ 0, at least for x in the interior of the domain. Therefore,

v′k(x) = (u′
0wk)′(x) ∼ (u′′

0wk)(x) ∼ ε−1(u′
0wk)(x) = ε−1vk(x). Hence, ‖vx‖∞ =

O(δ0ε
−3) as δ0, ε ↓ 0.

Since δ0 = Os(e
−a/ε) for some a ∈ (0, 1), we have δ0ε

−p = Os(e
−a′/ε) (p = 2, 3)

for any a′ ∈ (0, a), so any solution v of (3.8) which satisfies the boundary condi-
tions (3.7) is transcendentally small. The residue vvx + βvvy, which was ignored in
the transition from the nonlinear equation (3.6) to the linear equation (3.8) is like-
wise transcendentally small and, in fact, O(δ2

0ε
−5), so we also have an a posteriori

justification for the linearization.
These arguments motivate the choice of u0, which depends only on x, as the

profile function in the design of the numerical algorithms for (3.2).

3.2. Spatial approximation. The spatial approximation is again based on a
domain decomposition with two nonoverlapping subdomains on either side of the y-
averaged location of the center of the transition layer. On each subdomain we use
an adaptive pseudospectral method in the x direction and a finite-difference method
in the y direction. The pseudospectral method is the same as in the one-dimensional
case; it uses Tchebychev polynomial collocation with Nx collocation points.

Since the transition layer is close to a plane parallel to the x axis, there is no
need to resort to an adaptive grid in the y direction. For our numerical experiments
we chose a regular grid with mesh width h = 2π/Ny and a sixth-order central finite-
difference approximation of uyy and uy. The choice may seem inconsistent with the
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spectral approximation in the x direction; a more obvious choice would be a Fourier
approximation in the y direction. Theoretically, the finite-difference approximation
in the y direction restricts the accuracy of the approximation for a regular problem
(ε = Os(1)) to sixth order, less than the accuracy guaranteed by the pseudospec-
tral approximation in the x direction. However, as the transition layer is close to a
plane parallel to the x axis, it is relatively easy to keep the numerical error in the
finite-difference approximation of the term εuyy smaller than the numerical error in
the pseudospectral approximation of the term εuxx with a moderate number of dis-
cretization points Ny. There is, therefore, no need to use a better approximation, like
the Fourier approximation, for the term εuyy. Furthermore, the spectral radius of D2

y

is smaller with sixth-order finite differences than with Fourier differentiation. This
difference implies an additional advantage for a finite-difference approximation when
the y derivatives are treated explicitly [34].

3.3. Integration for times of order one. We extend the Euler scheme (2.6)
to two dimensions as follows:

(3.21)

−εD2
xU

n +
Un − Un−1

∆t
= εD2

yU
n−1 + Un−1DxU

n−1 + βUn−1DyU
n−1, n = 1, 2, . . . .

Here, Dx is the pseudospectral differential operator with Tchebychev polynomials,
Dy the finite-difference operator with sixth-order central finite differences.

The algorithm (3.21) has several features that make it readily parallelizable. First,
the approximations DyU

n−1 and D2
yU

n−1 are taken explicitly, so the variable y is only
a parameter. Second, because we are using finite-difference approximations, we have
only local data dependencies. This latter point especially offers a significant advantage
over a spectral method, which uses global interpolation.

Table 5 shows the results for the boundary-value problem (3.1) with β = 1, ε = 0.1
and piecewise constant boundary data with δ0 = 1.0 · 10−2,

u(−1, y) =




1.01−∆δ if − π ≤ y < − 1
2π,

1.01 + ∆δ if − 1
2π ≤ y < 1

2π,

1.01−∆δ if 1
2π ≤ y < π.

(3.22)

The algorithm (3.21) was applied with Nx = 39 collocation points per subdomain
in the x direction and Ny = 32 interpolation points in the y direction. The table gives
the y-averaged location of the transition layer at steady state, 〈x∗

∞〉, as well as the
maximum deviation of the center of the transition layer from its y-averaged location,
∆x∗; that is, x∗

∞(y) varies between 〈x∗
∞〉 − ∆x∗ and 〈x∗

∞〉 + ∆x∗. These results
show that the algorithm (3.21) is extremely effective for the boundary-value problem.
As ∆δ increases, ∆x∗ grows approximately linearly with ∆δ. The graph of U − u0

maintains its overall shape, so its width (which measures ∆x∗) varies in proportion
to its height (which measures ‖U − u0‖∞). The numerical results therefore indicate
also that ‖U − u0‖∞ grows approximately linearly with ∆δ. This conclusion matches
the results of the asymptotic analysis in section 3.1, in particular (3.20), where it was
shown that vk is proportional to ηk.

Results for a much harder case are presented in Table 6. The parameters β and
ε are fixed as before, β = 1 and ε = 0.1, but this time the data at the left boundary
are sharply peaked at the midpoint,

u(−1, y) = 1.005 + (∆δ)e−20(1−cos y), −π < y < π.(3.23)
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Table 5
Location of the transition layer at steady state; boundary data (3.22).

∆δ 〈x∗∞〉 ∆x∗

0.25 · 10−2 0.4758 1.3114 · 10−2

0.50 · 10−2 0.4759 2.3584 · 10−2

1.0 · 10−2 0.4758 4.8865 · 10−2

1.5 · 10−2 0.4750 7.8632 · 10−2

2.0 · 10−2 0.4738 9.3250 · 10−2

3.0 · 10−2 0.4700 15.688 · 10−2

Table 6
Location of the transition layer at steady state; boundary data (3.23).

∆δ 〈x∗∞〉 x∗as ∆x∗

0.25 · 10−2 0.40808 0.40811 0.27278 · 10−2

0.50 · 10−2 0.41277 0.41241 0.37231 · 10−2

1.0 · 10−2 0.42096 0.42052 0.92263 · 10−2

2.0 · 10−2 0.43573 0.43506 1.4589 · 10−2

3.0 · 10−2 0.44854 0.44782 2.3924 · 10−2

Table 7
Effect of grid refinement (Nx, Ny) on 〈x∗∞〉 (upper entries) and ∆x∗ (lower entries); boundary

data (3.22) with ∆δ = 0.01.

Ny Nx = 19 Nx = 29 Nx = 39 Nx = 49 Nx = 59

8 0.47848 0.47653 0.47523 0.47557 0.47547
4.7396 10−2 4.8375 10−2 4.8902 10−2 5.2615 10−2 5.2251 10−2

16 0.47807 0.47614 0.47610 0.47478 0.47516
4.7396 10−2 5.8062 10−2 4.8849 10−2 4.9273 10−2 4.9518 10−2

32 0.47883 0.47611 0.47578 0.47536 0.47481
4.7396 10−2 4.8374 10−2 4.8864 10−2 4.9267 10−2 4.9516 10−2

64 0.47847 0.47610 0.47561 0.47513 0.47524
4.7396 10−2 4.8372 10−2 4.8867 10−2 4.9266 10−2 5.2280 10−2

The algorithm (3.21) was again applied with Nx = 39 collocation points per sub-
domain in the x direction and Ny = 32 interpolation points in the y direction.
The table gives, in addition to the values of 〈x∗

∞〉 and ∆x∗, the asymptotic value
x∗

as = 1−ε ln(2/δ0). The average location of the transition layer is predicted very well
by the asymptotics. Again, the maximum deviation ∆x∗ grows with ∆δ, although
not linearly as in the case of the step boundary data (3.22).

Table 7 shows the impact of grid refinement (the number of collocation points per
subdomain, Nx, and the number of discretization points, Ny) on the computed value
of x∗

∞(y) for the problem with boundary data (3.22), ∆δ = 0.01.

An obvious way to parallelize the algorithm (3.21) is to partition the interval
(−π, π) into subintervals of equal length 2π/Ny and map this partition onto a ring
of processors. Thus, one can achieve high speedups on a Paragon using nonblocking
communications. If each processor covers at least four mesh points in the y direction,
only nearest-neighbor communication is needed. Table 8 gives ample evidence that
the algorithm (3.21) is highly scalable; doubling the number of processors with the
problem size results in almost identical CPU times.

Additional parallelism can be introduced by decomposing the domain in the x
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Table 8
CPU time for 1, 000 time steps on the Paragon XP/S as a function of the number of processors

(P ) and the size of the problem (measured by Ny); Nx = 49.

Ny P = 1 P = 2 P = 4 P = 8 P = 16

32 129.16 65.88 33.91 17.43
64 252.85 130.02 65.85 33.85 17.45
128 519.05 257.85 129.68 65.85 33.92
256 515.01 257.49 129.77 65.93

direction. However, our experience with a similar algorithm for combustion problems
indicates a potentially significant decrease (as much as 70%) in the efficiency of the
algorithm [35].

In general, the algorithm (3.21) is very well adapted to the quasi-one-dimensional
structure of the transition layer. The algorithm predicts the location of the transition
layer at steady state with a significant accuracy. The time step is of the same order
of magnitude as for the one-dimensional analogue (2.6).

3.4. Long-time integration. The algorithm (3.21) needs to be modified for
long-time integration. We distinguish between the cases β = 0 and β �= 0.

If β = 0, we use an algorithm similar to the one described in section 2.4. We start
the integration of (3.1) at t = t0, say. We identify the point x∗ with the location of
the zero of the approximation U of u, averaged over y, at t = t0 and define the profile
function u0 as in (3.4),

u0(x) = − tanh
x− x∗

2ε
.(3.24)

Then we integrate the nonlinear boundary-value problem

−ε∆v + vt + u0vx + u′
0v + δ0ε

−2vvx = 0 on (−1, 1)× (−π, π)

forward in time, subject to the boundary conditions

v|x=−1 = δ−1
0 ε2(1 + δ − u0(−1)), v|x=1 = δ−1

0 ε2(−1− u0(1)),

using the algorithm

(3.25)

−εD2
xV

n +
V n − V n−1

∆t
+ u0DxV

n + u′
0V

n = εD2
yV

n−1 − δ0ε
−2V n−1DxV

n−1

for n = 1, 2, . . . . We define the approximation U of u,

U(x, y, t) = u0(x) + δ0ε
−2V (x, y, t),(3.26)

and integrate as long as the supremum of U(· , · , t)−u0 remains of the order of δ0ε
−2.

When this criterion is no longer met, at t = t1, say, we suspend the integration,
identify the point x∗ with the location of the center of the transition layer (averaged
over y), and update the profile function u0. We repeat the procedure until the steady
state is reached.

The time step for the algorithm (3.25) is limited by the (explicit) term εD2
yV

n−1,

∆t < c(2π/Ny)2/ε, for some constant c < 1
2 . This limitation is not too severe, as ε is
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Table 9
Location of the transition layer at steady state; boundary data (3.28).

∆δ 〈x∗∞〉 ∆x∗

1.0 · 10−6 0.7099 < 1.0 · 10−4

1.0 · 10−5 0.7099 < 1.0 · 10−4

1.0 · 10−4 0.7101 3.9 · 10−3

0.5 · 10−3 0.7122 1.9 · 10−2

1.0 · 10−3 0.7162 3.0 · 10−2

very small and the variation of the solution in the y direction is exponentially small,
so Ny need not be large.

If β �= 0, the situation becomes more complicated. One can, of course, extend the
algorithm (3.25) trivially by incorporating the convective term in the right member,

−εD2
xV

n +
V n − V n−1

∆t
+ u0DxV

n + u′
0V

n(3.27)

= εD2
yV

n−1 − δ0ε
−2V n−1DxV

n−1 − βu0DyV
n−1 − βδ0ε

−2V n−1DyV
n−1

for n = 1, 2, . . . . Representative results obtained in this way for the boundary-value
problem (3.1) with β = 1 and ε = 0.02 are given in Table 9. The boundary data are
again piecewise constant, as in Table 5, but with δ0 = 1.0 · 10−6,

u(−1, y) =




1 + 1.0 · 10−6 −∆δ if − π ≤ y < − 1
2π,

1 + 1.0 · 10−6 + ∆δ if − 1
2π ≤ y < 1

2π,

1 + 1.0 · 10−6 −∆δ if 1
2π ≤ y < π.

(3.28)

The algorithm (3.27) was applied with Nx = 39 collocation points per subdomain
in the x direction and only Ny = 16 interpolation points in the y direction. We
observe that the average location of the transition layer does not change appreciably
as long as ∆δ is of the same order as the average perturbation δ0. As ∆δ increases,
the perturbation is no longer small compared with δ0, and the asymptotic results of
section 3.1 do not necessarily apply. Indeed, ∆x∗ does not appear to vary linearly
with ∆δ, as was the case in Table 6.

A graphical representation of the computed solution U and its deviation from the
profile function, U − u0, for the case ∆δ = 1.0 · 10−3 are given in Figure 2 (contour
lines of U at steady state) and Figures 3 and 4 (perspective drawings of U and the
difference U−u0 at steady state). The data for these figures were taken after 2,500,000
time steps (∆t = 0.4).

The results are quite good, but for long-time integration one would do better by
looking for v in terms of its Fourier coefficients vk and adopting an implicit scheme
in the y direction. Thus, the constraint on the time step becomes the same as in the
one-dimensional case. The algorithm would be of the following type:

(3.29)

−εD2
xV

n
k +

V n
k − V n−1

k

∆t
+ u0DxV

n
k + (iβku0 + εk2)V n

k + u′
0V

n = −δ0ε−2Wn−1
k

for n = 1, 2, . . . ; Dy is the matrix of differentiation with respect to y in Fourier space,
and Wk is some approximation to the kth Fourier coefficient of vvx + βvvy.
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Fig. 2. Contour lines of the solution U at steady state.
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Fig. 3. The solution U at steady state.

This algorithm parallelizes with respect to the Fourier modes. It has been applied
to a problem involving a propagating combustion front in a moving fluid [35, 36].
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Fig. 4. The difference U − u0 at steady state.
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Abstract. In this paper we formulate a time dependent model to approximate the solution to the
nonlinear total variation optimization problem for deblurring and noise removal introduced by Rudin
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Comput. Phys., 43 (1981), pp. 357–372], used in fluid dynamics. We show numerical evidence of the
speed of resolution and stability of this simple explicit procedure in some representative 1D and 2D
numerical examples.

Key words. image restoration, total variation norm, upwind schemes, nonlinear diffusion, level
set motion
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1. Introduction. Classical algorithms for image deblurring and/or denoising
have been mainly based on least squares, Fourier series, and other L2-norm approxi-
mations, and consequently, the results are liken to be contaminated by Gibbs’s phe-
nomena (ringing) and/or smearing near edges. Their computational advantage comes
from the fact that the classical algorithms are linear; thus, fast solvers are widely
available. However, the effect of the restoration is not local in space. Other bases of
orthogonal functions have been introduced in order to get rid of those problems, e.g.,
compactly supported wavelets, but Gibbs’s phenomenon (ringing) and/or smearing
are/is still present for these linear procedures.

The total variation (TV) deblurring and denoising models are based on a varia-
tional problem with constraints using the TV norm as a nonlinear nondifferentiable
functional. The formulation of these models was first given by Rudin, Osher, and
Fatemi in [19] for the denoising model and Rudin and Osher in [18] for the denoising
and deblurring case. The main advantage is that their solutions preserve edges very
well, but there are computational difficulties. Indeed, in spite of the fact that the
variational problem is convex, the Euler–Lagrange equations are nonlinear and ill-
conditioned. Linear semi-implicit fixed-point procedures devised by Vogel and Oman
(see [26]), and interior-point primal-dual implicit quadratic methods by Chan, Golub,
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and Mulet (see [6]), were introduced to solve the models. Those methods give good
results when treating pure denoising problems, but the methods become highly ill-
conditioned for the deblurring and denoising case where the computational cost is
very high and parameter dependent. Furthermore, those methods also suffer from
the undesirable staircase effect, namely the transformation of smooth regions (ramps)
into piecewise constant regions (stairs).

In this paper we present a very simple time dependent model constructed by
evolving the Euler–Lagrange equation of the Rudin–Osher optimization problem,
multiplied by the magnitude of the gradient of the solution. The two main ana-
lytic features of this formulation are the following: (1) the level contours of the image
move quickly to the steady solution and (2) the presence of the gradient numerically
regularizes the mean curvature term in a way that preserves and enhances edges and
kills noise through the nonlinear diffusion acting on small scales. We use the entropy-
violating Roe scheme [16] for the convective term and central differencing for the
regularized mean curvature diffusion term. This makes a very simple, stable, explicit
procedure, computationally competitive compared with other semi-implicit or implicit
procedures. We show numerical evidence of the power of resolution and stability of
this explicit procedure in some representative 1D and 2D numerical examples, con-
sisting of noisy and blurred signals and images. (We use Gaussian white noise and
Gaussian blur.) We have observed in our experiments that our algorithm shows a
substantially reduced staircase effect.

2. Deblurring and denoising. A recording device or a camera would record a
signal or image so that (1) the recorded intensity of a small region is related to the
true intensities of a neighborhood of the pixel through a degradation process usually
called blurring and (2) the recorded intensities are contaminated by random noise.

To fix our ideas we restrict the discussion to R
2. An image can be interpreted as

either a real function defined on Ω, a bounded and open domain of R
2 (for simplicity

we will assume Ω to be the unit square henceforth), or as a suitable discretization of
this continuous image. Our interest is to restore an image which is contaminated with
noise and blur in such a way that the process should recover the edges of the image.

Let us denote by u0 the observed image and u the real image. A model of blurring
comes from the degradation of u through some kind of averaging. Indeed, u may be
blurred through the application of a kernel: k(x, s, y, r) by means of

v0(x, y) =

∫
Ω

u(s, r) k(x, s, y, r) ds dr, (2.1)

and we denote this operation by v0 = k ∗ u. The model of degradation we assume is

k ∗ u+ n = u0, (2.2)

where n is Gaussian white noise, i.e., the values ni of n at the pixels i are independent
random variables, each with a Gaussian distribution of zero mean and variance σ2.
We will use the signal to noise ratio of the signal u to measure the level of noise,
defined as

SNR =
||u− u||L2

σ
,

where u is the mean of the signal u, i.e., the ratio of the standard deviation of the signal
over the standard deviation of the noise. If the kernel k is translation-invariant, i.e.,
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there is a function j(x, y) (also called a kernel) such that k(x, s, y, r) = j(x− s, y− r)
and the blurring is defined as a “superposition” of js,

v0(x, y) = (j ∗ u)(x, y) =

∫
Ω

u(s, r) j(x− s, y − r) ds dr, (2.3)

and this isotropic blurring is called convolution. Otherwise, if the kernel k is not
translation-invariant we call this blurring anisotropic. For the sake of simplicity, we
suppose that the blurring is coming from a convolution, through a kernel function j
such that j∗u is a compact integral operator. Typically, j has the following properties,
j(x, y) ≥ 0, j(x, y)→ 0, as (x2 + y2)1/2 goes to ∞ and

∫
R2 j(x, y) dx dy = 1. For any

α > 0 the so-called heat kernel, defined as

j(x, y) =
1

4πα
e−(x2+y2)/4α, (2.4)

is an important example that we will use in our numerical experiments.
The main advantage of the convolution is that if we take the Fourier transform

of (2.3) we get

v̂0(k, l) = ĵ(k, l)û(k, l); (2.5)

then, to solve the model (2.2) with k = j, we take Fourier transform and we arrive at

ĵ(k, l)û(k, l) + n̂(k, l) = û0(k, l). (2.6)

To recover u(x, y), we need to deconvolve, i.e., we have to divide (2.6) by ĵ(k, l) and
apply the inverse Fourier transform. This procedure is generally very ill-posed. In-
deed, j is usually smooth and ĵ(k, l)→ 0 rapidly as (k2 + l2)1/2 goes to∞; thus, large
frequencies in u0 get amplified considerably. The function u0 is generally piecewise
smooth with jumps in the function values and derivatives; thus, the Fourier method
approximation gives global error estimates of order O(h) (see [11]) and suffers from
Gibbs’s phenomenon. Discrete direct methods dealing with the linear integral equa-
tion (2.6) have been designed by different authors (see [13] and references therein).

One way to make life easier is to consider a variational formulation of the model
that regularizes the problem. Our objective is to estimate u from statistics of the noise,
blur, and some a priori knowledge of the image (smoothness, existence of edges). This
knowledge is incorporated into the formulation by using a functional R that measures
the quality of the image u, in the sense that smaller values of R(u) correspond to
better images. The process, in other words, consists in the choice of the best quality
image among those matching the constraints imposed by the statistics of the noise
together with the blur induced by j.

The usual approach consists in solving constrained optimization problem

min
u

R(u)

subject to ||j ∗ u− u0||2L2 = |Ω|σ2,
(2.7)

since n = u0 − j ∗ u and E(
∫
Ω
n2 dx) = |Ω|σ2 (E(X) denotes the expectation of the

random variable X) imply that ||j ∗ u− u0||2L2 =
∫
Ω
(j ∗ u− u0)

2 dx ≈ |Ω|σ2.
Examples of regularization functionals that can be found in the literature are

R(u) = ‖∆u‖L2 , ‖∇u‖L2 , where ∇ is the gradient and ∆ is the Laplacian; see [22, 8].
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The main disadvantage of using these functionals is that they do not allow disconti-
nuities in the solution, therefore, the edges can not be satisfactorily recovered.

In [19], the TV norm is proposed as a regularization functional for the image
restoration problem:

TV (u) =

∫
Ω

|∇u| dx =

∫
Ω

√
u2
x + u2

y dx. (2.8)

The TV norm does not penalize discontinuities in u, and thus allows us to recover
the edges of the original image. There are other functionals with similar properties
introduced in the literature for different purposes (see, for instance, [7, 5, 25, 2]). The
restoration problem can be thus written as

min
u

∫
Ω

|∇u| dx

subject to
1

2

(∫
Ω

(j ∗ u− u0)
2 dx− |Ω|σ2

)
= 0.

(2.9)

Its Lagrangian is ∫
Ω

|∇u| dx+
λ

2

(∫
Ω

(j ∗ u− u0)
2 dx− |Ω|σ2

)
, (2.10)

and its Euler–Lagrange equations, with homogeneous Neumann boundary conditions
for u, are

0 = −∇ ·
( ∇u
|∇u|

)
+ λ (j ∗ (j ∗ u− u0)), (2.11)

0 =
1

2

(∫
Ω

(j ∗ u− u0)
2 dx− |Ω|σ2

)
. (2.12)

There are known techniques (see [3]) for solving the constrained optimization
problem (2.9) by exploiting solvers for the corresponding unconstrained problem
whose Euler–Lagrange equations are (2.11) for λ fixed. Therefore, for the sake of
clarity, we will assume the Lagrange multiplier λ to be known throughout the expo-
sition. For ν = 1

λ , we can then write the equivalent unconstrained problem as

min
u

∫
Ω

(
ν |∇u|+ 1

2
(j ∗ u− u0)

2

)
dx (2.13)

and its Euler–Lagrange equation in the more usual form:

0 = −∇ ·
( ∇u
|∇u|

)
+ λ j ∗ (j ∗ u− u0). (2.14)

We call (2.14) the nonlinear deconvolution model. The linear deconvolution model
would be

0 = −∆u+ λ j ∗ (j ∗ u− u0). (2.15)

that comes from the Euler–Lagrange equation of the corresponding unconstrained
problem with the norm R(u) = ‖∇u‖L2 .
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Since (2.14) is not well defined at points where ∇u = 0, due to the presence of
the term 1/|∇u|, it is common to slightly perturb the TV functional to become∫

Ω

√
|∇u|2 + β dx, (2.16)

where β is a small positive parameter, or∫
Ω

|∇u|β dx, (2.17)

with the notation (x ∈ R, v ∈ R
2)

|x|β =
√
x2 + β, |v|β =

√
|v|2 + β. (2.18)

3. The time dependent model. Vogel and Oman and Chan, Golub, and Mulet
devised direct methods to approximate the solution to the Euler–Lagrange equation
(2.14) with an a priori estimate of the Lagrange multiplier and homogeneous Neu-
mann boundary conditions. Those methods work well for denoising problems, but the
removal of blur becomes very ill-conditioned with a user-dependent choice of parame-
ters. However, stable explicit schemes are preferable when the steady state is quickly
reached because the choice of parameters is almost user-independent. Moreover, the
programming for our algorithm is quite simple compared to the implicit inversions
needed in the above mentioned methods.

Usually, time dependent approximations to the ill-conditioned Euler–Lagrange
equation (2.14) are inefficient. This is because a very small time step is required
when a simple explicit scheme is used. This is the case with the following formulation
due to Rudin, Osher, and Fatemi (see [19]) and Rudin and Osher (see [18]):

ut = −λ j ∗ (j ∗ u− u0) +∇ ·
( ∇u
|∇u|

)
(3.1)

with u(x, y, 0) given as initial data (they used as initial guess the original blurry and
noisy image u0) and homogeneous Neumann boundary conditions, i.e., ∂u

∂n = 0 on
the boundary of the domain. As t increases, we approach a restored version of our
image, and the effect of the evolution should be edge detection and enhancement and
smoothing at small scales to remove the noise. This solution procedure is a parabolic
equation with time as an evolution parameter and resembles the gradient-projection
method of Rosen (see [17]). In this formulation we assume an a priori estimate of the
Lagrange multiplier, in contrast with the dynamic change of λ supposed in the Rosen
method (see section 6 for details). Equation (3.1) moves each level curve of u normal
to itself with normal velocity equal to the curvature of the level surface divided by
the magnitude of the gradient of u (see [23, 15, 20]). The constraints are included
in the λ-term, and they are needed to prevent distortion and to obtain a nontrivial
steady state.

However, this evolution procedure converges very slowly to its steady state since
the parabolic term is singular for small gradients. In fact, an ad hoc rule of thumb
would indicate that the timestep ∆t and the space stepsize ∆x need to be related by

∆t

∆x2 ≤ c |∆u|, (3.2)
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for fixed c > 0, for stability. This restriction called the Courant–Friedrichs–Lewy
restriction (CFL for short) is what we shall relax. These issues are well documented
in numerous experiments. In order to avoid these difficulties, we propose a new time
dependent model that accelerates the movement of level curves of u and regularizes
the parabolic term in a nonlinear way. In order to regularize the parabolic term we
multiply the whole Euler–Lagrange equation (2.14) by the magnitude of the gradient
and our time evolution model reads as follows:

ut = −|∇u|λ j ∗ (j ∗ u− u0) + |∇u| ∇ ·
( ∇u
|∇u|

)
. (3.3)

We use as initial guess the original blurry and noisy image u0 and homogeneous
Neumann boundary conditions as above, with an a priori estimate of the Lagrange
multiplier. Since this model does not increase the total variation of the initial guess,
the above choice is reasonable for slightly blurred and noisy images. When the blur is
strong we can use as initial guess some regularized linear deconvolution of the blurry
and noisy image. In our case we propose the solution of (2.15) with a linear Lagrange
multiplier that matches the noise using a fast solver. We have used this choice for the
1D case when strong blur is present (the 2D case is a work in progress). Our current
2D numerical experiments use u0 as initial guess. The effect of this reformulation,
(i.e., preconditioning) is positive in various aspects:

1. The effect of the regularizing term means that the movement of level curves
of u is pure mean curvature motion (see [15]).

2. The total movement of level curves goes in the direction of the zeros of j∗u−u0

regularized by the anisotropic diffusion introduced by the curvature term.
3. The problem for the denoising case is well-posed in the sense that there exists

a maximum principle that determines the solution (see [15]).
4. There are simple explicit schemes, such as Roe’s scheme, applied to the con-

vective term and central differencing used for the regularized second order
term that behave stably with a CFL restriction of the form

∆t

∆x2
< c

for a fixed number c > 0.
5. This procedure is more morphological (see [1]) in the pure denoising case; i.e.,

it operates mainly on the level sets of u and u0. This is easily seen if we
replace u by h(u) and u0 by h(u0) with h′ > 0. Then, (3.3) is invariant,
except that u− u0 gets replaced by (h(u)− h(u0))/h

′(u).
6. The numerical steady state reached with this model when the singular term

is regularized is different from the one obtained by the TV model, allowing
smoother ramps, and thus reducing the staircase effect.

7. Explicit schemes can also be applied for the “anisotropic blurring” case.
The anisotropic diffusion introduced in this model is a nonlinear way to discriminate
scales of computation. This never occurs with a linear model, (e.g. the linear decon-
volution model), because in this case we would have the linear heat equation with
constant diffusion. Thus, our model (3.3) can be seen as a convection-diffusion equa-
tion with morphological convection and anisotropic diffusion. Items 1, 2, and 5 above
are desirable properties of any image processing algorithm; i.e., operations should be
performed on the level contours of the image. This yields contrast invariant results,
and this is the basis for the rigorous analysis performed in [1].
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4. Explicit numerical schemes for the 1D model. The 2D model described
before is more regular than the corresponding 1D model because the 1D original
optimization problem is barely convex. For the sake of understanding the numerical
behavior of our schemes, we also discuss the 1D model. The Euler–Lagrange equation
in the 1D case reads as follows:

0 = −
(

ux
|ux|

)
x

+ λ j ∗ (j ∗ u− u0). (4.1)

This equation can be written either as

0 = −
(

ux
|ux|β

)
x

+ λ j ∗ (j ∗ u− u0), (4.2)

using the small regularizing parameter β > 0 introduced at the end of the previous
section, or

0 = −δ(ux)uxx + λ j ∗ (j ∗ u− u0), (4.3)

using the δ-function.
The Rudin–Osher–Fatemi model (ROF model) in terms of the δ-function will read

as follows:

ut = −λ j ∗ (j ∗ u− u0) + δ(ux)uxx. (4.4)

Our model in 1D will be

ut = −|ux|λ j ∗ (j ∗ u− u0) +
β

β + u2
x

uxx, (4.5)

where β > 0 is the small regularizing parameter. The parameter β > 0 in this
model is estimated from the local amount of noise. We have found for our model,
through our numerical experiments in 1D and 2D, that β can be estimated as the
standard deviation of the noise. We have found, through our numerical experiments,
that this regularization of the second order term removes spurious oscillations near
discontinuities.

We can also state our model in terms of the δ function as

ut = −|ux|λ j ∗ (j ∗ u− u0) + |ux| δ(ux)uxx, (4.6)

where a convolution of the δ function must be used in practice. The intensity of this
kind of convolution decides which scale the diffusion term is acting. In this paper, we
always approximate δ by

δ(z) ≈ β · (z2 + β)−3/2 (4.7)

in order to be consistent with the regularization used for the absolute value function
(2.18). Consistency in this case means that the derivative of the regularized absolute
value function must be equal to the regularized sign function, and the derivative of
the above must be equal to the regularized delta function.

A radical way to make the coefficient of uxx nonsingular is to solve the evolution
model:

ut = − 1

δ(ux)
λ j ∗ (j ∗ u− u0) + uxx. (4.8)
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This model works in such a manner that away from extrema we have a large multiplier
of −j ∗ (j ∗ u− u0) and at extrema it is just the heat equation.

These evolution models are initialized with the blurry and noisy signal u0 and
homogeneous Neumann boundary conditions, and with a prescribed Lagrange multi-
plier for slightly blurred and noisy signals. If the signal is strongly blurred, then we
propose to use an initial guess, u00, which is the solution of the linear deconvolution
model equation (2.15) with a linear Lagrange multiplier that matches the noise and
allows an increase in total variation of the signal.

We estimated λ > 0 near the maximum value such that the explicit scheme is
stable under appropriate CFL restrictions (see below), provided β is chosen to be the
standard deviation of the noise.

In order to convince the reader about the speed and programming simplicity of
our model, we shall give the details of the first order scheme for the 1D pure denoising
model, i.e.,

ut = −|ux|λ (u− u0) +
β

β + u2
x

uxx. (4.9)

Let unj be the approximation to the value u(xj , tn), where xj = j∆x and tn = n∆t.
Then the scheme for the problem (4.9) will be

un+1
j − unj

∆t
= −|ugj |λ (unj − u0(xj)) +

β

β + g2
j

unj+1 − 2unj + unj−1

∆x2
, (4.10)

where

gj =
unj+1 − unj−1

2∆x

and ugj is the upwind gradient, i.e.,

ugj =
unj − unj−1

∆x

if gj(u
n
j − u0(xj)) > 0 and

ugj =
unj+1 − unj

∆x

if gj(u
n
j − u0(xj)) < 0

Our general explicit scheme has the following features:
1. We use central differencing for uxx.
2. The convolution operator j is computed by evolving the heat equation ut =

uxx with the explicit Euler method in time and central differencing in space
with a CFL restriction ∆t

∆x2 < 0.25, corresponding to an ε > 0 of the 1D heat
kernel,

j(x) =
1

2
√
πε

e−x
2/4ε, (4.11)

in order to ensure homogeneous Neumann boundary conditions. We note
that we may compute the convolution operator through a direct convolution
with a discrete approximation of the kernel j (point spread function (PSF). In
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order to make convolution faster the FFT can be used, provided we consider
periodic signals and therefore the convolution operator is cyclic. However, the
reader should be aware that most of the available FFT packages are designed
such that the signals are enlarged with zero values. For the sake of com-
putational efficiency and consistency with homogeneous Neumann boundary
conditions a work in progress is to convolve, using the fast cosine transform,
enlarging the signal with the mirror image.

3. We use upwind Roe differencing (see [16, 10]), checking the direction of propa-
gation by computing the sign of the derivative of the coefficient of j∗(j∗u−u0)
with respect to ux times the sign of this term. Indeed, for our evolution model
(4.5) it is enough to check the sign of ux · j ∗ (j ∗u−u0). For the model (4.8)
we get the same direction of propagation as before. We note that there is no
notion of “entropy condition satisfying” discontinuities in image processing;
thus we omit the usual “entropy-fix” applied to the Roe solver in this work.

4. The CFL condition depends on λ and β.
Indeed, the parabolic term in our model (4.5) gives a CFL restriction

∆t

∆x2 ≤
β + u2

x

2β
, (4.12)

and the convection term gives

∆t

∆x
≤ c λ

√
1 +

β

u2
x

(4.13)

for fixed c. These restrictions are reasonable at local extrema and near edges, com-
pared with the parabolic CFL restriction that corresponds to the reaction-diffusion
ROF model (4.4):

∆t

∆x2 ≤
1

2δ(ux)
, (4.14)

which is too stiff along flat regions or at local extrema. The CFL restriction coming
from the convection term in the radical model (4.8) is better but also unfortunate:

∆t

∆x
≤ β

3|ux|(β + u2
x)

1/2
. (4.15)

Thus, our model is more convenient from this point of view.

5. Explicit numerical schemes for the 2D model. We can express our 2D
model in terms of explicit partial derivatives as

ut = −
√
u2
x + u2

y λ j ∗ (j ∗ u− u0) +
uxx(u

2
y + β)− 2uxyuxuy + uyy(u

2
x + β)

u2
x + u2

y + β
, (5.1)

using u0 as initial guess and homogeneous Neumann boundary conditions (i.e., ab-
sorbing boundary). We only consider in this paper slightly blurred images, therefore
this choice of the initial guess is reasonable.

We remark that the above regularization of the curvature term is consistent with
one used in our 1D model, i.e., for uy = 0 we get (4.5).
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The parameter β is the standard deviation of the noise and it is chosen to be very
small for a pure deblurring problem. Then, the Lagrange multiplier λ > 0 is chosen
as large as possible subject to the above mentioned CFL restriction ∆t

∆x2 < c.
Let unik be the approximation to the value u(xi, yk, tn), where xi = i∆x, yk = k∆y,

and tn = n∆t, where ∆x, ∆y, and ∆t are the spatial stepsizes and the time stepsize,
respectively. We define the quantities v0 = j ∗u0 and wnik = j ∗ j ∗ (unik). We point out
that we used for j the convolution with the 2D heat kernel, (2.4), in our experiments,
aproximated by evolving the 2D heat equation ut = uxx+uyy by means of the explicit
Euler method in time and central differencing in space. Then our first order scheme
reads as follows:

un+1
ik − unik

∆t
= −

√
ugxik

2 + ugyik
2
λ (wnik − v0(xi, yk)) + snik, (5.2)

where the second order term is defined by

snik := 0 (5.3)

if gxik
2 + gyik

2
< β and

snik :=
gxxik g

y
ik

2 − 2gxyik g
x
ikg

y
ik + gyyik g

x
ik

2

gxik
2 + gyik

2 (5.4)

otherwise, where

gxik =
uni+1,k − uni−1,k

2∆x
, (5.5)

gyik =
uni,k+1 − uni,k−1

2∆y
, (5.6)

gxxik =
uni+1,k − 2unik + uni−1,k

∆x2
, (5.7)

gyyik =
uni,k+1 − 2unik + uni,k−1

∆y2
, (5.8)

gxyik =
uni+1,k+1 − uni−1,k+1 − uni+1,k−1 + uni−1,k−1

2∆x∆y
; (5.9)

ugxik is the upwind gradient in the x-direction, i.e.,

ugxik =
unik − uni−1,k

∆x
(5.10)

if gxik(w
n
ik − v0(xi, yk)) > 0; and

ugxik =
uni+1,k − unik

∆x
(5.11)
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if gxik(w
n
ik − v0(xi, yk)) < 0; and ugyik is the upwind gradient in the y-direction, i.e.,

ugyik =
unik − uni,k−1

∆y
(5.12)

if gyik(w
n
ik − v0(xi, yk)) > 0 and

ugyik =
uni,k+1 − unik

∆y
(5.13)

if gyik(w
n
ik − v0(xi, yk)) < 0.

A very simple way to extend this scheme to get high order accuracy is to follow
Shu–Osher prescription (see [21]). Thus, we consider a method of lines, using an
explicit high order Runge–Kutta method in time and using a method of spatial ENO
reconstruction (see [24, 9, 21, 12]), of the same order, for the convection term, applied
on every time substep.

We have tested the Van Leer second order MUSCL (defined in [24]) spatial recon-
struction using the minmod function as slope-limiter together with classical second
order Runge–Kutta method and the third order PHM spatial reconstruction as in
[12], using as slope-limiter the harmod function, consisting of the harmonic mean of
the lateral slopes when they have the same sign and zero when they have different
sign, together with the third order Shu–Osher Runge–Kutta method of [21]. We have
found that these explicit methods are stable and give high accuracy under the same
CFL restrictions as the first order scheme.

As a sample we shall describe the second order MUSCL method. Since the Runge–
Kutta methods used here are linear combination of first order explicit Euler timesteps,
it is enough to formulate one Euler step (in fact, in this case it is Heun’s method which
is the arithmetic mean of two Euler timesteps). Following the notation used above
we have

un+1
ik − unik

∆t
= −

√
rugxik

2 + rugyik
2
λ (wnik − v0(xi, yk)) + snik, (5.14)

where the reconstructed upwind gradients rugxik and rugyik are computed in the fol-
lowing way. We reconstruct the left x-gradient in (xi, yk) from the linear function

pl(x) := mi−1(x− xi−1/2) +
unik − uni−1,k

∆x
, (5.15)

where

mi−1 = minmod(gxxi−1,k, g
xx
i,k) (5.16)

computed in xi, i.e.,

glxi := pl(xi), (5.17)

where the minmod function is defined as

minmod(r, s) :=
1

2
min(|r|, |s|) (sgn(r) + sgn(s)), (5.18)

sgn being the sign function. Analogously, we have the reconstructed right x-gradient,
grxi , as

grxi := pr(xi), (5.19)
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Fig. 6.1. Left: original vs. noisy 1D image. Right: original vs. recovered 1D image.

where

pr(x) := mi(x− xi+1/2) +
uni+1,k − uni,k

∆x
, (5.20)

where

mi = minmod(gxxi,k, g
xx
i+1,k). (5.21)

Then the reconstructed upwind gradient in the x-direction is defined from the mean
value

gmx
i :=

glxi + grxi
2

(5.22)

as

rugxik = glxi (5.23)

if gmx
i (w

n
ik − v0(xi, yk)) > 0 and

rugxik = grxi (5.24)

if gmx
i (w

n
ik − v0(xi, yk)) < 0. The procedure in the y-direction is similar.

6. Numerical experiments. In this section, we perform some numerical ex-
periments in 1D and 2D.

We have used 1D signals with values in the range [0, 255]. Figure 6.1 (left) rep-
resents the original signal vs. the noisy signal with SNR ≈ 5. Figure 6.1 (right)
represents the original signal vs. the recovered signal after 80 iterations with first
order scheme with CFL number 0.25. The estimated λ = 0.05 was computed as a
value near the maximum allowed for stability, using the explicit Euler method in time.
We have used β = 15 in this experiment in order to achieve the appropriate amount
of diffusion at small scales and this value corresponds to the standard deviation of the
noise. Let us observe the very reduced staircase effect, compared with the usual one
obtained with either fixed-point iterative methods or nonlinear primal-dual methods
(see [4]).

In order to show the power of reduction of the staircase effect with our model we
apply our explicit procedure to a very unusual noisy signal, proposed by Chambolle
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Fig. 6.2. Left: original ramp 1D signal vs. staircased noisy 1D signal. Right: noisy signal vs.
recovered 1D signal.
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Fig. 6.3. Left: original vs. blurry and noisy 1D signal. Right: 1D PSF.

and Lions in [5]. The original signal we want to recover is simply the function u(x) =
x, x ∈ [0, 50], and the noise has turned it into a piecewise constant nondecreasing
function. The standard deviation of the noise is approximately σ ≈ 3.5, (see Figure
5 in [5]). The signal of Figure 6.2 (left) represents the original ramp signal versus
the staircased noisy signal with σ = 3.5. The signal of Figure 6.2 (right) represents
the noisy signal versus the recovered signal after 80 iterations with our first order
scheme for CFL number 0.25. We use β = σ and the estimated Lagrange multiplier
is λ = 0.005.

We note that for the above 1D pure denoising problems we always use the noisy
signal as initial guess.

However, in the following experiment where strong blur is present we use a differ-
ent choice. Figure 6.3 (left) represents the original signal vs. the strongly blurred and
noisy signal with ε = 50 (as in (4.11)), and SNR ≈ 5. The aproximation to the PSF
of the corresponding Gaussian blur is represented in Figure 6.3 (right). We solve the
linear deconvolution model (2.15) by using a Lagrange multiplier equal to 1, using the
Matlab FFT package, which uses homogeneous periodic boundary conditions. Figure
6.4 (left) represents computed solution vs. the blurry and noisy signal. The linear
deconvolved signal u00 appears to be an oscillatory approximation to a smooth func-
tion. Edges are not apparent with this somewhat denoised result. The denoising is
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Fig. 6.4. Left: computed linear deconvolution u00 vs. blurry and noisy 1D signal. Right:
original vs. recovered 1D signal.
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Fig. 6.5. Left: original image. Right: noisy image, SNR≈ 3.

due to the regularization effect of the chosen λ = 1 that matches the noise. Moreover,
the total variation of u00 is substantially larger than the signal u0. Then we use our
model, using u00 as initial guess (u0 in the equation!), and after 200 iterations with
first order scheme with CFL number 0.1, we get the signal represented in Figure 6.4
(right). We use β = 9, which corresponds to the standard deviation of the noise. The
estimated λ = 4.5 was computed as a value near the maximum allowed for stability.
We also observe a reduced staircase effect. We performed many other experiments
with 1D signals, obtaining similar results.

All our 2D numerical experiments were performed on the original image (Figure
6.5 (left)) with 256× 256 pixels and dynamic range in [0, 255].

The third order scheme we used in our 2D experiments was based on the third
order Runge–Kutta introduced by Shu and Osher (see [21]) to evolve in time with
a third order spatial approximation based on the PHM reconstruction introduced in
[12].

Our first 2D experiment was made on the noisy image, see Figure 6.5 (right), with
a SNR which is approximately 3. Details of the approximate solutions using the Chan–
Golub–Mulet primal-dual method and our time dependent model using the third order
Roe’s scheme (described above) are shown in Figure 6.6. We used λ ≈ 0.0713 and
we perform 50 iterations with ∆t/∆x2 = 0.1. We used the same estimated λ as the
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Fig. 6.6. Left: image obtained by the Chan–Golub–Mulet primal-dual method. Right: image
obtained by our time evolution model, with 50 timesteps, ∆t/∆x2 = 0.1, β = 14, and λ = 0.0713.
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Fig. 6.7. Left: isointensity contours of part of the image obtained by the primal-dual method.
Right: isointensity contours of part of the image obtained by our time evolution model.

one used for the primal-dual method, and we observed that this value corresponds to
a value near the largest we allowed for stability under the timestep restriction. We
use β = 14 which is the standard deviation of the noise corresponding to a signal to
noise ratio SNR = 3. We also remark that the third order Runge–Kutta method used
enhances the diffusion at small scales. The contour plots are shown in Figure 6.7. The
numerical steady state obtained with our model is smoother than the one obtained
for the TV model, which appears to be staircased. This is because numerically our
approximation of the convection term involves hyperbolic upwind ideas.

Our second 2D experiment is a pure deblurring problem. Figure 6.8 (left), cor-
responds to the original image blurred with Gaussian blur, where α = 5 as in (2.4).
We remark that we computed the convolution operator j by evolving the 2D heat
equation with explicit Euler method in time and central differencing in space with
a CFL number of 0.125 in order to ensure homogeneous Neumann boundary condi-
tions. In Figure 6.8 (right), we represent the approximation using our third order
Roe’s scheme, where we perform 50 iterations with a CFL restriction ∆t/∆x2 = 0.1.
We have used λ = 1.5 (near the maximum value that allows stability for the above
CFL restriction) and β = 0.01, which is small since no noise is present. The isointen-
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Fig. 6.8. Left: image blurred with Gaussian blur with α = 5. Right: image restored with our
model, using third order Roe’s scheme with 50 timesteps and ∆t/∆x2 = 0.1.
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Fig. 6.9. Left: isointensity contours of part of the blurred image. Right: isointensity contours
of part of the image restored by using our time evolution model.

sity contours showed in Figure 6.9 make clear the edge enhancement obtained through
our algorithm.

Our 2D critical experiment was performed on the slightly blurred and noisy image
represented in Figure 6.10 (left), with Gaussian blur where α = 5 as in (2.4) and
SNR ≈ 5.

We have used β = 7 (the standard deviation of the noise), and λ = 1.5, near the
largest value allowing stability. We performed 50 iterations with a CFL restriction
∆t/∆x2 = 0.1 using our third order Roe’s scheme, obtaining the approximation rep-
resented in Figure (6.10, right). Let us observe the denoising and deblurring effect in
the isointensity contours picture represented in Figure (6.11).

Finally, we shall include the convergence history of the 1D pure denoising prob-
lem experiment presented above. In Figure 6.12 we represent the semilog plot of the
L2-norm of the differences between consecutive iterates vs. the number of iterations
and the plot of the evolution of the total variation of the solution. We observe “super-
linear” convergence along the first third of the evolution and linear convergence along
the remainder. We have obtained similar convergence histories for 1D deblurring and
denoising problems. We pointed out that all our experiments were performed with
a constant timestep and thus, the computational cost is very low compared with the
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Fig. 6.10. Left: image blurred with Gaussian blur with α = 5 and noisy with SNR ≈ 10. Right:
image restored with our model, using third order Roe’s scheme with 50 timesteps and ∆t/∆x2 = 0.1.
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Fig. 6.11. Left: isointensity contours of part of the blurred and noisy image. Right: isointensity
contours of part of the image restored by using our time evolution model.
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Fig. 6.12. Left: semilog differences of iterates vs. number of iterations for the pure denoising
problem. Right: total variation vs. number of iterations.
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semi-implicit methods. These usually require one third of the number of iterations
we needed, but every step of the semi-implicit method requires about five iterations
of the preconditioned conjugate gradient method to invert.

7. Concluding remarks. We presented a new time dependent model to solve
the nonlinear TV model for noise removal and deblurring together with a very simple
explicit algorithm based on Roe’s scheme of fluid dymamics. The numerical algorithm
is stable with a reasonable CFL restriction, it is easy to program, and it converges
quickly to the steady state solution, even for deblurring and denoising problems. The
algorithm is fast and efficient since no inversions are needed for deblurring problems
with noise. Our time dependent model is based on level set motion that makes
the procedure morphological and appears to satisfy a maximum principle in the pure
denoising case, using as initial guess the noisy image. We also have numerical evidence
(through our numerical tests) of this stability in the deblurring case.
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SCHUR-TYPE METHODS FOR SOLVING LEAST SQUARES
PROBLEMS WITH TOEPLITZ STRUCTURE∗
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Abstract. We give an overview of fast algorithms for solving least squares problems with
Toeplitz structure, based on generalization of the classical Schur algorithm, and discuss their stability
properties. In order to obtain more accurate triangular factors of a Toeplitz matrix as well as accurate
solutions for the least squares problems, methods based on corrected seminormal equations (CSNE)
can be used. We show that the applicability of the generalized Schur algorithm is considerably
enhanced when the algorithm is used in conjunction with CSNE.

Several numerical tests are reported, where different variants of the generalized Schur algorithm
and CSNE are compared for their accuracy and speed.

Key words. corrected seminormal equations, displacement representation, downdating, Givens
transformations, hyperbolic transformations, least squares problems, QR decomposition, Schur algo-
rithm, seminormal equations, Toeplitz matrix, updating
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1. Introduction. We consider the linear least squares (LS) problem

min
x
‖Tx− b‖2,(1.1)

where T ∈ Rm×n, m ≥ n, is a Toeplitz matrix with rank(T ) = n,

T =




t0 t−1 · · · t−n+1

t1 t0 t−1

...
... t1 t0

. . .
...

... t1
. . . t−1

...
. . . t0

... t1

...
...

tm−1 tm−n




,

and b ∈ Rm is an arbitrary vector (b is arbitrary in the sense that neither [T b] nor
[b T ] is Toeplitz). Although the results presented in this paper apply for complex
Toeplitz problems as well, we will restrict the discussion to real cases for simplicity.
Throughout this paper, the notation T will denote an m× n real Toeplitz matrix.
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It is well known that the LS problem (1.1) can be solved using the QR decompo-
sition of the matrix T ,

T = Q

(
R
0

)
,(1.2)

where Q ∈ Rm×m is orthogonal and R ∈ Rn×n is upper triangular. To denote the
upper triangular factor R for T in (1.2), we will use the notation

R = qr(T ).(1.3)

The QR decomposition can be computed in O(mn2) flops (floating point operations,
1 flop ≈ 1 addition and 1 multiplication) in general, using, e.g., Householder trans-
formations (see, e.g., [19, Chap. 5]). For a Toeplitz matrix T , several fast algorithms
of O(mn) flops exist. The first such algorithm was developed by Sweet [42] taking
advantage of the Toeplitz structure and it was improved by Bojanczyk, Brent, and
de Hoog [9]. The algorithm due to Chun, Kailath, and Lev-Ari [12] takes advantage
of the displacement structure of Toeplitz matrices and it is essentially the same as the
algorithm in [9]. It can be shown ([12] and sections 2.1–2.2 in the present paper) that
these algorithms are generalizations of a classical algorithm by Schur [21, 36, 37]. In
[29], Nagy modified the algorithm presented in [12] to produce R−1 instead of R factor
in the QR decomposition. He also showed how to compute the vector QT b directly
instead of computing the full Q factor. For a fast algorithm which is not related to
the Schur algorithm but is based on lattice structure and inner product, see [14].

In section 5.2 we will demonstrate that for large Toeplitz LS problems, fast al-
gorithms based on the generalized Schur algorithm are significantly faster than the
standard algorithm from LAPACK [2] which is based on Householder transforma-
tions. However, the stability properties of the fast algorithms are inferior to those of
the standard algorithm [29, 10, 40, 32]. In this paper, we will present several modi-
fications and enhancements that make the fast algorithm more accurate and reliable
and investigate stability properties of these fast algorithms that are based on the
generalized Schur algorithm. Then several fast Schur-type algorithms are compared
by experimentation to identify fast and accurate practical algorithms for Toeplitz LS
problems.

Recently, we showed [32] that the accuracy of the upper triangular factor R com-
puted by the generalized Schur algorithm is comparable to that of R computed as
the Cholesky factor of TTT , and therefore it is worse than that computed from the
stable QR decomposition algorithms such as the Householder or Givens methods. We
also showed that in many cases it is possible to improve the accuracy of R factor
computed by the generalized Schur algorithm by postprocessing the R factor using
corrected seminormal equations (CSNE) [5, 3].

Given the upper triangular factorR in the QR decomposition of T , the LS problem
(1.1) can be solved using the seminormal equations (SNE)

RTRx = TT b.(1.4)

The SNE method is not recommended in general [5] due to the possible loss of numer-
ical accuracy. However, the SNE method has the advantage that it does not require
the Q factor from the QR decomposition (1.2) of T . In addition, when one step of
iterative refinement is applied to the SNE (1.4), we obtain the CSNE method, and the
accuracy of the solution can be greatly improved [5]. In fact, in all of the existing fast
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Toeplitz QR decomposition algorithms, the Q factor is computed based on the similar
recursion that is used for computing the R factor, and the orthogonality and accuracy
of the Q factor can be poor. It is important to note, however, that the analysis of
the SNE and CSNE methods in [5] assumes that R is computed by a backward stable
method (e.g., Householder transformations). If R is inaccurately computed, then the
applicability of these methods may be severely restricted as shown in [3, sect. 6.6.5].

The rest of the paper is organized as follows. In section 2, the generalization of
the Schur algorithm is summarized and several ways for solving Toeplitz LS problems
are shown utilizing the generalized Schur algorithm and displacement structure of
the LS problems. In section 3, a new forward error analysis for the generalized Schur
algorithm is given. Some variants for applying the corrected seminormal equations for
improving stability of the fast algorithms are discussed in section 4. Then in section
5, numerical test results comparing computational speed and accuracy of several fast
algorithms are presented.

2. Generalized Schur algorithm. In this section, we first review the displace-
ment representation and the generalized Schur algorithm. Then we show that the
algorithm can be used for solving the Toeplitz LS problem in several different ways.

Suppose a symmetric positive definite matrix K ∈ Rn×n can be represented as

K =

q∑
i=1

UT
i Ui −

d∑
i=q+1

UT
i Ui,(2.1)

where Ui ∈ Rn×n, 1 ≤ i ≤ d, are upper triangular Toeplitz matrices. This is called
the displacement representation of K, and the displacement rank is defined to be the
minimum value of d that allows such representation [12, 27]. The matrix K that
satisfies (2.1) can also be represented as

K − ZnKZTn =

q∑
i=1

x(i)x(i)T −
d∑

i=q+1

x(i)x(i)T ,(2.2)

where Zn is the lower shift matrix with ones on the first subdiagonal and zeros else-
where, and the vectors x(i) are related to the matrices Ui by Ui = up(x(i)) [26], [12,
Lemma 1], where

up




u1

u2
...
un


 =




u1 u2 u3 · · · · · · un
u1 u2 u3 · · · un−1

u1 u2
. . .

. . .
. . .

...
u1 u2

u1




.

According to (2.2), rank(K − ZnKZTn ) = d, which explains the terms displacement
structure and displacement rank. A survey of theory and applications of the displace-
ment concept is given in [27], and generalizations are presented in [25].

When K is a symmetric positive definite Toeplitz matrix, it has a displacement
representation with q = 1 and d = 2, and the Cholesky decomposition K = UTU can
be computed by the well-known, original Schur algorithm [21, 36, 37]. The relation
between the displacement representation and the Schur algorithm is discussed in [24].
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The generalized Schur algorithm, summarized in section 2.1, is a fast procedure
for computing the upper triangular factor of structured matrices that have a displace-
ment representation. In general, the Cholesky decomposition of a symmetric positive
definite matrix K ∈ Rn×n with the displacement representation (2.1) can be com-
puted in O(dn2) flops by a generalization of the Schur algorithm. The algorithm can
be used in the following several ways for computing the solution of the LS problem
(1.1) with Toeplitz structure:

(1) When [T b] (or [b T ]) is Toeplitz, as in linear prediction, the generalized Schur
algorithm can be used to compute the triangular factor of [T b](

R w
0 κ

)
= qr([T b]),(2.3)

where w ∈ Rn×1 and κ ∈ R. Then the LS solution is obtained by solving the
system Rx = w (a slight modification is needed when [b T ] is Toeplitz). This
method does not require the orthogonal factor.

(2) When T is Toeplitz and [T b] is not Toeplitz, the generalized Schur algorithm
can be used to compute the triangular factor R = qr(T ) of T . To solve the LS
problem, either QT b needs to be computed, where Q is the orthogonal factor
in the QR decomposition of T [29], or the method of seminormal equations
can be used, which does not require the orthogonal factor [3, sect. 6.6.5].

(3) Even when T is Toeplitz but [T b] is not Toeplitz, the generalized Schur
algorithm can be applied to compute the upper triangular factor of [T b] or
[b T ] using a certain displacement representation as shown in section 2.2.
Then the LS solution can be obtained by solving a triangular system as in
(1) above. No orthogonal factor is needed in this case.

2.1. The generalized Schur algorithm. The generalized Schur algorithm can
be derived in many ways. In [9, 12], [27, sect. 3.1], the derivation is based on the gen-
erator for the displacement representation. Here we prefer to utilize the representation
(2.1), since it allows us to use downdating perturbation theory for the error analysis.

We describe the details of the algorithm using a case with q = 2 and d = 4. The
starting point for the derivation is that (2.1) can also be written

K = STΛS,

where

S =




U1

U2

U3

U4


 , Λ =




In 0 0 0
0 In 0 0
0 0 −In 0
0 0 0 −In


 ,

and In denotes the n × n identity matrix. Now assume that we can find a matrix
Θ ∈ R4n×4n that satisfies

ΘTΛΘ = Λ(2.4)

such that

ΘS =




U
0
0
0


 ,(2.5)
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S ≡




U1

U2

U3

U4


 =




α1 α2 α3 α4

α1 α2 α3

α1 α2

α1

0 β2 β3 β4

0 β2 β3

0 β2

0
0 γ2 γ3 γ4

0 γ2 γ3

0 γ2

0
0 δ2 δ3 δ4

0 δ2 δ3
0 δ2

0




, S′ =




U ′
1

U ′
2

U ′
3

U ′
4


 =




α1 α2 α3 α4

α′
1 α′

2 α′
3

α′
1 α′

2

α′
1

0 0 β′
3 β′

4

0 0 β′
3

0 0
0

0 0 γ′
3 γ′

4

0 0 γ′
3

0 0
0

0 0 δ′3 δ′4
0 0 δ′3

0 0
0




.

Fig. 2.1. Annihilation of the second diagonals of Ui, 2 ≤ i ≤ 4, where αi, βi, γi, δi ∈ R.

where U is upper triangular. Then

K = STΛS = (ΘS)TΛ(ΘS) = UTU,(2.6)

which gives a Cholesky factor of K.
We will now describe how Θ can be constructed as a product of Givens and

hyperbolic transformations. For Givens transformations (rotations) and hyperbolic
transformations, see, e.g., [20, Chap. 5 and Chap. 12.5]. It is crucial for the accuracy
of the Schur algorithm to use “stabilized” variants of hyperbolic transformations; see
[8, 39, 41, 29, 10, 40, 32].

By premultiplying S by a sequence of Givens or hyperbolic transformations, se-
lected elements can be annihilated. Let n = 4, and define S as in Figure 2.1. First,
we apply Givens rotations J1 and J2 in the (2,5) and the (9,13) planes, to annihilate
β2 and δ2, respectively. Due to the Toeplitz structure of each Ui, the same rotations
J1 and J2 annihilate the entire first superdiagonals in U2 and U4, respectively, when
applied in appropriate planes, without any extra computation. Next, by a stabilized
hyperbolic transformation H1 in the (2,9) plane, we can annihilate the modified el-
ement in the location of γ2 and annihilate the entire first superdiagonal of the third
block without any extra computation. After these steps, we obtain S′ shown in Fig-
ure 2.1. Due to the structures of U ′

2, U
′
3, and U ′

4, the second row of U ′
1 will not be

modified any further and this becomes the second row of the final matrix U . Since
each U ′

i has the necessary Toeplitz structure, we can continue the same procedure,
now working with the 2 × 2 submatrices. In general, after n − 1 such steps we have
obtained an upper triangular matrix U shown in (2.5).

Note that the Givens transformations are applied between blocks 1 and 2, or
between blocks 3 and 4, and elementary (two-by-two) hyperbolic transformations
are applied between blocks 1 and 3. All Givens transformations Ji and hyperbolic
transformations Hi used in this procedure satisfy

JTi ΛJi = Λ, HT
i ΛHi = Λ,
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ALGORITHM 1.
Given the displacement representation K =

∑q
i=1 U

T
i Ui −

∑d
i=q+1 U

T
i Ui, this gener-

alized Schur algorithm computes the Cholesky factor U for K.
(1) U(1, 1 : n) := U1(1, 1 : n)
(2) for k = 1 : n− 1

(a) r1(k : n− 1) := U(k, k : n− 1)
(b) (∗ Update blocks 2, 3, . . . , q to block 1 ∗)

for i = 2 : q,
[r1(k), c, s] := givens(r1(k), u(i)(k))(

rT1 (k + 1 : n− 1)
uT(i)(k + 1 : n− 1)

)
:=

(
c s
−s c

)(
rT1 (k + 1 : n− 1)
uT(i)(k + 1 : n− 1)

)
end

(c) (∗ Update blocks q + 2, . . . , d to block q + 1 ∗)
for i = q + 2 : d,

[u(q+1)(k), c, s] := givens(u(q+1)(k), u(i)(k))(
uT(q+1)(k + 1 : n− 1)

uT(i)(k + 1 : n− 1)

)
:=

(
c s
−s c

)(
uT(q+1)(k + 1 : n− 1)

uT(i)(k + 1 : n− 1)

)
end

(d) (∗ Downdate block q + 1 from block 1 ∗)
[rb(k), c, s] := shyp(r1(k), u(q+1)(k))(

rTb (k + 1 : n− 1)
uT(q+1)(k + 1 : n− 1)

)
:=(

1 0
−c s

)(
1/s −c/s
0 1

)(
rT1 (k + 1 : n− 1)

uT(q+1)(k + 1 : n− 1)

)
(e) U(k + 1, k + 1 : n) := rb(k : n− 1)
end

and therefore the product Θ of all these matrices satisfies (2.4). It now follows from
(2.6) that the matrix U is the Cholesky factor of K. The algorithm for arbitrary q
and d is analogous and is summarized in Algorithm 1, where the function givens(x, y)

returns
√

x2 + y2 and the cosine and sine pair [c, s] such that

(
c s
−s c

)(
x
y

)
=

(√
x2 + y2

0

)
.(2.7)

Similarly, the function shyp(x, y) returns
√

x2 − y2 and the cosine and sine pair [c, s]
of the stabilized hyperbolic transformations. For details, see [1, 32].

2.2. Displacement representations. We now show the displacement repre-
sentations for several cases which allow us to utilize the generalized Schur algorithm
for solving Toeplitz LS problems:

Case 1: K = TTT ;

Case 2: Ka = [T b]T [T b], where [T b] is not Toeplitz;

Case 3: Kb = [b T ]T [b T ], where [b T ] is not Toeplitz.

For all cases, we will assume that the Cholesky factor of the matrix K exists.
However, in Case 2 we can allow the last diagonal element in the Cholesky factor of
Ka to be equal to zero. This situation occurs when the LS problem (1.1) is consistent.
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Suppose U is the Cholesky factor for TTT ,

TTT = UTU,(2.8)

and T and U are partitioned as

T =

(
t0 fTr
fc T0

)
=

(
T0 lc
lTr tm−n

)
,(2.9)

where T0 ∈ R(m−1)×(n−1) is a Toeplitz submatrix of T , fr, lr ∈ R(n−1)×1, and fc, lc ∈
R(m−1)×1, and

U =

(
u11 uTr
0 Ub

)
=

(
Ut uc
0 unn

)
,(2.10)

where Ub, Ut ∈ R(n−1)×(n−1) are upper triangular and ur, uc ∈ R(n−1)×1. Using these
partitionings, the relation (2.8) can be written in two different ways,(

t20 + fTc fc t0f
T
r + fTc T0

t0fr + TT0 fc frf
T
r + TT0 T0

)
=

(
u2

11 u11u
T
r

u11ur uru
T
r + UT

b Ub

)
,(2.11)

and (
TT0 T0 + lrlr

T TT0 lc + tm−nlr
lc
TT0 + tm−nlrT lc

T lc + t2m−n

)
=

(
UT
t Ut UT

t uc
uTc Ut uTc uc + u2

nn

)
,

from which we get

uru
T
r + UT

b Ub − UT
t Ut = (frf

T
r + TT0 T0)− (TT0 T0 + lrl

T
r )

= frf
T
r − lrl

T
r .(2.12)

For Case 1,

TTT − ZnT
TTZTn =

(
u2

11 u11u
T
r

u11ur uru
T
r + UT

b Ub

)
−
(
0 0
0 UT

t Ut

)

=

(
u2

11 u11u
T
r

u11ur uru
T
r + UT

b Ub − UT
t Ut

)
,

where Zn is the lower shift matrix of order n. Using (2.12) we now obtain

TTT−ZnTTTZTn =

(
u11

ur

)(
u11

ur

)T
+

(
0
fr

)(
0
fr

)T
−
(

0
ur

)(
0
ur

)T
−
(
0
lr

)(
0
lr

)T
.

(2.13)
From (2.11), u11 and ur can be computed as

u11 = (t20 + fTc fc)
1/2, ur = (1/u11)(T

T
0 fc + t0fr).

By an inductive argument, we can now give a displacement representation of the form
(2.1).

Proposition 2.1 (see [12]). Assume that T ∈ Rm×n, m ≥ n, is a Toeplitz matrix
partitioned as in (2.9) and rank(T ) = n, and that TTT has the Cholesky factor U ,
partitioned as in (2.10). Then we have

UTU = UT
1 U1 + UT

2 U2 − UT
3 U3 − UT

4 U4,
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where

U1 = up

(
u11

ur

)
, U2 = up

(
0
fr

)
, U3 = up

(
0
ur

)
, U4 = up

(
0
lr

)
.

For Case 2, a displacement representation for K = [T b]T [T b] can be derived in
several different ways. We present one simple expression which can easily be obtained
based on the above displacement representation for TTT . Let

Zn+1 =

(
Zn 0
eTn 0

)
∈ R(n+1)×(n+1)

be the lower shift matrix of order n+ 1. Then

[T b]T [T b]− Zn+1[T b]T [T b]Zn+1
T =

(
TTT − ZnT

TTZTn TT b− ZnT
TTen

bTT − enT
TTZT bT b− eTnT

TTen

)
.

(2.14)

A rank 2 matrix of the form(
On×n y

yT α

)
, where y ∈ Rn×1,(2.15)

can be represented as a product of two rank 2 matrices as follows:(
On×n y

yT α

)
=

(
y y
β γ

)(
yT β
−yT −γ

)
, where β =

α+ 1

2
, γ =

α− 1

2
.

(2.16)

Combining (2.13) and (2.16), and the fact that the Cholesky factor U for TTT is the
same as the submatrix R(1 : n, 1 : n) of the Cholesky factor R for [T b]T [T b], we have
the following result.

Proposition 2.2. Assume that T ∈ Rm×n, m ≥ n, is Toeplitz, [T b] ∈
Rm×(n+1) is not Toeplitz, and [T b]T [T b] has the Cholesky factor R. Then R satisfies

RTR =

3∑
i=1

RTi Ri −
6∑
i=4

RTi Ri,

where

R1 = up


u11

ur
0


 , R2 = up


 0

fr
0


 , R3 = up

(
y
β

)
,

R4 = up


 0

ur
0


 , R5 = up


 0

lr
0


 , R6 = up

(
y
γ

)
,

y = TT b− ZnT
TTen, β = (α+ 1)/2, γ = (α− 1)/2, and α = bT b− eTnT

TTen.
For Case 3, once the Cholesky factor

R0 =

(
κ wT

0 G

)
, where κ ∈ R, w ∈ Rn×1, G ∈ Rn×n,(2.17)
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of Kb = [b T ]T [b T ] is computed, then the Cholesky factor R for [T b] can be easily

obtained by using a product J of n Givens rotations to triangularize
(
wT κ
G 0

)
as

R = J

(
wT κ
G 0

)
.(2.18)

We will derive two different displacement representations that can be used in combi-
nation with the generalized Schur algorithm when Kb = [b T ]T [b T ]. First, partition
Zn+1 as

Zn+1 =

(
0 0
e1 Zn

)
.

Then

[b T ]T [b T ]− Zn+1[b T ]T [b T ]ZTn+1 =

(
bT b bTT
TT b M

)
,(2.19)

where

M = TTT − ZnT
TTZTn − e1b

T beT1 − e1b
TTZTn − ZnT

T beT1 .

Letting

ZnT
T b =

(
0
g

)
, g ∈ R(n−1)×1,

we have

M =

(
u2

11 − bT b u11u
T
r − gT

u11ur − g frf
T
r − lrl

T
r

)
.(2.20)

The following result now follows from (2.13), (2.19), and (2.20).
Proposition 2.3. Assume that T ∈ Rm×n, m ≥ n, is Toeplitz, that [b T ] ∈

Rm×(n+1) is not Toeplitz, and that [b T ]T [b T ] has the Cholesky factor R0. Then R0

satisfies

RT0 R0 =

3∑
i=1

RTi Ri −
6∑
i=4

RTi Ri,

where

R1 = up

( √
bT b

TT b/
√
bT b

)
, R2 = up


 0

β
u11ur − g


 , R3 = up


 0

0
fr


 ,

R4 = up

(
0

TT b/
√
bT b

)
, R5 = up


 0

γ
u11ur − g


 , R6 = up


 0

0
lr


 ,

β = (u2
11 − bT b+ 1)/2, and γ = (u2

11 − bT b− 1)/2.
Now we present another displacement representation that allows us to compute

the submatrix G of R0 by Algorithm 1. Let the matrix G and the vector w of (2.17)
be partitioned as

(
wT

G

)
=


 w1 wTb

g11 gTr
0 Gb


 =


wTt wn

Gt gc
0 gnn


 ,(2.21)
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ALGORITHM 2.
Given a Toeplitz matrix T of full column rank, and a vector b, this algorithm solves
the LS problem minx ‖Tx− b‖2.

(1) Compute κ, w, and [g11 gTr ] of (2.17) and (2.21).
(2) Define the matrices Gi, i = 1, . . . , 6, from (2.23), (2.24), and compute G by

Algorithm 1.

(3) Transform the matrix
(
wT κ
G 0

)
to upper triangular form by a sequence of n

Givens rotations:

J

(
wT κ
G 0

)
=

(
R c
0 κ′

)
.

(4) Solve Rx = c.

where Gb, Gt ∈ R(n−1)×(n−1), gr, gc, wb, wt ∈ R(n−1)×1, and g11, gnn, w1, wn ∈ R.
Then

GTG− ZnG
TGZTn =

(
g2
11 g11g

T
r

g11gr grg
T
r +GT

b Gb −GT
t Gt

)
.

Using the same technique as in Case 1, we then obtain

grg
T
r +GT

b Gb −GT
t Gt = frf

T
r + wtw

T
t − lrl

T
r − wbw

T
b .(2.22)

The above results are summarized in Proposition 2.4.
Proposition 2.4. Under the same assumptions as those in Proposition 2.3, the

submatrix G of the Cholesky factor

R0 =

(
κ wT

0 G

)

of [b T ]T [b T ] satisfies

GTG =

3∑
i=1

GiG
T
i −

6∑
i=4

GiG
T
i ,

where

G1 = up

(
g11

gr

)
, G2 = up

(
0
fr

)
, G3 = up

(
0
wt

)
,(2.23)

G4 = up

(
0
gr

)
, G5 = up

(
0
lr

)
, G6 = up

(
0
wb

)
.(2.24)

To be able to use Algorithm 1 here, first we must compute κ, the vector w, and
the first row of G. This can be done efficiently in O(n) operations; see, e.g., [20,
Chap. 4]. The pre- and postprocessing that is needed in this case is summarized in
Algorithm 2.

We have shown the displacement representations to utilize the generalized Schur
algorithm. Note that the displacement representation and displacement rank are
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Table 2.1
Complexity of the algorithms in flops.

Total Preproc. Gen. Schur Postproc. Tri. system solve

Prop. 2.1, SNE 2mn+ 7n2 mn 6n2 mn n2

Prop. 2.1, CSNE 4mn+ 8n2 mn 6n2 3mn 2n2

Prop. 2.2 3mn+ 10.5n2 3mn 10n2 − 0.5n2

Prop. 2.3 2mn+ 12.5n2 2mn 10n2 2n2 0.5n2

Prop. 2.4 2mn+ 12.5n2 2mn 10n2 2n2 0.5n2

highly dependent on the structure of the matrix. The displacement rank is not pre-
served under permutations. For example, when Π is a permutation matrix, the dis-
placement rank of (TΠ)T (TΠ) is not 4 any more, unless TΠ is also Toeplitz. Also
the displacement rank refers to the rank of the matrix K − ZKZT in general: when
T is already upper triangular and Toeplitz, the displacement rank of TTT is only 1,
rather than 4.

The computational complexity of the algorithm for solving the Toeplitz LS prob-
lems using each of the displacement representation is summarized in Table 2.1. In the
table, the preprocessing refers to the computations to be done to obtain the vectors
to be involved in the generalized Schur algorithm. The postprocessing refers to those
involved after the triangular factor is obtained, before any triangular system is solved.
In the algorithms based on Proposition 2.1, where only the upper triangular matrix U
is computed using the generalized Schur algorithm, the LS problem is solved using the
SNE and CSNE approach [3, sect. 6.6.5]. In the operation counts we have assumed
that the Toeplitz matrix times vector operations are performed by the standard al-
gorithm, requiring mn flops. The complexity of the generalized Schur algorithm with
the displacement rank d is 2(d− 1)n2.

3. Forward error analysis. The forward error analysis given in [32] for the case
q = 2 and d = 4 applies also to the general case. We briefly repeat1 the derivation
from [32] for the special case

K = TTT = UTU = UT
1 U1 + UT

2 U2 − UT
3 U3 − UT

4 U4(3.1)

and then derive better results using new perturbation theory according to Chang,
Paige, and Stewart [11]. The problem of computing the Cholesky decomposition of
a matrix K, based on its displacement representation (3.1), can be considered as
that of performing a sequence of updates and downdates, and the analysis of [39] is
applicable.

Assume that the computations are performed in a floating point system with
unit roundoff µ (see, e.g., [20, p. 61]). Using the error analysis of stabilized hy-
perbolic transformations [8, 39], it can be shown [32] that the computed matrix Ū
satisfies

J




U1

U2

0
0


 =




Ū
0
U3

U4


+ E, ‖E‖F ≤ Cµ‖U‖F +O(µ2),(3.2)

1For simplicity we here omit the treatment of errors in the computation of the elements of U1
and U3; see [32].



TOEPLITZ LEAST SQUARES PROBLEMS 417

for some exactly orthogonal matrix J , where C is a polynomial of low degree2 in the
dimensions of T and the displacement rank d. From (3.2) we get

ŪT Ū = UT
1 U1 + UT

2 U2 − UT
3 U3 − UT

4 U4 + Ec,

where

‖Ec‖F ≤ 2‖E‖F ‖ ( Ū U3 U4 ) ‖F +O(µ2).

Using (3.2) we have ‖ ( Ū U3 U4 ) ‖F ≤ ‖ (U1 U2 ) ‖F + ‖E‖F , and since the ele-
ments of U1 and U2 are from U and T , respectively, we can estimate

‖Ec‖F ≤ Cµ ‖U‖22 +O(µ2) = Cµ‖T‖22 +O(µ2).

We can now use the new perturbation result for the Cholesky decomposition [11]
to estimate the forward error. First define WU ∈ Rn(n+1)/2×n(n+1)/2 as the lower
triangular matrix

WU =




2u11

u12 u11

2u12 2u22

u13 u11

u13 u23 u12 u22

2u13 2u23 2u33

· · · · · · ·
u1n u11

u1n u2n u12 u22

u1n u2n u3n u13 u23 u33

· · · · ·
2u1n 2u2n 2u3n · 2unn




,

(3.3)
and put

D = diag(1,
√
2, 1︸ ︷︷ ︸
2

, . . . ,
√
2, . . . ,

√
2, 1︸ ︷︷ ︸

j

, . . . ,
√
2, . . . ,

√
2, 1︸ ︷︷ ︸

n

) ∈ Rn(n+1)/2×n(n+1)/2.

Theorem 3.1. Let T and U be defined as in Proposition 2.1, and assume that the
condition number of T is is not too large [11]. Then the approximation Ū computed
using the generalized Schur algorithm satisfies

‖Ū − U‖F
‖U‖2 ≤ Cµκc(T

TT ) +O(µ2),(3.4)

where κc(T
TT ) is the Cholesky condition number [11]

κc(T
TT ) = ‖(DWU )

−1‖2 ‖TTT‖1/22 ,

which can be bounded as

1

2
κ2(T ) ≤ κc(T

TT ) ≤ 1√
2
κ2

2(T ).(3.5)

2Each occurrence of C will denote a different polynomial.
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The theorem is valid also if we take into account the errors in the computation
of the elements of U1 and U3; cf. [32].

In (3.5), κ2(A) is the usual condition number, measured in the matrix 2-norm
[20, p. 57]. It is demonstrated in [11] (see also section 5) that there are matrices
T for which κc(T

TT ) is close to the lower bound and others for which κc(T
TT ) is

close to the upper bound. Thus, the error estimate (3.4) shows that although the
upper triangular factor U is computed by Algorithm 1 without forming TTT , the
error in the computed Ū may in some cases be as large as if it had been computed
as the Cholesky factor of TTT . This is interesting, considering that nowhere in the
algorithm was TTT explicitly formed.

Obviously analogous results can be derived for the general case

K =

q∑
i=1

UT
i Ui −

d∑
i=q+1

UT
i Ui,

provided that ‖Ui‖F , i = q+1, . . . , d, can be bounded in terms of ‖K‖F . In the special
case when K = T is a symmetric, positive definite Toeplitz matrix (the displacement
rank is 2), we have

‖Ū − U‖F
‖U‖2 ≤ Cµκc(T ) +O(µ2),

which is the same as for the Cholesky algorithm. In fact, it has been shown in [7]
(see also [40]) that in this special case the Schur algorithm is stable even if ordinary
“unstabilized” hyperbolic transformations are used.

The error analysis must be modified somewhat for Ka = [T b]T [T b]. Let the
Cholesky decomposition of Ka be

Ka =

(
UT 0
zT ρ

)(
U z
0 ρ

)
,

where ρ may be equal to zero, and let V = (U z). Then the error estimate for V̄
becomes

‖V̄ − V ‖F
‖V ‖2 ≤ Cµκ̂c(Ka) +O(µ2),

where κ̂c(Ka) is a slightly modified condition number,

κ̂c(Ka) = ‖Ŵ−1
U ‖2‖V ‖1/22 ,

and ŴU is defined by

ŴU =

(
DWU 0
S U

)
, S =




z1

z1 z2

z1 z2 z3

· · ·
z1 z2 . . . zn


 .

Note that the perturbation of the upper triangular factor U still satisfies the bound
(3.5). It is interesting to be able to bound the perturbation of the right-hand side z
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separately. Using the same technique as in [11, p. 461], the perturbation of z can be
shown to be bounded essentially by κ2

2(T ) (cf. the bound (3.5) for κc).
A similar analysis can also be made for the algorithms based on Propositions

2.3 and 2.4 for the generalized Schur algorithm applied to Kb = [b T ]T [b T ], and
the accuracy will depend on the condition number κc(Kb). However, when the LS
problem is almost consistent, then Kb is very ill-conditioned, and in the extreme case
when b is in the range R(T ), then Kb is singular. Therefore, the algorithm based
on Proposition 2.3 can give large errors, which makes it unsuitable for least squares
problems. In the next section we will show that we can modify Algorithm 2 (which
is based on Proposition 2.4), using CSNE to refine the upper triangular matrix, in
such a way that this algorithm will give accurate results even for almost consistent
systems.

4. Improving accuracy by CSNE. In this section we will describe a method
based on CSNE which was originally designed [5] for computing the solution of the
LS problem when only the R factor in the QR decomposition is available. First, we
discuss block downdating using CSNE, and then we describe the application of CSNE
block downdating for Toeplitz LS problems. For applying CSNE to Algorithm 1, see
[32].

4.1. CSNE for block downdating. Let A =
(
H
Ã

)
∈ Rm×n withm ≥ n, where

H ∈ Rk×n, with k ≤ n. Assume that rank(A) = n. Given the QR decomposition

A = Q

(
R
0

)
,

where Q ∈ Rm×m is orthogonal and R is upper triangular, the block downdating
that we will apply in the next section is to find the upper triangular factor R̃ in the
QR decomposition of Ã, using R and A only as data, in no more than O(mn + n2)
flops. The downdating problem for k = 1 has been studied in [1, 4, 18, 20, 31, 35, 38]
and block downdating for k > 1 in [34, 15, 30]. Perturbation and error analysis are
given in [38, 16, 17, 39].

Block downdating can be performed by first computing the matrix Q1 ∈ Rn×k

from the triangular system RTQ1 = HT , the Cholesky factor Γ ∈ Rk×k of the matrix
I −QT

1 Q1, and then computing the downdated upper triangular factor R̃ as a block
in the QR decomposition (

Q1 R
Γ 0

)
= P

(
Ik Ĥ
0 R̃

)
,

where P is orthogonal. This is the generalization of the LINPACK downdating al-
gorithm [16]. The method of CSNE for LS problems can be applied to the block
downdating problem. This is due to the fact that the matrix Γ can be computed as
the R factor in the QR decomposition of the residual matrix in the LS problem

min
V

∥∥∥( Ik
0

)
−AV

∥∥∥
F
,(4.1)

and we can apply the method of CSNE to (4.1). For details, see [15, 17].
When the matrix A is available in the product form,

A = WTX,



420 HAESUN PARK AND LARS ELDÉN

ALGORITHM 3. Block Downdating by CSNE for a matrix in product form.
Given the upper triangular factor R for A, X(= WA), and only the first k columns
of the orthogonal matrix W , downdate the first k rows of A from R, giving R̃.

(1) Compute Q1, V , and F from

(a)RTQ1 = XTW1, (b)RV = Q1, (c) F := W1 −XV.

(2) (a) Update Q1, V , and F :

RT δQ1 = XTF, Q1 := Q1 + δQ1,

RδV = δQ1, F := F −XδV.

(b) Compute the R factor of F to determine Γ:

Γ = qr(F ).

(3) Triangularize
(
Q1 R
Γ 0

)
by a product of Givens rotations P :

(
Ik Ĥ
0 R̃

)
:= P

(
Q1 R
Γ 0

)
.

where W ∈ Rm×m is an orthogonal matrix partitioned as

W = (W1 W2 ) , W1 ∈ Rm×k,

and X ∈ Rm×n, the matrix A does not need to be computed explicitly for block
downdating. This is because the LS problem

min
V
‖W1 −XV ‖F

is equivalent to (4.1) [32]. The block downdating algorithm with CSNE for this case
is summarized in Algorithm 3, which will be used in the next subsection.

4.2. CSNE for Algorithm 2. In this subsection, we show how the CSNE
method for block downdating can be used to refine the matrix G obtained from
Algorithm 2. For this purpose, we rewrite (2.22) as

ĜT Ĝ = GT
t Gt + wtw

T
t + frf

T
r ,(4.2)

GT
b Gb = ĜT Ĝ−HTH,(4.3)

where HT = ( lr gr wb ) ∈ R(n−1)×3. Suppose we have Ĝ from Algorithm 2 (it is
easy to see that Ĝ can be obtained as a byproduct of the algorithm at no extra cost).
From (2.22), (2.9), and (2.21), we have

Ĝ = qr(X), X =


 fTr

T0

lTr


 ∈ R(m+1)×(n−1),(4.4)

and the matrix Gb is obtained by downdating the block H from Ĝ. Note that gTr and
wTb are from the first two rows in the upper triangular factor of the matrix [b T ]. We
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ALGORITHM 4. Solution of Toeplitz LS problem using CSNE refinement.
Given the matrix T and a right-hand side b, solve the LS problem minx ‖Tx− b‖2.

(1) Compute κ, w, G, and Ĝ using steps 1–3 of Algorithm 2.
(2) Compute the first three columns of the matrix W (no computation needed

for the first column).
(3) Let X be defined by (4.4), and compute refined Gb by downdating the first

three rows of A = WTX using Algorithm 3.
(4) Perform steps 3 and 4 of Algorithm 2.

can find an orthogonal matrix, ŴT , which transforms the first two columns of [b T ]
to upper triangular form, and, accordingly, the first two rows into(

κ w1 wTb
0 g11 gTr

)
.

Then H consists of the first three rows of the matrix A defined as

A ≡WTX =

(
0 1

ŴT 0

) fTr
T0

lTr


 .

Now, we can apply the CSNE block downdating algorithm considering A as the data
matrix for the triangular factor Ĝ and solve

min
V

∥∥∥∥
(
I3
0

)
−AV

∥∥∥∥
F

.(4.5)

This problem is equivalent to (cf. subsection 4.1)

min
V
‖W1 −XV ‖F , W = (W1 W2), W1 ∈ R(m+1)×3.(4.6)

Note that the first column of W1 is em+1 ∈ R(m+1)×1, which is the (m + 1)th unit
vector. The above derivation is summarized in Algorithm 4.

According to Theorem 3.1, the accuracy of the matrix G computed by Algorithm
2 depends on the condition number of G, which may be ill-conditioned even if R (and,
equivalently, T ) is well-conditioned.

However, in the CSNE method, it is the condition number of Ĝ defined by (4.2)
that determines the final accuracy [17, 32]. We will now demonstrate that if T is
well-conditioned, then Ĝ is well-conditioned, even if G is ill-conditioned. Let σi(R)
denote the singular values of R, and assume that they are ordered σ1(R) ≥ σ2(R) ≥
· · · ≥ σn(R).

From (2.18) we see that the upper triangular factor in the QR decomposition of

G0 =

(
wTt
Gt

)

is equal to the (n− 1)× (n− 1) principal submatrix of R. Therefore, using theory for
eigenvalues of symmetric matrices [20, Chap. 8.1], we get

σ1(G0) ≤ σ1(R), σn−1(G0) ≥ σn(R).(4.7)
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Furthermore, since ĜT Ĝ = GT
0 G0 + frf

T
r , the smallest singular value of Ĝ satisfies

σn−1(Ĝ) ≥ σn−1(G0).(4.8)

The vector fTr is part of the first row of T , which implies

‖fr‖2 ≤ σ1(R),

and, using [20, Thm. 8.1.8], we can deduce

σ2
1(Ĝ) ≤ σ2

1(G0) + ‖fr‖22 ≤ 2σ2
1(R).(4.9)

Combining (4.7)–(4.9), we have

κ2(Ĝ) ≤
√
2 κ2(R) =

√
2 κ2(T ).(4.10)

The accuracy of the matrix Ĝ computed by Algorithm 2 depends essentially on the
condition number of Ĝ and not on that of G [39, 17, 32]. Therefore, if T is well-
conditioned, then Ĝ will be accurately computed by Algorithm 2. Since Ĝ is accurate,
Algorithm 4 will produce an accurate approximation of G [17, 32], which, finally, will
lead to an accurate LS solution. In cases where Ĝ is well-conditioned and T is ill-
conditioned, Algorithm 4 will still give a good approximation of G. However, if T is
ill-conditioned with three or more small singular values (relative to the largest singular
value), this cannot happen because then Ĝ has at least one small singular value.

5. Numerical tests. In this section, we present test results for the purpose of
comparing the accuracy and speed of the various algorithms for Toeplitz LS problems.

5.1. Comparison of accuracy. We have performed numerical tests in MAT-
LAB with IEEE double precision floating point arithmetic with unit round off µ ≈
10−16. The accuracy of the LS solutions computed from the following algorithms are
compared:
Algorithm Cyb: The Q and R factors for T are computed by Cybenko’s algorithm

[14].
Algorithm Sq: The R factor and QT b are computed by the generalized Schur

algorithm as in [29].
Algorithm Ssne: The R factor is computed by the generalized Schur algorithm

(Algorithm 1) and then the solution is computed from the SNE,RTRx = TT b,
cf. [6].

Algorithm Scsne: The R factor is computed by the generalized Schur algorithm
(Algorithm 1) and then the solution is computed from the CSNE.

Algorithm Rcsne: The R factor is computed by the Toeplitz matrix triangular-
ization algorithm presented in [32] (Algorithm C in that paper, which refines
the R factor from Algorithm 1 by CSNE), and then the solution is computed
from the CSNE.

Algorithm Gcsne: The solution vector x is computed by Algorithm 4 presented
in this paper.

The relative forward error in the computed solution x,

‖xc − x‖2
‖xc‖2 ,
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for each method is presented, where xc is a vector with all of its components equal
to 1/

√
n. The right-hand-side vector b is computed from b := Txc. We also made

a number of test runs with data where the residual in the LS problem was nonzero.
The results were very similar to those that we report here.

An estimate of the backward error was also computed as

eb := min

{ ‖r‖2
‖x‖2 , σmin([T F ])

}
= min{‖E‖F : ‖(T + E)x− b‖2 = min

x′
‖(T + E)x′ − b‖2},

where

r = b− Tx, F =
‖r‖2
‖x‖2 (I − rrT ),

and σmin is the smallest singular value of the matrix [T F ], as in [44]. The relative
backward error is then defined as

rb =
eb
‖T‖F .

Test I. The matrix T ∈ R5×4 is similar to that in [33],

T =




1 2 3 1/ε
2 1 2 3
3 2 1 2
4 3 2 1
1/ε 4 3 2


 ,

and ε = 10−1−i, i = 1, 2, . . . , 9, are chosen so that the matrix becomes progressively
more ill-conditioned, with condition number κ2(T ) ranging from 95 to 9 · 109. The
condition number κc(T

TT ) is close to κ2
2(T ). The results are presented in Figure

5.1. For reference, we also give the errors obtained by solving the LS problem using
Householder transformations.

Test II. In this test, where

T =




1 t t t · · · t
0 1 t t · · · t
0 0 1 t · · · t
...

. . .
. . .

...
1 t

0 · · · 1



∈ R50×50,

the algorithms are applied ignoring the fact that the matrix is already triangular.
The parameter t was chosen as t = ε−1/4 where ε is the same as that in Test I. The
condition number κ2(T ) varied from 4 ·103 to 4 ·109. In this test the dimension of the
matrix is too large to allow for the computation of κc within reasonable time. The
results are shown in Figure 5.2.
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Fig. 5.1. Test I. Relative forward and backward errors for the different algorithms. The fol-
lowing symbols are used: o (Cyb), × (Sq), dotted (Ssne), dashed (Scsne), + (Rcsne), dashed-dotted
(Gcsne), ∗ (Householder). In the upper graph, the solid line represents 10µκ2(T ), which can be
considered as a reasonable error level for a backward stable algorithm. Note that parts of some
curves are missing in the lower plot because the backward error was estimated to be zero. In cases
when Algorithm 1 broke down, we assigned the value 10 to the relative error.

Fig. 5.2. Test II.
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Fig. 5.3. Test III.

Test III. This test matrix is a modification of an example from [28]. A set of data
was generated as

xn = x(n∆t) =

9∑
j=1

Aj exp(−αn∆t) cos(ωjn∆t) + εrn,

where

Aj = j/10, j = 1, . . . , 9,

α = π/50, ∆t = 0.5,

ωj =

{
jπ/5, j = 1, 2, 3, 4, 5, 6, 8, 9,
7.95π/5, j = 7,

rn is taken from a normal distribution, rn ∈ N(0, 1), and ε is the same as that in
Test I. The matrix T ∈ R59×19 was constructed from Tij = xi−j+19. For small values
of ε, it has one singular value considerably smaller than the rest, and the condition
number κ2(T ) varied from 340 to 2 · 1010. In most cases κc(T

TT ) was close to κ2(T ).
The results are shown in Figure 5.3.

Test IV.

T =



1 0 0 0 0
t 1 0 0 0
0 t 1 0 0
0 0 t 1 0
0 0 0 t 1


 ∈ R5×5,

where t = − log10(ε)+ 0.1 and ε is the same as that in Test I. Here κ2(T ) varied from
75 to 1 · 105, and κc(T

TT ) was close to κ2(T ). The results are shown in Figure 5.4.
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Fig. 5.4. Test IV.

Test V. This test matrix is modified from an example in [23]. The matrix is

T =




3 2 1 1 2 3
4 3 2 1 1 2
5 4 3 2 1 1
6 5 4 3 2 1
7 6 5 4 3 2
8 7 6 5 4 3
9 8 7 6 5 4




+ ε ∗ P ∈ R7×6,

where P is a random Toeplitz matrix and ε = 10−1−i, i = 1, 2, . . . , 8. For ε = 0, T is
singular, and for the values of ε that we chose, κ2(T ) varied from 6 · 103 to 8 · 1010.
κc(T

TT ) was much larger than κ2(T ). The results are shown in Figure 5.5.

5.2. Comparison of speed. In Table 5.1 we summarize the computational
complexity of the algorithms. We give the number of multiplications for computing
the LS solution. The fast algorithm by Cybenko [14] is based on the inner products
and projections as in a lattice algorithm for linear prediction [13] and it is quite
different from any of the other fast algorithms mentioned for the Toeplitz matrix QR
decomposition. For a comparison of the complexities of these algorithms, see Nagy
[29]. By using the fast Fourier transform it is possible to perform the matrix-vector
multiplications for a Toeplitz matrix in O((m + n) log(m + n)) operations (see, e.g.,
[43, pp. 206–209]), thus reducing the operation count considerably for large n. In the
table we have not taken this into account. Of course, on modern computers more
factors than operation counts are important for the overall efficiency of algorithms,
e.g., the possibility of pipelining vector operations and to parallelize the computations.
This will be investigated in our future research.

In Figure 5.6, the actual gain in speed up from using the fast algorithms is il-
lustrated. Here we have used the fast, FFT-based matrix-vector multiplication. The
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Fig. 5.5. Test V.

Table 5.1
Computational complexity of the algorithms tested.

Cyb Sq Ssne Scsne Rcsne Gcsne

9mn+ 14n2 2mn+ 14n2 2mn+ 7n2 4mn+ 8n2 12mn+ 20.5n2 13mn+ 24.5n2

Fig. 5.6. Execution time in seconds (on SGI Power Challenge) for solving LS problems with
m × n Toeplitz matrix, with m = 1.1n (solid line), m = 2n (dashed line), and m = 3n (dash dot
line).
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tests were performed on an SGI Power Challenge in the Department of Computer
Science and Engineering at the University of Minnesota in Minneapolis. Each output
is an average of 20 runs and the test Toeplitz matrices were generated by specifying
the first row and the first column, using random numbers. The matrices with column
dimensions of n = 100i with i = 1, 2, . . . , 10 were tested. Also for each column dimen-
sion n, three different row dimensions of 1.1n, 2n, and 3n were used. We compared
the Householder QR decomposition method with BLAS3 and the two fast algorithms,
Algorithm Sq which is the fastest according to the floating operation count and Al-
gorithm Rcsne which is the most accurate. As we can see in Figure 5.6, the gain in
speed from using the fast algorithms is significant even for small problems. From the
smallest problems of size 110× 100, Algorithm Sq was already faster than the House-
holder QR by a factor of over 3. Then for the problems of size 3000×1000, Algorithm
Sq and Algorithm Rcsne were faster than the Householder QR by factors of over 330
and 100, respectively. This test results show that the fast algorithms for Toeplitz LS
problems are indeed faster than the slow counterpart in actual implementation.

6. Conclusions and remarks. We have studied fast direct algorithms for the
solutions of Toeplitz LS problems. According to our numerical test results, algorithms
Cyb, Sq, and Ssne consistently give higher errors than the others, even for relatively
well-conditioned problems. For the Sq algorithm, the error estimate (3.4) (cf. also
[32]) shows that the accuracy of R may depend on κ2

2(T ), and therefore in general it
is not accurate enough to qualify as a QR decomposition method. Even if we have
no error analysis for the computation of QT b, its accuracy seems to be comparable
to that of R. Since in algorithm Ssne both the computation of R and the solution
of the SNE depend on κ2

2(T ), this method is not expected to be more accurate than
Algorithm Sq.

For well-conditioned problems the Scsne algorithm is about as accurate as the
Rcsne and new algorithms. However, as is indicated in the error analysis for Algorithm
1 (see (3.4)), for more ill-conditioned problems, the R factor given by Algorithm 1 is
not accurate enough for the assumptions of the theory in [5], [3, sect. 6.6.5] to hold.
Therefore, for ill-conditioned problems, the CSNE method cannot make up for the
imprecision of R, and the Scsne algorithm is not as accurate as the Rcsne and Gcsne
algorithms.

By refining the R factor before the CSNE method is applied to the solution of
the LS problem, the Rcsne method works better for more ill-conditioned problems
than the Scsne algorithm. The Gcsne algorithm is similar to the Rcsne method in
that the computed R factor is refined by the CSNE method. We have tested the fast
algorithms on random data and numerous other difficult test problems, and the Rcsne
and Gcsne algorithms consistently outperformed the others. However, if the matrix
T is ill-conditioned with several small singular values (relative to the largest), then
CSNE refinement of the R factor may not work well.

Based on our numerical experience, we expect that a hybrid method that avoids
CSNE refinement of the upper triangular matrix in well-conditioned cases might be
an accurate and less expensive alternative. Note that if the CSNE step is skipped in
the new algorithm, then the operation count is reduced to 2mn + 12.5n2. A hybrid
method can also be based on Scsne and Rcsne, which estimates the conditioning of
R produced by Algorithm 1 and refines it (as in Rcsne) if necessary. More research
is needed for testing the choice of tolerances and for implementing the algorithm
for larger problems before such a method can be considered a reliable and robust
algorithm in practice.
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Recently Gu [22] published an algorithm for Toeplitz LS problems, based on the
fact that a Toeplitz matrix is a Cauchy-like matrix. However, the operation count for
that method is considerably higher than for the methods in the present paper.

Our current research also involves the comparison of the direct fast methods
and the iterative methods for the Toeplitz LS problems. The iterative methods are
promising since the Toeplitz matrix-vector multiplication can be performed by the
FFT and also they do not use the recursions that the fast direct methods rely on.
The possibility of circulant preconditioners may improve the speed further to make
the iterative methods as fast as or faster than the fast direct methods.
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Abstract. We present an algorithm for the construction of locally adapted conformal tetrahedral
meshes. The algorithm is based on bisection of tetrahedra. A new data structure is introduced, which
simplifies both the selection of the refinement edge of a tetrahedron and the recursive refinement to
conformity of a mesh once some tetrahedra have been bisected. We prove that repeated application
of the algorithm leads to only finitely many tetrahedral shapes up to similarity, and we bound the
amount of additional refinement that is needed to achieve conformity. Numerical examples of the
effectiveness of the algorithm are presented.
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1. Introduction. The generation of locally adapted conforming tetrahedral
meshes is an important component of many modern algorithms, for example, in the
finite element solution of partial differential equations. Typically, such meshes are
produced by starting with a coarse tetrahedral mesh, selecting certain elements for
refinement, somehow refining those elements and others as necessary to maintain
conformity, and then possibly repeating this process one (or more than one) time.
In this paper we present a simple algorithm for this purpose, and we analyze its
behavior. In particular, we consider the question of the shape of tetrahedra that
may arise from repeated application of our algorithm and show in section 4 that only
a fixed finite number of dissimilar tetrahedra ever arise. A fortiori, the tetrahedral
shape cannot degenerate as the mesh is refined in the sense that all the solid angles
of all the descendants remain bounded below by a positive constant depending on the
tetrahedra in the initial mesh.

The basic refinement step in our algorithm is tetrahedral bisection as in Fig-
ure 1. When bisecting a tetrahedron, a particular edge—called the refinement edge—
is selected for the new vertex. As new tetrahedra are constructed in the course of
generating an adapted mesh, their refinement edges must be selected carefully; oth-
erwise element shapes may degenerate. A key aspect of any bisection algorithm is the
selection of the refinement edge.

To refine a given conforming mesh we first bisect those tetrahedra that have
been selected for refinement. This will usually lead to a nonconforming mesh (a mesh
in which neighboring elements do not meet face-to-face). We then apply a recursive
procedure to further refine until a conforming mesh is produced. Since it is not obvious
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Fig. 1. Bisection of a single tetrahedron.

that this procedure will terminate in finitely many steps, in section 3 we provide a
rigorous proof that this is the case and establish bounds on the number of steps.

Besides bisection, tetrahedra may be subdivided by octasection. This approach
has been studied by Zhang [13] and Ong [10] to obtain uniformly refined meshes.
However, octasection cannot be used alone to produce locally adapted conforming
meshes. Motivated by work in two dimensions, where local quadrisection has been
successfully combined with bisection to obtain conformity (cf., for example, Bank’s
code PLTMG [2]), Bey [4] has studied the use of local octasection combined with
a variety of supplemental refinement strategies which are used to obtain conformity.
By contrast, bisection can be used alone to create locally refined conforming meshes,
which adds to the simplicity of its implementation. A further advantage of bisection
over octasection is that it potentially allows finer control over mesh size. If an error
indicator flags an element for refinement, with bisection the element can be divided
to reduce its volume by a factor of 2, 4, . . . , as required, while with octasection it is
not possible to reduce element volume by a factor less than 8.

A number of other authors have proposed bisection-based algorithms for the re-
finement of tetrahedral meshes. In the pioneering paper [3], Bänsch presented an
algorithm for local tetrahedral mesh refinement and discussed element shape degener-
ation. Although our algorithm appears quite different from Bänsch’s, it is essentially
equivalent, as we shall discuss in section 2. Another paper which influenced our work
is that of Maubach [7]. Maubach considered the question of assigning refinement edges
to successive bisections of a single simplex in an arbitrary number of dimensions. His
algorithm cannot be easily applied to generate conforming adapted meshes, except
for quite special initial meshes. For successive refinement of a single tetrahedron, we
establish the precise relationship between our method and his in section 4. We show
that his method generates only finitely many similarity classes of simplices (in n di-
mensions), and from this we deduce the same result for our algorithm. Liu and Joe [6]
also study local refinement by bisection. Their algorithm, which is relatively compli-
cated to state and to analyze, is in fact closely related to Bänsch’s and therefore to
ours. The relationship is discussed in section 2. Liu and Joe [5] prove that their al-
gorithm generates only finitely many similarity classes, although their bound exceeds
our sharp one by a large factor. A quite different approach to tetrahedral bisection has
been pursued by Rivara [11] and Rivara and Levin [12]. They always use the longest
edge of a tetrahedron as the refinement edge. In two dimensions, this approach leads
to a finite number of similarity classes, although the number may be arbitrarily large,
depending on the initial triangle [1]. As far as we know, the question of finiteness of
similarity classes or even of element degeneration for longest edge bisection remains
open in three dimensions.

A new aspect of our work is a data structure, which we name marked tetrahe-
dron, used to store a geometric tetrahedron together with information necessary to
choose its refinement edge and that of its descendants. This data structure is small—it
contains just a little additional information beyond the vertices of the tetrahedron—
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and it allows us to describe the bisection algorithm simply. Moreover, the marked
tetrahedron data structure is useful for insuring mesh conformity. Any conforming
tetrahedral mesh can be marked to yield a conforming mesh of marked tetrahedra,
and therefore our algorithm does not require any restriction on the initial mesh.

2. Bisection of a single tetrahedron. In this section we describe the marked
tetrahedron data structure and present the algorithm BisectTet. BisectTet bisects
a marked tetrahedron by introducing a new vertex at the midpoint of the refinement
edge and joining it to the two vertices of the original tetrahedron that do not lie on
the refinement edge. It also marks the children (for use in further refinement).

To define a marked tetrahedron we introduce some terminology. For a tetrahedron
τ , let V(τ), E (τ) , and F(τ) denote the set of its vertices, edges, and faces, respectively.
For ϕ ∈ F(τ), E (ϕ) denotes the edges contained in ϕ. Once a particular edge has been
specified as the refinement edge of τ, the two faces that intersect at the refinement
edge are called its refinement faces. For a marked tetrahedron we specify not only the
refinement edge, but also a particular edge of each of the two nonrefinement faces.
These are called the marked edges of these faces, and we take the refinement edge
itself as the marked edges of the two refinement faces. Each marked tetrahedron is
also assigned a boolean flag. The flag is always unset unless the marked edges of the
four faces are all coplanar (we call this a planar marked tetrahedron), in which case
the flag may or may not be set.

More precisely, a marked tetrahedron τ is a 4-tuple(V(τ), rτ , (mϕ)ϕ∈F(τ), fτ
)
,

where
V(τ) is a set of four noncoplanar points in R

3, the vertices of τ ;
rτ ∈ E (τ) is the refinement edge of τ ;
mϕ ∈ E (ϕ) is the marked edge of ϕ, with mϕ = rτ if rτ ⊂ ϕ;
fτ ∈ {0, 1} is the flag, with fτ = 0 if τ is not planar.

Each marked nonrefinement edge of a marked tetrahedron is either adjacent or
opposite to the refinement edge. Thus, we can classify marked tetrahedra into types
as follows (cf. Figure 2).

• Type P, planar: the marked edges are coplanar. A type P tetrahedron is
further classified as type Pf or type Pu, according to whether its flag is set
or not, respectively.
• Type A, adjacent: the marked edges intersect the refinement edge, but are
not coplanar.
• Type O, opposite: the marked edges of the nonrefinement faces do not in-
tersect the refinement edge. In this case, a pair of opposite edges are marked
in the tetrahedron: one as the refinement edge, and the other as the marked
edge of the two nonrefinement faces intersecting there.
• Type M, mixed: the marked edge of just one of the nonrefinement faces
intersects the refinement edge.

When a tetrahedron τ is bisected to create children τ1 and τ2, a face ϕ ∈ F(τi)
is called an inherited face if ϕ ∈ F(τ), a cut face if ϕ � ϕ′ for some ϕ′ ∈ F(τ), and
a new face otherwise. Each child has one inherited face, two cut faces, and one new
face, which is common to both children. Cf. Figure 3. We are now ready to state
BisectTet.

Algorithm {τ1, τ2} = BisectTet(τ)
input: A marked tetrahedron τ
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Fig. 2. The four types of marked tetrahedra: P, A, O, and M . Each marked edge is indicated
by a double line and the refinement edge is marked for both faces containing it. Each tetrahedron is
shown in three dimensions and cut open and unfolded into two dimensions.
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Fig. 3. Typical bisection of a tetrahedron with the new vertex marked ν, cut faces marked c,
inherited faces marked i, and new face marked n.

output: Marked tetrahedra τ1 and τ2
1. Bisect τ by joining the midpoint of its refinement edge to each of the two

vertices not lying on the refinement edge. This defines V(τi) for i = 1 and 2.
Mark the faces of the children as follows.
2. The inherited face inherits its marked edge from the parent, and this marked

edge is the refinement edge of the child.
3. On the cut faces of the children mark the edge opposite the new vertex with

respect to the face.
4. The new face is marked the same way for both children. If the parent is type

Pf , the marked edge is the edge connecting the new vertex to the new refinement
edge. Otherwise it is the edge opposite the new vertex.

5. The flag is set in the children if and only if the parent is type Pu.
The algorithm is illustrated in Figure 4. Note that the tetrahedra τ1 and τ2 output

by BisectTet will be of the same type. Figure 5 summarizes the relation between the
input tetrahedron type and the output tetrahedra type. Note that types M and O
are never output.

We close this section by relating the algorithm just described to those of Bänsch [3]
and Liu and Joe [5], [6]. The relationship to the work of Maubach [7] will be treated in
section 4. Bänsch used a slightly different system for marking a tetrahedron. Namely
he associated to each face of the tetrahedron a unique marked edge. He assumes
that at least one edge is marked in both faces containing it, and he calls such an
edge a global refinement edge. This allows the possibility that a tetrahedron has two
global refinement edges. Bänsch is not explicit in how such a tetrahedron is bisected.
Presumably an arbitrary selection of one of the global refinement edges is made.
Assuming such a selection, there is a direct correspondence between Bänsch’s marking
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Fig. 4. Bisection rules for marked tetrahedra.
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Fig. 5. The types of tetrahedra produced by BisectTet.

and ours. Bänsch refers to a tetrahedron of type A as red, one of type P as black, and
does not explicitly name tetrahedra of type O or M . Our marking also involves a flag
which for planar tetrahedra may be either set or unset. Bänsch addresses the same
situation by referring to the parent of the tetrahedron: he singles out black tetrahedra
with black parents for special treatment. These are precisely our tetrahedra of type
Pf . For each type of tetrahedron Bänsch furnishes a picture showing how it should
be refined. The algorithm thus described is, via the correspondences just presented,
precisely equivalent to BisectTet. In this sense, BisectTet may be thought of as a
convenient reformulation of Bänsch’s algorithm.

The relationship to the work of Liu and Joe is less direct. In [5] they present
an algorithm for the repeated bisection of an arbitrary tetrahedron. For this they
introduce a special tetrahedron with a specific ordering of its vertices. The special
tetrahedron and its descendants are always bisected using the longest edge as the
refinement edge. They show that, for this particular tetrahedron, the mesh of nth
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generation descendants is conforming and contains only one similarity class, which,
in fact, depends only on n mod 3. To bisect an arbitrary tetrahedron, they choose an
ordering for its vertices and use this to define a unique affine isomorphism with the
special tetrahedron. The descendants of the arbitrary tetrahedron are then given as the
inverse images of the descendants of the special tetrahedron under this transformation.
Liu and Joe prove that the descendants fall into at most 168 distinct similarity classes
and give a lower bound for a measure of their shape.

To draw the connection with BisectTet, we mark Liu and Joe’s special tetrahe-
dron with vertices p0, p1, p2, and p3, defined in their paper, so that p1p2 is the refine-
ment edge and p1p3 and p2p3 are the other marked edges. This is a planar marking,
and we leave the flag unset, so that the special tetrahedron is marked to be type Pu.
It can then be verified that applications of BisectTet to this marked tetrahedron
and its descendants always bisect the longest edge. Indeed, for the first three gener-
ations this can be computed explicitly, and it turns out that at the third generation
all of the descendants are similar to original special tetrahedron and correspondingly
marked, so the bisection of the longest edge continues. Thus, for the special tetrahe-
dron with appropriate marking, Liu and Joe’s algorithm coincides with BisectTet.
For an arbitrary tetrahedron with a selected ordering of its vertices we may use the
affine isomorphism of the previous paragraph to transfer the marking from the spe-
cial tetrahedron, and then we again have equivalence between the algorithm of Liu
and Joe and the algorithm BisectTet. To summarize, given an arbitrary tetrahedron
and an ordering of its vertices, we can determine a marking of this tetrahedron of
type Pu, so that our algorithm and Liu and Joe’s algorithm for repeated bisection of
the tetrahedron are equivalent. In this sense the algorithm of [5] is equivalent to the
special case of BisectTet applied to a tetrahedron of type Pu and its descendants.
As a consequence we may apply our results from section 4 below to deduce that the
descendants in fact fall into at most 36 similarity classes.

As remarked by the authors themselves, the question of how the algorithm of [5]
can be applied to create a locally refined conforming mesh is far from obvious. This
is the subject of [6]. The final algorithm, QLRB, which incorporates other algorithms
called BISECT1, BISECT2, TRANBIS, NEWTYPE, REFINE, and PREBISECT, is far too com-
plicated to describe here. We are not able to ascertain the precise relationship with
BisectTet and the algorithm LocalRefine presented in the next section, although
there are clearly points of similarity. In particular, the tetrahedron classes DD, DSS1,
DSS2, and DSS3 introduced in [6] directly correspond to our types O, P, A, and M,
respectively. In our analysis of LocalRefine in the next section we prove a termina-
tion theorem, Theorem 3.1. This is in fact the exact analogue of Theorem 3.1 for QLRB
of [6].

3. A locally adaptive mesh refinement procedure. In many applications,
such as adaptive finite element computations, one wishes to construct a sequence
of nested conforming meshes which are adapted to a given criterion. A key step is
the construction of a conforming refinement of a given conforming mesh, in which a
selected subset of elements has been refined. In this section we describe an algorithm
based on BisectTet to accomplish this.

Before stating the algorithm we fix some terminology. A mesh T of a domain Ω
in R

3 is a set of closed tetrahedra with disjoint interiors and union Ω̄. The vertex
set of T is V(T ) = ⋃{V(τ) : τ ∈ T }. The edge set E(T ) and the face set F(T ) are
defined similarly. A mesh is conforming if the intersection of two distinct tetrahedra
is either a common face, a common edge, a common vertex, or empty. If τ ∈ T and
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ν ∈ V(T ), we say that ν is a hanging node of τ if ν ∈ τ \ V(τ). A mesh is conforming
if no tetrahedron in it has a hanging node and every face of every tetrahedron in
the mesh either belongs to the boundary or is a face of another tetrahedron in the
mesh. A mesh is marked if each tetrahedron in it is marked. A marked conforming
mesh is conformingly-marked if each face has a unique marked edge (that is, when
a face is shared by two tetrahedra, the marked edge is the same for both). Given an
arbitrary conforming mesh the following marking procedure yields a conformingly-
marked mesh. Strictly order the edges of the mesh in an arbitrary but fixed manner,
for example, by length with a well-defined tie-breaking rule. Then choose the maximal
edge of each tetrahedron as its refinement edge and the maximal edge of each face as
its marked edge. Unset the flag on all tetrahedra. (The assumption that the coarse
mesh has no flagged tetrahedra will be used in the analysis below.)

We now state the main algorithm of this section.
Algorithm T ′ = LocalRefine (T ,S)

input: conformingly-marked mesh T and S ⊂ T
output: conformingly-marked mesh T ′

1. T̄ = BisectTets(T ,S)
2. T ′ = RefineToConformity(T̄ )

The algorithm in the first step, BisectTets, is trivial; we simply bisect each tetrahe-
dron in S:

BisectTets(T ,S) = (T \ S) ∪
⋃
τ∈S

BisectTet(τ).

In the second step, we perform further refinement as necessary to obtain a conforming
mesh:

Algorithm T ′ = RefineToConformity(T )
input: marked mesh T
output: marked mesh T ′ without hanging nodes

1. set S = {τ ∈ T | τ has a hanging node}
2. if S �= ∅ then

T̄ = BisectTets(T ,S)
T ′ = RefineToConformity(T̄ )

3. else
T ′ = T

The recursion in the Algorithm RefineToConformity could conceivably continue
forever. Moreover, even if the recursion terminates, the output mesh may not be
conforming (a mesh without hanging nodes can nonetheless be nonconforming; cf.
Figure 6). However, we shall prove that the recursion does terminate in the application
of RefineToConformity in Algorithm LocalRefine, and that the resulting output
mesh is conformingly-marked. Moreover, we shall bound the amount of refinement
which can occur before termination. To state this result precisely, we consider an initial
marked mesh T0 and set Q0 = T0, and Qk+1 = BisectTets(Qk,Qk), k = 0, 1, . . . .
Thus Q1 consists of all children of tetrahedra in the initial mesh, Q2 all grandchildren,
etc. We assign generation k to all tetrahedra in Qk.

Theorem 3.1. Let T0 be a conformingly-marked mesh with no flagged tetrahedra.
For k = 0, 1, . . . , choose Sk ⊂ Tk arbitrarily, and set Tk+1 = LocalRefine(Tk,Sk).
Then for each k, the application of RefineToConformity from within LocalRefine

terminates producing a conformingly-marked mesh, and each tetrahedron in Tk has a
generation of at most 3k. Moreover, if the maximum generation of a tetrahedron in
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Fig. 6. A nonconforming mesh without hanging nodes (the barycenter is not a vertex of the
mesh).

Pu A O M

Fig. 7. The meshes obtained via three applications of BisectTet beginning with a tetrahedra of
type Pu, A, O, and M .

Tk is less than 3m for some integer m, then the maximum generation of a tetrahedron
in Tk+1 is less than or equal to 3m.

For the proof of the theorem, we need a classification of the edges that arise
from repeated bisection of an unflagged marked tetrahedron τ . Let Qτ0 = {τ} and
define the meshes Qτk in analogy to the definition of the Qk above (so Qτk contains all
descendants of τ of generation k). We define Ek(τ) = E(Qτ3k) and refer to these as the
edges of generation k. Thus the edges of generation 0 are exactly the edges of τ itself,
and, referring to Figure 7, we verify that the edges of generation 1 are precisely the
following 25 line segments:

• the line segment connecting the midpoint of the refinement edge to the mid-
point of the opposite edge;
• for each face, the line segment connecting the midpoint of the marked edge
to the opposite vertex;
• for each face, the two line segments connecting the midpoint of the marked
edge to the midpoints of the two nonmarked edges;
• for each edge, its two children.

Lemma 3.2. Let τ be an unflagged marked tetrahedron. Then for k = 1, 2, . . . ,
the mesh Qτ3k, consisting of all descendants of τ of generation 3k, is conformingly-
marked. If τ is of type Pu, then all the tetrahedra in Qτ3k are of type Pu, and otherwise
all the tetrahedra in Qτ3k are of type A.

Proof. It is clear from Figure 7 that Qτ3 is conforming. Moreover, the definition of
BisectTet insures Qτ3 is conformingly-marked (because whenever a face is introduced,
it is marked identically in the tetrahedra containing it). From the diagram in Figure 5,
we see that tetrahedra in Qτ3 are all either type Pu or type A, depending on whether
τ is type Pu. This verifies the lemma in case k = 1.

If τ ′ ∈ Qτ3 , then the mesh of third generation descendants of τ ′ is, by the same
argument, conformingly-marked and uniformly of type Pu or A. Because Qτ3 is it-
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Table 1
The types of tetrahedra and generation of edges occurring in the meshes Qk.

Generations of Types of Generations
tetrahedra tetrahedra of edges

0 Pu nonplanar 0
1 Pf Pu 0,1
2 A Pf 0,1
3 Pu A 1
4 Pf Pu 1,2
5 A Pf 1,2
6 Pu A 2
...

...
...

...
3k Pu A k

3k + 1 Pf Pu k, k + 1
3k + 2 A Pf k, k + 1
3(k + 1) Pu A k + 1

self conformingly-marked, the mesh obtained by combining all these meshes is again
conformingly-marked, verifying the lemma in case k = 2. By induction we obtain the
result for all k.

If τ ′ is a generation 3k descendant of an unflagged marked tetrahedron τ, then,
by definition, all of the edges of τ ′ have generation k. The next lemma determines the
generations of the edges of descendants of generation 3k + 1 and 3k + 2.

Lemma 3.3. Let τ be an unflagged marked tetrahedron and τ ′ a descendant of τ
of generation 3k + 1 or 3k + 2. Then the edges of τ ′ all have generation k or k + 1.

Proof. The tetrahedron τ ′ is either a child or a grandchild of an unflagged tetra-
hedron of generation 3k. From Figure 7, it is easy to see that every edge of a child or
a grandchild of an unflagged tetrahedron is either an edge of that tetrahedron or an
edge of one of its great grandchildren. Thus each edge of τ ′ is an edge of a tetrahedron
whose generation is either 3k or 3k + 3.

Returning to Theorem 3.1, we easily deduce the following proposition from the
preceding lemmas.

Proposition 3.4. Let T0 be a conformingly-marked mesh with no flagged tetra-
hedra, and let Qk denote the mesh of all descendants of generation k of tetrahedra in
T0. Then the types of tetrahedra and the generation of edges of occurring in Qk are
as shown in Table 1. Moreover, the meshes Q3k are conformingly-marked.

Proof of Theorem 3.1. The proof will proceed in several steps. We use the termi-
nology descendant mesh of T0 to refer to any mesh that can arise from T0 by repeated
application of BisectTet.

Step 1. If T is any descendant mesh of T0 which has maximal tetrahedron gen-
eration 3k, then the application of BisectTets in step 2 of RefineToConformity(T )
returns a mesh which again has maximal tetrahedron generation 3k.

Proof. We refer to Table 1 to see that all the edges of tetrahedra in T are of most
generation k. Now if a tetrahedron in T has a hanging node, then the edge of the
tetrahedron on which the hanging node lies must have generation k − 1 or less (since
its children are also edges in the mesh and so have generation k or less). Hence, again
with reference to the table, a tetrahedron with a hanging node has generation strictly
less than 3k. That is, the set S defined in step 1 of RefineToConformity consists of
tetrahedra of generation less than 3k. Consequently the mesh output from BisectTets

in step 2 of RefineToConformity, again has maximal tetrahedron generation 3k.
Step 2. If T is any descendant mesh of T0 which has maximal tetrahedron gener-
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ation 3k, then every mesh constructed in the recursive application of the algorithm
RefineToConformity(T ) has maximal tetrahedron generation 3k and, moreover, the
algorithm terminates.

Proof. Indeed new tetrahedra are only introduced by the application of BisectTets
in step 2 of RefineToConformity, so the generation bound follows from the previous
step. Since there are only finitely many tetrahedra of generation 3k, the algorithm
must terminate.

Step 3. Each tetrahedron in Tk has generation at most 3k.

Proof. The proof is by induction on k, with the case k = 0 being the obvi-
ous final step. By the induction hypothesis, Tk−1 consists of tetrahedra of gener-
ation at most 3k − 3. Hence, the mesh T̄ output from BisectTets in step 1 of
LocalRefine(Tk−1,Sk−1) has maximum tetrahedron generation 3k − 2 ≤ 3k, and
the result follows from the preceding claim.

Step 4. The output mesh is conformingly-marked.

Proof. This follows easily from the fact that the output mesh is a descendant of
a conformingly-marked mesh and has no hanging nodes.

Step 5. The last sentence of the theorem follows directly from step 2.

4. Similarity classes. In [7] Maubach presented an algorithm, which we refer
to as BisectSimplex, for the bisection of an arbitrary n-simplex in R

n. After recalling
this algorithm, we shall show that in the special case n = 3, it is essentially equivalent
to BisectTet, when BisectTet is restricted to tetrahedra of types A and P as input.
Define a tagged simplex in R

n as an ordered pair, t =
(
(x0, x1, . . . , xn), d

)
, where

(x0, x1, . . . , xn) is an ordered (n + 1)-tuple of points in general position in R
n (the

vertices of the simplex), and d ∈ {1, 2, . . . , n} is a tag (x0xd is the refinement edge of
t). With this terminology, Maubach’s algorithm may be stated as follows.

Algorithm {t(1), t(2)} = BisectSimplex(t)

input: tagged n-simplex t

output: tagged n-simplices t(1) and t(2).

1. set d′ =

{
d− 1, d > 1

n, d = 1

2. create the new vertex z = 1
2 (x0 + xd)

3. set t(1) =
(
(x0, x1, . . . , xd−1, z, xd+1, ..., xn), d

′)
4. set t(2) =

(
(x1, x2, . . . , xd, z, xd+1, ..., xn), d

′)
We now define a correspondence between tagged simplices in R

3 and marked tetra-
hedra of types P and A, and we show that repeated application of either BisectTet
or BisectSimplex to the same geometric tetrahedron yields the same sequence of
descendant tetrahedra. Let TT be the set of all tagged 3-simplices and TM be the set
of all marked tetrahedra; also, let Ta ⊂ TM denote the set of marked tetrahedra of
type A or P . Define a mapping F : TT → TM as follows.

For t =
(
(x

0
, x

1
, x

2
, x

3
), d
) ∈ TT , set F(t) = (V(τ), rτ ,mϕ, fτ ) with V(τ) =

{x0, x1, x2, x3} and

rτ = x0x1, mϕ =

{
x0x3 if ϕ = x0x2x3,

x1x3 if ϕ = x1x2x3,
fτ = 1 if d = 1;
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rτ = x0x2, mϕ =

{
x0x1 if ϕ = x0x1x3,

x1x2 if ϕ = x1x2x3,
fτ = 0 if d = 2;

rτ = x0x3, mϕ =

{
x0x2 if ϕ = x0x1x2,

x1x3 if ϕ = x1x2x3,
fτ = 0 if d = 3.

Note that F(t) has type Pf , Pu, or A, when d = 1, 2, or 3, respectively. Consequently,
F(TT ) ⊂ Ta. In fact, we have the following proposition.

Proposition 4.1. The mapping F maps TT onto Ta and is precisely 2 to 1.
Proof. Given a marked tetrahedron τ = ({v0, v1, v2, v3}, rτ ,mϕ, fτ ) ∈ Ta, we

define two tagged 3-simplices in its preimage under F as follows.
If τ has type A, we assume, without loss of generality, that its refinement and

nonrefinement edges are v0v1 and {v0v2, v1v3}, respectively. To get the first tagged
simplex, set d = 3 and choose x0 = v0 and xd = v1 (the end points of the refinement
edge). Set x1 = v3 (the second endpoint of the marked nonrefinement edge containing
xd) and x2 = v2. To obtain the second tagged simplex, we reverse x0 and x3 and x1 and
x2. Thus, the two tagged 3-simplices corresponding to the given marked tetrahedron
are

(
(v0, v3, v2, v1), 3

)
and

(
(v1, v2, v3, v0), 3

)
. It is straightforward to check that F

maps each of these tagged simplices to τ and that these are the only preimages of
τ under F . The argument is similar in the cases of τ of type Pu or Pf . In the Pu
case, we take the numbering so that the refinement and marked nonrefinement edges
are v0v1 and {v0v2, v1v2}, respectively, and find the two preimages

(
(v0, v2, v1, v3), 2

)
and

(
(v1, v2, v0, v3), 2

)
. In the Pf case with refinement and marked nonrefinement

edges v0v1 and {v0v2, v1v2}, the preimages are
(
(v0, v1, v3, v2), 1

)
and

(
(v1, v0, v3, v2),

1
)
.
The following theorem exhibits the relation between the algorithms BisectTet

and BisectSimplex.
Theorem 4.2. The following diagram commutes.

TT F−−−−→ TM
BisectSimplex

� �BisectTet

TT × TT F×F−−−−→ TM × TM
Proof. Suppose t =

(
(x0, x1, x2, x3), 3

) ∈ TT , and {t(1), t(2)} ∈ TT×TT is produced

by BisectSimplex(t). Then t(1) =
(
(x0, x1, x2, z), 2

)
with z = (x0 + x3)/2, and so

F(t(1)) yields the marked tetrahedron ({x0, x1, x2, z}, x0x2, {x0x1, x1x2}, 0). (Here,
only the markings for the nonrefinement faces of the tetrahedron are specified in
mϕ with the convention that the given edges are marked for the nonrefinement face
containing them.) On the other hand, F(t) = ({x0, x1, x2, x3}, x0x3, {x0x2, x1x3}, 0)
which is a tetrahedron of type A, and one of the marked tetrahedra produced by
applying BisectTet to this tetrahedron is F(t(1)). A similar verification is easily
carried out for the other cases.

Theorem 4.2 implies that if BisectSimplex is applied m times to a tagged 3-
simplex, the images under the mapping F of the 2m descendents are exactly the
descendents obtained by applying BisectTet m times to the image under F of the
parent. The following corollary is thus immediate.

Corollary 4.3. The 2m geometric 3-simplices obtained by applying the algo-
rithm BisectSimplex m times to t ∈ TT are exactly the same as those obtained by
applying BisectTet m times to F(t).
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Our next goal is a bound on the number of similarity classes produced by repeated
application of algorithm BisectSimplex. (Two simplices are said to belong to the
same similarity class if one can be transformed to the other via a dilation and a rigid
motion.) This will be based on the following technical result from [7]. (Theorem 4.1
of [7] states this result in less generality, but the same proof applies to the statement
given here.)

Lemma 4.4. Let t′ be a descendent of the tagged n-simplex

t =
(
(0, e1, e1 + e2, . . . , e1 + e2 + · · ·+ en), n

)
obtained via k applications of BisectSimplex, where B = {e1, e2, . . . , en} is an ar-
bitrary basis of R

n. Define integers q ≥ 0 and r ∈ {0, . . . , n − 1} by k = qn + r.
Let (x0, x1, . . . , xn) be the ordered vertices of t′ and define yi = xi − x0 for i =
1, 2, . . . , n. Then, there exist two linear mappings π and R from R

n to R
n such that

{π(e1), π(e2), . . . , π(en)} is a permutation of the basis vectors of B, and R(ei) = ±ei,
1 ≤ i ≤ n, with

yi =

(
1

2

)q
αiRπ

i∑
j=1

ej , 1 ≤ i ≤ n,

where

αi =

{
1, 1 ≤ i ≤ n− r,
1
2 , n− r + 1 ≤ i ≤ n.

Theorem 4.5. The number of similarity classes of n-simplices produced by the
repeated application of BisectSimplex is bounded by nn!2n−2.

Proof. Without loss of generality we may assume that the initial simplex has tag
n, because an arbitrary tagged simplex is a descendant of such a simplex. For example,(
(x0, x1, x2, . . . , xn), n − 1

)
is a child of

(
(x0, x1, x2, . . . , 2xn − x0), n

)
. Moreover we

may translate so that the first vertex is at the origin, and thus the initial simplex can
be taken to be of the form t assumed in the lemma.

From this immediately get an upper bound of nn!2n similarity classes for the
descendants, since there are n! possibilities for the permutations π, 2n possibilities
for the reflections R, and exactly n different vectors αi. Noting that two different
reflections, R and −R, give n-simplices in the same similarity class, the bound can be
reduced by a factor of 2 to nn!2n−1. To prove the theorem it suffices to reduce this
by another factor of 2, which we shall do by showing that each n-simplex produced
is a translate of another.

Using the notations introduced in Lemma 4.4 and noting that q does not play a
role in the count for the number of similarity classes of tetrahedra, we will assume
q = 0 without any loss of generality. Define the mappings π̂ : R

n → R
n and R̂ : R

n →
R
n by

π̂(ej) =

{
π(en−r+1−j), 1 ≤ j ≤ n− r,
π(ej), n− r + 1 ≤ j ≤ n,(1)

R̂π (ej) =

{
−Rπ(ej), 1 ≤ j ≤ n− r,
Rπ(ej), n− r + 1 ≤ j ≤ n,(2)
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for j ∈ {1, 2, . . . , n}. Note that π̂ is a permutation and R̂ a reflection relative to B.
The ordered set (0, y1, y2, . . . , yn) represents the vertices of the tagged n-simplex t′.
Denote the ordered set of vertices of another tagged n-simplex t̂ by (0, ŷ1, ŷ2, . . . , ŷn)

with ŷi = αiR̂π̂
∑i
j=1 ei for 1 ≤ i ≤ n. Let Φ : R

n → R
n be the translation defined by

Φ(x) = x−Rπ
n−r∑
j=1

ej = x− yn−r.

Then Φ(0) = −Rπ∑n−r
j=1 ej and

Φ(yi) =




−Rπ
n−r∑
j=i+1

ej , 1 ≤ i < n− r,
0, i = n− r,

− 1
2Rπ

n−r∑
j=1

ej +
1
2Rπ

i∑
j=n−r+1

ej , n− r + 1 ≤ i ≤ n.

Using (1), (2), and the definition of ŷi, we get Φ(0) = ŷn−r and

Φ(yi) =



ŷn−r−i, 1 ≤ i < n− r,
0, i = n− r,
ŷi, n− r + 1 ≤ i ≤ n.

Thus, t′ is related to t̂ via the translation Φ as desired.
For n = 2 the bound of four similarity classes furnished by the theorem is easily

seen to be sharp. For n = 3, the bound is 36. By direct computation on a par-
ticular tetrahedron we have verified that the bound of 36 is sharp. (For example,
if t =

(
(v0, v1, v2, v3), 3

)
, where v0 = (0, 0, 0), v1 = (23, 0, 0), v2 = (7, 0, 11), and

v3 = (17, 5, 33), then the upper bound of 36 is attained at the sixth generation.)
Maubach [8] has announced a proof that the bound of nn!2n−2 is sharp for all n.

In view of Proposition 4.1 and Theorem 4.2, the above result applies to bisection
of marked tetrahedra of types A and P : repeated application of BisectTet starting
from such a marked tetrahedron will produce at most 36 similarity classes. Since one
application of BisectTet to a tetrahedron of type O or M produces children of type
Pu, the repeated bisection of such a tetrahedron will produce at most 72 similarity
classes of tetrahedra. In particular, for an arbitrary initial mesh of marked tetrahedra,
only finitely many similarity classes will arise in its descendant meshes.

5. Examples. In this section, we give some examples of adapted tetrahedral
meshes generated using LocalRefine. A coarse initial mesh T0 is chosen and the
meshes Tk are generated using Tk = LocalRefine(Tk−1,Sk−1) as in section 3 with
different criteria being used to determine the sets Sk in each example.

Example 1. The first example is adapted from Maubach [7]. Let T0 be the sub-
division of the cube [0, 1]3 into six congruent tetrahedra. We choose the longest edge
of each face as its marked edge. It can easily be verified that all six tetrahedra are of
type A and they belong to the same similarity class. Let

H =

{
(x, y, z) ∈ R

3|
(
x− 1

2

)2

+

(
y − 1

2

)2

+

(
z − 1

2

)2

=
1

16
with x ≥ 1

2

}
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Fig. 8. The mesh T16 of Example 1. The first view shows the vertices of the mesh, the second
a cut along the plane x = 1/2, and the third a cut along the plane y = 1/2.

be a hemisphere embedded in the cube. We choose Sk−1 = {τ ∈ Tk−1|τ ∩H �= ∅} , so
that we attempt to adapt the meshes to the hemisphere H. Figure 8 shows different
views of T16 having 25, 448 tetrahedra. The local adaptivity around H is clear.

The algorithm LocalRefine has been incorporated into a code for solving second
order elliptic boundary value problems (cf. [9]). Error estimators are used to determine
the sets Sk in the code, leading to refinement in regions where the gradient of the
solution changes rapidly.

Example 2. This example is a test problem for which the exact solution is known
to be

uex = (x2 − x)(y2 − y)(z2 − z)e−100[(x−1/4)2+(y−1/4)2+(z−1/4)2],

and T0 was taken to be a subdivision of [0, 1]3 having 96 tetrahedra. The problem
was solved using piecewise linear finite elements, and a full multigrid solver based on
the sequence of adaptively defined meshes. Note that uex varies very rapidly near the
point (1/4, 1/4, 1/4), and has relatively slow variation in other parts of the domain.
This behavior is captured well by the adaptive mesh refinement process, as seen in T6
pictured in Figure 9.

Figure 10 shows a log-log plot of the errors in energy and L2 norms against
V(T )−1/3, which is an indicator of mesh size for locally refined meshes, using both
adaptive and uniform refinement. (Lines with slopes 1 and 2 are shown for easy com-
parison.) Using uniform refinement, the finest mesh has 68, 705 vertices and a relative
percentage energy error of approximately 15.85% while the maximum number of ver-
tices using adaptive refinement are 62, 738 and the corresponding relative percentage
energy error is 4.95%.

Example 3. As a final example, we consider a problem that arose in numerical rel-
ativity concerning compatible initial metric data for the collision of two black holes.
This involves a nonlinear elliptic boundary value problem which we solve with piece-
wise linear finite elements, an outer Newton iteration, and an inner multigrid iteration
based on the sequence of adapted meshes. For details, see [9]. The domain consists of
a ball about the origin of radius 64

√
3 minus two disjoint balls of radius

√
3/2 and√

3 centered at (0, 0,−2√3) and (0, 0, 2
√
3), respectively. Beginning with the mesh T0

containing 585 vertices and 2, 982 tetrahedra the code produced an adapted mesh T5
with 63, 133 vertices and 346, 084 tetrahedra. In Figures 11 and 12, which is a zoom
of the previous figure, we show results computed on the intermediate mesh T3 with
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Fig. 9. Cut along the the plane x = 1/4 of T6 of Example 2 (there are 11, 418 tetrahedra and
2, 116 vertices in the mesh).
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Fig. 10. The energy (◦) and L2 (×) errors and rates for example 2. The solid lines denote
the energy (respectively, L2) errors for uniform refinement while the dotted lines are for adaptive
refinement.

13,899 vertices and 75,300 tetrahedra.

The figures show a contour plot of the solution on the plane x = y (the plot shade
is keyed to the value of the solution). This is easier to interpret in the color version,
which can be found in [9]. The intersections of the tetrahedra with the plane are shown
slightly shrunken to improve visibility. Also shown are the mesh edges which intersect
the boundary. Next, Figure 13 gives evidence of the mesh quality in the initial and
final meshes. The shape measure used is the ratio of the circumscribed to inscribed
spheres, scaled so that an equilateral tetrahedron has shape measure one. The first
histogram shows that in the initial mesh more than 80% of elements have measure
less than 2, while the worst elements have quality around 3.5. In the final mesh, 72%
of the elements have measure less than 2, while 84% have measure less than 2.5, and
the worst elements have measure about 5.4.
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Fig. 11. Solution to a binary black hole problem.
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Fig. 12. Solution to a binary black hole problem, zoom.

Finally, Figure 14 shows a plot of the total CPU time for the solution of the
boundary value problem including the mesh refinement, error estimation, outer it-
eration, and the multigrid solve on a 1993 DEC 3000 model 500 with a single 150
MHz Alpha processor versus number of mesh vertices. The plot clearly shows that
the computation time is very nearly proportional to the number of vertices in the
mesh.
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Fig. 13. Shape measure histograms. Left: coarse mesh with 2,982 tetrahedra. Right: fine mesh
with 346,084 tetrahedra.
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Fig. 14. CPU seconds, on the y-axis, versus number vertices, on the x-axis, for a binary black
hole problem.

6. Conclusion. In section 2 we introduced the notion of a marked tetrahedron,
and presented algorithm BisectTet for the bisection of a marked tetrahedron into two
children. We discussed its relation which other algorithms in the literature. In section
3 we showed how, beginning with an arbitrary conforming tetrahedral mesh, the
algorithm BisectTet can be applied to create locally refined conforming tetrahedral
meshes, and we bounded the amount of additional refinement that might be required
to obtain conformity. In the following section we showed that repeated application
of BisectTet to a given tetrahedron and its descendants generates at most 36 or 72
dissimilar tetrahedra in all (depending on the marking of the original tetrahedron).
In doing so, we showed that for some markings BisectTet is, in a certain specific
sense, equivalent to the three-dimensional case of Maubach’s algorithm for repeated
bisection of n-simplices, and for this algorithm we showed that at most nn!2n−2

dissimilar simplices are created. We closed the paper with numerical examples of the
performance of the algorithm.
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Abstract. A finite-volume scheme for the Maxwell equations is proposed using collocated
nonorthogonal curvilinear grid arrangements, with the advantage that all components of the electric
and magnetic field are stored at the same computational location and time. It is based on construction
principles of high-resolution schemes for hyperbolic conservation laws and takes into account the
local wave propagation. The implementation of boundary conditions based on the characteristic
theory is described. A new divergence correction technique is proposed to preserve locally the charge
conservation. This is important if the Maxwell solver is used within an electromagnetic particle-in-
cell (PIC) code. The accuracy and efficiency of this finite-volume framework is demonstrated with
problems of electromagnetic wave propagation and of the self-consistent motion of charged particles.
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1. Introduction. The traditional techniques in computational electromagnetics
(CEM) for solving the Maxwell equations in the time domain rely on finite-differences
and are called finite-difference time domain (FDTD) methods. One basic approach
has been developed by Yee [37]. Here, a so-called staggered grid is used, where approx-
imate values of the components of electromagnetic fields are calculated at different
locations, e.g., at different faces and at the center of the grid zones. This stagger-
ing stabilizes the explicit central differences. Usually, these schemes are formulated
staggered in time also, i.e., the electric and the magnetic fields are given at different
time levels tn and tn+1/2. Originally, the staggered finite-difference scheme has been
formulated by Yee for Cartesian coordinates and has been extended to structured
boundary-fitted grids by Holland [15]. A review of FDTD schemes for the Maxwell
equations and their applications has been given by Taflove [32]. Approximating an
integral formulation of Maxwell equations based on the Stokes theorem, Weiland [36],
and Madsen and Ziolkowski [18, 19] proposed staggered finite-volume schemes for
general grids which reduce to the Yee algorithm in the Cartesian case. The main ad-
vantage of the staggered approach is that it combines second-order accuracy in space
and time with a short stencil of the difference quotients. The disadvantages are that
the field components are not given at the same points in space and time, resulting in a
complicated data structure. Grid refinement techniques in regions of steep gradients
are cumbersome.

In this paper, we consider the finite-volume approach on a collocated grid, where
all field components as well as charge and current density are stored at the same
computational location. The Maxwell equations are formulated as a system of con-
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servation laws and are integrated component-by-component over each grid cell to
achieve evolution equations for integral values. These values change in time due to
fluxes through the grid zone interfaces. Mohammadian, Shankar, and Hall [22] ap-
proximated the conservation formulation by a classical second-order accurate method,
the Lax–Wendroff method. The intention of this paper is to consider high-resolution
schemes for hyperbolic conservation laws that take into account the direction of the
local wave propagation. (For a review see [17], [25].) By that fact, they succeed to
combine both robustness at strong gradients and high-order accuracy. They are dissi-
pative but prevent the increase of numerical damping in time by the compressive non-
linear behavior (see, e.g., [23, 25]). Very recently, several authors proposed Maxwell
solvers based on construction principles of the high-resolution schemes. Shang [26] and
Shang and Gaitonde [27] used dimensional splitting and applied the high-resolution
techniques in each one-dimensional sweep. This approach is restricted to second-order
accuracy and to structured boundary-fitted grids. Cioni, Fezoui, and Steve [4] pro-
posed a finite-volume/finite-element method. In both approaches the basic building
block of the flux calculation is formulated as a generalization of the Steger–Warming
flux splitting algorithm [30].

We propose in this paper a finite-volume Maxwell solver for curvilinear nonorthog-
onal coordinates without using dimensional splitting. The local wave propagation be-
tween adjacent grid zones is determined by the solution of Riemann problems. This
has been proposed by Godunov [10] for the Euler equations and is usually called Go-
dunov method. In the case of the Maxwell equations with constant permitivity and
magnetic permeability and for a Cartesian grid this method and the flux-splitting
method become identical to the original characteristic-based Courant–Isaacson–Rees
scheme [7]. We prefer in this context the Godunov approach for two reasons: First,
this approach gives a clear picture and may be an obvious starting point for how to
extend the algorithm to nonhomogeneous media with discontinuous permitivity and
magnetic permeability. Second, the difficulties arising in a proper implementation of
the boundary conditions can be circumvented applying the Godunov idea. For that,
fictitious boundary grid cells are introduced and the values of the physical variables in
these cells are defined in such a way that the physical flux at the boundary is approx-
imated correctly. To get high-order accuracy the solution inside each grid zone has to
be reconstructed from its integral approximate values. We compare numerical results
of total variation diminishing (TVD) interpolation scheme (see, e.g., [23, 17]) with
those using the essentially nonoscillatory (ENO) interpolation of Harten and Osher
[12] up to fifth-order accuracy in both time and space.

Studying kinetic phenomena of charge particles in plasma physics, the numerical
solution of the Maxwell–Lorentz equations has to be computed, where the Maxwell
solver is used as one part of a complex simulation program. An attractive numeri-
cal method to solve this time-dependent nonlinear Maxwell–Lorentz problem is the
particle-in-cell (PIC) approach based on particle-mesh techniques [2, 14]. The basic
idea of this PIC method can be summarized as follows: The electromagnetic fields
obtained by the numerical solution of the Maxwell equations are interpolated to the
actual locations of the charged particles, representing the considered plasma. Accord-
ing to the Lorentz force the charged particles are redistributed and the new phase
space coordinates are determined by solving numerically the usual laws of dynamics.
To close the chain of self-consistent interplay the particles have to be located with
respect to the computational grid in order to determine the new charge and current
density which act as sources for the Maxwell equations in the following iteration cy-



A FINITE-VOLUME-METHOD FOR MAXWELL EQUATIONS 451

cle. It is a well known fact, that the different steps within the PIC treatment of
charged particles introduce numerical errors and, consequently, charge conservation
is not guaranteed exactly or at least approximately on this discrete level of approxi-
mation. Hence, sophisticated and appropriate correction methods have to be applied
to obtain physically relevant results from the numerical solution. In the present work
a new divergence correction technique to preserve locally the charge conservation is
formulated in the framework of the considered high-resolution schemes.

2. The Maxwell equations.

2.1. The classical form. The time-dependent Maxwell equations are usually
formulated as

∂tE− c2∇×B = − j

ε0
,(2.1a)

∂tB+∇×E = 0 ,(2.1b)

∇ ·E =
ρ

ε0
,(2.1c)

∇ ·B = 0 ,(2.1d)

where E,B, ρ, and j denote the electric field, the magnetic induction, the charge,
and the current density, respectively. For sake of clarity as well as with respect to
our special purposes we consider a finite domain in a homogeneous medium where
the permitivity and the magnetic permeability are constant and set equal to one.
The electric and magnetic field constants in vacuum are related to the speed of light
according to ε0µ0c

2 = 1.
It is well known that if the charge conservation equation

∂tρ+∇ · j = 0(2.2)

is valid for all times and if the initial data for E andB satisfy (2.1c) and (2.1d), respec-
tively, then these relations also hold for all times. This follows directly from (2.1a),
(2.1b) and the fact that the divergence of the curl of any (differentiable) vector-field
equals zero. The evolution equations (2.1a), (2.1b) are hyperbolic and the Cauchy
problem describing initial data in the whole space is well-posed. In practical calcu-
lations a bounded computational domain must be dealt with and boundary values
have to be prescribed. These boundary conditions and their proper numerical imple-
mentation have to be based on the characteristic theory and are described in section
3.4.

2.2. The conservation form. The Maxwell equations (2.1a), (2.1b) may be
written as a system of linear evolution equations

∂tu+K1∂x1
u+K2∂x2

u+K3∂x3
u = q(u),(2.3)

where u is the vector of the electric field and magnetic induction

u = (E1, E2, E3, B1, B2, B3)
T,

and the 6× 6 matrices Ki are defined as

Ki =
(

0 −c2Mi

Mi 0

)
, i = 1, 2, 3,(2.4)
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with

M1 =


 0 0 0

0 0 −1
0 1 0


 , M2 =


 0 0 1

0 0 0
−1 0 0


 , M3 =

1

xκ2


 0 −1 0

1 0 0
0 0 0


 .(2.5)

We consider the Maxwell equations for Cartesian coordinates x = (x1, x2, x3) =
(x, y, z) as well as cylindrical coordinates x = (x1, x2, x3) = (z, r, φ). The parameter κ
in (2.5) allows a switch between both coordinate systems, namely, κ = 0 for Cartesian
and κ = 1 for cylindrical coordinates. The right-hand side q of (2.3) contains the
current density and terms introduced by the geometry and is given by

q(u) = − 1

ε0
(j1, j2, j3, 0, 0, 0)

T
+

κ

x2

(
c2B3, 0, 0,−E3, 0, 0

)T
.(2.6)

Since the matrices Ki are constant, the Maxwell equations may be written in conser-
vation form,

∂tu+ ∂x1f1(u) + ∂x2f2(u) + ∂x3
f3(u) = q(u),(2.7)

with fi(u) = Kiu, i = 1, 2, 3, which is the basis for the construction of finite-volume
methods. The new aspect in this formulation is that the differential operator is
considered as the divergence applied component-by-component to the physical fluxes
fi(u).

2.3. The constrained formulation. Numerical methods in the time domain
are usually based on the evolution equations (2.1a), (2.1b) only. But, in the numerical
approximation the relations (2.1c) and (2.1d) are, in general, not preserved exactly.
Due to approximation errors the discrete divergence of the discrete curl operator may
be nonzero:

∇̃ ·
(
∇̃×

)
= O(hk),(2.8)

where ∇̃·, ∇̃× denote the discrete divergence and curl, respectively, h denotes some
typical space increment, and k denotes some order. In pure field calculations where
the charge conservation equation (2.2) is satisfied exactly, this seems not to be a
severe problem, because this defect does not drastically increase in time and falsify
the results [24, 4]. A quite different situation occurs when the Maxwell solver is applied
as one part of a PIC code for the self-consistent simulation of charged particles. In the
PIC approach the charge and current density are assigned to the grid points applying
special interpolation schemes (see, e.g., [2, 14]). The motion of the particles is obtained
by solving the Lorentz equations numerically. Both steps introduce numerical errors
and a discrete analogue of the charge conservation equation (2.2) is not guaranteed
exactly or even with a defect of the order O(hk). Since only the current density is used
for the numerical field calculation based on (2.1a), (2.1b), the consistency of ∇ · E
with the charge density ρ may be lost. One way to get physically relevant results is
to introduce sophisticated particle motion and current density approximations (see,
e.g., [35]) and charge and current density assignment [9] to the numerically caused
lack in (2.2). Another possibility to achieve consistency is to impose the divergence
conditions (2.1c), (2.1d) directly by the introduction of correcting potentials [2].

Here, we follow the approach of Assous et al. [1] and introduce Lagrange multipli-
ers which may be considered potentials correcting the electric field and the magnetic
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induction. This constrained formulation reads as

∂tE− c2∇×B+ c2∇φ = − j

ε0
,(2.9a)

∂tB+∇×E+∇p = 0 ,(2.9b)

∇ ·E =
ρ

ε0
,(2.9c)

∇ ·B = 0 ,(2.9d)

where φ and p denote the potentials to meet the conditions (2.1c), (2.1d). Assum-
ing that E and B satisfy the correct boundary conditions we require homogeneous
Dirichlet boundary conditions on p and φ:

φ(x, t)=0
p(x, t)=0

for x ∈ Γ and all t,(2.10)

where Γ denotes the boundary of the domain G. If the conservation equation (2.2) for
ρ and j is satisfied, then (2.9) is equivalent to (2.1). This becomes obvious by applying
the divergence to (2.9a), (2.1b) and using (2.2) which results in Laplace equations for
φ and p. On account of the boundary conditions (2.10) this directly yields φ ≡ 0 and
p ≡ 0.

3. The finite-volume approach.

3.1. Integral formulation and discretization. A finite-volume scheme ap-
proximates the conservation equations (2.7) integrated over the grid cells. In the
following we restrict ourselves to two space dimensions and assume that E and B do
not depend on x3. We consider a structured boundary-fitted grid, where the physical
area G is covered by quadrilateral grid zones Vij : G =

⋃
ij Vij . Integrating the sys-

tem (2.7) component-by-component over the space-time volume Vij × [tn, tn+1] and
applying Gauß’s theorem to the integral over the divergence of the flux components
one obtains

un+1
ij = unij −

1

|Vij |

tn+1∫
tn

∮
∂Vij

F(u)nij dS dt+ 1

|Vij |

tn+1∫
tn

∫
Vij

q(u) dV dt.(3.1)

Here, unij denotes the cell average of u over the cell Vij with area |Vij | at time tn:

unij =
1

|Vij |
∫
Vij

u(x, tn) dV,(3.2)

F(u) denotes the 6× 2 flux matrix (f1(u), f2(u)), and nij ∈ R
2 denotes the outwards

directed normal at the boundary ∂Vij of grid cell Vij . As sketched out in Figure 1,

the boundary of a quadrilateral grid cell is given by ∂Vij =
∑4
β=1 Sij,β and the line

integral in (3.1) can be replaced by∮
∂Vij

F(u)nij dS =
4∑

β=1

∫
Sij,β

F(u)nij,β dS,(3.3)

where nij,β = ((n1)ij,β , (n2)ij,β)
T
denotes the outwards directed unit normal at the

edge Sij,β . The integral equations (3.1) establish exact evolution equations for the
mean values of the solution.
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Fig. 1. Quadrilateral grid zone Vij with boundary ∂Vij and outwards directed normals nij,β .

A finite-volume scheme is a direct approximation of the integral formulation (3.1)
and is usually written in the form

un+1
ij = unij −

∆t

|Vij |
4∑

β=1

Gn
ij,β +∆tq

n+1/2
ij ,(3.4)

where the so-called numerical flux Gij,β is an approximation of the physical flux F(u)
through the boundary segment Sij,β :

Gn
ij,β ≈

1

∆t

tn+1∫
tn

∫
Sij,β

F(u)nij,β dS dt.(3.5)

The vector q
n+1/2
ij approximates the source terms averaged over Vij and the time

interval [tn, tn+1]. The main task in the context of finite-volume schemes is to find a
suitable numerical flux (3.5) as a function of the averaged quantities. This is described
in the next section. As indicated by the superscript “n” of the numerical flux in (3.4)
we are interested in an explicit approximation using the values at the old time level
tn.

For the approximation of the source term we apply in the following a splitting
method as proposed by Marchuk [20]. In each time step, first the homogeneous

Maxwell equations are solved neglecting the term q
n+ 1

2
ij in (3.4). The values obtained

are then used as initial values for the numerical solution of the system of ordinary
differential equations

∂tu = q(u)(3.6)

introducing the sources into the scheme. To solve (3.6) a standard ordinary differential
equation solver may be chosen. We remark, that if the source step (3.6) as well as the
Maxwell step (3.4) are solved accurately up to second-order in time, then the so-called
Strang splitting should be applied to preserve the overall second-order accuracy of the
algorithm (see [20, 31]). Here, the order of the different steps is changed in each time
cycle.

3.2. The numerical flux calculation. The finite-volume method is completely
defined by specifying the numerical fluxes (3.5). First, the integral over the boundary
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segments has to be approximated. In the following, we restrict ourselves for the sake
of simplicity to second-order accuracy and use the midpoint rule,

Gn
ij,β = |Sij,β | ((n1)ij,β K1 + (n2)ij,β K2) u(xMP,β , tn),(3.7)

where xMP,β denotes the midpoint of edge β. Clearly, a higher order accurate numer-
ical quadrature formula has to be chosen for higher order schemes. Next, an appro-
priate approximation of the solution at this midpoint has to be calculated. Here, we
follow the ideas of Godunov [10] who developed this method for the equations of gas
dynamics. During the last years, the Godunov method has been successfully applied
to other systems of conservation laws. For a review, we refer to the excellent book of
LeVeque [17]. Assuming the approximation to be piecewise constant at time level tn
and equal to the integral values in each grid zone, the local wave propagation at the
point xMP,β into normal direction is determined by the break-up of the discontinuity
at the grid interface Sij,β . Information about this is provided by the local solution of
a Riemann problem which is an initial-value problem of the form

∂tu+ Cij,β ∂ζu = 0,(3.8)

u(ζ, 0) =

{
ul for ζ < 0,
ur for ζ > 0,

(3.9)

with

Cij,β = (n1)ij,β K1 + (n2)ij,β K2.(3.10)

The values ul and ur are the states in the grid zone (i, j) and its neighbor cell according
to the value of β. The flux at ζ = 0, generated by the solution of the Riemann problem
and multiplied by the length |Sij,β | is then defined to be the numerical flux (3.7) of
the Godunov scheme.

The solution of the Riemann problem (3.8), (3.9) is obtained by the theory of
characteristics and is briefly summarized in the following. The matrix Cij,β has the
three different, double-valued real eigenvalues

λ1 = λ2 = −c, λ3 = λ4 = 0, λ5 = λ6 = c(3.11)

and a complete set of right eigenvectors r1, . . . , r6, which may be written as columns
of the matrix

R =
(
r1, . . . , r6

)
=




bc 0 a 0 −bc 0
−ac 0 b 0 ac 0
0 c 0 0 0 −c
0 −b 0 a 0 −b
0 a 0 b 0 a
1 0 0 0 1 0



,(3.12)

with a ..= (n1)ij,β , b ..= (n2)ij,β . The corresponding left eigenvectors l
1, . . . , l6 are the

rows of the matrix

R−1 =
(
l1, . . . , l6

)T
=

1

2c




b −a 0 0 0 c
0 0 1 −bc ac 0
2ac 2bc 0 0 0 0
0 0 0 2ac 2bc 0
−b a 0 0 0 c
0 0 −1 −bc ac 0



.(3.13)
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Fig. 2. (ζ, t)-diagram of the exact solution of the Riemann problem. The solution consists of
four constant states ul,u1,u2, and ur separated by the characteristics.

Figure 2 shows the (ζ, t)-diagram of the exact solution of the Riemann problem. It
consists of four constant states separated by the three characteristics. The interme-
diate constant states are given by

u1 = ul +

2∑
j=1

αjr
j = ur −

3∑
j=0

α6−jr6−j ,(3.14)

u2 = ul +

4∑
j=1

αjr
j = ur −

1∑
j=0

α6−jr6−j ,(3.15)

with coefficients

αj = lj(ur − ul), j = 1, . . . , 6.(3.16)

The numerical flux can now be calculated as

Gn
ij,β = |Sij,β | Cij,βu1 = |Sij,β | Cij,βu2,(3.17)

which can be shown in a straightforward manner using the definitions (3.10), (3.14),
and (3.15).

We remark that (3.17) can be rewritten in several forms. In the context of this
paper we prefer the flux-vector splitting form given by

Gn
ij,β = |Sij,β |

(
C+ij,βul + C−ij,βur

)
,(3.18)

with

C±ij,β =
1

2
(Cij,β ± |Cij,β |) ,(3.19)

where the absolute value, |Cij,β |, is defined with the aid of the diagonalized matrix
according to

|Cij,β | = R diag(c, c, 0, 0, c, c) R−1(3.20)
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with R and R−1 given by (3.12) and (3.13), respectively. In this formulation the total
flux is decomposed into a flux to the “right” associated with C+ij,β , having nonnegative
eigenvalues only, and a flux to the “left” associated with C−ij,β , having nonpositive
eigenvalues only (see [30]). The first matrix acts on ul, while the other acts on ur,
taking into account the correct domain of influence.

All these considerations are valid only if it is guaranteed that the waves generated
at different grid zone interfaces do not interact. This leads to a CFL time step
restriction in the form c∆t

h ≤ 1, where h denotes the smallest length of a grid zone.
For a Cartesian grid and for smooth solutions the finite-volume scheme defined in
this way agrees with the Courant–Isaacson–Rees scheme [7], which is based on the
characteristic form of the equations. The Godunov scheme may be considered as an
extension of this scheme to general grids. Since the direction of the wave propagation
is taken into account, this numerical scheme is inherently very robust and able to
resolve steep gradients without generating spurious oscillations. However, it is only
of first-order accuracy in both space and time and introduces too much numerical
dissipation for practical calculations. In the following section this lack is removed by
an extension of the scheme to higher order accuracy.

3.3. Higher order accuracy. To get higher order accuracy in space the recon-
struction from the approximate integral values has to be improved. This idea has
been proposed by van Leer [34] and is called MUSCL approach. In the following,
we restrict ourselves to a piecewise linear reconstruction, which establishes second-
order accuracy. Two extensions of the MUSCL approach to boundary-fitted grids are
shortly described.

The first extension has been proposed by Durlofsky, Engquist, and Osher [8] for
triangular grid cells. It can be adapted to quadrilateral grids in a straightforward way.
The linear representation of each component w ∈ {E1, E2, E3, B1, B2, B3} is given by
the truncated Taylor expansion

wn(x) = wnij + (x− xij) · ∇̃wnij for x ∈ Vij ,(3.21)

where xij denotes the barycenter of cell (i, j) and ∇̃wnij an approximation of the
gradient of component w in cell (i, j) at time tn. To approximate this gradient,
the field averages of the cell under consideration and of two of its neighbors are
linearly interpolated (see Figure 3). ∇̃(1)wnij is the gradient of the plane through

(xij ,u
n
ij), (xi+1,j ,u

n
i+1,j), and (xi,j+1,u

n
i,j+1). Similarly, ∇̃(2)wnij is obtained using

unij ;u
n
i,j+1 and u

n
i−1,j ; ∇̃(3)wnij using u

n
ij ,u

n
i−1,j , and u

n
i,j−1; and ∇̃(4)wnij using u

n
ij ,u

n
i,j−1,

and uni+1,j and the coordinates of the corresponding barycenters (see Figure 3). To
avoid spurious oscillations near steep gradients the one in this set with the smallest
norm is used in (3.21). For more details see [8].

To enhance the time accuracy a truncated Taylor expansion also in t is used
where the necessary approximation of the time derivative of u at time tn is replaced
by approximations of the space derivatives according to the differential equations

un+ 1
2 (x) = un(x)− ∆t

2

(
K1∂̃x1

un +K2∂̃x2
un
)
,(3.22)

where ∂̃x1u and ∂̃x2u denote the approximations of the space derivatives as calculated
in (3.21).

This technique for enhancing the accuracy with respect to time has first been used
in the Lax–Wendroff scheme (see, e.g., [17]) and, hence, is often called Lax–Wendroff
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Fig. 3. Candidates for slope calculation in the ansatz of Durlofsky et al.

procedure. The values of the interpolation polynomials at the midpoint of a side
face from both sides are then used as data of the Riemann problem (3.8), (3.9) to
determine the numerical flux. However, the application of the Durlofsky, Engquist,
and Osher ansatz to quadrilateral cells makes use of the structure of the grid only
with regard to data administration.

The second ansatz, proposed by Colella in [6], refers to more information about
the grid structure. He proposed a two-dimensional MUSCL scheme without splitting,
also extended to boundary-fitted coordinates requiring the existence of a smooth
coordinate mapping (ξ, η) �→ (x, y) between the coordinate space and the physical
space with a rectangular mesh in the coordinate space (ξ, η). Here, the slope is
assumed to be constant in each component along the lines ξ = const. and η = const.
These constant vectors are denoted by ũξ and ũη. To avoid spurious oscillations
near steep gradients the slopes have to be calculated carefully. One possibility is to
compare the left and right difference quotients and to take that one with the smaller
absolute value if their signs coincide. For different signs the slope is set equal to zero.
This is the Minmod limiting procedure:

ũξ = Minmod

(
ui+1,j − uij
‖xi+1,j − xij‖ ,

uij − ui−1,j

‖xij − xi−1,j‖
)
,(3.23)

ũη = Minmod

(
ui,j+1 − uij
‖xi,j+1 − xij‖ ,

uij − ui,j−1

‖xij − xi,j−1‖
)
.(3.24)

Further appropriate slope calculations are reviewed, e.g., in [17], [23]. All procedures
have the TVD property which guarantees for one-dimensional scalar problems that
the total variation of the solution does not increase in time. The values uni±,j ,u

n
i,j±
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at the cell’s boundary are obtained by a one-dimensional setting (see [34]) for each
direction separately:

uni±,j = unij ±
|xij − xi± 1

2 ,j
|

2
(ũξ)

n
ij ,(3.25)

uni,j± = unij ±
|xij − xi,j± 1

2
|

2
(ũη)

n
ij ,(3.26)

where xi± 1
2 ,j

and xi,j± 1
2
denote the midpoints of the boundary segments. For the

temporal extrapolation

u
n+1/2
i±,j = uni±,j +

∆t

2
(ũt)ij ,(3.27)

u
n+1/2
i,j± = uni,j± +

∆t

2
(ũt)ij(3.28)

via the Lax–Wendroff procedure now the equations transformed onto the (ξ, η) curved
coordinate system

ut +
(yηAu− xηBu)ξ

detJ
+
(−yξAu+ xξBu)η

detJ
= 0(3.29)

have to be used to replace the time derivatives by space derivatives. Here, xξ, xη, yξ,
and yη denote the partial derivatives of the transformation with respect to ξ and η
and detJ denotes the determinant of the Jacobi matrix of the transformation.

These second-order TVD schemes are quite robust but introduce some clipping
of extrema. Harten and Osher [12] succeeded to construct a higher order ENO re-
construction of the solution. The ENO interpolation procedure minimizes numerical
oscillations near strong gradients by using data from the smoothest part of the so-
lution. First, a table of divided differences is calculated and a searching algorithm
determines which portion of the surrounding solution is smoothest. The stencils of
the interpolation polynomial chosen are allowed to shift to this region—away from
the larger differences. For more details we refer to [11, 12]. Also to get higher than
second-order accuracy in time the application of the Lax–Wendroff procedure seems
to be no longer favorable because space derivatives of higher order occur which also
have to be approximated in an appropriate way. A more convenient possibility is
to use a Runge–Kutta time approximation as proposed by Shu and Osher [28]. A
third-order Runge–Kutta scheme, eg., is given by

u(1) = u(n) +∆tL(u(n)),

u(2) =
3

4
u(n) +

1

4
u(1) +

1

4
∆tL(u(1)),(3.30)

u(n+1) =
1

3
u(n) +

2

3
u(2) +

2

3
∆tL(u(2)),

where L denotes the spatial approximation, and u(1), u(2) the intermediate steps.

3.4. Implementation of boundary conditions. The Maxwell equations form
a system of hyperbolic equations and hence boundary conditions and their implemen-
tation are only well-posed if they take into account the wave propagation as given by
the theory of characteristics. In the presented finite-volume approach this is estab-
lished again using the solution of the Riemann problem. At the grid cells adjacent
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to the boundaries of the computational domain initial-boundary-value problems in-
stead of Riemann problems have to be solved locally. Our goal is to reformulate
these initial-boundary-value problems as Riemann problems. For that, first fictitious
grid zones are introduced around the computational domain, called dummy grid cells.
Then in these grid zones values for the physical variables are specified in such a way
that the solution of the Riemann problem at the boundary yields the proper physical
conditions.

For this, we need the solution of the Riemann problem (3.8), (3.9) at ζ = 0. As
there occur vanishing eigenvalues, the boundary ζ = 0 coincides with the characteristic
curve separating the two intermediate states u1 and u2 according to (3.14) and (3.15),
respectively. The value u0 = (E1,0, E2,0, . . . , B3,0)

T of the Riemann solution u at
ζ = 0 can be defined to be u1 or u2, which does not affect the flux calculation (3.17).
For symmetry reasons we define u0 to be the arithmetic average of u1 and u2. With
n = (a, b, 0)T the outer normal at the boundary, u0 is given by

u0 =
1

2




E1,r + E1,l + bc(B3,r −B3,l)
E2,r + E2,l − ac(B3,r −B3,l)

E3,r + E3,l − bc(B1,r −B1,l) + ac(B2,r −B2,l)
B1,r +B1,l − b

c (E3,r − E3,l)
B2,r +B2,l +

a
c (E3,r − E3,l)

B3,r +B3,l +
b
c (E1,r − E1,l)− a

c (E2,r − E2,l)



.(3.31)

Considering, for instance, a boundary on the left-hand side of the computational
domain, (3.31) has to be solved for the dummy state ul. First, we remark that
there exists no uniquely determined solution. Rather, there are an infinite number of
possibilities to define the dummy state ur. This arbitrariness reflects the fact that
in the dummy cell the characteristic variables corresponding to waves which do not
enter the computational domain have no influence on the solution at the boundary.
These arbitrary values in the dummy cells also do not affect the numerical values
because the characteristic-based flux calculation automatically picks out the proper
information. Secondly, boundary conditions can not be imposed independently of the
state inside the last cell of the computational domain. This reflects the fact that
the part of characteristic information at the boundary, which is transported from the
last cell inside the domain to the boundary, must coincide with the values prescribed
there. For physical relevant boundary conditions, however, the latter is automatically
met.

The main advantage of the outlined technique is that imposing the boundary
conditions concerns only the dummy cells and can be managed in a first step of the
calculation cycle. Then the discrete equations can be solved without any further
modification in the whole computational domain, leading to a highly vectorizable al-
gorithm. Furthermore, the exchange of boundary values necessary for parallelization
based on domain decomposition can be handled in a similar way. In the following we
discuss the boundary conditions for perfect electrical conducting surfaces, for symme-
try, irradiation of electromagnetic energy into the domain, and for open boundaries
which are introduced to limit artificially the computational domain. In the latter
case, waves should propagate out of the domain without generating reflections. All
boundary conditions are formulated for the case of curvilinear coordinates.

First, we consider the boundary condition of a perfect conducting wall, where the
fields cannot penetrate into the surface. In this case the physical boundary conditions
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read as

n×E0 = 0, n ·B0 = 0.(3.32)

These conditions lead to

aE2,0 − bE1,0 = 0, E3,0 = 0, aB1,0 + bB2,0 = 0.(3.33)

For a given state ur or ul, the other one has to be defined in such a way that the
relations (3.33) are valid at the boundary. In the case, where ur is given, a possible
choice for ul is

E1,l = −E1,r, E2,l = −E2,r, E3,l = −E3,r, B3,l = B3,r,

B1,l = (b2 − a2)B1,r − 2abB2,r,(3.34)

B2,l = (a2 − b2)B2,r − 2abB1,r.

Now we assume that the boundary of interest is an axis of symmetry which
does not coincide with lines parallel to the x1- or x2-axis. At this axis the following
conditions

E3,0 = 0, n ·E0 = 0(3.35)

and

B3,0 = 0, n ·B0 = 0(3.36)

hold. As mentioned above, these conditions are not sufficient to find a solution for
the fictitious grid zones from (3.31). With the choice

E3,l = −E3,r, B3,l = −B3,r,(3.37)

however, the values of the other components of the electromagnetic fields in the
dummy grid cells are obtained from (3.31) resulting in

E1,l = (b2 − a2)E1,r − 2abE2,r, E2,l = (a2 − b2)E2,r − 2abE1,r,(3.38a)

B1,l = (b2 − a2)B1,r − 2abB2,r, B2,l = (a2 − b2)B2,r − 2abB1,r.(3.38b)

Another situation occurs when the electrical device is driven by external fields
irradiated at certain scheduled edges of the device. Since there exist two outgoing
characteristics which transport information from the computational domain to the
boundary two compatibility conditions have to be satisfied by the boundary conditions
at ζ = 0. Considering a left boundary, those are the characteristics associated with the
negative eigenvalues and hence the first two components of the characteristic variable
v = R−1u have to satisfy

v1,0 = cB3,0 + bE1,0 − aE2,0 = cB3,r + bE1,r − aE2,r,(3.39)

v2,0 = E3,0 − cbB1,0 + caB2,0 = E3,r − cbB1,r + caB2,r.(3.40)

Therefore only two of the three values of the subsystems E1, E2, B3 and B1, B2, E3 can
be prescribed. Assuming that the third component of the electric field and magnetic
induction is not imposed explicitly, a possible choice is

B3,l = B3,r, E1,l = 2E1,0 − E1,r, E2,l = 2E2,0 − E2,r(3.41)
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and

E3,l = E3,r, B1,l = 2B1,0 −B1,r, B2,l = 2B2,0 −B2,r.(3.42)

Open boundaries are conditions motivated by numerical simulations and necessary
to limit artificially the computational domain. A criterion of an open or nonreflecting
boundary has been formulated by Hedstrom [13]: No wave should travel into the com-
putational domain which means that the amplitudes of incoming waves are constant
with respect to time. Incoming and outgoing traveling waves can be easily identified
by the use of characteristic variables as proposed by Thompson [33]. Considering a
left boundary as before, the incoming waves are those associated with the positive
eigenvalues. Then, the open boundary condition reads as

∂tv5,0 = ∂tv6,0 = 0,(3.43)

for all t, whereas the equations for the other four characteristic variables remain
unchanged.

In the first step we calculate the physical solution at the boundary. The trans-
formation back to the conserved variables u = Rv shows that the solution satisfying
(3.43) at the boundary is the solution of the Riemann problem

∂tu+ C−∂ζu = 0,(3.44)

u(ζ, 0) =

{
ul ζ < 0,
ur ζ > 0,

(3.45)

with C− given by (3.19). This Riemann problem can be solved, yielding u0 = ur,
as C− has only nonpositive eigenvalues. Now we have the physical solution on the
boundary as in the examples before, with the only difference, that the value on the
boundary depends on the actual value inside the computational domain.

In the second step, now we proceed as before. Inserting the solution u0 = ur
into (3.31) gives ul = ur as a possible choice for the dummy cells. We remark that
this can be regarded as a special case of irradiation. The values of two characteristic
quantities at the boundary have to remain constant, but the constant is not known.
Depending on the outgoing information ur, the correct information is irradiated so
that the outgoing information is “neutralized.” We further emphasize that the pro-
posed boundary treatment is based on the physical transport of information by its
construction. As an upwind scheme the presented finite-volume approach models
properly the physical transport and therefore the arbitrarily prescribed values have
no influence on the numerical solution.

4. Numerical results. Typical test examples for Maxwell solvers are transverse
magnetic (TM) and transverse electric (TE) waves, for which exact solutions are
available (see [16]). In this case the Maxwell equations are homogeneous, i.e., j ≡ 0
in (2.6). For the following TM problem we consider the computational domain G =
{(x, y)| 0 ≤ x ≤ x0, 0 ≤ y ≤ y0}. The initial data are given by

E3(x, 0) = E0 sin(ax) sin(by)(4.1)

with

a =
mπ

x0
, b =

nπ

y0
,(4.2)
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Fig. 4. Numerical results for a TM wave calculation with m = 8 and n = 5. The plots show
the spatial distribution of the component E3 at t = 75ns (left) and t = 150ns (right).

where m
2 and n

2 is the number of waves in x and y direction, respectively. All other
components of u are set equal to zero everywhere. The exact solution of this initial-
value problem is given by the solution of a wave equation for E3, B1 and B2, and
E1 ≡ E2 ≡ B3 ≡ 0.

In the following we first show numerical results for a regular Cartesian grid with
constant space increments, surrounded by a perfect conducting wall. Here, the com-
putational domain G with x0 = 80m, y0 = 40m is discretized by a grid of 80 × 40
grid zones. An overview of the numerical solution for this initial value problem is
given in Figure 4 for E0 = 1V/m, m = 8, and n = 5. The temporal evolution of E3 is
depicted at the time t = 75ns (left) and t = 150 ns (right), corresponding to 28 and
56 time steps, respectively.

A first glimpse of the ability of the different finite-volume schemes to capture these
TM waves becomes obvious considering slices parallel to the x and y axis, respectively,
at y0 = 20 (upper part) and x0 = 40 (lower part) in Figure 5. The plots show results
at time t = 75ns (left) and t = 150 ns (right). The first-order scheme (+++) has
already damped the oscillations nearly up to a constant at the time t = 150ns. For
practical calculations a first-order method seems not to be appropriate. The second-
order TVD-MUSCL scheme clearly reproduces the shape of the wave but reduces the
amplitude approximately by a factor 0.5 during the calculation. The slope calculation
is based on Sweby’s flux limiter function with k = 1.5 (see, e.g., [17, 23]). The clipping
of extrema can clearly be seen at t = 75ns. The ENO-reconstruction of third-order
accuracy produces much better results. The form of the wave as well as the amplitude
are reproduced very well. To get a more quantitative picture of the approximation
quality of the different methods the L2 error is calculated as a function of time. This
error averaged over the whole time interval is listed in Table 1 for the E3, B1, and B2

component.

A serious problem of many electromagnetic field calculations is the accurate reso-
lution of high frequency waves. Here, the ability of the numerical method to capture
waves accurately with a small number of grid points is important, especially, in mul-
tidimensional calculations to reduce memory requirement and computer time. Due to
the reduction of the numerical damping the high-order methods are superior. In the
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Fig. 5. Comparison of numerical results for a TM wave calculation with m = 8 and n = 5
at t = 75ns (left) and t = 150ns (right). The upper plots show the slice of the E3 component at
y0 = 20m, the lower plots show the slice at x0 = 40m; the exact solution is plotted by a solid line,
first-order and second-order TVD and third-order ENO schemes are plotted by “+ + +,” “∆∆∆,”
and “◦ ◦ ◦,” respectively.

Table 1
L2-error averaged over the time intervall 0 ≤ t ≤ 150ns of the different versions of the finite-

volume scheme calculated for the TM problem with m = 8 and n = 5.

E3 B1 B2
1st order 12.62 31.71 25.30
TVD 1.34 3.86 2.61
ENO3 0.90 2.23 1.77
ENO4 0.24 0.61 0.46
ENO5 0.08 0.22 0.18

following we study this behavior comparing a second-order TVD with higher order
ENO schemes. For a specified value of the error we determine how many grid points
per wavelength are necessary for the different methods to keep this bound. These
numbers are listed in Table 2 used to capture the waves with a given error. For exam-
ple, the first column in this table indicates that, using the fifth-order ENO instead of
the second-order TVD scheme, the number of grid zones can be reduced by a factor
of more than four in each space dimension, i.e., the number of grid zones in a three-
dimensional calculation can be decreased by a factor 64. These results clearly indicate
that if a numerical solution with a very small error should be obtained, then a high
order accurate method is favorable. Especially for three-dimensional calculations,
with a high-oscillating solution, this is important because the memory requirement
can be drastically reduced. Of course, the computational effort increases with better
accuracy. Not only differences of higher order have to be evaluated and compared
but also the order of the Runge–Kutta method used for the time approximation has
to be increased. If larger errors are tolerable the efficiency of the high-order accurate
approximation is lower. For tolerable 10% error the difference in the number of grid
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Table 2
Number of grid zones per wavelength needed to obtain a prescribed error limit (in per cent).

1 % 3% 5% 10%
1st order – – – 77
TVD 49 25 19 14
ENO3 20 14 12 9
ENO4 14 11 9.5 7.5
ENO5 11 9 8 6.5

Fig. 6. Distorted computational mesh used for testing the methods for curvilinear grids.

zones is a factor two only. But using a first-order method at about five times more
grid zones must be used as with the second-order accurate method.

The implementation for nonorthogonal grids has been tested on the grid shown
in Figure 6. The computational domain G = {(x, y)|0 ≤ x ≤ 50m, 0 ≤ y ≤ 50m} is
covered by a distorted grid with large cells next to very small ones. The results for the
same TM problem as sketched out above are shown in Figure 7. The comparison be-
tween the exact (upper plots) and the numerical results (lower plots) at time t = 90ns
(left) and t = 180 ns (right) (corresponding to 180 and 360 time steps, respectively)
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Fig. 7. Contour plots of the exact solution (top) and the numerical results (bottom) for the
TM problem with m = 8 and n = 5 at two different times, t = 90ns on the left and t = 180ns on
the right, obtained on the grid depicted in Figure 6 with 98× 98 cells.

Table 3
L2 error averaged over time, 0 ≤ t ≤ 180ns, for the TM problem with m = 8 and n = 5 on

different levels of refinement of the distorted grid shown in Figure 6.

E3 B1 B2
49× 49 6.72 11.80 18.40
98× 98 2.10 3.79 5.78

196× 196 0.70 1.32 2.00

Method of Colella [6]

E3 B1 B2
49× 49 6.89 11.97 18.88
98× 98 2.21 3.92 6.09

196× 196 0.75 1.37 2.13

Method of Durlofsky, Engquist, and Osher [8]

indicates that the necessary approximations of the normals at the cells edges do not
at all affect the structure of the solution. The results shown in this figure are obtained
using the scheme proposed by Colella [6]. When applying the scheme of Durlofsky,
Engquist, and Osher [8] the results look quite similar. In order to compare the two
schemes in more detail the L2 norm of the difference between exact and numerical
solution is plotted as a function of time in Figure 8. The time averaged L2 norm,
given in Table 3, leads to an experimental order of convergence (EOC) which is quite
similar for both schemes and about 1.7.

Due to the clipping phenomenon of the TVD schemes the value two is not com-
pletely obtained. In essence, the approach of Colella in [6] as well as the one of
Durlofsky, Engquist, and Osher in [8] for gradient approximation in boundary-fitted
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Fig. 8. Comparison of the L2 error of the schemes based on the slope calculation of Colella
(solid line) and of Durlofsky, Engquist, and Osher (dotted line). The time-dependent errors of the
B2, B1, and E3 component are plotted at the top, in the middle, and at the bottom, respectively, for
the TM problem (m = 8, n = 5) on a distorted 98× 98 grid.

coordinates are powerful and efficient and have a sufficient accuracy for practical
applications.

Simultaneously checking the numerical treatment of open boundary and energy
irradiation conditions, we consider the radiation field of a simple two-dimensional
dipole located at the origin of the (x, y)-plane. The finite-size computational domain
for this problem consisting of a quarter ring with an inner and outer radius ri and
ro, respectively, is shown in the upper part of Figure 9. At ri the theoretical result
of the dipole field

B1,0(t) =
E0

c

y

ri
ψ(ri, t),

B2,0(t) = −E0

c

x

ri
ψ(ri, t),(4.3)

ψ(ri, t) = sin(ωt)J1(kri)− cos(ωt)Y1(kri)

is irradiated, where J1 and Y1 are Bessel functions of first and second kind, E0 is fixed
to −19, 54V/m, and the frequency ω = 0, 628/ns and the wave number k are related
according to ω = ck. Open boundary conditions are imposed at ro while symmetric
boundary conditions are necessary at the axes. The contour plot seen in Figure 9 is
a snapshot of the numerical B2 field at t = 30 ns, clearly indicating that no visible



468 C.-D. MUNZ, R. SCHNEIDER, AND U. VOß

-2
5

-2
5

-2
0

-2
0

-1
5

-1
5

-1
0

-1
0

-5-5
0

5
1010

1515

0.
0

0.
0

0.
5

0.
5

1.
0

1.
0

1.
5

1.
5

2.
0

2.
0

2.
5

2.
5

0.00.0 0.50.5 1.01.0 1.51.5 2.02.0 2.52.5

 

10 12 14 16 18 20 22 24 26 28 30

t [ns]

-30

-20

-10

0

10

20

30

B
_1

 [V
ns

/m
2]

r_1 = 1.01 m

10 12 14 16 18 20 22 24 26 28 30

t [ns]

-30

-20

-10

0

10

20

30

B
_1

 [V
ns

/m
2]

r_2 = 1.41 m

10 12 14 16 18 20 22 24 26 28 30

t [ns]

-20

-15

-10

-5

0

5

10

15

20

B
_1

 [V
ns

/m
2]

r_3 = 2.59 m

10 12 14 16 18 20 22 24 26 28 30

t [ns]

-20

-15

-10

-5

0

5

10

15

20

B
_1

 [V
ns

/m
2]

r_4 = 2.99 m

Fig. 9. The contour plot shows the spatial distribution of the numerical and exact B2 dipol field
solution right and left of the bisector of the angle of the first quadrant, respectively, at t = 30 ns.
A quantitative comparison between the exact solution (solid lines) and the numerical result (open
circles) of the B1 field component at four different fixed points is depicted in the lower plot.

wave reflection occurs at the truncated numerical domain at ro. By scanning the time
variation of the B1 component at four fixed space points (r1 = 1.01m, r2 = 1.41m,
r3 = 2.59m, r4 = 2.99m) lying at the bisector of the angle of the first quadrant, the
exact solution (solid lines) and numerical approximation (open circles) reveal the high
quality and accuracy of the applied methods.



A FINITE-VOLUME-METHOD FOR MAXWELL EQUATIONS 469

5. Numerical approximation of the constrained formulation. In this sec-
tion we investigate a modification of the proposed finite-volume methods to enforce
the divergence condition (2.1c). We restrict ourselves to describe the correction of the
electric field, as the errors in charge conservation do only affect the electrical field.
For the magnetic induction, where no influence of source terms occurs, the accuracy
of the finite-volume method was sufficient in all our calculations.

One basic approach has been proposed by Boris [3], who applied a correction
potential after the fields have been advanced. This may be formulated as a direct ap-
proximation of the constrained formulation which is fully implicit in time with respect
to the Lagrange multiplier, while the other part is not changed. The implicit part
can be reformulated as an elliptic equation for the potential whose numerical solution
needs a lot of computational effort. This technique may also be appropriate for the
correction of the magnetic field. Other correction techniques have been proposed by
Marder [21] and within a finite-element framework by Assous et al. [1] and Starke [29].

In the following we propose a new technique: we approximate the hyperbolic-
elliptic system (2.9a), (2.9c) by the strictly hyperbolic problem

∂tE− c2∇×B+ c2∇φ = − j

ε0
,(5.1a)

1

γ2
∂tφ+∇ ·E =

ρ

ε0
,(5.1b)

where an artificial coupling of both equations is introduced by adding the term ∂tφ/γ
2

to the elliptic equation (2.9c). As a hyperbolic system, this system requires initial
conditions also for φ which are imposed setting φ = 0 initially. The system (5.1) can
be written together with (2.1b) as a hyperbolic evolution equation in the form (2.3)
but now with the vector

u = (E1, E2, E3, B1, B2, B3, φ)
T
,(5.2)

and modified matrices Ki, i = 1, 2, 3. The eigenvalues of these matrices are

λ1 = −cγ, λ2/3 = −c, λ4 = 0, λ5/6 = c, λ7 = cγ,(5.3)

written in increasing order. By this, the hyperbolic-elliptic problem has been replaced
by a hyperbolic system. For the defect d = ∇ · E − ρ/ε0 a wave equation

dtt − γ2c2�d = (ρt +∇ · j)t(5.4)

with initial values

d(x, 0) = ∇ ·E0(x)− ρ(x, 0)

ε0
∀x ∈ Ω,(5.5)

dt(x, 0) = ρt(x, 0) +∇ · j(x, 0) ∀x ∈ Ω(5.6)

holds. This means that the errors in Gauß’s law (2.1c) do not spread out with infinite
speed but with finite speed cγ, where the parameter γ is assumed to be larger than
one. Here, we adopted the idea of Chorin [5] to couple the velocity equations of
incompressible fluid flow with the divergence-free constraint of the velocity field which
is called the method of artificial compression. The physical interpretation in this
context is that the pressure waves propagate as acoustic waves with large but finite
artificial speed. We remark that the artificial coupling of the Maxwell equations
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and Gauß’s law will give the proper stationary solution, if the method converges,
because φt/γ

2 vanishes and Gauß’s law is satisfied according to (5.1b). The Lagrange
multiplier φ then equals zero.

The system (5.1) combined with the evolution equation for the magnetic field
(2.1b) may be approximated by an explicit high-resolution scheme in a similar way
to that proposed in section 3. But, the CFL condition now reads as

γc
∆t

h
≤ 1,(5.7)

where h denotes the smallest length of a grid zone. If γ is chosen to be much larger
than one, this CFL-condition (5.7) becomes a severe restriction of the time step size.
But usually the numerical charge errors are small and the transport of these errors to
the boundary of the computational domain at a rate near the speed of light should be
sufficient to avoid their increase in time. It is well known that in PIC calculations for
relevant technical devices usually the divergence correction via a correction potential
is carried out after a couple of time steps only. Nevertheless, to get the possibility of
an efficient solution for larger values of γ, we split up the system (5.1), (2.1b) into
the evolutionary Maxwell equations (2.3) and

∂tE+ c2∇φ = 0,(5.8)

∂tφ+ γ2∇ ·E = γ2 ρ

ε0
,(5.9)

which contains all the terms involved by the Lagrange multiplier. Recasted as a
system of evolution equations it has the form

∂tw +K′
1∂x1

w +K′
2∂x2

w +K′
3∂x3

w = g(5.10)

with the vector w = (E1, E2, E3, φ)
T and g = (0, 0, 0, γ2 ρ

ε0
)T. The matrices K′

1 and
K′

2 have the eigenvalues

λ1 = −cγ, λ2 = λ3 = 0, λ4 = cγ.(5.11)

After this preliminary remark, it is obvious that a high-resolution finite-volume scheme
can be constructed in the same way as given in section 3.

The advantage of the splitting approach is, first, that the Maxwell solver without
modifications can be applied and, second, that a subcycling for the correction step
procedure can easily be introduced. According to the value of γ smaller time steps
may be chosen in the correction part to satisfy (5.7). Several correction steps are
performed within one sweep solving the Maxwell equations.

For numerical purposes also boundary conditions on φ have to be added. To have
a meaningful correction technique, open boundary conditions have to be imposed on
d. This is done by using the initial values d = 0 all outside the computational domain.
This yields φt = 0 outside the computational domain, and together with the initial
condition φ(x, 0) = 0 resulting again in φ(x, t) = 0 on the boundary.

The numerical results for the following artificial but comprehensive test problem,
where the initial fields at time t = 0 are set equal to zero in the whole computational
domain

E0(x) = 0, B0(x) = 0 ∀x ∈ G,(5.12)
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demonstrate the quality of this new correction approach. The charge and current
density are prescribed in such a way, that the charge conservation equation (2.2) is
violated:

j(x, t)=0
ρ(x, t)=ρ0 sin(ωt)δ(x− x0)

∀(x, t)(5.13)

with some constant ρ0 and frequency ω. The exact solution of this problem is given by
the electric field of a source located at x0 oscillating with the frequency ω. Solving this
problem with a Maxwell solver based on the hyperbolic evolution equations (2.1a),
(2.1b) without any divergence correction, we would obtain the trivial solution E ≡
0,B ≡ 0 as the charge density does not enter the numerical procedure.

Numerical results for G = {(x, y), 0 ≤ x ≤ 50m, 0 ≤ y ≤ 50m} are presented in
Figure 10. The upper picture shows the divergence of the electric field at time t = 5ns.
Around x0 = 25m, y0 = 25m the divergence has a peak whose exact height is 1. It
is clearly visible that the divergence errors are transported to the boundary of the
computational domain. A quantitative comparison between the exact and numerically
obtained maximum of ∇·E as a function of time is seen in the lower part of Figure 10.
Aside from the exact solution, results for γ = 30 and γ = 20 are shown. These results
show clearly that the method gives the desired correction of the electrical field and is
able to follow the oscillating of the source.

A further numerical result obtained from the area of PIC applications is depicted
in Figure 11 and shows explicitly the importance of the correction of the electrical
field. Here, an electron beam is emitted within a small area at the cathode (x = 0)
and accelerated to the anode (x = 0.1m) under the action of a constant external field
E1 = −2MV

m . The anode-cathode gap of this simple diode configuration coincides with
the computational domain discretized by a grid of 100×100 grid zones. The snapshots
of the noncorrected (left) as well as the corrected (right) electron distribution and the
E1 component of the electrical filed are recorded at time t = 10ns, where the beam
has already reached a stationary (steady) state.

In the case where no correction procedure is applied (left), the electron distribu-
tion reveals constriction and filamentation of the beam while nonphysically gradients
are observed in the electrical field both as a consequence of numerical errors in charge
conservation. The situation is drastically improved toward physical reliance (right)
performing the proposed hyperbolic correction with γ = 3. For this electron beam ex-
ample the hyperbolic correction technique is checked against the standard correction
potential approach yielding comparable overall agreement. Furthermore, a gain of a
factor of four in CPU time is obtained choosing the hyperbolic instead of the usual
elliptic correction approach.

6. Conclusions. The finite-volume approach to solve numerically the Maxwell
equations is an interesting alternative to finite-difference and finite-element schemes.
With the finite-element approach it shares the flexibility of the grid so that com-
putational domains with complicated geometries can be handled. The finite-volume
schemes proposed in this paper are based on TVD and ENO-schemes for hyperbolic
conservation laws and known to be very robust even in the vicinity of steep gra-
dients. Hence, these methods are favorable for all classes of problems where fields
undergo strong changes. Due to the construction principle to take into account the
local wave propagation they may be considered as a natural extension of the method
of characteristics.

For Cartesian grids the standard finite-difference schemes need less computational
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Fig. 10. The upper picture shows the absolute value of ∇ · E at t = 5 ns. A quantitative
comparison between the exact and numerically obtained maximum of ∇ · E as function of time is
seen in the lower part of the figure. The different curves are obtained for the values γ = 30 (- - -),
and γ = 20 (· · ·), (—–) denotes the exact solution.

effort. For the Yee scheme [37] the effort is at about a factor of three less, compared
with a second-order accurate TVD scheme. Hence, for problems with simple ge-
ometries and without strong gradients in the solution the finite-difference methods
seem to be superior. Their extensions to more general grids using the “staggered”
finite-volume approach [18, 19, 36] require also less computational effort than the
characteristics based approach on a collocated grid. But besides their robustness a
further advantage of our approach is the possibility to increase the order of accuracy
without loosing their robustness by use of sophisticated ENO interpolation schemes
combined with Runge–Kutta time stepping procedures. For calculations on a Carte-
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Fig. 11. A typical finite-volume PIC application to a self-consistent beam simulation for a
simple diode configuration demonstrates clearly the importance and consequence of electrical field
correction. The charge conservation is enforced by the hyperbolic correction technique with γ = 3.

sian grid we demonstrated the possibility of reducing significantly the number of grid
cells by higher order accurate methods while the resolution of waves is preserved.
Especially, in three-dimensional calculations this fact is interesting to save storage as
well as computer time. Of course, the ENO interpolation needs more computational
effort, especially for curvilinear grids, and the third- or fourth-order accurate schemes
may be of practical interest only.

A class of problems where our finite-volume Maxwell solver seems to be very at-
tractive is the self-consistent simulation of the motion of charged particles. Especially
in the case where the Maxwell solver is one part of an electromagnetic PIC code, the
fields have to be calculated at the particle locations. A staggering in space and time
needs additional interpolation which usually increases the approximation errors. A
new correction method for the electric field enforcing the validity of Gauß’s law is
formulated in the finite-volume framework, which seemed to be very important in the
context of PIC calculations.
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Abstract. This paper analyzes a number of high-order and optimized finite-difference methods
for numerically simulating the propagation and scattering of linear waves, such as electromagnetic,
acoustic, and elastic waves. The spatial operators analyzed include compact schemes, noncompact
schemes, schemes on staggered grids, and schemes which are optimized to produce specific charac-
teristics. The time-marching methods include Runge–Kutta methods, Adams–Bashforth methods,
and the leapfrog method. In addition, the following fully-discrete finite-difference methods are stud-
ied: a one-step implicit scheme with a three-point spatial stencil, a one-step explicit scheme with a
five-point spatial stencil, and a two-step explicit scheme with a five-point spatial stencil. For each
method, the number of grid points per wavelength required for accurate simulation of wave propaga-
tion over large distances is presented. The results provide a clear understanding of the relative merits
of the methods compared, especially the trade-offs associated with the use of optimized methods. A
numerical example is given which shows that the benefits of an optimized scheme can be small if the
waveform has broad spectral content.

Key words. finite-difference methods, wave propagation, electromagnetics, acoustics, Maxwell
equations
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Introduction. Numerical simulation can play an important role in the context
of engineering design and in improving our understanding of complex systems. The
simulation of wave phenomena, including electromagnetic, elastic, and acoustic waves,
is an area of active research. Lighthill [24] and Taflove [40] discuss the prospects for
computational aeroacoustics and electromagnetics, respectively. The computational
requirements for accurate simulations of the propagation and scattering of waves can
be high, particularly if the size of the geometry under study is much larger than the
wavelength. Consequently, there has been considerable recent effort directed towards
improving the efficiency of numerical methods for simulating wave phenomena.

In electromagnetics, the most popular approach to the numerical solution of the
time-domain Maxwell equations for numerous applications has been the algorithm
of Yee [50], which was named the finite-difference time-domain (FDTD) method by
Taflove [41]. This algorithm combines second-order centered differences on a staggered
grid in space with second-order staggered leapfrog time marching. Its main attributes
are its very low cost per grid node and lack of dissipative error. Yee’s method is often
applied using Cartesian grids, with a special treatment of curved boundaries [20].
Extension to curvilinear grids was carried out by Fusco [11]. Madsen and Ziolowski
[28] put the method into a finite-volume framework applicable to unstructured grids.
Vinokur and Yarrow [47, 48] developed a related finite-surface method with advantages
at boundaries and grid singularities.

Other methods which have been successfully applied to the time-domain Maxwell
equations include the upwind Lax–Wendroff approach used by Shankar, Mohamma-
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dian, and Hall [38], the characteristic-based fractional-step method of Shang [36], and
the finite-element method of Cangellaris, Lin, and Mei [5]. Although all of these
second-order methods have been used with a great deal of success, they are efficient
only for geometries of moderate electrical size, on the order of 20 wavelengths or
less. For wave propagation over longer distances, the grid resolution requirements of
second-order methods can become excessive, leading to impractical CPU and memory
requirements. This has motivated the development of higher-order methods which
produce smaller errors for a given grid resolution, such as the extension of Yee’s
method to fourth-order in space [40] and the methods of Liu [25], Shang and Gaitonde
[37], Zingg et al. [52, 55, 18, 19], Petropoulos [31], Turkel and Yefet [44], and Young,
Gaitonde, and Shang [51], many of which use staggered grids.

In seismology, the need for higher-order methods has been recognized for some
time. Alford, Kelly, and Boore [2], Marfurt [29], Dablain [9], and Sei [34] present
higher-order algorithms for the elastic wave equation. Similarly, higher-order finite-
difference methods have been developed for acoustic applications by Gottlieb and
Turkel [13], Cohen and Joly [8], and Davis [10], for example.

It can be advantageous to modify the coefficients of a potentially higher-order
method, thereby lowering the order of accuracy, to produce reduced errors over a
range of wavenumbers. We refer to such schemes as optimized schemes [52]. This
approach was first proposed by Vichnevetsky and De Schutter [45] and later studied
in more detail by Holberg [16] and Lele [23]. Haras and Ta’asan [15] and later Kim
and Lee [21] further refined the optimization technique used by Lele. The papers by
Holberg and Lele spawned a number of optimized schemes, including those presented
by Hu, Hussaini, and Manthey [17], Lockard, Brentner, and Atkins [27], Sguazzero,
Kindelan, and Kamel [35], Tam [42], Tam and Webb [43], Zingg and Lomax [53], and
Zingg, Lomax, and Jurgens [52, 55]. See Wells and Renaut [49] for a discussion of
several of these schemes in the context of computational aeroacoustics.

In addition to the accuracy of the interior differencing scheme, there are several
other important issues in simulating wave phenomena. High-order and optimized
methods often have a large spatial stencil which cannot be used near boundaries. This
necessitates the use of numerical boundary schemes which must be suitably accurate
relative to the interior scheme [14] and stable. These can be difficult to obtain, and this
represents a significant obstacle to the use of higher-order methods. Recent progress
is reported by Olsson [30] and Carpenter, Gottlieb, and Abarbanel [6, 7]. Zingg
and Lomax [54] present a fifth-order numerical boundary scheme which produces
a stable scheme in conjunction with sixth-order centered differences. An improved
version, which is stable for curvilinear grids, is given by Jurgens and Zingg [19].
Another important consideration is the boundary condition at the outer boundary
of the domain, which inevitably causes spurious reflection. As a result of recent
developments in this area, such as perfectly matched absorbing layers [1, 4, 12, 32, 57],
such reflections can be substantially reduced. Consequently, the numerical errors
introduced by the interior differencing scheme are often dominant, and the choice of
the interior scheme is critical to the efficient simulation of wave phenomena.

An efficient discretization of a partial differential equation governing a linear wave
phenomenon reliably maintains the numerical error below an acceptable threshold,
which is problem dependent, at the lowest possible cost. The cost includes processing
time and memory, although development cost can be considered as well. Numerical
errors arise from both the spatial and the temporal discretization. They include both
phase and amplitude errors, which depend on the wavenumber, the grid spacing,
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the Courant number, and the direction of propagation relative to the grid. The
dependence of the phase speed on the wavenumber results in numerical dispersion
[46], while the amplitude error results in numerical dissipation. The dependence
of these errors on the direction of wave propagation relative to the grid leads to
numerical anisotropy. Fourier analysis provides a straightforward means of calculating
these errors [46, 26]. Although this simplified analysis excludes errors associated with
nonuniform grids and boundaries, it is a very useful tool for scheme evaluation and
development. Good performance under the conditions of Fourier analysis, i.e., uniform
grids and periodic boundary conditions, is a necessary condition for good performance
under more general conditions.

Through Fourier analysis, one can calculate the phase and amplitude error of
a given method as a function of the wavenumber. However, this information can
be difficult to interpret. A more useful approach used by Lockard, Brentner, and
Atkins [27] is to plot the grid resolution in terms of grid points per wavelength (PPW)
required to maintain global phase and amplitude errors below a specified threshold
as a function of the distance of propagation expressed in terms of the number of
wavelengths traveled. This is not only an excellent metric for scheme development
and comparison, but it also provides useful information for applying the methods to
specific problems.

In this paper, we study and compare the grid resolution requirements of several
high-order and optimized schemes, including spatial discretizations, time-marching
methods, and combined time-space discretizations. Emphasis is on schemes requiring
under 30 PPW for accurate simulations with propagation distances of up to 200
wavelengths. The purpose is twofold. First, the results can aid in the evaluation
and application of high-accuracy methods and are especially helpful in clarifying the
behavior of optimized schemes. Second, the framework presented can be used in the
assessment of new methods.

Finite-difference schemes compared. In this section, we present the various
finite-difference schemes in the context of the linear advection equation given by

∂u

∂t
+ a

∂u

∂x
= 0,(1)

where u is a scalar quantity propagating with speed a, which is real and positive.
The schemes under study can be divided into two distinct groups. In the first group,
the spatial and temporal discretizations are independent, i.e., a discretization is ap-
plied to the spatial derivative to produce a system of ordinary differential equations
(ODEs), which is solved numerically using a time-marching method. Hence we first
study spatial discretizations and time-marching methods separately and later consider
specific combinations. The spatial difference operators are approximations to ∂/∂x.
The time-marching methods are presented as applied to a scalar ODE of the form

du

dt
= f(u, t).(2)

The second group of methods involves the simultaneous discretization of space and
time; there is no intermediate semidiscrete form. These are presented as applied to
(1) itself. The coefficients of all of the schemes studied are given in the appendix.

The methods can also be classified as dissipative or nondissipative. A spatial
discretization is nondissipative, i.e., produces no amplitude error, if it is skew sym-
metric. When combined with certain time-marching methods, such as the leapfrog
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method, the resulting full discretization is nondissipative, that is, the amplitude of
the solution will neither grow nor decay except in the presence of boundaries. Com-
bined space-time discretizations can be nondissipative as well. This is generally a
useful property in that it is consistent with the physics in preserving certain energy
norms. Thus nondissipative schemes are widely used with great success, especially
in solving the Maxwell equations. However, dissipative schemes can be effective as
well, as long as the numerical dissipation is carefully controlled. For example, in the
scheme of Zingg, Lomax, and Jurgens [55], the dissipative error is smaller than the
phase error for all wavenumbers. Therefore, any mode for which the numerical dis-
sipation is excessive already suffers from excessive phase error. Dissipative schemes
have the advantage that high-frequency spurious waves, arising from boundaries, for
example, are damped [13]. Furthermore, dissipative schemes can, at least in principle,
be applied to nonlinear problems.

Spatial difference operators. On a uniform grid with xj = j∆x and uj =
u(xj), compact centered-difference schemes of up to tenth order can be represented
by the following formula:

β(δxu)j−2 + α(δxu)j−1 + (δxu)j + α(δxu)j+1 + β(δxu)j+2

=
1

2∆x

[
c

3
(uj+3 − uj−3) +

b

2
(uj+2 − uj−2) + a(uj+1 − uj−1)

]
,(3)

where (δxu)j is an approximation to ∂u/∂x at node j. These schemes produce no
amplitude error. Noncompact schemes of up to sixth order are obtained with β =
α = 0.

Haras and Ta’asan [15] revisited the compact schemes of Lele [23] based on (3) us-
ing a more sophisticated optimization procedure. They developed tridiagonal schemes
(β = 0) and tridiagonal schemes with a five-point stencil (β = c = 0) as well. In each
case, Haras and Ta’asan present several methods which result from different param-
eters in the optimization procedure. In the comparisons below, we will include only
those schemes which are best according to our criterion, i.e., those schemes which
require the fewest grid points per wavelength for accurate wave propagation over a
distance of 200 wavelengths.

The spatial operator of Zingg, Lomax, and Jurgens [52, 55] is noncompact with
a seven-point stencil. The operator is divided into a skew-symmetric part given by

(δaxu)j =
1

∆x
[a3 (uj+3 − uj−3) + a2 (uj+2 − uj−2) + a1 (uj+1 − uj−1)](4)

and a symmetric part given by

(δsxu)j =
1

∆x
[d3 (uj+3 + uj−3) + d2 (uj+2 + uj−2) + d1 (uj+1 + uj−1) + d0uj ] .(5)

The symmetric part provides dissipation of spurious high-wavenumber components of
the solution. The magnitude of the dissipative component is chosen such that the am-
plitude error produced is less than the phase error. [52, 55] include a maximum-order
scheme and an optimized scheme. The optimized scheme was designed to minimize
the maximum phase and amplitude errors for waves resolved with at least 10 PPW.
It is superior for distances of travel of up to 330 wavelengths. Hence we do not con-
sider the maximum-order scheme here. Tam and Webb [43] have also developed an
optimized scheme based on the skew-symmetric operator given in (4).
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Lockard, Brentner, and Atkins [27] present an optimized upwind-biased noncom-
pact spatial difference operator based on an eight-point stencil. It can be written in
the form

(δxu)j =
1

∆x

3∑
m=−4

amuj+m.(6)

The operator is optimized for waves resolved with at least 7 PPW and provides
excellent accuracy up to about 340 wavelengths of travel. Note that this operator
can also be written as the sum of a skew-symmetric and a symmetric operator. A
nine-point stencil is required for systems of equations with wave speeds of opposite
sign.

Differencing schemes on staggered grids are well suited to problems in which the
time derivative of one variable depends on the spatial derivative of the other, and vice-
versa. This is the case for the time-domain Maxwell equations or the Euler equations
linearized about a reference state with zero velocity, for example. Centered staggered
differencing schemes of up to sixth order can be written in the form

(7)

(δxu)j =
1

∆x

[
b1
(
uj+1/2 − uj−1/2

)
+ b2

(
uj+3/2 − uj−3/2

)
+ b3

(
uj+5/2 − uj−5/2

)]
.

Time-marching methods. There are many considerations involved in selecting
a time-marching method, including efficiency, i.e., accuracy per unit computational
effort, stability, and memory use. Since wave propagation problems are generally
not particularly stiff, explicit methods are appropriate. Thus the Adams–Bashforth
and Runge–Kutta families are suitable candidates. Although other methods, such as
predictor-corrector methods, can be used, we analyze only a few popular options, as
well as some recently introduced methods.

Since a large portion of the computational effort is generally associated with
evaluation of the derivative function, one can approximately assess the efficiency of a
time-marching method by accounting for the number of derivative function evaluations
per time step. Runge–Kutta methods require one derivative function evaluation per
stage. Zingg and Chisholm [56] have shown that for linear ODEs with constant
coefficients, Runge–Kutta methods of up to sixth order can be derived with a number
of stages equal to the order. However, the memory requirements of the methods of
orders five and six are high. For nonlinear ODEs and linear ODEs with nonconstant
coefficients, six stages are required for fifth-order accuracy and seven stages for sixth-
order accuracy [22].

An alternative approach is to use low-storage multistage methods which are high-
order for homogeneous linear ODEs but second-order otherwise [55]. Haras and
Ta’asan [15] and Zingg, Lomax, and Jurgens [52, 55] present five- and six-stage meth-
ods of this type, respectively. For example, when applied to (2), the six-stage method
of Zingg, Lomax, and Jurgens [52, 55] is given by

u
(1)
n+α1

= un + hα1fn,

u
(2)
n+α2

= un + hα2f
(1)
n+α1

,

u
(3)
n+α3

= un + hα3f
(2)
n+α2

,(8)

u
(4)
n+α4

= un + hα4f
(3)
n+α3

,
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u
(5)
n+α5

= un + hα5f
(4)
n+α4

,

un+1 = un + hf
(5)
n+α5

,

where h = ∆t is the time step, tn = nh, un = u(tn), and

f
(k)
n+α = f(u

(k)
n+α, tn + αh).

The five-stage method of [15] is analogous. In their maximum-order form (for ho-
mogeneous ODEs), these methods are not stable for pure central (skew-symmetric)
differencing in space. Consequently, Haras and Ta’asan modify the coefficients of the
five-stage scheme to produce stability, while Zingg, Lomax, and Jurgens [52, 55] add
a dissipative (symmetric) component to their spatial operator, as given in (5).

Adams–Bashforth methods require only one derivative function evaluation per
time step, and thus can be more efficient than Runge–Kutta methods of equal order.
Since they are multistep methods, however, they require extra storage. Furthermore,
Adams–Bashforth methods of order higher than four have extremely restrictive sta-
bility bounds. Thus the time-marching methods we consider here are the fourth-order
Adams–Bashforth method, the low-storage fourth-order Runge–Kutta method for lin-
ear ODEs given by Zingg and Chisholm [56], and the low-storage five- and six-stage
methods described above. In terms of stability and Fourier error analysis, the fourth-
order Runge–Kutta method of [56] is identical to the classical fourth-order Runge–
Kutta method. With respect to memory requirements, the fourth-order Adams–
Bashforth method requires five memory locations per dependent variable, while the
other methods considered require only two.

A natural choice of time-marching method for use with staggered spatial differ-
encing is the second-order staggered leapfrog method, given by

un+1 = un + hfn+1/2.(9)

When used with a nondissipative spatial scheme, as in the FDTD method, the result-
ing fully-discrete operator produces no amplitude error. Furthermore, the staggered
leapfrog method generally produces a leading phase error, which can offset the phase
lag usually produced by centered spatial differences. At specific Courant numbers
and angles of propagation, the perfect-shift property1 can be obtained, leading to
exact propagation for all wavenumbers. Although this has little practical significance,
fully-discrete methods which possess this property are generally most accurate when
used near the perfect-shift conditions.

Simultaneous space-time discretizations. The scheme of Davis [10] is a
nondissipative implicit scheme with a three-point spatial stencil. When applied to
the linear advection equation, it is given by

a0u
n+1
j + a1u

n+1
j−1 + a2u

n+1
j+1 = b0u

n
j + b1u

n
j−1 + b2u

n
j+1(10)

with a0 = b0, a1 = b2, and a2 = b1, where u
n
j = u(xj , tn). Being implicit, this scheme

requires more computational expense than explicit schemes. However, it achieves
fourth-order accuracy in time and space with a three-point spatial stencil.

The scheme of Gottlieb and Turkel [13] is an extension of the Lax–Wendroff
approach to fourth-order in space, remaining second-order in time. It is an explicit

1This refers to the situation when the error from the spatial discretization precisely cancels that
from the temporal discretization.
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one-step scheme but requires a five-point stencil. When applied to the linear advection
equation, it is given by

u
(1)
j = unj +

ah

6∆x
(unj+2 − 8unj+1 + 7unj ),(11)

un+1
j =

1

2
(unj + u

(1)
j ) +

ah

12∆x
(−u(1)

j−2 + 8u
(1)
j−1 − 7u

(1)
j ).

The two-stage form is motivated by nonlinear problems. This method is dissipative
and has received considerable use in nonlinear problems. The justification for having
a lower order of accuracy in time than in space is based on the idea that the system
is at least mildly stiff. Hence the time-step restriction based on the parasitic modes,
i.e., the stability limit, is often much more stringent than that for the driving modes,
i.e., the accuracy limit. Note, however, that many wave propagation problems are not
stiff at all.

It is straightforward to extend this approach to fourth-order in time without
increasing the stencil. For example, one can derive the following dissipative one-step
fourth-order method:

un+1
j = unj − ah(δ(4)x u)nj +

h2a2

2
(δ(4)xx u)

n
j −

h3a3

6
(δ(2)xxxu)

n
j +

h4a4

24
(δ(2)xxxxu)

n
j ,(12)

where δ
(4)
x is a fourth-order centered difference approximation to a first derivative,

δ
(4)
xx is a fourth-order centered difference approximation to a second derivative, δ

(2)
xxx

is a second-order centered difference approximation to a third derivative, and δ
(2)
xxxx

is a second-order centered approximation to a fourth derivative. All of the operators
on the right-hand side require a five-point stencil, as follows:

(δ(4)x u)j =
1

12∆x
(uj−2 − 8uj−1 + 8uj+1 − uj+2) ,

(δ(4)xx u)j =
1

12∆x2
(−uj−2 + 16uj−1 − 30uj + 16uj+1 − uj+2) ,

(δ(2)xxxu)j =
1

2∆x3
(−uj−2 + 2uj−1 − 2uj+1 + uj+2) ,

(δ(2)xxxxu)j =
1

∆x4
(uj−2 − 4uj−1 + 6uj − 4uj+1 + uj+2) .(13)

This scheme is quite complicated to apply in multidimensions. Hence we will consider
a simpler scheme which is fourth-order in time and space, the following nondissipative
two-step explicit scheme:

un+1
j = un−1

j − 2ah(δ(4)x u)nj −
h3a3

3
(δ(2)xxxu)

n
j ,(14)

where δ
(4)
x and δ

(2)
xxx are given in (13) above. Related methods for the second-order

wave equation are presented by Cohen and Joly [8] and Shubin and Bell [39].

Fourier error analysis. Consider the linear convection equation, (1), on an
infinite domain. A solution initiated by a harmonic function with wavenumber κ is

u(x, t) = f(t)eiκx,(15)

where f(t) satisfies the ODE

df

dt
= −iaκf.(16)
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If the spatial derivative is approximated by a finite-difference formula, then the ODE
becomes

df

dt
= −iaκ∗f,(17)

where κ∗ is the modified wavenumber. For example, the modified wavenumber asso-
ciated with the spatial operator given in (3) is obtained from

κ∗∆x =
a sin(z) + (b/2) sin(2z) + (c/3) sin(3z)

1 + 2α cos(z) + 2β cos(2z)
,(18)

where z = κ∆x, i.e., z = 2π/PPW. The numerical phase speed, a∗, is the speed
at which a harmonic function propagates numerically. It is related to the modified
wavenumber by

a∗

a
=
κ∗

κ
.(19)

The dependence of a∗ on κ introduces numerical dispersion. For the spatial operator
given in (4) and (5), the modified wavenumber is obtained from

iκ∗∆x = d0 + 2(d1 cosκ∆x+ d2 cos 2κ∆x+ d3 cos 3κ∆x)

+ 2i(a1 sinκ∆x+ a2 sin 2κ∆x+ a3 sin 3κ∆x).(20)

The real part of the modified wavenumber determines the phase (or dispersive) error,
while the imaginary part determines the amplitude (or dissipative) error.

The accuracy of a time-marching method can be assessed through the character-
istic polynomial of the ODE resulting from application of the time-marching method
to the following ODE:

df

dt
= λf.(21)

The accuracy analysis is based on the principal root of the characteristic polynomial,
denoted by σ(λh), which is an approximation to eλh. In order to assess the accuracy
of time-marching methods for wave propagation, we consider only pure imaginary
values of λ, i.e., λ = iω with ω real. The normalized local amplitude and phase errors
are determined from σ(λh), as follows:

era = |σ| − 1,(22)

erp = − φ

ωh
+ 1,(23)

where φ = arctan(σi/σr), and σr and σi are the real and imaginary parts of σ.
Equation (16) is in the form of (21) with λ = iω = −iaκ. Substituting ω = −aκ into
(23), we obtain

erp =
φ

zC
+ 1,(24)

where σ = σ(−izC), and C = ah/∆x is the Courant number. To analyze a time-
marching method in combination with a spatial discretization, σ = σ(−iκ∗∆xC),
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where κ∗ is the modified wavenumber associated with the spatial operator. For si-
multaneous space-time discretizations, the complex amplification factor is calculated
directly by substituting a solution of the form u(x, t) = σneiκx into the fully discrete
operator [3].

Our criterion for comparing schemes is based on the magnitude of the global
amplitude and phase errors, which are

Era =
∣∣|σ|N − 1

∣∣
=
∣∣∣|σ|PPWnw/C − 1

∣∣∣ ,(25)

Erp = N |ωh− φ|
= nw

∣∣∣∣PPWφ

C
+ 2π

∣∣∣∣ ,(26)

where N = PPWnw/C is the number of time steps and nw is the number of wave-
lengths traveled. Using these formulas with an accurate time-marching method and
a very small Courant number gives the errors for the spatial operator alone; the time
advance is effectively exact. In the results section, the various methods are com-
pared in terms of the PPW required to keep both global phase and amplitude errors
below 0.1 as a function of the number of wavelengths traveled. This error thresh-
old is, of course, arbitrary and corresponds to that used by Lockard, Brentner, and
Atkins [27]. The relative performance of the methods is similar for other choices, and
thus our conclusions are independent of the specific value of the error threshold. For
some schemes, especially optimized schemes, the error does not increase monotoni-
cally with the nondimensional wavenumber z. Hence the error can actually become
larger as the grid resolution is increased. In such cases, we use the value of PPW for
which all higher values of PPW also satisfy the error threshold.

Since practical problems involve multidimensional systems of equations, the use
of one-dimensional scalar analysis requires some justification. A hyperbolic system of
equations is diagonalizable with real eigenvalues, or wave speeds. These wave speeds
can vary significantly. Consequently, the effective Courant number for the different
waves can also vary significantly. A nonuniform grid further contributes to the vari-
ation in the Courant number. For the fastest wave, the Courant number must be
sufficiently small such that the scheme is both accurate and stable. For the slower
waves, the Courant number is then much smaller. A scheme which produces poor
accuracy at low Courant numbers is thus inappropriate for such problems. This sit-
uation can arise if a scheme relies on cancellation of time and space errors to achieve
high accuracy. For example, several schemes which combine the spatial and temporal
discretization produce the perfect-shift property at specific Courant numbers. Often
this perfect cancellation of temporal and spatial errors is achieved at a Courant num-
ber of unity. For such schemes, the error increases as the Courant number is reduced
since the temporal error decreases and no longer cancels the spatial error. Hence it
is important to assess schemes over a range of Courant numbers. Note that this is
not an issue with schemes which combine a high-accuracy spatial discretization with
a high-accuracy time-marching method. Since such schemes generally do not rely
on cancellation to achieve high accuracy, the error does not increase as the Courant
number is reduced.

The situation is similar in multidimensions. For most spatial discretizations, the
error is largest for waves propagating at 0 or 90 degrees to the grid [46, 23, 53]. The
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Fig. 1. Phase speed error for the maximum-order (—–) and optimized (- - -) schemes of Zingg,
Lomax, and Jurgens [55].

error from the time-marching method is isotropic. Therefore, if there is no cancella-
tion of spatial and temporal errors, the one-dimensional analysis is conservative. In
contrast, if a scheme relies on such cancellation, then the error at arbitrary angles of
propagation can be much higher than that in one dimension. For example, a scheme
with the perfect shift property at a Courant number of unity in one dimension can
produce large errors at the same Courant number in multidimensions and can even be
unstable. This occurs because the spatial error is anisotropic while the temporal error
is isotropic. Hence they cannot cancel at all angles. Fortunately, this situation can be
revealed by a one-dimensional analysis as long as a wide range of Courant numbers
is considered. As the Courant number tends to zero, so does the temporal error, and
only the spatial error remains. Hence the one-dimensional analysis at a low Courant
number can represent the worst case for some schemes, since there is no cancellation
of temporal and spatial errors. This is confirmed by the results presented below.

Before proceeding to the results, we briefly discuss the concept of an optimized
scheme, using the schemes of Zingg, Lomax, and Jurgens [55] as an example. Figure 1
shows the phase speed error for the maximum-order and optimized spatial discretiza-
tions given in [55] for a nondimensional wavenumber z between 0 and π/5, i.e., for
waves resolved with at least 10 PPW. This optimized scheme trades increased errors
at low wavenumbers in return for greatly reduced errors for 0.4 ≤ z ≤ π/5. The idea
is to extend the range of wavenumbers for which the scheme is sufficiently accurate.
Note that, for the optimized scheme, the error at z = 0.29 (22 PPW) is very close to
that at z = π/5 (10 PPW). Consequently, there is no benefit in increasing the grid
resolution from 10 PPW to 22 PPW. If a grid resolution of 10 PPW is insufficient
for a given propagation distance, then greater than 22 PPW will be required. This
explains the sudden jumps in the grid resolution requirements of optimized schemes
which will be seen below.
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Fig. 2. Grid resolution requirements for second-order (—–), fourth-order (- - -), and sixth-order
(· · ·) noncompact centered spatial differences.

Results.

Spatial difference operators. In this section, we consider the errors produced
by the spatial operators alone. The figures show the PPW required to keep both global
phase and amplitude errors below 0.1 as a function of the number of wavelengths
traveled. Figure 2 shows the grid resolution requirements for second-, fourth-, and
sixth-order noncompact centered difference schemes. Since these spatial operators are
nondissipative, the grid resolution requirements are determined from the global phase
error. The requirements of the second-order scheme are clearly excessive. While more
accurate second-order discretizations are available, such as the FDTD scheme or the
upwind leapfrog scheme [33], none of these meets our criterion of 30 PPW for 200
wavelengths of travel except under specific conditions.

The PPW requirements for compact centered difference schemes of up to tenth
order are shown in Figure 3. The tenth-order scheme requires the solution of a pen-
tadiagonal system of equations. The remaining schemes lead to tridiagonal systems.
The compact schemes are considerably more accurate than the noncompact schemes
of equivalent order.

We next demonstrate the tradeoffs associated with optimization, using the tridi-
agonal five-point operators (β = c = 0) of Haras and Ta’asan as an example. Figure
4 shows the behavior of three different optimized schemes given in [15] as well as the
maximum-order scheme which can be obtained using this operator, which is sixth-
order. Note the presence of sudden jumps in the grid resolution requirements of the
optimized schemes. These are associated with the fact that for an optimized scheme
the error does not increase monotonically with increasing wavenumber, as discussed
earlier. Their location is dependent on the error threshold used. Reducing the error
allowed moves the jumps to the left. With the present error threshold, the scheme
denoted “A” is superior up to a distance of travel of about 60 wavelengths. Scheme B
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Fig. 3. Grid resolution requirements for fourth-order (—–), sixth-order (- - -), eighth-order
(· · ·), and tenth-order (− · −) compact centered spatial differences.
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Fig. 4. Grid resolution requirements for the tridiagonal spatial operators with 5-point right-
hand stencil of Haras and Ta’asan [15]: scheme A (—–), scheme B (- - -), scheme C (···), sixth-order
scheme (− · −).

is superior for distances up to 250 wavelengths while scheme C is preferable for even
longer distances. Such behavior is typical of optimized schemes. Aggressive optimiza-
tion (as in the case of scheme A) leads to excellent performance for small distances
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of travel but poor performance for longer distances. In this paper we concentrate on
distances of travel up to 200 wavelengths. Hence we consider only scheme B further.

Figure 5 shows the PPW required by the optimized schemes of Haras and Ta’asan
for distances of travel up to 200 wavelengths. In each case, the best scheme presented
by Haras and Ta’asan for this distance of travel is shown, as discussed above. The
pentadiagonal scheme requires about 3.7 PPW for 200 wavelengths of travel while
the tridiagonal seven-point scheme requires 4.5 and the tridiagonal five-point scheme
requires 5.7. The computational effort is roughly proportional to PPW d+1, where
d is the number of dimensions, since the number of grid nodes is proportional to
PPW d, and the additional factor of PPW is associated with the decrease in the
time step required to maintain a constant Courant number as PPW is increased, i.e.,
N = PPWnw/C. Therefore the increased cost per grid node of the pentadiagonal
scheme is not justified. However, the tridiagonal seven-point scheme is more efficient
than the tridiagonal five-point scheme.

The noncompact optimized schemes of Lockard, Brentner, and Atkins [27], Zingg,
Lomax, and Jurgens [55], and Tam and Webb [43] are compared with sixth-order cen-
tered differences in Figure 6. For the scheme of Lockard, Brentner, and Atkins [27], the
PPW requirements are determined by the amplitude error. For the scheme of Zingg,
Lomax, and Jurgens [55], the phase and amplitude errors produce roughly equivalent
grid resolution requirements over this distance. Since Tam and Webb’s scheme [43] is
nondissipative, its PPW requirements are determined by the phase error. The figure
shows that Tam and Webb’s scheme [43] has been optimized for fairly small distances
of travel, leading to excellent performance for less than roughly 14 wavelengths of
travel. The scheme of Lockard, Brentner, and Atkins [27] requires roughly 8 PPW for
200 wavelengths of travel while that of Zingg, Lomax, and Jurgens [55] requires over
9 PPW.

Figure 7 shows the PPW requirements of the staggered spatial operators. In
each case, the staggered schemes are much more accurate than their nonstaggered
counterparts of equivalent order. The grid requirements of the second-order scheme
are again excessive. However, when used with staggered leapfrog time marching (the
FDTD scheme), better results can be obtained. Also shown in Figure 7 is an optimized
scheme with b3 = 103/19200, b2 = −1315/19200, and b1 = 22630/19200, which
produces excellent performance for up to 200 wavelengths of travel.

Time-marching methods. Figures 8 and 9 show the amplitude and phase er-
rors produced by the four time-marching methods under consideration. The five- and
six-stage methods shown are the maximum-order versions rather than the optimized
methods, which are discussed in the next subsection. In order to account for the
number of stages in the Runge–Kutta methods, the errors are plotted versus ωh/p,
where p is the number of stages. Hence the errors shown are for approximately equal
computational effort. Since the time step of a p-stage scheme is thus p times larger
than that of a single-stage scheme, the amplitude error shown is |σ|1/p − 1.

The figures show that the phase errors produced by these methods are larger
than the amplitude errors. Each increase in the order of the Runge–Kutta method
produces an increase in accuracy even though the extra work has been accounted for.
The fourth-order Adams–Bashforth method is much more accurate than the fourth-
order Runge–Kutta method per unit cost. It produces the lowest amplitude error of
the methods considered and phase error comparable to the five-stage Runge–Kutta
method.

In order to compare time-marching methods properly, one must consider the
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Fig. 5. Grid resolution requirements for the spatial operators of Haras and Ta’asan [15]: pen-
tadiagonal operator with seven-point right-hand stencil (—–), tridiagonal operator with seven-point
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Fig. 6. Grid resolution requirements for the spatial operators of Lockard, Brentner, and
Atkins [27] (—–), Zingg, Lomax, and Jurgens [55] (- - -), Tam and Webb [43] (· · ·), and sixth-
order centered differences (− · −).

spatial discretization to be used. For each combination of a spatial discretization and a
time-marching method, there is a Courant number which minimizes the computational
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Fig. 7. Grid resolution requirements for second-order (—–), fourth-order (- - -), sixth-order
(· · ·), and optimized (− · −) centered spatial differences on a staggered grid.

work to achieve a given standard of accuracy for a specified distance of travel. The
computational work is proportional to the product of the number of derivative function
evaluations and the work per function evaluation. The former is given by pN =
pPPWnw/C, while the latter is proportional to the number of grid nodes, PPW d,
where p is again the number of stages (which gives the number of function evaluations
per time step for the schemes under consideration) and d the number of dimensions.
Hence the computational work for a given distance of travel, nw, is proportional to

F =
p

C
PPW d+1.(27)

For example, with fourth-order centered differences in space the optimum Courant
number for the fourth-order Runge–Kutta method in two dimensions (determined by
trial and error) is about 1.25 for 200 wavelengths of travel and global errors less
than 0.1. With this spatial operator, the optimum Courant number for the Adams–
Bashforth method is determined by its stability bound, which for pure imaginary λ is
roughly 0.43. With fourth-order centered differences in two dimensions, the resulting
Courant number is about 0.21. The value of F produced at this Courant number
is slightly higher than that produced using the fourth-order Runge–Kutta method
at its optimum Courant number. Since the fourth-order Runge–Kutta method also
requires less memory than the fourth-order Adams–Bashforth method, it is clearly
the preferred method for use with fourth-order centered differences in space.

With sixth-order centered differences in space, the comparison changes. The
optimum Courant number for the fourth-order Runge–Kutta method is reduced to
roughly 2/3 while that for the fourth-order Adams–Bashforth method remains sta-
bility limited, leading to a Courant number of roughly 0.19. In this case, the value
of F produced by the Adams–Bashforth method is less than 80% of that for the
Runge–Kutta method. Thus the comparison is more complicated, as one must weigh
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Fig. 9. Phase error produced by the fourth-order Adams–Bashforth method (—–), the fourth-
order Runge–Kutta method (- - -), the five-stage Runge–Kutta method (· · ·), and the six-stage
Runge–Kutta method (− · −).

the increased efficiency of the Adams–Bashforth method against the reduced memory
requirements of the Runge–Kutta method.

The difficulty with the maximum-order five- and six-stage Runge–Kutta methods
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Fig. 10. Grid resolution requirements for the spatial and temporal operators of Haras and
Ta’asan [15] at a Courant number of 0.9: pentadiagonal operator with seven-point right-hand stencil
(—–), tridiagonal operator with seven-point right-hand stencil (- - -), tridiagonal operator with five-
point right-hand stencil (· · ·); spatial and temporal operators of Zingg, Lomax, and Jurgens [55] at
a Courant number of 1 (− · −).

is that they are unstable for pure imaginary λ, as shown in Figure 8. We consider
these schemes further below.

Combined space-time discretizations. Haras and Ta’asan modified the coef-
ficients of the five-stage Runge–Kutta method to produce stability for pure imaginary
λ while maintaining second-order accuracy and optimized error behavior. The meth-
ods are designed for C = 0.9. Figure 10 shows the grid resolution requirements of the
three spatial operators of Haras and Ta’asan compared in Figure 5 in combination
with their five-stage time-marching method at a Courant number of 0.9. All three
schemes require between 7 and 8 PPW for 200 wavelengths of travel. The advantage
of the more accurate spatial operators has been lost. Either a lower Courant number
or a more accurate time-marching method should be used.

As a result of the dissipation in the spatial operator, the six-stage time-marching
method of Zingg, Lomax, and Jurgens [55] is stable up to a Courant number a little
greater than unity in two dimensions. The grid requirements for the combined space-
time discretization at a Courant number of unity are shown in Figure 10. Comparison
with Figure 6 shows that the time-marching method introduces very little error com-
pared to the spatial differencing. Tam and Webb [43] use an optimized four-step
Adams–Bashforth method in conjunction with their spatial operator. It produces lit-
tle error for Courant numbers less than about 0.3. In both cases, optimization of the
time-marching method has a much smaller impact than optimization of the spatial
operator.

Figure 11 shows the PPW requirements of the fourth-order staggered spatial dif-
ference operator combined with staggered leapfrog time marching. As the Courant
number is increased from 0.001 to 0.1, the PPW requirements decrease, since the
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Fig. 11. Grid resolution requirements for fourth-order centered differences on a staggered grid
coupled with staggered leapfrog time marching at Courant numbers of 0.2 (—–), 0.1 (- - -), and 0.001
(· · ·).
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Fig. 12. Grid resolution requirements for the scheme of Davis [10] at Courant numbers of 3
(—–), 1.5 (- - -), and 0.01 (· · ·).

error from the time-marching method is of opposite sign to that of the spatial op-
erator. However, as the Courant number is further increased, the error from the
second-order time-marching method begins to dominate. Excellent performance for
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200 wavelengths of travel is obtained for Courant numbers up to 0.1.

Results for the method of Davis [10] are shown in Figure 12. Since the method
is nondissipative, the PPW requirements are determined from the phase error. This
scheme is unconditionally stable. For Courant numbers under 1.5, less than 19 PPW
are required for 200 wavelengths of travel. While this is quite good, much better
than many schemes, it is not sufficient to justify the additional computational effort
associated with an implicit scheme.

Figure 13 shows the grid resolution requirements for the Gottlieb–Turkel scheme,
which is stable up to a Courant number of 2/3 in one dimension. This scheme is very
robust and has received extensive use in nonlinear applications. Since the method is
only second-order in time, high accuracy is obtained only for Courant numbers less
than about 0.13. Less than 29 PPW are required to propagate a wave 200 wavelengths
with Courant numbers below this value. Although the cost per grid node is reasonably
low, these PPW requirements are too high for efficient simulation over such distances.

Finally, the grid requirements of the nondissipative two-step explicit scheme, (14),
are shown in Figure 14. This scheme is stable up to a Courant number of unity in one
dimension. It has the perfect shift property at this Courant number. The phase error
increases as the Courant number is reduced. Less than 29 PPW are required for all
stable Courant numbers. Since it provides reasonably low error at Courant numbers
up to unity, this scheme has a very low cost per grid node, substantially lower than
the Gottlieb–Turkel scheme. However, the PPW requirements are again much higher
than some of the other schemes considered.

A numerical example. In this section, we present a numerical simulation of
the propagation and reflection of an electromagnetic wave which demonstrates the ap-
plicability of the previous analysis in multidimensional cases using nonuniform curvi-
linear grids. Further details, including the treatment of the boundary conditions,
are available in [19]. The governing equations are the transverse magnetic set of the
two-dimensional time-domain Maxwell equations. The simulation consists of a pulsed
plane wave incident on a perfectly-conducting cylinder. A grid containing 5,400 nodes
is shown in Figure 15. Figure 16 shows a snapshot of the electric field intensity com-
puted on a grid with 21,600 nodes using the maximum-order version of the method of
Zingg, Lomax, and Jurgens [52, 55]. The dashed contours indicate negative values of
the electric field intensity. This solution is visually indistinguishable from that com-
puted using the same method on a grid with 16 times as many nodes, which is used
as a baseline to estimate numerical errors. The reflected wave has not yet reached the
outer boundary, so spurious reflections are not an issue.

Figures 17 and 18 show the L2 norm of the numerical error versus the num-
ber of grid nodes and the CPU effort, respectively. Four methods are included,
the maximum-order (MO) and optimized (O10) schemes of Zingg, Lomax, and Jur-
gens [52, 55], as well as second- (C2) and fourth-order (C4) centered differences. The
second- and fourth-order difference schemes are combined with fourth-order Runge–
Kutta time marching and include a very small amount of artificial dissipation for
stability. These figures show that the higher-order and optimized methods lead to
substantial reductions in both memory and CPU time. The relative grid resolution
requirements of the methods are consistent with the predictions obtained from Fourier
analysis. Furthermore, the results show that the increased cost per grid node of the
higher-order methods is insignificant compared to the reduction in grid resolution re-
quired. The benefits of the optimized scheme over the maximum-order scheme are
fairly modest due to the nature of the waveform, which is a Gaussian and thus has
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Fig. 13. Grid resolution requirements for the scheme of Gottlieb and Turkel [13] at Courant
numbers of 0.2 (—–), 0.13 (- - -), and 0.01 (· · ·).
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Fig. 14. Grid resolution requirements for the two-step explicit scheme (10) at Courant numbers
of 0.9 (—–), 0.5 (- - -), and 0.01 (· · ·).

considerable low-wavenumber content.

Discussion and conclusions. Fourier analysis shows that optimized schemes
can provide a significant advantage over their maximum-order counterparts. How-
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Fig. 15. Grid for the perfectly-conducting cylinder.
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Fig. 16. Computed contours of electric field intensity.
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Fig. 18. Error in the electric field intensity as a function of the CPU time.

ever, if optimized too aggressively, they perform poorly for longer distances of travel.
Furthermore, if a waveform has significant low wavenumber content, as in the case of
a Gaussian pulse, the benefits of an optimized scheme can be minimal, and maximum-
order schemes can even be superior. The spatial operators of Haras and Ta’asan [15],
Lockard, Brentner, and Atkins [27], and Zingg, Lomax, and Jurgens [52, 55] all provide
adequate accuracy for 200 wavelengths of travel. The selection of a time-marching
method is not quite as critical, since the computational work varies linearly with the
time-step size. Consequently, the cost of reducing the time step is much less than the
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cost of reducing the PPW, and, furthermore, has no memory implications. Adams–
Bashforth and low-storage Runge–Kutta methods can be used, with the latter often
preferable because of their reduced memory requirements.

For appropriate problems, such as those involving electromagnetic waves or acous-
tic waves in a quiescent medium, staggered spatial schemes perform very well. These
can be combined with either a high-order time-marching method or the staggered
leapfrog method. In the latter case, a low Courant number should be used. For large
propagation distances, higher-order time-marching methods are more efficient.

The grid requirements of the explicit fourth-order methods involving simultaneous
space-time discretization are reasonably low considering the low cost of these schemes,
especially the two-step explicit scheme. This suggests that sixth-order and optimized
extensions of these schemes are worthy of investigation.

Based on the results presented, it is clear that high-order and optimized finite-
difference methods will play an important role in the simulation of high-frequency
linear wave phenomena. Several of the methods studied have the potential to sub-
stantially reduce the computational requirements for accurate simulations, including
both CPU time and memory. The choice of an optimization strategy can be correlated
with a specific distance of propagation. Among the various optimized schemes of Ha-
ras and Ta’asan, for example, specific choices can be made if the propagation distance
can be estimated. This suggests the use of optimized schemes which are specifically
tailored to the spectral content and distance of propagation of a given simulation.
In addition to providing a useful reference for scheme evaluation and comparison,
our results can be used as a basis for selecting an appropriate grid resolution when
applying these schemes.

Appendix. The following are the coefficients of the finite-difference schemes
studied. The number of significant figures given is based on the number given in the
cited references.

The spatial operator of Haras and Ta’asan is given in (3). The schemes shown in
Figure 4 have β = c = 0. The remaining coefficients are

Scheme A:

α = 0.3534620453,

a = 1.566965775,

b = 0.1399583152;

Scheme B:

α = 0.3461890571,

a = 1.5633098070,

b = 0.1290683071;

Scheme C:

α = 0.3427812069,

a = 1.5614141543,

b = 0.124148259.

In Figure 5, the pentadiagonal seven-point scheme has

α = 0.5801818925,
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β = 0.0877284887,

a = 1.3058941939,

b = 0.9975884963,

c = 0.0323380724.

The tridiagonal seven-point scheme has

α = 0.3904091387,

β = 0,

a = 1.5638887738,

b = 0.2348222711,

c = −0.0178927675.
The tridiagonal five-point operator is scheme B above.

In Figure 6, the scheme of Lockard, Brentner, and Atkins is the average of two
schemes with the following coefficients, as defined in (6):

a−4 = 0.0207860419,

a−3 = −0.1500704734,
a−2 = 0.5234309723,

a−1 = −1.34207332539,
a0 = 0.574548248808,

a1 = 0.4090357053658,

a2 = −0.035657169508
and

a0 = 0,
a1 = −a−1 = 0.763289242273,
a2 = −a−2 = −0.160631393818,
a3 = −a−3 = 0.019324515121.

The optimized scheme of Zingg, Lomax, and Jurgens [52, 55] is given by (4) and (5)
with the following coefficients:

a1 = 0.75996126,

a2 = −0.15812197,
a3 = 0.018760895,

d0 = 0.1,

d1 = −0.076384622,
d2 = 0.032289620,

d3 = −0.0059049989.
Tam and Webb’s scheme is obtained from (4) with (coefficients are from [42])

a1 = 0.770882380518,

a2 = −0.166705904415,
a3 = 0.0208431427703.
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The five-stage Runge–Kutta method shown in Figures 8 and 9 has the following
characteristic polynomial:

σ(λh) = 1 + λh+
(λh)2

2
+

(λh)3

6
+

(λh)4

24
+

(λh)5

120
.

The six-stage method is obtained from (8) with α5 = 1/2, α4 = 1/3, α3 = 1/4,
α2 = 1/5, α1 = 1/6, leading to the following characteristic polynomial:

σ(λh) = 1 + λh+
(λh)2

2
+

(λh)3

6
+

(λh)4

24
+

(λh)5

120
+

(λh)6

720
.

The characteristic polynomial of the optimized five-stage Runge–Kutta method
of Haras and Ta’asan used in Figure 10 is

σ(λh) = 1 + λh+
(λh)2

2
+ 0.166407(λh)3 + 0.0409525(λh)4 + 0.0074510(λh)5.

The optimized temporal operator of Zingg, Lomax, and Jurgens [52, 55] is obtained
from (8) with the following coefficients:

α1 = 0.168850,

α2 = 0.197348,

α3 = 0.250038,

α4 = 0.333306,

α5 = 0.5.

The resulting characteristic polynomial is

σ(λh) = 1 + λh+
(λh)2

2
+ 0.16665295(λh)3 + 0.041669557(λh)4

+ 0.0082233848(λh)5 + 0.0013885169(λh)6.

The scheme of Davis is obtained from (10) with

a0 = b0 = −2(C − 2)(C + 2),
a1 = b2 = (C − 1)(C − 2),
a2 = b1 = (C + 1)(C + 2),

where C = ah/∆x is the Courant number.
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Abstract. The total variation (TV) denoising method is a PDE-based technique that preserves
edges well but has the sometimes undesirable staircase effect, namely, the transformation of smooth
regions (ramps) into piecewise constant regions (stairs). In this paper we present an improved model,
constructed by adding a nonlinear fourth order diffusive term to the Euler–Lagrange equations of
the variational TV model. Our technique substantially reduces the staircase effect, while preserving
sharp jump discontinuities (edges). We show numerical evidence of the power of resolution of this
novel model with respect to the TV model in some 1D and 2D numerical examples.
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1. Introduction. The degradation of an image is usually unavoidable during its
acquisition and at the early stages of its processing, and it renders the later phases
difficult and inaccurate. The classical algorithms for image denoising have been mainly
based on least squares, and, consequently, their outputs may be contaminated by
Gibbs phenomena and do not approximate images containing edges well. To overcome
this difficulty a technique based on the minimization of the total variation (TV) norm
is proposed in [12]. This technique preserves edges well, but the images resulting from
the application of this technique in the presence of noise are often piecewise constant;
thus the finer details in the original image may not be recovered satisfactorily, and
ramps (affine regions) will give stairs (piecewise constant regions); see Figure 8.2. In
this paper we present an improved model, constructed by adding a nonlinear fourth
order diffusive term to the Euler–Lagrange equations of the variational TV model.
This technique substantially reduces the staircase effect, while preserving sharp jump
discontinuities (edges).

The paper is organized as follows. In section 2, we describe the original TV model
and the nonlinear equations associated with it. In section 3, we describe the staircase
effect caused by the TV model and briefly review several techniques proposed in the
literature to deal with it. In section 4 we aim to reduce the staircase effect by using a
variational formulation for the denoising problem with a functional obtained by adding
a nonlinear second order term to the TV functional. In the next section we analyze the
fourth order nonlinear Euler–Lagrange equation associated with the latter variational
problem in the 1D case and notice that their discretizations can be ill-posed. We then
propose to drop the term that might cause the ill-posedness, thus deviating from the
variational formulation to obtain the nonlinear fourth order diffusion equation that
we propose in this paper. We next present a fixed point scheme for the solution of
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this nonlinear equation. In section 6, a straightforward 2D extension of the 1D PDE
is explored and more sophisticated possibilities are hinted at. We comment on the
choice of parameters in section 7. Finally, in section 8, we discuss some numerical
techniques to solve the problem and present numerical experiments comparing the
results of the TV denoising technique and the new model.

2. TV denoising. An image can be interpreted as either a real function defined
on Ω, a bounded and open domain of R

2 (for simplicity we will assume Ω to be the
unit square henceforth), or as a suitable discretization of this continuous image.

Our interest is to restore an image which is contaminated with noise in such a
way that the process should recover the edges of the image. Let us denote by z the
observed image and by u the real image. The model of degradation we assume is
u + n = z, where n is a Gaussian white noise; i.e., the values ni of n at the pixels
i are independent random variables, each with a Gaussian distribution of zero mean
and variance σ2.

Our objective is to estimate u from statistics of the noise and some a priori knowl-
edge of the image (smoothness, existence of edges). This knowledge is incorporated
into the formulation by using a functional R that measures the quality of the image
u in the sense that smaller values of R(u) correspond to better images. The process,
in other words, consists in the choice of the best quality image among those matching
the constraints imposed by the statistics of the noise.

The usual approach consists in solving the following constrained optimization
problem:

min
u
R(u)

subject to ||u− z||2L2 = |Ω|σ2,
(2.1)

since n = z − u and E(
∫
Ω
n2) = |Ω|σ2 (E(X) denotes the expectation of the random

variable X) give that ||u − z||2L2 =
∫
Ω
(u − z)2 ≈ |Ω|σ2. There are known techniques

(see [3]) for solving the constrained optimization problem (2.1) by exploiting solvers
for the corresponding unconstrained problem. Therefore, for the sake of clarity, we
will assume the Lagrange multiplier λ associated with (2.1) to be known throughout
the exposition. For α = 1

λ , we can then write the equivalent unconstrained problem
for image denoising

min
u
αR(u) +

1

2
‖u− z‖2L2 .(2.2)

Here α represents the trade-off between smoothness and fidelity to the original data.

Examples of regularization functionals that can be found in the literature are

R(u) = ‖u‖L2 , ‖∆u‖L2 , ‖∇u‖L2 =
(∫

Ω
|∇u|2) 1

2 , where ∇ is the gradient, |∇u| =√
u2
x + u2

y, and ∆ is the Laplacian; see [13, 10]. The main disadvantage of using these

functionals is that they do not allow discontinuities in the solution; therefore the edges
cannot be satisfactorily recovered.

In [12], the TV is proposed as the regularization functional for the image restora-
tion problem:

TV (u) =

∫
Ω

|∇u|.
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The TV functional does not penalize discontinuities in u and thus allows us to recover
the edges of the original image. The restoration problem can be thus written as

min
u

∫
Ω

(
α|∇u|+ 1

2
(u− z)2

)
.(2.3)

The functional of problem (2.3) is strictly convex, coercive, and lower semiconti-
nuous, but it is not differentiable. Therefore the optimality conditions cannot be
stated with the usual gradient but with a subgradient. Nevertheless, to overcome this
technical difficulty it is common to slightly perturb the TV functional to become∫

Ω

√
|∇u|2 + β,

where β is a small positive parameter, or∫
Ω

|∇u|β ,

with the notation (x ∈ R, v ∈ R
2)

|x|β =
√
x2 + β, |v|β =

√
|v|2 + β.(2.4)

In [1] it is shown that the solutions of the perturbed problems

min
u

∫
Ω

(
α|∇u|β +

1

2
(u− z)2

)
(2.5)

converge to the solution of (2.3) when β → 0. The Euler–Lagrange equation of (2.5)
is

0 = −α∇ ·
( ∇u
|∇u|β

)
+ u− z,(2.6)

with homogeneous Neumann boundary conditions.

3. The staircase effect. The image restoration model based on the TV tends
to yield piecewise constant images, i.e., “blocky” images. Whereas this is certainly
useful for many applications, it can be a serious drawback for many others. In partic-
ular, when applying this denoising technique to an affine image degraded with noise,
the result will invariably be a “staircase,” thus creating oversharpening at smooth
transitions; see Figure 8.2a.

To prevent the TV oversharpening, one could penalize jumps more. This can be
achieved by taking second derivatives into account: intuitively, in discrete form, the
first derivative at a height 1 jump of a step function is 1

h , whereas the second derivative
is 1

h2 	 1
h when h ≈ 0. Somehow, the TV functional does not distinguish between

jumps and smooth transitions; therefore we want to analyze functionals that take into
account second order derivatives. Successful application of functionals with second
(or higher) order derivatives can be found in the works by Geman and Reynolds [9]
and Chambolle and Lions [6]. In [4], Blomgren, Chan, and Mulet propose a “TV-H1

interpolation” approach that avoids the use of second order derivatives to address the
staircase problem of the TV technique.

We briefly review the inf-convolution technique of Chambolle and Lions and refer
the reader to [6] for further information. Chambolle and Lions propose to use as a
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regularizing functional the inf-convolution of the TV functional F1, and a functional
based on second order derivatives

F2 = α

∫
Ω

|d2u|,

where d2u is the second differential of u and α is a parameter that balances F1 and
F2. The problem can then be written as finding u = u1 + u2 such that

(u1, u2) = argmin
u1,u2

F1(u1) + F2(u2)

subject to
1

2
(‖u1 + u2 − z‖L2 − σ2) = 0.

In other words, this method decomposes u into a sum of a smooth function u2 and
a function u1 that contains the jumps, so that the corresponding Euler–Lagrange
equations are solved by u1, u2.

4. A second order functional for staircase reduction. In this section we
perform a qualitative study of image denoising models aiming to reduce the staircase
effect and consisting in the solution of variational problems

min
u
R(u) +

1

2
‖u− z‖2L2 ,(4.1)

where

R(u) =

∫
Ω

f(∇u,L(u))(4.2)

for a real function f and an elliptic operator L(u). Note that in (4.1) we have included
α in the functional R(u). The latter functionals should retain the good properties
of the TV functional near the “true” edges and penalize “wrong” edges created in
regions which “should” be smooth. The näıve choice of, e.g.,∫

Ω

(α|∇u|β + µ(L(u))2)(4.3)

results in a high global penalization of jumps that smooths the data excessively.
Bearing this in mind, we consider an adaptive functional, in which the action of the
second order term is lessened where the gradient is large:∫

Ω

(α|∇u|β + µΦ(|∇u|)(L(u))2),(4.4)

where Φ is a real function that indicates the presence of edges in the sense that its
value approaches 0 when the gradient |∇u| is large, i.e., near edges.

The motivation for the choice of this precise form for the additional second order
term is that it is quadratic in L(u); hence, the numerical treatment is easier than
merely choosing |L(u)|. The additional complexity caused by the term Φ(|∇u|) in
(4.4) does not render it much more complicated than (4.3), for this equation is already
nonquadratic.

A family of functions that meet the above requirements is

Φ(x) = 1/(
√
x2 + γ)p, p > 0,(4.5)
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which can be written more compactly as 1/|x|pγ , using the notation introduced in
(2.4). A balance between the two differential terms of (4.4) can be achieved by the
choice of exponent p = 3, for then both depend on the scale h as O( 1

h ), thus making
the functional R(u) independent of the scale h: intuitively,

α|∇u|β + µ
L(u)2
|∇u|pγ ≈ O(h−1) +

O(( 1
h2 )

2)

O( 1
hp )

≈ O(h−1) +O(hp−4),

which gives p = 3, by equating the exponents of both terms. With this choice of
exponent, the functional in (4.4) now reads∫

Ω

(
α|∇u|β + µ

L(u)2
|∇u|3γ

)
,(4.6)

and the denoising variational problem is thus

min
u

∫
Ω

(
α|∇u|β + µ

L(u)2
|∇u|3γ

+
1

2
(u− z)2

)
.(4.7)

Furthermore, concerning the energy of monotone 1D signals, let us consider a
function u that is monotone on [xi, xi+1], 0 = x1 < · · · < xn+1 = 1; then its TV is∑n
i=1 |u(xi+1) − u(xi)|. Applying this to u1=χ( 1

2 ,1)
and u2 = x, we get TV (u1) =

TV (u2) = 1. Let us examine the second term of the energy in (4.6) for the natural
choice L(u) = u′′. Since u′2 = 1 and u′′2 = 0, the contribution of the second order term

is null; therefore the energy of u2 is α. A suitable discretization of I2 =
∫ 1

0
(u′′)2

((u′)2+γ)
3
2

for u = u1 gives I2 ≈ h ( 1
h2 )2

( 1
h2 +γ)

3
2

= 1

(1+γh2)
3
2
→ 1 when h→ 0. The energy, computed

from (4.7), of u1 is then α + µ · 1 = α + µ; therefore, it is bigger than the energy of
u2. Thus, this functional “prefers ramps to stairs.”

The functionals in (4.6) are not convex; therefore some good mathematical prop-
erties of (strictly) convex functionals, as uniqueness of solutions, are not present. Use
of nonconvex functionals in the image processing field can be found in [9, 14, 2].

5. The 1D model. For the reasonable choice of L(u) = u′′, the Euler–Lagrange
equation for the 1D denoising variational problem (4.7) reads:

0 = (κ2u
′′)′′ − (κ∗1u

′)′ + u− z,

κ∗1 =
α

|u′|β − 3µ
(u′′)2

|u′|5γ
,

κ2 =
2µ

|u′|3γ
,

(5.1)

where the natural boundary conditions, obtained by integration by parts, are

u′(x) = (κ2(u
′)u′′)′(x) = 0, x = 0, 1.

In this 1D case the latter boundary conditions can be simplified to

u′(x) = u′′′(x) = 0, x = 0, 1.(5.2)

The coefficient κ2 is strictly positive, whereas κ∗1 may be negative. This can be
problematic when solving discretizations of these equations, for then it may cause
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numerical difficulties due to the lack of maximum principles for this fourth order
equation. Near the jump discontinuities of u, κ2 becomes O(h3) and κ∗1 is about
O(h), where h is the spatial step-size of the representation of u. Thus the second order
term dominates the equation, and therefore the positivity of the coefficient κ∗1 is an
unavoidable requirement to prevent the increasing in the TV of u that would otherwise
make the solution of (5.1) ill-conditioned. Therefore, we introduce a regularization,
consisting in redefining κ∗1 to be κ1 = α

|u′|β > 0, which can be interpreted as adding a

nonlinear viscosity to the original equation. To recap, the regularized equations that
we propose are

0 = (κ2u
′′)′′ − (κ1u

′)′ + u− z,
κ1 =

α

|u′|β ,

κ2 =
2µ

|u′|3γ
,

(5.3)

with boundary conditions given by (5.2). Note that if α = 0 we still have a fourth
order anisotropic diffusion equation with denoising effect.

This regularization makes the equation satisfy a local maximum principle in the
sense that suitable discretizations give positive definite frozen Jacobians. Near the
jumps the model approaches the TV model, since the coefficient κ2 = 2µ

|u′|3γ of the

additional fourth order term behaves as O(h3). Furthermore, (5.3) can be regarded
as adding the fourth order nonlinear term (κ2u

′′)′′ to the Euler–Lagrange equations
(2.6). It is worthwhile to point out that, due to the lack of symmetry, (5.3) is not the
Euler–Lagrange equation of any variational problem.

For the numerical solution of (5.3), we could consider the steady-state solution of
the time evolving equation

ut = −(κ2uxx)xx + (κ1ux)x − u+ z,(5.4)

where u is now a function of t and x. The time evolution equation is parabolic since
κ2 is strictly positive, and we know that the constant coefficient parabolic equation

ut = −a uxxxx + b uxx − u+ z,(5.5)

with a > 0 and initial data in L2, is a well-posed problem (see [11, p. 271]). Equation
(5.4) is, of course, much more complicated than (5.5), but this can serve as a model
to understand the local behavior of the linear equation obtained after freezing the
coefficients of (5.4).

In our case, we have nonlinear coefficients that change with u′ so that time march-
ing procedures are usually stiff and inefficient, as practice has shown in that kind of
problem. The CFL stability restriction for explicit schemes (see [11]) requires the
time step to be O(h4), which precludes their use in any realistic computation.

The lagged diffusivity fixed point iteration has proven lately to be a quite popular
linearization method for solving the TV restoration problem; see [15]. In the same
fashion, we can consider an iterative procedure that aims to converge to a solution
of (5.3), starting from the initial approximation u0 = z and solving for un+1 the
following the linear fourth order elliptic equation at every step:

0 = (κ2(un)u
′′
n+1)

′′ − (κ1(un)u
′
n+1)

′ + un − z, n = 0, 1 . . . .(5.6)
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Remark 1. We have observed in our experiments that our model with α = 0 and
sound choices of µ, i.e.,

0 = (κ2u
′′)′′ + u− z,

κ2 =
2µ

|u′|3γ
,

can be used for denoising purposes. It recovers sharp edges and does not produce
staircasing, but it may create artificial nonnull gradients at flat regions and some
overshooting that do not appear for sufficiently big α, since those features then have
a TV penalty.

6. The 2D model. In the 2D case there are many possible choices for the elliptic
operator L(u). One could choose the directional Laplacian

L(u) =

(
∇u
|∇u|

)T
H(u)

(
∇u
|∇u|

)
=
uxxu

2
x + 2uxyuxuy + uyyu

2
y

u2
x + u2

y

,

where H(u) denotes the Hessian matrix of u. However, the Euler–Lagrange equations
for the isotropic Laplacian L(u) = ∆u = uxx + uyy are easier to tackle numerically;
therefore we will restrict ourselves to treat this case in this paper.

With the latter choices of elliptic operator, the Euler–Lagrange equation of (4.7)
is the following:

0 = ∆(κ2∆u)−∇ · (κ∗1∇u) + u− z,

κ∗1 =
α

|∇u|β − 3µ
(∆u)2

|∇u|5γ
,

κ2 =
2µ

|∇u|3γ
,

0 =
∂u

∂n
,

0 =
∂
(
κ2∆u

)
∂n

,

(6.1)

where n is the outward unit normal vector to the boundary.
The same stability issues as in the 1D case apply here. We drop the negative term

in κ1 to add appropriate artificial viscosity to (6.1). Thus, the resulting equations are

0 = ∆(κ2∆u)−∇ · (κ1∇u) + u− z,
κ1 =

α

|∇u|β ,

κ2 =
2µ

|∇u|3γ
,

(6.2)

with the same boundary conditions as in (6.1).
As in the 1D case, we could use the fixed point scheme

0 = ∆(κ2(un)∆un+1)−∇ · (κ1(un)∇un+1) + un+1 − z,(6.3)

solving at each iteration a linear fourth order elliptic equation. Nevertheless, in our
experiments we have found that it does not show a strongly stable convergence be-
havior in the sense that the norm of the right-hand side of (6.2) does not decrease
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monotonically towards 0. However, a suitable modification of it has shown smoother
convergence in our experiments. The modified scheme consists in solving equation
(6.3) for ûn+1 and then underrelaxing by setting un+1 to be the average 1

2 (un+ ûn+1),
i.e.,

∆(κ2(un)∆ûn+1)−∇ · (κ1(un)∇ûn+1) + ûn+1 = z,

un+1 =
un + ûn+1

2
.

(6.4)

Underrelaxation is a classical procedure used to avoid weak instability.
The same issues as in the 1D model about using (6.2) with κ1 = 0 apply here as

well.

7. Choice of parameters. We comment briefly on the choice of the various
parameters in the algorithm described above. The easiest parameter to choose is β.
If d is the dynamic range of the image (i.e., u takes values from the interval [0, d]),
then we recommend from our experience using β = 10−5d2, so β scales properly with
the term |∇u|2 that appears in (2.4). For the same scaling reasons and to get a
satisfactory removal of staircasing, we strongly recommend γ = d2, i.e., γ = 1 if the
picture takes values in [0, 1].

The other two parameters, α, µ, are more complicated to choose. We describe
now a heuristic procedure that has proven to be quite successful in our experiments.
We make the usual assumption that the noise variance σ2 is known, as is, e.g., the
setting of [12].

We have observed that the fixed point scheme ((5.6) in 1D and (6.4) in 2D)
with κ1 = 0 converges nicely for µ less than some threshold value µ0, but it gives
oscillations of the norm of the equations and bad conditioning of the frozen Jacobians
for µ sufficiently bigger than µ0 (µ > 1.5µ0, say). We recommend selecting µ = µ0

and then adjusting α so that u matches the noise variance, i.e., ‖u− z‖2L2 = σ2. This
matching can be accomplished by using the techniques of [3] or by taking into account
that ‖uα − z‖L2 typically is an increasing function of α, where uα is the solution of
the problem for that α.

8. Numerical results. In this section, we perform some numerical experiments
in 1D and 2D with the new model. Throughout this section, the parameters are
chosen as described in section 7 so that a match of the noise level is achieved. The
linear PDEs in (5.6) and (6.4) are discretized by standard forward differences, except
that a wider stencil is used for the computation of κ2. This discretization is obtained
by applying standard forward differences to the smoothed image g ∗ u, where

g = G(k) = G ∗ (k)· · · ∗G, G =
1

4

[
1 2 1

]
,

in the 1D case and

g = G(k) = G ∗ (k)· · · ∗G, G =
1

8


0 1 0
1 4 1
0 1 0


 ,(8.1)

in the 2D case. This technique is inspired by [5] and results in the expression

κ2 =
2µ

|∇(g ∗ u)|3γ
=

2µ

|(∇g) ∗ u|3γ
.(8.2)
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Fig. 8.1. (a) Original 1D images; (b) noisy 1D images, SNR≈ 5.
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Fig. 8.2. (a) Results of TV restoration; (b) results of our model.

We have observed that using standard differences for the computation of κ2, i.e., k = 0
in (8.2), does not give convergent schemes.

The resulting systems of linear equations (with symmetric and positive definite
matrices) are solved by Gaussian elimination in 1D and the conjugate gradient method
preconditioned by SSOR in 2D.

In the first experiment we compare the result of the restoration using the new
model with the result of the constrained TV restoration for a number of test 1D
images, including piecewise constant, piecewise linear, and piecewise parabolic 1D
images. The original 1D images are shown in Figure 8.1a, and the (artificially) de-
graded 1D images in Figure 8.1b. The results of the TV denoising method are shown
in Figure 8.2a. We show in Figure 8.2b, right, the result of our model. We make
a final comparison by overlaying the original, TV restoration and the results of our
model for some of the test 1D images, and we show it in Figure 8.3. We observe that
the results obtained by the new model have sharp gradients at the “true” edges but
smooth transitions at ramps, whereas the TV model shows the typical staircase effect.

In the next experiment, we compare the results of our model to Chambolle–Lions’s
inf-convolution approach. In Figure 8.4a, we plot several solutions of our model for
some µ’s differing by power of 2 factors from the parameter µ = 13.89 selected by
our algorithm. We point out that the solution corresponding to µ = 27.78 (topmost
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Fig. 8.3. Details of comparison of TV denoising and our model.
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Fig. 8.4. Comparison of our model and inf-convolution models for several parameters.

one) does not match the noise level due to the nature of the selection procedure
for µ expounded in section 7. In Figure 8.4b, we display some solutions of the inf-
convolution technique for the values of the parameter α = 2−16, 2−15, . . . , 2−11, where
a match with the noise level has been enforced in our algorithms. The conclusion we
can draw from this experiment is that the model we present in this paper is quite
less sensitive to the parameter choice than the inf-convolution approach, since, for the
same range of variation of the parameter that controls the intensity of the fourth order
term of the equation (µ in our model and α in Chambolle–Lions’), our results look
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Fig. 8.5. Comparison of our model with α = 0 and α �= 0.
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Fig. 8.6. Details of comparison of solutions for 256, 512, 1024, 2048 grid points.

much more uniform. Furthermore, our results exhibit no staircasing in the topmost
three and sharp edges in all plots, whereas the best visual result of the inf-convolution
technique, corresponding to α = 2−14 ≈ 6 × 10−5, does not contain staircasing, but
some spurious gradients have been created in zones that should be flat. Actually,
for µ = 0.87 (at the bottom, µ = 1

16 × 13.89) only a mild staircase effect appears
in the results of our model. Furthermore, the heuristics applied to the choice of the
parameter µ explained in section 7 apparently give good results.

In Figure 8.5 we compare the results of our model with α = 0 and α �= 0. This
comparison backs the statements in Remark 1.

In the next experiment we analyze the dependence of the solution of the new
model with respect to the grid size. For this, we use the signal that appears in the
second place from the top of Figure 8.1a, whose size is 256 = 28. We interpolate it
to sizes 29, . . . , 215 and apply our model, with the parameters chosen as in the first
experiment, to each of these interpolated signals as “noisy data” z. We overlay some
of these solutions in Figure 8.6 and plot in Figure 8.7 the 2-, 1-, and ∞-norms of
the difference of each solution with the solution at the finest grid. The errors thus
computed behave as O(hp), where p ≈ 1.5 for the 2-norm, p ≈ 1 for the 1- and ∞-
norms. As can be seen from the pictures, the difference between these signals is very
small, which seems to suggest that the PDE that we propose is well-posed.
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Fig. 8.7. Plot of the 1-, 2-, and ∞-norms of the error between the solution of our scheme in a
fine grid of 215 points to the solutions in coarser grids of 28, . . . , 214 points.
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Fig. 8.8. Details of comparison of solutions for degree of smoothing k = 1, 2, 4, 8.

Fig. 8.9. Left: original image. Right: noisy image, SNR≈ 4.

We analyze in the next experiment the dependence of the solution of our new
model on the degree of smoothing k for the calculation of κ2. We solve the denoising
problem using convolution kernels given by (8.1) with k = 1, 2, 4, 8 and with optimal
parameters for the noisy signal of the previous experiment. The results are overlayed
in Figure 8.8 and suggest that the impact of smoothing is very little: it is impercep-
tible in smooth zones and edges are captured quite independently of the degree of
smoothing.

The image of Figure 8.9 is used in the 2D experiment. The SNR of the noisy
image is approximately 4. Details of the solutions of the denoising problems by TV
and our model are shown in Figure 8.10. The contour plots of these details are shown
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Fig. 8.10. Left: image obtained by TV restoration model. Right: image obtained by our model.

Fig. 8.11. Left: contours of part of the image obtained by TV restoration model. Right:
contours of part of the image obtained by new restoration model.

in Figure 8.11. We can deduce from these contours that the image obtained by the new
model is significantly smoother at smooth regions than the one obtained by the TV
model, while the “true” edges are preserved similarly by both models. Furthermore,
we can see from the contours of the TV restoration that it contains many regions
of constant gray level, whereas the new model tends to preserve some small details
better, thus giving the restored image a less cartoon-like aspect.

9. Concluding remarks. The main advantage of the fourth order PDE model
that we have presented in this paper with respect to the original TV model is that
it allows smooth transitions without penalizing sharp edges. It also shows significant
robustness to the choice of the parameter µ. A disadvantage of the new model is that
it has two parameters instead of one, although some heuristics have been applied to
choose the additional parameter µ (see section 7). Another disadvantage is that the
mathematical problem is much more challenging. In principle, the uniqueness of the
solution of the nonlinear fourth order PDE that we propose is not ensured. Never-
theless, we have observed that for sound choices of the parameter µ, the fixed point
method that we use to solve this equation converges to the same solution, regardless
of the initial approximation. However, although this fixed point scheme has shown
significant convergence robustness in our experiments, it does not show the monotonic
decay of the norm of the equation that appears when applied to the TV restoration
problem (see [8]). We will pursue more sophisticated and faster alternatives to this
method in our future research.
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Abstract. An algorithm for general nonlinearly constrained optimization is presented, which
solves an unconstrained piecewise quadratic subproblem and a quadratic programming subproblem
at each iterate. The algorithm is robust since it can circumvent the difficulties associated with the
possible inconsistency of QP subproblem of the original SQP method. Moreover, the algorithm
can converge to a point which satisfies a certain first-order necessary optimality condition even
when the original problem is itself infeasible, which is a feature of Burke and Han’s methods [Math.
Programming, 43 (1989), pp. 277–303]. Unlike Burke and Han’s methods, our algorithm does not
introduce additional bound constraints. The algorithm solves the same subproblems as the Han–
Powell SQP algorithm at feasible points of the original problem. Under certain assumptions, it is
shown that the algorithm coincides with the Han–Powell method when the iterates are sufficiently
close to the solution. Some global convergence results are proved and locally superlinear convergence
results are also obtained. Preliminary numerical results are reported.

Key words. SQP algorithm, constrained optimization, convergence

AMS subject classifications. 65K10, 95C30, 90C45

PII. S1064827598334861

1. Introduction. We consider the optimization problem with general equality
and inequality constraints

min f(x)(1.1)

subject to (s.t.) ci(x) = 0, i ∈ E,(1.2)

ci(x) ≥ 0, i ∈ I,(1.3)

where f(x) : Rn → R and ci(x) : Rn → R(i ∈ E ∪ I) are continuously differentiable
functions, E = {1, 2, . . . ,me}, I = {me + 1, . . . ,m}, me and m are two positive
integers, and m ≥ me.

SQP algorithms for constrained optimization are iterative and generate a new
approximate to the solution by the procedure

x+ = x + sd,(1.4)

where x is the current point, d is a search direction which minimizes a quadratic
model subject to linearized constraints, and s is the step-length along the direction
such as [8, 13, 21]. For k ≥ 1, the original SQP method developed by Wilson, Han,
and Powell solves the following QP subproblem

min gTk d +
1

2
dTBkd(1.5)

s.t. ci(xk) +∇ci(xk)T d = 0, i ∈ E,(1.6)

ci(xk) +∇ci(xk)T d ≥ 0, i ∈ I,(1.7)
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at the kth iterate, where gk = ∇f(xk) is the gradient of the objective function and
Bk is an estimate of the Hessian of the Lagrangian function

L(x, λ) = f(x)−
m∑
i=1

λici(x),(1.8)

and (λ1, λ2, . . . , λm)T is a multiplier vector approximation.
Because of its nice convergence properties (for example, see [8, 13, 14] and [1]),

the SQP method has been attracting the attention of many researchers. It has been
extended to problems other than optimization [12, 20].

The requisite consistency of the linearized constraints of the QP subproblem
(1.5)–(1.7) is a serious limitation of the SQP method. Within the framework of the
SQP method, Powell suggests solving a modified subproblem at each iterate (see
[13, 19]):

min gTk d +
1

2
dTBkd +

1

2
δk(1− µ)2(1.9)

s.t. µci(xk) +∇ci(xk)T d = 0, i ∈ E,(1.10)

µici(xk) +∇ci(xk)T d ≥ 0, i ∈ I,(1.11)

where

µi =

{
1, ci(xk) > 0
µ, ci(xk) ≤ 0

and 0 ≤ µ ≤ 1, δk > 0 is a penalty parameter. With some other technique, the compu-
tational investigation provided by Schittkowski [17, 18] shows that this modification
works very well.

A simple example presented by Burke and Han [3] and Burke [2] indicates this
approach may not be the best one. Assume there are two constraints on R:

c1(x) = 1− ex = 0,(1.12)

c2(x) = x = 0,(1.13)

with any objective function f(x) on R. For any infeasible point x 
= 0, the linearized
constraints are inconsistent, and the only solution of the modified constraints (1.10)–
(1.11) is µ = 0 and d = 0. Although this example is too specialized to make a
general claim, it shows that the problem caused by the inconsistency of the linearized
constraints can not always be solved by using (1.10)–(1.11).

Based on a trust region strategy, Fletcher [6, 7] developed the Sl1QP method
for (1.1)–(1.3). Fletcher’s approach solves the following QP subproblem at the kth
iteration:

min gTk d +
1

2
dTBkd + δk||(c(xk) +∇c(xk)T d)−||1(1.14)

s.t. ||d||∞ ≤ βk,(1.15)

where c(xk) = (c1(xk), . . . , cm(xk))T , (c(xk) +∇c(xk)T d)− ∈ Rm with

(ci(xk) +∇ci(xk)T d)− = ci(xk) +∇ci(xk)T d, i ∈ E,(1.16)

(ci(xk) +∇ci(xk)T d)− = min(0, ci(xk) +∇ci(xk)T d), i ∈ I,(1.17)
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δk is a penalty parameter, βk is a positive constant. It has been shown that under
certain assumptions the search direction generated by (1.14)–(1.15) is locally identical
to that by (1.5)–(1.7).

Burke and Han [3] show that Fletcher’s approach is still incomplete. One of the
reasons is that the search direction may point away from the optimal point.

Similar to the method of Sahba [16], Burke and Han [3] and Burke [2] present
an approach to overcome difficulties associated with the inconsistency of the QP
subproblem (1.5)–(1.7). Their methods are also similar to the methods of Powell [13]
and Fletcher [6, 7]. A feature different from the other methods is that even when
(1.1)–(1.3) is itself infeasible their methods can converge to a point which meets a
certain first-order necessary optimality condition. However, Burke and Han’s method
is conceptual.

In this paper, we describe an implementable algorithm which is a modification to
the SQP method. Our motivation is to explore further techniques for overcoming the
inconsistency of the QP subproblem to derive an efficient reliable SQP algorithm. The
line search direction of our algorithm consists of two directions: one is computed by
solving a special nonsmooth l1QP subproblem that depends on only active constraints
defined by an active technique; another is obtained by solving a simplified QP problem
which is always feasible even when the QP subproblem of the standard SQP method
is infeasible. Our algorithm is a generalization of the algorithm presented by Liu and
Yuan [10], which is also similar to Burke and Han’s method [3]. However, unlike their
method, we do not introduce additional bound constraints. Our algorithm obtains
a direction which can be a nonzero descent direction of the merit function even if
(1.5)–(1.7) is infeasible. At a feasible point of (1.1)–(1.3), the algorithm solves the
same subproblem as (1.5)–(1.7). Moreover, under certain assumptions, our algorithm
generates the same iterates as the Han–Powell method. Some global convergence
results are proved and locally superlinear convergence is derived.

Our algorithm can be easily combined with the trust region approach. Thus, the
algorithm can be extended to a trust region algorithm for optimization with general
constraints.

The paper is organized as follows. We present our algorithm in section 2. The
stationary properties of the algorithm are given in section 3. In section 4 some global
convergence results are proved. We discuss the local properties of the algorithm in
section 5. In section 6, some preliminary numerical results are reported.

2. The algorithm. Define the penalty function associated with (1.1)–(1.3),

φ(x, r) = f(x) + r||c(x)−||,(2.1)

where || · || is any given convex norm on Rm, r > 0 is a penalty parameter, and
c(x)− ∈ Rm with

ci(x)− = ci(x), i ∈ E,(2.2)

ci(x)− = min(0, ci(x)), i ∈ I.(2.3)

It is straightforward to see that ||c(x)−|| = 0 if and only if x is a feasible point of
(1.1)–(1.3). If the norm || · || is the l1 norm, (2.1) is the l1 exact penalty function,
which is also a merit function employed by Han [8] and Powell [13, 14]. Throughout
this paper if the norm is not specified, it is the same as that used in (2.1).

Define the index sets

Ik = {i ∈ I : ci(xk) ≤ 0},(2.4)
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Īk = {i ∈ I : ci(xk) > 0},(2.5)

Jk = Ik ∪ E.(2.6)

These index sets are related to the current iterate xk and can be identified easily.
Under some assumptions, we will show that Jk tends to be the index set of the active
constraints of (1.1)–(1.3).

Our algorithm solves two subproblems at each iterate: one is an unconstrained
piecewise quadratic subproblem (see [13, 21]), and the other is a quadratic program-
ming subproblem. At the kth iteration the unconstrained subproblem has the follow-
ing form:

min
d∈Rn

ψk(d) =
1

2
dTBkd + rk||(cJk(xk) +∇cJk(xk)T d)−||,(2.7)

where Bk positive definite is an estimate of the Lagrangian Hessian of (1.1)–(1.3),
cJk(xk) ∈ R|Jk| is a vector whose components are ci(xk)(i ∈ Jk), |Jk| is the cardinality
of the index set Jk, and rk is the penalty parameter. Let dk1 be the solution of
(2.7). If xk is feasible, we have dk1 = 0. If dk1 
= 0, dk1 is a descent direction
of φ(xk, rk+1) for sufficiently large rk+1. Moreover, there is a τk ∈ (0, 1] such that
ci(xk) + δ∇ci(xk)T dk1 ≥ 0 for all δ ∈ [0, τk] and i ∈ Īk. In fact, we can let τk =
min{1, τ̂k}, where

τ̂k = min{−ci(xk)/(∇ci(xk)T dk1) : i ∈ Īk and ∇ci(xk)T dk1 < 0}.(2.8)

Let ĉi(xk) = ci(xk) +∇ci(xk)T τkdk1 for i ∈ Īk. We generate dk2 by solving the
QP subproblem

min gTk d +
1

2
dTBkd(2.9)

s.t. ∇ci(xk)T d = 0, i ∈ E,(2.10)

∇ci(xk)T d ≥ 0, i ∈ Ik,(2.11)

ĉi(xk) +∇ci(xk)T d ≥ 0, i ∈ Īk,(2.12)

and let dk = τkdk1 + dk2 be the search direction. It will be shown that dk is a
descent direction for the penalty function where the penalty parameter is updated
automatically. Therefore, (2.1) can be employed as a merit function to force the
global convergence of the algorithm.

The updating of penalty parameter for the SQP approach is important. In order
to obtain the global convergence, Han [8] and Powell [13] require that

r ≥ ||λk||∞(2.13)

for all k ≥ 1, where λk is an estimate of the Lagrangian multiplier vector at xk.
However, (2.13) is generally replaced by some updating procedure when practically
implementing an SQP algorithm because we do not know any information about the
multiplier vector of (1.8). Similar to Powell [13] and Burke and Han [3], a penalty
parameter updating procedure is employed in our algorithm. Since dk2 is not related
to the constraint violation, the object of updating the penalty parameter is to force
dk1 to be a descent direction of (2.1). Thus, at the kth iteration we let rk remain
unchanged if dk1 is a descent direction; otherwise, rk is increased in the following way:

rk+1 = max

{
2rk + ρ,

gTk dk1 + dTk1Bkdk1
||(cJk)−|| − ||(cJk +∇cTJkdk1)−||

}
,(2.14)
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where ρ is a positive number.
Now we can state our algorithm as follows.
Algorithm 2.1 (a robust algorithm for optimization).

Step 1 [Step 0.] Given the initial approximate x0, an n×n symmetric positive definite
matrix B0, an initial penalty parameter r0 > 0, and some positive scalars ρ,
β and µ, where β < 1 and µ < 1

2 ; k = 0;

If the stopping criterion is satisfied, stop;
Solve subproblem (2.7) to generate dk1 and subproblem (2.9)–(2.12) to gener-
ate dk2;

Step 1.Step 2. Update penalty parameter. If

gTk dk1 +
1

2
dTk1Bkdk1 + rk(||(cJk(xk) +∇cJk(xk)T dk1)−||(2.15)

− ||(ck(xk))−||) ≤ 0,

let rk+1 = rk; Otherwise, rk is updated by (2.14).
Step 3. dk = τkdk1 + dk2. Select the smallest positive integer s such that

φ(xk + βsdk, rk+1)− φ(xk, rk+1) ≤ µβs(gTk dk(2.16)

+ rk+1(||(c(xk) +∇c(xk)T dk)−|| − ||(c(xk))−||)).
Let tk = βs and xk+1 = xk + tkdk;

Step 4. Generate Bk+1. Set k = k + 1 and goto Step 1.
The stopping criterion is not given in the algorithm. Generally, ||dk||2 = 0 can be

used as the stopping criterion. Since no assumption on regularity of the constraints
is made, it is possible that dk does not tend to zero for k → ∞. Thus, we use the
condition ||xk+1 − xk||2 = 0 as the stopping criterion. In practical implementation, a
positive tolerance number will be introduced.

Algorithm 2.1 is similar to the methods proposed by Burke and Han [3] and
Burke [2]. Since no additional bound constraints are employed, the algorithm can be
implemented in the same way as SQP algorithms.

It should be noted that our algorithm solves the same subproblem as (1.5)–(1.7)
at a feasible point of (1.1)–(1.3).

Two examples presented by Burke and Han [3] can help us to understand the
above algorithm and the differences between our algorithm and Burke and Han’s
methods.

Example 2.2. The constraint function c : R→ R2 has the form

c(x) =

(
1− ex

x

)
(2.17)

and me = m = 2. The norm is the l1 norm.
For this problem, (2.7) has the form

min
d∈R

1

2
Bkd

2 + rk(|1− ex − exd|+ |x + d|).(2.18)

For any xk = x 
= 0, by direct calculations, dk2 = 0 and

dk1 =

{
e−x − 1 or − rk

Bk
(ex + 1) if x > 0,

rk
Bk

(ex + 1) or − x if x < 0,
= 0 if x = 0.

(2.19)
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It is easily found that dk1 has the following properties:

dk1

{
> 0 for x < 0,
< 0 for x > 0,
= 0 for x = 0.

(2.20)

From (2.20), it is easy to see that our algorithm will converge to the solution x = 0
from any starting point.

Example 2.3. The constraint function c : R→ R2 is given by

c(x) =

( −x2 − 1
−x

)
(2.21)

and me = 0, m = 2. Any problem with c(x) as its constraint is infeasible as c1(x) =
−x2 − 1 = 0 has no solution. Let the norm be the l1 norm.

For constraints (2.21), we have that

dk1 =




max
(
− 2rk
Bk

x, −x2+1
2x

)
if x < 0,

−x, −x2+1
2x , − rk(2x+1)

Bk
or − 2rk

Bk
x if 0 < x < 1,

−x, −x2+1
2x , − rk

Bk
or − rk

Bk
(2x + 1) if x > 1,

max
(
− 3rk
Bk

, −1
)

if x = 1,

0 if x = 0,

(2.22)

and

dk2

{
= 0 if x < 0,

≤ 0 if x ≥ 0.
(2.23)

Thus, the search direction generated by our algorithm always points toward the origin,
of which the image under c is the closest point to R2

+ for the l1 norm.
Algorithm 2.1 can also solve the problem (8.1) of Burke and Han [3] successfully

since dk2 = 0 and dk1 directs to the optimal solution for any iteration point x 
= 0.

3. Stationary properties of the algorithm. Examples 2.2 and 2.3 display
some properties of Algorithm 2.1. These properties are favorable in practice because
much information, such as consistency for (1.1)–(1.3), is not known beforehand. Since
no restrictions are imposed on the constraint functions, a cluster point of the sequence
generated by our algorithm can be one of three different types of points. Similar to
Yuan [23], we give their definitions and their stationary properties.

Definition 3.1. x ∈ Rn is called
(1) a strong stationary point of (1.1)–(1.3) if x is feasible and there exists a vector

λ = (λ1, λ2, . . . , λm)T ∈ Rm such that

g(x)−
m∑
i=1

λi∇ci(x) = 0,(3.1)

λi ≥ 0, λici(x) = 0, i ∈ I;(3.2)

(2) an infeasible stationary point of (1.1)–(1.3) if x is infeasible and

min
d∈Rn

||(c(x) +∇c(x)T d)−|| = ||(c(x))−||;(3.3)
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(3) a singular stationary point of (1.1)–(1.3) if x is feasible and there exists an
infeasible sequence {vk} converging to x such that

lim
k→∞

mind∈Rn ||(c(vk) +∇c(vk)T d)−||
||(c(vk))−|| = 1.(3.4)

Definition 3.1 is related to our algorithm closely. It should be noted that there are
some differences between our definition and that of [23], for example, the definition
on the singular stationary point.

A strong stationary point defined above is precisely a K − T point of (1.1)–(1.3).
If ||(c(xk))−|| = 0 and dk2 = 0, by the first-order K − T condition of (2.9)–(2.12), xk
is a strong stationary point of (1.1)–(1.3).

Throughout this report, we make the following assumption.
Assumption 3.2. (1) f(x) and ci(x), i ∈ E ∪ I, are twice continuously differ-

entiable functions; (2) the approximation Bk of the Lagrangian Hessian is positive
definite and there exists two positive constants M1 and M2 such that

M1||d||22 ≤ dTBkd ≤M2||d||22(3.5)

holds for all d ∈ Rn and all k ≥ 1.
Lemma 3.3. The following statements hold:
(i) If (3.3) holds at xk, then d = 0 solves (2.7) uniquely;
(ii) if {xk} and {rk} are bounded, then {dk1} is also bounded.
Proof. (i) For any d 
= 0, by (3.3), there exists t > 0 sufficiently small such that

ψk(td) = (1/2)t2dTBkd + rk||(cJk(xk) +∇cJk(xk)T (td))−||(3.6)

= (1/2)t2dTBkd + rk||(c(xk) +∇c(xk)T (td))−||
≥ (1/2)t2dTBkd + rk||(c(xk))−|| > ψk(0).

Because ψk(d) is convex, we can see that d = 0 is the unique solution of (2.7).
(ii) The definition of dk1 shows that

ψk(0) ≥ ψk(dk1)(3.7)

≥ (1/2)M1||dk1||22 + rk||(cJk(xk) +∇cJk(xk)T dk1)−||
≥ (1/2)M1||dk1||22.

Therefore,

||dk1||22 ≤ (2/M1)ψk(0) = (2/M1)rk||(c(xk))−||.(3.8)

Lemma 3.4. If x ∈ Rn is an infeasible stationary point or a singular stationary
point as defined above, then there exist λ0 ≥ 0 and λ ∈ Rm such that the first-order
necessary optimality condition

λ0g(x)−
m∑
i=1

λi∇ci(x) = 0,(3.9)

λi ≥ 0, i ∈ I,(3.10)

holds.
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Proof. Suppose that d(x) minimizes the unconstrained problem

min
d∈Rn

1

2
dTBd + ||(c(x) +∇c(x)T d)−||(3.11)

at the iteration point x, where B is any positive definite matrix. Then, the first-order
optimality condition at x gives that

Bd +∇c(x)µ(x) = 0,(3.12)

µ(x) ∈ ∂||u||∣∣
u=(c(x)+∇c(x)T d)− ,(3.13)

where µ(x) ∈ Rm. It follows directly from (3.13) that (µ(x))i ≤ 0 for i ∈ I.
If x is an infeasible stationary point, similar to the proof of Lemma 3.3, we have

that d(x) = 0. Let λ0 = 0 and λi = −(µ(x))i, which gives (3.9).
Now suppose that x is a singular stationary point, {xk : k ∈ K} is a subsequence,

and xk → x for k →∞(k ∈ K). Suppose that d(xk) is a solution of (3.11) at xk; then
(3.12)–(3.13) holds at xk and

min
d∈Rn

||(c(xk) +∇c(xk)T d)−|| − ||(c(xk))−||(3.14)

≤ −1

2
d(xk)TBd(xk) ≤ 0.

Combining (3.4), we have

lim
k→∞,k∈K

d(xk)TBd(xk)

||c(xk)−|| = 0.(3.15)

Thus, for k ∈ K,

lim
k→∞

||d(xk)|| = 0.(3.16)

It follows from (3.16) and (3.12) that

lim
k→∞,k∈K

∇c(xk)µ(xk) = 0.(3.17)

Because ||µ(xk)||0 ≤ 1 for all k (where || · ||0 is the dual norm of || · ||), there is a cluster
point µ∗ ∈ Rm with (µ∗)i ≤ 0 for i ∈ I. We see that (3.9) holds if we let λ0 = 0 and
λi = −(µ∗)i for i ∈ E ∪ I. This completes our proof.

4. Global convergence. First we show that if our algorithm stops after finite
many iterations, the last iterate point must be a strong stationary point or an infea-
sible stationary point of (1.1)–(1.3).

Lemma 4.1. Suppose that dk1 is a solution of (2.7) and dk2 solves (2.9)–(2.12).
If dk1 = 0 and dk2 = 0, then xk is either a strong stationary point or an infeasible
stationary point of (1.1)–(1.3).

Proof. If dk1 = 0 and dk2 = 0, it follows from the first-order Kuhn–Tucker
condition of (2.9)–(2.12) that there exists λk ∈ Rm such that

gk −∇c(xk)λk = 0,(4.1)

(λk)ici(xk) = 0 for i ∈ Īk,(4.2)

(λk)i ≥ 0 for i ∈ I.(4.3)
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If ||(c(xk))−|| = 0, then by (4.1)–(4.3) and Definition 3.1(1), xk is a strong stationary
point of (1.1)–(1.3).

Suppose that ||(c(xk))−|| 
= 0. We want to prove that (3.3) holds for xk. If it is
not the case, then there exist d̃k 
= 0 and 0 < τk ≤ 1 such that

min
d∈Rn

||(c(xk) +∇c(xk)T d)−|| = ||(c(xk) +∇c(xk)T d̃k)−||(4.4)

< ||(c(xk))−||
and

||(c(xk) +∇c(xk)T (τkd̃k))−|| = ||(cJk(xk) +∇cJk(xk)T (τkd̃k))−||.(4.5)

Let d̂k = τkd̃k; then it follows that

rk(||(cJk(xk))−|| − ||(cJk(xk) +∇cJk(xk)T d̂k)−||) ≤ 1

2
d̂TkBkd̂k.(4.6)

Define

t0 =
rk
2

||(cJk(xk))−|| − ||(cJk(xk) +∇cJk(xk)T d̂k)−||
d̂TkBkd̂k

;(4.7)

then by (4.6), 0 < t0 ≤ 1
4 and

ψk(t0d̂k)− ψk(dk1)(4.8)

≤ 1

2
t20d̂

T
kBkd̂k + rkt0{||(cJk(xk) +∇cJk(xk)T d̂k)−|| − ||(cJk(xk))−||}

≤ 3

4
t0τkrk{||(c(xk) +∇c(xk)T d̃k)−|| − ||(c(xk))−||} < 0,

which gives a contradiction.
The following result shows that the line search procedure is well defined in the

algorithm.
Lemma 4.2. Suppose that at least one of dk1 and dk2 is nonzero; then τk is

defined by (2.8). Then τkdk1 + dk2 is a descent direction of the penalty function (2.1)
and the line search condition (2.17) is well defined.

Proof. Let q(x) = ||c(x)−||; then by Lemma 4.1 of Burke and Han [4],

q
′
(x; d) ≤ ||(c(x) +∇c(x)T d)−|| − ||c(x)−||.(4.9)

Define dk = τkdk1 + dk2; then

φ
′
(xk, rk+1; dk) ≤ gTk dk + rk+1(||(c(xk) +∇c(xk)T dk)−|| − ||c(xk)−||).(4.10)

By (2.9)–(2.12) and the convexity of the norm,

||(c(xk) +∇c(xk)T dk)−|| − ||c(xk)−||(4.11)

≤ τk(||(cJk(xk) +∇cJk(xk)T dk1)−|| − ||c(xk)−||).
Thus,

φ
′
(xk, rk+1; dk) ≤ gTk dk2 + τk{gTk dk1(4.12)

+ rk+1(||(cJk(xk) +∇cJk(xk)T dk1)−|| − ||c(xk)−||)}.
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It follows from Step 2 of the algorithm that

φ
′
(xk, rk+1; dk) ≤ −1

2
dTk2Bkdk2 −

1

2
τkd

T
k1Bkdk1 < 0.(4.13)

Now we prove that the line search condition (2.17) is well defined. By the mean
value theorem, for any t > 0, there exists α ∈ (0, t) such that

f(xk + tdk)− f(xk) = tg(xk + αdk)T dk.(4.14)

Similarly there exist αi ∈ (0, t) such that

ci(xk + tdk)− ci(xk) = t∇ci(xk + αidk)T dk.(4.15)

Define Ak = (∇c1(xk + α1dk),∇c2(xk + α2dk), . . . ,∇cm(xk + αmdk)); then

φ(xk + tdk, rk+1)− φ(xk, rk+1) ≤ tg(xk + αdk)T dk(4.16)

+ trk+1(||(c(xk) + ATk dk)−|| − ||c(xk)−||).
Since

||(c(xk) + ATk dk)−|| − ||(c(xk) +∇c(xk)T dk)−|| ≤ ||(Ak −∇c(xk))T dk||,(4.17)

it follows from the first part of the proof that there always exists a sufficiently small
t0 > 0 such that for all t ∈ (0, t0), α ∈ (0, t),

(g(xk + αdk)− gk)T dk + rk+1(||(Ak −∇c(xk))T dk||)(4.18)

+ (1− µ)(gTk dk + rk+1(||(c(xk) +∇c(xk)T dk)−|| − ||c(xk)−||)) < 0,

which completes the proof.
Assumption 4.3. {xk} and {dk} are uniformly bounded.
The assumption on {xk} is common in analyses on convergence of the algorithms.

Since the objective function (2.9) is coercive, and d = 0 is feasible for (2.10)–(2.12),
dk2 is bounded. If rk →∞, in place of (2.7), we use the following subproblem:

min
1

2
dTBkd + rk||(cJk(xk) +∇cJk(xk)T d)−||(4.19)

s.t. ||d||2 ≤ R,(4.20)

where R > 0 is a constant, and all analyses still hold since the norm is convex.
If rk →∞, by Lemma 4.2 of [23], limk→∞ ||c(xk)−|| exists.
Lemma 4.4. If rk →∞ and limk→∞ ||c(xk)−|| 
= 0, then there exists a convergent

subsequence of {xk} which converges to an infeasible stationary point of (1.1)–(1.3).
Proof. Let S be the set of the accumulation points of {xk}. If the lemma is not

true, for any x ∈ S, ||c(x)−|| 
= 0 and (3.3) does not hold. Thus, there exists a v > 0
such that for k large enough,

min
||d||2≤δ

||(c(xk) +∇c(xk)T d)−|| ≤ ||c(xk)−|| − v,(4.21)

where δ is a positive constant.
Let d̂k be a vector such that ‖d̂k‖ ≤ δ and that

||(c(xk) +∇c(xk)T d̂k)−|| = min
||d||2≤δ

||(c(xk) +∇c(xk)T d)−||.(4.22)
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The fact that ‖d̂k‖ ≤ δ,

||(cJk(xk) +∇cJk(xk)T d̂k)−|| ≤ ||(c(xk) +∇c(xk)T d̂k)−||,(4.23)

rk →∞, and that dk1 solves (2.7) implies that inequality

gTk dk1 +
1

2
dTk1Bkdk1 + rk(||(cJk(xk) +∇cJk(xk)T dk1)−|| − ||(c(xk))−||)(4.24)

≤ gTk dk1 +
1

2
d̂TkBkd̂k + rk(||(cJk(xk) +∇cJk(xk)T d̂k)−|| − ||(c(xk))−||)

≤ gTk dk1 +
1

2
Mδ2 − rkv < 0

holds for all sufficiently large k, which contradicts the parameter updating
procedure.

Similarly, we have the following result.
Lemma 4.5. If rk →∞ and limk→∞ ||c(xk)−|| = 0, then there exists a convergent

subsequence of {xk} which converges to a singular stationary point of (1.1)–(1.3).
Proof. Let x be any accumulation point of {xk}. Then x is a feasible point of

(1.1)–(1.3). The condition rk → ∞ implies that there exists an infinite subsequence
{xk : k ∈ K} such that ||(c(xk))−|| 
= 0 for k ∈ K.

If the result is not true, then for any convergent subsequence {xk : k ∈ K̃}(K̃ ⊂
K), (3.4) does not hold. Hence, there exists a positive number v such that (4.21)
holds. Similar to Lemma 4.4, the proof can be completed.

The above two lemmas imply that rk is bounded if no subsequence of {xk} con-
verges to an infeasible stationary point or a singular stationary point of (1.1)–(1.3).

Lemma 4.6. Suppose that rk = r (r is a positive constant) for all k large enough,
{xk} is an infinite sequence, and {xk : k ∈ K̂} is a convergent subsequence. Then
dk → 0 for k ∈ K̂ and k →∞.

Proof. We proceed by contradiction. Without loss of generality, assume that
rk = r for all k.

Suppose that there exist an infinite subset K
′ ⊂ K̂ and a positive constant η such

that ||dk||2 ≥ η for k ∈ K
′
. By Lemma 4.2, there exists η̂ > 0 such that

∇tφ(xk + tdk, r)|t=0 ≤ −η̂ < 0.(4.25)

Thus, there exists a constant σ > 0 and sufficiently small tk > 0 such that for k ∈ K
′
,

φ(xk + tkdk, r) ≤ φ(xk, r)− σ.(4.26)

The above inequality implies that

Σk∈K′ (φ(xk + tkdk, r)− φ(xk, r)) ≤ −Σk∈K′σ = −∞,(4.27)

which is a contradiction. This completes the proof.
In the following theorem, we assume that (dk2, λk) is a Kuhn–Tucker pair of

(2.9)–(2.12) at xk, where λk ∈ Rm is a Lagrange multiplier vector associated with
dk2.

Theorem 4.7. Suppose that {xk} is an infinite sequence generated by the algo-
rithm, {rk} and {λk} are bounded, and {xk : k ∈ K̂} is a subsequence converging to
x∗. If ||c(x∗)−|| = 0, then x∗ is a strong stationary point of (1.1)–(1.3).
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Proof. Since (dk2, λk) is a Kuhn–Tucker pair of (2.9)–(2.12) at xk, we have

gk + Bkdk2 −∇c(xk)λk = 0,(4.28)

(λk)i∇ci(xk)T dk2 = 0 for i ∈ Ik,(4.29)

(λk)i(ĉi(xk) +∇ci(xk)T dk2) = 0 for i ∈ Īk,(4.30)

(λk)i ≥ 0 for i ∈ I,(4.31)

and (2.10)–(2.12) hold. Moreover, (dk1, µJk) satisfies that

Bkdk1 + rk∇cJk(xk)µJk = 0,(4.32)

µJk ∈ ∂||u||∣∣
u=(cJk

(xk)+∇cJk
(xk)T dk1)−

,(4.33)

where µJk ∈ R|Jk| is a vector with (µJk)i(i ∈ Jk) as its components. It follows from
(4.33) that (µJk)i ≤ 0 for i ∈ Ik. Thus, we have

gk + Bkdk −∇c(xk)uk = 0,(4.34)

(uk)i(ci(xk) +∇ci(xk)T dk) = 0 for i ∈ Īk,(4.35)

(uk)i ≥ 0 for i ∈ I,(4.36)

where

(uk)i = (λk)i − rkτk(µJk)i for i ∈ Jk,(4.37)

and

(uk)i = (λk)i for i ∈ Īk.(4.38)

Let I(x∗) = {i : i ∈ Ik for infinitely many k ∈ K̂}, I(x∗) = {i ∈ I : ci(x
∗) = 0}. Then

I(x∗) ⊃ I(x∗).
By (4.33), ||µJk ||0 ≤ 1, where || · ||0 is the dual norm of || · || defined by (2.1).

Then it follows from Lemma 4.6 that there exists a cluster point u∗ ∈ Rm of {uk}
such that

g(x∗)−∇c(x∗)u∗ = 0,(4.39)

(u∗)ici(x
∗) = 0 for i ∈ I,(4.40)

with (u∗)i ≥ 0 for i ∈ I.
The condition on λk is not restrictive. The boundedness of {rk} implies that

(2.15) holds for sufficiently large k. Thus, by (4.32)–(4.33) and (4.28), we have

rk ≥ ((∇c(xk)T dk1)Tλk)/||∇c(xk)T dk1||(4.41)

for sufficiently large k. On the other hand, if we suppose the Mangasarian–Fromovitz
condition holds at x∗, it can be proved that λk is bounded.

It should be noted that the above convergence results do not rely on any linear
independence assumption of the gradients of the constraints. Thus, the algorithm
may terminate at some iteration, which is not a Kuhn–Tucker point of (1.1)–(1.3),
even if the penalty parameter is bounded. A simple example will demonstrate this
case.
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Example 4.8. Consider the problem

min y1 + (1/2)y2
2(4.42)

s.t. (1/2)y2
1 = 0,(4.43)

y1 + y3
2 − 3/2 = 0.(4.44)

Let the penalty parameter r = 1; the algorithm will terminate at (1, 0), which is not
a Kuhn–Tucker point of (4.42)–(4.44).

5. Local convergence. To study local convergence properties of the algorithm,
we make the following assumption.

Assumption 5.1. (1) xk → x∗, where x∗ is a Kuhn–Tucker point of (1.1)–(1.3);
(2) let I∗ = {i ∈ I : ci(x

∗) = 0}; ∇ci(x∗)(i ∈ E ∪ I∗) are linearly independent; (3)

rk = r for k ≥ k̂, where r > 0 is a constant, and k̂ is a sufficiently large positive
integer.

The definitions of (2.4)–(2.5) imply that for infinitely many k, there exists a small
ε > 0 such that ci(xk) ≥ ε for i ∈ Īk. Thus, by Assumption 4.3 and (2.8), we have
τk ≥ τ0 for infinitely many k, where τ0 > 0 is a constant.

For sufficiently large k, by definitions of (2.4)–(2.5), Īk ⊇ Īk+1. Thus, Ik = I∗

for sufficiently large k. Moreover, under Assumption 5.1, it follows from (3.8) that
||dk1||2 → 0 for k →∞. Therefore, τk → 1 for sufficiently large k.

Lemma 5.2. Under Assumption 5.1, suppose that dk1 is a solution of (2.7) at the
point xk; then there exists a sufficiently large k

′
, such that for k ≥ k

′
,

(cJk(xk) +∇cJk(xk)T dk1)− = 0.(5.1)

Proof. The first-order necessary condition of (2.7) imply that (4.32)–(4.33) hold
and ||µJk ||0 ≤ 1 with || · ||0 being the dual norm of || · || defined by (2.1). If at the kth
iteration (cJk(xk) +∇cJk(xk)T dk1)− 
= 0, then ||µJk ||0 = 1.

Define pk = ||Bkdk1+rk∇cJk(xk)µJk ||2 and J∗ = E∪I∗. If for sufficiently large k,
(cJk(xk) +∇cJk(xk)T dk1)− 
= 0, then it follows from Lemma 4.6 and the equivalence
of the norm that

pk = ||rk∇cJ∗(x∗)µJk ||2 + O(||xk − x∗||2) + O(||dk1||2)(5.2)

≥ rk||µJk ||2/||∇cJ∗(x∗)+||2 + o(1)

≥ c0rk||µJk ||0/||∇cJ∗(x∗)+||2 + o(1)

≥ c0r/(2||∇cJ∗(x∗)+||2),

where ∇cJ∗(x∗) ∈ Rn×|J∗| is a matrix with ∇ci(x∗) (i ∈ J∗) as its volume vectors,
∇cJ∗(x∗)+ is its generalized inverse matrix, and c0 > 0 is a constant. Equation (5.2)
contradicts (4.32). This completes our proof.

The above lemma shows that there exists a sufficient large integer k0, such that
for k ≥ k0, the piecewise quadratic subproblem (2.7) is equivalent to the following
quadratic programming problem:

min
1

2
dTBkd(5.3)

s.t. ci(xk) +∇ci(xk)T d = 0, i ∈ E,(5.4)

ci(xk) +∇ci(xk)T d ≥ 0, i ∈ Ik.(5.5)
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Assumption 5.3. Suppose that λ∗ is a Lagrangian multiplier vector associated
with x∗: (1) The strict complementarity condition holds at (x∗, λ∗); (2) ∇2L(x∗, λ∗)
is positive definite for all nonzero d in the null space {d : ∇ci(x∗)T d = 0, i ∈ E∪I∗},
where L(x, λ) is defined as (1.8).

It follows from Assumption 5.3 that (x∗, λ∗) is an isolated Kuhn–Tucker pair of
(1.1)–(1.3). If the conditions in Assumption 5.3 hold, then for sufficiently large k, dk1
derived by (5.3)–(5.5) is a solution of the problem

min
1

2
dTBkd(5.6)

s.t. ci(xk) +∇ci(xk)T d = 0 for i ∈ E ∪ I∗,(5.7)

and dk2 generated by (2.9)–(2.12) solves

min gTk d +
1

2
dTBkd(5.8)

s.t. ∇ci(xk)T d = 0 for i ∈ E ∪ I∗.(5.9)

Let ∇cJ∗(xk) be an n × |J∗| matrix with ∇ci(xk)(i ∈ J∗) as its components. By
direct calculations, it follows from (5.6)–(5.7) that

dk1 = −B−1
k ∇cJ∗(xk)(∇cJ∗(xk)TB−1

k ∇cJ∗(xk))−1cJ∗(xk),(5.10)

and by (5.8)–(5.9),

dk2 = B−1
k ∇cJ∗(xk)(∇cJ∗(xk)TB−1

k ∇cJ∗(xk))−1∇cJ∗(xk)TB−1
k gk(5.11)

− B−1
k gk.

Thus, dk1 + dk2 is a solution of the problem

min gTk d +
1

2
dTBkd(5.12)

s.t. ci(xk) +∇ci(xk)T d = 0 for i ∈ J∗.(5.13)

The above discussion can be stated as the following lemma.
Lemma 5.4. If the conditions in Assumptions 5.1 and 5.3 hold, then there exists

a sufficiently large k1, k1 ≥ k0, such that for k ≥ k1, the algorithm generates identical
directions with the Han–Powell method.

By Lemma 5.4 and the related results of the SQP method (for example, see [1]
and [22]), the superlinear convergence of the algorithm is a direct result.

Lemma 5.5. Suppose that the conditions in Assumption 5.3 hold. If

lim
k→∞

||P ∗(Bk −∇2L(x∗, λ∗))dk||2
||dk||2 = 0,(5.14)

where P ∗ is a projection matrix on the null space {d : ∇ci(x∗)T d = 0, i ∈ E ∪ I∗};
then

lim
k→∞

||xk + dk − x∗||
||xk − x∗|| = 0.(5.15)
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A superlinear convergence step may be truncated due to the nonsmoothness of
the merit function, which is known as “the Marotos effect” (for example, see [22, 24]).
In order to avoid this difficulty, the second-order correction technique is considered
by Mayne and Polak [11], Coleman and Conn [5], Fletcher [7], and so on. For our
problem, when ||cJk(xk)|| ≤ ε (ε is a prescribed number), we solve the subproblem

min
d∈Rn

1

2
dTBkd + rk||(cJk(xk + dk) +∇cJk(xk)T d)−||(5.16)

to generate the second-order correction step d̃k. The algorithm with the second-order
correction technique is presented, which is a modification to Algorithm 2.1.

Algorithm 5.6.
Step 1 [Step 0.] Given x0 ∈ Rn, B0 ∈ Rn×n, r0 > 0, 0 < µ < 1

2 , 0 < β < 1, ρ > 0,
ε0, ε1, ε2, ε3 > 0, k := 0.

Generate Jk and Īk by (2.4)–(2.6), solve (2.7) giving dk1;
Calculate τk by (2.8); Solve (2.9) giving dk2; dk = τkdk1 + dk2;
If ||dk|| ≤ ε0, stop;
If ||cJk(xk)|| ≤ ε1 solve (5.16) giving d̃k; else d̃k = 0.

Step 1.Step 2. rk+1 := rk if (2.15) holds, otherwise compute rk+1 by (2.14).
Step 3. s = 0, 1, 2, . . .; If

φ(xk + βsdk + β2sd̃k, rk+1)− φ(xk, rk+1) ≤ µβs(gTk dk(5.17)

+ rk+1(||(c(xk) +∇c(xk)T dk)−|| − ||(c(xk))−||)).

Let tk = βs and xk+1 = xk + tkdk + t2kd̃.
Step 4. If ||xk+1 − xk|| ≤ ε3, stop.
Step 5. Compute the values of f(x), c(x), ∇f(x), and ∇c(x) at xk+1;

Generate Bk+1; k := k + 1 and goto Step 1.
Similar to the above discussion on Lemmas 5.2 and 5.4, and to the analyses in

[11, 22, 24], we have the following result.
Theorem 5.7. Under Assumptions 5.1 and 5.3, suppose that (5.14) holds, εi =

0(i = 0, 1, 2, 3), and {xk} is an infinite sequence generated by Algorithm 5.6. Then

lim
k→∞

||xk + dk + d̃k − x∗||
||xk − x∗|| = 0,(5.18)

and there exists a sufficiently large k2 such that for k ≥ k2, tk = 1. Thus, {xk}
converges Q-superlinearly.

6. Numerical results. A FORTRAN subroutine was programmed to test our
algorithm. Our experiments were done on an SGI indigo workstation at the State Key
Laboratory of Scientific and Engineering Computing, Chinese Academy of Sciences,
Beijing.

The norm in (2.1) is selected to be the l∞ norm. We solve the piecewise quadratic
subproblem (2.7) by reformulating it as follows:

min
1

2
wTQkw + pTkw(6.1)

s.t. y −∇ci(xk)T d ≥ ci(xk) for i ∈ E,(6.2)

y +∇ci(xk)T d ≥ −ci(xk) for i ∈ Jk,(6.3)
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where Qk = ( Bk

0
) ∈ R(n+1)×(n+1), w = ( d

y
) ∈ Rn+1, pk = ( 0

rk
)∈ Rn+1.

Problem (6.1)–(6.3) is a convex quadratic programming problem, which is, in our
algorithm, solved by Powell’s subroutine ZQPCVD [15]. The second-order correction
subproblem (5.16) is solved similarly.

The first test problem that we solved is taken from [16]:

min x1x2(6.4)

s.t. − sin(x1) ≥ 0,(6.5)

cos(x1) ≥ 0,(6.6)

−x2
1 − x2

2 + π/2 ≥ 0,(6.7)

x1 + π ≥ 0,(6.8)

x2 + π/2 ≥ 0,(6.9)

and the standard starting point is x0 = (0, 5)T . Sahba’s algorithm terminates at the
point x∗ = (0,−1.25331)T , which is an approximate Kuhn–Tucker point and not the
approximate minimum point of (6.4)–(6.9). The other test problems are from Hock
and Schittkowski [9].

In our implementation of the algorithm, a small positive tolerance number ε is
introduced and the index sets

Ik(ε) = {i ∈ I : ci(xk) ≤ ε},(6.10)

Īk(ε) = {i ∈ I : ci(xk) > ε},(6.11)

Jk(ε) = Ik(ε) ∪ E(6.12)

are employed instead of (2.4)–(2.6).

For each problem, the standard initial point is used. We choose initial parameters
µ = 0.1, β = 0.5, ρ = 1, and εi = 10−6 for i = 0, 1, 2, 3. The choice of the initial
penalty parameter is scale dependent and r0 = 1 is chosen for our test problems. The
initial Lagrangian Hessian estimate B0 = I and Bk is updated by the damped BFGS
formula (see [14]):

Bk+1 = Bk − Bksks
T
kBk

sTkBksk
+

yky
T
k

sTk yk
,(6.13)

where

yk =

{
ŷk, ŷTk sk ≥ 0.2sTkBksk,
θkŷk + (1− θk)Bksk, otherwise,

(6.14)

and ŷk = gk+1−gk+(∇c(xk+1)−∇c(xk))λk, sk = xk+1−xk, θk = 0.8sTkBksk/(sTkBksk−
sTk ŷk), λk is a multiplier associated with (2.9)–(2.12).

The test problems are also solved by Powell’s subroutine VMCWD, which is a very
successful algorithm for many nonlinear programming problems. The error tolerance
for VMCWD is 10−8.

The subroutine VMCWD failed to solve Sahba’s problem (6.4)–(6.9) since the
constraints seem to be inconsistent after the first iteration. The numerical results
given by our algorithm are presented in Table 1, where R −KT and R − CV repre-
sent the l2 norms of the gradient of the Lagrangian and the violation of the constraints,
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Table 1

k x
(1)
k

x
(2)
k

rk τk tk R−KT R− CV
0 0.0 5.0 1.0 1.0 1.0 5.0 2.3429E+1
1 -3.1416 2.6571 1.0 1.0 1.0 3.2415 1.5391E+1
2 -1.1116 2.3552 1.0 1.0 1.0 1.7142 5.2119
3 -0.8262 1.3834 1.0 1.0 1.0 8.8489E-1 1.0257
4 -0.9236 0.9546 1.0 1.0 1.0 4.4570E-2 1.9339E-1
5 -0.8899 0.8858 1.0 1.0 1.0 6.1008E-3 5.8572E-3
6 -0.8870 0.8854 1.0 1.0 1.0 2.4008E-3 7.7911E-6
7 -0.8863 0.8862 1.0 1.0 1.0 1.3274E-4 0.0

Table 2

VMCWD Our algorithm
Problem n me m NI-NF-NG Residual NI-NF-NG Residual
HS7 2 1 1 12-14-14 4.94E-08 9-18-10 3.85E-08
HS14 2 1 2 5-6-6 7.90E-11 4-5-5 2.98E-07
HS22 2 0 2 5-7-7 3.18E-10 23-46-24 4.58E-08
HS38 4 0 8 81-104-104 8.96E-04 38-64-39 6.68E-05
HS43 4 0 3 12-15-15 5.14E-06 12-23-13 4.48E-06
HS52 5 3 3 5-9-9 2.21E-05 16-21-17 2.43E-12
HS63 3 2 5 8-9-9 6.72E-07 7-8-8 2.41E-07
HS76 4 0 7 5-6-6 1.45E-04 6-7-7 2.12E-07
HS86 5 0 15 4-6-6 1.78E-04 4-7-5 6.22E-05
HS113 10 0 8 12-17-17 6.46E-06 14-20-15 4.07E-05

respectively. The algorithm terminates at the approximate minimum point of (6.4)–
(6.9).

Some numerical results for equality constrained optimization problems have been
reported in Liu and Yuan [10]. It has been noticed that our algorithm can over-
come the difficulties associated with the linear dependence of the gradients of the
constraints, since an unconstrained subproblem is solved at each iterate.

The numerical results for other test problems are listed in Table 2. The problems
are numbered in the same way as in Hock and Schittkowski [9]. For example, “HS43”
is problem 43 in Hock and Schittkowski [9]. NI, NF, and NG represent the numbers
of iterations, function, and gradient calculations, respectively.

The numerical results show that our algorithm is comparable to VMCWD. How-
ever, our algorithm requires slightly more function evaluations.

Acknowledgement. We would like to thank an anonymous referee for valuable
comments.
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MODELING MICROSTRUCTURE EVOLUTION USING
GRADIENT-WEIGHTED MOVING FINITE ELEMENTS∗
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Abstract. Microstructure evolution, where grain boundaries evolve by mean curvature motion,
is modeled in three dimensions (3-D) using gradient-weighted moving finite elements (GWMFE). To
do this, we modify and extend an existing 2-D GWMFE code to create a new code GRAIN3D which
makes the 3-D microstructure modeling possible. The right-hand side term which drives the GWMFE
motion can be viewed as surface tension forces, that is, as the negative gradient of the surface integral
of a constant energy density µ on the triangular interfacial grid. Extensions to the method include
equations for the motion of tetrahedra that are conformally attached to the moving piecewise linear
triangular facets which represent the GWMFE discretization of the evolving grain boundaries. We
present some new regularization terms which control element quality, as well as preventing element
collapse in the simulation. New capabilities for changing the mesh topology are used to keep the grid
edge lengths below a maximum allowable length hmax and to mimic actual changes in the physical
topology, such as collapse and disappearance of individual grains. Validating runs are performed on
some test cases that can be analytically solved, including collapse of a spherical grain and the case
of columnar microstructure. In the spherical collapse case, the GWMFE method appears to have an
error in the surface area collapse rate − dA

dt
which is O((∆θ)2), where ∆θ is a measure of the angular

resolution of the mesh. Finally, a run is presented where a true 3-D microstructure (possessing triple
lines and quadruple points in the interior and triple points on the exterior boundaries) is evolved to
a “2-D” columnar microstructure and finally evolved down to a single grain.

Key words. microstructure evolution, motion by mean curvature, gradient-weighted moving
finite elements, unstructured tetrahedral meshes, deforming grids, changing grid topology, front-
tracking

AMS subject classifications. 65M60, 51P05, 73S10, 65M50

PII. S1064827598348374

1. Introduction. Under close examination, a sample of metal (such as copper
or aluminum used in semiconductor manufacture) possesses a microstructure wherein
the sample is decomposed into separate grains. The atoms in individual grains exist
in a crystal lattice and the lattice orientations of adjacent grains differ. The boundary
surfaces between grains are thus areas of lattice misalignment and effectively possess
an excess energy per unit grain boundary area. In the simplest approximation, this
excess energy density is a constant µ per unit area for all grain boundaries. When the
sample is heated, the grain boundaries become mobile and grain growth takes place.
The motion resulting from the desire to minimize surface energy is mean curvature
motion where the normal velocity of a point on a grain boundary is proportional to
the mean curvature at that point [19]. Thus the grain boundaries move as if they
are under the influence of a driving force proportional to the mean curvature, with
motion opposed by a frictional force proportional to normal velocity (as if the grain
boundaries are immersed in a uniform, isotropic viscous medium).
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Approaches to mean curvature motion and/or grain growth modeling have in-
cluded 2-D front-tracking models [5]; Surface Evolver, a popular energy gradient de-
scent method [2]; level sets [23]; vertex methods [6, 9]; and gradient-weighted moving
finite elements (GWMFE) [1, 3, 4, 15]. 2-D front tracking models have been the
workhorse of grain growth modeling—they have been used in many research articles
and are particularly successful in the case of thin films, where the microstructure is
for the most part columnar. Surface Evolver is a widely used code available over the
web which allows the user to interactively reduce the surface energies of arbitrary
surface configurations. Constant surface energy leads to mean curvature motion, but
much more general energies and motions are possible. The method uses an explicit
step where mesh points are advanced along either the energy gradient descent direc-
tion or the conjugate gradient direction. Level set methods have the advantage of
automatically resolving certain types of topological changes that occur during grain
evolution such as self-pinchoff where a single grain divides into two or more grains.
However, when three or more grains intersect at a point (triple or quadruple point)
or on a curve (triple line), the standard level set formulation fails and a nontrivial
increase in algorithmic complexity is necessary to correctly model the evolution of
these points of intersection [21, 25]. Vertex methods consider points of maximum
grain intersection (triple or quadruple points) and assume the curves between these
points are straight lines. These methods may produce valid statistical results on large
collections of grains but cannot hope to compute detailed grain shapes.
Moving finite elements (MFE) [1, 14, 16] is a standard Galerkin finite element

method of computing the solution u(x, t) of a time-dependent PDE

ut = F (x, t, u,∇u, . . .),

with the additional novel feature that the Galerkin formalism is used to compute
domain velocities for the computational grid points in addition to determining the
time derivative of u at the grid points. Because this method would frequently over-
concentrate computational nodes in the steep portions of the graph of u, it was nec-
essary to devise GWMFE which deemphasized the importance of node placement
in high-gradient regions by multiplying the PDE residual by the gradient-weighting
factor 1√

1+|∇u|2 ≤ 1. It turns out that GWMFE can be viewed as a nonweighted
method when the independent variables are taken to be the nodal positions on the
graph of u, the residual is taken to be the norm of errors in ut in the direction normal
to the graph of u, and the inner product integrals are taken over the surface area of
the graph. In fact, GWMFE is naturally seen to be a method for evolving a surface
without the restriction that the surface be the graph of a function u and is thus a
very natural way to compute mean curvature motion. Examples of GWMFE applied
to normal motion by mean curvature are given in [15, 4]; other examples of GWMFE
computations involving mean curvature are given in [12, 13, 18]. Other GWMFE
computations and an exposition of the method from a somewhat different viewpoint
are given in the now standard book by Baines [1].
Recently, we took the 2-D version of GWMFE used in [4], which represents evolv-

ing surfaces by piecewise linear triangular elements, and incorporated it into a new
code GRAIN3D which extended its capabilities so that general microstructure evolu-
tion could be simulated. Specifically, a program called LaGriT [8] was used to produce
3-D models of metallic microstructure which consisted of a domain Ω ⊆ R

3 partitioned
into grains, each of which were composed of hundreds of tetrahedra. The triangular
interfaces between the grains were extracted from the 3-D model and evolved by
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GRAIN3D using the GWMFE algorithm. Additional equations of motions were de-
vised for the “extra” vertices in the 3-D model that were interior to the grains and not
on the grain boundaries. Motions were determined solely by the requirement that the
tetrahedra remain well-shaped (i.e., have a low aspect ratio) as the surfaces to which
they are conformally attached deform under mean curvature motion. Finally, grid
topology-change software was written to maintain to some degree a roughly constant
spacing between grid points as the mesh deforms and to make possible physically
significant topology changes, such as the collapse and disappearance of certain grains
during the course of evolution.
The new capability of supporting a system of tetrahedra that is conformally at-

tached to the moving triangular surfaces will be crucial in the future when we use
these volume elements to compute ambient quantities throughout Ω (such as temper-
ature). This will allow more detailed simulations where the medium’s resistance to
grain boundary movement is not assumed uniform. (Note, for example, that grain
boundary mobility in fact strongly depends on temperature [19].)
In section 2, we review GWMFE from a surface evolution point of view. We

present a detailed derivation of how the GWMFE right-hand side integral involving
curvature is evaluated and show that this integral can be seen as the negative gradi-
ent, with respect to the nodal position vector x = (xi, yi, zi) of the surface integral
of a constant energy per unit area µ on the discretized interfaces. In section 3, we
review regularization terms necessary for the GWMFE method to work efficiently,
and we introduce a right-hand regularization term involving a quality force that con-
trols element quality as well as preventing element collapse in the simulation. We also
present a regularization force that prevents excessive stretching of elements, derived
from a small artificial surface energy associated with each triangular facet. In sec-
tion 4, we introduce additional equations for moving tetrahedra conformally attached
to the GWMFE triangular interface mesh. In section 5, we touch on grid mainte-
nance operations necessary to keep grid edge lengths below a maximum allowable
hmax. In section 6, we describe recoloring operations necessary to perform impor-
tant topological changes in the microstructure simulation, such as the collapse and
disappearance of individual grains. In section 7, we compare numerical solutions com-
puted by GRAIN3D to analytic solutions for the cases of spherically symmetric grain
collapse and columnar microstructures. In section 8, we show a numerical example
where GRAIN3D evolves a truly 3-D microstructure.

2. Mean curvature motion and GWMFE.

2.1. Review of method. We use GWMFE [3, 4, 15] to move a multiply connect-
ed network of piecewise linear triangles for the modeling of deformation of 3-D grains.
In one model of metallic grain growth [19], interface surfaces obey the simple equation

vn = µK,

where vn is the normal velocity of the interface, K is the curvature, and µ is the
product of the excess energy per unit area and the mobility of the grain boundary.
K is the sum of principle curvatures, i.e., twice the mean curvature. In this paper,
we assume that µ is constant, i.e., it does not depend on the choice of materials on
either side of the interface, nor does it depend on the orientation of the interface. We
represent interfaces as parametrized surfaces:

x(s1, s2) =
∑
nodes j

αj(s1, s2)xj .
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Here, (s1, s2) is the surface parametrization, the sum is over the N interface nodes,
αj(s1, s2) is the piecewise linear basis function (hat function) which is unity at node j
and zero at all other interface nodes, and xj = (x

1
j , x

2
j , x

3
j ) ∈ R

3 is the vector position
of node j.
We have that

ẋ(s1, s2) =
∑
j

αj(s1, s2)ẋj ,

is the velocity of the surface at the point x(s1, s2) (based upon linear interpolation of
node velocities) and

vn = ẋ(s1, s2) · n̂ (n̂ is local surface normal).

So

vn =
∑
j

(n̂αj) · ẋj .(1)

In effect, we have that the 3N basis functions for vn are nkαj , where n̂ = (n1, n2, n3).
These basis functions are discontinuous piecewise linear, since the nk are piecewise
constant.
The GWMFE method is to minimize∫

(vn − µK)2 dS(2)

over all possible values for the derivatives ẋi. (The integral is over the surface area of
the interfaces.) We thus obtain

0 =
1

2

∂

∂ẋki

∫
(vn − µK)2 dS, 1 ≤ k ≤ 3, 1 ≤ i ≤ N

=

∫
(vn − µK)nkαi dS.

Using (1), we obtain a system of 3N ODEs:[ ∫
n̂n̂Tαiαj dS

]
ẋj =

∫
µKn̂αi dS,

or

C(x)ẋ = g(x),(3)

where x = (x11, x
2
1, x

3
1, x

1
2, . . . , x

3
N )

T = (x1,x2, . . . ,xN )
T is the 3N -vector containing

the x, y, and z coordinates of all N interface nodes, C(x) is the matrix of inner
products of basis functions, and g(x) is the right-hand side of inner products involving
surface curvature. Since n̂n̂T is a 3× 3 matrix, it is clear that C(x) has a 3× 3 block
structure.
The ODEs are solved with an implicit second order backwards difference variable

time-step ODE solver [3]. We use generalized minimal residual (GMRES) iteration
[22] with block-diagonal preconditioner to solve the linear equations arising from the
Newton’s method. (A more complex and robust choice of iterative method and pre-
conditioner is used in [24] to solve systems involving indefinite Jacobians that arise
when GWMFE is applied to problems involving convection.) The ODEs are scaled
so that the variation of the xkj values is O(1) and the truncation error η (i.e., the

maximum acceptable estimated error made in the xkj every time step) is usually set

to 10−3.
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Fig. 2. Cross-sectional view of grid. Edge e is orthogonal to page.

2.2. Evaluation of right-hand side curvature term. The right-hand side
term due to curvature,

∫
µKn̂αi dS,

requires special consideration because on a piecewise linear manifold K is actually a
distribution which is zero in the interiors of the triangles and infinite on the edges.
Evaluation of this term is undertaken by mollifying (smoothing) the manifold in a
small neighborhood (within a small distance δ) of the edges and then showing that∫
Kn̂αi dS on the δ-mollified manifold tends to a limit as δ → 0 which is independent
of the mollification process. This mollification interpretation is extensively explained
in section 2.6 of [15], sections 2.3 and 4.10 in [3] (for 1-D), and sections 3.3 and 6.4
in [4]. For completeness we include a derivation here. Indeed, referring to Figure 1,
we consider one of the edges e emanating from node i and we let s|| be the arclength
parameter running parallel to the edge and s⊥ be the arclength parameter correspond-
ing to movement on the manifold perpendicular to the edge. The length of the edge
is Le. In Figure 2, we show the intersection of the surface with a plane orthogonal
to the edge e. The intersection yields a smoothed curve (due to the mollification of
the surface). We assume the mollified region runs from s⊥ = −δ to s⊥ = +δ. The
intersection curve has tangent t̂(s⊥) which varies smoothly between t̂(−δ) and t̂(+δ).
n̂(s⊥) is the normal to the surface, which smoothly varies between n̂(−δ) and n̂(+δ).
We define û, v̂ to be unit vectors in the plane with û× v̂ = ê (the unit vector parallel
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to e). θ is defined as the angle that t̂(s⊥) makes with û. Now we write∫
µKn̂αi dS = µ

∑
edges e
with i∈e

∫ Le

0

(∫ δ

−δ
Kn̂αi ds⊥

)
ds||

≈ µ
∑

edges e
with i∈e

(∫ Le

0

αi(s||) ds||

)(∫ δ

−δ

dθ

ds⊥
n̂ ds⊥

)
.

That is, the right-hand side curvature inner product at node i is the sum of contri-
butions from edges e incident on i. In the 2δ-wide strip near edge e, αi(s||, s⊥) is
nearly a piecewise linear function of only s|| which is 1 at s|| = 0 and 0 at s|| = Le.
This means that the first integral evaluates to 12Le. The curvature K of the mollified

surface is dθ
ds⊥
since there is no curvature parallel to edge e in the unmollified surface

(and hence no curvature in this direction for the mollified surface as well). Now∫ δ

−δ

dθ

ds⊥
n̂ ds⊥ =

∫ θ(δ)

θ(−δ)
n̂ dθ

=

∫ θ(δ)

θ(−δ)
(− sin θû+ cos θv̂) dθ

= cos θû+ sin θv̂

∣∣∣∣
θ(δ)

θ(−δ)
= t̂(δ)− t̂(−δ).

So we obtain as δ → 0 that∫
µKn̂αi dS = µ

∑
edges e
with i∈e

1

2
Le(̂t

(1)
e + t̂(2)e ),

where t̂
(1)
e , t̂

(2)
e are unit normals in the piecewise linear surface which are both or-

thogonal to e. t̂
(1)
e points into one triangle sharing e, and t̂

(2)
e points into the other

triangle sharing e. Now we can rewrite this sum as a sum over the triangles incident
on i: ∫

µKn̂αi dS = µ
∑

triangles k
with i∈k

1

2

(
L
(1)
k t̂

(1)
k + L

(2)
k t̂

(2)
k

)
,

where for each triangle k, L
(1)
k is the length of one of the edges bordering k that

contains i, t̂
(1)
k is the inward normal to that edge, and L

(2)
k , t̂

(2)
k are the corresponding

quantities for the other edge. (See Figure 3.)

Interestingly, since
∑3
j=1 L

(j)
k t̂

(j)
k = 0 (again, see Figure 3 for the definition of

L
(3)
k , t̂

(3)
k ), we have ∫

µKn̂αi dS = −µ
∑

triangles k
with i∈k

1

2
L
(3)
k t̂

(3)
k

= −∇xi

( ∑
triangles k
with i∈k

µAk

)
,
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Fig. 3. Definition of quantities around node i, triangle k.

where Ak is the area of triangle k. If we attribute an energy of µ per unit area to the
surface, then this becomes ∫

µKn̂αi dS = −∇xiE,(4)

where

E =
∑

triangles k

µAk(5)

is the total energy of the surface. This shows that the node-concentrated right-hand
side force on the ith node is derivable from the negative gradient, with respect to the
node position variables xi = (xi, yi, zi) of the surface integral of an assumed constant
surface energy density of µ in our GWMFE manifold. This mirrors the physical model
where mean curvature motion was derived under the assumption that the mechanism
of grain growth is minimization of excess surface energy proportional to the surface
integral of µ. This negative gradient force on the ith node is exactly that which would
be given by a “surface tension” of magnitude µ in the planar triangular cells of our
GWMFE manifold, as pointed out in [15, 4].
We note here that the form (4)–(5) for the right-hand side PDE driving terms

makes conceivable computations where µ = µ(n̂), that is, where µ depends on the
direction of the normal at the surface. In this case, one need only loop through trian-
gles in the mesh and evaluate the quantities (4)–(5) using the orientation-dependent
µ. If µ depends strongly on n̂, faceting of the surface can occur [7].

3. Regularization. In [15] it is shown how (3) represents a balance of forces
on the moving GWMFE surface. The right-hand side represents driving forces from
the PDE, and the left-hand side represents viscosity forces that resist these driving
forces; all these forces are taken to be concentrated at the nodes. In practice, certain
grid configurations can cause C(x) to be nearly singular, so that there exist essen-
tially undamped node motions that lead to chaotic grid behavior and collapse of the
time step. To alleviate this, Carlson and Miller [4] added a term (a left-hand side
regularizing force) that was of the form C1(x)ẋ so that the total matrix (C+C1)(x)
was positive definite.
In addition certain grid behaviors are possible, such as the collapse to zero of the

inscribed radius of a very thin or large aspect ratio triangle, which has no physical
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significance (i.e., which does not affect the shape of the surface) but which causes a
catastrophic loss of time step and run termination. To alleviate these problems, small
regularizing forces are added to the right-hand side of (3). The form of these forces
differs from those used in [4].

3.1. Left-hand side grid viscosity forces. Suppose a node i and its neigh-
boring nodes are all nearly coplanar. More precisely, suppose that there exists a plane
P (spanned by û and v̂) such that xi and each member of {xj | nodes i and j share
an edge} have normal distance ≤ η to this plane. Then, since the local truncation
error tolerance is η, computationally this situation is indistinguishable from the case
where xi and all the xj exactly lie in the same plane. In this case, it is apparent
that one could alter ẋi (or xi) by a plane vector aû+ bv̂ without altering the normal
velocity (or the shape) of the surface in the neighborhood of node i. Since (3) is
derived from (2), which is a minimization that is unaffected by these additional node
motions for node i, we conclude that C(x) nearly annihilates the 2-D subspace cor-
responding to the in-plane motions of node i. If this degeneracy or near-degeneracy
is not remedied, the motion of node i will not be smooth, if it is defined at all, and
the time step will decrease greatly. (This describes a planar-type degeneracy at node
i; there are also possible crease-type geometrical degeneracies in which the manifold
has a straight crease through node i, as in the straight ridge of a roof. See section 3.1
of [15] or section 2.4 of [4] for a further discussion and for a derivation of the following
grid viscosity forces for GWMFE. Also see Chapters 6 and 7 of [1].)
To remedy such degeneracies, we add the small grid viscosity force

ε1

[ ∫
I3(∇sαi · ∇sαj) dS

]
ẋj ≡ C1(x)ẋ(6)

to the left-hand side of (3). Here I3 represents the 3 × 3 identity matrix, which
indicates that grid viscosity is isotropic in that it treats independently and identically
the x, y, and z components of the velocities ẋj . ε1 is a small number, and the gradient
∇s is with respect to the tangential coordinate system of the surface. We now show
(6) is equal to

ε1∇ẋi

1

2

∫
||∇sẋ||2 dS.(7)

Here ∇ẋi
is the gradient with respect to the node velocity ẋi and ẋ =

∑
ẋjαj(s)

is interpolated grid velocity. ∇sẋ is the gradient with respect to surface measure of
interpolated grid velocity and, hence, it is a 3 × 2 matrix. ||∇sẋ||2 is the sum of
squares of the six components (i.e., the Froebenius norm). To show (7), we have that

∇ẋi

1

2

∫
||∇sẋ||2 dS = ∇ẋi

1

2

∫ ∣∣∣∣∇s

∑
k

ẋkαk
∣∣∣∣2 dS

= ∇ẋi

1

2

∫ ∑
k

∑
j

(ẋk · ẋj)(∇sαk · ∇sαj) dS

=

∫ ∑
j

ẋj(∇sαi · ∇sαj) dS

=
∑
j

[ ∫
I3(∇sαi · ∇sαj) dS

]
ẋj .
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Thus, our regularization force is, for each node, the velocity gradient of a velocity
potential and the effect of this force is to reduce

∫ ||∇sẋ||2 dS, a measure of the
nonuniformity of the interpolated velocity field.
Using arguments in [3], ε1 is chosen in the range

.25η2 ≤ ε1 ≤ 25η2,(8)

so that the effect of the regularization term dominates only when xi and the neigh-
boring xj are within η of an exact plane. If the graph is not nearly planar in this
sense, the left-hand side will be dominated by C(x)ẋ, which represents viscous node
resistance arising from the minimization principle (2).

3.2. Right-hand side triangle quality force. Minimization of (2) does not
prevent the collapse of triangles in the moving grid; if triangle collapse (i.e., shrinking
to zero of inscribed radius) is allowed to occur, the numerical run will have to be
terminated. To prevent triangle collapse, a right-hand side regularizing quality force
is added of the form

−ε2∇xiQ
tri,(9)

where Qtri is a dimensionless quality energy:

Qtri =
∑

triangles k

Qtrik =
∑

triangles k

[
(L
(1)
k )

2 + (L
(2)
k )

2 + (L
(3)
k )

2

Ak

]2
,(10)

where the L
(i)
k are edge lengths for triangle k and Ak is the area. Q

tri
k has a minimal

value of Qtrieql = 48 for an equilateral triangle and gets larger as the aspect ratio of
the triangle gets larger. That is, poorly shaped triangles have poor quality and a
large quality energy. Qtrik is dimensionless and is thus independent of the scale of
the triangle k. However, the force −∇xiQ

tri
k is not scale invariant and its magnitude

increases as the scale is decreased. We can thus choose ε2 to be equal to a value
such that −∇xiQ

tri
k dominates for small triangles with shortest altitude ≤ η. This

will prevent triangle collapse. Indeed, for triangle k (assuming the nomenclature of
Figure 3), we have that

−∇xiε2Q
tri
k = −ε2∇xi

(∑3
j=1(L

(j)
k )

2

Ak

)2

= −2ε2
∑3
j=1(L

(j)
k )

2

Ak

(
2
∑3
j=1 L

(j)
k ∇xi

L
(j)
k

Ak
−
∑3
j=1(L

(j)
k )

2

Ak

∇xiAk
Ak

)

= −2ε2Qtrik
(
2(L

(1)
k ∇xiL

(1)
k + L

(2)
k ∇xiL

(2)
k )∑3

j=1(L
(j)
k )

2
− ∇xiAk

Ak

)

= 2ε2Q
tri
k

(
− 2L

(1)
k

||Lk||2∇xiL
(1)
k −

2L
(2)
k

||Lk||2∇xiL
(2)
k +

t̂
(3)
k

h
(3)
k

)
,

where h
(3)
k is the altitude of the vertex xi above the opposite edge in triangle k

and ||Lk||2 is the square of the l2 norm of the edge lengths. Since −∇xi
L
(1)
k and

−∇xiL
(2)
k are unit vectors directed along the edges in triangle k that originate at xi,
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we have that the first two terms represent tension forces of magnitudes 4ε2Q
tri
k

L
(1)

k

||Lk||2

and 4ε2Q
tri
k

L
(2)

k

||Lk||2 , respectively, which act along edges that attract node xi to its

neighboring nodes in triangle k. Since t̂
(3)
k is a unit vector pointing normally towards

node xi from the edge opposite xi, the third term represents a repulsive force of

magnitude
2ε2Q

tri
k

h
(3)

k

that prevents triangle collapse. The quality force thus causes a

node to be attracted along edges and repelled along altitudes. It is zero only for
the case of an equilateral triangle. If the triangle is nonequilateral, there will be a
node with a shortest altitude that will feel a net repulsion from the opposite edge. If
the triangle shape becomes very distorted, the node will feel a repulsive force that is
arbitrarily larger than the attractive forces directed along the edges.
Assuming the case of distorted, nonequilateral triangles with shortest altitude at

xi, we wish the dominant repulsive force be comparable to the “physically justified”
driving force arising from the PDE, −∇xi

∫
µ dS, when the shortest altitude of the

triangle is of order η. Thus, referring to (5), we set

2ε2Q
tri
k

h
(3)
k

= || − ∇xiµAk||

=
µL

(3)
k

2
,

so that

ε2 =
µL

(3)
k h

(3)
k

4Qtrik
.

Since we are assuming Qtrik > Qtrieql and L
(3)
k > h

(3)
k = O(η), to obtain an order of

magnitude estimate for ε2 we insert the trial values Qtrik = 10 Qtrieql and h
(3)
k = η

(which implies that roughly L
(3)
k = 6 η). This leads to

ε2 = 3× 10−3 µη2.(11)

Certainly with Qtrik = 10 Qtrieql we have that the repulsive force along the triangle

altitude dominates, as assumed. If Qtrik > 10 Qtrieql, for triangles with shortest altitude
of order η (or larger than η for sufficiently distorted triangles) the “quality force” is
stronger than the physical tension force. This means that large aspect ratio triangles
are prevented from forming or are “locked up,” prevented from attaining an even
worse shape. In practice, these needle-shaped triangles make up a small amount
of the surface area of the computational interface surfaces and do not significantly
affect the accuracy of the computed solutions. If Qtrik < 10 Qtrieql, the quality force is

weaker and for Qtrik approaching Qtrieql we have that the attractive forces along edges

begin to cancel the repulsive force until at Qtrik = Qtrieql there is no force whatsoever.
Thus the force (9)–(10) does allow for the collapse of triangles if they remain perfectly
equilateral during collapse. However, in practice, there is always some asymmetry in
the computational runs, and so (9) with choice (11) is indeed effective at preventing
triangle collapse. In fact, ε2 is chosen to be somewhat less than the estimate (11)
since we have found that the choice of ε2 (and of the other regularization coefficients
εi in this paper) is not critical and we can err on the side of introducing less artificial
regularization forces.
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3.3. Right-hand side perimeter-dependent surface energy. The opposite
of grid collapse is excessive stretching of triangular elements. If edges exceed a certain
maximum acceptable edge length hmax, then the GWMFE method is running on too
coarse a discretization, degrading accuracy of the results. Even if the initial grid
has all edges ≤ hmax in length without explicit intervention, it is quite possible that
some edges exceed hmax in length after some grid evolution. To discourage excessive
grid stretching, we add a right-hand side surface energy that is proportional to the
perimeter of the triangles:

−∇xiε3E
perim = −∇xi

(
ε3

∑
triangles k

Eperimk

)

= −∇xi

(
ε3

∑
triangles k

(L
(1)
k + L

(2)
k + L

(3)
k )Ak

)
.(12)

This corresponds to an artificial energy density µ3 ≡ ε3pk, where pk = L
(1)
k +L

(2)
k +L

(3)
k

is the triangle perimeter. This force grows in strength as the perimeter gets large,
and thus excessive stretching of individual elements will be avoided. Since it is highly
likely that most edges will be near hmax in length, the artificial energy density will
constantly be affecting the solution, introducing errors throughout the grid. (This
is as opposed to the triangle quality force which will only affect the solution near
“hot spots” where the grid has “thin” elements nearing collapse.) Errors in surface
velocities due to (12) will be roughly O(µ3/µ) throughout the grid, so we want this
quantity to be less than some tolerance. On our O(1) grid, η represents a tolerance
on fractional error in node position. It is reasonable to also take this as fractional
error in surface velocity, and so using µ3 ≈ ε3(3hmax), we obtain

ε3 <∼
ηµ

3hmax
.(13)

4. Enlargement of system to move noninterface nodes. System (3) is
integrated using a second-order implicit variable time step ODE solver [3]. However,
it gives velocities of the interface nodes only (ẋ = ( ẋkj )

,1≤k≤3

,1≤l≤N
), and so the system

must be enlarged to include velocities for M interior nodes that are not part of the
interface. That is, we extend x to

x =

(
xinterface

xinterior

)
,

where xinterface = (x
k
j )

,1≤k≤3

,1≤l≤N
, and xinterior = (x

k
j )

,1≤k≤3

,N+1≤l≤N+M
. With this extension,

we enlarge system (3) to be order N +M .
Since interface physics only tells us how to evolve the N interface nodes, we must

“artificially” construct the extra elements in the enlarged C(x), g(x) to allow for
orderly (tetrahedra orientation preserving) evolution of the mesh. That is, given a
physically meaningful method of evolving the triangular interfaces, we are free to
develop auxiliary equations for moving the tetrahedra (some of which are conformally
attached to the triangular interfaces) with the only requirements being that these
equations lead to efficient solution of the system (3) and that they maintain positive
orientation of tetrahedra.
A natural choice for the additional equations is to generalize the left-hand side

regularization force (6) to viscously damp volume grid motions, and to generalize the
right-hand side quality force (9)–(10) to seek well-shaped tetrahedra.
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4.1. Volume grid viscosity force. To the left-hand side of (3), we add the
following contribution:

ε4

[ ∫
I3(∇α̃i · ∇α̃j) dV

]
ẋj ≡ C4(x)ẋ.(14)

Here, ∇α̃j = ∇α̃j(x) is a piecewise linear hat function defined for x ∈ R
3. α̃j is 1 on

the jth node in the tetrahedral mesh and zero on all other nodes. ∇α̃j is the gradient
of α̃j over the tetrahedra (i.e., ∇ = ∇x, where x ∈ R

3.) The integral is taken over
the whole volume domain Ω ⊆ R

3 which has been partitioned into tetrahedra. This
is a generalization of the surface grid viscosity term (6). Similar to (6)–(7), (14) is
easily seen to be equal to

ε4∇ẋi

1

2

∫
||∇ẋ||2 dV,(15)

where ẋ =
∑
j ẋjα̃j(x) is interpolated volume mesh velocity. As in the case of surface

grid viscosity, the effect of (14) is to reduce nonuniformities in volume grid velocity.
So, for example, if a collection of noninterface nodes were surrounded by a set of
interface nodes all moving at constant velocity a, the solution of the system

C4 ẋ = 0,

ẋi = a at interface nodes

would be ẋ = a at noninterface nodes as well. This is clear, since in this case∫ ||∇ẋ||2 dV is zero and is thus minimized.

To choose a suitable value for ε4, we compare (6) and (14) and arrange for these
terms to be roughly of the same order. Suppose node i is on the interfacial triangular
network. We choose ε4 so that the diagonal elements of the matrices C1 and C4 are
roughly the same. That is,

ε4

∫
∇α̃i · ∇α̃i dV ≈ ε1

∫
∇sαi · ∇sαi dS.

If we assume that the altitudes of the volume elements sharing node i are about the
same magnitude as the altitudes of the surface elements sharing node i, then the
integrands of the two integrals are roughly the same. Thus we should have

ε4 ≈ ε1

∫
∇sαi · ∇sαi dS

/∫
∇α̃i · ∇α̃i dV

≈ ε1

∫
|x−xi|≤h

dS

/∫
|x−xi|≤h

dV

=
3

4

1

h
ε1,

where h is the length of a typical edge in the mesh near node i. We approximate h by
hmax, since in practice many edges are at (or near) the longest allowed edge length in
the computation. Thus, using (8), we arrive at the guideline,

.2η2
/
hmax ≤ ε4 ≤ 20η2

/
hmax.(16)
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4.2. Volume quality force. Similar to section 3.2, to prevent tetrahedral col-
lapse and inversion as the mesh evolves, to the right-hand side of (3) we add the
tetrahedral quality force

−ε5∇xiQ
tet,(17)

where Qtet is the dimensionless quality energy

Qtet =
∑
tets p

Qtetp =
∑
tets p

∑6
n=1(L

(n)
p )2

∑4
n=1(A

(n)
p )2

V 2p
,(18)

where the L
(n)
p are the edge lengths, the A

(n)
p are the face areas, and Vp is the volume

of tetrahedron p. Qp is a dimensionless quality measure which has the minimal value
Qteteql = 324 if p is a regular (equilateral) tetrahedron but approaches infinity if p has

a worsening aspect ratio. We note that Qtrik (10) and Qtetp are both equivalent to

||L||2|| 1H ||2, the square of the l2 norm of the edge lengths of the element multiplied
by the square of the l2 norm of the inverse altitudes of the element. They are thus
dimensionless element quality measures which are extremely smooth (i.e., require no
square root evaluations).

The argument for setting ε5 is similar to that for setting ε2. Suppose one face k of
a nearly collapsed tetrahedron p is on an interface. Suppose node i is on this face. We
choose ε5 so the force on this node due to the quality force begins to dominate for small
nonregular tetrahedra with shortest altitude ≤ η. Analogous to the triangle quality
force of section 3.2, node i is attracted along the edges of tetrahedron p emanating

from the node (terms involving ∇xiL
(n)
p ), node i is attracted along the altitudes of

the faces emanating from the node (terms involving ∇xi
A
(n)
p ), and node i is repelled

along the altitude from the face opposite the node (the term involving ∇xiVp). The
quality force is zero only for the case of a regular tetrahedron. If the tetrahedron is
nonregular, there will be a node with a shortest altitude that will feel a net repulsion
from the opposite face. If the tetrahedron shape becomes very distorted, the node
will feel a repulsive force that is arbitrarily larger than the attractive forces directed
along the edges and faces. So assuming that the shortest altitude (and hence greatest
quality force) occurs at xi, we have

−ε5∇xiQ
tet
p = −ε5∇xi

∑6
n=1(L

(n)
p )2

∑4
n=1(A

(n)
p )2

V 2p

≈ 2ε5
∑6
n=1(L

(n)
p )2

∑4
n=1(A

(n)
p )2

V 2p

∇xiVp
Vp

=
2ε5Q

tet
p

hip
t̂ip,

where hip is the altitude of point xi above the opposite face in tetrahedron p, and t̂ip is
a unit vector pointing along the altitude (towards xi). As in section 3.2, we wish the
magnitude of this force to be equal to the magnitude of the physical force −∇xiµAk
due to surface tension over the interface triangle k of tetrahedron p. Again using the
nomenclature of Figure 3, we have
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2ε5Q
tet
p

hip
= || − ∇xi

µAk||

=
µL

(3)
k

2
.

So

ε5 =
µL

(3)
k hip
4Qtetp

.

To obtain an order of magnitude estimate for ε5, we insert the trial values Qtetp =

10 Qteteql and hip = η, which implies that roughly L
(3)
k = 5 η (see below). This leads to

ε5 ≈ 4× 10−4µη2.(19)

We justify the assignment L
(3)
k /hip = 5 when Qtetp = 10 Qteteql as follows. We assume

face k is roughly equilateral (the force in section 3.2 presuming to have prevented poor

aspect ratio triangles on the interface). So say L
(1)
k = L

(2)
k = L

(3)
k = L. But we are

assuming tetrahedron p has a short altitude hip at node xi pointing away from interface
triangle k into the volume. Given the classification of nearly degenerate tetrahedra in
[11, p. 286], tetrahedron p either has a single short edge at xi or no short edges at all.
In both cases, a rough calculation shows L/hip ≈ 5 when Qtetp = 10 Q

tet
eql. The remarks

at the end of section 3.2 (which discuss the cases Q < 10 and Q > 10 for triangles)
are analogously true here for tetrahedra. Again, these are only order of magnitude
estimates which are adequate for setting regularization force coefficients.

4.3. Tetrahedron lock-up. The grid forces acting on tetrahedra move the grid
by (1) acting to minimize nonuniformities in grid velocity, and (2) acting to contin-
ually improve grid element aspect ratios. The artificial grid forces have the effect
of necessarily overriding physically justified node movement when it is necessary to
prevent inversion of tetrahedra. For instance, if a tetrahedron p has all 4 nodes on an
interface, the motion given by (3) might cause the tetrahedron to invert, especially
if the interface changes its sense of curvature. By adding the quality force (17) and
(18), the tetrahedron will lock up when the shortest altitude is close to η and will
be prevented from inverting. The effect of this on the simulation is acceptable with
regard to accuracy since the lock up of a small number of tetrahedra simply removes
a small fraction of numerical degrees of freedom from the simulation. The effect is
further reduced if the locked up tetrahedra are effectively removed by merge and swap
operations mentioned in the next section.

4.4. Equation summary. After adding regularization and tetrahedral dynam-
ics terms to (3), the complete system of ODEs that we solve in our implementation
of GWMFE is[ ∫ (

n̂n̂Tαiαj + I3ε1(∇sαi · ∇sαj)
)
dS +

∫
I3ε4(∇α̃i · ∇α̃j) dV

]
ẋj

=

∫
µKn̂αi dS − ∇xi(ε2Q

tri + ε3E
perim + ε5Q

tet) , 1 ≤ i ≤ N +M.(20)

Here the system has been written as N +M 3-vector equations, one associated with
each of the N interface nodes and M interior nodes. The left-hand side is an implied
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sum over all the nodes j in the mesh. The “artificial” terms involving ε1, . . . , ε5 and
guidelines for setting ε1, . . . , ε5 are explained in (6), (8), (9)–(11), (12), (13), (14),
(16), (17)–(19). For the left-hand side, if either i or j is not an interface node, then
the surface integral is not defined and does not contribute to the left-hand side. On
the right-hand side of (20), if i is not an interface node, then only the term involving
Qtet is defined and contributes to the right-hand side.

5. Grid maintenance operations. As the surfaces move and grains deform,
mesh maintenance and mesh optimization tools are used to ensure good element
quality and to ensure grid edges do not stretch beyond the allowable maximum length
hmax. Primitive grid operations provided by periodic calls to LaGriT, the Los Alamos
Grid Toolbox [8], provide a basis for mesh maintenance and optimization. The merge
primitive accepts as input lists of pairs of neighboring nodes: merge candidate nodes
and survivor nodes. If the merge is completed, only one of the pair survives and the
mesh connectivity is repaired to reflect that one node has been deleted. Before the
merge takes place, LaGriT verifies that the merge will not cause tetrahedra to become
inverted and that the node types and surface constraints of the survivor and merged
nodes will lead to a legal merge. The refine primitive used in these simulations adds
nodes at the midpoints of selected edges. LaGriT sets the node type and surface
constraints of the added nodes by determining if the added node is in the interior, on
a material interface, or on an exterior boundary. The grid connectivity is repaired to
include the new elements created by connecting the new node to the other vertices
of the elements which contained the refined edge. Depending on what is desired by
the user, the recon primitive swaps connections to either improve a measure of the
geometric quality of the elements (closely related to Qtetp in (18)) or to maximize the
number of elements satisfying the familiar “Delaunay” criterion.
The three primitives, refine, merge, and recon, are combined into the LaGriT

grid optimization operation called massage. (Massage is similar to the algorithm
presented in [10].) Massage accepts three arguments: a creation edge length, an
annihilation edge length, and a damage tolerance. (In our numerical runs, we set
these three tolerances to .3, .3, and .01, respectively.) Refinement is carried out
such that no edge in the grid has length greater than the creation edge length. The
refine primitive is invoked using a version of an algorithm due to Rivara [20]. In the
algorithm, an edge marked for refinement is placed on a stack. The algorithm then
checks that the elements containing the marked edge have no other edges longer than
the marked edge. If longer edges are encountered, they are placed on the stack ahead
of the marked edge. The process continues recursively. The refinement candidates are
then popped off the stack and refined, resulting in a refinement pattern proceeding
from the longest edges to the shortest; this pattern is desirable since it usually does
not degrade element quality. Massage may attempt to merge pairs of points only
if the resulting grid has no edge length greater than the annihilation length. The
damage tolerance specifies the amount of change to the shape of a material interface
that is permissible. If a node that sits on a material interface is merged out, the
interface will become flatter at that point. If the distance from the merged node’s
original position to its projected position on the flattened interface is greater than the
damage tolerance, the merge will not be allowed. Since merge and (less commonly)
refine can produce poorly shaped tetrahedra, then recon is used to restore well-shaped
elements.

6. Mesh response to grain topology changes: Recoloring. As grain bound-
aries move, topology changes must be detected and the mesh must be modified to
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reflect these topological changes. The topology changes are detected by assembling
and monitoring the rate of change of sets of topological components. To detect grain
collapse, we assemble sets of connected elements of the same material. For interface
surface collapse we assemble sets of connected interface triangles between two ma-
terials; for boundary surface detachment, we assemble sets of connected boundary
triangles that lie on a given boundary surface; for triple line collapse where a line is
surrounded by three or more materials, we assemble sets of connected edges. We mon-
itor the rate of collapse of these sets, and when a collapse or detachment is imminent,
the mesh is adjusted. We identify a neighborhood that completely surrounds the col-
lapsing feature and assign a new material to the elements in this neighborhood. We
refer to this as recoloring. Ideally, the encroaching material that is accumulating most
rapidly is chosen to be the new material, but in this first version of our algorithm,
the new material is chosen randomly from a list of viable adjacent materials. Soon
after the material reassignment, the curvature driven interface motion will effectively
straighten the interfaces. Figure 4 is a schematic of three types of topological change.
The first frame in each sequence shows the event as it is detected by GRAIN3D;
the dotted line demarcates the neighborhood to receive a new material assignment.
The second frame shows the mesh just after the material reassignment, and the third
frame shows the mesh after the interfaces have straightened. A further topological
change, self-pinchoff, where a grain intersects itself and splits into two pieces, is yet
to be incorporated in GRAIN3D.

7. Comparison against known solutions. To gauge the accuracy of the
GWMFE method, we set up two types of test cases with analytically known collapse
rates: spherical collapse and columnar grains.

7.1. Spherically symmetric collapse. The collapse of a spherical grain is
easily solvable analytically and provides our first test of the accuracy of GWMFE.
Assuming that a sphere is collapsing with normal velocity equal to the curvature (i.e.,
the sum of principle curvatures), we have

dr

dt
= K = −2

r
.

So

dA

dt
=

d(4πr2)

dt

= 8πr
dr

dt
= −16π.

The rate of change of surface areas is thus constant and is thus a convenient quantity
to use for comparison with a numerical GWMFE solution. In Figure 5 we show
the initial grid for a 42-node polyhedral representation of the sphere and then at
t = 0.04. In Figure 6, we do the same for a 162-node sphere. The highest resolution
case of a 642-node sphere is not shown. For each case, the triangles on the surface
of the sphere are visible. Edges from tetrahedra conformally attached to the outside
of the sphere are visible as well. Of course, tetrahedra within the sphere are not
visible. Each surface point on the sphere is placed at exactly radius 0.5. We ran the
code with µ = 1, η = 10−3, hmax = 0.3, ε1 = 5η2, ε2 = 10−4η2µ, ε3 = ηµ

/
hmax,

ε4 = 5η
2
/
hmax, and ε5 = 10

−4η2µ. In Figures 7–9, we display results for these cases
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Fig. 4. Topological collapse detection and resolution by GRAIN3D.

showing computed graphs of dAdt vs. t and A vs. t (each dot signifies a time step)
and compare them against the analytical results. Note that we apparently converge
to the correct −dAdt as the number of nodes is increased. Also note that at t = 0,
each numerical solution starts with a surface area less than the exact area π due to
the flatness of the triangular facets. As can be seen, this initial surface area deficit is
essentially maintained unchanged as the sphere collapses. Hence, errors introduced by
the numerical solution seem to be less than errors introduced by simply discretizing
the initial condition!

Of course, near the terminal time t = π
16π = 0.0625, we have that the numerical

solution for these three cases deviates from the analytic solution. Near the terminal
time, the tetrahedra inside the sphere have been collapsed to the point that the
shortest altitudes approach η and the tetrahedral quality force (17)–(18) takes over
and stops the collapse. If this were a grain growth simulation run, the topology change
software would have recolored the collapsing tetrahedra to the color of the surrounding
medium close to the terminal time. However, by turning off the recoloring algorithm,
we are able to see how the tetrahedral quality force eventually will dominate if no
corrective topological change is taken.

To get a better idea of the accuracy of the pure GWMFE method without regu-
larization, we reran these three cases with µ = 1, η = 10−3, hmax = 0.3, ε1 = .001η2,
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Fig. 5. Initial 162-node sphere (with attached tetrahedra) and at t = 0.04.

Fig. 6. Initial 162-node sphere (with attached tetrahedra) and at t = 0.04.

ε2 = 0, ε3 = 0, ε4 = .001η2
/
hmax, and ε5 = 0, which represent zero right-hand side

regularization forces and left-hand side internodal viscosities far smaller than recom-
mended. We plotted −dAdt for these three cases against the theoretical collapse rate in
Figure 10. These simulations abruptly end when the terminal time is reached in the
absence of counterbalancing tetrahedral quality forces. It is apparent from this figure
that the error in −dAdt is constant over each run, and that the error is cut by roughly
a factor of 4 when one increases the number of nodes from 42 (Case 1) to 162 (Case
2), and then the error drops by a factor of four when the number of nodes is increased
again from 162 to 642 (Case 3). Since Case 2 represents a refinement which reduces
by a factor of 2 the spacing h between nodes on the initial polyhedron (as compared to
the 42-noded polyhedron of Case 1), and since Case 3 represents a further refinement
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Fig. 7. Results for 42-node sphere run.
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Fig. 8. Results for 162-node sphere run.

and halving of h, it is tempting to say the error in −dAdt as computed by the pure
GWMFE method is O(h2). However, as t → 0.0625, we have that h → 0, but the
error remains constant. Instead, consider the Gauss map n̂ : M �→ S2 which maps
each point x on a surface M to the unit outward normal n̂(x) of the surface at x. We
define ∆θ to be the distance between mapped grid points on the unit sphere. Then at
all times for these three numerical test runs, the error in −dAdt using GWMFE appears
to be O((∆θ)2

)
. Thus, it would appear that high accuracy of the GWMFE solution

depends on good angular resolution of the discretized surface.

The grid maintenance operations in section 5 (which are used in more complex
microstructures such as that in section 8) strive to maintain a maximum edge length
hmax rather than a coarsest angular resolution ∆θ. Given the statements of the last
paragraph, this implies that small grains in the computations involving grid mainte-
nance operations will have a relatively coarser angular discretization and will suffer
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Fig. 9. Results for 642-node sphere run.
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larger computational errors than larger grains. This is somewhat unavoidable, how-
ever, since in practical computations grains must be coarsened just prior to collapse.

7.2. Columnar microstructures. Our second set of test cases involve colum-
nar microstructures which are arbitrary 2-D collections of grains that are extended
into 3-D to be right cylinders. These microstructures do not possess curvature in 3-D,
and thus are amenable to a 2-D analysis.

In 2-D, microstructures moving under curvature driven motion also obey Von
Neumann’s law [17], which states that for an interior grain G surrounded by n neigh-
bors G1, G2, . . . , Gn, the rate of area growth of G is

dA

dt
= µ

π

3

(
n− 6).(21)
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Fig. 11. Loss of angle at triple point.

Fig. 12. Initial 16-node columnar microstructure and at t = 0.2. The term 16-node refers to
the number of nodes bounding top surface of internal grain.

This is easily derived as follows. We have that

dA

dt
= −

∫
∂G

vn ds,

where vn is normal inward velocity, and the integral is taken over the arclength of the
boundary of G. Since vn = µK,

dA

dt
= −

∫
∂G

µK ds

= −µ
∫
∂G

dθ

ds
ds

= −µ
∫
∂G

dθ.

∫
∂G

dθ is not 2π if n > 0, since at each triple point junction, there is a 60◦ loss of
angle due to the 120◦–120◦–120◦ equilibrium angle condition (Figure 11) that exists
at triple points resulting from the necessity of force balance of surface tension at the
triple point. The interior grain G has n such triple points. We thus obtain (21).
In Figure 12 we show the initial grid for a five grain columnar microstructure

with the axis running top to bottom. A central square-columnar grain G (light in
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color) is surrounded by four trapezoidal-columnar grains G1, G2, G3, G4 (darker in
color). The area A of the top surface of the central grain is 1 × 1 = 1, while the
total top area of all five grains put together is 2× 2 = 4. GRAIN3D was run on this
initial microstructure using the same parameter values as in the regularized run of
section 7.1. Nodes on the exterior planes were allowed to slide on the planes, nodes
on exterior edges were allowed to slide on the edges, and the eight corner nodes were
fixed. For this run, each of the four interfaces between the four surrounding grains
(i.e., G1 ∩G2, G2 ∩G3, G3 ∩G4, and G4 ∩G1) was associated with and pinned to a
vertical exterior edge.
Figure 12 also shows the evolved microstructure, as computed by GRAIN3D, at

t = 0.2. The grains have remained columnar and the top surface of the central grain
has shrunk. The four triple points on the top surface have adopted the correct 120◦–
120◦–120◦ angle at this time. In Figure 13, we see computed and exact curves for
−dAdt vs. t and A vs. t, where we have used (21) with n = 4 to obtain the “exact” value

−dAdt = 2π
3 . (We have called this run N = 16, since A is bounded by 16 computational

nodes.) For this run, the computed and exact A vs. t are virtually identical. For most
of the run, the computed and exact values for −dAdt are virtually indistinguishable.
At the beginning of the run there is a “blip,” where −dAdt is significantly higher than
the theoretical value of 2π3 . We attribute this to the state of the four triple points
in the initial data. These four triple points are 90◦–135◦–135◦ in the initial data,
which is not the 120◦–120◦–120◦ force balance equilibrium that should exist. Thus
the initial blip represents rapid relaxation to the force balance state; essentially the
code has accepted “incorrect” initial data (with forces not in balance at the triple
points) and relaxed it to an acceptable state on a rapid time scale. The final blip in
−dAdt occurs near the terminal time t = 3

2π when the central grain has been reduced
to an extremely thin column, by which time the recoloring algorithm would have
changed the topology, had it been activated. This blip is not surprising since the
slender grain carries with it virtually no energy (due to its vanishingly small surface
area), and therefore errors present (i.e., due to the nonphysical regularization forces)
may well be magnified at this advanced stage.
In Figure 14, we see −dAdt vs. t and A vs. t for an N = 32 geometry (i.e., at twice

the grid density of the one pictured in Figure 12). The initial anomalously high −dAdt
blip is shorter lived, and the final blip at the terminal time has disappeared.
A study of “pure” GWMFE error (with regularization turned off) is impossible

for this problem. It was possible in the highly symmetrical sphere collapse problem of
section 7.1, but in this problem, which exhibits less symmetry and which has chang-
ing triple point angles, the regularization forces play a crucial role in preserving the
positivity of all triangle areas and tetrahedral volumes throughout the computation.

8. Numerical example with 3-D microstructure. In this section, we show
how GRAIN3D evolves a truly 3-D microstructure to steady-state, successfully main-
taining mesh quality and performing necessary topological changes during the course
of the calculation. In Figure 15(a), we show an initial five grain microstructure pro-
vided by the LaGriT tetrahedral mesh generator. We evolve the mesh with GRAIN3D,
using the same regularization parameters as in the previous regularization runs.
The nodes are allowed to slide on the external surfaces, as in section 7.2. Every
∆tmassage = 0.04 time units, the mesh topology is massaged: edges that are too long
are bisected, unneeded nodes are eliminated, and connections are swapped if neces-
sary. Whenever we detect that a topological component is about to collapse (such
as a grain, a grain-grain interface, or a triple line) in the next ∆tcollapse = 0.002 time



MODELING MICROSTRUCTURE EVOLUTION 557

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time, t

0

0.5

1

1.5

2

2.5

3

3.5

C
ol

la
ps

e 
R

at
e,

 d
A

/d
t

Collapsing 4Sided Cylindrical Grain, N=16

dA/dt, computed
dA/dt, exact

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

S
ur

fa
ce

 A
re

a,
 A

A, computed
A, exact 

Fig. 13. Results for 16-node run.
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Fig. 14. Results for 32-node run.

units, we call the recoloring algorithm to effectively perform the necessary topological
change.

The massage algorithm is called immediately after t = 0.00, and the regularization
forces (especially perimeter dependent surface energy (12)) fatten the elements, so by
t = 0.02 (Figure 15(b)), the mesh is much improved. In 15(c), we have made one
grain graphically transparent to reveal triples lines and quadruple points. At t = 0.20
(15(d)), the invisible grain has shrunk. At t = 0.30 (15(e)), the invisible grain has
detached from the rear wall. In 15(f), the invisible grain is near collapse. By 15(g),
the grain has been eliminated by the recoloring algorithm. This figure also shows a
small rear grain about to collapse. In 15(i) this grain has collapsed and we are down
to three grains. In fact, the microstructure is now columnar (the axis runs front to
back) and would be perfectly well modeled by a 2-D front tracking code, such as that
described in [5]. At t = 1.50 (15(j)), the light colored grain has disappeared, leaving
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(a) t = 0.00. Initial grid is from LaGriT. (b) t = 0.02. Grid improved by regularization

and massage.

(c) t = 0.02. Grid with grain graphically (d) t = 0.02. Invisible grain has shrunk.

removed for illustration.

(e) t = 0.30. Invisible grain has detached (f) t = 0.45. Invisible grain about to collapse.

from rear wall.

Fig. 15 (a)–(f). Grain evolution time sequence computed by GRAIN3D.

a collapsing circular-columnar grain and a larger complementary grain. At t = 1.75
(15(k)), the circular-columnar grain has collapsed, leaving the entire computational
domain covered by a single grain. Evidence of the grain collapse is visible in that
the grid is somewhat finer in the bottom right-hand corner. Finally, at t = 1.80
(15(l)), massage and regularization have coarsened the grid in the vicinity of the last
collapsed grain. Of course, the difference between the grids at t = 1.75 and t = 1.80 is
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(g) t = 0.47. Invisible grain has collapsed. (h) t = 0.80. Surface triple points draw apart.

(i) t = 1.10. A second grain has collapsed. (j) t = 1.50. A third grain has collapsed.

The microstructure is now 2-D.

(k) t = 1.75. Fourth grain has collapsed. (l) t = 1.80. Grid improved by regularization

One grain left. and massage.

Fig. 15 (g)–(l). Grain evolution time sequence computed by GRAIN3D.

purely nonphysical—the grain is the same, but the grid is different. The run is truly
completed at t = 1.75 when the microstructure evolution has ceased, but it isn’t until
t = 1.80 that the grid has settled down.
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AN APPROXIMATION TO MISCIBLE FLUID FLOWS IN POROUS
MEDIA WITH POINT SOURCES AND SINKS BY AN

EULERIAN–LAGRANGIAN LOCALIZED ADJOINT METHOD AND
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Abstract. We develop an Eulerian–Lagrangian localized adjoint method (ELLAM)-mixed finite
element method (MFEM) solution technique for accurate numerical simulation of coupled systems of
partial differential equations (PDEs), which describe complex fluid flow processes in porous media.
An ELLAM, which was shown previously to outperform many widely used methods in the context
of linear convection-diffusion PDEs, is presented to solve the transport equation for concentration.
Since accurate fluid velocities are crucial in numerical simulations, an MFEM is used to solve the
pressure equation for the pressure and Darcy velocity. This minimizes the numerical difficulties
occurring in standard methods for approximating velocities caused by differentiation of the pressure
and then multiplication by rough coefficients.

The ELLAM-MFEM solution technique significantly reduces temporal errors, symmetrizes the
governing transport equation, eliminates nonphysical oscillation and/or excessive numerical disper-
sion in many simulators, conserves mass, and treats boundary conditions accurately. Numerical
experiments show that the ELLAM-MFEM solution technique simulates miscible displacements of
incompressible fluid flows in porous media accurately with fairly coarse spatial grids and very large
time steps, which are one or two orders of magnitude larger than the time steps used in many meth-
ods. Moreover, the ELLAM-MFEM solution technique can treat large mobility ratios, discontinuous
permeabilities and porosities, anisotropic dispersion in tensor form, and point sources and sinks.

Key words. characteristic methods, Eulerian–Lagrangian methods, miscible fluid flows in
porous media with wells, numerical simulation of convection-diffusion equations, reservoir simula-
tion, subsurface contaminant transport

AMS subject classifications. 65M25, 65M60, 76M10, 76S05
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1. Introduction. Many difficult problems arise in the numerical simulation of
complex fluid flow processes in reservoir simulation, subsurface contaminant transport
and remediation, and other applications. The mathematical models used to describe
these fluid flow processes are coupled systems of nonlinear partial differential equa-
tions (PDEs), which are basically convection/diffusion types with convection being
the dominant process. Due to the nonlinearity and couplings of these PDEs, the
moving steep fronts present in the solutions of these PDEs, the singularities of the
solutions at the point sources and sinks (e.g., injection and production wells), and the
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enormous size of field-scale applications, the numerical treatment of these systems
often encounters severe difficulties.

Let c(x, t) be the concentration of an invading fluid, and let p(x, t) and u(x, t)
be the pressure and Darcy velocity of the total fluid mixture. The mass conserva-
tion equation for the fluid mixture incorporated with the incompressibility condition,
Darcy’s law, and the mass conservation equation for the invading fluid lead to the
following coupled system of PDEs [3, 15], which models the miscible displacement
of one incompressible fluid by another in a porous medium reservoir Ω over a time
period of [0, T ]:

∇ · u = q, x ∈ Ω, t ∈ [0, T ],
u = − K

µ(c)
(∇p− ρg∇d), x ∈ Ω, t ∈ [0, T ],(1.1)

φ
∂c

∂t
+∇ · (uc−D(x,u)∇c) = c̄q, x ∈ Ω, t ∈ [0, T ].(1.2)

In many cases, the thickness of the medium is significantly smaller than its length
and width. Hence, it is reasonable to average the medium properties vertically and
to assume Ω ⊂ R

2 with a nonuniform local elevation. In (1.1)–(1.2), x := (x, y).
The dependent variables are the pressure p(x, t) and the Darcy velocity u(x, t) :=
(ux(x, t), uy(x, t)) of the fluid mixture, where ux(x, t) and uy(x, t) are the x and y
components of u, respectively, and the volumetric concentration c(x, t) of the invading
fluid. K(x) is the 2× 2 permeability tensor of the medium, µ(c) is the concentration-
dependent viscosity of the fluid mixture, which is determined by some mixing rule

µ(c) = µ(0)[(1− c) +M
1
4 c]−4,(1.3)

where M is the mobility ratio between the resident and injected fluids, and µ(0) is
the viscosity of resident fluid (oil). ρ is the density of the fluid mixture, g is the
magnitude of gravitational acceleration, d(x) is the reservoir depth, q(x, t) is the
external source/sink term that accounts for the effect of injection and production
wells, φ(x) is the porosity of the medium, D is the diffusion-dispersion tensor

D(x,u) := φ(x)dm I+
dl
|u|
(

u2
x uxuy

uxuy u2
y

)
+

dt
|u|
(

u2
y −uxuy

−uxuy u2
x

)
,(1.4)

where dm is the molecular diffusion coefficient, I is the 2 × 2 identity tensor, and dl
and dt are the longitudinal and transverse dispersivities, respectively. c̄(x, t) is either
the specified concentration of the injected fluid at injection wells or c̄(x, t) = c(x, t)
is the resident concentration at production wells.

In reservoir simulation, the boundary Γ := ∂Ω is typically impermeable. Conse-
quently, the associated boundary conditions are given by

u · n = 0, (x, t) ∈ Γ× [0, T ],
(D∇c) · n = 0, (x, t) ∈ Γ× [0, T ].(1.5)

In addition, the systems (1.1)–(1.2) also need an initial condition for the concentration

c(x, 0) = c0(x), x ∈ Ω.(1.6)

The combination of the first equation in (1.1) and that in (1.5) leads to the following
compatibility condition that must be imposed on the data:∫

Ω

q(x, t)dx = 0, t ∈ [0, T ].(1.7)
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Equation (1.7) states that for an incompressible flow with an impermeable boundary,
the amount of injected fluid should be equal to the amount that is produced. In
addition, (1.1) with the no-flow boundary condition (1.5) can only determine the
pressure p(x, t) up to an additive constant for all the time t ∈ [0, T ]. However, this
indeterminacy is of no consequence since u is uniquely determined by Darcy’s law,
and only u (not p) is needed in (1.2).

2. State of the art in numerical approximations. The principal variable of
physical interest in (1.1)–(1.2) is the concentration c(x, t). In reservoir simulation, it
indicates how much of the reservoir is swept by solvent, or equivalently, how much
oil is recovered. In subsurface contaminant transport, it shows the movement of the
concerned solute in groundwater porous medium flows, which one wants to determine.
Because the magnitude of the diffusion-dispersion tensorD is often much smaller than
that of the Darcy velocity u, (1.2) for c is a strongly convection-dominated PDE with
small diffusion and dispersion terms indicated by the size of the coefficients dm, dl,
and dt in (1.4). Moreover, (1.1)–(1.2) are a coupled system of PDEs which is typically
defined on a very large physical domain.

2.1. Numerical methods for elliptic pressure PDEs. One important issue
in the simulation of porous medium flows is the manner in which the Darcy velocity u
is calculated. Since the convection and diffusion-dispersion terms in (1.2) are governed
by the Darcy velocity, accurate approximation to the concentration c requires an
accurate approximation to the Darcy velocity u. However, the properties of the
porous medium (e.g., K) often change abruptly with sharp changes in lithology. The
viscosity µ(c) also changes rapidly across fluid interfaces. These sharp changes are
accompanied by large changes in the pressure gradient which, in a compensatory
fashion, yield a fairly smooth Darcy velocity u. Standard finite difference or finite
element methods (FDMs, FEMs, respectively) solve (1.1) for the pressure p, which is
not necessarily smooth due to the impact of the rough coefficients. The resulting p
is then differentiated numerically and then multiplied by a possibly rough coefficient
to determine the Darcy velocity u. Therefore, these methods generate a rough and
often inaccurate velocity u, which then reduces the accuracy of the approximation
to (1.2). Mixed finite element methods (MFEMs) [6, 24] approximate both p and u
from the system (1.1) simultaneously, yield an accurate velocity field u, and conserve
mass. MFEMs have been successfully applied in reservoir simulation [15, 27].

2.2. Numerical methods for convection-diffusion PDEs. Standard FDMs
or FEMs tend to generate solutions with severe nonphysical oscillations. In indus-
trial applications, upstream weighting techniques are commonly used to stabilize the
numerical approximations in large-scale simulators. However, these methods produce
excessive numerical dispersion and spurious effects related to the grid orientation [15].
Two general classes of improved methods can be identified from the literature: the
Eulerian methods that use the standard temporal discretization and the characteristic
methods that carry out the temporal discretization by a characteristic tracking.

Most Eulerian methods are based on upstream weighting techniques. The op-
timal test function methods [2, 10] attempt to minimize the spatial error and yield
an upstream bias in the resulting schemes. Some Eulerian methods [5] try to reduce
the overall truncation error by using a nonzero spatial error to cancel temporal er-
rors. The streamline diffusion FEMs [20, 21] add a numerical diffusion only in the
direction of streamlines with no crosswind diffusion introduced. However, an a priori
choice of the free parameter in the methods is not clear and is heavily problem de-
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pendent. The total variation diminishing methods (TVD), essentially nonoscillatory
(ENO) methods, and other high resolution methods [11, 14, 18, 29] are well suited for
nonlinear hyperbolic conservation laws and resolve shock discontinuities in the solu-
tions without excessive smearing or spurious oscillations. These methods were ex-
tended to solve convection-diffusion PDEs [9].

Because of the hyperbolic nature of convective transport, many characteristic
methods have been developed for solving convection-diffusion PDEs [4, 13, 23, 30].
Traditional forward tracking or moving mesh methods advance the grids following the
characteristics and greatly reduce temporal errors. But they often severely distort
the evolving grids and greatly complicate the solution procedures. The modified
method of characteristics (MMOC) [13] tracks the characteristics backward from a
fixed grid at the current time step and, hence, avoids the grid distortion problems
present in forward tracking methods. The MMOC symmetrizes and stabilizes the
convection-diffusion PDEs, greatly reduces temporal errors and so allows for large
time steps in a simulation without loss of accuracy, and eliminates the excessive
numerical dispersion and grid orientation effects present in many Eulerian methods
[15, 27]. However, MMOC and many other characteristic methods fail to conserve
mass and have difficulties in treating general boundary conditions.

2.3. Numerical approximations to the systems (1.1)–(1.2). The combi-
nation of close couplings and nonlinearities of the governing PDEs, the singularities
of the solutions due to the effect of injection and production wells, the moving steep
fronts present in the solutions of the governing PDEs, the use of large grid-spacings,
and the convection-diffusion feature of the governing PDEs often generate spurious
numerical artifacts and inaccurate approximations to the systems. A blind lineariza-
tion with little regard to the properties of the governing PDEs or the solutions can
result in extremely large, ill-conditioned, nonlinear discrete algebraic systems. These
issues, if not treated carefully, may destroy the usefulness of the simulation.

Fully explicit methods are computationally local and are very efficient per time
step, but they often require extremely fine spatial grids and time steps and result in
enormous amounts of overall computations in numerical simulations [15, 31]. Fully
coupled and fully implicit methods solve all of the coupled nonlinear PDEs simul-
taneously in an implicit fashion, and they are unconditionally stable. There has
been development of fully implicit FDM or FEM simulators for three phase flows, for
steam flooding, and for compositional models [15, 27]. However, these methods are
computationally expensive per time step and introduce excessive numerical diffusion
and reduced accuracy with large time steps [15, 31]. IMPES methods, which solve
(1.1) implicitly for pressure and (1.2) explicitly for saturation (or concentration), pro-
vide variations to fully explicit methods to obtain better stability without increasing
complexity too much. However, for difficult nonlinearities, IMPES methods are of-
ten forced to use extremely small time steps which lead to significantly compromised
computational efficiency [15].

Douglas, Ewing, and Wheeler [12] presented and analyzed an efficient sequential
linearization technique for the miscible displacement of one incompressible fluid by
another in a porous medium. In the procedure, an MFEM was used to solve (1.1)
for the pressure and Darcy velocity and a Galerkin FEM was used to solve (1.2)
for the concentration. However, the use of a Galerkin FEM may generate numerical
solutions with severe oscillation. Russell generalized the work in [13] and introduced
the MMOC into the Society of Petroleum Engineers (SPE) literature [25] for solving
(1.2) in miscible displacement of incompressible fluids in reservoir simulation, where
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the pressure equation (1.1) was solved by a biquadratic FEM. Subsequently, Ewing,
Russell, and Wheeler in [12] and Russell in [25] combined the ideas and proposed an
improved MMOC-MFEM sequential solution technique in the numerical simulation of
the miscible displacement of incompressible fluid flows in porous media [16], in which
the MMOC was used to solve (1.2) and an MFEM was employed to solve (1.1). The
use of an MFEM for the pressure equation yields accurate Darcy velocity fields that
conserve mass, while the application of MMOC allows large time steps to be used
in the solution of the transport equation without loss of accuracy and eliminates the
numerical dispersion and grid orientation effects that are among the major difficulties
presented in large-scale reservoir simulators [15, 27].

3. An ELLAM scheme for the transport equation (1.2). The ELLAM
was introduced by Celia et al. [8] for solving (one-dimensional constant-coefficient)
convection-diffusion PDEs. The ELLAM formalism provides a general characteristic
solution procedure for convection-dominated PDEs and a consistent framework for
conserving mass and treating general boundary conditions. The ELLAM techniques
symmetrize these PDEs, generate accurate numerical solutions even if large time steps
are used, and eliminate nonphysical oscillations, numerical dispersion, and grid orien-
tation artifacts. Thus, the ELLAM framework overcomes the principal shortcomings
of the previous characteristic methods while maintaining their numerical advantages.
In this section, we present an ELLAM scheme for the transport equation (1.2) under
the assumption that the Darcy velocity u is known. An ELLAM-MFEM sequential
solution technique for the coupled systems (1.1)–(1.2) will be described in section 5.

3.1. A reference equation. We define a partition of the interval [0, T ] by

0 =: tc0 < tc1 < · · · < tcn < · · · < tcN−1 < tcN := T and ∆tcn := tcn − tcn−1.(3.1)

In the ELLAM framework, we choose the test functions z(x, t) to be continuous
and piecewise smooth on the space-time strip Ω × (tcn−1, t

c
n]. We allow them to be

discontinuous in time at time tcn−1 so that the ELLAM scheme can be decoupled in
time. This in turn permits us to focus on the development of the scheme on the current
time interval [tcn−1, t

c
n] only and to define the test functions by constant extension

along the characteristics as we should see below. We refer readers to [1, 8, 31] for
details. Multiplying (1.2) by these test functions z(x, t), and integrating the resulting
equation over the space-time strip Ω× (tcn−1, t

c
n], we obtain the following space-time

weak formulation for (1.2):

∫
Ω

φ(x)c(x, tcn)z(x, t
c
n) dx+

∫ tcn

tc
n−1

∫
Ω

∇z(y, θ) ·D(y,u(y, θ))∇c(y, θ) dydθ

−
∫ tcn

tc
n−1

∫
Ω

c(y, θ)

[
φ(y)

∂z(y, θ)

∂θ
+ u(y, θ) · ∇z(y, θ)

]
dydθ(3.2)

=

∫
Ω

φ(x)c(x, tcn−1)z(x, t
c,+
n−1) dx+

∫ tcn

tc
n−1

∫
Ω

c̄(y, θ)q(y, θ)z(y, θ) dydθ,

where z(x, tc,+n−1) := limt→tc
n−1

, t>tc
n−1

z(x, t) to take into account the fact that z(x, t)
is discontinuous in time at time tcn−1. We replace the dummy variables x and t in the
space-time integrals in (3.2) by y and θ, and we reserve x for the point in Ω at time
tcn or t

c
n−1 for later convenience.
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Different splittings of the adjoint equation of (1.2) are studied in the ELLAM
framework. It is shown [8] that the test functions should be chosen to satisfy the
adjoint equation of (1.2) to reflect the hyperbolic nature of (1.2):

φ(y)
∂z(y, θ)

∂θ
+ u(y, θ) · ∇z(y, θ) = 0, y ∈ Ω, θ ∈ [tcn−1, t

c
n].(3.3)

Thus, the test functions z(y, θ) should be constant along the characteristics y =
r(θ;x, tcn), defined by the initial-value problem of the differential equation

dr

dθ
=
u(r, θ)

φ(r)
and r(θ; x̄, t̄)

∣∣∣
θ=t̄

= x̄.(3.4)

For any (y, θ) ∈ Ω × [tcn−1, t
c
n], there exists an x ∈ Ω such that y = r(θ;x, tcn). We

apply the Euler formula at time tcn to evaluate the source and sink term in (3.2) to
obtain ∫ tcn

tc
n−1

∫
Ω

c̄(y, θ)q(y, θ)z(y, θ) dydθ

=

∫
Ω

∫ tcn

tc
n−1

c̄(r(θ;x, tn), θ)q(r(θ;x, tn), θ)z(x, tn)

∣∣∣∣∂r(θ;x, tcn)∂x

∣∣∣∣ dθdx
= ∆tcn

∫
Ω

c̄(x, tcn)q(x, t
c
n)z(x, t

c
n)dx+ Eq(c̄, z),

(3.5)

where |∂r(θ;x,tcn)
∂x | = 1 + O(tcn − θ) is the Jacobian of the transformation from x to

y = r(θ;x, tcn), and Eq(c̄, z) is the local truncation error term.
Likewise, we evaluate the diffusion-dispersion term in (1.2) to obtain∫ tcn

tc
n−1

∫
Ω

∇z(y, θ) ·D(y,u(y, θ))∇c(y, θ) dydθ

= ∆tcn

∫
Ω

∇z(x, tcn) ·D(x,u(x, tcn))∇c(x, tcn) dx+ ED(c, z),

(3.6)

where ED(c, z) is the local truncation error term.
Substituting (3.5) and (3.6) into (3.2), we obtain a reference equation∫

Ω

φ(x)c(x, tcn)z(x, t
c
n) dx+∆t

c
n

∫
Ω

∇z(x, tcn) ·D(x,u(x, tcn))∇c(x, tcn) dx(3.7)

=

∫
Ω

φ(x)c(x, tcn−1)z(x, t
c,+
n−1) dx+∆t

c
n

∫
Ω

c̄(x, tcn) q(x, t
c
n)z(x, t

c
n) dx+ E(c, z),

where

E(c, z) :=

∫ tcn

tc
n−1

∫
Ω

c(y, θ)

[
φ(y)

∂z(y, θ)

∂θ
+ u(y, θ) · ∇z(y, θ)

]
dydθ

−ED(c, z) + Eq(c̄, z).

(3.8)

3.2. An ELLAM scheme. We present an ELLAM scheme for (1.2). In reser-
voir simulations, the physical domain is typically a rectangular domain or a finite
union of rectangular domains. For simplicity, we assume Ω := (ax, bx)× (ay, by) and
define a tensor-product spatial partition

ax =: xc0 < xc1 < · · · < xci < · · · < xcI−1 < xcI := bx,
ay =: yc0 < yc1 < · · · < ycj < · · · < ycJ−1 < ycJ := by.

(3.9)
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We define the trial and test function spaces to be the space of continuous and
piecewise bilinear polynomials on the partition (3.9). Namely,

Sc(Ω) :=M c
0,1[ax, bx]⊗M c

0,1[ay, by],(3.10)

where

M c
α,β [ax, bx] :=

{
v ∈ Cα[ax, bx]

∣∣∣ v|[xc
i−1

,xc
i
] ∈ Pβ [xci−1, x

c
i ], i = 1, . . . , I

}
,

M c
α,β [ay, by] :=

{
v ∈ Cα[ay, by]

∣∣∣ v|[yc
j−1

,yc
j
] ∈ Pβ [ycj−1, y

c
j ], j = 1, . . . , J

}
.

(3.11)

Here, C0[a, b] denotes the space of continuous functions on [a, b] and Pβ [a, b] is the
space of univariate polynomials of degree less than or equal to β, restricted to the
interval [a, b].

If we assume that the Darcy velocity u(x, tcn) in (1.2) is known, then the ELLAM
scheme is defined as follows: Find c(x, tcn) ∈ Sc(Ω) such that∫

Ω

φ(x)c(x, tcn)z(x, t
c
n) dx+∆t

c
n

∫
Ω

∇z(x, tcn) ·D(x,u(x, tcn))∇c(x, tcn) dx

=

∫
Ω

φ(x)c(x, tcn−1)z(x, t
c,+
n−1) dx+∆t

c
n

∫
Ω

c̄(x, tcn) q(x, t
c
n)z(x, t

c
n) dx

∀z(x, tcn) ∈ Sc(Ω).

(3.12)

Remark 3.1. By using a characteristic tracking, the ELLAM scheme (3.12) sym-
metrizes the transport PDE (1.2), significantly reduces temporal errors and so gener-
ates accurate solutions even if large time steps are used in numerical simulations, and
yields a 9-banded, symmetric, and positive-definite coefficient matrix. Furthermore,
the ELLAM scheme conserves mass [8, 26], i.e.,

∫
Ω

φ(x)c(x, tcn)dx =

∫
Ω

φ(x)c(x, tcn−1)dx+

∫ tcn

tc
n−1

∫
Ω

c̄(x, t)q(x, t)dxdt,(3.13)

which is of essential importance in applications.
Remark 3.2. Because c(x, tcn), z(x, t

c
n) ∈ Sc(Ω) are standard piecewise bilinear

functions at time tcn, in (3.12) all the terms except the first one on the right-hand
side are standard integrals in FEMs and can be evaluated in a fairly standard way.
In the first term on the right-hand side, the value of c(x, tcn−1) is known from the

solution at the previous time step tcn−1. However, the test functions z(x, t
c,+
n−1) :=

limt→tc
n−1

, t>tc
n−1

z(x, t) = z(x̃, tcn), where x̃ = r(tcn;x, t
c
n−1) is the point at the head

of the characteristic that corresponds to x at the foot. The evaluation of this term
becomes much more challenging in multiple dimensions, due to the multidimensional
deformation of each cell [xci−1, x

c
i ]× [ycj−1, y

c
j ] on which the test functions are defined

as the geometry is backtracked from time step tcn to time step tcn−1.
The most practical approach for evaluating this term is to use a forward tracking

algorithm proposed by Russell and Trujillo [26]. In this algorithm, an integration
quadrature is enforced at time step tcn−1 with respect to the fixed spatial grids (3.9) on

which c(x, tcn−1) is defined, and the difficult evaluation is the test function z(x, t
c,+
n−1).

Rather than backtracking the geometry and estimating the test functions by mapping
the deformed geometry onto the fixed grids (3.9), discrete quadrature points chosen
on the fixed grids at time step tcn−1 can be tracked forward to time step tcn, where
evaluation of z(x, tcn) is straightforward. Because the forward tracking algorithm
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is used only to evaluate the first term on the right-hand side of (3.12), it has no
effect on the solution grids (3.9) or the data structure of the discrete system for
(3.12). Therefore, the forward tracking algorithm used here does not suffer from the
complication of distorted grids, which complicates many forward tracking algorithms.

Remark 3.3. For a general velocity field u(x, t), one cannot solve the initial-value
problem (3.4) analytically to track characteristics. Hence, numerical quadratures
(e.g., Euler or Runge–Kutta methods) were previously used to track characteristics
in the ELLAM schemes for linear transport PDEs where u(x, t) is assumed to be a
known smooth function [1, 17, 31]. However, in the current circumstances, the velocity
field u(x, t) is given as a Raviart–Thomas MFEM solution to (1.1) (refer to section 4),
which is only piecewise (cell-by-cell) smooth. Therefore, numerical quadratures would
generate an inaccurate characteristic tracking, which in turn affects the accuracy of
the solutions of the ELLAM schemes. In applications, within each cell the porosity
φ(x) is constant and ux(x, t

c
n) (or uy(x, t

c
n)) is linear (or constant) in the x direction

and constant (or linear) in the y direction. Therefore, we can solve the problem (3.4)
analytically to track the characteristics on a cell-by-cell basis [17, 19, 28]. In this way,
we also minimize the effect of the well singularities on the characteristic tracking.

Remark 3.4. In the MMOC, which is a typical representative of many previous
characteristic methods, (1.2) is rewritten in a nonconservative form

φ
∂c

∂t
+ u · ∇c−∇ · (D(x,u)∇c) = (c̄− c)q, x ∈ Ω, t ∈ [0, T ],(3.14)

where the first equation in (1.1) has been used to get (∇ · u) c = c q.
Then the first two terms on the left-hand side of (3.14) are combined to form one

term through a characteristic tracking [13]

φ(x)
∂c(x, tcn)

∂t
+ u(x, tcn) · ∇c(x, tcn)

=
√
φ2(x) + |u(x, tcn)|2

dc(r(t;x, tcn), t)

dt

∣∣∣∣
t=tcn

≈ φ(x)
c(x, tcn)− c(x∗, tcn−1)

∆tcn
,

(3.15)

where

x∗ := x− u(x, tcn)

φ(x)
∆tcn.(3.16)

Substituting (3.15) for the first two terms on the left-hand side of (3.14) and
integrating the resulting equation against any test functions v(x) ∈ Sc(Ω), one obtains
the following MMOC scheme [13, 16] for (3.14):∫

Ω

φ(x)
c(x, tcn)− c(x∗, tcn−1)

∆tcn
v(x)dx

+

∫
Ω

∇v(x) ·D(x,u(x, tcn))∇c(x, tcn) dx

=

∫
Ω

(c̄(x, tcn)− c(x, tcn)) q(x, t
c
n)v(x) dx ∀v(x, tcn) ∈ Sc(Ω).

(3.17)

Although by (1.5) u(x, t) · n(x)|Γ = 0, there might be some x ∈ Ω, which is close
to Γ, such that the corresponding x∗ determined by (3.16) runs out of the domain
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Ω. This leads to implementational and analytical difficulties in the application of the
MMOC. In contrast, in the ELLAM scheme (3.12) the tracking algorithm is carried out
by solving the problem (3.4) analytically on a cell-by-cell basis. Since the numerical
Darcy velocity u satisfies the no-flow boundary condition, the characteristic tracking
never runs out of the domain Ω and so avoids this difficulty. This is an additional
advantage of the ELLAM scheme.

4. An MFEM for the pressure equation (1.1). Because they yield an ac-
curate velocity field u for porous medium flows and conserve mass, MFEMs have
been widely applied in porous medium flow problems [27]. In this section, we briefly
describe an MFEM for the pressure system (1.1).

4.1. Preliminary notations. Let L2(Ω) be the standard function space of all
the Lebesgue square integrable functions on Ω. Then we define the Sobolev spaces

H1(Ω) :=

{
v(x)

∣∣∣∣ ∂v(x, y)∂x
,
∂v(x, y)

∂y
∈ L2(Ω)

}
,

L2
0(Ω) :=

{
v(x) ∈ L2(Ω)

∣∣∣∣
∫

Ω

v(x)dx = 0

}
,

H(div; Ω) :=
{
v(x) ∈ (L2(Ω))2,∇ · v ∈ L2(Ω)

}
H0(div; Ω) :=

{
v(x) ∈ H(div; Ω)

∣∣∣ v(x) · n(x) = 0, x ∈ Γ
}
.

(4.1)

Multiplying the second equation in (1.1) by µ(c) K−1(x) yields

µ(c(x, t))K−1(x) u(x, t) +∇p(x, t) = ρ g ∇d(x), x ∈ Ω, t ∈ [0, T ].(4.2)

Integrating (4.2) against any test functions v ∈ H0(div; Ω) and applying the
divergence theorem to the ∇p term, we obtain the first equation in (4.2). Then
integrating the first equation in (1.1) against any test functions w(x) ∈ L2

0(Ω), we
obtain the second equation in the following system:

∫
Ω

µ(c) K−1 u · v dx−
∫

Ω

p ∇ · v dx =

∫
Ω

ρ g ∇d · v dx,∫
Ω

w ∇ · u dx =

∫
Ω

q(x, t) w dx

∀v(x) ∈ H0(div; Ω) ∀w(x) ∈ L2
0(Ω), t ∈ [0, T ].

(4.3)

Equation (4.3) is a saddle-point problem which has been proven [6] to have a unique
solution (u(x, t), p(x, t)) ∈ H0(div; Ω)× L2

0(Ω) ∀ t ∈ [0, T ].

4.2. An MFEM for (1.1). We define the following space-time partition for the
pressure system (1.1):

0 =: tp0 < tp1 < · · · < tpm < · · · < tpM−1 < tpM := T,
ax =: xp0 < xp1 < · · · < xpk < · · · < xpK−1 < xpK := bx,
ay =: yp0 < yp1 < · · · < ypl < · · · < ypL−1 < ypL := by.

(4.4)
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At each time step tpm, we define the trial and test function spaces to be the lowest
order Raviart–Thomas MFEM space on the partition (4.4)

Sp(Ω) :=
(
Mp

0,1[ax, bx]×Mp
−1,0[ay, by]

)
×
(
Mp

−1,0[ax, bx]×Mp
0,1[ay, by]

)
,

Sp0 (Ω) :=
{
v(x) ∈ Sp(Ω)

∣∣∣ v(x) · n(x) = 0, x ∈ Γ
}
,

W p(Ω) := Mp
−1,0[ax, bx]×Mp

−1,0[ay, by],

W p
0 (Ω) :=

{
v(x) ∈W p(Ω)

∣∣∣∣
∫

Ω

v(x)dx = 0

}
,

(4.5)

with

Mp
α,β [ax, bx] :=

{
v ∈ Cα[ax, bx]

∣∣∣ v|[xp
k−1

,xp
k
] ∈ Pβ [xpk−1, x

p
k], k = 1, . . . ,K

}
,

Mp
α,β [ay, by] :=

{
v ∈ Cα[ay, by]

∣∣∣ v|[yp
l−1

,yp
l
] ∈ Pβ [ypl−1, y

p
l ], l = 1, . . . , L

}
.

(4.6)

Here, C−1[a, b] is the space of piecewise continuous functions. C0[a, b] and Pβ [a, b]
are defined in (3.11).

If we assume that c(x, tpm) is known, an MFEM for the pressure equation (1.1)
can be formulated as follows: Find u(x, tpm) ∈ Sp(Ω) and p(x, tpm) ∈W p

0 (Ω) such that∫
Ω

µ(c(x, tpm)) K
−1 u(x, tpm) · v dx

−
∫

Ω

p(x, tpm) ∇ · v dx =

∫
Ω

ρ g ∇d · v dx ∀v(x) ∈ Sp(Ω),∫
Ω

w ∇ · u(x, tpm) dx =

∫
Ω

q(x, tpm) w dx ∀w(x) ∈W p
0 (Ω).

(4.7)

Remark 4.1. In the pressure system (1.1), the sharp changes of the permeability
tensor K(x) and the viscosity coefficient µ(c) across fluid interfaces often lead to
large changes in the pressure gradient which, in a compensatory fashion, yield a
fairly smooth Darcy velocity u. By approximating both p and u from system (1.1)
simultaneously, MFEMs generate more accurate Darcy velocities than standard FDMs
or FEMs. Moreover, they conserve mass. Furthermore, the MFEM approximations to
the Darcy velocity u(x, tpm) are particularly suited for the semianalytical characteristic
tracking used in the ELLAM scheme (3.12) and guarantee that the tracking stays
within the physical domain (refer to Remarks 3.3 and 3.4).

Remark 4.2. While they possess various numerical advantages, MFEMs gener-
ate an indefinite coefficient matrix for the discrete algebraic system and are more
expensive to solve than standard FDMs or FEMs. Moreover, the MFEM function
spaces for p and u must be chosen carefully, so that they satisfy the inf-sup stability
condition. Extensive research has been conducted on the efficient solution of MFEM
discrete systems and on the development of various generalized MFEM spaces [7].
Furthermore, an additional numerical difficulty for the MFEMs for porous medium
flows is the effect of the singular source and sink terms q(x, t) in (4.7) (see [15, 27]).

5. An ELLAM-MFEM sequential solution technique for the systems
(1.1)–(1.2). Because of the couplings and nonlinearities of the PDEs in the systems
(1.1)–(1.2), the effect of the point sources and sinks, the use of large grid-spacings, and
the convection-diffusion feature of (1.2), fully coupled and fully implicit methods are
commonly used in large-scale simulators for the systems (1.1)–(1.2). However, they are
computationally expensive per time step and introduce excessive numerical diffusion
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and greatly reduced accuracy with large time steps. Since its introduction by Douglas,
Ewing, and Wheeler [12], the MFEM sequential solution technique has proven to be
an efficient procedure for the simulation of miscible fluid flow processes in porous
media. The MMOC-MFEM solution technique proposed by Ewing, Russell, and
Wheeler [16] eliminates the possible nonphysical oscillations in the MFEM sequential
techniques and allows larger time steps to be used in the simulation of the systems
(1.1)–(1.2). However, the MMOC-MFEM sequential method fails to conserve mass
and has difficulties in treating boundary conditions (recall Remark 3.4).

In this section, we present an ELLAM-MFEM solution technique for the systems
(1.1)–(1.2), in which we use the ELLAM scheme (3.12) for (1.2) and the MFEM
(4.7) for the pressure system (1.1). In the miscible displacement of incompressible
fluid flow processes in a porous medium reservoir, the Darcy velocity field u(x, t)
often changes less rapidly than the concentration, even if characteristics are taken
into account. Therefore, it is appropriate to use coarser spatial grids and time steps
(4.4) for the pressure system (1.1) than the spatial grids (3.9) and time steps (3.1) for
(1.2). We assume that the spatial grids (3.9) and the time steps (3.1) are obtained
by subdividing the spatial grids and the time steps (4.4). Namely, there exist

0 =: N0 < N1 < · · · < Nm < · · · < NM−1 < NM := N,
0 =: I0 < I1 < · · · < Ik < · · · < IK−1 < IK := I,
0 =: J0 < J1 < · · · < Jl < · · · < JL−1 < JL := J,

(5.1)

such that

tcNm
= tpm, xcIk = xpk, ycJl = ypl , 0 ≤ m ≤M, 0 ≤ k ≤ K, 0 ≤ l ≤ L.(5.2)

For n = Nm−1+1, Nm−1+2, . . . , Nm, the concentration time step t
c
n relates to the

pressure time steps by tpm−1 < tcn ≤ tpm. Thus, we require a velocity approximation for
the ELLAM scheme (3.12) based on u(x, tpm) and earlier values. We define a velocity
approximation by an extrapolation

(Eu)(x, tcn) :=

(
1 +

tcn − tpm−1

tpm−1 − tpm−2

)
u(x, tpm−1)−

tcn − tpm−1

tpm−1 − tpm−2

u(x, tpm−2),

n = Nm−1 + 1, Nm−1 + 2, . . . , Nm, m = 2, 3, . . . ,M,

(Eu)(x, tcn) := u(x, 0), n = 1, 2, . . . , N1, m = 1.

(5.3)

Equivalently, the first equation in (5.3) can be rewritten as

(Eu)(x, tcn) :=
tpm − tcn

tpm − tpm−1

u(x, tpm−1) +
tcn − tpm−1

tpm − tpm−1

(Eu)(x, tpm),

n = Nm−1 + 1, Nm−1 + 2, . . . , Nm, m = 2, 3, . . . ,M,

(5.4)

where (Eu)(x, tpm) is evaluated by (5.3) with tcn = tpm or n = Nm.

We are now in a position to present an ELLAM-MFEM sequential decoupling
and linearization solution technique for the coupled systems (1.1)–(1.2).
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Initialization:
for m = 0 and n = 0 do

A1: Define c(x, 0) to be the L2-projection of c0(x), which is given in (1.6), to the
finite element subspace Sc(Ω): find c(x, 0) ∈ Sc(Ω), such that∫

Ω

c(x, 0)v(x)dx =

∫
Ω

c0(x)v(x)dx ∀v(x) ∈ Sc(Ω).(5.5)

A2: With c(x, 0) obtained from (5.5), find u(x, 0) ∈ Sp(Ω) and p(x, 0) ∈ W p
0 (Ω),

such that∫
Ω

µ(c(x, 0)) K−1 u(x, 0) · v dx

−
∫

Ω

p(x, 0) ∇ · v dx =

∫
Ω

ρ g ∇d · v dx ∀v(x) ∈ Sp(Ω),∫
Ω

w ∇ · u(x, 0) dx =

∫
Ω

q(x, 0) w dx ∀w(x) ∈W p
0 (Ω).

(5.6)

end do
for m = 1, 2, . . . ,M do

B1: for n = Nm−1 + 1, Nm−1 + 2, . . . , Nm do
—Find c(x, tcn) ∈ Sc(Ω), such that for (Eu)(x, tcn) given in (5.3)∫

Ω

φ(x)c(x, tcn)z(x, t
c
n) dx+∆t

c
n

∫
Ω

∇z(x, tcn) ·D(x, (Eu)(x, tcn))∇c(x, tcn) dx

=

∫
Ω

φ(x)c(x, tcn−1)z(x, t
c,+
n−1) dx+∆t

c
n

∫
Ω

c̄(x, tcn) q(x, t
c
n)z(x, t

c
n) dx

∀z(x, tcn) ∈ Sc(Ω).

(5.7)

end do
B2: Since tcNm

= tpm and c(x, tpm) = c(x, tcNm
) is obtained from (5.7) with n = Nm,

solve the following equation for u(x, tpm) ∈ Sp(Ω) and p(x, tpm) ∈W p
0 (Ω):∫

Ω

µ(c(x, tpm)) K
−1 u(x, tpm) · v dx

−
∫

Ω

p(x, tpm) ∇ · v dx =

∫
Ω

ρ g ∇d · v dx ∀v(x) ∈ Sp(Ω),∫
Ω

w ∇ · u(x, tpm) dx =

∫
Ω

q(x, tpm) w dx ∀w(x) ∈W p
0 (Ω).

(5.8)

end do

Remark 5.1. The ELLAM-MFEM solution technique inherits all the numerical
advantages of the ELLAM schemes for linear transport PDEs and the MMOC-MFEM
sequential method, while overcoming the shortcomings of the MMOC-MFEMmethod.
It significantly reduces the temporal errors and thus generates accurate numerical
solutions even if very large time steps ∆tcn are used. It symmetrizes (1.2) and yields a
symmetric and positive-definite coefficient matrix with a condition number of O(1 +
|D|∆tcn/h2

c), where

hc := min
{i=1,...,I; j=1,...,J}

{∆xc := xci − xci−1, ∆yc := ycj − ycj−1},
hp := min

{k=1,...,K; l=1,...,L}
{∆xp := xpk − xpk−1, ∆yp := ypl − ypl−1}.

(5.9)
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Remark 5.2. The MFEM (4.7) has an indefinite symmetric coefficient matrix
with a condition number of O(h−2

p ). Hence, it is much more expensive to solve than
the ELLAM scheme (3.12), even if preconditioning techniques are used. On the other
hand, by utilizing the flow property that the Darcy velocity field u changes less rapidly
than the concentration c, the ELLAM-MFEM (as well as the MFEM-based and the
MMOC-MFEM) solution technique allows much coarser spatial grids and time steps
for the pressure system (1.1) to be used in a simulation without loss of accuracy.
The application of the coarser spatial grids for the pressure reduces the size of the
coefficient matrix and therefore its condition number, while the use of coarser time
steps reduces the number of times the MFEM (4.7) needs to be solved. In this way, the
ELLAM-MFEM sequential technique further enhances the computational efficiency.

Remark 5.3. The ELLAM-MFEM solution technique could be iterated at each
pressure time step tpm. This would use the computed Darcy velocity u(x, t

p
m) from

(5.8) to replace the extrapolated Darcy velocity (Eu)(x, tpm) in (5.4) in computing
(Eu)(x, tcn). Then the new velocity (Eu)(x, tcn) would be used in the step B1. The
present sequential procedure would be considered the first iteration. This was not
attempted in this study. An iterated ELLAM-MFEM sequential solution procedure
will probably be needed in more complicated applications.

6. Numerical experiments. In this section, we apply the ELLAM-MFEM so-
lution technique to a variety of two-dimensional miscible displacement problems of
one incompressible fluid by another in porous media to examine its performance. The
test runs include problems with large mobility ratios, anisotropic dispersion in tensor
form, discontinuous permeabilities and porosities, and point sources and sinks. In the
numerical experiments, we tried to choose test problems with reported data and re-
sults in the literature, to justify that the ELLAM-MFEM solution technique generates
correct solutions, and to have some approximate comparisons of the ELLAM-MFEM
technique with other widely used methods in terms of the spatial grids and time steps
used in order to generate comparable solutions.

The numerical experiments simulated miscible displacement within a horizontal
reservoir of a thickness of one unit over a period of 10 years (3600 days) for one-quarter
of a regular five-spot pattern with injection and production wells at the corners. The
spatial domain is Ω = (0, 1000)× (0, 1000) ft2, the time period [0, T ] = [0, 3600] days,
and the viscosity of the oil is µ(0) = 1.0 cp. The injection well is located at the upper-
right corner (1000, 1000) of the domain with an injection rate of q = 30 ft2/day and
an injection concentration of c̄ = 1.0. The production well is located at the lower-left
corner (0, 0) with a production rate of q = 30 ft2/day. The initial concentration is
c0(x, y) = 0. In the numerical simulation, we use a fairly coarse uniform spatial grid of
∆xc = ∆yc = ∆xp = ∆yp = 50 ft in both x and y directions, although we understand
that a simulation on a nonuniform partition with finer cells around wells probably
generate more accurate solutions and our simulator allows such a partition. We also
take an extremely large time step of ∆tc = ∆tp = 360 days (one year). In contrast, in
the numerical results reported previously in the literature, the time steps were chosen
from a few days for FDM or FEM simulators to about a month for MMOC-based
simulators [16, 15, 25].

Test 1. We assume that the porous medium is homogeneous and isotropic. The
permeability coefficients (diagonal entries of K) are given by kx = ky = 80 md, and
the porosity of the medium is specified as φ = 0.1. Furthermore, we assume that the
mobility ratio between the resident and injected fluids isM = 1 and that the physical
diffusion-dispersion term is given by Dm := φ dm = 1.0 ft2/day, Dl := φ dl = 0.0 ft,
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(a) Surface plot at t = 3 years. (c) Surface plot at t = 10 years.
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(b) Contour plot at t = 3 years. (d) Contour plot at t = 10 years.

Fig. 1. The concentration of the invading component in Test 1 at 3 and 10 years.

and Dt := φ dt = 0.0 ft. Namely, only molecular diffusion is present. This example
has been widely used in testing the performance of a simulator since the qualitative
behavior of its numerical simulation is understood fairly well.

The surface and contour plots for the concentration of the invading fluid at t =
3 years (1080 days) are presented in Figure 1 (a) and (b). The contours of the
concentration are a family of concentric circles, which are physically reasonable due
to the following reasons: (i) Mobility ratioM = 1 implies that the fluid has a constant
viscosity µ(c) = µ(0). (ii) Together with the facts thatK is a constant tensor and that
the reservoir is horizontal, we see that the Darcy velocity u is actually radial. (iii) Only
the molecular diffusion, which is isotropic, is present. In fact, since the model does
not include any permeability/viscosity variations or mechanical dispersion effects, any
fingering phenomenon, if it happened, would be due to numerical errors and not to
the modeling of any physics. Because of the effect of the no-flow boundary conditions
and the production wells, the invading fluid moves faster along the diagonal (flow
direction) of the reservoir with no fingering phenomena present. This was observed
from the surface and contour plots, Figure 1 (c) and (d), of the concentration of
the invading fluid at t = 10 years (3600 days). These results demonstrate that even
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though extremely large time steps have been used in the simulation, the ELLAM-
MFEM simulator still generates accurate and physically reasonable solutions.

To investigate the mass conservation property of the ELLAM-MFEM solution
technique, we calculate the mass balance error numerically. We divide the difference
of the left-hand and right-hand sides of (3.13) by the mass

∫
Ω
φ(x)c(x, tcn)dx at the

time tcn. At the production well, c̄(x, t) = c(x, t). We use a trapezoidal quadrature
to evaluate the temporal integral. In the 10-year simulation, the mass balance error
is 1.99× 10−4. With a refined time step of ∆t/10, the mass balance error is reduced
to 2.05 × 10−5. To indicate the accuracy of the ELLAM-MFEM solution technique,
we compare the numerical solution with the solution obtained with a refined grid of
∆t/10 and ∆x/2 = ∆y/2. The difference in the L∞- and L1-norms is 5.71 × 10−2

and 4.88× 10−3, respectively.

Test 2. We consider a simulation with an adverse mobility ratio of M = 41 and
an anisotropic dispersion in tensor form. The physical diffusion-dispersion term is
given by Dm := φ dm = 0.0 ft2/day, Dl := φ dl = 5.0 ft, and Dt := φ dt = 0.5
ft. The permeability and porosity of the medium are taken to be the same as in
Test 1. Equations (1.1)–(1.2) were derived via a volume-averaging mechanism and
hold only on a macroscopic scale, so they do not model physical behavior on a pore-
volume scale. Nevertheless, by including differences in longitudinal versus transverse
dispersion levels (which can be viewed as a macroscopic reflection of the microscopic
mechanism), (1.1)–(1.2) should model the corresponding (microscopic) behavior of the
flow in the form of a macroscopic fingering phenomenon due to varying flow velocities.
The macroscopic fingering phenomenon should propagate and grow in a manner akin
to viscous fingering on a smaller scale. We refer readers to [15] for detailed descriptions
on these concepts.

The surface and contour plots for the concentration of the invading fluid at t = 3
years (1080 days) and 10 years (3600 days) are presented in Figure 2 (a)–(b) and
(c)–(d), respectively. Due to the effect of the large adverse mobility ratio M = 41,
the viscosity µ(c) given by the expression (1.3) changes rapidly across the steep fluid
interface. Consequently, the Darcy velocity u has a rapid change across the fluid
interface. Moreover, the large differences in longitudinal versus transverse dispersion
levels force the fluid flow to move much faster along the diagonal direction (flow
direction) from the injection well to the production well. The concentration front
moves much faster in the diagonal direction than it did when only the molecular
diffusion term was present.

Test 3. We consider the numerical simulation of a miscible displacement in a
porous medium with discontinuous permeabilities, which is often encountered in many
field applications. In the example run, we use the same data as in Test 2, with an
exception that kx = ky = 80 md is specified on the subdomain ΩL := (0, 1000) ×
(0, 500) (the lower half of the domain Ω) and that kx = ky = 20 md is given on
the subdomain ΩU := (0, 1000) × (500, 1000) (the upper half of the domain Ω). The
surface and contour plots for the concentration of the invading fluid at t = 3 years
(1080 days) and 10 years (3600 days) are presented in Figure 3 (a)–(b) and (c)–(d),
respectively.

From Figure 3 (a)–(b), we see that the concentration front initially moves faster
in the vertical direction than in the horizontal direction, because the subdomain ΩL
has a larger permeability and, thus, a larger Darcy velocity than the subdomain ΩU .
Once the invading fluid reaches ΩL, it starts to move much faster in the horizontal
direction on ΩL than on ΩU due to the same reason.
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(a) Surface plot at t = 3 years. (c) Surface plot at t = 10 years.
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(b) Contour plot at t = 3 years. (d) Contour plot at t = 10 years.

Fig. 2. The concentration of the invading component in Test 2 at 3 and 10 years.

Test 4. We consider a simulation in a porous medium with piecewise structures.
On the subdomain ΩI := (150, 550)× (150, 550), we specify that the permeability of
the medium is kx = ky = 25 md, that the porosity of the medium is φ = 0.09, and that
the physical diffusion-dispersion term is Dm := φ dm = 0.0 ft2/day, Dl := φ dl = 4.5
ft, and Dt := φ dt = 0.45 ft. On the subdomain ΩO := Ω − ΩI , we specify that the
permeability of the medium is kx = ky = 80 md, that the porosity of the medium is
φ = 0.1, and that the physical diffusion-dispersion term is Dm := φ dm = 0.0 ft2/day,
Dl := φ dl = 5.0 ft, and Dt := φ dt = 0.5 ft. The mobility ratio is still given as
M = 41. The surface and contour plots for the concentration of the invading fluid at
t = 3 years (1080 days) and 5 years (1800 days) are presented in Figure 4 (a)–(d),
while the corresponding plots at t = 7 years (2520 days) and 10 years (3600 days) are
presented in Figure 4 (e)–(h).

From these numerical results, we have the following observations: (i) The ELLAM-
MFEM sequential solution technique can simulate fluid flows in porous media with
fairly complex structures, and generates accurate and physically reasonable solutions
even though a fairly coarse spatial grid and an extremely large time step are used in
the simulation that in turn implies significantly improved computational efficiency.
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(a) Surface plot at t = 3 years. (c) Surface plot at t = 10 years.
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(b) Contour plot at t = 3 years. (d) Contour plot at t = 10 years.

Fig. 3. The concentration of the invading component in Test 3 at 3 and 10 years.

(ii) Comparing these results with those in Test 2, we see that if one has a choice, one
should put the production well in a low permeability zone to increase the area swept
by the injected fluid. This illustrates how the results of numerical simulations could
help the decision making in the petroleum reservoir industry. (iii) A very important
technique in enhanced oil recovery is the use of polymers in flooding processes to
alter the permeability of the reservoir porous medium to allow the fluid to flow in
certain ways. Since the polymers are highly viscous, they can be used to selectively
block or reduce the permeabilities of certain pores or flow regions to direct the fluid
flow in a manner to optimize the hydrocarbon recovery. Test 4 could also serve as a
demonstration for this technique. In this case, one can view that the original fluid
and porous medium properties are given as in Test 2. By injecting some polymers in
some ways, one alters the properties of the medium to those given in this test. By
comparing the corresponding results in Figures 2 and 4, we see that the injected fluid
in Figure 4 swept a larger area, which in turn implies a larger output. Since a major
cost in the petroleum industry is the cost of drilling (injection and production) wells,
these results show the effect of enhanced oil recovery.
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(a) Surface plot at t = 3 years. (c) Surface plot at t = 5 years.
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(b) Contour plot at t = 3 years. (d) Contour plot at t = 5 years.

Fig. 4. The concentration of the invading component in Test 4 at 3 and 5 years.

7. Summary and conclusions. We develop an ELLAM-MFEM sequential so-
lution technique for miscible fluid flows in porous media with injection and production
wells (point sources and sinks), in which we use an ELLAM to solve the transport
equation for concentration and an MFEM to solve the pressure equation for the pres-
sure and Darcy velocity. The ELLAM-MFEM solution technique significantly reduces
the temporal truncation errors, and thus generates accurate numerical solutions even
if fairly coarse spatial grids and very large time steps are used. It symmetrizes the
transport equation and greatly reduces or eliminates nonphysical oscillation and/or
excessive numerical dispersion present in many large-scale simulators that are widely
used in industrial applications. In this manner, the ELLAM-MFEM solution tech-
nique has a greatly improved computational efficiency over many other methods. Fur-
thermore, the ELLAM-MFEM solution technique conserves mass and treats boundary
conditions accurately, and therefore overcomes all the shortcomings of the MMOC-
MFEM method while maintaining its numerical advantages.
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(e) Surface plot at t = 7 years. (g) Surface plot at t = 10 years.
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(f) Contour plot at t = 7 years. (h) Contour plot at t = 10 years.

Fig. 4(con’t.) The concentration of the invading component in Test 4 at 7 and 10 years.

Previous numerical experiments [1, 31] showed that the ELLAM often outper-
formed many widely used methods, such as the upwind FDM, various Galerkin and
Petrov–Galerkin FEMs [2, 5, 10], the streamline diffusion FEMs [20, 21], and the
MUSCL and minmod schemes [11, 14, 18, 29] in the context of linear transport
PDEs. The present numerical experiments illustrate that the ELLAM-MFEM so-
lution technique can simulate miscible displacements of incompressible fluid flows in
porous media accurately with fairly coarse spatial grids as well as very large time
steps, which are much larger than the time steps used in the MMOC-MFEM sequen-
tial solution procedure and one or two orders of magnitude larger than those used in
many large-scale simulators. The ELLAM-MFEM technique can treat large mobility
ratios, discontinuous permeabilities and porosities, anisotropic dispersion in tensor
form, and point sources and sinks.
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Abstract. This paper deals with convergence estimates of GMRES(m) [Saad and Schultz,
SIAM J. Sci. Statist. Comput., 7 (1986), pp. 856–869] preconditioned by multigrid [Brandt,
Math. Comp., 31 (1977), pp. 333–390], [Hackbusch, Multi-Grid Methods and Applications, Springer,
Berlin, 1985]. Fourier analysis is a well-known and useful tool in the multigrid community for the
prediction of two-grid convergence rates [Brandt, Math. Comp., 31 (1977), pp. 333–390], [Stüben and
Trottenberg, in Multigrid Methods, Lecture Notes in Math. 960, K. Stüben and U. Trottenberg, eds.,
Springer, Berlin, pp. 1–176]. This analysis is generalized here to the situation in which multigrid is a
preconditioner, since it is possible to obtain the whole spectrum of the two-grid iteration matrix. A
preconditioned Krylov subspace acceleration method like GMRES(m) implicitly builds up a minimal
residual polynomial. The determination of the polynomial coefficients is easily possible and can be
done explicitly since, from Fourier analysis, a simple block-diagonal two-grid iteration matrix results.
Based on the GMRES(m) polynomial, sharp theoretical convergence estimates can be obtained which
are compared with estimates based on the spectrum of the iteration matrix. Several numerical scalar
test problems are computed in order to validate the theoretical predictions.

Key words. Fourier analysis, multigrid, restarted GMRES
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1. Introduction. Nowadays, it has become popular to study the convergence of
multilevel methods and to use them in combination with a Krylov subspace accelera-
tion method, in other words, to use multilevel methods as a preconditioner. Often the
cycling in a hierarchy of grids is simplified compared to standard multigrid cycling;
i.e., the multiplicative cycling between the fine and coarse grids is replaced by an
additive (simultaneous) cycling. It is then necessary to use this additive method as
a preconditioner to obtain a converging method even for simple problems. Recently,
standard (multiplicative) multigrid solvers [1], [8] have been used as precondition-
ers as well. This application of standard multigrid is beneficial in situations where
standard multigrid alone does not converge fully satisfactorily, because certain error
frequencies are not reduced well enough. This occurs mainly when complicated PDEs
are solved. In general, it is difficult to construct robust multigrid solvers for large
classes of problems. From this point of view, it makes sense to increase the class of
problems for which proven efficient multigrid solvers exist by accelerating (standard)
multigrid by a Krylov subspace method. Among many other papers, this approach
has been presented in [11], where a symmetric multigrid method was accelerated by
CG, in [3] for problems with fine level structures, in [13] for linear singularly perturbed
problems, and in [14] for nonlinear problems.

Here, we theoretically analyze one combined solution method, restarted GMRES,
GMRES(m), preconditioned by multigrid. We derive quantitative convergence re-
sults. The basis for the theoretical convergence estimates is Fourier analysis, which
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is a well-known tool for obtaining two-grid convergence factors (see [1], [19]). The
typical use of the two-grid Fourier analysis in a multigrid context is that the spectral
radius is obtained theoretically. It is the basis for asymptotic multigrid convergence
estimates [19]. Two-grid Fourier analysis transforms a two-grid iteration matrix into
a block-diagonal matrix from which more information about the spectrum is easily
obtained. Fourier analysis uses unitary basis transformations to simplify the repre-
sentation of the two-grid iteration matrix. It is therefore suitable for the estimate of
the multigrid preconditioned GMRES(m) convergence since unitary transformations
do not affect the convergence behavior of GMRES [15]. A preconditioned Krylov
subspace acceleration method like GMRES(m) implicitly builds up a minimal resid-
ual polynomial. The determination of the polynomial coefficients is easily possible
and can be done explicitly, since a block-diagonal matrix results with the help of the
Fourier analysis.

In this paper, we restrict ourselves to standard problems coming from linear
scalar PDEs discretized with finite differences on uniform Cartesian grids and we keep
the multigrid method simple. For example, we restrict ourselves to point smoothers
combined with standard grid coarsening and analyze the effect of Krylov subspace
acceleration for anisotropic diffusion problems and for problems with mixed deriva-
tives, although it is known that other (more expensive) smoothers or other coarsening
strategies are appropriate remedies for the poor convergence of such equations. In this
way we gain insight in the behavior of the combination of multigrid and GMRES(m).

In section 2 a multigrid preconditioner is presented and the rigorous two-grid
Fourier analysis (see [19], [20]) is repeated briefly for 3D problems. The information
on the multigrid preconditioner obtained is used in section 3, where different ways to
analyze GMRES(m) preconditioned by multigrid are discussed.

There are actually two types of Fourier analysis available in the multigrid com-
munity. The first one is the analysis called “rigorous analysis” here, since it explicitly
takes boundary conditions into account and discrete eigenfunctions are related to the
discrete mesh size. Discrete sine functions are the basis in case Dirichlet boundary
conditions are considered [19]. This analysis is, however, restricted to model situa-
tions, i.e., to symmetric problems and standard multigrid components. The second
possibility is known as local mode analysis [1]. Exponential functions are the basis
for the analysis. A discretization at domain boundaries cannot be taken into account.
This analysis can be used for a wider range of PDEs and multigrid components. Local
mode two-grid analysis and its generalization to multigrid preconditioned GMRES(m)
is explained in section 4. Several numerical tests compare the theoretical convergence
estimates with the actual numerical convergence.

For symmetric equations it is possible to construct a symmetric multigrid cycle
and to apply CG as Krylov subspace acceleration method. We will not do this in
section 3 because CG cannot be applied to the unsymmetric multigrid solvers MG-
RB (multigrid solver based on pre- and post-smoothing by red-black Gauss–Seidel
relaxation) from section 2 and MG-FF (multigrid solver based on pre- and post-
smoothing by lexicographical Gauss–Seidel relaxation) from section 4. Furthermore,
we are dealing with unsymmetric equations in sections 4.2 and 4.3. However, the anal-
ysis as described in section 3 carries over to an acceleration by CG in a straightforward
manner. (See also the first remark in section 4.1.)

Furthermore, a relation to other techniques in which (multistage) parameters for
smoothing methods, or acceleration parameters for coarse grid corrections [4], are
optimized is presented in section 4.3. Such approaches can easily be viewed in the



584 R. WIENANDS, C. W. OOSTERLEE, AND T. WASHIO

framework of Krylov subspace acceleration.
The multigrid purist may not like the approach presented here with multigrid

viewed as a preconditioner. It is, of course, also possible to try to construct an optimal
multigrid method for each separate problem. For the purist, the analysis might give
an indication as to how far his present method is from an optimal multigrid solution
method. In other words, if an additional acceleration of the convergence is found by
the Fourier analysis of multigrid preconditioned GMRES(m), it must also be possible
to tune one of the multigrid components, so that multigrid as a stand alone solver is
improved.

2. Rigorous Fourier analysis of multigrid. The Poisson equation, a simple
test problem, is chosen to explain the possibilities of convergence estimates by Fourier
analysis for multigrid. We apply the standard 5-point discretization on a square
(d = 2) and the 7-point discretization on a cube (d = 3) with Dirichlet boundary
conditions using a uniform mesh with meshsize h = 1/n:

Ahuh(x) = −∆huh(x) = bh(x) on Ωh = (0, 1)d ∩Gh,
(1)

uh(x) = 0 on Γh = ([0, 1]d \ Ωh) ∩Gh,

with Gh := {x = hj, j ∈ Z
d}. Equation (1), in stencil notation, looks like

Ahuh(x) =
∑
κ∈J

aκuh(x+ κh) = bh(x) on Ωh,(2)

with J = {(−1, 0, 0), (1, 0, 0), (0,−1, 0), (0, 1, 0), (0, 0,−1), (0, 0, 1), (0, 0, 0)} (d = 3).
We combine stencil, operator, and matrix notation. Multigrid is commonly explained
with operators (see, for example, [19], [1]), whereas Krylov subspace methods are
often described with matrices. An operator is denoted by a subscript “h” (Kh, ∆h,
M2h

h , etc.) and the corresponding Fourier matrix representation is denoted by a tilde

(K̃, M̃ etc.).
A well-known efficient multigrid method (see [19], [20]) for problem (1) consists

of a red-black Gauss–Seidel smoothing method (GS-RB), full weighting of residuals
to obtain the right-hand side on the coarse grids, bi- or tri-linear interpolation (in
2D and 3D, respectively) of corrections from coarse to fine grids, and the coarse grid
discretization of the PDE on a grid with meshsize 2h in each direction. We call this
method the red-black multigrid solver or MG-RB.

For the d-dimensional problem (1) and MG-RB, it is possible to apply rigorous
two-grid Fourier analysis, as it was presented for 2D problems in [19] and used for 3D
(Poisson-type) problems in [20]. We repeat the 3D analysis in some detail here.

The existence of the basis of discrete eigenfunctions

ϕk,�,m
h (x, y, z) = sin kπx sin �πy sinmπz,

(3)
with k, �,m = 1, . . . ,n− 1 ((x, y, z) = x ∈ Ωh)

for the operator (1) is crucial for the 3D discrete Fourier analysis. The scaled basis

functions ϕk,�,m
h (x) generate the space of all grid functions, F (Ωh), and are orthogonal

with respect to the discrete inner product on Ωh:

(vh, wh) := h3
∑

x∈Ωh

vh(x) wh(x) with vh, wh ∈ F (Ωh).
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The discrete solution uh and the current approximation uj can be represented by

linear combinations of the basis functions ϕk,�,m
h (x). The same holds for the error

vj−1 = uj−1−uh before and vj = uj−uh after the jth two-grid cycle. The error vj−1

is transformed by a two-grid cycle as follows:

vj = M2h
h vj−1 with M2h

h = Sν2

h K
2h
h Sν1

h = Sν2

h (Ih − Ih2h(∆2h)
−1I2h

h ∆h)S
ν1

h ,(4)

where Sh is the smoothing operator, ν1 and ν2 indicate the number of pre- and post-
smoothing iterations,K2h

h is the coarse grid correction operator, ∆2h the discretization
of the operator on a 2h coarse grid, Ih2h and I2h

h are transfer operators from coarse to
fine grids, and vice versa.

In case of standard multigrid coarsening (H = 2h) in 3D, it is convenient to divide
F (Ωh) into a direct sum of (at most) eight-dimensional subspaces, the 2h-harmonics
[20]:

Ek,�,m
h = span

[
ϕk,�,m
h , ϕn−k,n−�,n−m

h , ϕn−k,�,m
h , ϕk,n−�,n−m

h , ϕk,n−�,m
h ,

(5)

ϕn−k,�,n−m
h , ϕk,�,n−m

h , ϕn−k,n−�,m
h

]
for k, �,m = 1, . . . ,

n

2
.

This distinction is motivated by the observation that the low-frequency harmonic
ϕk,�,m
h (1 ≤ k, �,m ≤ n

2 ) is also visible on the coarse grid Ω2h, whereas the (at most)

seven corresponding high-frequency harmonics coincide (up to their sign) with ϕk,�,m
h .

If one, two, or three of the indices equal n/2, the dimension of Ek,l,m
h is four, two,

or one, respectively. The coarse grid correction operator K2h
h leaves the (at most)

eight-dimensional spaces of 2h-harmonics Ek,�,m
h with an arbitrary k, �,m = 1, . . . , n2

invariant; see [20]:

K2h
h : Ek,�,m

h → Ek,�,m
h k, �,m = 1, . . . ,

n

2
.

This is a consequence of the following relations of the transfer and discretization
operators:

∆h : span [ϕk,�,m
h ]→ span [ϕk,�,m

h ],

I2h
h : Ek,�,m

h → span [ϕk,�,m
2h ],

∆−1
2h : span [ϕk,�,m

2h ]→ span [ϕk,�,m
2h ],

Ih2h : span [ϕk,�,m
2h ]→ Ek,�,m

h .

Because of this invariance property, the corresponding matrix representation of K2h
h

with respect to the spaces Ek,�,m
h leads to a block-diagonal matrix K̃:

K̃ :=
[
K̂(k, �,m)

]
k,�,m=1,...,n2

∧
= K2h

h with K̂(k, �,m)
∧
= K2h

h |Ek,�,m
h

.

The same invariance property is true for the GS-RB relaxation, Sh = SBLACK
h ·

SRED
h [20], where SRED

h and SBLACK
h are the partial step operators, leading to a

matrix S̃:

S̃ :=
[
Ŝ(k, �,m)

]
k,�,m=1,...,n2

∧
= Sh with Ŝ(k, �,m)

∧
= Sh|Ek,�,m

h
.
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Hence, M2h
h is orthogonally equivalent to a block matrix M̃ consisting of (at most)

8× 8 blocks (see [19], [20]):

M̃ :=
[
M̂(k, �,m)

]
k,�,m=1,...,n2

∧
= M2h

h with M̂(k, �,m)
∧
= M2h

h |Ek,�,m
h

.

The tilde ˜ indicates the Fourier matrix representation of the related operator. By
M we denote the matrix representation of the multigrid operator M2h

h , and by A we
denote the matrix representation of ∆h with respect to the Euclidean basis. We have

M̃ = UMU−1(6)

with a unitary matrix U . Eight consecutive rows of U are given by the (n − 1)3-
dimensional orthogonal eigenvectors of A related to the eigenfunctions from (5):

ϕk,�,m, ϕn−k,n−�,n−m, ϕn−k,�,m, ϕk,n−�,n−m, ϕk,n−�,m, ϕn−k,�,n−m,
(7)

ϕk,�,n−m, ϕn−k,n−�,m for k, �,m = 1, . . . ,
n

2
, with, for example,

ϕk,�,m = ( sin kπh sin �πh sinmπh, . . . , sin kπ(1− h) sin �π(1− h) sinmπ(1− h) )T .

Using discrete Fourier frequencies θ = πh(k, �,m) (k, �,m = 1, . . . , n− 1), this gives

Aϕk,�,m = λ(θ, h)ϕk,�,m with λ(θ, h) =
∑
κ∈J

aκ cos(θκ).(8)

The dimension of M̃ is given by (n/2−1)3·8+3(n/2−1)2·4+3(n/2−1)·2+1·1 = (n−1)3

due to the dimensions of the 2h-harmonics (5). The representation of M̂(k, �,m) =

Ŝν2(k, �,m)·K̂(k, �,m)·Ŝν1(k, �,m) (k, �,m = 1, . . . , n2 ) is obtained by straightforward

generalization of the 2D case in [19]. From the block matrices M̂(k, �,m), we obtain
the two-grid convergence factor by

ρF := ρ(M̃) = max
1≤k,�,m≤n

2

ρ(M̂(k, �,m)).(9)

It is the asymptotic two-grid convergence which is a theoretical estimate of the multi-
grid convergence. Furthermore, it is possible to determine the whole spec-
trum and thus the eigenvalue distribution of M̃ by calculating all eigenvalues of
M̂(k, �,m) for k, �,m = 1, . . . , n2 . We use this distribution in section 3 for the analysis
of the convergence of the multigrid preconditioned GMRES(m) method.

The smoothing factor µF is based on the ideal coarse grid correction operator
Q2h

h from [19] which annihilates the low-frequency error components and leaves the
high-frequency components unchanged. Q2h

h is a projection operator onto the space of

high frequencies represented by a block-diagonal matrix Q̃ consisting of (at most) 8×8

diagonal blocks: Q̂ = diag(0, 1, 1, 1, 1, 1, 1, 1). This leads to the following definition of
the smoothing factor [19]:

µF := ρ(S̃ν2Q̃S̃ν1) = ρ(Q̃S̃ν1+ν2) = max
1≤k,�,m≤n

2

ρ(Q̂Ŝ(k, �,m)ν1+ν2).(10)

The smoothing factor indicates the smoothing effect of the relaxation method under
consideration. µF is a realistic estimate of the two-grid convergence factor ρF as long
as the ideal coarse grid correction operator is a good approximation of K2h

h .
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2.1. Fourier results for multigrid. In [23] it was shown that an overrelaxation
parameter (ω > 1) improves the smoothing properties of GS-RB (leading to ω-GS-
RB) and therefore improves the convergence of MG-RB for d-dimensional Poisson-
type equations. The extra computational work for performing the overrelaxation in
the smoother is worthwhile if d = 3. With the 3D Fourier two-grid and smoothing
analysis explained above, we are able to estimate this convergence improvement for
(1) very accurately; see Table 1. The average numerical convergence rate ρmg

h from
MG-RB (after 100 multigrid iterations) is compared to ρF in Table 1. The number of
multigrid levels used is 5, 6, and 6, respectively, for the 323, 643, and 963 problems.

Table 1
W(1,1)-cycle multigrid convergence ρmg

h , predicted convergence ρF , and smoothing factor µF
for the 3D Poisson equation.

ω = 1 ω = 1.1 ω = 1.15 [23]
Grid ρmg

h ρF µF ρmg
h ρF µF ρmg

h ρF µF

323 0.192 0.194 0.194 0.089 0.091 0.090 0.070 0.072 0.088
643 0.196 0.197 0.197 0.091 0.092 0.092 0.074 0.074 0.088
963 0.196 0.198 0.197 0.091 0.093 0.093 0.074 0.075 0.088

In [23] it was shown furthermore that ω-GS-RB also improves the convergence
factor of the 2D anisotropic diffusion equation,

Ahuh(x) =
1

h2


 −1
−ε 2ε+ 2 −ε

−1


uh(x) = bh(x) on Ωh,

(11)
uh(x) = 0 on Γh.

For moderate values of ε, like 100 ≥ ε ≥ 0.01, the extra computational work pays off.
Anisotropic problems can be solved with line smoothers in the multigrid process [19],
by which much better convergence rates are obtained. However, line smoothers cannot
be applied to unstructured grids in a straightforward way and their parallelization can
be expensive. Here, we investigate the possibility to improve a multigrid method with
a point smoother for moderate anisotropies with GMRES(m) acceleration. (Results
are presented in the next sections.)

The rigorous Fourier analysis also applies for (11). In 2D we have to deal with

(at most) four-dimensional 2h-harmonics (see (5)) and therefore M̃ consists of (at
most) 4 × 4 blocks [19]. We perform numerical tests with ε = 0.1 and ε = 0.01. In
both cases a large overrelaxation parameter (ωopt=1.41, 1.76) has to be selected (for
these values, see [23]) to obtain an impressive multigrid convergence improvement.
The numerical multigrid convergence rates ρmg

h and the Fourier values µF and ρF
are shown in Table 2. The W-cycle with ν1 = ν2 = 1 (W(1,1)) is chosen with seven
multigrid levels for problem (11) discretized on a 128× 128 grid.

Table 2
W(1,1)-cycle multigrid convergence ρmg

h , predicted convergence ρF , and smoothing factor µF
for the 2D anisotropic diffusion equation, h = 1/128.

ω = 1.0 ω = ωopt

ε ρmg
h ρF µF ρmg

h ρF µF

ε = 0.1 0.679 0.682 0.682 0.193 0.210 0.219
ε = 0.01 0.957 0.960 0.960 0.566 0.583 0.590
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In Figure 1, we show the effect of an overrelaxation parameter ω = 1.76 on the
eigenvalue distribution of the two-grid iteration matrix for the anisotropic (ε = 0.01)
diffusion problem. In contrast to the almost real-valued spectrum for ω = 1.0, which is
uniformly distributed on the interval [0.0, 0.960], we find complex eigenvalues clustered
around the origin and uniformly distributed on a circle by the overrelaxation.
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Fig. 1. Eigenvalue spectra of the red-black two-grid 2D anisotropic diffusion solver from rig-
orous Fourier analysis; ν1 = ν2 = 1, ε = 0.01, h = 1/128. (Note the different scaling of the axes in
Figure 1 (a).)

From the comparison of the predicted convergence rates ρF and the numerically
obtained ρmg

h , it is clear that the two-grid Fourier analysis provides excellent quan-
titative estimates for the actual multigrid convergence of MG-RB for Poisson-type
equations. These results encourage the following considerations concerning Fourier
analysis of the multigrid preconditioned GMRES(m).

3. Fourier analysis of GMRES(m) preconditioned by multigrid. In this
section we discuss two approaches for the analysis of GMRES(m) preconditioned by
multigrid. For both approaches it is crucial that the discrete Fourier analysis uses
unitary basis transformations (6) which simplify the representation of the multigrid
iteration matrix.

We consider the linear system related to (2),

Au = b.(12)

A two-grid (or more generally, a multigrid) cycle for solving (12) is described by the
following matrix splitting:

Cuj + (A− C)uj−1 = b,(13)

where uj represents a new and uj−1 a previous approximation. This formulation is
equivalent to

uj = uj−1 + C−1(b−Auj−1), rj = (I −AC−1)rj−1,(14)
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with rj , rj−1 the residual vectors and I − AC−1 represents the two-grid (multi-grid)
iteration matrix.

The multigrid method (13) considered was described in the previous section. It
is used as a right preconditioner for GMRES(m). The parameter m represents the
number of search vectors stored after which the GMRES(m) algorithm will restart.
GMRES(m) searches for a solution uj in the following subspace:

C(uj − uj−m) ∈ span[rj−m, (AC
−1)rj−m, . . . , (AC

−1)m−1rj−m]
(15)

=: Km(AC−1, rj−m),

where Km(AC−1, rj−m) is the Krylov subspace. It selects a new approximation uj
by minimizing the corresponding residual rj in the L2-norm

min
C(uj−uj−m)∈Km(AC−1,rj−m)

||b−Auj ||2.(16)

Any element w in the affine subspace uj−m + C−1Km(AC−1, rj−m) (see (14), (15))
can be represented by

w = uj−m + C−1(α1rj−m + α2AC
−1rj−m + · · ·+ αm(AC−1)m−1rj−m).(17)

By substituting (17) into the residual equation, we obtain

rw = b−Aw
= rj−m − α1AC

−1rj−m − α2(AC
−1)2rj−m − · · · − αm(AC−1)mrj−m

= Pm(AC−1)rj−m,(18)

where Pm is anmth order polynomial defined by Pm(λ) = 1−∑m
k=1 αkλ

k. Comparing
(16) and (18), we see that the L2-norm of rj satisfies the following minimization
property:

||rj ||2 = min{||Pm(AC−1)rj−m||2 | Pm ∈ Pm},(19)

where Pm denotes the set of all polynomials of degree at most m with Pm(0) = 1.

Since we are interested in the convergence of multigrid preconditioned GMRES
with a restart after m iterations, we consider the residuals rm, r2m, . . . , ri·m. This
leads to the following definition of the reduction factors ρi for a complete ith iteration,
consisting of m multigrid preconditioned GMRES(m) steps:

ρi :=

[( ||ri·m||2
||r0||2

)1/m
]1/i

.

In subsection 3.1, we review estimates for ρi which are based on an analysis of the
spectrum σ of AC−1 (see [5], [6], [15], [16], [17]). In general, these estimates exhibit a
qualitative character, and concrete values are rarely found in the literature because the
spectrum is usually not available. However, with the Fourier analysis these estimates
can be calculated explicitly since the spectrum is easily obtained if multigrid is used
as a preconditioner. In subsection 3.2 we introduce a sharper estimate, which is based
on an analysis of the GMRES(m) polynomial.



590 R. WIENANDS, C. W. OOSTERLEE, AND T. WASHIO

3.1. Analysis with the spectrum of the iteration matrix. The usual way
to analyze the convergence of GMRES is to exploit information about the spectrum
of the iteration matrix AC−1. If we compare the error transformation (4) and the

residual transformation (14) by a two-grid cycle, the Fourier matrix M̃ (6) is related
to the two-grid iteration matrix I −AC−1 via the identity

M̃ = UA−1(I −AC−1)AU−1 ⇐⇒ M̃ = I − UC−1AU−1,(20)

with the unitary matrix U from (6). With (20) we have

UAC−1U−1 = I − UAU−1M̃(UAU−1)−1 = I − ÃM̃Ã−1.(21)

Ã and Ã−1 are diagonal matrices since the rows of U are eigenvectors of A (see (7) and
section 2). This means that UAC−1U−1 is a block-diagonal matrix which consists of
(at most) 8 × 8 blocks in the 3D case and of (at most) 4 × 4 blocks in the 2D case.
The eigenvalues of these block matrices are easily calculated.

We are dealing with positive real iteration matrices AC−1 (due to the multigrid
preconditioner), so the symmetric part of AC−1 is positive definite. It is shown in
[6], [5] that GMRES(m) always converges for this type of matrices. More generally,
it is sufficient that the field of values of the iteration matrix {x̄TAC−1x/x̄Tx : x ∈
C

(n−1)d} lies in an open half-plane {z : Re(e−iθz) > 0}. This is called the half-plane
condition [12]. In particular the following error bound can be established for any
restart parameter m and iteration index i [6]:

||ri·m||2 ≤ (1− α/β)m/2||r(i−1)m||2,(22)

with α = (λmin(
1
2 (AC

−1+(AC−1)T )) )2 and β = λmax( (AC−1)TAC−1 ). Using (22),
we obtain

||ri·m||2 ≤ (1− α/β)i·m/2||r0||2 =⇒ ρi ≤ (1− α/β)1/2 =: ρhpc < 1.(23)

In general, the m- and i-independent value ρhpc is not a realistic quantitative estimate
of ρi, but the residual bound from (23) is an important qualitative result because it
ensures the convergence of GMRES(m) for all m.

Next, we discuss considerations on the convergence of GMRES(m) from [15], [16],
[17], which are also based on the spectrum of the iteration matrix. From (19) it follows
that

||ri·m||2 ≤ ||Pm(AC−1)||2 ||r(i−1)m||2 for all Pm ∈ Pm.(24)

Suppose that all eigenvalues of AC−1 are located in an ellipse E(c, d, a) which excludes
the origin. c denotes the center, d the focal distance, and a the major semi-axis. Then
it is known [17] that the absolute value of the polynomial

tm(z) := Tm

(
c

d
− 1

d
z

)
/Tm

( c
d

)
= Tm(ẑ)/Tm

( c
d

)
with z, ẑ :=

(
c

d
− 1

d
z

)
∈ C

is small on the spectrum of AC−1. Here, Tm represents the Chebychev polynomial of
degree m of the first kind which is given by the three-term recurrence relation

T0(ẑ) = I , T1(ẑ) = ẑ , Tm+1(ẑ) = 2Tm(ẑ)− Tm−1(ẑ) for m ≥ 1.
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If AC−1 is diagonalizable, AC−1 = XDX−1; then (24) yields

||ri·m||2 ≤ ||tm(AC−1)||2 ||r(i−1)m||2 ≤
[
||tm(AC−1)||2

]i
||r0||2(25)

≤
[
||X||2 ||X−1||2 max

λj∈σ
|tm(λj)|

]i
||r0||2(26)

≤
[
κ2(X)Tm

(a
d

)
/Tm

( c
d

)]i
||r0||2,(27)

where κ2(X) denotes the spectral condition number of the transformation matrix
X (see [16], [17]). Inequality (27) uses the fact that the maximum modulus of a
complex analytical function is attained on the boundary of the domain, which is due
to Liouville’s theorem [16]. Heuristically, we expect this inequality to be sharp if the
interior of the ellipse E(c, d, a) is well covered by the spectrum σ. Using (25) and
(27), we obtain the following well-known estimates [16], [17] for ρi:

ρi ≤ NE
m ≤ (κ2(X))1/m TE

m ,(28)

with NE
m := (||tm(AC−1)||2)1/m and TE

m :=
(
Tm

(a
d

)
/Tm

( c
d

))1/m

.(29)

TE
m can be further approximated by

TE
m =

((
a
d +

√
(ad )

2 − 1
)m

+
(
a
d +

√
(ad )

2 − 1
)−m

(
c
d +

√
( cd )

2 − 1
)m

+
(
c
d +

√
( cd )

2 − 1
)−m

)1/m

≈ a+
√
a2 − d2

c+
√
c2 − d2

.(30)

Approximation (30) is sharp if a� d and c� d or m� 1 holds. The first inequality
is fulfilled if the ellipse E(c, d, a) tends to a circle which means that the focal distance
d becomes very small compared to a (in our tests it is usually sufficient if approxi-
mately a ≥ 2d). In all cases considered, the multigrid preconditioner ensures that the
spectrum σ is clustered around 1, which means that the second inequality is satisfied.
If (30) is sharp due to a circular shape of σ or due to a large m, TE

m is independent of
the restart parameter m. In this case, it is difficult to further accelerate the multigrid
method. A large Krylov subspace (15) does not lead to additional acceleration.

The main drawback of the estimates (28) for the reduction factors ρi is their
i-independence. The relative amount of residual decrease from early GMRES cycles
compared to later ones depends on both the matrix and the initial residual. The re-
duction by early cycles may be very different from the reduction by later ones. More
precisely, the estimates from (28) are based on the worst previous residual that is possi-

ble due to the definition of the matrix norm ||A||2 := sup{||Ar||2/||r||2 : r ∈ C
(n−1)d}.

Thus, in general they cannot be expected to be sharp approximations for large i be-
cause r(i−1)m can be completely different from the worst residual since many iterations
have already been performed and the worst search directions have already been re-
moved from the current approximation u(i−1)m by GMRES(m). Furthermore, κ2(X)
can be very large if the iteration matrix AC−1 is far from normal. But it is found
in [12] that the condition number κ2(X) is not always relevant for the convergence
of GMRES. In [17] it is stated that (28) is an asymptotic result and that the actual
residual norm should behave like TE

m without κ2(X). Therefore, the explicit values
for TE

m are also given in subsection 3.3 and compared with the asymptotic numerical
convergence results. However, TE

m is a heuristic estimate for ρi�1 and not an upper
bound like NE

m.
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3.2. Analysis with the GMRES-polynomial. To obtain a quantitative re-
sult for the convergence of GMRES(m), we present a second approach to estimate ρi,
which explicitly depends on the iteration index i. In this way, it is possible to take the
benefits of the previous iterations into account, in contrast to the above estimates. An
initial residual r0 is prescribed, and the GMRES(m)-polynomials P i

m are explicitly
determined for every i. The choice of r0 does not influence the average reduction
factor for i� 1 in which we are interested.

For any unitary matrix U , and in particular for U from (6), we have ||ri·m||2 =
||Uri·m||2. In order to find the coefficients αik (k = 1, . . . ,m) of the GMRES(m)-
polynomials P i

m, the following function f is minimized:

f(αi1, . . . , α
i
m) :=

(
UP i

m(AC−1)r(i−1)m, UP
i
m(AC−1)r(i−1)m

)
=
(
P i
m(UAC−1U−1)Ur(i−1)m, P

i
m(UAC−1U−1)Ur(i−1)m

)

=

m∑
l,k=1

αilα
i
k

(
(UAC−1U−1)lUr(i−1)m, (UAC

−1U−1)kUr(i−1)m

)

+ 2

m∑
l=1

αil

(
(UAC−1U−1)lUr(i−1)m, Ur(i−1)m

)
.

The αik are obtained by solving the following linear system of equations:

∂f

∂αil
=2

m∑
k=1

αik

(
(UAC−1U−1)lUr(i−1)m, (UAC

−1U−1)kUr(i−1)m

)
(31)

+ 2
(
(UAC−1U−1)lUr(i−1)m, Ur(i−1)m

)
= 0 for l = 1, . . . ,m.

In (21) it is seen that the argument UAC−1U−1 = I − ÃM̃Ã−1 of the GMRES(m)-
polynomials P i

m has a simple block structure. Therefore, due to the sparse structure
of (UAC−1U−1)l (l = 1, . . . ,m), the solution of the linear system (31) is easily com-
puted for every complete iteration i, as soon as the previous transformed residual
Ur(i−1)m is given. We prescribe right-hand side b = 0 and a randomly chosen ini-

tial approximation Uu0, which yield a transformed initial residual Ur0 = −ÃUu0.
More precisely, we select an initial solution u0 =

∑n−1
k,�,m=1 β(k, �,m)ϕk,�,m, where the

amplitudes β(k, �,m) of the eigenvectors are randomly chosen. Hence, we get

Uu0 =
(
β(1, 1, 1), β(n− 1, n− 1, n− 1), . . . , β

(n
2
,
n

2
,
n

2

))T
;

see (7). From Ur0 it is possible to evaluate the α1
k by solving (31) for i = 1. This

gives

Urm = P 1
m(UAC−1U−1)Ur0.

It follows that Uri·m is easily calculated for every i. This leads to the definition of an
average reduction factor ρUi obtained by the Fourier analysis:

ρUi :=

[( ||Uri·m||2
||Ur0||2

)1/m
]1/i

.(32)
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A straightforward way to compute ρUi is to run GMRES(m) directly for the prescribed
residual r0 and the transformed matrix UACU−1. However, it turns out (see sub-
section 4.3) that an explicit calculation of the coefficients αik (k = 1, . . . ,m) of the
GMRES(m)-polynomials gives an interesting insight into the behavior of GMRES(m).

In most of the tests, presented in the next subsection, ρUi becomes constant for
i ≥ 20. Thus, ρU20 is expected to match numerical reference values very well and, in
particular, to be sharper than the estimates from subsection 3.1.

3.3. Fourier results of multigrid preconditioned GMRES(m). Here, we
investigate the quality of the theoretical considerations by comparing them to the
numerical convergence of the multigrid preconditioned GMRES(m) method for the
test problems from subsection 2.1. We compare the average accelerated multigrid
convergence rate, ρacch , from numerical experiments with the theoretical prediction
ρUi=20, the heuristic estimate TE

m , and the upper bound NE
m. Insight into the behavior

of the acceleration method is gained by considering different combinations of the
relaxation parameter ω and the GMRES(m) restart parameter m.

In order to make sure that the asymptotic convergence behavior is observed, we
present ρacch after 40 or after 100 multigrid preconditioned GMRES(m) iterations.
These numbers of iterations match ρUi=20 for m = 2 and for m = 5, respectively.
However, the numerical convergence stabilizes much earlier and often the asymptotic
values are obtained after only a few complete iterations.

The results for the 3D Poisson equation with right-hand side bh(x) = 0 and
initial guess u0 = (1, . . . , 1)T are presented in Table 3. We observe that ρUi=20 and TE

m

provide accurate predictions of ρacch for different overrelaxation parameters ω. The
upper bound NE

m becomes sharper with increasing m as TE
m and NE

m coincide for large
m, because the condition number κ2(X) cancels out (see (28)). Comparing Tables 1
and 3, we observe a satisfactory convergence improvement for ω = 1. If overrelaxation
is selected, the benefits of the GMRES(m) acceleration are small and the convergence
cannot be improved significantly by using a larger Krylov space (15). This behavior is
expected from the spectral picture in Figure 2. The ellipses become more orbital (note
the different scaling of the axes) with the overrelaxation so that approximation (30)
gets sharper.

Table 3
W(1,1)-cycle multigrid preconditioned GMRES(m) convergence ρacch and convergence estimates

ρUi=20, T
E
m , N

E
m for the 3D Poisson equation, h = 1/32.

Relaxation Acc. MG-RB, m = 2 Acc. MG-RB, m = 5
parameter ρacch ρUi=20 TE

m NE
m ρacch ρUi=20 TE

m NE
m

ω = 1.0 0.085 0.090 0.091 0.186 0.070 0.072 0.074 0.115
ω = 1.1 0.045 0.054 0.055 0.133 0.042 0.045 0.047 0.082

ω = 1.15 [23] 0.050 0.054 0.056 0.129 0.045 0.049 0.055 0.077

Similar statements hold for the 2D anisotropic diffusion equation, where right-
hand side bh(x) = 0 and initial guess u0 = (1, . . . , 1)T are chosen, as in the 3D
case. Theoretical predictions ρUi=20 match very well with ρacch , as can be seen from
Table 4. In most cases the same observation can be made for the values TE

m and
ρacch . NE

m is not a good approximation for ρacch but it improves with increasing m.
If we choose an optimal overrelaxation parameter for ε = 0.1 and ε = 0.01, it is not
really possible to further accelerate the ω-MG-RB method due to the circular shape
of the corresponding spectrum σ shown in Figure 3. For the same reason further
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Fig. 2. Eigenvalue spectra of the red-black two-grid 3D Poisson solver from Fourier analysis;
ν1 = ν2 = 1, h = 1/32. (Note the different scaling of the axes.)

Table 4
W(1,1)-cycle multigrid preconditioned GMRES(m) convergence ρacch and convergence estimates

ρUi=20, T
E
m , N

E
m for the 2D anisotropic diffusion equation, h = 1/128.

Acc. ε = 0.1, ω = 1.0 ε = 0.1, ω = 1.41
MG-RB ρacch ρUi=20 TE

m NE
m ρacch ρUi=20 TE

m NE
m

m = 2 0.350 0.392 0.405 0.734 0.173 0.184 0.186 0.724
m = 5 0.300 0.327 0.333 0.409 0.169 0.180 0.185 0.354

Acc. ε = 0.01, ω = 1.0 ε = 0.01, ω = 1.76
MG-RB ρacch ρUi=20 TE

m NE
m ρacch ρUi=20 TE

m NE
m

m = 2 0.795 0.800 0.861 1.460 0.568 0.579 0.580 2.385
m = 5 0.723 0.740 0.763 1.054 0.566 0.579 0.580 1.182

improvement cannot be achieved by a larger Krylov space. For ω = 1.0 a satisfactory
convergence improvement can be observed comparing Table 2 and Table 4.

As mentioned before, the Fourier analysis for multigrid is based on M̃ = I −
UC−1AU−1 (see (20)), the error reduction in a two-grid algorithm, whereas Krylov
methods minimize the residual norm and are based on AC−1. Thus, we have for the
corresponding spectra: σ(AC−1) = 1−σ(M̃) (compare Figure 1 (b) and Figure 3 (b)).
As a consequence the iteration matrices AC−1 are always positive real here because
the spectrum of the multigrid iteration matrix σ(M̃) is mainly clustered around the

origin. In particular ρ(M̃) = ρF < 1 holds because the multigrid preconditioner is
already a convergent method. Thus, any eigenvalue of AC−1 lies in the right half-
plane and we have ρhpc < 1.

Remark. In this connection it is interesting to note that the residual reduction
norm ||ÃM̃Ã−1||2 decreases with an increasing number of post-relaxations ν2 in con-

trast to the error reduction norm ||M̃ ||2 which decreases with an increasing ν1 [19].
According to this observation, one should choose similar values for ν1 and ν2 and
prefer ν1 ≥ ν2 to ν1 ≤ ν2 when multigrid is selected as a solver [19]. The reversed
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Fig. 3. Eigenvalue spectra of the red-black two-grid 2D anisotropic diffusion solver from Fourier
analysis; ν1 = ν2 = 1, h = 1/128.

statement (prefer ν1 ≤ ν2 to ν1 ≥ ν2) holds if we apply multigrid as a preconditioner
for a Krylov acceleration technique.

From Tables 3 and 4, it follows that a significant acceleration of the ω-MG-
RB method with the help of GMRES(m) is possible if ω = 1.0. This acceleration
is observed if we compare the numerical results ρmg

h and ρacch from subsections 2.1
and 3.3 and if we compare the Fourier estimates ρF and ρUi=20. If, in some sense, an
optimal multigrid method is selected by using the optimal overrelaxation parameter,
a further improvement is almost impossible.

ρUi=20 can be considered as a quantitative value which is found to be close to the
numerical convergence rate ρacch . The heuristic estimate TE

m gives good insight into the
asymptotic convergence behavior, whereas NE

m is too pessimistic an approximation
in general. The qualitative value ρhpc is important for theoretical purposes, but it
doesn’t help in choosing between solution methods. In most cases ρhpc is close to 1
and far away from ρacch .

4. Local mode analysis of multigrid preconditioned GMRES(m). The
Fourier analysis as presented in section 2 is restricted to model operators Ah, for which
the discrete functions (3) form a basis of eigenfunctions. Furthermore, it is not pos-
sible to apply this analysis for multigrid methods based on Gauss–Seidel relaxations
with a lexicographical ordering of the grid points (GS-LEX). The eigenfunctions (3)
are no longer invariant under the GS-LEX operators. Instead they are intermixed,
which leads to a full matrix S̃. For a general linear operator Ah with constant or
frozen coefficients it is, however, possible to use the local mode Fourier analysis [1]
for analyzing multigrid methods based on GS-LEX as the smoother. The theoretical
foundations (for example, presented in [18], [2]) for the local mode analysis are not as
straightforward as they are for the analysis from section 2. Basically the local mode
analysis is valid if the influence of a domain boundary is negligible [2]. Often, this re-
quirement can be satisfied by performing extra local boundary relaxation. In practice,
the local mode (or infinite grid) two-grid and smoothing analysis gives satisfactory
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sharp estimates of the actual multigrid convergence.
Instead of considering the finite domain with discrete eigenfunctions (3) of Ah

an infinite domain Ωh := {x = (jxh, jyh, jzh) : jx, jy, jz ∈ Z} is considered with
continuous eigenfunctions

φh(θ,x) = eixθ/h = eijθ = ei(jxθx+jyθy+jzθz),(33)

where the Fourier frequencies θ = (θx, θy, θz) vary continuously in R
3. The corre-

sponding eigenvalues are given by λ(θ, h) =
∑

κ∈J aκe
iθκ (see (8)). Fourier compo-

nents with |θ| := max{|θx|, |θy|, |θz|} ≥ π are not visible on Ωh, since they coincide

with components eijθ̂ where θ̂ = θ(modπ). Therefore, the Fourier space

εh = span{eijθ : θ ∈ Θ = (−π, π]3}
contains any infinite grid function on Ωh [19]. As in the discrete Fourier analysis,
we divide the Fourier space εh into eight-dimensional subspaces εhθ, which consist
of one low-frequency harmonic (θ ∈ Θl := (−π/2, π/2]3) and seven corresponding
high-frequency harmonics (θ ∈ Θh := Θ\Θl) (5):

εhθ = span[φ(θαxαyαz ,x) = eijθαxαyαz
: αx, αy, αz ∈ {0, 1}], with x ∈ Ωh,

θ000 ∈ Θl, and θαxαyαz = (θx − αxsign(θx)π, θy − αysign(θy)π, θz − αzsign(θz)π).

These spaces εhθ of 2h-harmonics are invariant under the coarse grid correction op-
erator K2h

h (4) and also under a GS-LEX relaxation operator. In order to obtain a
well-defined two-grid operator we replace the Fourier space εh by a slightly shrunk
subspace ε̃h such that (Ah)

−1 exists and also (A2h)
−1 can be reasonably defined on

the coarser grid, as in [19]:

ε̃h = εh\
⋃

θ∈Ψ

εhθ with Ψ := {θ : λ(θ, h) = 0 or λ(2θ, 2h) = 0}.

Hence, we have a well-defined operator M2h
h (4) on ε̃h with the invariance property

M2h
h : εhθ −→ εhθ with θ ∈ Θ̃l := Θl\Ψ,

equivalent to a block-diagonal matrix M̃ . The spectral radius ρ(M̃) of the correspond-
ing Fourier matrix is determined similarly as in the previous Fourier analysis (9):

ρF := ρ(M̃) = sup
θ∈Θ̃l

ρ(M̂(θ)) with M̂(θ)
∧
= M2h

h |εh
θ
.(34)

We consider operators with Ψ = {(0, 0, 0)}, which is an ellipticity requirement [2].
Then, it is possible to keep the suprenum (34) finite by an appropriate choice of the
transfer operators I2h

h and Ih2h [9].
The whole spectrum is obtained similarly as in section 2. We, however, always

observe a spectrum from a discrete mesh, whereas we have a continuously defined set
of eigenfunctions (33) in order to get h-independent upper bounds for the convergence
rates.

The definition of the smoothing factor (10) carries over from the rigorous analysis.
The coarse grid correction operator is replaced by an ideal operator Q2h

h which is

orthogonally equivalent to a block matrix Q̃ with blocks Q̂ = diag(0, 1, 1, 1, 1, 1, 1, 1).

µF := ρ(S̃ν2
2 Q̃S̃

ν1
1 ) = ρ(Q̃S̃ν1

1 S̃
ν2
2 ) = sup

θ∈Θ̃l

ρ(Q̂Ŝ1(θ)
ν1 Ŝ2(θ)

ν2) with Ŝ∗(θ)
∧
= S∗

h|εh
θ
.
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Table 5
Multigrid convergence ρmg

h , predicted convergence ρF , and smoothing factor µF for the 2D
anisotropic diffusion equation; h = 1/128.

Solution method ω = 1.0 ω = ωopt

ε ρmg
h ρF µF ρmg

h ρF µF

MG-FF, ε = 0.1 0.693 0.696 0.697 0.410 0.433 0.492
MG-FB, ε = 0.1 0.693 0.697 0.697 0.437 0.440 0.492
MG-FF, ε = 0.01 0.957 0.961 0.961 0.755 0.758 0.769
MG-FB, ε = 0.01 0.957 0.962 0.961 0.750 0.759 0.769

Table 6
Multigrid preconditioned GMRES(m) convergence ρacch and convergence estimates ρUi=20, T

E
m ,

NE
m for the 2D anisotropic diffusion equation; h = 1/128.

Acc. ε = 0.1, ω = 1.0 ε = 0.1, ω = 1.40
MG ρacch ρUi=20 TE

m NE
m ρacch ρUi=20 TE

m NE
m

FF, m = 2 0.475 0.515 0.529 0.911 0.410 0.420 0.430 0.524
FF, m = 5 0.450 0.469 0.519 0.907 0.410 0.420 0.430 0.441
FB, m = 2 0.370 0.402 0.408 0.718 0.185 0.185 0.203 0.445
FB, m = 5 0.305 0.331 0.331 0.487 0.158 0.160 0.165 0.202

Acc. ε = 0.01, ω = 1.0 ε = 0.01, ω = 1.75
MG ρacch ρUi=20 TE

m NE
m ρacch ρUi=20 TE

m NE
m

FF, m = 2 0.850 0.895 0.907 0.952 0.753 0.750 0.757 0.923
FF, m = 5 0.800 0.837 0.896 0.897 0.753 0.750 0.757 0.813
FB, m = 2 0.784 0.850 0.865 1.403 0.397 0.380 0.479 0.717
FB, m = 5 0.723 0.755 0.768 1.102 0.362 0.370 0.392 0.457

From the local mode analysis, the analytical values ρUi=20, T
E
m , NE

m, and ρhpc for
the multigrid preconditioned GMRES(m) method are obtained by straightforward
modifications of the definitions (32), (29), and (23) taken from the rigorous case.

4.1. Results for Poisson-type equations. The first example of the local-
mode Fourier analysis of multigrid preconditioned GMRES(m) deals again with the
anisotropic diffusion equation (2). We analyze the difference in convergence between
performing two smoothing iterations (ν1 = ν2 = 1) of the forward lexicographical
point Gauss–Seidel (GS-fLEX) method, and one iteration of GS-fLEX and one itera-
tion of backward lexicographical point Gauss–Seidel (GS-bLEX). The other multigrid
components are identical to the previously introduced multigrid method MG-RB. In
the following, we call these multigrid methods MG-FF and MG-FB, which stand for
multigrid forward forward and multigrid forward backward, respectively.

Local mode analysis gives sharp quantitative predictions for the multigrid conver-
gence of MG-FF and MG-FB for the 2D anisotropic diffusion equation with ε = 0.1
and ε = 0.01, as can be seen in Table 5. In the anisotropic case, it is also bene-
ficial to introduce an overrelaxation parameter for these lexicographical smoothers
leading to ω-MG-FF and ω-MG-FB. The improvement is less impressive than for
ω-MG-RB from [23], even if the optimal overrelaxation parameter (ωopt = 1.40 for
ε = 0.1, ωopt = 1.75, or ε = 0.01) is selected (see Table 5).

In contrast to ωopt-MG-FF (and ωopt-MG-RB), it is possible to further accelerate
ωopt-MG-FB significantly by GMRES(m). This can be observed by comparing Table 5
and Table 6 and can be explained as follows. If A is a symmetric matrix, then MG-
FB results in an A-symmetric iteration matrix due to the construction of the coarse
grid correction (FW as the restriction and bilinear interpolation as the prolongation
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operator) and the two relaxations which are adjoint to each other [8]. This means that
the multigrid iteration matrix M is symmetric with respect to the A-induced inner
product ( . , . )A := (A . , . ) (see, for example, [10]). The spectrum of the iteration
matrix is real-valued, and uniformly distributed on the interval [λmin, λmax]. This
feature is maintained if ωopt is introduced, whereas for ωopt-MG-FF an acceleration
by GMRES(m) is not possible because the spectrum becomes orbital. This behavior
of ω-MG-FF can be observed in Figure 4, where the spectra of the iteration matrices
for ω = 1.0 and ω = 1.75 are shown for ε = 0.01. For other applications it is found
in [10] that a symmetrization is not beneficial if Bi-CGstab [21] is used as the Krylov
subspace acceleration method.
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Fig. 4. Eigenvalue spectra of the MG-FF two-grid 2D anisotropic diffusion solver from local
mode analysis; ε = 0.01, h = 1/128. (Note the different scaling of the axes in Figure 4(a).)

Remark. For A-symmetric matrices it is possible to use the CG iteration as the
acceleration method, in which the residual is minimized in the A-norm instead of
the 2-norm (see (16)). The asymptotic convergence rate for the preconditioned CG
iteration is given by the well-known formula [16]

ρcg :=
(

min
P∈Pm

max
λj∈[λmin,λmax]

|P (λj)|
)1/m

=

(
max

λj∈[λmin,λmax]

Tm(1 + 2
λmin−λj

λmax−λmin
)

Tm(1 + 2 λmin

λmax−λmin
)

)1/m

=

(
2/Tm

(
λmax + λmin

λmax − λmin

) )1/m

≤ 2

√
κ− 1√
κ+ 1

with κ := κA(AC−1) =
λmax

λmin
.

If we consider the definition TE
m (29) for a real-valued spectrum σ ⊂ [λmin, λmax],

then the ellipse E(c, d, a) deteriorates to a line. In particular we have a = d =
(λmax − λmin)/2 and c = λmin + a, which leads to TE

m = (Tm(aa )/Tm( ca ))1/m = ρcg
(see (29), (30)). As the iteration matrix is A-symmetric, we find κA(X) = 1, where
κA(X) denotes the condition number of the transformation matrixX (26) with respect
to the A-norm. In general, this does not imply that κ2(X) = 1, but κ2(X) cancels
out of (28) for large m. It can be expected that GMRES(m) has a similar asymptotic
convergence as CG.
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Table 7
Multigrid and multigrid preconditioned GMRES(m) convergence (different m) for the 3D Pois-

son equation and forward and backward lexicographical Gauss–Seidel smoothers.

Solution Grid Fourier
method 323 643 963 values

MG-FF 0.25 0.26 0.26 ρF = 0.266
Acc. MG-FF, m = 2 0.22 0.22 0.22 ρUi=20 = 0.233
Acc. MG-FF, m = 5 0.22 0.21 0.21 ρUi=20 = 0.233

MG-FB 0.29 0.29 0.29 ρF = 0.294
Acc. MG-FB, m = 2 0.098 0.10 0.10 ρUi=20 = 0.121
Acc. MG-FB, m = 5 0.086 0.085 0.086 ρUi=20 = 0.099

The analytical prediction ρUi=20 shows a sharp quantitative character again, and
the estimate TE

m gives a reliable indication of the average accelerated convergence
rate presented in Table 6. NE

m is an interesting quantity for large m. For the 3D
Poisson equation also, the multigrid convergence of MG-FF and MG-FB is similar.
The convergence estimate ρF is 0.266 for MG-FF and 0.294 for MG-FB, whereas the
spectra are completely different (as in 2D). It can be seen from Table 7 that the con-
vergence rates with and without GMRES(m) are h-independent. Table 7 shows that
very satisfactory convergence rates are obtained by the Krylov subspace acceleration
of MG-FB. Moreover, due to the symmetry, we can predict the convergence rate of
the accelerated MG-FB accurately from ρcg for different m.

Remark. With this knowledge, a symmetrization of the red-black multigrid Pois-
son solver is performed by doing the post-smoothing in black-red order. Indeed, the
iteration matrix is A-symmetric, but the asymptotic convergence factor ρF increases
to 0.440, which is also the value for MG-RB with only one smoothing step (see, for
example, [7]). In this case the nonsymmetric multigrid iteration matrix leads to much
better convergence factors with and without Krylov acceleration.

4.2. Results for a problem with mixed derivative. Next, we discuss an
unsymmetric equation where reasonable smoothing properties can be achieved with
point smoothers, but the coarse grid correction turns out to be problematic in combi-
nation with standard coarsening [19]. This equation is tackled in order to demonstrate
that GMRES can also be applied to overcome coarse grid difficulties. We investigate
the 2D differential equation with a mixed derivative −∆u − τuxy = b discretized by
the O(h2) 9-point operator

Ahuh(x) =
1

h2


 τ

4 −1 − τ
4−1 4 −1

− τ
4 −1 τ

4


uh(x) = bh(x) on Ωh.

It is no longer elliptic if |τ | = 2 and the efficiency of all previously considered multi-
grid methods (MG-RB, MG-FF, MG-FB) deteriorates for |τ | → 2 (see, for example,
Table 8 and [19]). This behavior can be explained if we perform a simplified two-grid
analysis where only the very low Fourier frequencies along the characteristic direction
of the differential operator (first differential approximation (FDA) [22]) are consid-
ered. The transfer operators act almost as identities for very low-frequency harmonics
and no reduction of amplitudes can be achieved by the Gauss–Seidel relaxation. Thus,
we obtain the following two-grid amplification factor (see (4)):

ρFDA(θ) := 1− λ(θ, h)

λ(2θ, 2h)
for |θ| := max{|θ1|, |θ2|} −→ 0.(35)
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Table 8
Multigrid and two-grid convergences ρmg

h and ρtgh , predicted convergence ρF , and smoothing
factor µF for the τ-problem, MG-FB, h = 1/64.

τ = −1.90 τ = −1.99
ρmg
h ρtgh ρF µF ρmg

h ρtgh ρF µF

0.747 0.654 0.662 0.499 0.839 0.730 0.745 0.518

Table 9
Multi- and two-grid preconditioned GMRES(m) convergence factors ρacch and ρacch (tg) and es-

timates ρUi=20, T
E
m for the τ-problem, h = 1/64.

Acc. τ = −1.90 τ = −1.99
MG-FB ρacch ρacch (tg) ρUi=20 TE

m ρacch ρacch (tg) ρUi=20 TE
m

m = 2 0.420 0.333 0.372 0.373 0.533 0.404 0.415 0.463
m = 5 0.370 0.287 0.302 0.304 0.472 0.348 0.354 0.378

The Fourier symbol λ(θ, h) of the differential operator reads as follows:

λ(θ, h) =
1

h2

(
4− 2 cos(θ1)− 2 cos(θ2) +

τ

2
cos(θ1 − θ2)− τ

2
cos(θ1 + θ2)

)
=

1

h2

(
θ21 + θ22 +

τ

4
( (θ1 + θ2)

2 − (θ1 − θ2)2 )− θ41 + θ42
12

+
τ

48
( (θ1 − θ2)4 − (θ1 + θ2)

4 ) + O(|θ|6)
)
,

where Taylor’s expansion is used. If τ −→ ±2 the characteristic frequencies are given
by θ2 = ∓θ1. This gives

λ(θ, h) =
1

h2

(
(2∓ τ)θ21 −

(1

6
∓ τ

3

)
θ41 + O(θ61)

)
=⇒ ρFDA(θ) = 1− 4

16
= 0.75 for |θ| −→ 0 and τ −→ ±2.

For τ = −1.99 and MG-FB, this limiting value of 0.75 is almost obtained by the
predicted two-grid factor ρF and also by the numerically obtained ρtgh ; see Table 8.
The multigrid convergence ρmg

h increases further since the coarse grid problem occurs
on all coarser grids (actually six grids are used).

One way to handle the coarse grid problem is to change the smoother to the
more expensive ILU-type relaxation [19], which also takes care of the problematic
low-frequency error components. A second way is to replace the grid coarsening by
a nonstandard coarsening technique. We keep the point Gauss–Seidel smoother with
standard grid coarsening and solve this problem by the Krylov subspace acceleration
of MG-FB. In Table 9, a significant improvement of the multigrid convergence due
to the acceleration is observed even with a small Krylov subspace. The two-grid
convergence ρacch (tg) is very well predicted by ρUi=20 and TE

m .
Comparing the accelerated two-grid and multigrid convergences from Table 9, it

is expected that it is possible to further improve ρacch by incorporating the Krylov
acceleration into the multigrid cycle and to apply it also on the coarse grids as in [14].

4.3. Further results and extensions. Here, we present a relation between
Krylov subspace acceleration and a coarse grid correction acceleration as presented
for the convection-diffusion equation in [4] and a relation between Krylov subspace
acceleration and optimal (multistage) overrelaxation in a smoothing method.
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A standard upwind discretization of a convection-dominated (0 < ε� 1) convec-
tion-diffusion equation

−ε∆u(x) + ( a1(x)u(x) )x + ( a2(x)u(x) )y = b(x),(36)

with a rotating convection term (a1(x) = − sin(πx) cos(πy), a2(x) = sin(πy) cos(πx)),
is another well-known equation with a problematic coarse grid correction (see [4],
[8]). A similar FDA analysis, as in the previous section, shows that characteristic
low frequency error components, that are constant along the characteristics of the
advection operator, are not reduced efficiently on coarse grids [4]. The different scaling
of convection ( a1(x)/h, a2(x)/h ) and diffusion ε/h2 is not approximated properly on
the 2h-grid which leads to a limiting two-grid convergence factor of 0.5 [4]. It is shown
in [14] that the problems with rotating convection direction can be solved efficiently by
a Krylov subspace acceleration of multigrid (also on the coarser grids of the multigrid
preconditioner). In [4] an improved multigrid method is designed for this problem
where the residuals in the kth two-grid cycle are overweighted by optimized accele-
ration parameters ηk. This means that the FDA error amplification factor after the
mth cycle is given by the following polynomial (see (35) and [4]):

ρFDA
m (θ) =

m∏
k=1

( 1− ηkζ(θ) ) with ζ(θ) =
λ(θ, h)

λ(2θ, 2h)
.

The two methods are related. The FDA analysis can also be performed for the argu-
ment of the GMRES(m)-polynomials (21). It yields that the block matrix UAC−1U
is dominated by ζ(θ) for very low characteristic frequencies θ. We can construct an
initial solution u0 (necessary to calculate the GMRES(m)-polynomials explicitly; see
subsection 3.2), which consists only of characteristic error components and freezes the
discretization operator at a fixed (but arbitrary) point x. All resulting GMRES(m)-
polynomials P i

m are almost identical for i ≥ 20. Therefore, always the same coefficients
αik (k = 1, . . . ,m) are found. Thus, it is possible to identify ρFDA

m with P i
m for i ≥ 20

and we can express the coefficients αik (i ≥ 20) by the ηk, for example,

αi1 = −η1 for m = 1 , αi1 = −(η1 + η2) , α
i
2 = η1η2 for m = 2.(37)

The above considerations are confirmed by test calculations where such relations as
from (37) are established for i ≥ 20 and also for larger m. For problem (36), for
example, we find

αi1 = −1.33 for m = 1 , αi1 = −2.82 , αi2 = 1.88 for m = 2,

which matches exactly with the reference values ηk; see [4]. We see from this heuristic
consideration that an optimal tuning of the coarse grid correction is implicitly done
by the Krylov subspace acceleration.

Similarly it is possible to find optimal overrelaxation parameters for smoothing
methods, like Jacobi or GS-RB, if the coarse grid correction acts as the optimal
operator Q2h

h from sections 2 and 4. For example, consider the multistage Jacobi
relaxation for the 2D Poisson equation for which the smoothing operator is given by
the polynomial

Sh =

m∏
k=1

( Ih − ωk∆h/4 ).(38)
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The corresponding smoothing factor for the multistage relaxation Sh from (38) can be
minimized analytically, yielding the optimal ωk, which are knots of Chebychev polyno-
mials [19]. If we select an initial approximation which consists only of high frequency
error components, it is possible to identify Sh with the GMRES(m)-polynomials P i

m

(for i ≥ 20) as the coarse grid correction leaves the high frequency components al-
most unchanged. A similar comparison of coefficients ωk and αk can be performed as
described above for ηk and αk (37). The related αik, calculated by the analysis from
subsection 3.2, match with the optimal ωk for i ≥ 20 very well.

For more complicated equations (or smoothing procedures) it is, in general, not
possible to determine optimal overrelaxation parameters analytically, but the analysis
is easily applicable and the αik can be determined. As an example we consider the
discrete biharmonic equation ∆h∆huh = bh which is sometimes transformed into a
system of two Poisson-type equations in order to achieve better smoothing properties
[1]. Here we keep the scalar forth order problem and apply a multistage version of a
GS-RB smoothing method

SmsRB
h =

m∏
k=1

( Ih − ωk(Ih − SBLACK
h · SRED

h ) ),

where the multistage parameters ωk are obtained by an evaluation of the related αik
(i ≥ 20). It can be seen in Table 10 that it is possible to obtain satisfactory smoothing
rates also for the scalar biharmonic equation.

Table 10
Multistage red-black Gauss–Seidel relaxation parameters and smoothing rate for the biharmonic

equation.

α1 α2 α3 µF (µF )
1/m

m = 1 -1.39 0.501 0.501
m = 2 -3.17 2.20 0.152 0.390
m = 3 -4.81 7.13 -3.30 0.050 0.369

Finally, it can be concluded that the Krylov subspace acceleration implicitly im-
proves the coarse grid correction or the relaxation procedure, if one of these multigrid
components clearly hampers the overall multigrid convergence. Furthermore, the
analysis from subsection 3.2 is an easy tool to obtain good overrelaxation parameters
for different (and also difficult) problems.

5. Conclusions. In this paper we have presented a way to obtain sharp quan-
titative convergence estimates for GMRES(m) preconditioned by multigrid on the
basis of Fourier analysis. For all the cases considered the estimates are accurate com-
pared to measured numerical convergence of the multigrid preconditioned GMRES(m)
method.

It has been shown that it is not easily possible to further accelerate multigrid
methods which are optimally tuned with, for example, overrelaxation parameters. In
other situations, however, very satisfactory convergence improvement is achieved with
the Krylov subspace acceleration. The possibilities for the subspace acceleration of
multigrid are not only available in the case of isolated eigenvalues from the multigrid
preconditioner, but they depend also on the shape of the spectrum. A spectrum
resulting from the preconditioner with a circular shape is not appropriate for an
acceleration with the method presented. For a fair comparison one should take the
additional work for the Krylov subspace acceleration into account. This, however,
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is not the main issue in this paper. The acceleration is, in general, cheap compared
to the multigrid method. The proposed acceleration is, of course, also applicable to
situations in which it is not easy to tune a multigrid method.
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Abstract. Multilevel methods are applied to compute local and global Sobolev norms arising in
adaptive boundary element methods. Combining this approach with an approximate computation
of an error function we construct efficient and reliable a posteriori error estimators for arbitrary
boundary element solutions related to either a Dirichlet or Neumann boundary value problem.
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1. Introduction. Multilevel methods (see, for example, [2, 3, 9, 13, 14, 20, 22,
23]) were originally designed for an efficient solution of numerical schemes related to
elliptic boundary value problems, in particular, finite and boundary element methods.
In fact, multilevel methods are often used to construct almost optimal precondition-
ers to be used in iterative methods, i.e., we refer to BPX-type preconditioners first
considered in [3, 22]. The numerical analysis of such an approach is essentially based
on multilevel representations of equivalent norms in certain Sobolev spaces; see, for
example, [14]. In a recent paper by Oswald [15] it was shown that the Sobolev norm
in H−1/2(Γ) allows an equivalent multilevel representation using piecewise constant
trial functions. In this paper we will use this equivalent multilevel approximation
to define local and global a posteriori error indicators needed in adaptive boundary
element methods. A related approach is to derive a posteriori error estimators using
hierarchical basis techniques; see, e.g., [1, 16] for finite elements, [11] for boundary
elements, or [12] for a coupling of finite and boundary elements.

For the design of adaptive boundary element methods, it is necessary to estimate
and localize the error. This is more complicated, as in finite element methods, since
the boundary integral operators involved are, in general, nonlocal. Residual-based
error estimators for Galerkin boundary element methods were considered, for exam-
ple, in [4, 7, 17, 21]. The challenge there is the localization of the Sobolev norm,
in particular for the Dirichlet boundary value problem where the related boundary
integral operator is of order minus one, and to prove reliability of the resulting local
error indicators [8]. Since residual-based error estimators require the evaluation of
the residual inside certain quadrature formulae (see, for example, [4]), for some appli-
cations these methods may be time consuming and therefore become inefficient; see
[18].

In [18, 19] we considered an alternative approach to approximate the error func-
tion of an arbitrary given boundary element solution for both the Dirichlet and Neu-
mann boundary value problem. This method is based on a truncated Neumann series
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to solve a second kind boundary integral equation. In [18, 19] we analyzed the con-
vergence of these Neumann series in appropriate energy norms to get reliability and
efficiency for the resulting global error estimators. To get local error indicators, we
used the local contributions of the energy norm. However, in this case we could prove
the efficiency of the local error indicators only. Moreover, the use of energy norms
induced by boundary integral operators, in particular by the single layer potential,
seems not to be satisfactory with respect to the computational costs.

In this paper we describe a new approach to compute and to localize Sobolev
norms by means of multilevel methods. These methods are almost optimal with
respect to the amount of work. Therefore, in comparison with the approach described
in [18, 19], we get a more efficient algorithm as it will be seen in the numerical example.
Moreover, when using a multilevel norm instead of an energy norm, we can prove also
reliability of the resulting global and local error estimator.

While in this paper we consider multilevel methods to compute Sobolev norms of
an approximated error function, one can use such an approach even to compute and
localize Sobolev norms of the residual. This modification is straightforward and will
not be considered here.

The rest of the paper is organized as follows. In section 2 we recall the definition
and basic properties of multilevel operators and derive a local representation of an
equivalent Sobolev norm in H−1/2(Γ). The approximation of the error function in
case of a Dirichlet boundary value problem is described in section 3, where we apply
the results of section 2 to construct local and global error indicators. Section 4 is
devoted to the same topics in the case of a Neumann boundary value problem. In
section 5 we give a general adaptive boundary element algorithm for the solution of
Dirichlet or Neumann boundary values problems. Some numerical examples for the
two-dimensional Laplacian are given in section 6, i.e., we compare the proposed new
approach with an uniform approach as well as with an adaptive algorithm based on
the energy norm as considered in [18, 19].

2. Computational schemes for Sobolev norms. Let Ω ⊂ R
n (n = 2, 3)

be a bounded domain with Lipschitz boundary Γ = ∂Ω. For a family of regular
boundary element meshes Γhj

(j = 1, . . . , J) of mesh size hj and consisting of Nj

boundary elements Γj,k (k = 1, . . . , Nj) we define a nested sequence of trial spaces Zj
of piecewise constant basis functions ψj,k (k = 1, . . . , Nj ; j = 1, . . . , J), i.e.,

Z1 ⊂ Z2 ⊂ · · · ⊂ ZJ ⊂ H−1/2(Γ).

Let Qj denote the L
2 Galerkin projection onto Zj defined by

〈Qjw, τ〉L2(Γ) = 〈w, τ〉L2(Γ) for all τ ∈ Zj .(2.1)

Set Q0 = 0. Then there hold the following relations for k = 1, . . . , J :

QkQ	 = Q	Qk = Q	 for � ≤ k,(2.2)

(Qk −Qk−1)Q	 = 0 for � < k,(2.3)

(Qk −Qk−1)
2 = Qk −Qk−1,(2.4)

(Qk −Qk−1)(Q	 −Q	−1) = 0 for k �= �.(2.5)

In fact, (2.3)–(2.5) are simple consequences of (2.2) [22].
For s ∈ R and w ∈ ZJ we define the multilevel operator

A(s)w =

J∑
j=1

h−2s
j · (Qj −Qj−1)w .(2.6)
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From [15, Theorem 2] it is known that there hold the spectral equivalence inequalities

c1||w||2H−1/2(Γ) ≤ 〈A(− 1
2 )w,w〉L2(Γ) ≤ c2J

2||w||2H−1/2(Γ) for all w ∈ ZJ(2.7)

with positive constants c1 and c2 independent of w ∈ ZJ and J ≥ 1.
While we can use the operator A(−1/2) to compute an equivalent Sobolov norm

in H−1/2(Γ) (this is due to (2.7)) we need to compute local norms to be used in the
mesh refinement of adaptive boundary element methods. This will be based on the
following result which is a consequence of (2.4) and (2.5); see also [22].

Proposition 2.1. Let A(s) be defined as in (2.6) for some s ∈ R. Then there
holds

A(s) = A(s/2) ·A(s/2).

Proof. A simple computation shows that

A(s/2) ·A(s/2) =

J∑
k=1

h−s
k (Qk −Qk−1) ·

J∑
	=1

h−s
	 (Q	 −Q	−1)

=

J∑
k=1

J∑
	=1

h−s
k h−s

	 (Qk −Qk−1)(Q	 −Q	−1)

=

J∑
k=1

h−2s
k (Qk −Qk−1) = A(s)

due to (2.4) and (2.5).
As a conclusion of (2.7) and Proposition 2.1 we get that

||A(−1/4)w||2L2(Γ) = 〈A(−1/2)w,w〉L2(Γ) for all w ∈ ZJ(2.8)

is an equivalent Sobolev norm in H−1/2(Γ). Moreover, we can localize (2.8) by

||A(−1/4)w||2L2(Γ) =

NJ∑
k=1

||A(−1/4)w||2L2(ΓJ,k) for all w ∈ ZJ .(2.9)

The computation of A(−1/4)w for w ∈ ZJ via (2.6) requires the solution of the
variational problems (2.1) for all j = 1, . . . , J , i.e., the inversion of the Gram matrices
Gj defined by Gj [k, �] = 〈ψj,k, ψj,	〉L2(Γ) for k, � = 1, . . . , Nj ; j = 1, . . . , J . Since
we are using piecewise constant trial functions ψj,k the Gram matrices Gj are just
diagonal matrices, and therefore the computation of G−1

j and thus of Qjw is trivial.

3. An error estimator for the Dirichlet problem. Let Ω ⊂ R
n (n = 2, 3)

with Lipschitz boundary Γ = ∂Ω. For the numerical solution of the Dirichlet boundary
value problem

Lu(x) = 0 for x ∈ Ω, u(x) = g(x) for x ∈ Γ(3.1)

with an elliptic and self-adjoint second-order partial differential operator L we consider
the boundary integral equation

(V t)(x) =

(
1

2
I +K

)
g(x) for x ∈ Γ(3.2)



ADAPTIVE BOUNDARY ELEMENT METHODS 607

with the standard notations for the single layer potential V and the double layer
potential K,

(V t)(x) =

∫
Γ

U∗(x, y)t(y)dsy, (Ku)(x) =

∫
Γ

u(y)T ∗(x, y)dsy.

Here, U∗(x, y) is the fundamental solution of the partial differential operator L,
T ∗(x, y) = TyU

∗(x, y), and t(y) = Tyu(y), where Ty is the conormal derivative oper-
ator corresponding to L.

Let Zh := ZI be a trial space of piecewise constant basis functions as introduced
in the previous section for some 1 ≤ I < J . The Galerkin variational formulation of
(3.2) reads to find th ∈ Zh such that

〈V th, τh〉L2(Γ) =

〈(
1

2
I +K

)
g, τh

〉
L2(Γ)

for all τh ∈ Zh.(3.3)

It is well known (see, for example, [10]) that the variational problem (3.3) is uniquely
solvable and that there holds the a priori error estimate

||t− th||H−1/2(Γ) ≤ c · inf
τh∈Zh

||t− τh||H−1/2(Γ) ≤ c · hs+ 1
2 · ||t||Hs(Γ)(3.4)

if t ∈ Hs(Γ) and s ≤ 1.
The design of adaptive boundary element methods is in general based on global

and local a posteriori estimators for the error

eh(x) := (t− th)(x) for x ∈ Γ.(3.5)

The use of residual based error estimators requires the computation of

rh(x) := (V eh)(x) =

(
1

2
I +K

)
g(x)− (V th)(x) for x ∈ Γ.(3.6)

Due to the equivalence inequalities

c1 · ||rh||2H1/2(Γ) ≤ ||eh||2H−1/2 ≤ c2 · ||rh||2H1/2(Γ)

one can use ||rh||2H1/2(Γ)
to derive both local and global error indicators, i.e., one has to

localize an equivalent Sobolev norm in H1/2(Γ); see [4, 8]. However, numerical exam-
ples in [4, 18] indicate that a residual-based approach to constructing error estimators
may lead to unstable and, with respect to computing times, inefficient algorithms. In
[18] we proposed an alternative approach to estimate the error (3.5) by solving a sec-
ond kind boundary integral equation via a truncated Neumann series. The resulting
approximation of the error (3.5) can be done with high accuracy, but the computation
of global and local error indicators now has to be done in a equivalent Sobolev norm
in H−1/2(Γ). In [18] we used the energy norm induced by the single layer potential V
to compute the global error estimator as well as some local indicators. Although, for
the example considered, the approach in [18] was more efficient compared with the
method described in [4] and an uniform refinement, the amount of work to compute
the energy norm was not satisfactory. Therefore, we consider in this paper an alter-
native approach to compute both the global and local error indicators appearing in
[18] by an equivalent Sobolev norm based on multilevel trial spaces as described in
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section 2. Moreover, we also get reliability of local error indicators when using this
multilevel approach.

Let th ∈ Zh be an arbitrary boundary element approximation for t ∈ H−1/2(Γ),
for example, we may take the Galerkin solution of (3.3) but any other discretization
scheme such as collocation may be used also. Then we can define an approximate
solution of the boundary value problem (3.1) by

uh(x̃) =

∫
Γ

U∗(x̃, y)th(y)dsy −
∫
Γ

g(x)T ∗(x̃, y)dsy for x̃ ∈ Ω.(3.7)

Applying Tx for x ∈ Γ and taking the limit Ω � x̃→ x ∈ Γ, (3.7) defines a computable
function

t̃(x) =

(
1

2
I +K ′

)
th(x) + (Dg)(x) for x ∈ Γ(3.8)

almost everywhere where K ′ is the adjoint double layer potential operator and D is
the hypersingular integral operator,

(K ′t)(x) =

∫
Γ

TxU
∗(x, y)t(y)dsy, (Du)(x) = −Tx

∫
Γ

u(x)TyU
∗(x, y)dsy.

It was shown in [18, Lemma 1] that the error (3.5) is then a solution of the second
kind boundary integral equation(

1

2
I −K ′

)
(t− th)(x) = (t̃− th)(x) for x ∈ Γ.(3.9)

Let || · ||V denote the energy norm in H−1/2(Γ) induced by the single layer potential.
Then (see [18, Theorem 1])∥∥∥∥

(
1

2
I +K ′

)
w

∥∥∥∥
V

≤ cK · ||w||V for all w ∈ H−1/2(Γ) with cK < 1.(3.10)

Therefore we can compute the error (3.5) by the Neumann series

eh(x) =

∞∑
	=0

(
1

2
I +K ′)	(t̃− th)(x) for x ∈ Γ.

Using a truncated Neumann series, i.e., for a fixed q ≥ 0, we may compute the
approximate error function

e
(q)
h (x) =

q∑
	=0

(
1

2
I +K ′

)	
e
(0)
h (x), e

(0)
h (x) = (t̃− th)(x),(3.11)

and derive global and local error indicators from ||e(q)h ||2H−1/2(Γ)
or an equivalent norm.

From (3.11) using (3.10) we conclude the equivalence inequalities

1

1 + cq+1
K

||e(q)h ||V ≤ ||eh||V ≤
1

1− cq+1
K

||e(q)h ||V .(3.12)
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For a numerical realization of the successive approximation (3.11) we introduce a trial
space ZJ := Zh̃ of dimension NJ with Zh ⊂ Zh̃ and compute

e
(q)

h̃
(x) =

q∑
	=0

[
Qh̃

(
1

2
I +K ′

)]	
e
(0)

h̃
(x), e0

h̃
(x) = Qh̃(t̃− th)(x),(3.13)

where Qh̃ is the L2 Galerkin projection onto Zh̃ as defined in (2.1).
Hence, using the energy norm induced by the single layer potential, a global a

posteriori error estimator is given by

η(q) := ||e(q)
h̃
||V .(3.14)

Combining the equivalence inequalities (3.12) with the approximation error of Q
h̃

in H−1/2(Γ) we get the following result.
Theorem 3.1 (see [18, Theorem 3.3]). Let η(q) as defined in (3.14). Then,

1

1 + cq+1
K

{
η(q) − c · q · h̃1/2||e(0)h ||L2(Γ)

}

≤ ||eh||V ≤ 1

1− cq+1
K

{
η(q) + c · q · h̃1/2||e(0)h ||L2(Γ)

}
.

We note that, due to our construction, the trial spaces Zj form a nested sequence

Z1 ⊂ · · · ⊂ ZI = Zh ⊂ · · · ⊂ ZJ = Zh̃,

therefore we can apply all results from section 2, in particular, we may define the
global error estimator

η̃(q) =
√
〈A−1/2e

(q)

h̃
, e

(q)

h̃
〉L2(Γ)(3.15)

which is equivalent to η(q) as defined in (3.14) and therefore to ||eh||V . Moreover, due
to (2.9) we can define local error indicators

η̃
(q)
k := ||A−1/4e

(q)

h̃
||L2(ΓI,k)(3.16)

satisfying

[η̃(q)]2 =

NI∑
k=1

[η̃
(q)
k ]2.

Hence, the local error indicators defined by (3.16) satisfy the equivalence inequalities

c1 ·
√√√√ NI∑
k=1

[η̃
(q)
k ]2 ≤ ||eh||V ≤ c2 ·

√√√√ NI∑
k=1

[η̃
(q)
k ]2.(3.17)

The local error indicators (3.16) are local contributions of the global Sobolev norm
(2.8) which is an equivalent norm in H−1/2(Γ). Moreover, the global error estimator
(3.15) can be derived from all local indicators. Hence we get reliability and efficiency
for both global and local error indicators. Note that we are localizing a Sobolev norm
in H−1/2(Γ) to get a posteriori error estimators for the Dirichlet problem. When
using a residual-based approach one has to localize a Sobolev norm in H1/2(Γ). This
can be done, for example, by a window technique as described in [17], by a direct
localization of the Sobolev–Slobodeckii norm inH1/2(Γ) (see [8]), or by local indicators
of Babus̆ka–Rheinboldt type [4, 7].
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4. An error estimator for the Neumann problem. Now we consider instead
of (3.1) the Neumann boundary value problem

Lu(x) = 0 for x ∈ Ω, (Txu)(x) = f(x) for x ∈ Γ.(4.1)

Note that f has to satisfy the compatibility condition∫
Γ

f(x)v(x)dsx = 0 for all v ∈ K,(4.2)

where K is the solution space of the homogeneous Neumann boundary value problem,

K :=
{
v ∈ H1(Ω) : Lv = 0 in Ω, Txv = 0 on Γ

}
,(4.3)

and that the solution of (4.1) is unique only modulo K.
Let us denote

H
1/2
0 (Γ) := {v ∈ H1/2(Γ) : 〈v, w〉L2(Γ) = 0 for all w ∈ K}.(4.4)

For the numerical solution of (4.1) we may consider the hypersingular boundary
integral equation

(Du)(x) =

(
1

2
I −K ′

)
f(x) for x ∈ Γ,(4.5)

where the boundary integral operators are defined as in the previous section. If f

satisfies (4.2), then there exists a unique solution u ∈ H
1/2
0 (Γ) satisfying (4.5). Let

Wh = span{ϕk}Mk=1 ⊂ H
1/2
0 (Γ)(4.6)

be a boundary element trial space of continuous and piecewise linear splines with
respect to a triangulation Γh = ΓhI

for some 1 ≤ I < J ; see section 2. The Galerkin
formulation of (4.5) reads to find uh ∈Wh such that

〈Duh, vh〉L2(Γ) =

〈(
1

2
I −K ′

)
f, vh

〉
L2(Γ)

for all vh ∈Wh.(4.7)

It is well known that there exists a unique solution uh ∈ Wh of (4.7) satisfying the
error estimate

||u− uh||H1/2(Γ) ≤ c · inf
vh∈Wh

||u− vh||H1/2(Γ) ≤ c · hs− 1
2 · ||u||Hs(Γ)(4.8)

if u ∈ Hs(Γ) and s ≤ 2. It was shown in [19] that the error

eh(x) = (u− uh)(x) ∈ H
1/2
0 (Γ)(4.9)

is a solution of the second kind boundary integral equation(
1

2
I +K

)
(u− uh)(x) = (ũ− uh)(x) for x ∈ Γ,(4.10)

where ũ is given as

ũ(x) = (V f)(x) +

(
1

2
I −K

)
uh(x) for x ∈ Γ.
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Let PK : H1/2 → H
1/2
0 (Γ). Then we can compute an approximate error function by

the truncated Neumann series

e
(q)
h =

q∑
	=0

[
PK

(
1

2
I −K

)]	
PK(ũ− uh)(x) for x ∈ Γ(4.11)

for some q ≥ 0 to be used as an error estimator for (4.9); see [19] for details. As in
the case of the Dirichlet problem we introduce a trial space Wh̃ with Wh ⊂ Wh̃ to
realize the successive approximation (4.11), i.e., we compute

ẽ
(q)
h =

q∑
	=0

[
Q̂h̃PK

(
1

2
I −K

)]	
Q̂h̃PK(ũ− uh)(x) for x ∈ Γ,(4.12)

where Q̂h̃ is now the L2 Galerkin projection onto Wh̃. We have to assume that

Q̂h̃ : H1(Γ)→W
h̃
⊂ H1(Γ) is bounded. To ensure this for adaptively refined meshes

we need to formulate some additional mesh restrictions [5]. For example, when using
piecewise linear trial functions on a curve, the mesh ratio of neighbored elements has
to be bounded by 4; see [5, Theorem 2].

Based on the approximated error function (4.12) we can compute a global error
estimator by

η̃(q) = ||ẽ(q)h ||D,(4.13)

where we used the energy norm induced by the hypersingular integral operator D.
Theorem 4.1 (see [19, Theorem 3.1]). Let η̃(q) as defined in (4.13). Then,

1

1 + cq+1
K

{
η(q) − c · q · h̃1/2||ẽ(0)h ||L2(Γ)

}

≤ ||ẽh||D ≤ 1

1− cq+1
K

{
η(q) + c · q · h̃1/2||ẽ(0)h ||L2(Γ)

}
.

For the computation of all global and local error indicators we consider the case
n = 2 first. Since the energy norm induced by the hypersingular integral operator

of the Laplace equation is spectrally equivalent to any other norm in H
1/2
0 (Γ) it is

sufficient to consider the norm induced by the hypersingular integral operator of the
Laplacian only. Moreover, for the boundary integral operators related to the Laplace
operator it is known that there holds

〈Du, v〉L2(Γ) =

〈
V

d

ds
u,

d

ds
v

〉
L2(Γ)

for all u, v ∈ H
1/2
0 (Γ).

Since ẽ
(q)
h ∈ Wh̃ we get that d

ds ẽ
(q)
h =: w

(q)

h̃
∈ Zh̃, where Zh̃ is the trial space of

piecewise constant splines as introduced in the previous section. Therefore,

||ẽ(q)h ||2D = 〈Dẽ
(q)
h , ẽ

(q)
h 〉L2(Γ) = 〈V w

(q)

h̃
, w

(q)

h̃
〉L2(Γ).

Since the single layer potential operator V : H−1/2(Γ)→ H1/2(Γ) is positive definite
and bounded, we conclude that

c1 · ||w(q)

h̃
||2H−1/2(Γ) ≤ ||ẽ(q)h ||2D ≤ c2 · ||w(q)

h̃
||2H−1/2(Γ),
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and hence it is sufficient to compute and localize an equivalent Sobolev norm in

H−1/2(Γ) for w
(q)

h̃
∈ Zh̃.

For n = 3 we can apply a similar approach. Using (see [6])

〈Du, v〉L2(Γ) =
1

4π

∫
Γ

∫
Γ

1

|x− y|
-curlΓu(x) · -curlΓv(x)dsxdsy

=

3∑
i=1

〈V ( -curlΓu)i, ( -curlΓv)i〉L2(Γ),

the energy norm induced by the hypersingular integral operator for the Laplacian can
be written again as energy norm induced by the single layer potential. Then we can

follow the same ideas as described above for each component of -curlΓẽ
(q)
h .

5. Adaptive boundary element schemes. Now we are in a position to de-
scribe an adaptive boundary element method for the numerical solution of either the
Dirichlet boundary value problem (3.1) or the Neumann boundary value problem (4.1)
by means of the Galerkin formulation (3.3) or (4.7), respectively.

The adaptive boundary element algorithm reads as follows:
1. For a given boundary element mesh Γh compute either a boundary element

solution th of (3.3) (Dirichlet) or uh ∈Wh of (4.7) (Neumann).

2. Compute the approximate error functions ẽ
(q)
h for some q ≥ 0 by means of

the truncated Neumann series (3.11) (Dirichlet) or (4.12) (Neumann).

3. In case of the Neumann problem (n=2) compute w
(q)

h̃
= d

ds ẽ
(q)
h ∈ Zh̃.

4. Compute vh̃ = A(− 1
4 )ẽ

(q)
h (Dirichlet) or vh̃ = A(− 1

4 )w
(q)

h̃
(Neumann, n=2) via

the multilevel representation (2.6).

5. Compute all local error indicators η̃
(q)
k = ||vh̃||L2(ΓI,k) and the global error

estimator η̃(q) =

√∑NI

k=1[η̃
(q)
k ]2. Stop, if a required accuracy is reached.

6. Refine all boundary elements Γk, where

η̃
(q)
k ≥ θ · max

1≤	≤Ñ
η̃
(q)
	

is satisfied with some appropriate chosen refinement parameter θ ∈ [0, 1].
For the Neumann problem and n = 3 some slight modifications in steps 3 and 4

as described in the previous section are needed.

6. Numerical results. As a numerical example we consider for both the Dirich-
let and Neumann boundary value problem the two-dimensional Laplace equation,
where Ω is the L shaped domain described by the nodes (0, 0), (0.25, 0), (0.25, 0.25),
(−0.25, 0.25), (−0.25,−0.25), and (0,−0.25).

Let Zh and Wh denote the boundary element spaces of piecewise constant and
piecewise linear trial functions, respectively. Then we define Zh̃ by piecewise constant
basis functions and Wh̃ by piecewise linear ones where the mesh size in both cases is

h̃ = h/8, i.e., we apply three additional refinement steps to construct the underlying
boundary element mesh Γh̃ from Γh.

In both examples we have chosen q = 0 in the truncated Neumann series (3.11)

and (4.12), respectively. While the corresponding error functions ẽ
(0)
h already define

equivalent error estimators, the constants in the equivalence inequalities and therefore
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Fig. 1. Uniform vs. adaptive refinement, Dirichlet problem.
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Fig. 2. Uniform vs. adaptive refinement, Neumann problem.

the accuracy of the error estimator can be improved when using some q > 0; see [18]
for a more detailed discussion on this.

6.1. Dirichlet problem. For the Dirichlet boundary value problem the bound-
ary data are given in such a way that the solution is

u(x) = u(r, ϕ) = r2/3 sin

(
2

3
ϕ

)
(6.1)
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Fig. 3. Errors for adaptive refinement, Neumann problem.

Table 1
Errors for uniform refinement, Neumann problem.

N ||u− uh||D Order ||A− 1
4 d

ds
(u− uh)||L2 Order

8 7.98 –2 1.35 –1
16 4.77 –2 0.74 8.86 –2 0.61
32 3.00 –2 0.67 5.47 –2 0.70
64 1.89 –2 0.67 3.44 –2 0.67
128 1.19 –2 0.67 2.17 –2 0.66
256 7.50 –3 0.67 1.36 –2 0.67
512 4.73 –3 0.67 8.59 –3 0.66

when using polar coordinates. In this case we get t ∈ Hσ(Γ) with σ < 1
6 for the

solution t of the boundary integral equation (3.2). Therefore, in case of an uniform
refinement the expected rate of convergence is 2

3 when measuring the error t−th in an

equivalent norm in H−1/2(Γ); see (3.4). In Table 2 we give the results when using the
energy norm || · ||V induced by the single layer potential V and the multilevel norm
(2.9). In the case of a regular solution t ∈ H1(Γ) the expected order of convergence is
supposed to be 3

2 . To improve the order of convergence we used the adaptive boundary
element algorithm as described in section 5 with the refinement parameter θ = 0.05.
The results are given in Figure 4, for comparison we give also the error curves when
using the energy norm || · ||V to compute all local and global error indicators; see [18].
Note that the energy error of the solution based on the multilevel approach converges
even faster than using the adaptive approach based on the energy norm. On the other
hand we can notify the norm equivalence as stated in the theory. Note that adaptive
refinement (energy) marks the use of the adaptive refinement strategy based on local
error indicators computed by the energy norm while adaptive refinement (multilevel)
describes the results in case of the multilevel computation of the local indicators.

One motivation for the use of multilevel methods in the computation of local and
global Sobolev norms was the expected efficiency due to the minimal amount of work
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Table 2
Errors for uniform refinement, Dirichlet problem.

N ||t− th||V Order ||A− 1
4 (t− th)||L2 Order

8 6.79 –2 1.16 –1
16 4.08 –2 0.72 7.94 –2 0.55
32 2.59 –2 0.66 4.92 –2 0.69
64 1.65 –2 0.65 3.12 –2 0.66
128 1.06 –2 0.64 2.01 –2 0.63
256 6.74 –3 0.65 1.31 –2 0.62
512 4.30 –3 0.65 8.48 –3 0.63
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Fig. 4. Errors for adaptive refinement, Dirichlet problem.

involved in the computation of Sobolev norms. Therefore we give a comparison of the
computing times in Figure 1, where we consider an uniform refinement, an adaptive
strategy based on the energy norm [18] and the algorithm based on the multilevel
norm as proposed in this paper. Note that in the uniform case the computing time
includes the discretization and solution process at one level only, while in the adap-
tive algorithms the total computing time includes discretization, solution, and error
estimation over all previous mesh levels. As expected from the theory the amount of
work of the multilevel approach is less than the method based on the energy norm
while both algorithms produce almost the same adaptive boundary element mesh.

6.2. Neumann problem. In case of a Neumann boundary value problem for
the Laplace equation the boundary conditions are given in such a way that the solution
is

u(x) = u(r, ϕ) = r2/3 cos

(
2

3
ϕ

)
.(6.2)

In this case we get u ∈ Hρ(Γ) with ρ < 7
6 for the solution of (4.5). Hence, the order

of convergence is about 2
3 when measuring the error in an equivalent Sobolev norm in
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H1/2(Γ); this is well documented numerically in Table 1 when using both the energy
norm || · ||D and the multilevel norm (2.9).

For a regular solution u ∈ H2(Γ) the expected rate of convergence is about 3
2 .

Hence, using the adaptive algorithm as described in section 5 with θ = 0.25 we
can improve the order of convergence to get almost the optimal behavior. This is
documented for both the energy and the multilevel norm in Figure 3. In addition to
the results based on the multilevel approach we also give the results for the adaptive
algorithm based on the energy norm [19]; see Figure 2.
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Abstract. A strategy for determining the optimal number of grid points and subdomains in a
spectral method with domain decomposition on a serial computer is presented. The rapidly growing
computational cost for large numbers of grid points in each subdomain is balanced against the
exponential convergence for spectral approximation of smooth functions, and the optimum is found
as the number of grid points and subdomains that gives the minimal computational cost for a given
accuracy. The typical length scale of the problem is found to influence the number of subdomains
but not the number of grid points within each subdomain.

Key words. domain decomposition, spectral methods
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1. Introduction. Domain decomposition methods have been extensively used
for numerical simulations involving spectral methods, as they can offer more flexibil-
ity in treating complicated domains as well as computational savings. In fact, when
applied to incompressible flows, the spectral element method [16], based on domain
decomposition, seems to be the method of choice. The application of domain de-
composition spectral methods to hyperbolic equations has been considered, e.g., by
Kopriva [12], Kopriva and Kolias [14], and Quarteroni [17]. The advent of parallel
computers has made multidomain methods very popular.

In this paper we consider spectral Chebyshev collocation methods with domain
decomposition applied to problems whose solutions display wave-like behavior. By
wave-like we mean that the structure is mostly homogeneous over the whole com-
putational domain, or at least that the spatial resolution requirements are the same
throughout. This does not necessarily exclude situations with, e.g., boundary layers,
if suitable coordinate transformations are applied in the areas where fine structure is
expected. Such an approach leads also to natural load-balancing in parallel imple-
mentations, as the computational complexity will be similar for all subdomains. The
analysis in this paper extends to complex geometries, as long as the domain can be
built up by transformed squares, or three-dimensional (3-D).

Our main subject is to find the number of subdomains, d, and number of grid
points per subdomain, N , in each spatial direction that gives a solution of given
accuracy with minimal computational work. Numerical experiments illustrating this
problem can by found, e.g., in [10, 11, 15, 19]. Our approach is based on models
for the error and for the complexity of the algorithm as functions of these domain
decomposition parameters.

We assume that the total accuracy of an algorithm can be estimated by the
spatial approximation accuracy, i.e., that other tasks such as time-stepping or implicit
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solutions can be done sufficiently accurately. An error estimate for the approximation
of sine waves is used, and the desired spatial resolution determines the highest wave-
number it is required to resolve. The approximation error decays exponentially in
N (see section 2), so using more points in each subdomain increases the accuracy
substantially. Of course, the number of waves that each subdomain “sees” decreases
linearly with the number of subdomains.

For a given numerical algorithm, the computational work can be estimated ex-
perimentally by timing or theoretically through operation counts. The computational
work in a spectral method scales with some power of the number of points in each sub-
domain, and this growth is usually faster than the growth with an increasing number
of subdomains. (See the algorithm examples in section 5.) Thus, it is computationally
cheaper to use many subdomains with few points in each subdomain, provided that
the required accuracy can be achieved. Our models of computational work do not
include costs of memory access (e.g., the use of cache), which could introduce discon-
tinuities in the work functions. We note only that the tensor-product structure of the
basis functions in spectral methods and the use of matrix multiplication for evaluation
of spatial derivatives facilitate efficient use of cache. Serial machines are considered
in this paper, while some issues arising in parallel computations are treated in [5].

Given the models for accuracy and work, we obtain optimal values for the domain
decomposition parameters N and d, depending on the required accuracy. The optimal
values represent the balance between the high accuracy of a large number of points in
each subdomain and the computational gain of many subdomains with fewer points
in each. We do the analysis for quite general work functions, and we show examples
in sections 5 and 6 of how given algorithms fit into this framework.

The paper is organized as follows. We start with a brief introduction to spec-
tral collocation methods with Chebyshev polynomials in section 2. In section 3 we
introduce the models for the error and for the computational work. The problem of
minimizing the work for a given accuracy is analyzed in section 4, and the results are
discussed and related to algorithm examples in section 5. In section 6, the theoretical
results are compared with results of numerical experiments of function approximation
and PDE-solution. Finally, we comment on the relation to high-order finite difference
methods in section 7 before summing up with the conclusions in section 8.

2. Chebyshev collocation methods. Spectral methods are based on repre-
senting the numerical solution on a form that can be differentiated analytically to
produce good approximations to the spatial derivatives. The representations used in
the early spectral methods were truncated Fourier series, but polynomial expansions
have become widely used. In spectral collocation methods, the expansion coefficients
are determined from discrete transforms, i.e., they are based only on the values of the
numerical solution at discrete points. The resulting representation interpolates the
numerical solution at these points.

In more than one spatial dimension, the basis functions are tensor products of the
one-dimensional (1-D) ones, and each direction can be scaled or mapped to change
the form of the computational domain. In the following, we briefly review some basic
theory for Chebyshev spectral methods that can be found, e.g., in the book by Canuto
et al. [3].

The Chebyshev polynomial of order k can be written as a cosine function with a
change of variable:

Tk(x) = cos(k arccosx), k = 0, 1, 2, . . . ,(2.1)



OPTIMAL SPECTRAL DOMAIN DECOMPOSITION 619

and the Chebyshev polynomials are orthogonal in the weighted function space
L2
w(−1, 1), with the weight function

w(x) = (1− x2)−1/2.(2.2)

The discrete Chebyshev coefficients of a function v(x), defined on [−1, 1], with respect
to the collocation points

xj = cosπj/N, j = 0, 1, . . . , N,(2.3)

are defined by

ṽk =
2

Nc̄k

N∑
j=0

1

c̄j
v(xj)Tk(xj), k = 0, 1, . . . , N,(2.4)

where c̄k = 1, k = 1, . . . , N −1, c̄0 = c̄N = 2. Equation (2.4) gives the transformation
from the physical space of point values to the spectral space of coefficients. The
inverse transformation is the interpolating function

INv(x) =

N∑
k=0

ṽkTk(x).(2.5)

An error estimate involving derivatives up to order l can be found in the norm of
the weighted Sobolev space H l

w(−1, 1):
‖v − INv‖Hl

w(−1,1) ≤ CN2l−m‖v‖Hm
w (−1,1), m ≥ 1, 0 ≤ l ≤ m,(2.6)

when v ∈ Hm
w (−1, 1). If v(x) is smooth, then m in (2.6) can be chosen arbitrarily

large, with the result that the approximation error decays faster than any algebraic
power of N as N → ∞. The approximation is then said to be exponentially or
spectrally accurate. An attractive aspect of using the Chebyshev polynomials is that
simple expressions for the polynomials and the collocation points are available because
of the relation (2.1) to cosine functions, and the transform (2.4) and the evaluation
of (2.5) at the collocation points (2.3) can be carried out by fast Fourier transforms
(FFTs) for suitable even values of N .

Approximate spatial derivatives can be calculated by differentiating the interpo-
lating function (2.5). The coefficients ṽ′k for the derivative are given by

ṽ′N = 0, ṽ′N−1 = 2NṽN ,

c̄kṽ
′
k = ṽ′k+2 + 2(k + 1)ṽk+1, k = 0, 1, . . . , N − 2.

(2.7)

The differentiation operation can also be expressed as ux = Du, where u is the
vector of function values at the collocation points and ux is the vector of approximate
values for the derivative at the same points. From the description given above about
calculating coefficients for the derivative, it is clear that the derivative operator can
be written D = T−1D̃T , where T is the transformation (2.4) from physical space to

spectral space, D̃ is the derivative matrix in spectral space, and T−1 is the evaluation
of (2.5) at the collocation points with the new coefficients. For small values of N ,
it is usually more efficient to form the derivative matrix D explicitly and calculate
the derivative by matrix/vector multiplication than to use FFTs for the operations T
and T−1. The crossover point depends heavily on the computer architecture and the
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implementation details. It was found to be around N = 64 in the calculations on
a CRAY X-MP in [20], while calculations on scalar computers would give smaller
numbers. We refer to [4] for a discussion with several timing examples.

This review has concentrated on the spatial approximation properties. Time-
dependent PDEs can be solved using the method of lines. This means that the
spatial derivatives are approximated as described above, and the resulting semidiscrete
problem

ut = f(u), u = (u(x0), . . . , u(xN ))
T

(2.8)

is solved by a standard method for systems of ordinary differential equations [9].
Explicit Runge–Kutta methods are used in the example presented in section 6.2, with
boundary conditions applied at the end of each time-step.

With explicit time-integration methods, and also many implicit methods, there is
a stability restriction on the allowable time-steps, depending on the operator f in (2.8).
For linear and quasi-linear systems, the maximum explicit time-steps with Chebyshev
collocation are O(1/N2) for first-order problems and O(1/N4) for second-order prob-
lems. Explicit time-integration is therefore usually too expensive for nonperiodic
problems involving second derivatives.

3. Models for accuracy and computational work. The Chebyshev expan-
sion of a sine function with k wavelengths in the interval [−1, 1] is

sin(kπx) =

∞∑
n=0

anTn(x), −1 ≤ x ≤ 1,(3.1a)

with (Galerkin) expansion coefficients [8, Eq. (3.41)] (or from [1, Eq. (9.1.21)])

an =
2

πcn

∫ 1

−1

sin(kπx)Tn(x)w(x) dx

=
2

cn
Jn(kπ) sin(nπ/2), n = 0, 1, . . . ,

(3.1b)

where c0 = 2, cn = 1 (n > 0), and Jn is the Bessel function of the first kind of
order n. Since Jn(kπ)→ 0 exponentially fast as n increases beyond kπ, the estimated
truncation error E(N, k) of an N -term Chebyshev expansion of sin(kπx) is given by
the upper bound of the coefficient aN , i.e.,

E(N, k) = 2JN (kπ), N > kπ.

Using the asymptotic form (as ν →∞) [1, Eq. (9.3.1)]

Jν(x) ∼ 1√
2πν

(ex
2ν

)ν
,

we obtain the estimate

E(N, k) =

√
2

πN

(
eπk

2N

)N
.(3.2)

The error estimate can also be used for a collocation method, since the interpolation
error is asymptotically of the same order as the truncation error. Figure 3.1 shows the
estimate (3.2) compared with the measured maximum error for approximation of the
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Fig. 3.1. Estimated (3.2) and numerically measured 1-domain Chebyshev collocation approx-
imation error for the function sin(kx), −1 ≤ x ≤ 1, with k = 1/π, 2, π, compared with the errors
in the solution of the 2-D advection problem (6.1) with the same wavenumbers in the initial and
boundary conditions.

function sin(kπx) for k = 1/π, 2, π and the maximum error of the solution of the two-
dimensional (2-D) advection equation (see section 6.2) with the same wavenumbers
in the initial and boundary conditions. While the error estimate is too conservative
by factors between 4 and 20 in the approximation case, we note that the estimated
values of N for a given accuracy are still generally only 1 grid point error away from
the measured values. In the PDE-examples, the error estimates are within a factor of
2 grid point errors of the measured errors for the majority of the data.

For a Legendre expansion, an expression similar to (3.2) can be obtained using
[8, Eq. (3.45)] instead of (3.1).

If the computational domain is divided into d subdomains in each spatial direction,
the wavenumber on each subdomain becomes k/d, and the new error function is

E(N, k, d) =

√
2

πN

(
eπk

2dN

)N
.(3.3)

In higher dimensions, N is the number of grid points in each spatial direction in each
subdomain.

We assume that the computational work required to solve the problem in question
is given by a function W (N, d). The simplest of the models we consider in this paper
is

W (N, d) = CdrNα, α > r ≥ 1.(3.4a)

The condition α > r ensures that it is computationally cheaper to increase the
total number of points by using more subdomains than by increasing the number of
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points within each subdomain. If this was not the case, the single domain approach
would be preferred because of the spectral accuracy property. Motivation for domain
decomposition would then have to come from aspects other than those considered in
this analysis, e.g., parallelization, geometry considerations, or the need for local grid
refinement.

Lower order terms in the work function may become significant for small values
ofN . As an example, evaluation of derivatives in 3-D by matrix multiplication requires
O(N4)-operations on each subdomain, while, e.g., adding up derivatives in different
directions for all the grid points in a subdomain is an O(N3)-operation. We therefore
consider also work functions on the form

W (N, d) = Cdr(Nα + βNα−1), α > r ≥ 1, β > 0.(3.4b)

For larger values of N , it may be more efficient to apply FFTs instead of matrix
multiplication for the transformations between the physical and spectral space. In
that case the work function includes a logarithmic term:

W (N, d) = CdrNα−1 log2 N, α− 1 > r ≥ 1.(3.4c)

Examples of the parameters r and α in given algorithms are given in section 5.
We can now formulate the problem described in the introduction more precisely.
Problem 1. Minimize W (N, d) under the constraint

E(N, k, d) = e−ε.(3.5)

As ε = − lnE, the values of ε would be in the range between 4 (E = 1.8 · 10−2,
low accuracy) and 30 (E = 9.4 · 10−14, close to standard double precision machine
accuracy). The problem is analyzed in the next section for the different work functions
given by (3.4a)–(3.4c).

4. Analysis. Combining the error function (3.3) and the constraint (3.5) gives
the following expression for the number of subdomains, d:

d =
eπk

2N

(
2

πN

) 1
2N

eε/N .(4.1)

This is used in the analysis below to eliminate d from the work functions. For each
of the three work functions (3.4a)–(3.4c), examples of the optimal number of points
per subdomain and the optimal number of points per wavelength for different values
of the parameters r and α are shown in Figures 4.1 and 4.2.

Case (a). Inserting (4.1) into the simple work function (3.4a) and setting ∂W
∂N = 0

gives the following relation for the optimal number of points in each subdomain:

(α− r)N = rε+
r

2

(
1− ln

πN

2

)
.(4.2)

Thus the optimal N is approximately given by

Nopt ≈ rε

α− r
(4.3)

and plotted for different values of r and α in Figures 4.1 and 4.2.
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Fig. 4.1. Optimal number of points in each subdomain (left) and optimal total number of points
per wavelength (right) as functions of the accuracy for the different work functions (3.4) for r = 3,
α = 4.
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α = 6.

Using (4.1), the total number of grid points is

M = dN =
eπk

2

(
2

πN

) 1
2N

eε/N ,

so by using the approximate Nopt from (4.3), we obtain

Mopt = doptNopt ≈ 1

2
πeα

(
2(α− r)

πrε

)α−r
2rε

k.

The result is that the optimal total number of points per wavelength, Mopt/k, is
increasing very slowly with the accuracy ε, as shown in Figures 4.1 and 4.2.

Case (b). Inserting (4.1) into the work function (3.4b), including a lower order
term, and setting ∂W

∂N = 0, gives the relation

(α− r)N2 + (β(α− 1− r)− rε)N + (N + β)
r

2

(
ln

πN

2
− 1

)
− rεβ = 0.(4.4)
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Compared with the results from the previous section, the effect of the lower order
term is slightly higher values of Nopt, as shown in Figures 4.1 and 4.2 (with β = 16
in (4.4)). This means that the spectral accuracy property is more dominant, and more
efficient approximations are done in each subdomain. As a consequence the optimal
total number of points per wavelength is lower.

Case (c). Inserting (4.1) into the work function (3.4c) including a logarithmic
term, and setting ∂W

∂N = 0, gives the relation

(α− 1− r)N +
N

lnN
= rε+

r

2

(
1− ln

πN

2

)
.(4.5)

Because of the slower growth of the work with N than in the previous cases, Nopt

is higher. As explained for in Case (b), this gives a lower optimal total number of
points per wavelength. These effects are also illustrated in Figures 4.1 and 4.2.

5. Discussion.
Algorithm examples. A spectral element method for the steady Stokes problem

−∇2u+∇p = f in Ω,
−∇ · u = 0 in Ω,

u = 0 on ∂Ω
(5.1)

is analyzed in [6], including serial work estimates. The algorithm is based on the
iterative solution of a Poisson problem by a preconditioned conjugate gradient method.
For a discretization in Rs using d elements in each direction and polynomial order N
in each direction within each element, each iteration has a computational complexity
of O(dsNs+1), and the number of conjugate gradient iterations is estimated to be
of order dN . The solution of the Stokes problem is then obtained by the Uzawa
iterative procedure involving an outer conjugate gradient loop that converges in O(1)
iterations, leaving the total complexity of the algorithm to beO(ds+1Ns+2) in s spatial
dimensions. This corresponds to r = s + 1, α = s + 2 in the work functions (3.4a)
or (3.4b). The results shown in Figure 4.1 consequently cover the 2-D version of this
algorithm.

As another algorithm example, we consider the solution of a hyperbolic system
in s spatial dimensions

ut +

s∑
i=1

Aiuxi = 0(5.2)

with suitable initial and boundary conditions for u(x, t). Details of solution of the
Euler equations can be found, e.g., in [2, 13]. These algorithms use explicit time-
integration, with time-steps proportional to 1/dN2. With O(dsNs+1)-operations at
each time-step, the total work for integrating one time-unit is O(ds+1Ns+3), corre-
sponding to r = s + 1, α = s + 3 in the work functions (3.4a) or (3.4b). The results
shown in Figure 4.2 therefore illustrate this algorithm in 3-D.

An iteration-by-subdomain method for domain decomposition is described in [18].
For an elliptic problem Au = f (e.g., the Poisson problem), the problem is solved
on each subdomain by an iterative method with preconditioning, and for the best
preconditioners the number of iterations is independent of N . This gives O(Ns+1)
work per subdomain for each of the ds subdomains. The number of iterations in the
outer iteration-by-subdomain loop is also independent of N but proportional to d.



OPTIMAL SPECTRAL DOMAIN DECOMPOSITION 625

Table 5.1
Factors to multiply by sigma = −ln(Error) to estimate the optimal N for an algorithm with

work function W (N, d) = Cds+1Ns+q. N is the number of points in each direction in each subdo-
main, d is the number of subdomains in each direction, and s is the spatial dimension.

1-D 2-D 3-D
q = 2 2 3 4
q = 3 1 3/2 2

d/2 subd.

d/2 subd.

d subd.

d subdomains

Fig. 5.1. An L-shaped domain with 3/4 d2 subdomains.

This gives a total complexity of O(ds+1Ns+1), i.e., r = α in the notation used in
our work functions. As discussed in section 3, the choice of domain decomposition
parameters in such a case is not covered by the analysis in this paper.

Conversely, in the discussion of the iteration-by-subdomain method for hyperbolic
problems [17], Quarteroni gives the computational complexity in 1-D as O(d2N3),
because in this case effective preconditioners for the solution at each subdomain by
implicit time-integration are not found. A generalization to s spatial dimensions gives
an O(ds+1Ns+2)-algorithm, as in the spectral element example discussed above.

Dimension dependency. In most cases the work function depends on the number
of spatial dimensions, s, as

W (N, d) = Cds+pNs+q, p ≥ 0, q > p,(5.3)

which gives

Nopt ≈ s+ p

q − p
ε

in Case (a). We have seen examples of p = 1 and q = 2, 3 in the algorithms dis-
cussed above. The value of s+p

q−p in these cases is given in Table 5.1 for 1, 2, and 3
spatial dimensions, to show how the estimates of optimal N vary with the number of
dimensions.

Complex geometries. The analysis in this paper extends to topologically nonrect-
angular geometries, as illustrated by the L-shaped domain in Figure 5.1. From the
description of wave-like behavior in the introduction, we have (possibly after a map-
ping) a homogeneous smallest-length scale all through the domain, and the highest
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number of waves to be approximated on each subdomain is as before k/d in each
direction. Therefore, the accuracy estimate (3.3) is still valid. The number of subdo-
mains in this example is 3/4 d2, and since our analysis is independent of the constant
factor in the work functions, it also applies in this case.

Differentiation algorithms. Calculation of derivatives is carried out on most cur-
rent computer architectures more efficiently by matrix multiplication than by the use
of FFTs when the number of grid points in the differentiation direction is less than
32. Figures 4.1 and 4.2 and Table 5.1 show that the optimal N can be less than 32
for a wide range of accuracies and work functions not involving the logarithmic term,
but higher values of N may be optimal when very high accuracy is required in two or
three dimensions, leaving FFTs as the method of choice.

Total number of points per wavelength. In all the cases analyzed above, the total
number of points per wavelength (M/k) approaches constant values when the accuracy
is increased.

Optimal balancing of subdomains and points in each subdomain. The analysis
shows that the optimal number of points in each subdomain is independent of the
wavenumber k, and Figures 4.1 and 4.2 show that it depends almost linearly on
the accuracy ε for a given work function W (N, d). As the optimal total number of
points per wavelength varies slowly only with ε, the optimal number of subdomains
is approximately inversely proportional to ε.

6. Numerical results.

6.1. An approximation example. The Chebyshev collocation approximation
to the function sin(2π2x) on −1 ≤ x ≤ 1 is calculated. Matrix multiplication is used to
calculate Chebyshev coefficients, and the work function is approximately proportional
to dN2. However, actual timing of the calculations shows that the work is expressed
more accurately by Cd(N2 + 4N), i.e., using the work function from Case (b), with
β = 4.

Maximum approximation error is measured by evaluating the Chebyshev inter-
polant at a fixed set of equidistant points. The typical tendency is illustrated in
Figure 6.1. Many subdomains are most efficient for low accuracy, while high accuracy
requires fewer subdomains with more points in each. More detailed results are given
in Table 6.1, where the most efficient choices of parameters are marked with boxes
around N . For each d and E, the table entry is chosen as the N giving an error
closest to E on a logarithmic scale. To find the “most efficient” of two pairs of (N, d)
when one of them requires more calculation time but yields higher accuracy, we have
considered straight lines between the data points closest to the required accuracy, as
drawn in Figure 6.1.

The results in Table 6.1 can be compared with the theoretical optimal values,
found by solving (4.2) or (4.4), with r = 1, α = 2, and ε for the required accuracy to
obtain N , and then by inserting this N and ε into (4.1) for the number of subdomains
d. The theoretical optimal values of N and d for the three different accuracies are
shown in Table 6.2, and the agreement is good for the work function of Case (b) with
β = 4.

6.2. A PDE example. The PDE

ut + ux + uy = 0, 0 < x < 2, 0 < y < 2, t > 0,(6.1a)

with initial and boundary conditions

u(x, y, 0) = sin (kπx+ kπy) , 0 < x < 2, 0 < y < 2,(6.1b)
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Fig. 6.1. Approximation of the function sin(2π2x). Work (CPU-time) as a function of the
max error for different number of subdomains.

Table 6.1
Calculation of the numerical approximation with different accuracies to the function sin(2π2x),

using different domain decomposition parameters (N, d). The preferred parameter choices are indi-
cated by boxes around the optimal values of N .

E = 10−3 E = 10−7 E = 10−13

d Error Time N Error Time N Error Time N

1 0.84 · 10−3 2.64 28 0.97 · 10−7 4.23 36 0.79 · 10−13 6.81 46

2 1.69 · 10−3 1.84 16 1.05 · 10−7 3.60 23 1.08 · 10−13 6.34 31

3 1.56 · 10−3 1.65 12 1.26 · 10−7 3.41 18 1.87 · 10−13 6.33 25

4 1.27 · 10−3 1.58 10 2.49 · 10−7 3.26 15 1.31 · 10−13 6.65 22

5 0.59 · 10−3 1.68 9 0.53 · 10−7 3.62 14 0.86 · 10−13 6.96 20

6 0.74 · 10−3 1.62 8 0.41 · 10−7 3.79 13 0.31 · 10−13 7.57 19

8 0.46 · 10−3 1.76 7 0.93 · 10−7 3.77 11 3.59 · 10−13 7.36 16

10 0.62 · 10−3 1.72 6 0.78 · 10−7 4.01 10 1.43 · 10−13 8.18 15

Table 6.2
Optimal pairs of domain decomposition parameters (N, d) for numerical approximation with

different accuracies to the function sin(2π2x), predicted by the analysis from Case (a) and Case (b)
of section 4.

E = 10−3 E = 10−7 E = 10−13

Work model N d N d N d
Case (a) 6 11 15 5 29 3

Case (b), β = 4 9 6 18 3 32 2
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Table 6.3
Calculation of the numerical solution with different accuracies of the problem (6.1) up to t = 2,

using different domain decomposition parameters (N, d). The preferred parameter choices are indi-
cated by boxes around the optimal values of N .

E = 10−2 E = 10−5 E = 10−8

d Error Time N Error Time N Error Time N
1 1.28 · 10−2 298 43 1.23 · 10−5 681 51 0.77 · 10−8 1278 58

2 1.24 · 10−2 147 24 0.63 · 10−5 495 31 0.87 · 10−8 1012 36

3 0.78 · 10−2 130 18 1.34 · 10−5 406 23 1.05 · 10−8 1029 28

4 1.62 · 10−2 98 14 1.78 · 10−5 395 19 0.50 · 10−8 1178 24

5 1.24 · 10−2 97 12 0.87 · 10−5 462 17 1.14 · 10−8 1232 21

6 0.69 · 10−2 114 11 1.58 · 10−5 452 15 1.13 · 10−8 1337 19

7 0.69 · 10−2 120 10 0.96 · 10−5 524 14 0.47 · 10−8 1649 18
8 1.06 · 10−2 114 9 0.96 · 10−5 562 13 2.57 · 10−8 1437 16
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Fig. 6.2. Measured (points) and modeled (curves) work (CPU-time) for the solution of the
PDE in section 6.2 with different numbers of subdomains.

u(0, y, t) = sin (−kπt+ kπ(y − t)) , 0 < y < 2, t > 0,(6.1c)

u(x, 0, t) = sin (kπ(x− t)− kπt) , 0 < x < 2, t > 0,(6.1d)

with k = 5π/
√
2, is integrated to t = 2. The spatial discretization is Chebyshev

collocation, while a high-order explicit time-integration scheme (Butcher’s sixth-order
Runge–Kutta method [9]) is used to eliminate time discretization errors. Timing and
accuracy results are given in Table 6.3, where the most efficient choices of parameters
are marked with boxes around N . Practically identical results are obtained with the
initial function u0(x, y) = sin (kπx) · sin (kπy), which does not represent a plane wave.

The time-steps are proportional to 1/dN2, and as the calculation of derivatives
at each time-step involves matrix products of complexity O(N3) per subdomain, the
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Table 6.4
Optimal pairs of domain decomposition parameters (N, d) for the numerical solution with dif-

ferent accuracies of the problem (6.1) up to t = 2, predicted by the analysis from Case (a) and
Case (b) of section 4.

E = 10−2 E = 10−5 E = 10−8

Work model N d N d N d
Case (a) 6 14 16 6 26 4

Case (b), β = 16 8 8 20 4 31 3

number of operations for integration up to a given time is O(d3N5). As in the previous
example, the actual CPU-time indicates that lower order terms should be included,
as seen from Figure 6.2. Using (3.4b) from Case (b) with α = 4 and β = 16 gives
a better estimate of the computational work, and the corresponding predictions for
Nopt and dopt are given in Table 6.4. The predicted optimal values using Case (b)
with β = 16 are close to the experimental results, as there are small differences in
efficiency between the best choices of (N, d).

7. Relation to finite difference methods. In some of the cases considered in
the previous sections both the theoretical analysis and the numerical experiments give
quite small optimal numbers of points in each subdomain. The resulting methods are
comparable to high-order finite difference methods, except that the grid points are
not uniformly distributed. It is therefore natural to ask whether a finite difference
method would be more efficient. Spectral methods are better when high accuracy is
required, but in which range is this valid?

To indicate how the efficiency of finite difference methods and spectral methods
compare, the first derivative of the function sin(π2x) is calculated on the interval
−1 ≤ x ≤ 1. As examples of high-order finite difference schemes we have used
the standard fourth-order (FD4) and sixth-order (FD6) centered schemes given, e.g.,
in [7]. A complication with finite difference schemes is that special operators that
reduce the accuracy have to be constructed at and near the boundaries.

Figure 7.1 shows the efficiency and the grid point requirements for these finite
difference methods compared with single-domain and multidomain Chebyshev col-
location methods. When more than the lowest accuracies are required, the finite
difference methods must be of very high order to compete with the spectral methods.

These results are based on derivative approximation and do not include the
larger numerical dispersion and diffusion errors in finite difference methods for wave
propagation problems. Conversely, the time-step restrictions for explicit time-
integration are less severe for finite differences.

Figure 7.2 shows that for the solution of the advection problem

ut + ux = 0, 0 < x < 2, t > 0,

u(x, 0) = sin(π2x), u(0, t) = − sin(π2t),
(7.1)

the fourth-order finite difference method is more efficient than the spectral method
only for accuracy between two and three digits or less. The time-integration in this
example is done by the standard fourth-order Runge–Kutta method [9], and the time-
steps are chosen as the most efficient stable values for each method (3/N for FD4 and
6/dN2 for the spectral methods).

8. Conclusions. We have presented a strategy for choosing the optimal number
of subdomains and grid points in each subdomain in a Chebyshev domain decompo-
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Fig. 7.1. Approximation of the derivative of the function sin(π2x) by finite difference and
spectral Chebyshev collocation methods. Left: Work (CPU-time) as a function of the max error.
Right: The total number of grid points as a function of the max error.
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Fig. 7.2. Measured work (CPU-time) as a function of accuracy for wave propagation by finite
difference and spectral Chebyshev collocation methods.

sition method. It is assumed that the solution is mainly homogeneous throughout
the domain, such that a global smallest length scale can be decided a priori. This
corresponds to the highest wavenumber to be resolved in the calculations.

The accuracy of the method is derived from properties of spectral approximation,
and the computational work to obtain a required accuracy is minimized for work
functions of different form, where the work grows faster with increased resolution
within each subdomain than with increasing number of subdomains.

These considerations lead to a standard minimization problem, and the results
can be summarized as follows:
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• The optimal number of points in each subdomain, Nopt, is in the simplest
case linearly proportional to the negative logarithm of the required accuracy.
This optimal number Nopt is independent of the complexity (the number of
waves) of the problem.
• The optimal number of subdomains increases with the complexity of the
problem and is approximately inversely proportional to the negative logarithm
of the required accuracy.
• The optimal total number of points per wavelength is slowly varying only with
the required accuracy and approaches constant values for high accuracies.
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discussions.
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Abstract. A novel, comprehensive, discrete, half-space analysis for the defect-correction method
has been developed. This analysis plays the same role for nonelliptic-problem solvers as the full-space
Fourier mode analysis plays for elliptic-problem solvers. Numerical simulations confirm the accuracy
of the half-space analysis. The following important findings about the defect-correction method
applied to the Fromm discretization of the two-dimensional convection equation are reported:

1. The initial convergence rate of the defect-correction method is principally a function of the
relative accuracy of the operators involved in the defect-correction iterations.

2. The asymptotic convergence rate is about 0.5 per defect-correction iteration.
3. If the driver operator is first-order accurate, then the initial convergence rates may be slow.

The number of iterations required to get into the asymptotic convergence regime or/and
to converge the algebraic error below the discretization-error level can be proportional to
h−1/3. This h-dependent delay is a multidimensional phenomenon—it cannot be observed
in one-dimensional problems, and it disappears in the case of close alignment between the
grid and the convection equation characteristic.

4. If the driver operator is second-order accurate, the defect-correction solver demonstrates the
asymptotic convergence rate from the very beginning. Only one defect-correction iteration
is required to converge algebraic error substantially below the discretization-error level.

Key words. half-space analysis, convection equation, Fromm discretization, defect-correction
method

AMS subject classifications. 65M12, 65T50
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1. Introduction. The subject of this paper is the analysis of the convergence
properties of the defect-correction method for the Fromm discretization of the scalar
constant-coefficient convection equation. This problem is rather simple, but past ex-
perience has shown that many important aspects relevant to more general problems
can be well captured in such simple models. In the last decade, the defect-correction
technique introduced in [2] has been used extensively in computational fluid dynam-
ics (CFD), often in conjunction with multigrid, for convection-diffusion, Euler, and
Navier–Stokes problems (see, e.g., [1, 7, 8, 11, 12, 13, 14, 15, 16, 17]). Usually, the effi-
ciency was quite satisfactory. Sometimes, however, fast convergence was observed only
after several slowly convergent initial iterations. The analysis of the defect-correction
method reported in this paper was motivated by the search for an explanation of
convergence properties of existing practical CFD solvers [13, 15].

Although the defect-correction method has been used to solve complicated non-
linear problems, the analytical tool usually applied to confirm experimental findings
was the full-space Fourier mode analysis of a related constant-coefficient problem (see,
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e.g., [8, 14]). This approach is well justified for elliptic problems, where the full-space
Fourier analysis is known to provide an accurate prediction of the asymptotic con-
vergence rate. The asymptotic convergence rate is especially important in elliptic
problems because it provides the upper bound for the convergence rates throughout
the solution process.

In nonelliptic problems, a good asymptotic convergence rate is often observed in
contrast to a pessimistic forecast provided by the modified (zero-mode exclusion) full-
space Fourier mode analysis (see [8, 18]). The full-space analysis fails to predict the
asymptotic convergence rate correctly because it does not take boundary conditions
into account. For nonelliptic problems, accounting for the inflow boundary conditions
becomes very important because solution values in the interior, far away from the
boundary, are strongly affected by the boundary conditions.

Another problem associated with nonellipticity is the fact that convergence rates
in several initial iterations might be quite slow. Note that the modified full-space
Fourier mode analysis can still be used to estimate the slowest possible (but not
asymptotic) convergence rate, while the asymptotic rate can be found by an eigenvalue
matrix analysis (see [8]). However, none of these (full-space Fourier and eigenvalue)
analyses can predict the number of slow initial iterations preceding establishment of
the asymptotic convergence rate.

The analysis proposed in this paper for the defect-correction method is a half-
space analysis. Generally, this half-space analysis plays the same role for nonelliptic-
problem solvers as the full-space Fourier mode analysis plays for elliptic-problem
solvers. Applications of this analysis are not limited to the defect-correction method.
(See [5] for an application of the half-space analysis to a multigrid method.) This
analysis considers difference operators on the half-space including the inflow bound-
ary. The inflow boundary conditions are represented by one Fourier component at
a time. In this way, the original multidimensional problem is translated into a one-
dimensional (1D) discrete problem, where the frequency of the boundary Fourier
component is considered as a parameter.

The half-space analysis is able to precisely explain many phenomena observed in
solving nonelliptic equations and provides a close prediction of the actual solution
behavior. It predicts the convergence rate for each iteration and the asymptotic con-
vergence rate. It can be easily adjusted to analyze a global effect of any discretization
of the inflow boundary conditions. If necessary, it can take into account the influence
of the discretized outflow boundary conditions; this is important for applications of
this analysis to convection-diffusion and strongly anisotropic problems.

Although we consider only a two-dimensional (2D) problem, the half-space anal-
ysis can be extended to three dimensions. In this case, a 2D Fourier component rep-
resents the inflow boundary conditions. The resulting 1D discrete problem includes
two frequency parameters.

The material in the paper is presented in 10 sections. The model problem is
formulated in section 2 and is followed by a brief explanation of the defect-correction
procedure in section 3. In section 4, the notion of penetration distance is introduced
and its role in defining approximation accuracy in discretized nonelliptic problems is
discussed. The applicability, complexity, and interrelation of different types of analy-
sis are discussed in section 5. A simplified, but very useful, version of the half-space
analysis is presented and applied in section 6. In this version, the difference operators
involved in defect-correction iterations are replaced with their first differential approx-
imations. Such an analysis provides a qualitative estimate of the convergence for an
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arbitrary defect-correction scheme. A novel, comprehensive, discrete half-space anal-
ysis for the defect-correction method with the first-order driver is introduced in sec-
tion 7. Section 8 refers to a standard 1D matrix analysis for estimating the asymptotic
convergence rate and the convergence rate upper bound for the 2D defect-correction
iterations. Results of numerical tests with the defect-correction method employing the
first-order driver for the Fromm scheme are collected in section 9. Section 10 presents
numerical results for the defect-correction method with a second-order driver.

2. Model problem. The model problem studied in this paper is the 2D con-
stant-coefficient convection equation

LU ≡
(
b̄ · ∇

)
U = F (x, y),(2.1)

where b̄ = (b1, b2) is a given vector. Without loss of generality one can assume
b21 + b22 = 1.

The solution U(x, y) is a differentiable function defined on the layer (x, y) ∈
[0, 1] × (−∞,+∞). In this paper, we deal mostly with the homogeneous equation
F (x, y) ≡ 0. Exceptions when nonzero right-hand-side (source) functions F (x, y) are
considered will be emphasized specifically.

Let φ be the nonalignment angle, i.e., the angle between the vector b̄ and the
positive direction of the x axis; t = tanφ = b2/b1 is the nonalignment parameter.
For simplicity, we assume b1 ≥ b2 ≥ 0 and, therefore, 1 ≥ t ≥ 0. Then, (2.1) can be
rewritten as

∂ξU = F (x, y),(2.2)

where ξ = b1x+ b2y is a variable along the characteristic of (2.1). For subsequent use,
we also define the cross-characteristic variable (⊥ to the characteristic) η = −b2x+b1y.

The equation is supplied with Dirichlet boundary conditions at the inflow bound-
ary x = 0:

U(0, y) = g(y),(2.3)

where g(y) is a given function.

This problem is discretized on the 2D Cartesian grid with uniform mesh size
h in both x and y directions. Let ui1,i2 be a discrete approximation to the solution
U(x, y) at the point (x, y) = (i1h, i2h). Then, the second-order accurate discretization
corresponding to the Fromm scheme is defined as

Lhui1,i2 ≡ 1
4h

(
b1

(
ui1+1,i2 + 3ui1,i2 − 5ui1−1,i2 + ui1−2,i2

)
+b2

(
ui1,i2+1 + 3ui1,i2 − 5ui1,i2−1 + ui1,i2−2

))
= fi1,i2 ,

LhuN,i2 ≡ 1
2h

(
b1

(
3uN,i2 − 4uN−1,i2 + uN−2,i2

)
+b2

(
3uN,i2 − 4uN,i2−1 + uN,i2−2

))
= fN,i2 ,

(2.4)

i1 = 1, 2, . . . , N − 1, N = 1/h,
u0,i2 = g(i2h), u−1,i2 = g′(i2h).
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The discrete scheme (2.4) in the interior is upwind biased but not a pure upstream
scheme, because the operator at the point (i1, i2) requires the solution values at the
downstream points (i1 + 1, i2) and (i1, i2 + 1) are required. As shown in [8], this
discretization is well suited for solution by the defect-correction method. The outflow
boundary conditions at i1 = N are discretized by the second-order upwind scheme.
The discretization of the right-hand-side function is fi1,i2 = F (i1h, i2h). Function
g′(y) is an additional numerical boundary condition. In model problems where the
exact solution U(x, y) is known, one can define g′(y) = U(−h, y). This (artificial)
discretization of the inflow boundary conditions was chosen due to its simplicity; it
provides the same discretization stencil for operator (2.4) at all inner grid points. Any
other locally defined discrete boundary conditions (e.g., given values of u0,i2 and the
first-order upstream discretization at i1 = 1) can be considered as well.

3. Defect-correction schemes. Let the target discrete problem be

Lhui1,i2 = fi1,i2 ,(3.1)

where Lh is a target discretization of the convection operator (e.g., (2.4)) and let Lhd
be an easily solvable discretization of the same convection operator. One possible
candidate is the first-order upwind discretization

Lhdui1,i2 =
1

h

(
b1

(
ui1,i2 − ui1−1,i2

)
+ b2

(
ui1,i2 − ui1,i2−1

))
,(3.2)

u0,i2 = g(i2h).

This scheme is stable in downstream marching. In the case of a layer domain, the
marching of this scheme requires an implicit line-by-line rather than a simple pointwise
passage.

Let ũi1,i2 be the current solution approximation. Then the improved approxima-
tion ūi1,i2 is calculated in the following two steps:

1. The correction vi1,i2 is calculated by marching operator Lhd with a right-hand
side represented by the residual of (3.1) computed for the current approxi-
mation ũi1,i2 . The inflow boundary conditions for v are initialized with the
zero values.

Lhdvi1,i2 = fi1,i2 − Lhũi1,i2 .(3.3)

2. The current approximation is corrected

ūi1,i2 = ũi1,i2 + vi1,i2 .(3.4)

The operator Lhd is called the driver operator. If the iteration converges, steps (3.3)
and (3.4) can be repeated until the desired accuracy is reached.

4. Penetration distance and discretization accuracy. In several papers
(e.g., [8, 15]), authors studying the defect-correction method for nonelliptic problems
observed a slow convergence or even a divergence in some common error norms for
the initial iterations and good asymptotic convergence rates afterward. This behavior
is different from that observed in solving elliptic problems by the defect-correction
method, where the asymptotic convergence rate is the slowest one. The analysis in
this paper shows that this nonelliptic feature is explained by some properties asso-
ciated with the cross-characteristic interaction (e.g., dissipation and/or dispersion)
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in the operators involved in the defect-correction iterations. Specifically, this cross-
characteristic interaction and the frequency of an incoming component define the
penetration distance (also termed “survival distance” in [6]) of this component. The
penetration distance is the distance from the inflow boundary in which the discrete
solution of the homogeneous problem reasonably approximates the continuous one
(i.e., the discretization error is substantially smaller than the solution). The ratio
of penetration distances of the operators Lh and Lhd is an important factor in de-
termining the number of defect-correction sweeps required to reach the asymptotic
convergence regime.

Nonellipticity introduces a new issue into the standard discretization analysis
common for elliptic operators. The discretization error of a discrete elliptic operator
defined on a grid with mesh size h regarding a given component with frequency ω is
defined by (1) the operator’s approximation order p and (2) the component’s normal-
ized frequency ωh. For nonelliptic operators, the main factor is (3) the penetration
distance d of this component, which is a function of p, ωh, and ω, namely,

d = d
(
ω(ωh)p

)
.(4.1)

In homogeneous nonelliptic problems, the discrete operator does not yield a rea-
sonable solution approximation beyond some O(d) neighborhood of the inflow bound-
ary. A discretization shows accuracy of order p (i.e., the discretization error is reduced
by factor 2p when the mesh size h is refined to h/2) if and only if the penetration
distance of the incoming component is comparable with (or exceeds) the characteristic
size of the domain. Of course, the penetration distance of a given incoming compo-
nent increases on finer grids (i.e., on the grids with smaller mesh sizes). The grid on
which the penetration distance approaches the characteristic size of the domain can
be considered the coarsest grid for resolving this component.

In the solution of the homogeneous differential problem (2.1)–(2.3), all the in-
coming components are translated along the characteristics without changing their
phases and amplitudes. However, on any grid which does not align with the char-
acteristic, the discretization unavoidably introduces some dissipation and dispersion
errors by cross-characteristic interaction. A quantitative measure of this numeri-
cal cross-characteristic interaction is the coefficient of the largest cross-characteristic
derivative appearing in the first differential approximation (FDA) (see [19, 20]) to the
operator under consideration. Briefly, the first differential approximation (also called
modified equation) to a difference operator on a grid with mesh size h is the Taylor
expansion of this difference operator truncated to the first items including the least
nonzero power of h. The penetration distance is limited by the cross-characteristic
interaction in the discrete scheme.

5. Different types of analysis: Applicability, complexity, and interrela-
tion. In the defect-correction method solving elliptic problems, the main mechanism
of convergence is damping of error components. In nonelliptic problems, there is
another very important convergence mechanism: the downstream transport of the
error components. In the presence of this additional mechanism, the accuracy is
first achieved near the inflow boundary and then propagated into the interior of the
domain. This downstream transport mechanism also explains the observed establish-
ment of a good asymptotic convergence rate after slowly convergent initial iterations
as follows: The components with the large amplification factors (which are respon-
sible for the initial slowness) are eventually streamed out of the domain. The error
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components that approximate the eigencomponents of the discrete target operator
determine the asymptotic convergence. When the target discrete operator approxi-
mates the differential operator, these latter error components become characteristic
components. In general, the characteristic components are components that are much
smoother in the characteristic direction than in other directions.

The recognition of this additional convergence mechanism urges modifications in
the standard analysis developed for elliptic problems. Basically, one can distinguish
four types of analysis applied to nonelliptic problems: (1) a matrix analysis, (2) a
modified zero-mode-exclusion full-space Fourier mode analysis, (3) a simplified half-
space analysis of the FDA, and (4) the discrete half-space analysis proposed in this
paper. The quality of an analysis applied to nonelliptic problems is determined by
how well the analysis handles the characteristic components.

5.1. Matrix analysis. The most general and precise analysis is the matrix anal-
ysis. (See examples in [7, 8].) This analysis considers the difference operators with-
out assumptions about the solution and boundary conditions. It can be applied to
variable-coefficient problems as well. This analysis was found very useful for analyz-
ing 1D problems. However, the enormous computational complexity of this analysis
makes it not viable for multidimensional problems.

5.2. Modified full-space Fourier mode analysis. The modified full-space
Fourier mode analysis is a modification of the standard full-space Fourier mode anal-
ysis excluding from the consideration all the characteristic modes. (See [18] and the
bibliography therein.) It is the simplest and most popular type of analysis (e.g., see
applications in [8, 14]). This analysis deals with the full-space Fourier components.
It estimates only the amplification (damping) factor. Its inherent disadvantage is the
inability to take the influence of the inflow boundary into account. This explains its
failure in predicting the asymptotic convergence rate and describing the downstream
transport phenomenon. However, initial slow convergence rates are often caused by
noncharacteristic components for which the solution of the driver operator does not
approximate well the target-operator solution. Therefore, the modified full-space
analysis provides a good upper bound for the convergence rate. Note that it can also
be useful for analyzing the effect of source functions.

5.3. FDA half-space analysis. The FDA half-space analysis is a relatively
simple and efficient tool for analyzing the effect of the inflow boundary. (See exam-
ples of applications of this analysis in [3, 6, 10, 20] and also section 6 below.) The
first differential approximations are considered on the half-space including the inflow
boundary. The boundary conditions are represented by one Fourier mode at a time.
The FDA analysis provides a good qualitative description of the downstream error
transport phenomenon. It can also provide an estimate of the number of iterations
required to get into the asymptotic convergence regime. This analysis focuses on char-
acteristic components and, therefore, considers homogeneous problems. Note that a
combination of the FDA analysis with the modified full-space analysis can provide a
good insight for nonhomogeneous problems as well. The disadvantages of this analysis
are the inability to provide quantitative estimates, to analyze the effect of different
boundary condition discretizations, and to address the asymptotic convergence rate.

5.4. Discrete half-space analysis. The discrete half-space analysis considers
the discretizations in their exact form rather than their differential approximation,
while the boundary data are represented by a Fourier component. This analysis
translates the original multidimensional problem into a 1D discrete problem, where
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the frequency of the boundary Fourier component is considered as a parameter. To
regularize the half-space problem, the solution is not allowed to grow faster than a
polynomial function. This tool is very accurate (and cumbersome at the same time).
It can be used to explain in detail many phenomena observed in solving nonelliptic
equations and provides a close prediction of the actual solution behavior.

The solution obtained in the discrete half-space analysis has two different rep-
resentation forms: (1) away from the boundary, the solution is defined as a linear
combination of a finite number of analytical components; this region is called the
analytical representation region; (2) in the region adjacent to the inflow boundary,
the solution is defined pointwise; this zone is referred to as the pointwise represen-
tation region. In each defect-correction iteration, the pointwise representation region
penetrates by one mesh size into the interior. By using these representations, the com-
putational complexity of the analysis becomes much less than that associated with
the 1D matrix analysis. In the asymptotic regime, when the pointwise representation
zone covers all the domain, this analysis becomes a discrete 1D matrix analysis of the
multidimensional problem.

The discrete half-space analysis provides a quantitative description of the ap-
proximate solution obtained at any stage of the defect correction solver. It predicts
the convergence rate for each iteration and the asymptotic convergence rate. It can
be easily adjusted to analyze a global effect of any local discretization of the inflow
boundary conditions. This adjustment can be done just by widening the initial point-
wise representation region at the inflow boundary. If necessary, the analysis can take
into account the influence of the discretized outflow boundary conditions; in this case,
it is exact for the constant-coefficient problems on a layer. Generally, this discrete
half-space analysis treats completely both mechanisms of convergence, damping and
downstream transport of errors, associated with nonelliptic problem solvers. It plays
the same role for nonelliptic-problem solvers as the full-space Fourier mode analysis
plays for elliptic-problem solvers.

6. Half-space analysis of first differential approximations. In this sec-
tion, the FDA half-space analysis is applied to provide a qualitative description of
penetration distances of the operators involved in defect-correction iterations. This
analysis shows that if the operators Lh and Lhd have different approximation orders,
then efficiency of the defect-correction method is actually grid dependent. Grid de-
pendence means that the maximal number of sweeps which might be required to reach
the asymptotic convergence rate (or to reduce the algebraic error to the discretization-
error level) on fine grids is larger than on coarse grids or vice versa. This phenomenon
relates to the fact that some characteristic components are poorly approximated by
the driver operator. In other cases, when the operators Lh and Lhd have the same
approximation order (see section 10), efficiency of the defect-correction method is
optimal and grid independent.

Let Lh be an accurate discretization with respect to a particular incoming com-
ponent. To approximate the solution of the operator Lh by solving some less accurate
operator Lhd (with a correspondingly shorter penetration distance), one has to iterate
Lhd as many times as needed to attain accuracy up to the Lh penetration distance. The
required number of iterations depends on N , where N is the number of grid points in
the characteristic direction. To be precise, the number of iterations is proportional to

N
p−r
p+1 , where p and r are the approximation orders of operators Lh and Lhd , respec-

tively. Below we derive the predicted dependence for a particular case where p = 2
and r = 1.
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The target operator Lh approximates the differential operator L from (2.1) with
second-order accuracy; therefore

FDA
(
Lh
)

= ∂ξ − C2h
2
(
∂ηηη + ∂ξB

2(∂ξ, ∂η)
)
,

where η is defined in section 2, B2(∂ξ, ∂η) is a linear combination of second-order
derivatives with respect to ξ and η, and C2 is a constant. For a characteristic com-
ponent u (in terms of which ∂ηu
 ∂ξu), this approximation is simplified to

FDA
(
Lh
)
≈ ∂ξ − C2h

2∂ηηη.(6.1)

Let the driver operator Lhd have the first-order approximation accuracy. Then its FDA
taken for the characteristic components is

FDA
(
Lhd

)
≈ ∂ξ − C1h∂ηη,(6.2)

where, for a stable scheme, C1 is a positive constant.
As in [3] and [6], the half-space analysis for the FDAs to the operators Lh and Lhd

presented in this section is focused on approximating the characteristic components.
The analysis considers the discretizations of the homogeneous equation (2.1) on the
half space {(x, y) : x ≥ 0, −∞ < y <∞} with boundary conditions (at x = 0) being
represented by the Fourier mode eiωy. The purpose of this analysis is to estimate
the penetration distance as a function of the frequency ω of the incoming Fourier
component and the mesh size h.

For the driver operator, we seek a bounded differentiable function φ(x, y) satisfy-
ing the following equation and boundary condition:

∂ξφ− C1h∂ηηφ = 0, φ(0, y) = eiωy.(6.3)

The exact solution to (6.3) can be written as

φ = eC1hβ
2ξ+βη,

where β = a + ib is a complex number with a and b satisfying the system of the
algebraic equations {

C1h(a
2 − b2)t+ a = 0,

2C1habt+ b = ω
√

1 + t2.

From the system, a = O(h) and b = ω
√

1 + t2 + O(h2). Therefore, the leading term
of the bounded solution to (6.3) is

φ ∼ e−C1h(1+t
2)ω2ξ+iωη

√
1+t2 .(6.4)

The factor e
√

1+t2(iωη) represents the exact solution of the continuous problem,
while the factor e−C1h(1+t

2)ω2ξ is the influence of the numerical cross-characteristic
interaction. In the case of the first-order driver, this is a dissipation which damps
the amplitude. From (6.4), one can conclude that the penetration distance along
the characteristic direction ξ at which this damping becomes O(1) is proportional to
r(1) = 1

ω(ωh) . In a similar way, one can derive the penetration distance of a second-

order scheme, which is proportional to r(2) = 1
ω(ωh)2 . For even-order schemes, the
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numerical cross-characteristic interaction usually affects the phase of the incoming
component rather than the amplitude.

If the penetration distances r(1) and r(2) exceed the characteristic size of the
domain, then fast initial convergence in the defect-correction method is expected
because any errors including the errors at the region adjacent to the inflow boundary
are swept out of the domain—to first-order accuracy on the first sweep and to the
second-order accuracy on the second sweep. On the other hand, if r(1) does not exceed
the characteristic size of the domain, errors adjacent to the inflow boundary are swept
downstream only a fraction of the domain size. Multiple sweeps are required to sweep
errors out of the domain, as

Nsweeps ∼ R

r(1)
,(6.5)

where R is a characteristic size of the domain (R =
√

1 + t2 in our problem). This
consideration implies that in the case, when the second-order accuracy of the target
operator is just attained, r(2) ≈ R, the number of iterations is estimated as

Nsweeps ∼



(R/h)
1
3 for ω = O

(
R− 1

3h− 2
3

)
,

(Rω)
1
2 for h = O

(
R− 1

2ω− 3
2

)
.

(6.6)

This h dependence was first mentioned in [4]. In many practical calculations, it
can hardly be noticed. Note that this h-dependence disappears in the case of close
alignment (t ≈ 0) because the coefficients C1 (6.2) and C2 (6.1) are proportional to
t (see examples in section 9.1). However, a careful choice of data in the numerical
experiments allows us to observe this behavior (section 9). This h dependence is
most prominent in the problems associated with boundary information propagating
to great distances—aeroacoustics or electromagnetics, for example.

7. Discrete half-space analysis for defect-correction method with first-
order driver. This section presents the discrete half-space analysis for the defect-
correction method solving the Fromm discretization (2.4) with the first-order driver
(DC1) (3.2). The goal of this analysis is the comparison of (1) the exact solution
of the differential problem, (2) the exact solution of the discrete problem, and (3)
the approximate solutions at different stages of the defect-correction solver. All the
results reported in sections 9.2, 9.3, and 10 below have been obtained by means of
this analysis.

7.1. Exact solutions and discretization error. Let the exact solution of the
problem (2.2) and (2.3) have the form U(x, y) = ei(ω1x+ω2y); then the differential
problem can be rewritten as

∂ξU(x, y) = iβξe
i(ω1x+ω2y), U(0, y) = eiω2y,

where βξ = b1ω1 + b2ω2 is the characteristic frequency (βξ ≈ 0 for characteristic
components).

The discrete counterpart is

Lhui1,i2 = iβξe
i(Ω1i1+Ω2i2), u0,i2 = eiΩ2i2 , u−1,i2 = ei(−Ω1+Ω2i2),(7.1)

where Lh is the target discrete operator and Ω1 = ω1h and Ω2 = ω2h are normalized
frequencies.
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We seek a solution of the discrete problem in the form

ui1,i2 = φi1e
iΩ2i2 .(7.2)

Then the problem (7.1) can be reformulated for φi1 as

a−2φi1−2 + a−1φi1−1 + a0φi1 + a1φi1+1 =
√

1 + t2hiβξe
iΩ1i1 ,(7.3)

φ0 = 1, φ−1 = e−iΩ1 ,(7.4)

where

a−2 = 1
4 , a−1 = − 5

4 , a0 = 3
4 + t

4

(
e−i2Ω2 − 5e−iΩ2 + 3 + eiΩ2

)
, a1 = 1

4 .(7.5)

The solution to (7.3) and (7.4) is given by

φi1 = W0e
iΩ1i1 +

(
1−W0

)(
C0r

i1
0 + C1r

i1
1

)
,(7.6)

where r0 and r1 are the roots of the cubic equation

a−2 + a−1r + a0r
2 + a1r

3 = 0,

satisfying to |r| ≤ 1,

W0 =

√
1 + t2hiβξ

a−2e−i2Ω1 + a−1e−iΩ1 + a0 + a1eiΩ1
,

C0 =
r0

(
r1 − eiΩ1

)
eiΩ1

(
r1 − r0

) , C1 =
r1

(
r0 − eiΩ1

)
eiΩ1

(
r0 − r1

) .

We avoid here considering in detail the exceptional cases where either the de-
nominator in the expression for W0 turns out to be zero or r0 = r1. In these cases,
the form of the solution (7.6) remains the same, while W0 and/or Cj(j = 0, 1) might
become some linear functions of i1.

Thus, the discretization error is calculated as

U
(
i1h, i2h

)
− ui1,i2 =

[
eiΩ1i1 − φi1

]
eiΩ2i2

=
(
1−W0

)[
eiΩ1i1 − C0r

i1
0 − C1r

i1
1

]
eiΩ2i2 .

(7.7)

7.2. DC1 iteration. Let the boundary data be represented by a discrete Fourier
mode eiΩ2i2 . Recall that the solution obtained in the discrete half-space analysis
has two different representation forms: (1) Away from the boundary, the solution
is defined as a collection of a finite number of analytical components; this region is
called the analytical representation region. (2) In the region adjacent to the inflow
boundary, the solution is defined pointwise; this zone is referred to as the pointwise
representation region. The analysis is most efficient in problems where the initial
analytical representation region covers most of the domain.
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7.2.1. Analytical representation region. In the analytical representation re-
gion, the approximate solution to (7.1) is defined as a linear combination of analytical
components; each component has the general form

P (i1)q
i1eiΩ2i2 ,(7.8)

where P (i1) is a complex-coefficient polynomial of i1 and q (|q| ≤ 1) is the base of
the given component. The polynomial part P (i1) will be referred to as the amplitude
of the component qi1eiΩ2i2 . The initial approximation and the source function are
assumed to be a finite collection of analytical components in the form (7.8). Many
reasonable initial approximations satisfy this assumption: (1) zero approximation has
no analytical components; (2) solution of the driver equation provides one analytical
component; (3) the solution interpolated from a coarse grid in the framework of
a two-grid solver is represented by several analytical components. The analytical
representation at any stage of the defect-correction solver contains this finite collection
plus the eigencomponent of the driver operator. To define this eigencomponent, the
action of the driver operator on the component qi1eiΩ2i2 is considered.

Lhd

(
qi1eiΩ2i2

)
≡ d−1q

i1−1 + d0q
i1

h
√

1 + t2
eiΩ2i2 ,(7.9)

where

d−1 = −1, d0 = 1 + t
(
1− e−iΩ2

)
.(7.10)

Then the driver-operator eigencomponent which solves the equation

Lhd

(
qi1eiΩ2i2

)
= 0(7.11)

is the component with the base qd = −d−1/d0.

7.2.2. Pointwise representation region. In most cases, the interior analyt-
ical approximation does not satisfy the discrete inflow boundary conditions, and an
adjustment is needed in the neighborhood of the inflow boundary. This adjustment
is given by an additional pointwise component

{
Bi1e

iΩ2i2 , 0 < i1 ≤ N0,
0 otherwise,

where Bi1 is a complex-valued vector of the length N0. The segment 0 < i1 ≤ N0 is
the pointwise representation region and the vector Bi1 is called the pointwise ampli-
tude. The role of the pointwise component is to correct the analytic representation
in the pointwise region so that the combined approximate solution satisfies the in-
flow boundary conditions. In each DC1 iteration, N0 increases by 1. (The size of
the increment is determined by the length of the upwind part in the driver-operator
discretization stencil.) The inflow boundary condition implementation used in the
model problem (2.4) implies N0 = 0. Analyzing more practical boundary conditions
employing a modified stencil near the inflow boundary would be similarly done just
requiring initial N0 > 0.
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7.2.3. Iteration. At any stage of the defect-correction iteration the solution
approximation can be represented as

ũi1,i2 = Q(i1)e
iΩ2i2 ,(7.12)

Q(i1) =



∑
j

Pj(i1)q
i1
j +Bi1 , 1 ≤ i1 ≤ N0,∑

j

Pj(i1)q
i1
j , N0 < i1,

where Pj(i1)q
i1
j e

iΩ2i2 are the analytical components and Bi1e
iΩ2i2 is the pointwise

component.

The DC1 iteration consists of the two main computational blocks: (1) calculat-
ing residuals of the target operator (7.1) and (2) computing corrections by solving
the driver operator with the right-hand-side function given by the target-operator
residuals. The response in a DC1 iteration of each computational block to an input
analytical component vi1,i2 = P (i1)q

i1eiΩ2i2 and to the pointwise component is ana-
lyzed below. An example of the DC1 iteration analysis for the homogeneous equation
(7.1) (βξ = 0) and the zero initial approximation can be found in [10].

Computing residual for analytical component. The residual function calculated
for vi1,i2 is the same component qi1eiΩ2i2 , of course, with different amplitude R(i1).
The amplitude R(i1) of the residual of vi1,i2 is calculated as

R(i1) = Λ− 1
h
√

1+t2

[
a−2q

−2P (i1 − 2) + a−1q
−1P (i1 − 1)

+ a0P (i1) + a1qP (i1 + 1)
]
,

(7.13)

where if qi1eiΩ2i2 is a right-hand-side component of (7.1) (q = eiΩ1), then Λ = iβξ;
otherwise Λ = 0. Coefficients aj(j = −2,−1, 0, 1) are defined in (7.5).

Computing residual for pointwise component. Recall that the pointwise compo-
nent corrects the analytical representation in the pointwise representation region. So
the values B−1 and B0 are given by the difference between boundary conditions (7.4)
and the values calculated from analytical representation at points i1 = −1 and i1 = 0.
Let N0 be the current inner boundary for the pointwise representation region (Bi1 = 0
for i1 > N0) and an extended inner boundary be N ′

0 = N0 + 2. Then the pointwise
residual function is computed in the following way:

Rpt
i1

= − 1

h
√

1 + t2

{
a−2Bi1−2 + a−1Bi1−1 + a0Bi1 + a1Bi1+1, 1 ≤ i1 ≤ N ′

0

0 otherwise.

Correction to analytical component. Correction to the analytical component is a
combination of the input component C(i1)q

i1eiΩ2i2 and the driver-operator eigencom-
ponent. The amplitude C(i1) of the correction to the analytical component vi1,i2 is
calculated using the equation

d−1q
−1C(i1 − 1) + d0C(i1) = h

√
1 + t2R(i1)(7.14)

derived from (3.3), where the coefficients d−1 and d0 are defined in (7.10). If vi1,i2 is
not an eigencomponent for the driver operator (q �= qd = −d−1/d0), then the power
of the polynomial C(i1) is the same as the power of the polynomial R(i1); otherwise
the power of C(i1) is higher.
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To satisfy the zero inflow boundary condition at i1 = 0 that accompanies the
correction equation, one must complete the correction with the driver-operator eigen-
component D0q

i1
d e

iΩ2i2 with the amplitude

D0 = −C(0).

Correction to pointwise component. The correction Cpt
i1

to the pointwise compo-
nent is calculated from the following system of linear equations:{

Cpt
N ′

0
= 0,

d−1C
pt
i1

+ d0C
pt
i1+1 = h

√
1 + t2Rpt

i1+1, 0 < i1 < N ′
0.

(7.15)

The amplitude D1 of the accompanying driver-operator eigencomponent is computed
as

D1 = −h
√

1 + t2Rpt
1 − d0C

pt
1

d−1
.

New amplitudes for analytical component, pointwise component, and driver-
operator eigencomponent. The new amplitude P̃ (i1) of the analytical component vi1,i2
is calculated as

P̃ (i1) = P (i1) + C(i1).

The corrected pointwise amplitude B̃i1 and the new boundary Ñ0 of the pointwise
representation region are

B̃i1 = Bi1 + Cpt
i1
, Ñ0 = N0 + 1.

The amplitude D(i1) of the driver-operator eigencomponent is also changed to D̃(i1)
as follows:

D̃(i1) = D(i1) +D0 +D1.

7.3. Discretization of outflow boundary conditions. The discretization of
the outflow boundary conditions can be taken into account as well. This is important
for analyzing convection-diffusion and strongly anisotropic problems where resolution
of the outflow boundary layer is of high priority. Discretized outflow boundary con-
ditions usually imply some special discretization stencil different from that in the
interior. To incorporate this feature into the analysis one can simply introduce an-
other pointwise representation zone near the outflow boundary. In other words, an
additional pointwise component makes the half-space analysis absolutely precise for
all the constant-coefficient problems on a layer. This modified analysis was used in
numerical experiments (sections 9.2, 9.3, and 10). The difference between the basic
version (without taking outflow boundary conditions into account) and the modified
version was extremely small, dropping below the computer round-off error on grids
with h ≤ 2−8. In the discretization accuracy tests (section 9.1), the influence of the
discretized outflow boundary conditions was ignored.

7.4. Algebraic error. The algebraic error function, which is the difference be-
tween the exact (ui1,i2) and approximate (ũi1,i2) solutions of the discrete target prob-
lem, is given by

ũi1,i2 − ui1,i2 =
[
Q(i1)−

(
W0e

iΩ1i1 + (1−W0)(C0r
i1
0 + C1r

i1
1 )
)]

eiΩ2i2 ,(7.16)

where ũi1,i2 and ui1,i2 are defined in (7.12) and (7.2), respectively.
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8. 1D matrix analysis. The 1D matrix analysis, applied to the problem (7.3)–
(7.4), vastly simplifies analyzing the original multidimensional problem (2.4). This 1D
matrix analysis predicts well both the asymptotic and the worst possible convergence
rates of the multidimensional defect-correction solver. An N×N residual amplification
matrix, Gr, of the defect-correction iteration is constructed,

r̄new = Grr̄
old,

where the N -dimensional vectors r̄old and r̄new are residuals of (7.3) before and after
the iteration, respectively.

The amplification of the residual can be bounded either by the spectral radius
of Gr (ρ(Gr)) or by the L2-norm of the matrix Gr (||Gr||2 =

√
ρ(G∗

rGr)). The
spectral radius, ρ(Gr), is usually associated with the asymptotic convergence rate,
i.e., the rate corresponding to a large number of iterations. The L2-norm (||Gr||2)
indicates the “worst” possible convergence rate.

9. Numerical tests.

9.1. Verification of analytical predictions: Discretization accuracy test.
A discretization is considered to have ε accuracy on a grid with mesh size h with
respect to a given solution U(x, y) of the differential problem if the following inequality
holds

‖ui1,i2 − U(i1h, i2h)‖
‖U‖ ≤ ε,(9.1)

where ui1,i2 is the exact discrete solution.
For characteristic components, the discretization accuracy is related with the pen-

etration distance of this component in the discrete solution. Let the exact solution
U(x, y) = ei(ω1x+ω2y) of the differential problem (2.2), (2.3) be a characteristic com-
ponent, i.e., ω1 + tω2 ≈ 0. Below, the penetration distances of this component in
the operators involved in the DC1 iterations are approximately calculated from the
asymptotic solution of the half-space problem associated with each operators’ FDA.

The FDA to the target second-order-accurate discrete operator (2.4) is given by

FDA
(
Lh
)

= b1∂x + b2∂y − h2

12

(
b1∂xxx + b2∂yyy

)
.

For characteristic components, it becomes

FDA
(
Lh
)

= ∂ξ − h2

12
(
1 + t2

)2

(
−t3 + t

)
∂ηηη,(9.2)

where the nonalignment parameter t and the characteristic variables ξ and η have been
defined in section 2. Notice that when t ≈ 1 the coefficient of the third derivative with
respect to η vanishes in the FDA and the next term (the fourth derivative) becomes
important.

The asymptotic solution u(ξ, η) of the problem

∂ξu− h2

12
(
1 + t2

)2

(
−t3 + t

)
∂ηηηu = 0, u

∣∣∣
x=0

= eiω2y,(9.3)
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can be found as

u(ξ, η) = e
ξ
r2

+iω2

√
1+t2η,(9.4)

where

r2 =
−i12√1 + t2

ω2

(
ω2h

)2(
−t3 + t

)(9.5)

and |r2| is the normalized penetration distance for the operator Lh in the characteristic
(ξ) direction. Then the discretization error of Lh, defined as DE(Lh), can be estimated
as

DE(Lh) = ei(ω1x+ω2y)
(
1− e−

ξ
r2

)
.

Thus, this discretization is estimated to have the accuracy ε for U(x, y) on the
distance δ (measured along the characteristic) from the boundary if the following
inequality holds: ∣∣∣1− e−

ξ
r2

∣∣∣ ≤ ε for ξ ≤ δ.(9.6)

Note, that ε defines the relative error; hence, 0 ≤ ε ≤ 1, and ε ≈ 1 indicates very poor
accuracy. For operator (2.4), the penetration distance of the ε-accuracy is estimated
from (9.6) as

δ2 = |r2| arccos(1− ε2/2).(9.7)

The first differential approximation to the first-order-accurate driver operator
(3.2) taken for the characteristic components is given by

FDA
(
Lhd

)
= ∂ξ − h

2
(
1 + t2

)3/2

(
t2 + t

)
∂ηη.

The normalized penetration distance in the ξ direction is

r1 =
2
√

1 + t2

ω2

(
ω2h

)(
t2 + t

)(9.8)

and the ε-accuracy penetration distance is

δ1 = −r1 ln(1− ε).(9.9)

We perform the first test to validate the discrete half-space analysis without
incorporating outflow boundary conditions from section 7 and analytical expressions
(9.7) and (9.9) for penetration distances of characteristic components. We calculate
penetration distances of ε = 0.01 accuracy for different values of t and ω2 for the target
and driver operators (2.4) and (3.2). Our aim is to compare the following distances
from the boundary (measured in mesh sizes along the x direction):

• the distances calculated by formulas (9.7) and (9.9) (δ
(j)
a = δj/

(
h
√

1 + t2
)
,

j = 1, 2);
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Table 9.1
Penetration distances (in mesh sizes) of the 1% accuracy.

1%-Accuracy penetration distances
t ω2 Target operator Driver operator

δ
(2)
a δ

(2)
A δ

(2)
N δ

(1)
a δ

(1)
A δ

(1)
N

2π > 256 > 256 256 139.034 139 139
4π > 256 > 256 256 34.758 34 34

0.2 8π > 256 > 256 256 8.69 8 8
10π > 256 > 256 256 5.561 5 5
16π 82.564 81 81 2.172 2 2

2π > 256 > 256 256 34.758 34 34
4π > 256 > 256 256 8.69 8 8

0.6 8π > 256 > 256 256 2.172 2 2
10π 169.092 162 162 1.39 1 1
16π 41.282 37 37 0.543 0 0

2π > 256 > 256 256 23.172 23 23
4π > 256 > 256 256 5.793 5 5

0.8 8π > 256 > 256 256 1.448 1 1
10π 225.456 181 181 0.927 0 0
16π 55.043 35 35 0.362 0 0

• the distances obtained from the Lh discretization-error formula (7.7), δ
(2)
A ,

and analogously derived discretization-error formula for Lhd , δ
(1)
A ;

• the distances computed in direct numerical simulations (δ
(j)
N ).

In analytical calculations, the exact solution of the differential problem (2.1) and (2.3)
is always assumed to be eiω2(−tx+y). In direct numerical simulations the exact solution
has been chosen to be sin(ω2(−tx + y)). The numerical distance is considered to be
m if the L∞ norm of the relative discretization error on the (m+ 1)th vertical line is
greater than 0.01. The simulation grid is 257× 257. If in analytical calculations the
result exceeds 256 (i.e., the penetration distance covers all the domain), it has been
set to > 256. Table 9.1 contains the test results. The two obvious conclusions are as
follows.

1. The discrete half-space analysis is actually precise even without incorporating
outflow boundary conditions. In all the tests, the results predicted by this
analysis and obtained in real numerical calculations coincide.

2. The estimates (9.7) and (9.9) of the penetration distances are accurate, espe-
cially for the first-order operator or for small nonalignment angles (t ≤ 0.6).
Some deterioration in predicting the second-order operator penetration dis-
tances for nearly diagonal alignment is explained by the fact that the penetra-
tion distance in the case of 45◦ angle of nonalignment (t = 1) is determined
by the third-order term, which is not taken into account in calculating r2.
Nevertheless, the estimate (9.7) seems to be reliable for predicting the key
property—whether the penetration distance is comparable with (or larger
than) the characteristic size of the domain.

9.2. Convergence in different regimes. The discrete problem (2.4) approxi-
mating homogeneous differential equation (2.2) on the layer (x, y) ∈ [0, 1]×(−∞,+∞)
was solved. The inflow boundary conditions g(y) = eiω2y and g′(y) = ei(−ω1h+ω2y)

were derived from the assumption that U(x, y) = ei(ω1x+ω2y) (ω1 + tω2 = 0) is the
desired solution of the differential equation (2.2). The problem is reduced to the 1D
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Fig. 9.1. Algebraic-to-discretization error convergence for DC1: Dependence on the incoming
frequency ω2 and the mesh size h.

problem (7.3)–(7.4) with outflow boundary conditions at i1 = N given by

b−2φN−2 + b−1φN−1 + b0φN = 0,(9.10)

where

b−2 = 1
2 ,

b−1 = −2,

b0 = 3
2 + t

2

(
e−i2Ω2 − 4e−iΩ2 + 3

)
.

(9.11)

The numerical experiments with the DC1 algorithm were performed following recipes
incorporating the outflow boundary conditions, given in section 7.2. As noted earlier,
this 1D analysis provides the exact simulation of the DC1 iterations performed for
the 2D problem.

The tests were performed on the uniform grids with h = 2−5, 2−6, . . . , 2−12. The
nonalignment angle was the same in all the tests (t = 0.5). The absolute (not normal-
ized) value of the incoming frequency was varied from ω2 = 2π with increment 2π.
The initial approximation for the DC1 method was always obtained from the solution
of the driver operator. The tests on each grid were stopped when one DC1 iteration
succeeded to converge the L2 norm of the algebraic error below the L2 norm of the
discretization error. The results of the tests are collected in Figure 9.1.
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For any given inflow content, there is the worst grid on which the required number
of iterations is maximal. With further grid refinement, the initial convergence rates
become faster and eventually just two DC1 iterations are needed to converge the
algebraic error below the discretization-error level.

One can distinguish three convergence regimes with respect to the relative ac-
curacy of the target and driver operators. In the discussion below, the penetration
distances are estimated as large or small with respect to the characteristic size of the
domain.

Fast convergence regime—large penetration distance in the driver operator. For
very smooth inflow boundary conditions, the solutions of both the target and the
driver operators accurately approximate the true solution of the differential problem.
Convergence rates are fast from the very beginning. Four DC1 iterations at most
are needed to converge the algebraic errors to the discretization-accuracy level. This
regime is established when the driver operator attains at least 40% accuracy (ε = 0.4)
over the entire domain. In this regime, the minimal number of required iterations is
two, as expected.

Slow convergence regime—large penetration distance in the target operator, small
penetration distance in the driver operator. This regime is established for the range
of inflow boundary conditions, for which the target operator is accurate while the
driver equation does not approximate the differential equation on a large part of the
domain, i.e., the driver-operator penetration distance is substantially shorter than
the characteristic size of the domain. The initial convergence rates are slow, and
many iterations are required to converge the algebraic errors. The maximal number
of iterations required to converge the algebraic error below the discretization-error
level increases in a good accordance with FDA estimate (6.6). This regime is actually
the most important one, from the consideration that it describes the convergence
on grids minimally sufficient for accurate target-operator approximations of the true
differential solution. Generally, the maximal number of iterations is required for the
incoming components with about 50% accuracy (ε = 0.5) provided by the target
operator. This accuracy is not practical. Section 9.3 presents numerical experiments
with more accurate approximations.

Fast convergence regime—small penetration distance in the target operator. The
third regime where the initial convergence is fast again is established for relatively
high-frequency inflow contents. In this regime, neither the target nor the driver
operator is accurate.

The estimate (6.6) for the maximal number of iterations can be adjusted for the
second regime by incorporating (9.7) and the assumption δ2 = R as

Nsweeps ≈ t+ t2

2




h− 1
3

(
12 arccos(1− ε2

2 )

t−t3

) 2
3

,

ω
1
2
2

(
12 arccos(1− ε2

2 )

t−t3

) 1
2

.

(9.12)

This estimate is a counterpart to (6.6) with the target operator attaining the ε accu-
racy over the characteristic size of the domain. Substituting for the value of ε = 0.5
observed in the numerical experiments in the second regime to (9.12) yields the dashed
line in Figure 9.1; the variation of the maximal number of iteration is characterized
well.
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Fig. 9.2. Residual convergence rate history for DC1.

9.3. Grid-dependent convergence. Eight tests were performed on the same
grids with the same nonalignment angle (t = 0.5) as in the previous section. The
frequencies, ω2, of the inflow Fourier components on different grids were chosen to
provide the target-operator penetration distance to coincide with the characteristic
size of the domain (δ2 =

√
1 + t2). The penetration distance was computed by the

formula (9.7) for the 5% accuracy (ε = 0.05), which is representative of the accuracy
required in practice. The initial approximation for the defect-correction method was
again obtained from the solution of the driver operator. Figure 9.2 depicts the residual
convergence rate history in the experiments performed. The convergence rate in a DC1
iteration was defined as the ratio of the L2 norms of the residual after and before
the iteration. In each test, the last iteration shown on the Figure 9.2 corresponded
to the approximate solution with the L2 norm of the target-operator residual less
than 10−10. Figure 9.3 exhibits the ratios between the L2 norms of the algebraic
and discretization errors observed in the same experiments. In this figure, the solid
horizontal line designates algebraic error equal to the discretization error. The first
qualitative conclusion is obvious: the convergence of DC1 iterations is grid dependent,
i.e., more iterations are required on finer grids to get into the asymptotic convergence
regime and/or to converge the algebraic error below the discretization error level.

The quantitative characteristics of the experiments are collected in Table 9.2. The
column ω2h shows the normalized frequency of the inflow boundary Fourier component
having the unity penetration distance for 5% accuracy on the uniform grid with mesh
size h. The columns ρ(Gr) and ‖Gr‖2 exhibit the asymptotic convergence rate and the
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Fig. 9.3. Algebraic-to-discretization error convergence history for DC1.

Table 9.2
Convergence tests: DC1 iterations.

h ω2h ρ(Gr) ‖Gr‖2 Asympt. delay Alg. error Estimated Nsweeps

2−5 0.37 0.5612 0.7894 2 3 2
2−6 0.29 0.5491 0.7914 3 4 3
2−7 0.23 0.5384 0.8116 4 5 3
2−8 0.18 0.5299 0.8527 6 6 4
2−9 0.15 0.5232 0.8923 7 7 5
2−10 0.12 0.5181 0.9241 9 8 6
2−11 0.09 0.5142 0.9479 12 10 7
2−12 0.07 0.5111 0.9649 16 12 9

worst possible convergence rate, respectively, both calculated by 1D matrix analysis
described in section 8. The DC1 iteration process was considered to have reached the
asymptotic convergence regime when an iteration convergence rate became less than
the asymptotic convergence rate (ρ(Gr)) on the given grid. The number of iterations
required to reach the asymptotic convergence regime is shown in the column labeled
“Asympt. delay.” The column marked “Alg. error” demonstrates the number of DC1
iterations required to converge the algebraic error below the discretization error level.
The last column, marked “Estimated Nsweeps,” is the number of sweeps calculated
from (9.12) for ε = 0.05.

The fast asymptotic convergence rate predicted by the 1D matrix analysis and
confirmed in the numerical tests is not a surprise. It was observed by many researchers
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that the asymptotic convergence rate of the defect-correction solver for (2.4) is about
0.5 per iteration. In [8], the authors emphasized that the asymptotic convergence rate
deteriorates for the central and the pure upwind target discretizations.

The bound ‖Gr‖2 is not very sharp in the presented tests. The full-space Fourier
analysis (eliminating the characteristic components from the consideration) gives a
similar estimate (see [8]). This similarity suggests that to observe this “worst” be-
havior one should test nonhomogeneous problems or consider special initial approxi-
mations.

The numerical tests corroborate the conclusion derived from the half-space anal-
ysis that the number of DC1 iterations required to obtain the asymptotic convergence
rate or to have the algebraic error smaller than the discretization error might grow
on fine grids. The quantitative prediction that the growth is proportional to h− 1

3 ,
i.e., the number of the iterations is doubled when the grid becomes eight times larger
(mesh size h is replaced with h/8), has also been confirmed with a good accuracy (see
Table 9.2). The crude estimate (9.12) is a good indicator of the h-dependent delay in
convergence. A smarter choice of the initial approximation (e.g., the initial approxi-
mation interpolated from the solution on a coarser grid) can shorten somewhat this
delay on each given grid, but the qualitative behavior remains the same: the number
of required defect-correction iterations grows as h− 1

3 in passing to finer grids.
There are several ways to change the algorithm in order to make its convergence

grid independent:
1. The first possibility, studied in section 10, is to apply a driver of the same

approximation order as the target operator.
2. The second way is to use a predictor-corrector technique for solving the target

operator. This method suggests some marching along the flow direction.
Preliminary numerical tests indicate that if the marching is possible (there
are no recirculation zones), then the predictor-corrector method demonstrates
the optimal efficiency.

3. The third method is a semicoarsening multigrid algorithm which employs
the coarse-grid operators closely approximating the characteristic-component
FDA of the target operator (see [9]).

10. Defect-correction method with second-order driver. In this section,
the defect-correction algorithm with the second order driver (DC2) is presented. The
driver operator which is the second-order accurate upwind discretization is accompa-
nied with the same inflow boundary condition as the target operator (2.4).

Lhdui1,i2 =
1

2h

(
b1

(
3ui1,i2 − 4ui1−1,i2 + ui1−2,i2

)
(10.1)

+b2

(
3ui1,i2 − 4ui1,i2−1 + ui1,i2−2

))
,

i1 = 1, 2, . . . , N,

u0,i2 = g(i2h), u−1,i2 = g′(i2h).

The discretization scheme (10.1) is stable. This scheme may be considered as a tar-
get scheme by itself. In extension to convection-diffusion equation, however, purely
upwind schemes do not possess the advantage of a one-shot solution and the accuracy
considerations become dominant. The Fromm scheme (2.4) is about four times more
accurate than the scheme (10.1).
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We tested the DC2 iterations for the same test cases as in section 9.3. The results
confirm that the DC2 solver is optimally efficient on all the grids. The convergence
in DC2 iterations is grid independent. Convergence rates faster than 0.5 per iteration
are obtained from the very beginning. The DC2 solver requires only one sweep to
reduce the algebraic error substantially below the level of discretization accuracy.

The efficiency demonstrated by DC2 solver indicates that the second-order driver
would be preferable for solving high-order operators by defect-correction method.
On the other hand, implementation of second-order drivers in practical problems is
not straightforward. For example, in solving discretized multidimensional hyperbolic
systems of equations where downstream marching is impossible, first-order schemes
are considered to be much easier to solve than second-order schemes. Nevertheless,
the opportunity for employing the second-order driver should always be carefully
considered.

11. Conclusions. This paper presented a novel, comprehensive, discrete, half-
space analysis for a defect-correction method solving the Fromm discretization of
the 2D convection equation. This analysis is precise for constant-coefficient prob-
lems on layers and can be easily generalized to the convection-diffusion and strongly
anisotropic problems. The half-space analysis plays the same role for nonelliptic prob-
lem solvers as the full-space Fourier mode analysis plays for elliptic problem solvers; in
nonelliptic problems, it accounts for both the damping and the downstream transport
of errors. The analytical solution on the half-space is defined as a combination of a
finite number of analytical components and a pointwise component. The analytical
components represent the solution away from the boundary. The role of the point-
wise component is to correct the analytic representation in the region adjacent to the
boundary so that the combined approximate solution satisfies the inflow boundary
conditions. Any locally discretized inflow boundary conditions can be considered in
the framework of this analysis. In each DC1 iteration the pointwise representation
region penetrates in the interior by one mesh size. By using these representations,
the computational complexity of the analysis becomes much less than that associated
with the 1D matrix analysis. In the asymptotic regime, when the pointwise represen-
tation zone covers all the domain, this analysis becomes a discrete 1D matrix analysis
of the multidimensional problem. The discrete half-space analysis was found to be an
accurate and very efficient tool for predicting actual solution behavior.

The following important findings about the analyzed defect-correction method
were reported:

1. The initial convergence rate of the defect-correction method is principally
a function of the relative accuracy of the driver and target operators, as
reasoned by the penetration distances for characteristic components.

2. The asymptotic convergence rate of the defect-correction method is about 0.5
per iteration.

3. The efficiency of the defect-correction method with the first-order driver is
grid dependent. The maximal number of iterations required to reach the
discretization accuracy or to obtain the asymptotic convergence rate can be
proportional to h− 1

3 , corresponding to the characteristic error components
with the target-operator penetration distances approximately equal to (and
the driver-operator penetration distances substantially less than) the charac-
teristic size of the domain.

4. Using the second-order driver in the defect-correction iterations eliminates
this h-dependence and results in an optimally efficient solver.
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Abstract. We present a new third-order central scheme for approximating solutions of systems
of conservation laws in one and two space dimensions. In the spirit of Godunov-type schemes, our
method is based on reconstructing a piecewise-polynomial interpolant from cell-averages which is
then advanced exactly in time.

In the reconstruction step, we introduce a new third-order, compact, central weighted essentially
nonoscillatory (CWENO) reconstruction, which is written as a convex combination of interpolants
based on different stencils. The heart of the matter is that one of these interpolants is taken as a
suitable quadratic polynomial, and the weights of the convex combination are set as to obtain third-
order accuracy in smooth regions. The embedded mechanism in the WENO-like schemes guarantees
that in regions with discontinuities or large gradients, there is an automatic switch to a one-sided
second-order reconstruction, which prevents the creation of spurious oscillations.

In the one-dimensional case, our new third-order reconstruction is based on an extremely compact
three-point stencil. Analogous compactness is retained in more space dimensions. The accuracy,
robustness, and high-resolution properties of our scheme are demonstrated in a variety of one- and
two-dimensional problems.

Key words. hyperbolic systems, central difference schemes, high-order accuracy, nonoscillatory
schemes, WENO reconstruction, CWENO reconstruction
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1. Introduction. We are concerned with multidimensional systems of hyper-
bolic conservation laws of the form

ut +∇x · f(u) = 0, x ∈ R
d, u = (u1, . . . , un).(1.1)

Methods for approximating solutions to (1.1) have attracted a lot of attention in
recent years (see [5], [11], [25], and the references therein).

In this work we focus on Godunov-type schemes, where one first reconstructs a
piecewise-polynomial interpolant which is then advanced exactly in time according to
(1.1) and finally projected on its cell-averages. Generally, one can divide Godunov-
type schemes into two subclasses—upwind methods and central methods.

In upwind schemes, one first reconstructs a polynomial in every cell, which is then
used to compute a new cell-average in the same location in the next time step. This
procedure requires solving Riemann problems at the discontinuous interfaces. For
high-order methods, instead of analytically solving the resulting Riemann problems,
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one typically implements approximate Riemann solvers or some form of flux splitting.
For systems of conservation laws, or in the demanding context of more space dimen-
sions, this procedure turns out to be more intricate as such Riemann solvers do not
exist. The essentially nonoscillatory (ENO) methods by Harten are the prototype of
high-order methods (see [6], [23], and the references therein). A recent review of ENO
and weighted essentially nonoscillatory (WENO) methods can be found in [22].

Central schemes, on the other hand, are based on averaging over the Riemann
fans, a procedure which is typically done by staggering between two grids. They
require no Riemann solvers, no projection along characteristic directions, and no flux
splitting. Therefore, all that one has to do in order to solve a problem is to supply
the flux function. They are more simple when compared with upwind schemes.

The major difference between different central methods is in the reconstruction
step, where one computes a piecewise-polynomial interpolant from the previously
computed cell-averages.

The prototype of central schemes is the Lax–Friedrichs [4] scheme which is based
on a piecewise-constant interpolant. Even though it is very robust, it is only first-order
accurate and, moreover, it suffers from excessive numerical dissipation. A second-
order central method was proposed by Nessyahu and Tadmor in [20]. This method is
based on a MUSCL-like [10] piecewise linear interpolant and nonlinear limiters which
prevent spurious oscillations (see [21] for a different approach). A variety of extensions
to these methods were suggested. The one-dimensional third-order method of Liu and
Tadmor [19] is based on the third-order reconstruction by Liu and Osher in [17]. For
the two-dimensional method, see [1] and [8].

A first step for importing the high-order reconstructions that were derived in the
upwind framework was taken in [2]. There, the ENO method was transformed into
the central setup, and a new mostly centered stencil was shown to produce the least
oscillatory results. The next step was taken in the one-dimensional case in [13], where
a new central weighted nonoscillatory (CWENO) reconstruction was introduced. This
CWENO method is based on the upwind WENO methods by [18] and [7], in which
an interpolant is written as a convex combination of several reconstructions which
are based on different stencils. These methods include an internal switch which is
designed such as to provide the maximum possible accuracy in smooth regions, while
automatically switching to a more robust one-sided stencil in the presence of discon-
tinuities and large gradients. The one-dimensional CWENO method was extended to
two space dimensions in [15] and [16]. For a numerical study of the behavior of the
total variation for the CWENO scheme, see [14].

In this paper we present a new, compact CWENO reconstruction. This new
reconstruction is based on defining a suitable quadratic function which is added to
linear interpolants in such a way as to obtain third-order accuracy in smooth regions
(in one and two space dimensions). In regions with discontinuities or large gradients,
the weights are automatically changed so that they switch to a one-sided second-order
linear reconstruction. This reconstruction turns out to be extremely compact; in the
one-dimensional case, e.g., the reconstruction is based on a three-point stencil.

The structure of this paper is as follows: We start in section 2 with a brief overview
of central schemes for conservation laws in one and two space dimensions.

We then proceed to present our new, compact, third-order CWENO reconstruc-
tion in section 3. The idea of introducing a quadratic reconstruction is first presented
in the one-dimensional framework and then extended to two space dimensions.

We end in section 4 where we demonstrate our new method in several test cases.
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First, the accuracy tests (both in one-dimensional and two-dimensional cases) show
the third-order accuracy of the method. We then solve the one-dimensional system
of the Euler equations of gas dynamics for a few test problems and we illustrate the
behavior of the scheme in scalar two-dimensional cases. In particular, we would like
to stress that in our numerical results we observe a very robust and nonoscillatory
behavior of the weights, which can be related to the overall robustness and accuracy
properties of our new method.

2. Central schemes for conservation laws. In this section we give a brief
overview of central schemes for approximating solutions to hyperbolic conservation
laws in one and two space dimensions. For further details we refer the reader to [25],
[8], [13], and the references therein.

Starting in the one-dimensional case, we seek numerical solutions of the Cauchy
problem 


ut + f(u)x = 0,

u(x, t=0) = u0(x).
(2.1)

For simplicity, we introduce a uniformly spaced grid in the (x, t) space, where the
mesh spacings are denoted by h := ∆x and k := ∆t, respectively. We denote by
ūnj the numerical approximation of the cell average in the cell Ij := [xj−1/2, xj+1/2]
at time tn = nk, where xj = jh. The finite-difference method will approximate the
cell-averages at time tn+1 based on their values at time tn.

We start by reconstructing at time tn a piecewise-polynomial conservative inter-
polant from the known cell-averages, ūnj , i.e.,

Pu(x, t
n) :=

∑
j

Rj(x)χj ,(2.2)

where χj is the characteristic function of the interval Ij and Rj(x) is a polynomial
defined in Ij . It is here, in the reconstruction step, where the accuracy and nonoscilla-
tory requirements enter. Different central methods will be typically based on different
reconstructions.

The reconstruction, Pu(x, t
n), is then evolved exactly in time (integrating (2.1)),

and then projected on staggered cells, in order to compute the cell average at Ij+1/2.
With this procedure we obtain

ūn+1
j+1/2 = ūnj+1/2 +

1

h

∫ tn+1

tn
[f(Pu(xj , τ))− f(Pu(xj+1, τ))] dτ.(2.3)

Based on the reconstruction, (2.2), the first term on the right-hand side (RHS) of
(2.3) can be explicitly computed,

ūnj+1/2 =
1

h

∫ xj+1

xj

Pu(x, t
n) dx.

In order to compute the second integral on the RHS of (2.3), namely the integral
in time over the fluxes, one should observe that due to the staggering, up to a suit-
able Courant–Friedrichs–Lewy (CFL) condition, these integrals involve only smooth
functions, and hence can be approximated by a sufficiently smooth quadrature. A
second-order method can be obtained, e.g., using the midpoint rule in time (see [20]).
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Simpson’s rule for the quadrature in time will provide fourth-order accuracy (which
will naturally be sufficient also for a third-order method).

The quadratures for the time integrals of the fluxes require the prediction of point-
values of the function in several points in the interval [tn, tn+1]. One possible approach
is to use a Taylor expansion based on (2.1). Such an approach was used, e.g., in [20]
and [19]. In order to avoid the technical complications involved in the Taylor series
(in particular with high-order methods, and when dealing with systems of equations),
one can alternatively use a Runge–Kutta (RK) method directly on (2.1) to predict the
required values in later times. By using the natural continuous extension (NCE) of
RK schemes [26], the value of the flux at the nodes of the quadrature formula can be
computed with a single RK step. Such a method is simpler compared with the Taylor
expansion method, but it does require another reconstruction: the reconstruction of
the point values of the derivatives of the fluxes at time tn which are then used as the
input to the RK solver (see [2] and [13] for more details).

The simplicity of central schemes manifests itself when turning to deal with sys-
tems of equations. Basically, the algorithm that was described in the scalar case
repeats itself componentwise. Based on the type of the reconstruction, when solving
systems of equations, there can even be simplifications over a purely componentwise
extension of the scalar scheme. These can be found, e.g., in section 3.3 below.

The extension to two space dimensions is straightforward: We consider

ut + f(u)x + g(u)y = 0,(2.4)

subject to the initial condition, u(x, y, t=0) = u0(x, y). Here, ∆x and ∆y will denote
the spatial mesh spacings, while ∆t denotes the spacing in time. The two-dimensional
cells are now Ii,j = [xi−1/2, xi+1/2]× [yj−1/2, yj+1/2].

Following the general methodology, we wish to construct the cell-averages, ūn+1
j,k ,

based on the cell-averages at time tn. First, we construct a two-dimensional inter-
polant which reads

Pu(x, y, t
n) =

∑
i,j

Ri,j(x, y)χi,j ,(2.5)

with χi,j being the characteristic function of the cell Ii,j and Ri,j(x, y) a polynomial
of a suitable degree. An exact evolution in time of the interpolant (2.5) which is
projected on its cell-averages now reads (compare with (2.3))

(2.6)

ūn+1
i+1/2,j+1/2 = ūni+1/2,j+1/2

+
1

∆x∆y

∫ tn+1

tn

∫ yj+1

y=yj

[f(Pu(xi, y, τ))− f(Pu(xi+1, y, τ)] dydτ

+
1

∆x∆y

∫ tn+1

tn

∫ xi+1

x=xi

[f(Pu(x, yj , τ))− f(Pu(x, yj+1, τ)] dxdτ.

The staggered cell-average at time tn can be directly computed by

ūni+1/2,j+1/2 =
1

∆x∆y

∫ xi+1

xi

∫ yj+1

yj

Pu(x, y, t
n) dydx.

Analogously to the one-dimensional case, the flux integrals on the RHS of (2.6) can be
approximated using a quadrature rule in time. This can be coupled with a quadrature
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rule for the line integrals in space. Here it is necessary to avoid quadrature points at
which the fluxes may not be smooth. The details can be found, e.g., in [15] and [16]
(see also [8]).

3. A compact third-order CWENO reconstruction.

3.1. The one-dimensional framework. In this section we derive our new
CWENO reconstruction in one space dimension. The two-dimensional extension will
follow in section 3.2.

We first note that in the absence of large gradients, we obtain third-order accuracy
if we choose for the reconstruction the optimal polynomial

Pj(x) = POPT,j(x),

where POPT,j(x) is the parabola that interpolates the data ūnj−1, ū
n
j , ū

n
j+1 in the sense

of cell-averages to enforce conservation:∫ xj+l+1/2

xj+l−1/2

POPT,j(x) dx = ūnj+l, l = −1, 0, 1.

These conditions determine POPT,j(x) completely, namely,

POPT,j(x) = unj + u′
j(x− xj) +

1

2
u′′
j (x− xj)

2,(3.1)

with

unj = ūnj −
1

24
(ūnj+1 − 2ūnj + ūnj−1),

u′
j =

ūnj+1 − ūnj−1

2∆x
, u′′

j =
ūnj−1 − 2ūnj + ūnj+1

∆x2
.

However, when discontinuities or large gradients occur, this reconstruction would
be oscillatory. Therefore, following the WENO methodology [18], [7], [13], we con-
struct an ENO interpolant as a convex combination of polynomials which are based
on different stencils. Specifically, in the cell Ij we write

Pj(x) =
∑
i

wjiP
j
i (x),

∑
i

wji = 1, wi ≥ 0, i ∈ {L, C, R},(3.2)

where PL and PR are linear functions based on a left stencil and a right stencil,
respectively, and PC is a quadratic polynomial. In order to simplify the notations, we
will omit the upper index j, remembering that the weights and the three polynomials
change from cell to cell.

Conservation requires that PR(x) will interpolate the cell-averages∫ xj+1/2

xj−1/2

PR(x)dx = ∆x ūnj ,

∫ xj+3/2

xj+1/2

PR(x)dx = ∆x ūnj+1,

which, in turn, results with

PR(x) = ūnj +
ūnj+1 − ūnj

∆x
(x− xj).(3.3)
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Similarly, for the left interpolant we have

PL(x) = ūnj +
ūnj − ūnj−1

∆x
(x− xj).(3.4)

All that is left is to reconstruct a centered polynomial, PC, such that the convex
combination, (3.2), will be third-order accurate in smooth regions. It must, therefore,
satisfy

POPT(x) = CLPL(x) + CRPR(x) + CCPC(x),
∑
i

Ci = 1, i ∈ {L, C, R},(3.5)

where CL, CC, and CR are constants. Due to the staggering between every two consec-
utive steps of the central method, our reconstruction should provide half-cell averages
which are third-order accurate. A straightforward calculation shows that any sym-
metric choice of constants Ci in (3.5) provides the desired accuracy. In particular, for
the specific choice of CL=CR=1/4, (3.3)–(3.5) yield

PC(x) = 2POPT(x)− 1

2
(PR(x) + PL(x)) = ūnj −

1

12
(ūnj+1 − 2ūnj + ūnj−1)

+
ūnj+1 − ūnj−1

2∆x
(x− xj) +

ūnj+1 − 2ūnj + ūnj−1

∆x2
(x− xj)

2.(3.6)

In order to complete the reconstruction of Pj(x) in (3.2), it is left to compute the
weights wi. Following [7] and [13], we write

wi =
αi∑
k αk

, αi =
Ci

(ε+ ISi)p
, i, k ∈ {L, C, R}.(3.7)

The constants Cis in (3.7) are chosen to be the same as in (3.5), i.e., CL = CR = 1/4,
while CC = 1/2.

The smoothness indicators, ISi, are responsible for detecting large gradients or
discontinuities and to automatically switch to the stencil that generates the least
oscillatory reconstruction in such cases. Once again, we follow [7] and [13] and define
in each cell Ij the three smoothness indicators, ISi, as

ISi =

2∑
l=1

∫ xj+1/2

xj−1/2

h2l−1(P
(l)
i (x))2dx, i ∈ {L, C, R}.(3.8)

A direct computation, based on (3.3), (3.4), and (3.6), yields

ISL = (ūnj − ūnj−1)
2, ISR = (ūnj+1 − ūnj )

2,

ISC =
13

3
(ūnj+1 − 2ūnj + ūnj−1)

2 +
1

4
(ūnj+1 − ūnj−1)

2.(3.9)

The constant ε is taken to prevent the denominator from vanishing. Furthermore, its
value has to satisfy two requirements, namely,
(i) ε+ h2u2

x 	 |IS − h2u2
x| in smooth regions,

(ii) ε� IS near discontinuities.
The first condition guarantees that, on smooth regions, the weights are basically equal
to the constants that provide high accuracy. The second condition guarantees that in
the presence of a discontinuity, the weights of the parabola and of one of the one-sided
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linear reconstructions will be practically zero, and we will be left with the other one-
sided linear reconstruction. Hence, our third-order method automatically switches to
a second-order method in the presence of large gradients, which is exactly what makes
it so robust as will be evident in our numerical computations presented below.

The constant p weights the departure from smoothness. We used the value p = 2.
For a discussion about its choice, see [7] and [13].

A second, nonoscillatory reconstruction is required for the flux derivative. It
is natural to adapt the reconstruction that we used for the half-cell averages also
to the reconstruction of the point-values of the flux derivative. Here, however, the
interpolation requirements will be in the sense of point-values instead of cell-averages.
Once again, a direct computation shows that any symmetric choice of constants will
provide the desired accuracy, and it will only be natural to use the same constants,
Cis, that were used in (3.5). This is simpler than the case of [13] where we had to use
different sets of constants for the two different reconstructions (the reconstruction of
the half-cell averages and the reconstruction of the point-values of the flux derivative
at the center of the cells).

Remarks.
1. We would like to emphasize that our new method is based on adding the

parabola PC into the convex combination which is the heart of our nonoscil-
latory reconstruction. Our numerical simulations showed that the freedom
we have in selecting the constants Ci has no influence on the properties of the
method. It is easy to prove that we obtain third-order accuracy regardless of
the smoothness of the weights, as long as they are symmetric. Of course this
is mainly of theoretical interest, since it is very unlikely that only a smooth
departure from symmetry is maintained if the weights are not smooth.

2. By extending our new ideas, one can modify our previous CWENO method
presented in [13] in order to obtain a fifth-order, central, nonoscillatory scheme.
This can be done by simply adding a fourth-order polynomial for the compu-
tation of the point-values.

3. Our new reconstruction is equivalent to limiting with the minimum slope
instead of slope zero in the presence of a discontinuity. Hence, it is based on
a second-order reconstruction close to shocks, unlike the scheme of [19] which
can be only first-order accurate in such regions.

4. In the one-dimensional case, the additional parabola is needed only for the
accurate recovery of the point-values. In the two-dimensional framework,
however, the equivalent additional parabola will be required also for the ac-
curate reconstruction of the fractional cell-averages.

3.2. A two-dimensional extension. We extend the ideas of section 3.1 to
the two-dimensional framework. This extension is straightforward and is based on
reconstructing an interpolant as a convex combination of four one-sided, piecewise-
linear interpolants, and a centered, quadratic interpolant, in order to get the desired
third-order accuracy in smooth regions.

Following these ideas, the reconstruction in the cell Iij , can be written as

Pi,j(x, y) =
∑
k

wi,jk P i,jk (x, y), k ∈ {NE, NW, SE, SW, C},(3.10)

with
∑
k w

i,j
k = 1, and wi,jk ≥ 0. Here, PNE, PNW, PSE, and PSW are the one-sided linear

reconstructions, and PC is a centered quadratic reconstruction (see Figure 3.1). As in
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NENW

SW SE

Fig. 3.1. The two-dimensional stencil.

the one-dimensional case, we will simplify our notations by omitting the superscripts,
remembering that both the weights and the polynomials change from cell to cell.

Clearly, in analogy with the one-dimensional case, (3.3)–(3.4), the four linear
reconstructions are given by

PNE(x, y) = ūni,j +
ūni+1,j − ūni,j

∆x
(x− xi) +

ūni,j+1 − ūni,j
∆y

(y − yj),

PNW(x, y) = ūni,j +
ūni,j − ūni−1,j

∆x
(x− xi) +

ūni,j+1 − ūni,j
∆y

(y − yj),

PSW(x, y) = ūni,j +
ūni,j − ūni−1,j

∆x
(x− xi) +

ūni,j − ūni,j−1

∆y
(y − yj),

PSE(x, y) = ūni,j +
ūni+1,j − ūni,j

∆x
(x− xi) +

ūni,j − ūni,j−1

∆y
(y − yj).(3.11)

The centered polynomial, PC(x, y), is taken such as to satisfy

POPT(x, y) =
∑
k

CkPk(x, y),
∑
k

Ck = 1, k ∈ {NE, NW, SE, SW, C}.(3.12)

Here, POPT is the quadratic polynomial based on a nine-point stencil, centered around
Ii,j , which is given by (see [12])

POPT(x, y) = uni,j + u′
i,j(x− xi) + u�

i,j(y − yj) + u′�
i,j(x− xi)(y − yj)

+
1

2
u′′
i,j(x− xi)

2 +
1

2
u��
i,j(y − yj)

2,(3.13)

where

uni,j = ūi,j − 1

24

(
(∆x)2u′′

i,j + (∆y)2u��
i,j

)
,

u′
i,j =

ūni+1,j − ūni−1,j

2∆x
, u�

i,j =
ūni,j+1 − ūni,j−1

2∆y
,

u′′
i,j =

ūni+1,j − 2ūni,j + ūni−1,j

∆x2
, u��

i,j =
ūni,j+1 − 2ūni,j + ūni,j−1

∆y2
,

u′�
i,j =

ūni+1,j+1 + ūni−1,j−1 − ūni+1,j−1 − ūni−1,j+1

4∆x∆y
.(3.14)
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Unlike the one-dimensional case, not every symmetric selection of the constants Cks
will provide a third-order reconstruction for the quarter cell-averages. Here, a straight-
forward computation shows that in order to satisfy the accuracy requirements, we
must take CNE = CNW = CSW = CSE = 1/8. Hence, CC = 1/2, and (3.12) implies

PC(x, y) = 2POPT(x, y)− 1

4

[
PNE(x, y) + PNW(x, y) + PSW(x, y) + PSE(x, y)

]
= uni,j + u′

i,j(x− xi) + u�
i,j(y − yj) + 2u′�

i,j(x− xi)(y − yj)

+u′′
i,j(x− xi)

2 + u��
i,j(y − yj)

2,(3.15)

where for this formula

uni,j = ūni,j −
1

12

[
(∆x)2u′′

i,j + (∆y)2u��
i,j

]
.

All that remains is to determine the weights wi,jk in (3.10). Once again, we write

wi,jk =
αi,jk∑
l α

i,j
l

, αi,jk =
Ci,jk

(ε+ ISi,jk )p
, k, l ∈ {NE, NW, SE, SW, C}.

The constants Ck are the same constants that were used to reconstruct the centered
parabola in (3.12). The constants ε and p play the same role as in the one-dimensional
case. At this point, to simplify the notations we assume that the mesh spacings are
equal in the x and y directions, i.e., ∆x = ∆y = h. We can then follow [15] and define
the smoothness indicators, ISi,jk , as

(3.16)

ISi,jk =
∑

|α|=1,2

∫ xi+h/2

xi−h/2

∫ yj+h/2

yj−h/2

h2(|α|−1)(DαPk)
2, k ∈ {NE, NW, SE, SW, C}.

If ∆x �= ∆y, then only a trivial enhancement to (3.16) is required. For the four
one-sided linear reconstructions, which can all be written as

Pk = ûk + û′
k(x− xi) + û�

k(y − yj), k ∈ {NE, NW, SE, SW},

with suitable reconstructed point-values and first derivatives, a direct computation of
(3.16) results with

ISk = h2[(û′)2 + (û�)2].(3.17)

The centered smoothness indicator, ISC, which corresponds to the centered quadratic
reconstruction, Pc(x, y), (3.15), is given by

ISC = h2
[
(u′)2 + (u�)2

]
+

h4

3

[
13(u′′)2 + 14(u′�)2 + 13(u��)2

]
(the discrete derivatives are given by (3.14)).
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3.3. A note on systems. Almost nothing changes when turning to deal with
systems. The reconstruction that was described in the previous sections directly
transforms to systems and is performed componentwise. The only relatively subtle
issue is the computation of the smoothness indicators.

In our previous work [13], we have suggested several approaches for the com-
putation of the smoothness indicators. Three different options were suggested: the
first is to allow every component to have a strictly individual behavior, namely, to
allow a different stencil with different smoothness indicators to each component. In
the second approach, we designed global smoothness indicators such as to force every
component to adjust even when the discontinuity is in a different component. The
last approach was to use external information about the system. For example, in the
Euler equations of gas dynamics, one expects both shocks and contact discontinuities
to occur in the density. Hence, all stencils can be tuned according to this component.

Our results in [13] showed that the best approach is the one which was based
on the global smoothness indicators. It requires no additional information on the
system, it produced less oscillatory results compared with the individual smoothness
indicators for each component, and it was the simplest to implement.

In the one-dimensional case, e.g., the global smoothness indicators are given by
(compare with (3.8))

ISk =
1

d

d∑
r=1

1

‖ūr‖2

(
2∑
l=1

∫ xj+1/2

xj−1/2

h2l−1
(
P

(l)
k,r

)2

dx

)
, k ∈ {L, C, R}.(3.18)

Here the kth polynomial in the rth component is denoted by Pk,r, and d is the number
of equations. The scaling factor ‖ūr‖2 is defined as the L2 norm of the cell-averages
of the rth component of u,

‖ūr‖2 =


∑

all j

|ūj,r|2h



1/2

.

The numerical examples performed for systems, appearing in section 4, were
carried out with the global smoothness indicators.

4. Examples. We present numerical tests in one and two space dimensions, in
which we demonstrate the accuracy, robustness, and high-resolution properties of our
new method.

Following our previous works [2], [13], [15], and [16], in all our numerical examples
we integrate in time using a two-step RK method with natural continuous extension,
which was presented in [26], with a fixed time step.

The time step is determined by imposing that the Courant number is a given
fraction of the maximum Courant number determined by linear stability analysis.
The Courant number is defined by

C =
λ

maxj ρj
,

where ρj denotes the spectral radius of the matrix f ′(uj) computed on the initial
condition, and λ = ∆t/∆x is the mesh ratio.

The linear stability analysis carried out in [3] yields a Courant number C = 3/7
for the one-dimensional case. We remark that the stencil used in [3] was different than
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the one that we use, and therefore linear stability should be repeated for the compact
scheme in order to obtain a sharp estimate on the maximum Courant number.

Example 1: Accuracy tests. Our first example checks the accuracy of our new
method in several one- and two-dimensional test cases. In all of the one-dimensional
tables, the norms of the errors are given by

L1 − error : ||Error||1 =
∑N
j=1 |u(xj , tn)− unj |h,

L∞ − error : ||Error||∞ = max1≤j≤N |u(xj , tn)− unj |.

Analogous expressions hold for the two-dimensional norms.
1. Linear advection: This test estimates the convergence rate at large times.

We solve ut + ux = 0, subject to the initial data u(x, t=0) = sin(πx) and to
periodic boundary conditions on [−1, 1]. The integration time was taken as
T = 10.
In Table 4.1, we show the results obtained for this test problem with ε = 10−2.
We clearly see a third-order convergence rate in both L1 and L∞ norms.
We also show in Table 4.2 the results obtained for the same example with
ε = 10−4. Note that in order to observe high-order accuracy, a higher value of
ε is required compared to the one used by the purely parabolic reconstruction
(see [7] and [13]).
Compared with Table 4.1, the errors are larger, and the convergence rate
is not as regular as before. This is mainly due to the fact that for a very
small value of ε, condition (i) is not satisfied until the grid spacing ∆x be-
comes very small. Note that, at variance with CWENO based on piecewise
parabolic reconstruction, here a small deviation of the weights from their op-
timal constant value results in a degradation of the order of accuracy of the
reconstruction.

2. Linear advection with oscillatory data: This test is used to detect deteri-
orations of accuracy due to oscillations in the parameters that control the
selection of the stencil (for details see [2] and the references therein). Once
again, the equation is ut + ux = 0, subject to the oscillatory initial data
u(x, t=0) = sin4(πx) and to periodic boundary conditions on [−1, 1]. Here,
the integration time is taken as T = 1 and ε = 10−4.
The results of this test are displayed in Table 4.3 and confirm the third-order
accuracy of the method with no deteriorations in its accuracy.

3. Burgers equation: We solve the Burgers equation ut+(0.5u2)x = 0, subject to
the initial data u(x, t=0) = 1 + 0.5 sin(πx) and to periodic boundary condi-
tions on [−1, 1]. The integration time is T = .33, and ε = 10−4. Here, a shock
develops at T = 2/π. Note that here the maximum speed of propagation is
f ′(u) = 3/2. Thus we use λ = .66 ∗ 3/7 � 2/3λmax.
Table 4.4 shows the results we obtained which verify the third-order accuracy
of the method also for nonlinear problems.
The result of the computation for time T = 1.5 is shown in Figure 4.1.

4. Two-dimensional linear advection: Finally, we implemented our method for
the two-dimensional linear advection problem, ut + ux + uy = 0. The initial
condition is taken as u(x, t=0) = sin2(πx) sin2(πy), and we impose periodic
boundary conditions on [0, 1]2. The errors and the estimated convergence
rate are computed at time T = 1.
In Table 4.5 we present the results obtained when the weights are taken as
constants (3.12). Table 4.6 shows the results obtained with the fully nonlinear
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Table 4.1
Linear advection, T = 10, u0(x) = sin(πx), ε = 10−2; Courant number C = 0.9Cmax, Cmax = 3/7.

N L1 error L1 order L∞ error L∞ order
20 0.1423 - 0.1484 -
40 0.1308E-01 3.44 0.1708E-01 3.12
80 0.7054E-03 4.21 0.1071E-02 4.00
160 0.7517E-04 3.23 0.7823E-04 3.78
320 0.9391E-05 3.00 0.7977E-05 3.29
640 0.1174E-05 3.00 0.9406E-06 3.08
1280 0.1467E-06 3.00 0.1158E-06 3.02

Table 4.2
Linear advection, T = 10, u0(x) = sin(πx), ε = 10−4; Courant number C = 0.9Cmax, Cmax = 3/7.

N L1 error L1 order L∞ error L∞ order
20 0.2275 - 0.2499 -
40 0.7798E-01 1.54 0.8705E-01 1.52
80 0.8786E-02 3.15 0.1756E-01 2.31
160 0.6024E-03 3.87 0.1603E-02 3.45
320 0.3031E-04 4.31 0.6726E-04 4.58
640 0.1635E-05 4.21 0.2803E-05 4.58
1280 0.1467E-06 3.48 0.1740E-06 4.01

Table 4.3
Linear advection, T = 1, u0(x) = sin4(πx), ε = 10−4; Courant number C = 0.9Cmax, Cmax = 3/7.

N L1 error L1 order L∞ error L∞ order
20 0.1368 - 0.2026 -
40 0.4685E-01 1.55 0.8759E-01 1.21
80 0.1247E-01 1.91 0.3320E-01 1.40
160 0.1326E-02 3.23 0.6239E-02 2.41
320 0.7851E-04 4.08 0.3951E-03 3.98
640 0.5383E-05 3.87 0.1585E-04 4.64
1280 0.5092E-06 3.40 0.8398E-06 4.24

Table 4.4
Burgers equation, T = .33, u0(x) = 1 + 0.5 sin(πx), ε = 10−4, λ = 0.66 ∗ 3/7, corresponding to

a Courant number C = 0.99Cmax.

N L1 error L1 order L∞ error L∞ order
20 0.1874E-01 - 0.3065E-01 -
40 0.3513E-02 2.42 0.1042E-01 1.56
80 0.2675E-03 3.72 0.9609E-03 3.44
160 0.1567E-04 4.09 0.4008E-04 4.58
320 0.1175E-05 3.74 0.3172E-05 3.66
640 0.1309E-06 3.17 0.4482E-06 2.82
1280 0.1660E-07 2.98 0.7042E-07 2.67

scheme, where the weights of the reconstruction include also the oscillatory
indicators. With constant weights our method is third-order as expected,
while with nonconstant weights, there seems to be a better convergence rate.
A careful study of the tables shows, however, that this better convergence
rate is mainly due to larger errors on the coarser grids.

Example 2: One-dimensional systems—Euler equations of gas dynamics. Next,
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Fig. 4.1. Burgers equation. Solution at time T = 1.5. λ = 0.66 ∗ 3/7, N = 160, ε = 10−4.

Table 4.5
Two-dimensional linear advection, constant weights; T = 1, λ = 0.425, u0(x) = sin2(πx) sin2(πy).

N L1 error L1 order L∞ error L∞ order
10 3.696E-02 - 1.252E-01 -
20 4.964E-03 2.90 1.767E-02 2.83
40 6.304E-04 2.98 2.264E-03 2.96
80 7.902E-05 3.00 2.842E-04 2.99
160 9.880E-06 3.00 3.555E-05 3.00

Table 4.6
Two-dimensional linear advection, non-constant weights; T = 1, λ = 0.425, u0(x) =

sin2(πx) sin2(πy), ε = 10−4.

N L1 error L1 order L∞ error L∞ order
10 1.154E-01 - 4.024E-01 -
20 3.273E-02 1.82 1.675E-01 1.26
40 7.933E-03 2.04 5.413E-02 1.63
80 6.107E-04 3.70 9.097E-03 2.57
160 2.662E-05 4.52 4.744E-04 4.26

we solve the Euler equations of gas dynamics,

∂

∂t


 ρ

m
E


+

∂

∂x


 m

ρu2 + p
u(E + p)


 = 0, p = (γ − 1) ·

(
E − ρ

2
u2
)
,

where the variables ρ, u, m = ρu, p , and E denote the density, velocity, momentum,
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Fig. 4.2. Euler equations of gas dynamics—Sod’s initial data, λ = 0.1, T = 0.16.

pressure, and total energy, respectively. We use two sets of initial data:
1. Shock tube problem with Sod’s initial data [24],

{
(ρl,ml, El) = (1, 0, 2.5), x < 0.5,
(ρr,mr, Er) = (0.125, 0, 0.25), x > 0.5.

2. Shock tube problem with Lax’s initial data [9],

{
(ρl,ml, El) = (0.445, 0.311, 8.928), x < 0.5,
(ρr,mr, Er) = (0.5, 0, 1.4275), x > 0.5.

We integrate the equations up to time T = 0.16, using ε = 10−4. In Figure 4.2 we
show the density components for Sod’s initial data, and in Figure 4.3 we show the
equivalent plot for Lax’s initial data. In both figures we also present the weight of the
central stencil at the final time. All the results are given for 200 and 400 grid points.
Following [20], we pick λ = .1. Note that the maximum characteristic speed for Sod’s
problem is roughly 2.5, while for the Lax problem the maximum propagation speed
is � 5. Since our scheme has a Courant number no larger than .5, we see that λ = .1
is actually the maximum value compatible with stability.

It is interesting to compare the behavior of the central weight of the new method
to the behavior of the central weight of the original CWENO method [13]. Here, the
weights are much smoother compared with the weights in [13]. The accuracy and
stability properties of the method can be related to the smoothness of the nonlinear
weights involved (see [2]).
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Fig. 4.3. Euler equations of gas dynamics—Lax’s initial data, λ = 0.1, T = 0.16.
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Fig. 4.4. Linear rotation, λ = 0.425, N = 40.
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Fig. 4.5. Two-dimensional Burgers equation, λ = 0.425, T = 1.5.

Example 3: Two-dimensional problems.
1. Linear rotation: Following [15], we consider a linear rotation of a square patch

on [0, 1]2, with initial condition u0(x, y) = 1 for {|x − 1/2| ≤ 1/2} × {|y −
1/2| ≤ 1/2} and zero elsewhere. In Figure 4.4 we display the solution after
a rotation of π/4 and of π/2. As before, the value of ε is taken as 10−4.
There are no spurious oscillations. We also show the corresponding central
weight. As expected, this weight is zero in regions where the solution has steep
gradients, and that is exactly the property that prevents spurious oscillations
from developing. Even though we are dealing with linear waves, the resulting
resolution is relatively good. Due to the compactness of the stencil, when
the slopes are not sharp, they are not identified as discontinuities. This can
be observed in the plots of the central weight, which returns to its constant
value (1/2) on the slope.

2. Two-dimensional—Burgers equation: We end by solving the two-dimensional
Burgers equation, ut + (u2/2)x + (u2/2)y = 0, subject to the initial data
u(x, t = 0) = sin2(πx) sin2(πy) and periodic boundary conditions on [0, 1]2.
Here also ε = 10−4. In Figure 4.5 we present the solution obtained at time
T = 1.5 with different mesh spacings. One can easily notice that the shocks
are well resolved and there are no spurious oscillations.
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Abstract. A sequence of optimal hierarchic models is derived for stationary heat conduction
on the following laminated domains: a flat plate, a circular arch, and a spherical shell. An a
priori bound is presented, which is evaluated explicitly in the homogeneous case on each domain.
Computational examples are given, which illustrate the theoretical results. Furthermore, in the
case of a spherical shell, the hierarchic models are compared numerically to models obtained using
polynomial approximation in the radial direction, and it is found that the hierarchic models are both
more accurate than the polynomial ones and provide more robust convergence with respect to the
shell thickness.
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1. Introduction. Dimensional reduction of boundary value problems posed on
thin domains has a long history in the mathematical modelling of physical problems,
as illustrated, for instance, in [12, 15]. Traditionally, the derivation of the models
is based on physical intuition and practical experience, with little attention paid to
bounding the accuracy of the resulting models. Hierarchic modelling [27, 28] provides
an effective and systematic framework for modelling problems on thin domains by
reducing the dimension of the resulting boundary value problem. Original work was
carried out in this area by Vogelius and Babuska [27, 28] for stationary heat conduction
on flat, laminated plates. They derived a sequence of models, each capturing more
modes of variation in the thickness of the plate of the true solution, designed to be
optimally accurate when the thickness of the plate was small. In [27], a priori error
bounds were derived giving the order of accuracy as the thickness of the plate tends
to zero. This work has been subsequently applied to several areas; in particular,
hierarchic models of thin domains have been derived for nonlinear problems [13, 14],
elasticity [8, 22], Stokes flow [6], and Helmholtz equations [5, 17, 18]. For an overview
of hierarchic modelling of thin domains, see [22] and the references therein.

The treatment of flat plates is well understood thanks to the efforts of [27, 28].
One notable feature of this work is the realization that the selection of the functions to
be used in constructing the dimensionally reduced models has a significant impact on
the accuracy of the reduced model. However, for curved geometries such as circular
arches and spherical shells, most practitioners have based the models on a family of
polynomial functions in the radial direction. In particular, we mention the work of Cho
and Oden [7, 8] in the context of linear elastic shells, Shen [23, 24] for Helmholtz’s
equation on polar and cylindrical geometries, and Surana and Abusaleh [25] and
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Surana and Bose [26]. The results presented in these sources show the efficiency
of basing models on the use of polynomials. Here, we adopt a different approach,
more akin to the original investigations of Vogelius and Babuska [27, 28] and attempt
to obtain the optimal family of dimensionally reduced models. It is found that the
optimal family of functions depends on the thickness of the domain in a nontrivial
manner. This renders the derivation of a priori error bounds more difficult since
the dependence of the optimal family on the thickness means that certain constants
now depend on the thickness. An approach is presented that allows the constants to
be computed explicitly, and furthermore, the analysis makes no assumptions on the
thickness being small. A by-product of the analysis is sharper bounds for the flat
plates already analyzed in [27, 28], along with sharp new results for circular arches
and spherical shells that have not been studied hitherto.

Numerical examples are presented, supporting and verifying the theory. It is
also shown that the computational cost associated with using the optimal models
is essentially identical to the cost of simply using polynomials. However, numerical
evidence is presented showing that the accuracy of the optimal models can be orders
of magnitude superior to the simple polynomial based models. The numerical results
also indicate that the optimal family is significantly more robust in the case when the
domains are relatively thick.

1.1. Dimensional reduction on a spherical shell. Consider the steady state
temperature distribution u(r,θ), where θ = (θ, φ), in a thin spherical cap of average
radius R > 0:

Ω = {(r,θ) : (1− ε)R < r < (1 + ε)R,θ ∈ ω} ,
where ω is a simply-connected portion of the surface of a sphere, with Lipschitz
boundary ∂ω. The physical principles determining the temperature distribution are
as follows.

1. Conservation of energy:

∇ · q = 0 in Ω,(1)

where q = q(r,θ) is the heat flux.
2. Constitutive equation (Fourier’s law):

q = −K∇u in Ω,(2)

where K is the thermal conductivity tensor.
3. Boundary conditions.
(a) Prescribed heat fluxes on top and bottom surfaces:

±êr · q = −f±(θ) on Ω±,(3)

where

Ω± = {(r,θ) ∈ Ω : r = (1± ε)R}
and êr is the unit vector in the radial direction.
(b) Prescribed temperature:

u = 0 on Γ,(4)

where Γ is the lateral boundary

Γ = {(r,θ) : (1− ε)R < r < (1 + ε)R,θ ∈ ∂ω} .
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For the geometry of the sphere, the following relations assume the particular form.
1. Conservation of energy:

1

r2
∂

∂r
(r2qr) +

1

r
∇̄′ · q′ = 0,(5)

where the heat flux is written as

q = q′ + qrêr; q
′ = qθêθ + qφêφ

and the divergence operator on the surface of the unit sphere is given by

∇̄′ · q′ = 1

sin θ

∂

∂θ
sin θqθ +

1

sin θ

∂

∂φ
qφ.(6)

2. Constitutive relation: The conductivity tensor is assumed to have the form

q′ = −k1

(
r −R
εR

)
K′(θ)

1

r
∇̄′
u,(7)

qr = −k2

(
r −R
εR

)
∂u

∂r
,(8)

where

∇̄′
u =

∂u

∂θ
êθ +

1

sin θ

∂u

∂φ
êφ.(9)

The determination of the true solution of the boundary value problem represented by
(1)–(4) generally entails a considerable degree of complexity, especially if the domain
is of laminated construction, meaning that the coefficients k1, k2 are only piecewise
continuous. Typically, one must resort to an approximate numerical method to obtain
a sufficiently accurate solution. However, if the domain is very thin (ε� 1), then one
experiences difficulties even with a numerical approach owing to the anisotropy of the
domain.

A standard approach to such problems posed on thin domains consists of replac-
ing the full (three-)dimensional problem by a dimensionally reduced model posed in
fewer (two) dimensions over the mid-surface ω. The dimensionally reduced model is
generally an elliptic system (rather than a scalar problem) with the unknowns cor-
responding to weighted averages of the true solution u through the thickness. The
equations satisfied by the averages derive from the physical model (1)–(4) as follows.

Let ψ ∈ L∞(−1, 1) be a given function to be selected later and consider a weighted
average of the solution uψ defined by

uψ(θ) =

∫ (1+ε)R

(1−ε)R
ψ

(
r −R
εR

)
k1

(
r −R
εR

)
u(r,θ) dr.

It then follows that

K′(θ)∇̄′
uψ(θ) = K′(θ)

∫ (1+ε)R

(1−ε)R
ψ

(
r −R
εR

)
k1

(
r −R
εR

)
∇̄′
u dr

and applying the constitutive relation (7) leads to

K′(θ)∇̄′
uψ(θ) = −

∫ (1+ε)R

(1−ε)R
ψ

(
r −R
εR

)
q′(r,θ)rdr.
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Consequently,

−∇̄′ ·
(
K′(θ)∇̄′

uψ(θ)
)
=

∫ (1+ε)R

(1−ε)R
ψ

(
r −R
εR

)
∇̄′ · q′(r,θ)rdr

and by conservation of energy (5), one obtains

∇̄′ ·
(
K′(θ)∇̄′

uψ(θ)
)
=

∫ (1+ε)R

(1−ε)R
ψ

(
r −R
εR

)
∂

∂r
(r2qr)dr.

Integrating by parts and inserting the boundary conditions (3) reveals that

−∇̄′ ·
(
K′(θ)∇̄′

uψ(θ)
)
= (1 + ε)2R2ψ(1)f+(θ) + (1− ε)2R2ψ(−1)f−(θ)

+
1

εR

∫ (1+ε)R

(1−ε)R
ψ′
(
r −R
εR

)
r2qrdr,

where ψ′ = dψ(s)/ds. The constitutive relation (8) allows the final term to be rewrit-
ten as

− 1

εR

∫ (1+ε)R

(1−ε)R
ψ′
(
r −R
εR

)
k2

(
r −R
εR

)
∂u

∂r
r2dr.

In conclusion, we have shown that the average uψ satisfies

−∇̄′ ·
(
K′∇̄′

uψ(θ)
)
+
1

εR

∫ (1+ε)R

(1−ε)R
ψ′
(
r −R
εR

)
k2

(
r −R
εR

)
∂u

∂r
r2dr

= R
[
ψ(1)f+

ε (θ) + ψ(−1)f−ε (θ)
]
,(10)

where

f±ε = R(1± ε)2f±.
Obviously, the boundary condition (4) implies that

uψ = 0 on ∂ω.(11)

1.2. Simplest reduced model. The simplest dimensionally reduced model
consists of selecting ψ to be a constant function, e.g., ψ ≡ 1. In this case, (10)
reduces to the single scalar equation for α0(θ):

−∇̄′ ·
(
K′∇̄′

α0

)
= R(f+

ε (θ) + f−ε (θ)) in ω(12)

subject to α0 = 0 on ∂ω, where α0 denotes the average

α0(θ) = uψ(θ) =

∫ (1+ε)R

(1−ε)R
k1

(
r −R
εR

)
u(r,θ)dr.

Obviously, one is particularly interested in the accuracy of this dimensionally reduced
model approximating the original full three-dimensional model. In [3] it was shown
that, for ε� 1, the error e = u− α0 is bounded by

|‖e‖|2 ≤ 2
3
ε

∫
ω

R sin θ(fe(θ))2dθdφ

+2ε

∫
ω

R sin θ(fo(θ))2dθdφ,(13)
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where Dε =
√

1−ε
1+ε ,

fe =
1

2

(
f+
ε +

√
1 + ε

1− εf
−
ε

)
, fo =

1

2

(
f+
ε −

√
1 + ε

1− εf
−
ε

)
,(14)

and ‖| · ‖| denotes the energy norm (defined later). This bound justifies the choice
ψ ≡ 1 since as the thickness ε of the shell approaches 0, the accuracy of the model
is improved. However, the question arises of what can be done if the accuracy for a
finite ε is not acceptable.

1.3. Higher order models. The natural route to obtaining a more sophisti-
cated model consists of including further weighted averages of the true solution in the
reduced approximation. Let {ψl}∞l=0 ∈ L∞(−1, 1) be given functions to be selected
later and consider a model based on the weighted averages

ul(θ) =

∫ (1+ε)R

(1−ε)R
ψl

(
r −R
εR

)
k1

(
r −R
εR

)
u(r,θ)dr , l = 0, . . . , N.

The weighted averages satisfy (10). However, it is worthwhile to consider first how
the averages are used to reconstruct an approximation uN of the solution u of the
original three-dimensional problem. The approximation uN is sought in the form

uN (r,θ) =

N∑
l=0

αl(θ)ψl

(
r −R
εR

)
,(15)

where the coefficients {αl}Nl=0 are determined by the condition that uN satisfy

∫ (1+ε)R

(1−ε)R
(u(r,θ)− uN (r,θ))ψl

(
r −R
εR

)
k1

(
r −R
εR

)
dr = 0

for l = 0, 1, . . . , N. Rearranging these equations leads to the conclusion that

N∑
l=0

αl(θ)

∫ (1+ε)R

(1−ε)R
ψl

(
r −R
εR

)
ψm

(
r −R
εR

)
k1

(
r −R
εR

)
dr

=

∫ (1+ε)R

(1−ε)R
ψm

(
r −R
εR

)
k1

(
r −R
εR

)
u(r,θ)dr

= uψm(θ)

for m = 0, 1, . . . , N . Furthermore, by performing a change of variable, it follows that

uψm(θ) = εR

N∑
l=0

Amlαl(θ),(16)

where

Aml =
1

εR

∫ (1+ε)R

(1−ε)R
k1

(
r −R
εR

)
ψl

(
r −R
εR

)
ψm

(
r −R
εR

)
dr

=

∫ 1

−1

k1(z)ψm(z)ψl(z)dz.
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If the functions {ψl}Nl=0 are linearly independent, then the matrix A is symmetric and
positive definite since the coefficient k1 is nonnegative.

Thanks to (15)–(16), it is possible to dispense with the weighted averages {uψm}Nm=0

entirely and instead work with the coefficients {αl}Nl=0 directly. In fact, inserting (15)–
(16) into (10) leads to an elliptic system for the unknown functions {αl}Nl=0:

−εR∇̄′ ·
(
K′A∇̄′

α
)
+
1

εR
Bα = f ε,(17)

where B is the matrix with entries

Bml =

∫ (1+ε)R

(1−ε)R
k2

(
r −R
εR

)
ψ′
m

(
r −R
εR

)
ψ′
l

(
r −R
εR

)
r2dr

=

∫ 1

−1

k2(z)ψ
′
m(z)ψ

′
l(z)(1 + εz)2dz

and f ε is the load vector with entries

[f ε]m = R
[
ψm(1)f

+
ε (θ) + ψm(−1)f−ε (θ)

]
.

The boundary condition α = 0 on ∂ω follows in a similar fashion from (11).
The coefficients are uniquely determined as the solution of the elliptic system (17)

once the functions {ψl}Nl=0 to be used in the weighted averages have been chosen. The
purpose of the present work is as follows:

1. to determine a principle for the selection of the functions {ψl}Nl=0 that are
optimal in a certain sense,

2. to develop explicit a priori estimates for the accuracy of the resulting dimen-
sionally reduced model.

2. Dimensional reduction. In the introduction we considered the problem
given by (1)–(4) posed on a spherical cap. In our analysis we will consider more
generally the physical problem given by (1)–(4) posed on a flat plate and a circular
arch. The next section is devoted to presenting a general framework incorporating
these cases.

2.1. General framework. The variational form of the problem (1)–(4) for each
of the domains under consideration is

find u ∈ V such that Bε(u, v) = Fε(v) ∀v ∈ V,(18)

where V is the space

V = {v ∈ H1(Ω) : v = 0 on ∂ω},
and the bilinear form Bε(u, v) : V × V → R, and load functional Fε(v) : V → R are
given for each domain as follows.

1. Flat plate:

Ω = {(x′, z) : x′ ∈ ω,−ε < z < ε},
Ω± = {(x′, z) : z = ±ε},
Γ = {(x′, z) : −ε < z < ε,x′ ∈ ω},

Bε(u, v) =

∫
ω

∫ 1

−1

{
k2(z)

ε

∂u

∂z

∂v

∂z
+ εk1(z) (∇′u)T K′∇′v

}
dz dx′,

Fε(v) =

∫
ω

dx′(f+(x′)v(x′, 1) + f−(x′)v(x′,−1)),
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where

∇̄′ =
∂

∂x
êx +

∂

∂y
êy.

2. Circular arch:

Ω = {(r̂, θ) : θ ∈ ω,R(1− ε) < r̂ < R(1 + ε)};

Γ,Ω± are as they are for the spherical shell except that ω is now a section of
a circle with end points ∂ω.

Bε(u, v) =

∫
ω

∫ 1

−1

{
k2(r)(1 + εr)

ε

∂u

∂r

∂v

∂r
+
k1(r)ε

1 + εr
(∇̄′u)TK′∇̄′v

}
dr dθ,

Fε(v) =

∫
ω

Rdθ(f+(θ)(1 + ε)v(θ, 1) + f−(θ)(1− ε)v(θ,−1)),

∇̄′ =
∂

∂θ
êθ.

3. Spherical shell:

Ω = {(r̂, θ, φ) : (θ, φ) ∈ ω,R(1− ε) < r̂ < R(1 + ε)},

Bε(u, v) =

∫
ω

R sin(θ)dθdφ

∫ 1

−1

dr

×
{
k2(r)(1 + εr)2

ε

∂u

∂r

∂v

∂r
+ εk1(r)

(∇̄′u
)T K′ (∇̄′v

)}
,

Fε(v) =

∫
ω

R2 sin(θ)dθdφ{
f+(θ, φ)(1 + ε)2v(θ, φ, 1) + f−(θ, φ)(1− ε)2v(θ, φ,−1)} ,

∇̄′ =
∂

∂θ
êθ +

1

sin θ

∂

∂φ
êφ.

In general, the bilinear form Bε and linear functional Fε are of the form

Bε(u, v) =

∫
ω

dθ

∫ 1

−1

dr

{
a(1 + εr)

ε

∂u

∂r

∂v

∂r
+ εb(1 + εr)

(∇̄′u
)T K′ ∇̄′v

}
(19)

and

Fε(v) =

∫
ω

(f+
ε (θ)v(θ, 1) + f−ε (θ)v(θ,−1))dθ,(20)

where θ represents the mid-surface coordinates for each of the three cases [10]: (x, y)
for flat plates, (θ) for circular arches, and (θ, φ) for spherical shells; where f±ε repre-
sents f± for plates, f±R(1± ε) for arches, and f±R(1± ε)2 for shells; and where dθ
represents dx′ for plates, dθ arches, and R sin(θ)dθdφ for spherical shells.

The energy norm is defined by

‖|v‖|2 = Bε(v, v),
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and a weighted space is defined by

L2
M (ω) = {u : ‖u‖L2

M
(ω) <∞}

and equipped with the norm

‖u‖2L2
M

(ω) =

∫
ω

M(θ)|u(θ)|2dθ,

where, in the cases of the circular arch and flat plate, the weight M(θ) ≡ 1, while for
spherical shells M(θ) = R sin θ.

2.2. Simple dimensionally reduced models. In [3], the accuracy of the sim-
plest dimensionally reduced model was studied in detail. The dimensionally reduced
problem for the unknown coefficient function α0(θ), obtained for spherical shells in
(12), is similar in the case of circular arches and flat plates [3]:

−2εb̄∇̄′ ·
(
K′∇̄′

α0

)
= f+

ε + f−ε in ω,

α0 = 0 on ∂ω,

where

b̄ =
1

2

∫ 1

−1

k1(z)dz.

The error in the simple dimensionally reduced models is bounded in each case by the
following.

1. Homogeneous flat plate [2, 4]:

|‖e|‖2 ≤ ε

6
‖f+ + f−‖2L2

M
(ω) +

ε

2
‖f+ − f−‖2L2

M
(ω).

2. Homogeneous circular arch (Theorem 3.2 in [3]):

|‖e|‖2 ≤ 1

12
ln

(
1 + ε

1− ε
)
‖f+
ε + f−ε ‖2L2

M
(ω) +

1

4
ln

(
1 + ε

1− ε
)
‖f+
ε − f−ε ‖2L2

M
(ω).

3. Homogeneous spherical shell (Theorem 3.4 in [3]):

|‖e‖|2 ≤ ε

(
− 1
ε3
ln

(
1 + ε

1− ε
)
(Dε − ε+ 1) + 1

ε2
(Dε + 1)

2

)
‖fe‖2L2

M
(ω)

+ε

(
1

ε3
ln

(
1 + ε

1− ε
)
(Dε + ε− 1) + 1

ε2
(Dε − 1)2

)
‖fo‖2L2

M
(ω),

which leads to the result already quoted in (13) since the terms in parentheses
tend to 2/3 and 2 as ε→ 0.

These bounds show that, in general, as the thickness of the domain becomes small
(ε → 0), the accuracy of the simple models derived under the assumption u ≈ u0 is
improved. However, it is worth bearing in mind that the bounds are valid for all ε,
not necessarily small.

A key step [3] in developing these bounds consists of a representation for the error
B(u− u0, v) in terms of Peano-type kernels: K

e
0 ,K

o
0 ,

B(u− u0, v) =

∫
ω

dθ

∫ 1

−1

dr (fe(θ)Ke
0(r) + fo(θ)Ko

0 (r))
∂v

∂r
,(21)
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where Ke
0 ,K

o
0 satisfy the orthogonality condition∫ 1

−1

1

a
Ke

0K
o
0dr = 0.

Here, and in what follows, we work exclusively with the scaled bilinear form and
omit the subscript ε on B(u, v) and F (v). The particular form of the kernels for
homogeneous materials, k1 = k2 = 1, along with the corresponding data fe, fo, are
given in each case by the following.

1. Flat plates:

Ke
0 = z;Ko

0 = 1,

fe =
1

2
(f+ + f−); fo =

1

2
(f+ − f−).(22)

2. Circular arches:

Ke
0 =

1

ln
(

1+ε
1−ε
) (2 ln(1 + εr

1− ε
)
− ln

(
1 + ε

1− ε
))
;Ko

0 = 1,

fe =
1

2
(f+
ε + f−ε ); f

o =
1

2
(f+
ε − f−ε ).(23)

3. Spherical shells:

Ke
0 =

1

2

(
1−
√
1− ε
1 + ε

+ r

(
1 +

√
1− ε
1 + ε

))
,

Ko
0 =

1

2

(
1 +

√
1− ε
1 + ε

+ r

(
1−
√
1− ε
1 + ε

))
;(24)

fe, f0 are defined in (14).
A similar technique will be employed in the forthcoming analysis, where the error term
of the higher order models, B(u−uN , v), is expressed in terms of higher order kernels
Ke
N ,K

o
N orthogonal with respect to the weighted inner product

∫ 1

−1
1
aK

e
NK

o
Ndr.

3. Determination of the hierarchy of dimensionally reduced models.
This section is concerned with selecting the functions {ψl} to be used in developing
more sophisticated dimensionally reduced models of the original three-dimensional
boundary value problems. First, we define the space VN from which our dimensionally
reduced approximation will be sought to be

VN =

{
v ∈ V : v =

N∑
i=0

βei (θ)ψ
e
i (r) +

N∑
i=1

βoi (θ)ψ
o
i (r), β

e,o
i ∈ H1

0 (ω)

}
.(25)

Further, we also introduce the space H2N with which we shall express the regularity
required of the data fe, fo, defined by

H2N = {β : ANβ ∈ L2
M (ω) : A

kβ ∈ H1
0 (ω), k = 0, . . . , N − 1},

where H1
0 (ω) is the usual Sobolev space [1], and A is the operator

A[v] = −∇̄′ ·
(
K′∇̄′

v
)
,(26)
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with domain and range satisfying

L2(ω) ⊇ D(A)→ L2
M (ω).

Remark. It can be seen that the condition Akβ ∈ H1
0 (ω) in the definition of

H2N imposes a severe restriction on the data. If the data does not satisfy these
compatibility requirements, then the convergence rates given later in this section will
not be attained and boundary layers [9, 29] will be formed. In practice, this means
that the solution will be hard to approximate using dimensional reduction in the
neighborhood of the boundary. In this eventuality one would employ a hybrid model
whereby the dimensionally reduced models of the current work would be employed
in the interior of the domain and coupled to a three-dimensional model near the
boundary. See [19, 20, 21] for further details on boundary layers in plate models and
their resolution.

We now state and prove a general result concerning how the basis functions
{ψi}∞i=0 should be selected and give the corresponding bound in the energy norm.

Theorem 3.1. Let VN be the subspace

VN =

{
v ∈ V : v =

N∑
i=0

αeiψ
e
i + αoiψ

o
i , α

e,o
i ∈ H1

0 (ω)

}
,

where the functions {ψeN , ψoN}∞N=0 are defined recursively as follows:

ψe0(r) =

(∫ 1

−1

bdr

)−1

, ψo0(r) = 0

and

a
dψN
dr

{e,o}
= K

{e,o}
N−1 ,

∫ 1

−1

bψ
{e,o}
N = 0, N = 1, 2, . . . .

If the data satisfy fe, fo ∈ H2N , then there exists uN ∈ VN such that for all v ∈ V

B(u− uN , v) = ε2N
∫
ω

dθ

∫ 1

−1

dr
(
ANfe(θ)Ke

N (r) +ANfo(θ)Ko
N (r)

) ∂v
∂r
,

(27)

where the kernels {Ke
N ,K

o
N}∞N=0 are defined by (22)–(24) if N = 0 and

Q(K
{e,o}
N ) = K

{e,o}
N−1 ,(28)

K
{e,o}
N (1) = 0 = K

{e,o}
N (−1)(29)

for N = 1, 2, . . . with

Q = a
d

dr

1

b

d

dr
.

Proof. Let uN ∈ VN be given by

uN =

N∑
i=0

αeiψ
e
i + αoiψ

o
i ,
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where each αe,oi ∈ H1
0 (ω) satisfies

α
{e,o}
i = ε2i−1Ai−1f{e,o}, i = 0, . . . , N.

The condition αe,oi ∈ H1
0 (ω) is required in order for the homogeneous boundary condi-

tions on ∂ω to be satisfied, and it is ensured by the compatibility conditions imposed
on the data to be in the space H2N .

First, we prove the result for the case when either fe or fo vanishes. The result
in the case N = 0 is stated in (21) and we proceed to prove the general case by
induction. Thus, assume (27) holds for N = k. Then, from (19),

B(u− uk+1, v) = B(u− uk, v)−B(αk+1ψk+1, v)

= ε2k
∫
ω

dθAkf(θ)

∫ 1

−1

drKk
∂v

∂r

−
∫
ω

dθ

∫ 1

−1

dr

(
αk+1

a

ε

dψk+1

dr

∂v

∂r
+ εbψk+1(∇̄′

αk+1)
TK′∇̄′

v

)
.(30)

Inserting adψk+1/dr = Kk(r) and αk+1 = ε2k+1Akf results in the lowest order terms
in (30) cancelling, and we are left with

B(u− uk+1, v) = −ε2k+2

∫
ω

dθ

∫ 1

−1

drbψk+1(∇̄′
Akf)TK′∇̄′

v

= ε2k+2

∫
ω

dθ∇̄′ ·
(
K′∇̄′

Akf
)∫ 1

−1

drbψk+1v

= −ε2k+2

∫
ω

dθAk+1f

∫ 1

−1

drbψk+1v

= −ε2k+2

∫
ω

dθAk+1f

∫ 1

−1

dr
dKk+1

dr
v,(31)

where the last line follows, since

a
dψi
dr

= Ki−1 = a
d

dr

1

b

dKi

dr
, i = 1, 2, . . . ,

so that, due to (29), and the fact from Theorem 3.1∫ 1

−1

bψ
{e,o}
N = 0,

we obtain

bψi =
dKi

dr
, i = 1, 2, . . . .

The result then follows for N = k+1 at once by integrating (31) by parts with respect
to r using the fact that Kk+1 vanishes at ±1. The general case when both fo and fe
are present follows from linearity.

Now as in (21), it is useful to express the error in terms of kernels Ko
N ,K

e
N

orthogonal in the weighted inner product
∫ 1

−1
1
aK

e
NK

o
Ndr. It will now be proved that

if the kernels Ke
N ,K

o
N are selected as in Theorem 3.1, then they are indeed orthogonal

in the weighted inner product.
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Lemma 3.1. Let Ke
N ,K

o
N be selected as in Theorem 3.1; then

∫ 1

−1

Ke
NK

o
N

a
dr = 0 ∀ N ∈ N.

Proof. In [3] the kernels Ke
0 ,K

o
0 in (22)–(24) were selected so that, if expanded

in terms of the eigenfunctions of Q, that is,

Ke
0 =

∞∑
m=1

αemφm,K
o
0 =

∞∑
m=1

αomφm,

where φm are the eigenfunctions of Q, then

αemα
o
m = 0.

Hence by direct calculation using (28)–(29),

∫ 1

−1

Ke
NK

o
N

a
dr =

∫ 1

−1

1

a
Q−NKe

0Q
−NKo

0dr

=

∫ 1

−1

1

a

( ∞∑
m=1

λ−Nm αemφm

)( ∞∑
n=1

λ−Nn αonφn

)
dr

=

∞∑
m=1

αemα
o
m

λ2N
m

= 0

since αemα
o
m = 0.

The main result concerning the accuracy of the dimensionally reduced models can
now be given.

Theorem 3.2. Suppose fe, fo ∈ H2N , and VN be defined as in Theorem 3.1; let
A be given as in (26); and let a be given in (19). Then

inf
uN∈VN

|‖u− uN |‖2 ≤ ε4N+1

(
‖ANfe‖2L2

M
(ω)

∫ 1

−1

dr
(Ke

N )
2

a

+ ‖ANfo‖2L2
M

(ω)

∫ 1

−1

dr
(Ko

N )
2

a

)
,(32)

where Ke
N ,K

o
N are given in Theorem 3.1.

Proof. Let uN be the function constructed in Theorem 3.1. Then from (27), for
v ∈ V ,

B(u− uN , v) = ε2N+ 1
2

∫
ω

dθ

∫ 1

−1

dr

a
1
2

(
ANfe(θ)Ke

N (r) +ANfo(θ)Ko
N (r)

) a 1
2

ε
1
2

∂v

∂r
.

Applying the Cauchy–Schwarz inequality and squaring, one arrives at

|B(u− uN , v)|2

≤ ε4N+1

∫
ω

dθ

∫ 1

−1

dr

a

(
ANfe(θ)Ke

N (r) +ANfo(θ)Ko
N (r)

)2 ‖|v‖|2.
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Choosing v = u − uN , dividing both sides by ‖|u − uN‖|2, and applying Lemma 3.1
gives the result claimed.

In the above analysis, the model order N was the same for both odd and even
components uoN , u

e
N of the approximation uN . Occasionally, due to symmetries in the

data, it is worthwhile using differing model orders No, Ne for the odd and even modes.
The corresponding error bound is then as follows.

Corollary 3.3. Let VNe,No
denote the subspace

VNe,No =

{
v ∈ V : v =

Ne∑
i=0

αeiψ
e
i +

No∑
i=0

αoiψ
o
i , α

e,o
i ∈ H1

0 (ω)

}

and suppose fe, fo ∈ H2N . Then there exists uNe,o ∈ VNe,No such that

inf
uNe,o∈VNe,No

|‖u− uNe,o |‖2 ≤ ε4Ne+1

(
‖ANefe‖2L2

M
(ω)

∫ 1

−1

dr
(Ke

Ne
)2

a

)

+ε4No+1

(
‖ANofo‖2L2

M
(ω)

∫ 1

−1

dr
(Ko

No
)2

a

)
.

Proof. Due to linearity, if differing orders are used, then

B(u− uNe,o , v)

=

∫
ω

dθ

∫ 1

−1

dr

a
1
2

(
ε2Ne+

1
2ANefe(θ)Ke

Ne
(r) + ε2No+ 1

2ANofo(θ)Ko
No
(r)
) a 1

2

ε
1
2

∂v

∂r
.

The result then follows from the Cauchy–Schwarz inequality, and the fact that Lemma
3.1 clearly holds when differing model orders are used, so that Ko

No
,Ke

Ne
are orthog-

onal with respect to the 1/a weighted inner product.

4. Evaluating the constant of approximation. The error bound in Theo-
rem 3.2 is of the form

inf
uN∈VN

|‖u− uN |‖2 ≤ ε4N+1C(ε,N, fe, fo),

where C(ε,N, fe, fo) is a constant which depends on ε, the model order N , and the
data fe, fo. It is essential to determine the dependence of the constant C on the
thickness ε. For flat plates, as considered by Vogelius and Babuska [27], it was shown
that C is independent of ε. However, in general C depends on ε in a nontrivial
way. The purpose of this section is to present a technique whereby the constant can
actually be evaluated completely. This strengthens the analysis of [27], but more
significantly, exhibits the dependence on ε explicitly for the more general geometries
under consideration here. Furthermore, it is not assumed that ε is necessarily small,
and the bounds are therefore valid for thick domains.

First, an abstract result is presented, which gives an expression for the constant of
approximation in terms of an infinite series involving the eigenvalues of the operator
Q defined in Theorem 3.1.

Theorem 4.1. Let fe, fo ∈ H2N , and VN be defined as in Theorem 3.1. Then

inf
uN∈VN

‖|u− uN |‖2 ≤ ε4N+1

{( ∞∑
m=1

(αem)
2

λ2N
m

)
‖ANfe‖2L2

M
(ω)

+

( ∞∑
m=1

(αom)
2

λ2N
m

)
‖ANfo‖2L2

M
(ω)

}
,(33)
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where αom, α
o
m are given by

αe,om =

∫ 1

−1

Ke,o
0 φm
a

ds

and where {λmφm}∞m=0 are the eigensolutions of Q.
Proof. Let uN be constructed as in Theorem 3.1 and define

C(ε,N) =

∫ 1

−1

(KN )
2

a
dr

where we omit the subscripts e, o, since the analysis is identical for both the odd and
even cases. In order to evaluate C explicitly, we recall the recurrence relation from
Theorem 3.1:

QKN = KN−1;KN (±1) = 0 , N = 1, . . . ,(34)

where

Q = a
d

dr

1

b

d

dr
,

and K0 is defined in (22)–(24). The solution of this differential equation is given by

KN (r) =

∫ 1

−1

G(r, s)KN−1(s)

a(s)
ds,

where G is the Green function written in the form [16]

G(r, s) =
∞∑
m=1

φm(r)φm(s)

λm

and φm, λm are the eigensolutions of the Sturm–Liouville problem

d

dr

1

b

dφm
dr

+
λm
a
φm = 0, φm(±1) = 0,

normalized so that ∫ 1

−1

φmφn
a

dr = δmn.(35)

Consequently,

KN (r) =

∫ 1

−1

ds
KN−1(s)

a(s)

( ∞∑
m=1

φm(r)φm(s)

λm

)
.(36)

Expanding K0 =
∑∞
n=1 αnφn and using the recurrence relation (34), we obtain

K1 =

∫ 1

−1

ds
K0(s)

a(s)

( ∞∑
m=1

φm(r)φm(s)

λm

)

=

∫ 1

−1

ds

∞∑
n=1

αnφn(s)

a(s)

( ∞∑
m=1

φm(r)φm(s)

λm

)

=

∞∑
n=1

αnφn(r)

λn
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on recalling (35). Similarly, by repeated application of (36), we conclude

KN =

∞∑
m=1

φm
λm

∫ 1

−1

ds
φm(s)

a(s)

( ∞∑
n=1

αnφn(s)

λN−1
n

)
=

∞∑
m=1

αmφm(r)

λNm
.(37)

It follows from (35) that the constant C in the error bound is given by

∫ 1

−1

ds
K2
N

a
=

∫ 1

−1

1

a

( ∞∑
m=1

αmφm(r)

λNm

)2

=

∞∑
m=1

α2
m

λ2N
m

.(38)

The result now follows directly from Theorem 3.2.
The general error bound obtained in Theorem 4.1 will now be evaluated for the

three cases of a homogeneous flat plate, a homogeneous circular arch, and a homoge-
neous spherical shell.

4.1. Homogeneous flat plate.
Theorem 4.2. Let fe, fo ∈ H2N , and VN be defined as in Theorem 3.1. Then

infuN∈VN
‖|u− uN |‖2 ≤

( ε
π

)4N+1 4

π

{
ζ(4N + 2)‖ANfe‖2L2(ω)

+ζ
(
4N + 2,− 1

2

) ‖ANfo‖2L2(ω)

}
,

where ζ(n) represents the Riemann–Zeta function [11]

ζ(n) =

∞∑
i=1

1

in

and where ζ(n,w) represents the generalized Riemann–Zeta function [11]

ζ(n,w) =

∞∑
i=1

1

(i+ w)n
.

Remark. Note that the above result and the ones that follow in this section show
that if ε is sufficiently small, then exponential rates of convergence are obtained for
compatible data. In fact, the method converges, as N → ∞, for all values of ε, and
for a proof of this for flat plates, see Vogelius and Babuska [28].

The proof of Theorem 4.2 follows at once from the two special cases presented in
the following lemmas.

Lemma 4.1. Let fe, fo ∈ H2N , and VN be defined as in Theorem 3.1. If
f+ = f− (so that fo = 0), then

inf
uN∈VN

|‖u− uN‖|2 ≤
( ε
π

)4N+1 4

π
ζ(4N + 2)‖ANfe‖2L2(ω).(39)

Proof. It is merely necessary to calculate the quantities appearing in the bounds
of Theorem 4.1. Expanding Ke

0 = s in terms of the eigenfunctions φm, where φm =
sinmπ, and λm = (mπ)

2, we obtain

αem =
2

πm
(−1)m+1.



688 MARK AINSWORTH AND MARK ARNOLD

Hence (33) becomes

∞∑
m−1

(αem)
2

λ2N
m

=
4

π2

∞∑
m=1

1

m2λ2N
m

=
4

π2

∞∑
m=1

1

m2

1

(mπ)4N

=
4

π4N+2

∞∑
m=1

1

m4N+2

=
4

π4N+2
ζ(4N + 2).

Hence, after substituting this result into Theorem 3.1, the lemma follows.
The procedure which has just been used to obtain a bound in the case of symmetric

data may be carried out similarly for the case of antisymmetric data to obtain the
following lemma.

Lemma 4.2. Let fe, fo ∈ H2N , and VN be defined as in Theorem 3.1. Then if
f+ = −f− (so that fe = 0),

inf
uN∈VN

‖|u− uN‖|2 ≤ 4

π

( ε
π

)4N+1

ζ

(
4N + 2,−1

2

)
‖ANfo‖2L2(ω).(40)

Proof. As before we need to expand Ko
0 in terms of {φm}, and from our earlier

analysis we know that if we transform Ko
0 onto (0, 1) and expand in a half-range

Fourier sine series, then

αom =
2

πm
(1 + (−1)m+1)

and therefore

Ko
0 (r̂) =

2

π

∞∑
m=1

(1 + (−1)n+1)φm(r̂)

m

=
4

π

∞∑
m=1

φ2m−1(r̂)

2m− 1 .

Hence, from (37),

Ko
N (r̂) =

4

π

∞∑
m=1

φ2m−1(r̂)

λN2m−1(2m− 1)

so that

‖Ko
N (r)‖2L2(−1,1) = 2‖Ko

N (r̂)‖2L2(0,1)

= 2
16

π2

∫ 1

0

(
φ2

2m−1ds
) ∞∑
m=1

1

λ2N
2m−1(2m− 1)2

=
16

π2

∞∑
m=1

1

λ2N
2m−1(2m− 1)2
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since
∫ 1

0
φmφnds =

1
2δmn. But λm = (mπ2 )

2 for the rescaled problem and hence we
arrive at

‖Ko
N‖2L2 =

16

π2

∞∑
m=1

1

( 2m−1
2 )4Nπ4N (2m− 1)2

=
4

π4N+2

∞∑
m=1

1

(m− 1
2 )

4N+2

=
4

π4N+2
ζ

(
4N + 2,−1

2

)
.

The proof of Theorem 4.2 follows directly from Lemmas 4.1 and 4.2.

4.2. Homogeneous circular arch.
Theorem 4.3. Let fe, fo ∈ H2N , and VN be defined as in Theorem 3.1. Then

for the arch problem we have

inf
uN∈VN

‖|u− uN |‖2 ≤
(
1

2π
ln

(
1 + ε

1− ε
))4N+1

4

π

{
ζ(4N + 2)‖ANfe‖2L2(ω)

+ ζ

(
4N + 2,−1

2

)
‖ANfo‖2L2(ω)

}
.

Proof. The result can be obtained by applying Theorem 4.1. However, by a
change of variable, the result for circular arches can be derived from that for flat
plates. To show this, recall that the bilinear form for arches is given by

B(u, v) =

∫
ω

∫ 1

−1

{
(1 + εr)

ε

∂u

∂r

∂v

∂r
+

ε

1 + εr
(∇̄′

u)TK′∇̄′
v

}
dr dθ.

Then, making the substitution

t =
2

ln
(

1+ε
1−ε
) (ln(1 + εr)− ln(1− ε)− 1

2
(ln(1 + ε)− ln(1− ε))

)

we arrive at

B(u, v) =

∫
ω

∫ 1

−1


 2

ln
(

1+ε
1−ε
) ∂u
∂t

∂v

∂t
+
ln
(

1+ε
1−ε
)

2
(∇̄′

u)TK′∇̄′
v


 dt dθ.

It can now be seen that the B(u, v) in this case is equivalent to B(u, v) in the flat
plate case, except that now we have 1

2 ln (
1+ε
1−ε ) instead of ε. Therefore the functions

which optimally capture the variation in the thickness of the true solution in this case
will be polynomials in t, that is, in ln (1 + εr). As a consequence of this equivalence
to the flat plate case, one can easily obtain formulae for arches by referring to the

formulae for plates and replacing ε by 1
2 ln
(

1+ε
1−ε
)
.

Remark. It can be seen from the above formula that exponential convergence

is obtained for 1
2π ln

(
1+ε
1−ε
)
< 1, that is, ε < tanh(2π) ≈ 0.996. So for arches, the

bound promises exponential convergence for practically the whole range of values of
the thickness (if the data is sufficiently compatible).
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4.3. Homogeneous spherical shells. In order to derive the bound in the en-
ergy norm we estimate the weighted L2 norms ofK

o
N ,K

e
N separately and then combine

them as in Theorem 4.1 to obtain an overall bound. From earlier, we know that the
eigensolutions λmφm of the equation

−(εr + 1)2 d
2φm
dr2

= λφm, φm(±1) = 0, m = 1, 2, . . . ,

are given by

φm(r) =


2ε(1 + εr)

ln
(

1+ε
1−ε
)



1
2

sin


mπ ln

(
1+εr
1−ε
)

ln
(

1+ε
1−ε
)

 ,

λm = ε2




 mπ

ln
(

1+ε
1−ε
)



2

+
1

4


 .

One may proceed as in the case of flat plates and circular arches by using the eigen-
functions and eigenvalues to evaluate the weighted L2 norm of Ke

N ,K
o
N . Using the

expressions for the weighted L2 norm of the kernels Ko
N ,K

e
N we can now state and

prove a result concerning the convergence rate for dimensional reduction on a spherical
shell.

Theorem 4.4. Let fe, fo ∈ H2N , and VN be defined as in Theorem 3.1. Then

inf
uN∈VN

‖|u− uN‖|2 ≤ 4

π(1 + ε)

(
1

2π
ln

(
1 + ε

1− ε
))4N+1

×
{
ζ

(
4N + 2,−1

2

)
‖ANfo‖2L2

M
(ω) + ζ(4N + 2)‖ANfe‖2L2

M
(ω)

}
.

Before commencing with the proof, two lemmas are stated and proved, from which
the proof of the theorem will immediately follow.

Lemma 4.3. Let Ko
N be as in Theorem 3.1 and a be as in (19). Then∥∥∥∥Ko

N

a
1
2

∥∥∥∥
2

L2(−1,1)

≤ 4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1

ζ

(
4N + 2,−1

2

)
.

Proof. Now it can be shown that (see [3]) if Ko
0 is expanded in terms of the

eigenfunctions of Q in the form

Ko
0 =

∞∑
m=1

αomφm,

then

αom = 4πm


2 ln

(
1+ε
1−ε
)

ε(1− ε)




1
2

Dε


 1 + (−1)m+1

ln
(

1+ε
1−ε
)2

+ 4π2m2




=
m

π


2 ln

(
1+ε
1−ε
)

ε(1 + ε)




1
2 ({

1 + (−1)m+1

(m2 + σ2)

})
,
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where σ = 1
2π ln

(
1+ε
1−ε
)
and Dε =

√
1−ε
1+ε .

Hence, substituting in the value of αom into (38) one obtains

∥∥∥∥Ko
N

a
1
2

∥∥∥∥
2

L2(−1,1)

=

∞∑
m=1

(αom)
2

λ2N
m

=
2

π2ε(1 + ε)
ln

(
1 + ε

1− ε
) ∞∑
m=1

((−1)m+1 + 1)2m2

(m2 + σ2)2λ2N
m

.(41)

Recalling that

λm =
ε2π2

ln
(

1+ε
1−ε
)2 (m

2 + σ2),(42)

and substituting into (41), one obtains

∥∥∥∥Ko
N

a
1
2

∥∥∥∥
2

L2(−1,1)

(43)

=
2

π2ε(1 + ε)
ln

(
1 + ε

1− ε
)(

1

επ
ln

(
1 + ε

1− ε
))4N ∞∑

m=1

((−1)m+1 + 1)2m2

(m2 + σ2)
2N+2

=
2

π(1 + ε)

(
1

επ
ln

(
1 + ε

1− ε
))4N+1 ∞∑

m=1

4(2m− 1)2
((2m− 1)2 + σ2)

2N+2

=
4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1 ∞∑

m=1

(m− 1
2 )

2(
(m− 1

2 )
2 +
(
σ
2

)2)2N+2

≤ 4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1 ∞∑

m=1

1

(m− 1
2 )

4N+2
.(44)

Hence, one arrives at the estimate

∥∥∥∥Ko
N

a
1
2

∥∥∥∥
2

L2(−1,1)

≤ 4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1

ζ

(
4N + 2,−1

2

)
,

which is the result stated in the lemma.

Lemma 4.4. Let Ke
N be as in Theorem 3.1 and a be as in (19). Then

∥∥∥∥Ke
N

a
1
2

∥∥∥∥
2

L2(−1,1)

≤ 4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1

ζ(4N + 2).

Proof. It can be shown that if Ke
0 =

∑∞
m=1 α

e
mφm, then

αem =
m

π


2 ln

(
1+ε
1−ε
)

ε(1 + ε)




1
2 {

(−1)m + 1
(m2 + σ2)

}
.(45)
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Using this expression for αem and reasoning as before, one obtains∥∥∥∥Ke
N

a
1
2

∥∥∥∥
2

L2(−1,1)

(46)

=

∞∑
m=1

(αem)
2

λ2N
m

=
2

π2ε(1 + ε)
ln

(
1 + ε

1− ε
) ∞∑
m=1

((−1)m + 1)2m2

(m2 + σ2)
2
λ2N
m

=
2

π2ε(1 + ε)
ln

(
1 + ε

1− ε
)(

1

επ
ln

(
1 + ε

1− ε
))4N ∞∑

m=1

4(2m)2

((2m)2 + σ2)
2N+2

=
2

π(1 + ε)

(
1

επ
ln

(
1 + ε

1− ε
))4N+1

1

24N

∞∑
m=1

m2(
m2 +

(
σ
2

)2)2N+2

=
4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1 ∞∑

m=1

m2(
m2 +

(
σ
2

)2)2N+2

≤ 4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1 ∞∑

m=1

1

m4N+2

=
4

π(1 + ε)

(
1

2επ
ln

(
1 + ε

1− ε
))4N+1

ζ(4N + 2),(47)

which is the result stated in the lemma.
The proof of Theorem 4.4 follows directly from Lemma 4.3, Lemma 4.4, and

Theorem 3.2.
Remark. Note that the error bound in Theorem 4.4 is identical to that of arches

in Theorem 4.3 except for a factor of (1 + ε)−1.

5. Numerical examples. In this section, the optimal functions to be used to
construct the dimensionally reduced models in the case of circular arches and spherical
shells will be given explicitly. The functions are then used to construct the subspace
VN ⊂ V defined in (25). The dimensionally reduced approximation of the problem

u ∈ V : B(u, v) = F (v) ∀v ∈ V
consists of seeking the solution

u∗N ∈ VN : B(u∗N , vN ) = F (vN ) ∀vN ∈ VN .
This results in the following elliptic system, in one dimension less than the original
problem

−εB̄∇′ · K∇′α+
1

ε
Āα = c+f+

ε + c
−f−ε in ω(48)

subject to α = 0 on ∂ω, where

B̄jk =

∫ 1

−1

bψjψkdr, Ājk =

∫ 1

−1

a
dψj
dr

dψk
dr

dr,(49)

α = (α0, . . . , αN )
T ; c±j = ψj(±1),(50)
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with the approximation given by

uN = α
TΨ,

where Ψ = (ψ0, . . . , ψN )
T .

In general, the solution u∗N will differ from the function uN constructed in Theo-
rem 3.1. However, the standard property of the Galerkin method means that

‖|u− u∗N‖| ≤ ‖|u− vN‖| ∀vN ∈ VN
and as a consequence

‖|u− u∗N‖| ≤ inf
uN∈VN

‖|u− uN‖|.

The approximation theoretic results of the foregoing sections find immediate applica-
tion in obtaining bounds for the accuracy of the dimensionally reduced approximation
u∗N .

The optimal functions will now be used in the resolution of some simple illustrative
problems in order to verify the theoretical results concerning the rates of convergence.
Occasionally, the odd and even model orders No and Ne will differ, as in Corollary
3.3, and the model order is then written as a pair (Ne, No).

5.1. Flat plates.

5.1.1. Selection of optimal functions. It follows from Theorem 3.1 that ψe0 =
1/2, and that the functions ψe,oN for N = 1, 2, . . ., for a flat plate are given by

dψe,oN
dr

= Ke,o
N−1,

∫ 1

−1

ψe,oN dr = 0,

where Ke
0 = r, Ko

0 = 1, and K
e,o
N for N = 1, 2, . . . are given by

d2Ke,o
N

dr2
= Ke,o

N−1,K
e,o
N (±1) = 0, N = 1, 2, . . . .

From these relations, it is easy to show that Ke
N and Ko

N are odd and even poly-
nomials, respectively, and consequently ψeN and ψoN are even and odd polynomials,
respectively. Since it is not the exact basis functions themselves but the space spanned
by them that is crucial in order to obtain the approximation properties given earlier
in the paper, we have freedom to choose the polynomial basis used. In the numerical
results that follow, the basis used was ψe0 = 1, ψ

o
1 = r, and

ψei =

∫ r

−1

P2i−1(s)ds, i = 1, 2, . . . , ψoi =

∫ r

−1

P2i−2(s)ds, i = 2, 3, . . . ,

where Pi is the Legendre polynomial of degree i. The matrices Ā, B̄ can be calculated
explicitly with this choice of basis, with entries given by

Āplateij =
2

2i− 1δij ,
and

B̄plateii =
1

(2i− 1)2
(

2

2i+ 1
+

2

2i− 3
)
,

B̄platei,i+2 =
−2

(2i− 1)(2i+ 1)(2i+ 3) ,

B̄platei,i−2 =
−2

(2i− 5)(2i− 3)(2i− 1) ,
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with the remaining entries vanishing.

5.1.2. Numerical example for a flat plate. We approximate the flat plate
problem with domain and flux given by

Ω = (−1, 1)× (−ε, ε),
f+ = −πe−πε sin(πx),
f− = πeπε sin(πx).

For this problem the true solution is given by e−πy sin(πx). Note that

fe = π(eπε − e−πε) sin(πx),
fo = −π(eπε + e−πε) sin(πx).

With the aid of Corollary 3.3 the error is bounded by

|‖u− uN |‖2 ≤ ε4Ne+1C(Ne)‖ANefe‖2L2(ω)

+ε4No+1C(No)‖ANofo‖2L2(ω).(51)

Now

‖ANefe‖2L2(ω) = ‖π2Ne+12 sinh(πε) sin(πx)‖2L2(ω) = 4π
4Ne+2 sinh2(πε),

‖ANofo‖2L2(ω) = ‖π2No+12 cosh(πε) sin(πx)‖2L2(ω) = 4π
4No+2 cosh2(πε).

Substituting these into (51), this bound can then be rewritten as

|‖u− uN |‖2 ≤ 4π4Ne+2ε4Ne+1C(Ne) sinh
2(πε)

+4π4No+2ε4No+1C(No) cosh
2(πε).(52)

The overall convergence rate will be governed by the lowest order term in (52). Note
that sinh2(πε) = O(ε2), and this will affect the order of convergence when the lowest
order term is the even one (that is, where No > Ne ). So when No ≤ Ne, (52)
predicts ε4No+1 in the bound, but when No > Ne, (52) predicts ε

4Ne+3. As can be
seen from Figure 1, these predicted results are attained. Vogelius and Babuska [27]
found bounds in the flat plate case of the form

|‖u− uN |‖2 ≤ C(u,N)ε4N+1.

This bound takes no account of symmetries in the data that lead to higher rates of
convergence than O(ε4n+1) suggested here. Schwab (e.g., [19, 20, 22]) has split the
problem into odd and even components and shows that in the case of even data, a
rate of ε4Ne+1 is obtained, which agrees with the bound stated in Theorem 4.2.

5.2. Circular arches.

5.2.1. Selection of optimal functions. It follows from Theorem 3.1 that

ψe0 =
1

2ε
ln

(
1 + ε

1− ε
)

and that the functions ψe,oN for N = 1, 2, . . ., for a circular arch are given by

(1 + εr)
dψe,oN
dr

= Ke,o
N−1,

∫ 1

−1

1

1 + εr
ψe,oN dr = 0,
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Fig. 1. Convergence rates for the flat plate problem.

where Ke
0 ,K

o
0 are as in (23), and K

e,o
N for N = 1, 2, . . . are given by

(1 + εr)
d

dr
(1 + εr)

dKe,o
N

dr
= Ke,o

N−1,K
e,o
N (±1) = 0, N = 1, 2, . . . .

From these relations, it is easy to show that a basis spanning the same space as the
solutions to the above relations is given by the following logarithmic polynomial basis:

ψe0 = 1;ψ
o
1 =

2

ln
(

1+ε
1−ε
) (ln(1 + εr)− 1

2
(ln(1 + ε) + ln(1− ε))

)
,

and

ψei =

∫ t

−1

P2i−1(s)ds, i = 1, 2, . . . ,

ψoi =

∫ t

−1

P2i−2(s)ds, i = 2, 3, . . . ,

where

t =
2

ln
(

1+ε
1−ε
) (ln(1 + εr)− 1

2
(ln(1 + ε) + ln(1− ε))

)
(53)

and Pi is the Legendre polynomial of degree i. Now

Āij =

∫ 1

−1

(1 + εr)
dψi
dr

dψj
dr

dr,
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and so with t as in (53), one obtains

Āij =
2ε

ln
(

1+ε
1−ε
) ∫ 1

−1

dψi
dt

dψj
dt

dt.

Hence, with the above choice of basis

Āarchij =
2ε

ln
(

1+ε
1−ε
) 2

2i− 1δij

=
2ε

ln
(

1+ε
1−ε
) Āplateij ,

which is the same as for flat plates but with an ε dependent scaling. Similarly,

B̄arch =
1

2ε
ln

(
1 + ε

1− ε
)
B̄plate.

5.2.2. Numerical examples for a circular arch. We illustrate in this section
that the convergence rates predicted in Theorem 4.3 are attained for arches using the
optimal basis functions. We use the following annular domain with which to verify
our theory:

Ω = (0, π)× (1− ε, 1 + ε).

The results in Theorem 4.3 are verified using data with various symmetries to illustrate
each of the possibilities.

1. Symmetric data: f+
ε = f−ε = x(π − x). Theorem 4.3 predicts that

‖|u− uN |‖2 ≤
(
1

2π
ln

(
1 + ε

1− ε
))4N+1

ζ(4N + 2)‖�Nfe‖2L2(ω),

where N is the even model order. In particular, the odd basis functions have
no effect on the accuracy of the approximation since fo = 0 and there is no
odd component of the error term. Since fe ∈ H2 we would not expect to

obtain the rate ln
(

1+ε
1−ε
)4N+1

for values of N larger than 1. The results are

given in Figure 2. As can be seen the convergence rate for even model orders

N = 0, 1 are ln
(

1+ε
1−ε
)
, ln
(

1+ε
1−ε
)5

, respectively, as predicted, while the full

rate is not attained for N = 2.
2. Antisymmetric data: f+

ε = −f−ε = xπ(x2 − π2) + x3(π − x). Theorem 4.3
predicts that

‖|u− uN‖2 ≤
(
1

2π
ln

(
1 + ε

1− ε
))4N+1

4

π
ζ

(
4N + 2,−1

2

)
‖�Nfo‖2L2(ω),

where N is the odd model order. In particular, the even basis functions now
have no effect on the accuracy of the approximation since fe = 0 and there is
no even component of the error term. Since fo ∈ H4 we would not expect to

observe the rate ln
(

1+ε
1−ε
)4N+1

for values of N greater than 2. The results are

shown in Figure 3, where it is seen that the convergence rate for odd model

orders N = 1, 2 are ln
(

1+ε
1−ε
)5

,≈ ln
(

1+ε
1−ε
)9

, respectively, as predicted.
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Fig. 2. Convergence rates for f+ε = f−
ε = x(π − x) for even model order Ne = 0, 1, 2.

The gradients of each line are given in brackets below the model order. The results show that

as Ne is increased from 0 to 1, the rate of convergence increases from ln
(
1+ε
1−ε

)
to ln

(
1+ε
1−ε

)5
as predicted in the theory. For Ne = 2 there is a degradation in the expected convergence
rate due to the limited compatibility of the data.

3. Unsymmetric data: f+
ε = x(π − x), f−ε = 0. From (32), it can be seen that

there are two parts to the error,

ln

(
1 + ε

1− ε
)4Ne+1

‖�Nefe‖2L2(ω), ln

(
1 + ε

1− ε
)4No+1

‖�Nofo‖2L2(ω),

so that merely adding an odd basis function (so that No = Ne + 1) will not
increase the convergence rate: both an odd and an even function need to be
added to increase the rate of convergence. The constant of approximation,
however, should decrease if only an odd function is added as then the error
term has only an even part. Results are given in Figure 4. As can be seen, the
numerical results support the theory, since the convergence rate for (0,1) and

(1,2) is the same as forN = 0 and (1, 1)
( ≈ ln( 1+ε

1−ε
)
, ln
(

1+ε
1−ε
)5)

, respectively.

5.3. Spherical shells. It follows from Theorem 3.1 that the functions ψN , for
N = 1, 2, . . ., for a spherical shell are given by

(1 + εr)2
dψe,oN
dψ

= Ke,o
N−1,

∫ 1

−1

ψe,oN dr = 0,

where Ke
0 ,K

o
0 are as in (24), and K

e,o
N for N = 1, 2, . . . are given by
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Fig. 3. Convergence rates for f+ε = −f−
ε = xπ(x2 − π2) + x3(π − x) for odd model

order No = 1, 2, 3. The gradients of each line are given in brackets below the model order.
The results show that as No is increased from 1 to 2, the rate of convergence increases from

ln
(
1+ε
1−ε

)5
to ln

(
1+ε
1−ε

)9
as predicted in the theory. For No = 3 there is a degradation in the

convergence rate due to the limited compatibility of the data.

(1 + εr)2
d2Ke,o

N

dr2
= Ke,o

N−1;K
e,o
N (±1) = 0, N = 1, 2, . . . .

For N = 0, ψe0 is a constant. For N > 0, the solutions to this problem are of the form

ψeN =

N∑
j=1

cj
(ln(1 + εr))j−1

1 + εr
+

N∑
j=0

dj(ln(1 + εr))j ,

ψoN =

N∑
j=1

c̃j
(ln(1 + εr))j−1

1 + εr
+
N−1∑
j=0

d̃j(ln(1 + εr))j .

For very small values of ε, these functions are practically linearly dependent, leading
to numerical difficulties. Therefore, a different basis, spanning the same space, is
employed:

ψej =

(
ln

(
1 + εr

1− ε
))j

, j = 0, 1, 2 . . . ,

ψoj =
r

1 + εr

(
ln

(
1 + εr

1− ε
))j−1

, j = 1, 2, . . . .



OPTIMAL HIERARCHIC MODELS 699

10
−3

10
−2

10
−1

10
0

10
1

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

1/2 log( ( 1+epsilon )/(1−epsilon) )

en
er

gy
 n

or
m

 e
rr

or

N=0

slope: 0.94

N=(0,1)

N=(1,1)

N=(1,2)

slope: 4.82

Fig. 4. Convergence rates for f+ε = x(π − x), f−
ε = 0 for model orders

0, (0, 1), (1, 1), (1, 2). The gradients of each line are given in brackets below the model or-
der. The results show that if only No is increased (so that No = Ne + 1), then there is no
increase in the convergence rate.

5.3.1. Numerical examples. We present numerical results for a problem posed
on a complete spherical shell with the following data:

f+ =

(
2(1 + ε)− 3

(1 + ε)4

)
sin2(θ) sin(2φ),

f− = −
(
2(1− ε)− 3

(1− ε)4
)
sin2(θ) sin(2φ).

With this choice of data the true solution u is given by

u = (r2 + r−3) sin2(θ) sin(2φ).

For model orders N = 0, 1 (that is, 0,(1,1)) we expect convergence rates in the thick-

ness to be ln
(

1+ε
1−ε
)4N+1

. It can be seen in Figure 5 that this is indeed the case. For

the intermediate model orders, there is more rapid convergence than expected, and
to see how this happens one has to examine the error term for the constant through
the thickness model. By a rearrangement of (21) it can be seen that

B(u− u0, v)

=

∫
ω

dθ

∫ 1

−1

dr
r

2
((1 + ε)2f+ + (1− ε)2f−) + 1

2
((1 + ε)2f+ − (1− ε)2f−).
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Fig. 5. Convergence rates for the shell problem using the optimal functions. It can
be seen that each time a new function is added to the approximation the convergence rates

increase by approximately ln
(
1+ε
1−ε

)2
.

Now the function ψo1 eliminates the ((1+ ε)
2f+− (1− ε)2f−) term from B(u−u0, v).

Noting that

(1 + ε)2f+ + (1− ε)2f−

=

(
2((1 + ε)3 − (1− ε)3)− 3

(
1

(1 + ε)2
− 1

(1− ε)2
))

sin2(θ) sin(2φ)

=

(
2(3ε+ ε3)− 12ε

(1 + ε)2(1− ε)2
)
sin2(θ) sin(2φ)

= ε

(
3 + ε2 − 4ε

(1 + ε)2(1− ε)2
)
sin2(θ) sin(2φ)

= O(ε)

and

(1 + ε)2f+ − (1− ε)2f−

=

(
2((1 + ε)3 + (1− ε)3)− 3

(
1

(1 + ε)2
+

1

(1− ε)2
))

sin2(θ) sin(2φ)

= ε

(
(2 + 6ε2)− 6(1 + ε2)

(1 + ε)2(1− ε)2
)
sin2(θ) sin(2φ)

= O(1),

it can be seen that we are left with an O(ε) term, which then produces the high-order
convergence rate ε2 in the energy norm. Similarly, this process continues so that
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Fig. 6. A plot showing the convergence rates for an integrated Legendre basis. It can be
seen that the convergence rates in ln

(
1+ε
1−ε

)
are approximately the same as for the optimal

basis.

model order (1,2) has convergence of O(ε7) rather than O(ε5), as might be expected
at first sight.

5.4. Comparison of optimal functions with polynomials. Previous work
on dimensional reduction for spherical and cylindrical geometries has involved the
use of polynomials in the radial direction. Surana and Abusaleh [25] and Surana
and Bose [26] have recommended the use of polynomials in the thickness direction
for heat conduction problems on both homogeneous and composite shells, Shen [24]
has used polynomials in the radial direction for a Helmholtz problem on a spherical
shell, and Cho and Oden [7, 8] have used polynomials to approximate in the radial
direction in an elasticity problem on a cylindrical shell. In this section, we compare
the error measured in the energy norm for the optimal functions {ψi} derived earlier
with polynomials for heat conduction on a homogeneous spherical shell.

Figures 6 and 7 show the error for the optimal functions compared with polyno-
mials. For model order 0 both methods will be the same since both bases start with
the constant function, but for higher model orders, then the constant C(N) is smaller
for the optimal functions for both “thin” and “thick” shells. The convergence rates
with respect to the thickness are roughly equal for both bases as would be expected
since for ε� 1 the optimal functions behave approximately as polynomials. However,
for relatively thick domains, the performance of the optimal functions derived here
is superior to that of polynomials. It is worth observing that the cost of using the
optimal functions is essentially the same as the cost of a polynomial basis, but the
performance is more robust for thick domains.
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[28] M. Vogelius and I. Babŭska, On a dimension reduction method II. Some approximation-
theoretic results, Math. Comp., 37 1981, pp. 47–68.

[29] E. Zauderer, Partial Differential Equations, John Wiley, New York, 1989.
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Abstract. The mixed-hybrid finite element discretization of Darcy’s law and continuity equa-
tion describing the potential fluid flow problem in porous media leads to a symmetric indefinite linear
system for the pressure and velocity vector components. As a method of solution the reduction to
three Schur complement systems based on successive block elimination is considered. The first and
second Schur complement matrices are formed eliminating the velocity and pressure variables, re-
spectively, and the third Schur complement matrix is obtained by elimination of a part of Lagrange
multipliers that come from the hybridization of a mixed method. The structural properties of these
consecutive Schur complement matrices in terms of the discretization parameters are studied in de-
tail. Based on these results the computational complexity of a direct solution method is estimated
and compared to the computational cost of the iterative conjugate gradient method applied to Schur
complement systems. It is shown that due to special block structure the spectral properties of succes-
sive Schur complement matrices do not deteriorate and the approach based on the block elimination
and subsequent iterative solution is well justified. Theoretical results are illustrated by numerical
experiments.

Key words. sparse linear systems, finite element matrices, preconditioned conjugate residuals,
potential fluid flow problem, indefinite linear systems
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1. Introduction. Let Ω be a bounded domain inR3 with a Lipschitz continuous
boundary ∂Ω. The potential fluid flow in saturated porous media can be described
by the velocity u using Darcy’s law and by the continuity equation for incompressible
flow

Au = −∇p, ∇ · u = q,(1.1)

where p is the piezometric potential (fluid pressure), A is a symmetric and uni-
formly positive definite second rank tensor of the hydraulic resistance of medium
with [A(x)]ij ∈ L∞(Ω) for all i, j ∈ {1, 2, 3}, and q represents the density of potential
sources in the medium. The boundary conditions are given by

p = pD on ∂ΩD, u · n = uN on ∂ΩN ,(1.2)

where ∂Ω = ∂ΩD ∪ ∂ΩN are such that ∂ΩD 	= ∅, ∂ΩD ∩ ∂ΩN = ∅, and n is the
outward normal vector defined (almost everywhere) on the boundary ∂Ω.

Assume that the domain Ω is a polyhedron and it is divided into a collection of
subdomains such that every subdomain is a trilateral prism with vertical faces and
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general nonparallel bases (see, e.g., [11], [14], or [15]). We will denote the discretization
of the domain Ω by Eh and assume an uniform regular mesh with the discretization
parameter h. Denote also the collection of all faces of elements e ∈ Eh which are
not adjacent to the boundary ∂ΩD by Γh = ∪e∈Eh

∂e− ∂ΩD and introduce the set of
interior faces int(Γh) = Γh − ∂ΩN .

We consider the following low-order finite element approximation. Let

RT0(e) =

{
ve; ve(x) =

5∑
j=1

νjv
e
j(x) ∀x = (x1, x2, x3) ∈ e

}
(1.3)

be the space spanned by the linearly independent basis functions vej(x), j = 1, . . . , 5
defined on the element e ∈ Eh in the form

vej(x) = kej


 0

0
x3 − αej3


 , j = 1, 2, vej(x) = kej


 x1 − αej1
x2 − αej2
βejx3 − αej3


 , j = 3, 4, 5,(1.4)

and such that they are orthonormal with respect to the set of functionals

Fk(vej) =

∫
fe
k

nek · vejdS = δjk, j, k = 1, . . . , 5.(1.5)

Here fek denotes the kth face of the element e ∈ Eh and nek = (nek,1, n
e
k,2, n

e
k,3) is

the outward normal vector with respect to the face fek . The velocity function u will
then be approximated by vector functions linear on every element e ∈ Eh from the
Raviart–Thomas space

RT0
−1(Eh) =

{
vh ∈ L2(Ω); vh|e ∈ RT0(e) ∀e ∈ Eh

}
,(1.6)

where vh|e denotes the restriction of a function vh onto the element e ∈ Eh. Further
denote the space of constant functions on each element e ∈ Eh by M0(e) and denote
the space of constant functions on each face f ∈ Γh by M0(f). The piezometric
potential p will be approximated by the space which consists of elementwise constant
functions

M0
−1(Eh) = {φh ∈ L2(Ω); φh|e ∈M0(e) ∀e ∈ Eh},(1.7)

where φh|e is the restriction of a function φh onto element e ∈ Eh. The Lagrange
multipliers coming from the hybridization of a method will be approximated by the
space of all functions constant on every face from Γh,

M0
−1(Γh) = {µh ∈ L2(Ω); Γh → R; µh|f ∈M0(f) ∀f ∈ Γh}.(1.8)

Here µh|f denotes the restriction of a function µh onto the face f ∈ Γh. Analogously
we introduce the spacesM0

−1(∂ΩD) andM0
−1(∂ΩN ) as the spaces of functions constant

on every face from ∪e∈Eh
∂e∩∂ΩD and Γh∩∂ΩN , respectively. The detailed description

of the spaces that we use can be found in [14] (see also [11] or [15]).

The Raviart–Thomas approximation of the mixed-hybrid formulation for the
problem (1.1), and (1.2) reads as follows (see [4]):
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Find (uh, ph, λh) ∈ RT0
−1(Eh)×M0

−1(Eh)×M0
−1(Γh) such that

∑
e∈Eh

{(Auh,vh)0,e − (ph,∇ · vh)0,e + 〈λh,ne · vh〉∂e∩Γh
}

= 〈pD,h,ne · vh〉∂e∩∂ΩD
∀vh ∈ RT0

−1(Eh),(1.9)

−
∑
e∈Eh

(∇ · uh, φh)0,e = −(qh, φh)0,Ω ∀φh ∈M0
−1(Eh),(1.10)

∑
e∈Eh

〈ne · uh, µh〉∂e = 〈uN,h, µh〉∂e∩∂ΩN
∀µh ∈M0

−1(Γh),(1.11)

where pD,h and uN,h are approximations to the functions pD and uN on the spaces
M0

−1(∂ΩD) and M0
−1(∂ΩN ), respectively, and where the function q is approximated

by qh ∈M0
−1(Eh). For other details we refer to [14] or [11].

Further denote by NE = |Eh| the number of elements, by NIF = |int(Γh)| the
number of interior interelement faces, and the number of faces with the prescribed
Neumann boundary conditions in the discretization by NNC = |∂ΩN |. Let ei ∈ Eh,
i = 1, . . . , NE, be some numbered ordering of the set of prismatic elements and
fk, k = 1, . . . , NIF + NNC, be the ordering of the set of non-Dirichlet faces from
Γh. For every element ei ∈ Eh we denote by NIFei the number of interior inter-
element faces and by NNCei the number of faces with Neumann boundary conditions
imposed on the element ei. Let the finite-dimensional space RT0

−1(Eh) be spanned
by NA = 5 × NE linearly independent basis functions vj , j = 1, . . . , NA from the
definition (1.6), let the space M0

−1(Eh) be spanned by NE linearly independent basis
functions φi, i = 1, . . . , NE, and finally the spaceM0

−1(Γh) be spanned by NIF+NNC
linearly independent basis functions µk, k = 1, . . . , NIF +NNC. From this Raviart–
Thomas approximation we obtain the system of linear algebraic equations in the form

 A B C
BT

CT




up
λ


 =


q1q2
q3


 ,(1.12)

where u = (u1, . . . , uNA)T , p = (p1, . . . , pNE)T , λ = (λ1, . . . , λNIF+NNC)T are un-
knowns, the symmetric positive definite matrix block A ∈ RNA,NA is given by the
terms (Avi,vj)0,Ω, the outdiagonal block B ∈ RNA,NE by −(∇ · vi, 1)0,ej , and the
block C ∈ RNA,NIF+NNC by 〈nk · vi, 1〉fk . Here nk is the outward normal vector to
with respect to the face fk ∈ Γh (see [11] and [14]).

Let us denote the system matrix in (1.12) by A. The symmetric matrix A is
indefinite due to the zero diagonal block of dimension NBC = NE + NIF + NNC.
The structure of nonzero elements in the matrix from a small model problem can be
seen in Figure 1. Partition the submatrix C in A as (C1 C2), where C1 ∈ RNA,NIF
corresponds to the interior interelement faces in the discretized domain and C2 ∈
RNA,NNC is the face-condition incidence matrix corresponding to the element faces
with Neumann boundary conditions. Note that every column of C1 contains only two
nonzero entries equal to 1. The singular values of C1 are all equal to

√
2 and the

matrix block C2 has orthogonal columns. Moreover, the whole matrix block C also
has singular values equal to

√
2 or 1. The matrix B has a special structure. The
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Fig. 1. Structural pattern of the matrix obtained from mixed hybrid finite element approxima-
tion of a model problem with h = 1/2 (to be discussed in section 5).

nonzero elements correspond to the face-element incidence matrix with values equal
to −1. Thus all singular values of the matrix B are equal to

√
5. (The matrix B is,

up to the normalization coefficients, orthogonal.)
It is easy to see from the definition of approximation spaces (see [14] or [15]) that

the symmetric positive definite block is 5× 5 block diagonal, and it was shown in [15]
that the spectrum of the matrix block A satisfies

σ(A) ⊂ [c1
3
√
NE, c2

3
√
NE],(1.13)

where c1 and c2 are positive constants independent of the discretization parameters
and dependent on the domain and the tensor A. It is also easy to see that the system
matrix A in (1.12) is nonsingular if and only if the block (B C) has a full column
rank. Clearly, if the condition ∂ΩD = ∅ holds (all boundary conditions are Neumann
conditions), then the matrix block (B C) is singular due to the fact that all sums of row
elements are zero. In other words, the function p is unique up to a constant function
in the case ∂ΩD = ∅. Assuming ∂ΩD 	= ∅ it follows from the analysis presented in [15]
that there exist positive constants c3 and c4 such that for the singular values of the
matrix block (B C) we have

sv(B C) ⊂ [c3/
3
√
NE, c4].(1.14)

Moreover, for eigenvalues of the whole symmetric indefinite matrix A it follows asymp-
totically (h→ 0)

σ(A) ⊂ [−c5/ 3
√
NE,−c6/NE] ∪ [c7

3
√
NE, c8

3
√
NE],(1.15)

where c5, c6, c7, and c8 are positive constants independent of system parameters.
In this paper, for solving the symmetric indefinite systems (1.12), the successive

reduction to Schur complement systems is proposed. We consider three successive
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Schur complement systems arising during the block elimination of unknowns which
correspond to matrix blocks A, B, and C2, respectively, or in other words, which
correspond to the elimination of the velocity variables u, the pressure variables p, and
of a part of the Lagrange multipliers λ. While the concept of reduction to the first and
second Schur complement systems is well known as a static condensation (described,
e.g., in [4], section V, or in [11]), the proposed reduction to the third Schur complement
system seems to be new. The main contribution of the paper consists in a detailed
investigation of the structure of nonzero entries and the spectral properties of the
Schur complement matrices. This enables thorough complexity analysis of the direct
or iterative solution of corresponding Schur complement systems. A brief analysis of
the structure of the first Schur complement matrix can be found in [4], as well as a
straightforward observation that its principal leading block is a diagonal. Here we
extend this analysis and discuss the mutual relation between the number of nonzero
entries in the first Schur complement matrix and the number of nonzeros in the system
matrix (1.12). We show further that no fill-in occurs during the process of reduction to
the second and third Schur complement system. Moreover, we prove that the number
of nonzeros in both these two Schur complements is always less than the number of
nonzeros in (1.12). It is shown also that the spectral properties of matrices in such
Schur complement systems do not deteriorate during the successive elimination. Thus
an approach based on the block reduction and subsequent iterative solution is well
justified.

The outline of the paper is as follows. In section 2, we examine the structural
pattern of resulting Schur complement matrices and give estimates for their number
of nonzero elements in terms of the discretization parameters listed above. Section 3
is devoted to the solution of the whole indefinite system (1.12) via three Schur comple-
ment reductions and subsequent direct solution. Using the graph theoretical results
we give the asymptotic bound of the computational complexity for the Cholesky de-
composition method applied to the third Schur complement system. In section 4, we
concentrate on the spectral properties of the Schur complement system matrices. The
theoretical convergence rate of the iterative conjugate gradient-type method in terms
of the discretization parameters is estimated. The asymptotic bounds for the compu-
tational work of the iterative solution are given. Section 5 contains some numerical
experiments illustrating the previously developed theoretical results. Finally, we give
some concluding remarks and mention some open questions for our future work.

2. Structural properties of the Schur complement matrices. In this sec-
tion we take a closer look at the discretized indefinite system and corresponding Schur
complements, and we extend the brief analysis from [4]. There are several possibilities
for the choice of a block ordering in the consecutive elimination. We shall concentrate
on the block ordering which seems to be the most natural and efficient from the point
of view of solving the final Schur complement system by a direct solver or by a con-
jugate gradient-type method. The same ordering for the elimination of the first two
blocks was used also in [4, p. 178–181] or in [11]. Note that the static condensation is
not the only way to form the successive Schur complements. For example, in [17] the
case of the Raviart–Thomas discretization for the closely related nodal methods was
studied and reduction to a different second Schur complement system was discussed.

The following simple result gives the number of nonzero elements in the triangular
part of the matrix A. By the triangular part of a matrix M we mean its upper (lower)
strict triangle + diagonal. We will deal only with the structural nonzero elements
here; we do not take into account accidental cancellations and possible initial zero
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Fig. 2. Structural pattern of the Schur complement matrix A/A for A from Figure 1.

values of the tensor of hydraulic permeability. By the structure of a matrix M we
mean Struct(M) = {(i, j)|Mij 	= 0}.

Lemma 2.1. The number of nonzeros in the triangular part of A is given by

|sym(A)| = 20NE + 2NIF +NNC.(2.1)

Proof. The triangular part of A has 15NE nonzeros, the block B contributes by
5NE nonzeros, C1 has 2NIF nonzeros, and C2 contains NNC nonzeros.

The symmetric positive definite matrix block A in (1.12) is block-diagonal, each
5×5 block corresponds to certain element in the discretization of the domain. There-
fore it is straightforward to eliminate the velocity variables u and to obtain the first
Schur complement system with the matrix

A/A = −

BTCT1
CT2


A−1

(
B C1 C2

)
= −


A11 A12 A13

AT12 A22 A23

AT13 AT23 A33


 .

The structure of the matrix A/A for our example problem is shown in Figure 2. For
details we also refer to [4, p. 180–181] or [11]. For the number of nonzeros in the
matrix A/A we can show the following result.

Lemma 2.2. The number of nonzeros in the triangular part of the Schur comple-
ment matrix A/A is equal to

|sym(A/A)| = NE +
3

2
NIF +

3

2
NNC +

1

2

∑
i∈Eh

(NIFi +NNCi)
2 +

1

2

∑
i∈Eh

∑
j∈Adj(i)

NIFj .

Proof. Clearly, |sym(A11)| = NE and |A12| = |BTA−1C1| = 2NIF . Note that the
fill-in for A−1C1 is considerably higher (it is equal to 10NIF ). Further, |A13| = NNC
and |sym(A33)| = 1

2

∑
i∈Eh

NNCi(NNCi+1) = 1
2NNC+ 1

2

∑
i∈Eh

NNC2
i . The number
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Fig. 3. Structural pattern of the Schur complement matrix (−A/A)/A11 for A from Figure 1.

of nonzeros in A23 is equal to
∑
i∈Eh

NNCi NIFi. Finally, note that

Struct(A22) = Struct(CT1 A
−1C1) = Struct(CT1 BB

TA−1C1) = Struct(CT1 BB
TC1).

Observe that the directed graph of the matrix BTC1 has the set of arcs

EBTC1
= {(i, f) ∈ Eh × int(Γh)| f is an interior face of i}.

The undirected graph of CT1 BB
TC1 therefore expresses element-element adjacency

relation based on the connectivity through the interior faces inside the domain. It
follows that

|A22| =
∑

f∈int(Γh)

(NIFe(f) +NIFē(f) − 1) =
∑
i∈Eh

NIFi(NIFi − 1) +
∑
i∈Eh

∑
j∈Adj(i)

NIFj ,

where e(f) and ē(f) are the two elements from Eh such that e(f) ∩ ē(f) = {f}.
Therefore, considering the relation 2NIF =

∑
i∈Eh

NIFi we obtain |sym(A22)| =
1
2 (|A22|+NIF ) = 1

2

∑
i∈Eh

(NIFi)
2 + 1

2

∑
i∈Eh

∑
j∈Adj(i)NIFj − 1

2NIF. Putting all the
partial sums together we get the desired result.

Consider now the second Schur complement matrix

(−A/A)/A11 = −
(
AT12
AT13

)
A−1

11

(
A12 A13

)
+

(
A22 A23

AT23 A33

)
=

(
B11 B12

BT12 B22

)
.

The structure of (−A/A)/A11 for our example matrix is shown in Figure 3. The matrix
block A11 in the first Schur complement matrix A/A is diagonal [4], [11]. The following
result shows that it is worth to form the Schur complement matrix (−A/A)/A11 from
the matrix A/A since no further fill-in appears during the elimination of the block
A11 corresponding to pressure variables p and so we can further reduce the dimension
of the system.
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Theorem 2.1.

Struct

(
B11 B12

BT12 B22

)
= Struct

(
A22 A23

AT23 A33

)
.

Proof. We have the following structural equivalences:

Struct(B11) = Struct(A22) + Struct(AT12A
−1
11 A12)

= Struct(A22) + Struct(CT1 A
−1BA11B

TA−1C1)

= Struct(A22) + Struct(CT1 A
−1BBTA−1C1)

= Struct(A22) + Struct(CT1 BB
TC1) = Struct(A22),

Struct(B12) = Struct(A23) + Struct(AT12A
−1
11 A13)

= Struct(A23) + Struct(CT1 A
−1BBTA−1C2)

= Struct(A23) + Struct(CT1 BB
TC2)

= Struct(A23) + Struct(CT1 A
−1C2) = Struct(A23),

Struct(B22) = Struct(A33) + Struct(AT13A
−1
11 A13)

= Struct(A33) + Struct(CT2 A
−1BA−1

11 B
TA−1C2)

= Struct(A33) + Struct(CT2 A
−1C2) = Struct(A33).

From previous theorem it is also easy to see that right lower block B22 is block-
diagonal with blocks of varying size (depending on number of faces with Neumann
conditions in each element) each corresponding to a certain element in the discretiza-
tion. So in the following we will consider the third Schur complement matrix

((−A/A)/A11)/B22 = B11 −B12B
−1
22 B

T
12

induced by the block B22 in the matrix (−A/A)/A11. We can prove a similar result to
the one given in Theorem 2.1. Therefore, the Schur complement system with the ma-
trix −(A/A)/A11 can be reduced to the Schur complement matrix ((−A/A)/A11)/B22

of dimension equal to NIF without inducing any additional fill-in. Moreover, this can
be done using incomplete factorization procedures.

Theorem 2.2.

Struct(B11 −B12B
−1
22 B

T
12) = Struct(A22).

Proof. Using Theorem 2.1 we get

Struct(B11 −B12B
−1
22 B

T
12) = Struct(B11) + Struct(B12B

−1
22 B

T
12)

= Struct(A22) + Struct(A23A
−1
33 A

T
23)

= Struct(A22) + Struct(CT1 A
−1C2C

T
2 A

−1C2C
T
2 A

−1C1).

Since Struct(CT1 A
−1C2C

T
2 A

−1C2C
T
2 A

−1C1) ⊂ Struct(A22) (with equality only in
the trivial singular case with |Eh| = 1 and NNC = 5) we get the desired result
Struct(B11 −B12B

−1
22 B

T
12) = Struct(A22).

The following simple corollary gives the number of nonzero elements in the second
and third Schur complement matrices (−A/A)/A11 and ((−A/A)/A11)/B22. We shall
use these results later.
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Corollary 2.1. The number of nonzeros in the triangular part of (−A/A)/A11

is given by

|sym((−A/A)/A11)| =
=

1

2

∑
i∈Eh

(NIFi +NNCi)
2 +

1

2

∑
i∈Eh

∑
j∈Adj(i)

NIFj +
1

2
(NNC −NIF )(2.2)

and the number of nonzeros in the triangular part of (−A/A)/A11)/B22 is given by

|sym(((−A/A)/A11)/B22)| = 1

2

∑
i∈Eh

NIF 2
i +

1

2

∑
i∈Eh

∑
j∈Adj(i)

NIFj − 1

2
NIF.(2.3)

Apart from explicit assembly of the Schur complement matrices or using them
implicitly there is another possibility which may be considered—keeping the Schur
complements in factorized form. Consider the following decomposition:

A/A = −[L−1
A

(
B C1 C2

)
]T [L−1

A

(
B C1 C2

)
]

=
(
B̂ Ĉ1 Ĉ2

)T (
B̂ Ĉ1 Ĉ2

)
,(2.4)

where A = LAL
T
A. In contrast to the previous case, where the local numbering of

the faces corresponding to the individual elements did not play a role, this is not the
case now.

Theorem 2.3. Assume that all the elements within the diagonal blocks of the ma-
trix A are nonzero. The fill-in in

(
B̂ Ĉ1 Ĉ2

)
is minimal if the faces with Dirichlet

boundary conditions are numbered first in the local ordering of each finite element.
Proof. Because of the block structure of A we can consider the individual finite

elements independently. The minimum value of the nonzero count of Ĉ1 ∪ Ĉ2 in
five subsequent rows which correspond to the same finite element is 1

2

∑
i∈Eh

(NIFi +
NNCi)(NIFi +NNCi + 1) and it is easily checked to be minimal in this case.

Therefore, from now we assume that within each element we have first numbered
the faces corresponding to Dirichlet boundary conditions, then the interior interele-
ment faces and finally the faces with Neumann boundary conditions. The matrix (2.4)
can be written in the form

(
B̂ Ĉ1 Ĉ2

)T (
B̂ Ĉ1 Ĉ2

)
=


B̂T B̂ B̂T Ĉ1 B̂T Ĉ2

ĈT1 B̂ ĈT1 Ĉ1 ĈT1 Ĉ2

ĈT2 B̂ ĈT2 Ĉ1 ĈT2 Ĉ2


 .(2.5)

It is clear that it is more advantageous to keep most of the blocks of (2.5) in the
explicit form multiplying the factors directly. A typical example is the block B̂T B̂,
which is a diagonal matrix. The main question here is whether we can reduce the
system further as in the previous case and at the same time keep the matrix blocks
in a factorized form. Unfortunately, there is one basic obstacle. Whereas we are able
to embed the structure of AT12A

−1
11 A12 into the structure of A22 we cannot in general

express ĈT1 Ĉ1 − CT1 B̂(B̂T B̂)−1B̂TC1 = ĈT1 (I − B̂(B̂T B̂)−1B̂T )C1 in the factorized
form as ĈT1 LB11L

T
B11
Ĉ1, where LB11 is factor which can be easily computed.

We have considered the partially factorized structure (2.5) since it is important
from a computational point of view. Using a structural prediction based on such
factors is exactly the way how to obtain the sparsity structure of explicit Schur com-
plement matrices −A/A, (−A/A)/A11, and ((−A/A)/A11)/B22 in an efficient way. In
our implementations we used a procedure similar to the one from [16] to get these
structures.
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3. Direct solution of the Schur complement systems. In the following we
will discuss the direct solution of the Schur complement systems. Namely, we will con-
centrate on the system with the matrix ((−A/A)/A11)/B22 ∈ RNIF,NIF . The following
theorem gives a bound on the asymptotic work necessary to solve the linear system
(1.12), which is dominated by the decomposition of the matrix ((−A/A)/A11)/B22.

Theorem 3.1. The number of arithmetic operations to solve the symmetric
indefinite system (1.12) directly via three consecutive block eliminations and using the
Cholesky decomposition is O(NIF 2).

Proof. We will only give a sketch of the proof here. The work is dominated by the
decomposition of B11 −B12B

−1
22 B

T
12, which has the same nonzero structure as A22.

Our uniform regular finite element mesh is a well-shaped mesh in a suitable sense
(see [19]). The proof of Lemma 2.2 and the statements of Theorems 2.1 and 2.2 imply
that the graph G of ((−A/A)/A11)/B22 is also the graph of a well-shaped mesh.
Namely, it is a bounded-degree subgraph of some overlap graph (see [18], [19]). It
was shown in [25] that the upper bound on the second-smallest eigenvalue of the
Laplacian matrix of G (the Fiedler value) is of the order O(1/NIF 2/3). Then using
the techniques from [25] we obtain that there exists a O(NIF 2/3)-size bisector of G.

Therefore, G satisfies the so-called NIF 2/3-separator theorem: there exist con-
stants 1/2 ≤ α〈1, β〉0 such that the vertices of G can be partitioned into sets GA, GB
and the vertex separator GC such that |GA|, |GB | ≤ αNIF and |GC | ≤ βNIF 2/3.
Moreover, any subgraph of G satisfies the NIF 2/3-separator theorem. The technique
of recursive partitioning of G called generalized nested dissection and used to reorder
the considered Schur complement matrix provides an elimination ordering with an
O(NIF 2)-bound on the arithmetic work of Cholesky decomposition (see Theorem 6
in [12]).

Note that the explicit computation of the matrix ((−A/A)/A11)/B22 is necessary
in the framework of direct methods. Theorem 3.1 provides a theoretical result which
is based on spectral partitioning methods. The reordering algorithms based on the
separators obtained by the spectral partitioning techniques and applied recursively
within the nested dissection need not necessarily be the best practical approach to
get a reasonable matrix reordering. Nevertheless, experimental results with various
partitioning schemes show that high quality reorderings can be efficiently computed
in this way (see [7]). Also some other reorderings which combine global procedures
(partitioning of large meshes) and local algorithms (like MMD) can provide reasonable
strategies to find a fill-in minimizing permutation.

4. The conjugate gradient method applied to the Schur complement
systems. In this section we concentrate on the iterative solution of the Schur comple-
ment systems discussed in section 3. We consider the conjugate gradient method ap-
plied to the symmetric positive definite systems with matrices −A/A, ((−A/A)/A11),
and ((−A/A)/A11)/B22. It is well known that the convergence rate of the conjugate
gradient method can be bounded in terms of the condition number of the correspond-
ing Schur complement matrix [9], [6], [26]. We show that the condition number of
the matrix A/A is asymptotically the same as the conditioning of the negative part
of spectrum of the whole indefinite matrix A. Moreover, we prove that condition
numbers of the matrices ((−A/A)/A11) and ((−A/A)/A11)/B22 grow like 1/h2 with
respect to the discretization parameter h and they do not deteriorate during the suc-
cessive eliminations. Based on these results we estimate the number of iteration steps
necessary to achieve the prescribed tolerance in error norm reduction. We show that
the number of iteration steps necessary to reduce the error norm by the factor of ε
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grows asymptotically like 1/h for all three Schur complement systems. Therefore, the
total number of flops in the iterative algorithm can be significantly reduced due to
decrease of the matrix order during the elimination. First, we consider the following
theorem.

Theorem 4.1. Let µ1 ≥ µ2 ≥ · · · ≥ µNA > 0 be the eigenvalues of the positive
definite block A ∈ RNA,NA, σ1 ≥ σ2 ≥ · · · ≥ σNBC > 0 be the singular values of the
matrix block (B C) ∈ RNA,NBC . Then for the eigenvalues of the Schur complement
matrix −A/A = (B C)TA−1(B C) we have

σ(−A/A) ⊂ [σ2
NBC/µ1, σ

2
1/µNA].(4.1)

Moreover, for the eigenvalues of the positive definite matrix blocks
(
A22
AT

22

A23
A33

)
=

(C1 C2)
TA−1(C1 C2) and A11 = BTA−1B it follows that

σ

(
A22 A23

AT23 A33

)
⊂ [1/µ1, 2/µNA],(4.2)

σ(A11) ⊂ [5/µ1, 5/µNA].(4.3)

The condition number of the Schur complement system matrix −A/A then can be
bounded by the expression

κ(−A/A) ≤ σ2
1µ1

σ2
NBCµNA

= κ2((B C))κ(A).(4.4)

Proof. The positive definite matrix A−1 has the spectrum 0 < 1/µ1 ≤ 1/µ2 ≤
· · · ≤ 1/µNA. The first inclusion in the theorem follows from the following two in-
equalities

1

µ1
((B C)x, (B C)x) ≤ ((B C)TA−1(B C)x, x) ≤ 1

µNA
((B C)x, (B C)x),

σ2
NBC(x, x) ≤ ((B C)T (B C)x, x) ≤ σ2

1(x, x).

Similarly, from the inequalities

1

µ1
(Cx,Cx) ≤ (CTA−1Cx, x) ≤ 1

µNA
(Cx,Cx),

(x, x) ≤ (CTCx, x) ≤ 2(x, x)

we obtain the second inclusion. The third part of the proof is completely analogous
to the second part.

Corollary 4.1. There exist positive constants c9 and c10 such that for the
spectrum of the Schur complement matrix −A/A we have

σ(−A/A) ⊂ [c9/NE, c10/
3
√
NE],(4.5)

where c9 = c23/c2 and c10 = c24/c1. The condition number of the matrix −A/A can be
bounded as

κ(−A/A) ≤ c11 3
√
NE2, c11 = c10/c9.(4.6)
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The Schur complement system with positive definite matrix −A/A can be solved
iteratively by the conjugate gradient method [9] or the conjugate residual method
[6]. It is well known that the conjugate gradient method generates the approximate
solutions which minimize the energy norm of the error at each iteration step [26],
[6]. The closely related conjugate residual method that differ only in the definition of
innerproduct, on the other hand, generates the approximate solutions which minimize
their residual norm at every iteration [6]. It is also a well known fact that there exists
so-called peak/plateau connection between these methods [5] showing that there is
no significant difference in the convergence rate of these methods when measured by
the residual norm of an approximate solution. In our paper we use the conjugate
gradient method together with the minimal residual smoothing procedure applied on
its top to get monotonic residual norms [28]. Applying such techniques allows better
monitoring of the convergence by residual norm and it is mathematically equivalent
to the residual minimizing conjugate residual method [6]. The computational cost
of this technique is minimal and it costs only two inner products and one vector
update per iteration. In the framework of iterative methods the number of operations
in matrix-vector products is what is usually the most important. These products,
performed repeatedly in each iteration loop, contribute in a substantial way to the
final efficiency of iterative solver. When solving the system with Schur complement
matrix −A/A the number of flops per iteration for an unpreconditioned method is
dominated by the matrix vector multiplication with the matrix −A/A. Its number of
nonzeros was given by Lemma 2.2. Moreover, using the estimates (1.13) and (1.14),
the condition number of the Schur complement matrix −A/A can be bounded by the

term O(
3
√
NE2). Consequently, the number of flops for conjugate gradients necessary

to achieve a reduction by ε is of order

O




NE +NIF +NNC +

∑
i∈Eh

(NIFi +NNCi)
2 +

∑
i∈Eh

∑
j∈Adj(i)

NIFj


 3
√
NE


 .

Assuming overestimates (NIFi +NNCi) ≤ 5 and NIFi ≤ 5, we obtain the asymptotic
estimate of order O(NE 3

√
NE).

The previous considerations did not take into account the Schur complement sys-
tems with matrices ((−A/A)/A11) and (((−A/A)/A11)/B22). The convergence rate of
the iterative conjugate gradient method applied to the second and third Schur comple-
ment systems depend analogously on the condition number of the Schur complement
matrices [9], [6], [26]. The analysis of the spectrum of the matrix ((−A/A)/A11) is
given in the following theorem.

Theorem 4.2. Let µ1 ≥ µ2 ≥ · · · ≥ µNA > 0 be the eigenvalues of the positive
definite block A ∈ RNA,NA, σ1 ≥ σ2 ≥ · · · ≥ σNBC > 0 be the singular values of
the matrix block (B C) ∈ RNA,NBC . Then for the spectrum of the Schur complement
matrix (−A/A)/A11 we have

σ((−A/A)/A11) ⊂
[
σ2
NBC/µ1, 2/µNA

]
.(4.7)

Consequently, the condition number of the matrix (−A/A)/A11 can be bounded as
follows

κ((−A/A)/A11) ≤ 2

σ2
1

κ(−A/A).(4.8)
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Proof. From the definition of the Schur complement matrix (−A/A)/A11 and the
statement of Theorem 4.1 we have

((−A/A)/A11x, x) =

((
A22 A23

AT23 A33

)
x, x

)
− (A−1

11 (A12 A13)x, (A12 A13)x)

≤ 2/µNA(x, x).

The bound for the minimal eigenvalue can be obtained considering the following result
(see [20, p. 201]):

(−A/A)−1 =


A11 A12 A13

AT12 A22 A23

AT13 AT23 A33




−1

=



A−1

11 +A−1
11 (A12A13)[(−A/A)/A11]

−1

(
AT12
AT13

)
A−1

11 −A−1
11 (A12 A13)[(−A/A)/A11]

−1

−[(−A/A)/A11]
−1

(
AT12
AT13

)
A−1

11 [(−A/A)/A11]
−1


.

Then from the interlacing property of the eigenvalue set of symmetric matrix −A/A
(see, e.g., [8]) it follows that∥∥[(−A/A)/A11]

−1
∥∥ ≤ ∥∥(−A/A)−1

∥∥ ≤ µ1

σ2
NBC

.

Considering the previous inequalities we get the lower bound for the minimal eigen-
value of the matrix (−A/A)/A11, which completes the proof.

We have shown that the condition number of the Schur complement system matrix
(−A/A)/A11 is bounded by a multiple of the condition number of the matrix −A/A.
Therefore the number of iteration steps for the conjugate gradient method necessary
to reduce the error norm (or after smoothing the residual norm) by some factor is
asymptotically the same as before. The complexity of the matrix-vector multiplication
is lower and according to Corollary 2.1 is of the order

O


∑
i∈Eh

(NIFi +NNCi)
2 +

∑
i∈Eh

∑
j∈Adj(i)

NIFj + (NNC −NIF )


 .

Assuming again the overestimates (NIFi + NNCi) ≤ 5 and NIFi ≤ 5, we obtain the
asymptotic estimate O(NE). The total number of flops for the conjugate gradients
or the conjugate residual method necessary to achieve a reduction by the factor ε
is then again of order O(NE 3

√
NE). From the statements of Theorems 4.1 and 4.2

it is clear that the reduction to the Schur complement systems does not affect the
asymptotic conditioning of the positive definite matrices −A/A and (−A/A)/A11. The
same is true for the spectral properties of the third Schur complement system with
the matrix ((−A/A)/A11)/B22. Since the proof is completely analogous to the proof
of Theorem 4.2 we shall present only the following statement (cf. [10, p. 256]).

Theorem 4.3. The condition number of ((−A/A)/A11)/B22 is bounded by the
condition number of the matrix (−A/A)/A11

κ(((−A/A)/A11)/B22) ≤ κ((−A/A)/A11).(4.9)

In the following we present two additional results concerning the matrix-vector
multiplications with Schur complement matrices. Theorem 4.4 compares the number
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of nonzeros in the Schur complement matrices (−A/A)/A11 and ((−A/A)/A11)/B22

to the number of nonzeros in the original matrix A.
Theorem 4.4. The number of nonzero entries in the matrix ((−A/A)/A11) or the

matrix (((−A/A)/A11)/B22) is smaller than the number of nonzeros in the matrix A.
Proof. Using the fact that 2NIF =

∑
i∈Eh

NIFi ≤ 5NE and also
∑
i∈Eh

(NIFi +
NNCi) ≤ 5NE, it follows from Lemma 2.1 and Theorem 2.1 that

|(−A/A)/A11| − |A|
=
∑
i∈Eh

NIF 2
i − 2NIF +

∑
i∈Eh

∑
j∈Adj(i)

NIFj +
∑
i∈Eh

NNC2
i

+2
∑
i∈Eh

NIFiNNCi − 35NE − 4NIF − 2NNC

=
∑
i∈Eh

(NIFi +NNCi)
2 − 5

∑
i∈Eh

NIFi − 4
∑
i∈Eh

NNCi −
∑
i∈Eh

∑
j∈Adj(i)

NNCj

+2
∑
i∈Eh

(NIFi +NNCi) +
∑
i∈Eh

∑
j∈Adj(i)

(NIFj +NNCj)− 35NE

≤ 2
∑
i∈Eh

(NIFi +NNCi) +
∑
i∈Eh

∑
j∈Adj(i)

(NIFj +NNCj)− 35NE ≤ 0.

Clearly, the number of nonzeros in the matrix (((−A/A)/A11)/B22) is even smaller.
Note that the number of nonzeros in the original matrix A can be smaller or

larger than the corresponding number of nonzeros in the matrix −A/A. Consider
now the factorized Schur complement in the form (2.5). It can be shown also that
there is no clear winner between the number of floating-point operations to multiply a

dense vector by the matrix
(
B̂ Ĉ1 Ĉ2

)T (
B̂ Ĉ1 Ĉ2

)
or the number of operations

to get a product of a matrix ((−A/A)/A11)/B22 with a dense vector of appropriate
dimension, respectively. The result depends on the shape of the domain and its
boundary conditions. Nevertheless, the following Theorem 4.5 shows that if we do
not form the Schur complement explicitly it is worth it to use the factorized form
(2.4) and the reordering of the Schur complement from Theorem 2.3 instead of its
implicit form.

Theorem 4.5. Let v be a dense vector. The number of floating-point operations

to compute
(
B̂ Ĉ1 Ĉ2

)T (
B̂ Ĉ1 Ĉ2

)
v is smaller than the number of floating-

point operations to compute
BTCT1
CT2


A−1

(
B C1 C2

)
v.

Proof. Taking into account the local ordering from Theorem 2.3 the difference
between these two quantities can be bounded by

10NE +
∑
i∈Eh

(NIFi +NNCi)(NIFi +NNCi + 1)− 35NE − 4NIF − 2NNC

≤ −2NIF −NNC ≤ 0.

5. Numerical experiments. In the following we present numerical experiments
which illustrate the results developed in the theoretical part of the paper.
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Table 1
Model potential fluid flow problem—cubic domain.

Discretization parameters Matrix dimensions
h, NE NIF NNC A −A/A (−A/A)/A11 ((−A/A)/A11)/B22

1/5, 250 525 100 2125 875 625 525
1/10, 2000 4600 400 17000 7000 5000 4600
1/15, 6750 15975 900 57375 23625 16875 15975
1/20, 16000 38400 1600 136000 56000 40000 38400
1/25, 31250 75625 2500 265625 109375 78125 75625
1/30, 54000 131400 3600 459000 189000 135000 131400
1/35, 87750 209475 4900 728875 300125 214375 209475
1/40, 128000 313600 6400 1088000 448000 320000 313600

Table 2
Model potential fluid flow problem—realistic domain.

Discretization parameter Matrix dimension
NE NIF NNC A −A/A (−A/A)/A11 ((−A/A)/A11)/B22

35x35x6 33880 4900 126980 53480 38780 33880
45x45x6 56160 8100 210060 88560 64260 56160
55x55x6 84040 12100 313940 132440 96140 84040
65x65x6 117520 16900 438620 185120 134420 117520
75x75x6 156600 22500 584100 246600 179100 156600
85x85x6 201280 28900 750380 316880 230180 201280
95x95x6 251560 36100 937460 395960 287660 251560

105x105x6 307440 44100 1145340 483840 351540 307440

Two model potential flow problems (1.1) and (1.2) in a rectangular domain with
Neumann conditions prescribed on the bottom and on the top of the domain have
been considered. Dirichlet conditions that preserve the nonsingularity of the whole
system matrix A were imposed on the rest of the boundary. The choice of boundary
conditions in these examples is motivated by our application and it comes from a
modelling of a confined aquifer (see [3]) between two impermeable layers.

In order to verify the theoretical results derived in previous sections we will re-
strict our attention first to the simplest geometrical shape—cubic domain and report
the results obtained from a uniformly regular mesh refinement. In practical situa-
tions, however, relatively thin aquifers with possible cracks in the rock are frequently
modeled, and so the number of Neumann conditions may represent a big portion of
the whole boundary. As our second model example, we consider a rectangular domain
discretized by six layers of elements in the mesh. As we will see later, the reduction to
the third Schur complement proposed in this paper can become even more significant
than for the cubic domain. Prismatic discretizations of domains with NE elements
were used [14], [11]. For the cubic domain we have then NE = 2/h3. Discretization
parameters h, NE, NIF , NNC, dimension N of the resulting indefinite system ma-
trix A and the dimensions of the corresponding Schur complement matrices −A/A,
(−A/A)/A11, and ((−A/A)/A11)/B22 are given in Table 1 for a cubic domain and
in Table 2 for a more realistic domain. We note again that the difference between
dimensions of the second and third Schur complement matrix is significantly larger in
the case of modeling of thin layers that arise regularly in our application.

For the example of a cubic domain the spectral properties of the matrix blocks
A and (B C) as well as of the whole symmetric indefinite matrix A have been in-
vestigated. The extremal positive and negative eigenvalues of the matrix A and the
extremal singular values of the block (B C) (squared roots of the extremal eigenval-
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Table 3
Spectral properties of the system matrix and its blocks—problem with a cubic domain

Matrix blocks spectral properties Eigenvalues of the matrix A
NE Spectrum of A Sing. values of (B|C) Negative part Positive part
250 [0.16e-2, 0.1e-1] [0.181e0, 2.63] [-2.63 , -0.180e0] [0.166e-2, 2.63]
2000 [0.33e-2, 0.2e-1] [0.927e-1, 2.64] [-2.64, -0.898e-1] [0.335e-2, 2.64]
6750 [0.50e-2, 0.3e-1] [0.622e-1, 2.64] [-2.64, -0.354e-1] [0.509e-2, 2.65]
16000 [0.66e-2, 0.4e-1] [0.467e-1, 2.64] [-2.64, -0.413e-1] [0.679e-2, 2.65]
31250 [0.83e-2, 0.5e-1] [0.374e-1, 2.65] [-2.64, -0.311e-1] [0.861e-2, 2.65]
54000 [0.99e-2, 0.6e-1] [0.312e-1, 2.65] [-2.64, -0.241e-1] [0.104e-1, 2.65]
87750 [0.11e-1, 0.7e-1] [0.268e-1, 2.65] [-2.64, -0.190e-1] [0.120e-1, 2.65]
128000 [0.13e-1, 0.8e-1] [0.234e-1, 2.65] [-2.64, -0.152e-1] [0.136e-1, 2.65]

ues of the matrix (B C)T (B C)) were approximated by a reduction to the symmetric
tridiagonal form of the matrix using 1500 steps of the symmetric Lanczos algorithm [8]
and by a subsequent eigenvalue computation of the resulting tridiagonal matrix using
the LAPACK double precision subroutine DSYEV [1]. Extremal eigenvalues of the
diagonal matrix block A were computed directly by the LAPACK eigenvalue solver
element by element. It can be seen that the computed extremal eigenvalues of the
block A are in perfect agreement with the theory (see Table 3). Similarly, we can
observe approximately a linear decrease of the computed minimal singular value of
the matrix block (B C) with respect to the mesh discretization parameter h. From
the computed extremal eigenvalues of the whole indefinite system A we can conclude
that even if our mesh size parameters h are rather small and give rise to very large sys-
tem dimensions (see Table 1), they are outside of the asymptotic inclusion set (1.15).
Indeed for our example and our mesh size interval we have c1/h� c4, c2/h� c4, and
with the exception of h = 1/35 and h = 1/40 also c2/h < c3h. Then using Lemma 2.1
in [22, pp. 3–4] (see also [15]) we obtain the inclusion set in the form

σ(A) ⊂
[
−c4,−1

2

(
c2

3
√
NE −

√
(c2

3
√
NE)2 + 4(c3/

3
√
NE)2

)]
∪ [c1

3
√
NE, c4],(5.1)

which is in good agreement with the results in Table 3.
Using the same technique we have approximated the extremal eigenvalues of the

Schur complement matrices −A/A, (−A/A)/A11, and ((−A/A)/A11)/B22 coming from
a problem on a cubic domain. From Table 4 it can be seen that the inclusion set for the
extremal eigenvalues of the first Schur complement matrix −A/A coincides with the
bounds given in Theorem 4.1. We can see that the extremal eigenvalues of the second
Schur complement matrix (−A/A)/A11 are bounded by the extremal eigenvalues of
the matrix −A/A. Similarly, the extremal eigenvalues of the third Schur complement
matrix ((−A/A)/A11)/B22 are bounded by the extremal eigenvalues of the matrix
(−A/A)/A11. This behavior is in accordance with the asymptotic bounds given in
Theorems 4.2 and 4.3.

The smoothed conjugate gradient method has been applied to the resulting three
Schur complement systems (see also the discussion in previous section). Unprecon-
ditioned and also preconditioned versions with the IC(0) preconditioner [23], [24] for
the solution of these symmetric positive definite systems have been used. For the so-
lution of the whole indefinite system the minimal residual method has been used. For
the preconditioned version the positive definite block-diagonal preconditioning with
ILUT(0,20) for the decomposition of the block corresponding to constraints (see, e.g.,
[22], [21]) was used. The choice of ILUT(0,20) was motivated by our effort to ob-
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Table 4
Spectral properties of Schur complement matrices—problem with a cubic domain.

Spectral properties of Schur complement matrices
NE −A/A (−A/A)/A11 ((−A/A)/A11)/B22

250 [0.138e2, 0.343e4] [0.187e2, 0.117e4] [0.220e2, 0.117e4]
2000 [0.182e1, 0.173e4] [0.251e1, 0.596e3] [0.272e1, 0.596e3]
6750 [0.547e0, 0.115e4] [0.760e0, 0.399e3] [0.801e0, 0.399e3]
16000 [0.232e0, 0.868e3] [0.323e0, 0.299e3] [0.336e0, 0.299e3]
31250 [0.119e0, 0.694e3] [0.166e0, 0.239e3] [0.171e0, 0.239e3]
54000 [0.693e-1, 0.579e3] [0.966e-1, 0.199e3] [0.992e-1, 0.199e3]
87750 [0.437e-1, 0.496e3] [0.610e-1, 0.171e3] [0.624e-1, 0.171e3]
128000 [0.293e-1, 0.434e3] [0.409e-1, 0.149e3] [0.417e-1, 0.149e3]

tain rather precise factorization with restricted memory requirements which should
be close to the full decomposition of the block (B C)T (B C). This preconditioner
was found generally better than the indefinite block-diagonal preconditioning with
the same ILUT(0,20) decomposition or than the indefinite preconditioner discussed
in [13] or [21]. The initial approximation x0 was set to zero, the relative residual

norm ‖rn‖
‖r0‖ = 10−8 was used as the stopping criterion. For the implementation de-

tails of iterative solvers we refer to [6]. Our experiments were performed on an SGI
Origin 200 with processor R10000. In Tables 5 and 6 we consider iteration counts
and CPU times in the minimal residual method (unpreconditioned/preconditioned)
applied to the whole system (1.12) and in the conjugate gradient method (unprecon-
ditioned/preconditioned) applied to the Schur complement systems with the matrices
−A/A, (−A/A)/A11, and ((−A/A)/A11)/B22 for a model problem with a cubic and
more realistic domain, respectively. The dependence of the iteration counts pre-
sented in all columns of Table 5 corresponds surprisingly well to the theoretical order
O( 3
√
NE). The convergence behavior of the smoothed conjugate gradient method

applied to the third Schur complement system with the matrix ((−A/A)/A11)/B22

for this case is presented in Figure 4. From the results in Tables 5 and 6 it follows
that while the gain from the solution of the third Schur complement system is rather
moderate in the case of a cubic domain and in the case of the realistic flat domain it
becomes more significant.

6. Conclusions. Successive block Schur complement reduction for the solution
of symmetric indefinite systems has been considered in the paper. It was shown that
due to the particular structure of matrices which arise from mixed-hybrid finite ele-
ment discretization of the potential fluid flow problem, the resulting Schur complement
matrices remain sparse. Moreover, their spectral properties do not deteriorate and the
iterative conjugate gradient method can be successfully applied. Theoretical bounds
for the convergence rate of this method in terms of the discretization parameters have
been developed and tested on a model problem example. Numerical experiments in-
dicate that the given theoretical bounds on the eigenvalue set are realistic not only for
the system matrix and its blocks, but also for the Schur complement matrices. The
iteration counts for the conjugate gradient method are also in a good agreement with
the theoretical predictions. Direct solution of the third Schur complement system
is also a possible alternative. Nevertheless, its comparison with iterative solvers is
outside the scope of this paper.

In case of structured grids, a geometric multigrid solver and/or preconditioner for
solving the final Schur complement system can be used. Namely, the stencil from the
first Schur complement which expresses element-element connectivity in the domain
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Table 5
Number of iterations of the conjugate gradient method—problem with a cubic domain.

Unpreconditioned/preconditioned CG applied to matrix
NE A −A/A (−A/A)/A11 ((−A/A)/A11)/B22

250 319/44 82/20 48/18 43/18
0.41/0.09 0.05/0.02 0.02/0.01 0.02/0.01

2000 608/76 154/35 87/32 80/32
6.43/1.56 0.76/0.25 0.30/0.16 0.25/0.14

6750 867/113 223/51 126/48 118/48
48.17/11.91 3.86/1.50 1.51/0.92 1.30/1.01

16000 1031/138 288/67 164/63 155/63
161.75/38.86 16.07/5.93 5.59/3.87 5.02/3.43

31250 1195/165 353/82 199/78 192/78
410.45/100.49 45.69/16.75 16.31/9.94 15.13/9.60

54000 1358/188 418/95 234/93 228/93
926.98/218.78 104.76/36.92 39.88/24.04 37.94/23.13

85750 1503/205 482/108 269/108 263/108
1694.68/396.03 216.10/74.42 76.21/47.55 72.00/45.71

128000 1637/229 546/122 303/122 298/122
2825.94/675.49 389.37/133.10 143.28/87.63 138.72/87.28

Table 6
Number of iterations of the conjugate gradient method—realistic model example.

Unpreconditioned/preconditioned CG applied to matrix
NE A −A/A (−A/A)/A11 ((−A/A)/A11)/B22

14700 1688/209 444/97 248/93 233/93
231.51/54.57 22.96/8.12 7.52/5.27 6.89/4.35

24300 2043/265 571/122 316/117 296/117
510.65/123.32 54.46/18.48 20.51/11.69 16.44/10.30

36300 2225/300 692/147 382/142 359/142
919.43/224.74 118.83/37.24 38.93/22.75 31.16/19.57

50700 2053/336 810/172 448/166 421/166
1547.14/370.18 195.08/62.90 73.65/40.68 57.01/34.15

67500 2723/365 927/197 513/190 482/190
2343.57/559.24 316.33/103.93 116.30/65.70 93.15/56.55

86700 2959/403 1042/222 578/214 543/214
3374.38/814.61 495.97/160.23 175.55/99.90 138.81/83.85

108300 3211/429 1256/247 741/254 741/255
4621.81/1086.38 821.96/240.74 306.28/158.08 253.10/132.33

132300 3420/447 1272/271 706/262 663/262
6012.54/1382.56 1009.94/323.72 374.90/208.07 299.87/177.34

(see proof of Lemma 2.2) remains unchanged after the subsequent two reduction and
an appropriate method could be based on that.

Another approach for the solution of symmetric indefinite systems seems to be
promising. As was pointed out in [2], the classical null-space algorithm can be im-
plemented. QR factorization of the off-diagonal block (B C) is considered and the
solution of the indefinite system is transformed to the solution of a block lower triangu-
lar system, where the subproblem corresponding to the diagonal block can be solved
using the Cholesky factorization or an iterative conjugate gradient-type algorithm.
This approach has the advantage of performing the matrix-vector multiplication by
the Q factor using elementary Householder transformations. Although the Q factor
may be structurally full, the elementary Householder vectors may be quite sparse.
Moreover, a roundoff error analysis of the algorithm can be carried out.
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Fig. 4. Convergence of the smoothed conjugate gradient method applied to the third Schur
complement system.
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A MULTIRESOLUTION TENSOR SPLINE METHOD FOR FITTING
FUNCTIONS ON THE SPHERE∗
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Abstract. We present the details of a multiresolution method we proposed at the Taormina
Wavelet Conference in 1993 (see “L-spline wavelets” in Wavelets: Theory, Algorithms, and Applica-
tions, C. Chui, L. Montefusco, and L. Puccio, eds., Academic Press, New York, pp. 197–212) which
is suitable for fitting functions or data on the sphere. The method is based on tensor products of
polynomial splines and trigonometric splines and can be adapted to produce surfaces that are either
tangent plane continuous or almost tangent plane continuous. The result is a convenient compression
algorithm for dealing with large amounts of data on the sphere. We give full details of a computer
implementation that is highly efficient with respect to both storage and computational cost. We also
demonstrate the performance of the method on several test examples.

Key words. multiresolution, spherical data compression, tensor splines
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1. Introduction. In many applications (e.g., in geophysics, meteorology, medi-
cal modeling, etc.), one needs to construct smooth functions defined on the unit sphere
S which approximate or interpolate data. As shown in [13], one way to do this is to
work with tensor-product functions of the form

f(θ, φ) :=
m∑
i=1

m̃∑
j=1

cijϕi(θ)ϕ̃j(φ)(1.1)

defined on the rectangle

H := {(θ, φ) : −π/2 ≤ θ ≤ π/2 and 0 ≤ φ ≤ 2π},

where the ϕi are quadratic polynomial B-splines on [−π/2, π/2], and the ϕ̃j are pe-
riodic trigonometric splines of order 3 on [0, 2π]. With some care in the choice of the
coefficients (see section 2), the associated surface

Sf := {f(θ, φ)vvvvvvvvv(θ, φ) : (θ, φ) ∈ H}

with vvvvvvvvv(θ, φ) = [cos(θ) cos(φ), cos(θ) sin(φ), sin(θ)]T will be tangent plane continuous.
In practice we often encounter very large data sets, and to get good fits using

tensor product splines (1.1), a large number of knots is required, resulting in many
basis functions and many coefficients. Since two spline spaces are nested if their
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‡Department of Mathematics, Vanderbilt University, Nashville, TN 37240 (s@mars.cas.
vanderbilt.edu). The research of this author was supported by the National Science Foundation
under grant DMS-9803340, by NATO grant CRG951291, and by the Army Research Office under
grant DAAD 19-99-1-0160.

724



SPHERICAL WAVELETS 725

knot sequences are nested, one way to achieve a more efficient fit without sacrificing
quality is to look for a multiresolution representation of (1.1), i.e., to recursively
decompose it into splines on coarser meshes and corresponding correction (wavelet)
terms. Then compression can be achieved in the standard way by thresholding out
small coefficients; see [1], for example.

The paper is organized as follows. In section 2 we introduce notation and give
details on the tensor product splines to be used here. In section 3 we describe the
general decomposition and reconstruction algorithm in matrix form, while in section 4
we present a tensor version of the algorithms. The required matrices corresponding to
the polynomial and trigonometric spline spaces, respectively, are derived in sections 5
and 6. Section 7 is devoted to details of implementing the algorithm, while in section 8
we discuss the case of almost tangent plane continuity. In section 9 we present test
examples, and in section 10, several concluding remarks.

The method of this paper was presented at the Taormina Wavelet Conference in
October 1993 but was not described in detail in the corresponding proceedings paper
[8]. A very similar method based on exponential splines was developed independently
in [2], [15], but with no implementation details. Alternative wavelet methods for the
sphere can be found in [4], [5], [6], [10], [11]. The method in [4] uses discretizations
of certain continuous wavelet transforms based on singular integral operators, while
the method in [10] uses tensor functions based on polynomials and trigonometric
polynomials. The methods in [6], [11] are based on triangulations. For a complete
review of the various methods, see [5].

2. Tangent plane continuous tensor splines. Let ϕ1, . . . , ϕm be the stan-
dard quadratic B-splines associated with the knot sequence

−π/2 = x1 = x2 = x3 < x4 < · · · < xm < xm+1 = xm+2 = xm+3 = π/2.

Recall that ϕi is supported on the interval [xi, xi+3] and that the B-splines form
a partition of unity on [−π/2, π/2]. Let T1, . . . , Tm̃ be the classical trigonometric
B-splines of order 3 defined on the knot sequence x̃1, . . . , x̃m̃+3

, where

0 = x̃1 < x̃2 < · · · < x̃
m̃

< 2π

and x̃m̃+i := x̃i + 2π, i = 1, . . . , 3; see section 6. Recall that Tj is supported on the
interval [x̃j , x̃j+3]. Let

ϕ̃j(x) =

{
Tj(x), j = 1, . . . , m̃− 2,

Tj(x) + Tj(x− 2π), j = m̃− 1, m̃,

be the associated 2π-periodic trigonometric B-splines; see [12]. These splines can be
normalized so that for φ ∈ [0, 2π]

1 =
m̃∑
j=1

cos

(
x̃j+2 − x̃j+1

2

)
ϕ̃j(φ),(2.1)

cos(φ) =

m̃∑
j=1

cos

(
x̃j+1 + x̃j+2

2

)
ϕ̃j(φ),(2.2)

sin(φ) =

m̃∑
j=1

sin

(
x̃j+1 + x̃j+2

2

)
ϕ̃j(φ).(2.3)
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Since the boundaries of H corresponding to θ = ±π/2 map to the north and
south poles, respectively, a function f of the form (1.1) will be well defined on S if
and only if

c1,j = fS cos

(
x̃j+2 − x̃j+1

2

)
, j = 1, . . . , m̃,(2.4)

and

cm,j = fN cos

(
x̃j+2 − x̃j+1

2

)
, j = 1, . . . , m̃,(2.5)

where fS and fN are the values at the poles. Now since f is 2π-periodic in the φ vari-
able and is C1 continuous in both variables, we might expect that the corresponding
surface Sf has a continuous tangent plane at nonpolar points. However, since we are
working in a parametric setting, more is needed. The following theorem shows that
under mild conditions on f which are normally satisfied in practice, we do get tangent
plane continuity except at the poles.
Theorem 2.1. Suppose f is a spline as in (1.1) that satisfies the conditions (2.4)

and (2.5), and that in addition f(θ, φ) > 0 for all (θ, φ) ∈ H. Then the corresponding
surface Sf is tangent plane continuous at all nonpolar points of S.

Proof. Since f is a C1 spline, the partial derivatives fθ and fφ are continuous
on H. Now t1(θ, φ) := Dθ[f(θ, φ)vvvvvvvvv(θ, φ)] and t2(θ, φ) := Dφ[f(θ, φ)vvvvvvvvv(θ, φ)] are two
tangents to the surface Sf at the point f(θ, φ)vvvvvvvvv(θ, φ). The normal vector to the
surface at this point is given by the cross product nnnnnnnnn := t1 × t2. By the hypotheses, nnnnnnnnn
is continuous, and thus to ensure a continuous tangent plane, it suffices to show that
nnnnnnnnn has positive length (which insures that the surface does not have singular points or
cusps). Using Mathematica, it is easy to see that

|nnnnnnnnn(θ, φ)|2 = f(θ, φ)2
[

cos(θ)2f(θ, φ)2 + fφ(θ, φ)2 + cos(θ)2fθ(θ, φ)2
]
,

which is clearly positive for all values of (θ, φ) ∈ H with θ �= ±π/2.
With some additional side conditions on the coefficients of f , we can make the

surface Sf also be tangent plane continuous at the poles. The required conditions (cf.
[3], [13]) are that

c2,j = c1,j +
(x4 − x3)

2

[
AS cos

(
x̃j+1 + x̃j+2

2

)
+ BS sin

(
x̃j+1 + x̃j+2

2

)]

and

cm−1,j = cm,j − (xm+1 − xm)

2

[
AN cos

(
x̃j+1 + x̃j+2

2

)
+ BN sin

(
x̃j+1 + x̃j+2

2

)]

for j = 1, . . . , m̃, where AS , BS , AN , and BN are constants.

3. Basic decomposition and reconstruction formulae. Suppose V0,V1, . . .
is a nested sequence of finite-dimensional linear subspaces of an inner-product space
X, i.e.,

V0 ⊂ V1 ⊂ · · · ⊂ Vk ⊂ · · · .
Let

Vk = Vk−1 ⊕Wk−1
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be the corresponding orthogonal decompositions.
For our application, it is convenient to express decomposition and reconstruction

in matrix form, as is done, e.g., in [14]. Let ϕk,1, . . . , ϕk,mk
be a basis for Vk, and let

ψk−1,1, . . . , ψk−1,nk−1
be a basis for Wk−1, where nk−1 = mk −mk−1. Then by the

nestedness, there exists an mk ×mk−1 matrix Pk such that

ϕTk−1 = ϕTk Pk,(3.1)

where

ϕk = (ϕk,1, . . . , ϕk,mk
)T .(3.2)

The equation (3.1) is the usual refinement relation. Similarly, there exists an mk ×
nk−1 matrix Qk such that

ψTk−1 = ϕTkQk,(3.3)

where

ψk−1 = (ψk−1,1, . . . , ψk−1,nk−1
)T .(3.4)

Let

Gk =(〈ϕk,i, ϕk,j〉),
Hk−1 =(〈ψk−1,i, ψk−1,j〉)

be the Gram matrices of size mk ×mk and nk−1 × nk−1, respectively. It is easy to
see that

Hk−1 = QT
kGkQk.(3.5)

Clearly, the Gram matrices Gk and Hk−1 are symmetric. The linear independence
of the basis functions φk,i and of ψk,i implies that both Gk and Hk−1 are positive
definite and thus nonsingular.

The following lemma shows how to decompose and reconstruct functions in Vk in
terms of functions in Vk−1 and Wk−1.
Lemma 3.1. Let fk = ϕTk ak be a function in Vk associated with a coefficient

vector ak ∈ R
mk , and let

fk = fk−1 + gk−1(3.6)

be its orthogonal decomposition, where

fk−1 = ϕTk−1ak−1 ∈ Vk−1, gk−1 = ψTk−1bk−1 ∈ Wk−1.

Then

ak−1 =G−1
k−1P

T
k Gkak,

bk−1 =H−1
k−1Q

T
kGkak.

Moreover,

ak = Pkak−1 + Qkbk−1.(3.7)
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Proof. To find ak−1, we take the inner-product of both sides of (3.6) with ϕk−1,i

for i = 1, . . . ,mk−1. Using the refinement relation (3.1) and the orthogonality of the
ϕk−1,i with ψk−1,j , we get

PT
k Gkak = Gk−1ak−1,

which gives the formula for ak−1. If we instead take the inner-products with ψk−1,
we get the formula for bk−1. In view of the linear independence of the functions
ϕk,1, . . . , ϕk,mk

, the reconstruction formula (3.7) follows immediately from (3.6) and
the refinement relations.

Throughout the remainder of this paper we work with inner-products of the form

〈f, g〉 =
∫ b
a
fg. In this case the function fk−1 in the representation (3.6) is nothing

more than the best approximation of fk from Vk−1 in the L2 norm on [a, b].

4. Tensor-product decomposition and reconstruction. In this section we
discuss decomposition and reconstruction of functions in tensor product spaces Vk×Ṽ
,
where the Vk are as in the previous section and where Ṽ
 are similar subspaces of an
inner-product space X̃. In particular, suppose

Ṽ0 ⊂ Ṽ1 ⊂ · · · ⊂ Ṽ
 ⊂ · · ·

and that

Ṽ
 = Ṽ
−1 ⊕ W̃
−1.

Let Pk, Qk, Gk, and Hk be as in the previous section, and let P̃
, Q̃
, G̃
, and H̃
 be
the analogous matrices associated with the spaces Ṽ
.
Theorem 4.1. Let fk,
 = ϕTkAk,
ϕ̃
 be a function in Vk × Ṽ
 associated with a

coefficient matrix Ak,
. Then fk,
 has the orthogonal decomposition

fk,
 = fk−1,
−1 + g
(1)
k−1,
−1 + g

(2)
k−1,
−1 + g

(3)
k−1,
−1,(4.1)

with

fk−1,
−1 =ϕTk−1Ak−1,
−1ϕ̃
−1 ∈ Vk−1 × Ṽ
−1,

g
(1)
k−1,
−1 =ϕTk−1B

(1)
k−1,
−1ψ̃
−1 ∈ Vk−1 × W̃
−1,

g
(2)
k−1,
−1 =ψTk−1B

(2)
k−1,
−1ϕ̃
−1 ∈ Wk−1 × Ṽ
−1,

g
(3)
k−1,
−1 =ψTk−1B

(3)
k−1,
−1ψ̃
−1 ∈ Wk−1 × W̃
−1,

where the matrices Ak−1,
−1, B
(1)
k−1,
−1, B

(2)
k−1,
−1, and B

(3)
k−1,
−1 are computed from

the system of equations

Gk−1Ak−1,
−1G̃
−1 = PT
k Dk,
P̃
,

Gk−1B
(1)
k−1,
−1H̃
−1 = PT

k Dk,
Q̃
,

Hk−1B
(2)
k−1,
−1G̃
−1 = QT

kDk,
P̃
,

Hk−1B
(3)
k−1,
−1H̃
−1 = QT

kDk,
Q̃


(4.2)
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with

Dk,
 := GkAk,
G̃
.

Moreover,

Ak,
 = PkAk−1,
−1P̃
T

 + PkB

(1)
k−1,
−1Q̃

T

 + QkB

(2)
k−1,
−1P̃

T

 + QkB

(3)
k−1,
−1Q̃

T

 .(4.3)

Proof. To find the formula for Ak−1,
−1, we take the inner-product of both sides
of (4.1) with ϕk−1,i for i = 1, . . . ,mk−1 and with ϕ̃
−1,j for j = 1, . . . , m̃
−1. The

formulae for the B
(i)
k−1,
−1 are obtained in a similar way. The reconstruction formula

(4.3) follows directly from (4.1) after inserting the refinement relations and using the
linear independence of the components of the vectors ϕk and in ϕ̃
.

Note that computing the matrices Ak−1,
−1 and B
(i)
k−1,
−1 in a decomposition

step can be done quite efficiently since several matrix products occur more than once,
and we need only solve linear systems of equations involving the four matrices Gk−1,

Hk−1, G̃
−1, and H̃
−1. As we shall see below, in our setting the first two of these are
banded matrices, and the second two are periodic versions of banded matrices. All of
them can be precomputed and stored in compact form.

5. The decomposition matrices for the polynomial splines. In this section
we construct the matrices Pk, Qk, and Gk needed for the decomposition and recon-
struction of quadratic polynomial splines on the closed interval [−π/2, π/2]. Consider
the nested sequence of knots

−π/2 = xk1 = xk2 = xk3 < xk4 < · · · < xkmk
< xkmk+1 = xkmk+2 = xkmk+3 = π/2,

where

xki = −π/2 + (i− 3)hk, i = 4, . . . ,mk,(5.1)

with hk = π/(mk − 2) and mk = 3 · 2k + 2. Let {ϕk,i}mk
i=1 be the associated quadratic

B-splines with supports on the intervals [xki , x
k
i+3], i = 1, . . . ,mk. We assume they

are normalized so that

mk∑
i=1

ϕk,i ≡ 1.(5.2)

We choose this normalization since in performing compression we want to control
the error in the uniform norm. For each k, the span Vk of ϕk,1, . . . , ϕk,mk

is the mk

dimensional linear space of C1 quadratic splines with knots at the xki . These spaces
are clearly nested. In addition to the well-known refinement relations

ϕk−1,i =
(ϕk,2i−3 + 3ϕk,2i−2 + 3ϕk,2i−1 + ϕk,2i)

4
, i = 3, . . . ,mk−1 − 2,(5.3)

a simple computation shows that

ϕk−1,1 = (4ϕk,1 + 2ϕk,2)/4,

ϕk−1,2 = (2ϕk,2 + 3ϕk,3 + ϕk,4)/4,

ϕk−1,mk−1−1 = (2ϕk,mk−1 + 3ϕk,mk−2 + ϕk,mk−3)/4,

ϕk−1,mk−1
= (4ϕk,mk

+ 2ϕk,mk−1)/4.

(5.4)
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Equations (5.3), (5.4) provide the entries for the matrix Pk. In particular, the first
two and last two columns are determined by (5.4), while for any 3 ≤ i ≤ mk−1 − 2,
the ith column of Pk contains all zeros except for the four rows 2i − 3, . . . , 2i which
contain the numbers 1/4, 3/4, 3/4, and 1/4. For example,

P1 =
1

4




4 0 0 0 0
2 2 0 0 0
0 3 1 0 0
0 1 3 0 0
0 0 3 1 0
0 0 1 3 0
0 0 0 2 2
0 0 0 0 4




.

In general, Pk has at most two nonzero entries in each row and at most four nonzero
entries in each column.

In order to compute the entries of the matrices Qk, we need explicit bases for the
wavelet spaces Wk−1 on the interval [−π/2, π/2]. Although their construction is well
known, for completeness we give details. Let nk−1 = mk −mk−1 = 3 · 2k−1.
Theorem 5.1. Given k ≥ 1, let

ψk−1,1 :=

6∑
j=1

qj,1ϕk,j ,

ψk−1,nk−1
:=

6∑
j=1

qj,1ϕk,mk−j+1,

and for k ≥ 2, let

ψk−1,2 :=

8∑
j=2

qj,2ϕk,j ,

ψk−1,nk−1−1 :=

8∑
j=2

qj,2ϕk,mk−j+1,

where




q1,1
q2,1
q3,1
q4,1
q5,1
q6,1


 =

1

14




−6864
8346
−4967

2083
−406

14


 ,




q2,2
q3,2
q4,2
q5,2
q6,2
q7,2
q8,2




=
1

11




780
−1949

3481
−3362

1618
−319

11




.(5.5)

In addition, for k ≥ 2, let

ψk−1,i := −ϕk,2i−3 + 29ϕk,2i−2 − 147ϕk,2i−1 + 303ϕk,2i − 303ϕk,2i+1

+ 147ϕk,2i+2 − 29ϕk,2i+3 + ϕk,2i+4

(5.6)
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for i = 3, . . . , nk−1 − 2, and set

ψ0,2 := −ϕ1,2 +
5

2
ϕ1,3 − 9

2
ϕ1,4 +

9

2
ϕ1,5 − 5

2
ϕ1,6 + ϕ1,7.

Then ψk−1,1, . . . , ψk−1,nk−1
form a basis for Wk−1.

Proof. The wavelets in (5.6) are just the well-known quadratic spline wavelets;
see, e.g., [1]. The coefficients of the boundary wavelets ψk−1,1, ψk−1,nk−1

, ψk−1,2,
and ψk−1,nk−1−1 can be computed by forcing orthogonality to Vk−1. In view of (3.3),
the wavelets ψk−1,1, . . . , ψk−1,nk−1

are linearly independent if and only if the matrix
Qk is of full rank. This follows since the submatrix of Qk obtained by taking rows
2, 4, . . . , 3 · 2k−1 and 3 · 2k−1 + 3, 3 · 2k−1 + 5, . . . , 3 · 2k + 1 can easily be seen to be
diagonally dominant. For an alternate proof of linear independence, see Lemma 11 of
[7].

Using elementary properties of B-splines, it is easy to see that

ψk−1,i(±π/2) = 0, i = 2, . . . , nk−1 − 1,

Dθψk−1,i(±π/2) = 0, i = 3, . . . , nk−1 − 2.
(5.7)

We now describe the matrices Qk. By Theorem 5.1,

Q1 =




q1,1 0 0
q2,1 −1 0
q3,1 5/2 q6,1
q4,1 −9/2 q5,1
q5,1 9/2 q4,1
q6,1 −5/2 q3,1
0 1 q2,1
0 0 q1,1




and

Q2 =




q1,1 0 0 0 0 0
q2,1 q2,2 0 0 0 0
q3,1 q3,2 −1 0 0 0
q4,1 q4,2 29 0 0 0
q5,1 q5,2 −147 −1 0 0
q6,1 q6,2 303 29 0 0
0 q7,2 −303 −147 q8,2 0
0 q8,2 147 303 q7,2 0
0 0 −29 −303 q6,2 q6,1
0 0 1 147 q5,2 q5,1
0 0 0 −29 q4,2 q4,1
0 0 0 1 q3,2 q3,1
0 0 0 0 q2,2 q2,1
0 0 0 0 0 q1,1




.

For general k ≥ 2, the nonzero elements in the third column of Qk are repeated in
columns 4, . . . , nk−1−2, where in each successive column they are shifted down by two
rows. The first two and last two columns of Qk contain the same nonzero elements
as Q2. Clearly, Qk has at most four nonzero entries in each row and at most eight
nonzero entries in each column.
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We now describe the Gram matrices Gk, which in general are symmetric and
five-banded. To get Gk, we start with the matrix with 66hk/120 on the diagonal,
26hk/120 on the first subdiagonal, and hk/120 on the second subdiagonal. Then
replace the entries in the 3× 3 submatrices in the upper left and lower right corners
by

ULk :=
hk
120


 24 14 2

14 40 25
2 25 66


 , LRk :=

hk
120


 66 25 2

25 40 14
2 14 24


 .

For example,

G0 =
h0

120




24 14 2 0 0
14 40 25 1 0
2 25 66 25 2
0 1 25 40 14
0 0 2 14 24




and

G1 =
h1

120




24 14 2 0 0 0 0 0
14 40 25 1 0 0 0 0
2 25 66 26 1 0 0 0
0 1 26 66 26 1 0 0
0 0 1 26 66 26 1 0
0 0 0 1 26 66 25 2
0 0 0 0 1 25 40 14
0 0 0 0 0 2 14 24




.

6. The decomposition matrices for the trigonometric splines. In this
section we present the matrices P̃
, Q̃
, and G̃
 needed for the decomposition and
reconstruction of periodic trigonometric splines of order 3 defined on the interval
[0, 2π]. Suppose ( ≥ 1 and that

x̃
i = (i− 1)h̃
, i = 1, . . . , m̃
 + 3,(6.1)

is a nested sequence of knots, where h̃
 = 2(1−
)π/3 and m̃
 = 3 · 2
. Let

M
,i(φ) := Th̃�
(φ− x̃
i),

where

Th(φ) :=




sin(φ/2)2

sin(h/2) sin(h) , 0 ≤ φ ≤ h,

1
cos(h/2) − sin((φ−h)/2)2+sin((2h−φ)/2)2

sin(h/2) sin(h) , h ≤ φ ≤ 2h,

sin((3h−φ)/2)2

sin(h/2) sin(h) , 2h ≤ φ ≤ 3h,

0, otherwise

(6.2)

is the usual trigonometric B-spline of order 3 associated with uniformly spaced knots
(0, h, 2h, 3h). Set

ϕ̃
,i(φ) =

{
M
,i(φ), i = 1, . . . , m̃
 − 2,

M
,i(φ) + M
,i(φ− 2π), i = m̃
 − 1, m̃
.
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For later use we define ϕ̃

,m̃�+i

= ϕ̃
,i for i = 1, . . . , 6. With this normalization, the

ϕ̃
,i satisfy (2.1)–(2.3), and it follows that

m̃�∑
i=1

ϕ̃
,i ≡ 1

cos(h̃
)
≤ 2(6.3)

for ( ≥ 1.
The span Ṽ
 of ϕ̃
,1, . . . , ϕ̃
,m̃�

is the space of periodic trigonometric splines of

order 3. Clearly, these spaces are nested, and in fact we have the following refinement
relation.
Theorem 6.1. For all ( ≥ 1 and 1 ≤ i ≤ m̃
−1,

ϕ̃
−1,i = u(h̃
)ϕ̃
,2i−1 + v(h̃
)ϕ̃
,2i + v(h̃
)ϕ̃
,2i+1 + u(h̃
)ϕ̃
,2i+2,(6.4)

where

u(h) :=
1

4 cos(h/2) cos(h)
, v(h) :=

cos(h/2)

cos(h)
− u(h).

Proof. By nestedness and the nature of the support of Th,

T2h(φ) = u(h)Th(φ) + v(h)Th(φ− h) + w(h)Th(φ− 2h) + z(h)Th(φ− 3h)

for some numbers u, v, w, z. By symmetry, it is enough to compute u and v. To find
u, we note that on [0, h],

T2h(φ) = u(h)Th(φ).

Then using (6.2) we can solve for u. To find v we note that

T2h(2h) = u(h)Th(2h) + v(h)Th(h),

and then solve for v using (6.2).

Theorem 6.1 can now be used to find the entries in the matrix P̃
 needed in sec-
tion 2. In particular, each column has exactly the four nonzero elements u(h̃
), v(h̃
),
v(h̃
), u(h̃
), starting in the first row in column 1, and shifted down by two rows each
time we move one column to the right (where in the last column the last two elements
are moved to the top of the column). For example,

P̃1 :=




u(h̃1) 0 v(h̃1)
v(h̃1) 0 u(h̃1)
v(h̃1) u(h̃1) 0
u(h̃1) v(h̃1) 0

0 v(h̃1) u(h̃1)
0 u(h̃1) v(h̃1)


 .

Next we describe a basis for the wavelet space W̃
−1 on [0, 2π] which has dimension
ñ
−1 = 3 · 2
−1 for ( ≥ 1.
Theorem 6.2. Given ( ≥ 1, let

ψ̃
−1,i =

7∑
j=0

q̃j(h̃
)ϕ̃
,2i+j−1, i = 1, . . . , ñ
−1,(6.5)
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where

q̃0(h) = 1,

q̃1(h) =
−h + 5h cos(h)− h cos(2h)− 3 sin(h)

D(h)
,

q̃2(h) =
3h− 7h cos(h)− 5h cos(2h) + 3 sin(3h)

D(h)
,

q̃3(h) =
−2h− 7h cos(h) + 4h cos(2h)− 4h cos(3h) + 3 sin(3h)

D(h)
,

and

q̃7−j(h) = −q̃j(h), j = 0, . . . , 3,

with

D(h) := 2h + h cos(h)− 3 sin(h).

Then ψ̃
−1,1, . . . , ψ̃
−1,ñ�−1
is a basis for the space W̃
−1.

Proof. To construct wavelets in W̃
−1, we apply [8, Theorem 5.1], which gives
explicit formulae for the q̃i in terms of inner-products of ϕ̃
,i with ϕ̃
−1,j . To show

that ψ̃
−1,1, . . . , ψ̃
−1,ñ�−1
are linearly independent, it suffices to show that Q̃
 is of

full rank. To see this, we construct an ñ
−1 × ñ
−1 matrix B
 by moving the last

column of Q̃
 in front of the first column and then selecting rows 2, 4, . . . , m̃
. We
now show that this matrix is strictly diagonally dominant, and thus of full rank.

First, we note that in each row of B
 the element on the diagonal is q̃3(h̃
) while the
sum of the absolute values of the off-diagonal elements is |q̃1(h̃
)|+ |q̃5(h̃
)|+ |q̃7(h̃
)|.
A simple computation shows that each of the functions D(h) and ri(h) := q̃i(h)D(h)
has a Taylor expansion which is an alternating series. In particular, using the first
two terms of each series, we get

D(h) >h5[1/60− h2/1260] > 0,

r1(h) <h5[−29/60 + 26h2/315] < 0,

r2(h) >h5[49/20− 89h2/105] > 0,

r3(h) <h5[−101/20 + 1009h2/420] < 0

for 0 ≤ h ≤ π/3 = h̃1. Now it is easy to see that

a(h) :=
[|q̃3(h)| − |q̃1(h)| − |q̃5(h)| − |q̃7(h)|]D(h) = −r3(h)− r2(h) + r1(h)−D(h)

also has an alternating series expansion, and we get

a(h) > h5[71/10− 103h2/70] > 0

for the same range of h. This shows that B
 is strictly diagonally dominant, and the
proof is complete.
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The formulae for the q̃i in Theorem 6.2 are not appropriate for small values of
h̃
−1. In this case we can use the following Taylor expansions:

q̃0(h) = 1,

q̃1(h) = −29 +
25

7
h2 − 103

588
h4 +

1255

271656
h6 + · · · ,

q̃2(h) = 147− 307

7
h2 +

3301

588
h4 − 545273

1358280
h6 + · · · ,

q̃3(h) = −303 +
908

7
h2 − 3131

147
h4 +

642583

339570
h6 + · · · .

Rather than computing them each time we need them, we can precompute and
store the necessary values of q̃1(h̃
), q̃2(h̃
), and q̃3(h̃
) for various levels (; see Ta-

ble 1. We can now describe the matrix Q̃
 needed in section 2 for decomposing and
reconstructing with trigonometric splines. For ( = 1 we have

Q̃1 =




q̃0 + q̃6 q̃4 q̃2
q̃1 + q̃7 q̃5 q̃3

q̃2 q̃0 + q̃6 q̃4
q̃3 q̃1 + q̃7 q̃5
q̃4 q̃2 q̃0 + q̃6
q̃5 q̃3 q̃1 + q̃7


 ,

where all q̃i are evaluated at h̃1. For ( ≥ 2, each column of Q̃
 contains the eight
entries q̃0, q̃1, q̃2, q̃3, q̃4, q̃5, q̃6, q̃7, evaluated at h̃
. In particular, these entries start in
row 1 in column 1 and are shifted down by two each time we move one column to the
right (where in the last three columns, entries falling below the last row are moved to

the top). Clearly, Q̃
 has exactly four nonzero entries in each row. For example,

Q̃2 =




q̃0 0 0 q̃6 q̃4 q̃2
q̃1 0 0 q̃7 q̃5 q̃3
q̃2 q̃0 0 0 q̃6 q̃4
q̃3 q̃1 0 0 q̃7 q̃5
q̃4 q̃2 q̃0 0 0 q̃6
q̃5 q̃3 q̃1 0 0 q̃7
q̃6 q̃4 q̃2 q̃0 0 0
q̃7 q̃5 q̃3 q̃1 0 0
0 q̃6 q̃4 q̃2 q̃0 0
0 q̃7 q̃5 q̃3 q̃1 0
0 0 q̃6 q̃4 q̃2 q̃0
0 0 q̃7 q̃5 q̃3 q̃1




,

where all q̃i are evaluated at h̃2. Table 1 gives the values of q̃1(h̃k), q̃2(h̃
), and q̃3(h̃
)

for ( = 1, . . . , 12 needed for the Q̃
.
Finally, we describe the Gram matrices.
Theorem 6.3. For ( ≥ 1, the 3 · 2
 × 3 · 2
 Gram matrix G̃
 associated with the
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Table 1
Trigonometric spline wavelet coefficients for various �.

� q̃1(h̃�) q̃2(h̃�) q̃3(h̃�)

1 −25.288158402784911895 105.15263361113964758 −184.01710881949438326
2 −28.033943811096385992 135.39009725820806026 −269.00057271914225083
3 −28.756039535012008061 144.02032194736046124 −294.20897139729685258
4 −28.938855942719881876 146.25016593522229565 −300.78362470238002386
5 −28.984704348047217637 146.81223291013457079 −302.44473588115810747
6 −28.996175484404513950 146.95303891951439472 −302.86111072242944246
7 −28.999043833434183593 146.98825852278080426 −302.96527310098241998
8 −28.999760956004299506 146.99706455524617238 −302.99131798899351388
9 −28.999940238853933503 146.99926613409589417 −302.99782947935722381
10 −28.999985059704287025 146.99981653322924416 −302.99945736872110255
11 −28.999996264925496984 146.99995413328889043 −302.99986434211038783
12 −28.999999066231338323 146.99998853332107132 −302.99996608552322897

ϕ̃
,i is given by

G̃
 :=




I00 I01 I02 0 · · · 0 I02 I01
I01 I00 I01 I02 0 · · · 0 I02
I02 I01 I00 I01 I02 · · · 0 0

. . .
. . .

. . .
. . .

. . .
. . .

0 0 · · · I02 I01 I00 I01 I02
I02 0 · · · 0 I02 I01 I00 I01
I01 I02 0 · · · 0 I02 I01 I00




,

where

I02 :=

∫ x̃�
i+1

x̃�
i

ϕ̃
,i ϕ̃
,i−2 = γ
[4h̃
 + 2h̃
 cos(2h̃
)− 3 sin(2h̃
)],

I01 :=

∫ x̃�
i+2

x̃�
i

ϕ̃
,i ϕ̃
,i−1 = γ
[−4h̃
 − 20h̃
 cos(2h̃
) + 6 sin(2h̃
) + 3 sin(4h̃
)],

I00 :=

∫ x̃�
i+3

x̃�
i

ϕ̃2

,i = γ
[4h̃
 cos(2h̃
) + 8h̃
 cos(4h̃
) + 24h̃
 − 6 sin(2h̃
)− 6 sin(4h̃
)],

with

γ
 :=
1

64 sin(h̃
)4 cos(h̃
)2
.

Moreover,

G̃0 :=


 I00 I01 + I02 I01 + I02

I01 + I02 I00 I01 + I02
I01 + I02 I01 + I02 I00


 .
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Table 2
Inner products of trigonometric B-splines for various �.

� I00/h̃� I01/h̃� I02/h̃�

0 2.0000000000000000000 0.9423311143775626914 0.05766888562243730858

1 0.7173865882718287392 0.29529339212946177894 0.012679980401290518133

2 0.5863256235682111689 0.23350674787359713392 0.009228825204542694601

3 0.5587848830466661676, 0.22072647211850900468 0.008547276418657547047

4 0.5521783423263619826 0.21767257645539869275 0.008386225140326574126

5 0.5505434780490859489 0.21691758424366982979 0.008346519562452568337

6 0.5501358004443718685 0.21672936114999970712 0.008336627601639628844

7 0.5500339457967328606 0.21668233810682990252 0.008334156757445556228

8 0.5500084861795729324 0.21667058439043531220 0.008333539180427623907

9 0.5500021215280431720 0.21666764608909212581 0.008333384794548569195

10 0.5500005303809576733 0.21666691152174074237 0.008333346198602246618

11 0.5500001325951735985 0.21666672788040191760 0.008333336549648380680

12 0.5500000331487892859 0.21666668197009840015 0.008333334137411958859

Proof. Using (6.2), the necessary integrals can be computed directly.
The formulae in Theorem 6.3 are clearly not appropriate for small values of h̃
,

in which case the following formulae can be used:

I02 =
h̃

120

[
1 +

31

21
h̃2

 +

134

105
h̃4

 +

2971

3465
h̃6

 + · · ·

]
,

I01 =
13h̃

60

[
1 +

295

273
h̃2

 +

146

195
h̃4

 +

299

693
h̃6

 + · · ·

]
,

I00 =
11h̃

20

[
1 +

71

77
h̃2

 +

674

1155
h̃4

 +

12233

38115
h̃6

 + · · ·

]
.

Table 2 contains the values of I00/h̃
, I01/h̃
, and I02/h̃
 for ( = 1, . . . , 12.

7. Implementation.

7.1. Decomposition. The decomposition procedure begins with a tensor spline
of the form (1.1) based on polynomial splines ϕk,i(θ) at a given level k ≥ 1 and periodic
trigonometric splines ϕ̃
,j(φ) at a given level ( ≥ 1 with coefficient matrix C := Ak,

of size mk × m̃
. To carry out one step of the decomposition, we solve the systems

(4.2) for Ak−1,
−1, B
(1)
k−1,
−1, B

(2)
k−1,
−1, B

(3)
k−1,
−1 and set

C =

(
Ak−1,
−1 B

(1)
k−1,
−1

B
(2)
k−1,
−1 B

(3)
k−1,
−1

)
.(7.1)

To continue the decomposition, we now carry out the same procedure on the matrix
Ak−1,
−1. This process can be repeated at most min(k, ()−1 times, where at each step
the new spline coefficients and wavelet coefficients are stored in C. Thus, the entire
decomposition process requires no additional storage beyond the original coefficient
matrix.
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The systems of equations (4.2) which have to be solved to carry out each step of
the decomposition process can be efficiently solved due to their tensor nature. All of
the matrices that have to be inverted are symmetric positive definite and are either
banded or periodic banded. In particular, Gk is five-banded and Hk is seven-banded,
while G̃
 and H̃
 are periodic five-banded and seven-banded, respectively. In our im-
plementation we created special code to compute the band-Cholesky decompositions.

The matrices Hk, Gk, G̃
, and H̃
 are fixed and do not depend on the particular
spline being processed. Thus, they can be precomputed and stored in the program.

7.2. Thresholding. Typically, at each step of the decomposition, many of the

entries in the matrices B
(i)
k−j,
−j of wavelet coefficients will be quite small. Thus, to

achieve compression, these can be removed by a thresholding process. In view of (5.7),
tangent plane continuity will be maintained at the poles if we retain all coefficients
in the first two and last two rows of these matrices. As a guide to the thresholding
process, we now estimate the effect of removing a set of wavelet coefficients.
Theorem 7.1. Suppose

s = (ϕTk−1 ψTk−1 )C

(
ϕ̃
−1

ψ̃
−1

)
,

where C is the matrix in (7.1) and ϕTk−1, ψ
T
k−1, ϕ̃
−1, ψ̃
−1 are vectors of basis functions

as in (3.2) and (3.4). Given ε > 0, let ŝ be the associated spline where the coefficients
cij in C are set to zero whenever

|cij | <
{

ε if cij ∈ B
(1)
k−1,
−1 ∪B

(2)
k−1,
−1,

ε/300 if cij ∈ B
(3)
k−1,
−1.

Then

‖s− ŝ‖∞ ≤ 4000 ε.(7.2)

Proof. Let Zν be the sets of indices i, j of coefficients in B
(ν)
k−1,
−1 which are set

to zero. Then

(7.3)

s− ŝ =
∑

(i,j)∈Z1

cijϕk−1,iψ̃
−1,j +
∑

(i,j)∈Z2

cijψk−1,iϕ̃
−1,j +
∑

(i,j)∈Z3

cijψk−1,iψ̃
−1,j .

We now estimate the size of the first sum. Let q̃
(
)
rj be the entries of the matrix Q̃
, so

that ψ̃
−1,j =
∑
r q̃

(
)
rj ϕ̃
,r. Then using |cij | < ε along with (6.3) and (5.2), we have

∣∣∣∣∣∣
∑

(i,j)∈Z1

cijϕk−1,i

∑
r

q̃
(
)
rj ϕ̃
,r

∣∣∣∣∣∣ ≤ ε
∑
r


∑

j

|q̃(
)
rj |

 ϕ̃
,r ≤ 2ε‖Q̃
‖∞,

where ‖Q̃
‖∞ is the matrix norm subordinate to the vector infinity norm.
Similar estimates hold for the other two sums in (7.3), and thus

|(s− ŝ)(θ, φ)| ≤ ε

(
2‖Q̃
‖∞ + ‖Qk‖∞ +

2‖Q̃
‖∞‖Qk‖∞
300

)
.(7.4)



SPHERICAL WAVELETS 739

It is clear that

‖Qk‖∞ =
51363

77
< 668,

and using Mathematica, it can be seen that

‖Q̃
‖∞ =
128h̃
 cos( h̃�

2 )2 sin( h̃�

2 )4

2h̃
 + h̃
 cos(h̃
)− 3 sin(h̃
)
≤ 480.

The last inequality follows by expanding the fraction into an alternating series in h̃

around 0. Inserting these estimates in (7.4) gives (7.2).

The large size of the constant in (7.2) is due to the way in which the wavelets have
been scaled, and in fact, is quite pessimistic. In practice we have observed numerically
that ‖s− ŝ‖∞ is usually about 100 times as large as ε.

Theorem 7.1 leads immediately to several reasonable thresholding algorithms.
For example, we can simply remove coefficients as described in the theorem. Alter-
natively (and this is what we do in the experiments below), at the jth level we can

use a threshold of ε/2j−1 for the coefficients in B
(1)
k−j,
−j ∪ B

(2)
k−j,
−j and a threshold

of ε/(300 · 2j−1) for the coefficients in B
(3)
k−j,
−j . This level-dependent thresholding

scheme retains more coefficients at the coarser levels.

7.3. Reconstruction. In view of (4.3), to carry out one reconstruction step

simply involves matrix multiplication involving the matrices Pk, Qk, P̃
, and Q̃
. These
matrices are fixed and do not depend on the particular spline being operated on. Since
they are also very sparse, we can simply store their entries in the program.

7.4. Storage. Due to their special structure, all of the fixed matrices needed to
describe both decomposition and reconstruction can be stored in band form. This will
require O(max(N, Ñ)) storage, assuming that the largest starting coefficient matrix is
of size N × Ñ . It is clear that in carrying out both decomposition and reconstruction,
all of the coefficients arising in the intermediate steps can be stored in the original
coefficient matrix C. Thus, it follows that the total amount of storage needed is
N × Ñ +O(max(N, Ñ)).

7.5. Complexity. To carry out one decomposition step on an initial coefficient
matrix C of size N × Ñ , we need to solve Ñ systems of size N × N and then N
systems of size Ñ × Ñ . Since these systems are at most seven-banded (or periodic
seven-banded) and positive definite, the total operation count is O(N × Ñ). Since at
each level of decomposition the number of coefficients to be dealt with is reduced by
a factor of 4, it follows that the total operation count for decomposition is of order
O(N × Ñ).

To compute the total operation count for reconstruction, we first discuss the step
that produces the coefficients at the finest level. This step requires multiplication
by matrices with at most eight nonzero elements in each row or column. Thus the
complexity for this step is O(N × Ñ). Adding up the operations required for the
coarser steps, it follows that the total operation count for reconstruction is also O(N×
Ñ).

7.6. Conditioning. Using Mathematica, we computed the sup-norm condition
numbers of the matrices Gk, Hk, G̃
, and H̃
 for 1 ≤ k ≤ 9. The results are shown
in Table 3. Since none of the condition numbers exceeds 13, we conclude that the
algorithm is highly robust.
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Table 3
Condition numbers of the Gram matrices.

k Gk G̃k Hk H̃k

1 12.9273 8.76272 4.09545 4.85975

2 12.8056 7.77962 4.94326 4.36433

3 12.8048 7.56795 5.01714 4.25737

4 12.8048 7.51687 5.01762 4.23155

5 12.8048 7.50421 5.01762 4.22515

6 12.8048 7.50105 5.01762 4.22355

7 12.8048 7.50026 5.01762 4.22316

8 12.8048 7.50007 5.01762 4.22306

9 12.8048 7.50002 5.01762 4.22303

Table 4
Computational times.

.
k � Coefficients Seconds

6 6 37,248 .87

7 7 148,224 3.51

8 8 591,360 14.19

8 9 1,182,720 28.76

9 9 2,362,368 57.41

7.7. Timing. Due to the efficient coding, both decomposition and reconstruc-
tion are extremely fast. Table 4 lists the computational times for full decomposition
and reconstruction for various choices of k and (. The table clearly shows that the
computational time depends linearly on the number of coefficients in the initial spline.
The computation was done on a Sun Ultra 1 with a 167 MHz Sun UltraSPARC CPU
with 512 KB cache.

8. Almost tangent plane continuity. In the method described above, we do
not allow the thresholding process to remove coefficients in the first two and last two

rows of the wavelet matrices B
(i)
k−j,
−j . This is required to guarantee tangent plane

continuity at the poles and is a disadvantage since retaining these coefficients reduces
compression rates.

It is easy to see that the number of retained coefficients at the poles at level k, (
is at most 6m̃
, and thus after performing min(k, ()− 1 decomposition steps, at most
12m̃
 coefficients are retained at the poles. Since the number of initial coefficients is
mk × m̃
, it follows that the compression rate is bounded above by

mk × m̃


12m̃

=

mk

12
≈ 2k−2.

The limit on compression rates with tangent plane continuity is thus 64 and 128 for
k = 8 and k = 9, respectively.

It is easy to modify the thresholding process described in section 7.2 to get much
higher compression rates at the expense of losing exact smoothness at the poles. There
are two possibilities:
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(T 0) We allow coefficients in the second and next-to-last rows of the matrices

B
(i)
k−j,
−j to be removed by thresholding,

(T−1) We allow all coefficients in matrices B
(i)
k−j,
−j to be removed by thresholding.

In both cases we get a reconstructed surface that is still tangent plane continuous
at all nonpolar points. With strategy T 0, we lose exact tangent-plane continuity at
the poles (but still have it approximately). With strategy T−1, we may even lose
continuity of the surface at the poles. If we are willing to accept minor artifacts at
the poles, then much higher compression rates can be achieved. The corresponding
algorithms based on thresholding strategies T 0 and T−1 both require exactly the
same storage as in the restricted case, and also have the same efficiency and stability
properties. We compare the performance of the various algorithms in the following
section.

9. Examples. To test the general performance of the algorithms, we begin with
the following simple example.

Example 1. Let k = 8 and ( = 9, and let s be the tensor spline with coefficients

cij = cos((x̃9
j+2 − x̃9

j+1)/2), i = 1, . . . ,m8, j = 1, . . . , m̃9.

Discussion. Since the normalized quadratic B-splines form a partition of unity,
it follows from (2.1) that with these coefficients, s ≡ 1 for all (θ, φ) ∈ H, i.e, the
corresponding surface is exactly the unit sphere. In this case the coefficient matrix
is of size 770 × 1536 and involves 1,182,720 coefficients. To test the algorithms, we
performed decomposition with various values of ε, including zero. In all cases, after
reconstruction we got coefficients that were correct to machine accuracy (working in
double precision).

To illustrate the ability of our multiresolution approach to achieve high levels of
compression while retaining important features of a surface, we created a tensor spline
fit to a smooth surface with a number of bumps.

Example 2. Let B be the surface shown in the upper left-hand corner of Figure 1.
Discussion. The surface B was created by fitting a spline f8,8 to data created

by choosing 10 random sized subrectangles at random positions in H and adding
tensor product quadratic B-splines of maximum height 3/4 with support on each such
rectangle to the constant values corresponding to the unit sphere. For k = ( = 8, the
coefficient matrix is of size 770 × 768 and involves 591,360 coefficients. To test the
algorithms, we performed decomposition with the thresholding values εr = 10−r for
r = 1, . . . , 9. Table 5 shows the number of coefficients nco remaining at each level
for the case where ε = .001. Almost 3/4 of the coefficients are removed in the first
step of decomposition, and after seven steps we end up with only 9734 coefficients
(which amounts to a 60:1 compression ratio). Table 6 shows the differences between
the original coefficients and the coefficients obtained after reconstruction. The table
lists both the maximum norm

e∞ := max
ij
|cij − c̃ij |

and the average (1 norm

e1 :=

∑
ij |cij − c̃ij |

mm̃
,

where cij are the original coefficients and c̃ij are the reconstructed ones.
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ε = 0, nco = 591360 ε = .0001, nco = 11089

ε = .001, nco = 9734 ε = .01, nco = 9261

Fig. 1. Compressed surfaces for Example 2.

Table 5
Number, nco, of retained coefficients for Example 2 with ε = .001.

Step nco

0 591360
1 152832
2 44160
3 17486
4 11209
5 9863
6 9737
7 9734



SPHERICAL WAVELETS 743

Table 6
Coefficient errors in Example 2 for selected ε.

ε nco e∞ e1

0 591360 0 0
10 (-9) 110466 5.54 (-7) 2.75 (-8)
10 (-8) 74332 6.93 (-6) 2.34 (-7)
10 (-7) 44967 5.16 (-5) 1.80 (-6)
10 (-6) 25409 3.69 (-4) 1.38 (-5)
10 (-5) 14992 3.07 (-3) 7.93 (-5)
10 (-4) 11089 1.16 (-2) 4.56 (-4)
10 (-3) 9734 3.92 (-2) 2.62 (-3)
10 (-2) 9261 1.80 (-1) 1.49 (-2)
10 (-1) 9192 6.22 (-1) 3.93 (-2)

Table 7
Example 2 with ε = .0001 using T 0 and T−1 thresholding.

Step nco

0 591360
1 150528
2 40846
3 13945
4 7812
5 6728
6 6704
7 6703

Step nco

0 591360
1 148224
2 37390
3 9929
4 3521
5 2316
6 2278
7 2277

The surfaces corresponding to the values ε = 0, 10−4, 10−3, 10−2 are shown in
Figure 1. At ε = .0001 we get near perfect looking reconstruction, while at ε = .001
the major features are reproduced with only small wiggles in the surface. At ε = .01
we have somewhat larger errors in the surface.

We now present analogous results for Example 2 using the modified thresholding
procedures of section 8. Table 7 shows the numbers of coefficients remaining after
thresholding with ε = .0001 using the strategies T 0 and T−1. In this case the original
591,360 coefficients are reduced to 6703 and 2277, respectively, after seven decompo-
sition steps. This corresponds to compression ratios of 88.22 and 259.71, respectively.

To illustrate the accuracy of the modified thresholding procedures, in Table 8 we
list the maximum and average (1 errors in the coefficient vector of Example 2 after
reconstruction using the thresholding strategy T−1. As can be seen by comparing with
Table 6, the accuracies are essentially the same as with restricted thresholding, but
with much higher compression ratios. The errors corresponding to T 0 thresholding
are very similar.

The reconstructed surfaces corresponding to T 0 and T−1 thresholding look almost
identical to those shown in Figure 1, with only small disturbances at the poles for
larger values of ε. To get an idea of what such disturbances look like, in Figure 2
we show polar views of the reconstructed surface for Example 2 in the case ε = .001.
The results for T 0 and T−1 are shown on the left and right, respectively. The pole is
located midway between the “ears” and is virtually invisible for T 0 thresholding.

10. Remarks.
Remark 10.1. For convenience, we have elected to use orthogonal wavelets in

both the polynomial and the trigonometric spline spaces. This leads to linear sys-
tems with very small band size which can be solved efficiently. The need to solve
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Table 8
Coefficient errors in Example 2 with T−1 thresholding.

ε nco e∞ e1

0 591360 0 0
10 (-9) 103251 5.54 (-7) 2.77 (-8)
10 (-8) 66720 6.93 (-6) 2.37 (-7)
10 (-7) 37015 5.80 (-5) 1.82 (-6)
10 (-6) 17089 3.69 (-4) 1.42 (-5)
10 (-5) 6391 3.08 (-3) 8.31 (-5)
10 (-4) 2277 1.39 (-2) 4.86 (-4)
10 (-3) 776 5.85 (-2) 3.07 (-3)
10 (-2) 156 2.88 (-1) 1.78 (-2)
10 (-1) 48 6.21 (-1) 4.85 (-2)

ε = .001, nco = 5276 ε = .001, nco = 776

Fig. 2. Surfaces with T 0 and T−1 thresholding.

such systems could be avoided altogether with the use of appropriate (but possibly
complicated) biorthogonal bases. However, using our bases leads to a decomposition
and reconstruction algorithm whose complexity is of the same order as the number of
initial coefficients. Thus, no gain in complexity is possible regardless of what other
bases one chooses.

Remark 10.2. An alternative way of making sure that tangent plane continuity
is maintained at the poles is to decompose the original tensor product function s into
two parts sH and sP , where

sH :=

mk−2∑
i=3

m̃�∑
j=1

cijϕk,iϕ̃
,j

and sP := s − sH . Then decomposition, thresholding, and reconstruction can be
performed on sH . After adding sP , the reconstructed spline possesses tangent plane
continuity at the poles. Our implementation of this method exhibits essentially the
same performance in terms of compression and accuracy as the method described
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here, but for higher compression ratios, it produces surfaces that are not quite as
visually pleasing near the poles.

Remark 10.3. The method described here can be extended to the case of nonuni-
form knots in both the θ and φ variables. This can be advantageous when the surface
is given on nonuniform knots to start with. There is some computational cost in using
nonuniform knots, however, since the various matrices appearing in the decomposition
and reconstruction processes can no longer be precomputed and stored.

Remark 10.4. In section 4 we have presented the details of the tensor-product
decomposition and reconstruction algorithms assuming that the initial function fk,

lies in the space Vk × Ṽ
, with k and ( not necessarily the same. Since these spaces
can always be reindexed, this is not strictly necessary in the abstract setting, but was
convenient for our application, where there is a natural indexing for our spaces.

Remark 10.5. In computing the coefficients needed in sections 5 and 6, we found
it convenient to use Mathematica.

Remark 10.6. There are several methods for computing approximations of the
form (1.1). An explicit quasi-interpolation method using data on a regular grid (along
with derivatives at the north and south poles) can be found in [13]. The same paper
also describes a two-stage method that can be used to interpolate scattered data
and a least squares method that can be used to fit noisy data. A general theory of
quasi-interpolation operators based on trigonometric splines can be found in [9].

Remark 10.7. A closed, bounded, connected set U in R
3 which is topologically

equivalent to a sphere is called a sphere-like surface. This means that there exists a
one-to-one mapping of U onto the unit sphere S. Moreover, there exists a point O
inside the volume surrounded by U , such that every point on the surface U can be
seen from O. Such surfaces are also called star-like. For applications, we can focus
on the class of sphere-like surfaces of the form

U = {vρ(v) : v ∈ S},
where ρ is a smooth function defined on S. Then each function f defined on U is just
the composition f(·) = g(ρ(·)) with ρ of a function g defined on S.

Remark 10.8. As indicated in [11], compression methods on the sphere can be
adapted to the problem of creating multiresolution representations of bidirectional re-
flection distribution functions (BRDFs), although the basic domain for such functions
is actually a hemisphere. We are currently exploring the use of our method for this
purpose.

Remark 10.9. It is well known that the polynomial B-splines are stable. In
particular, for quadratic B-splines (ϕi) with general knots

1

3
‖c‖∞ ≤ ‖

∑
ciϕi‖L∞ ≤ ‖c‖∞

for all coefficient vectors c. The same bounds hold for trigonometric splines since the
linear functionals

λif :=

[
−f(x̃i+1) + 2(1 + σi)f

( x̃i+1 + x̃i+2

2

)
− f(x̃i+2)

]
/2

introduced in [13] are dual to the ϕ̃i, i.e.,

λiϕ̃j = δij , i, j = 1, . . . , m̃,

where σi := cos((x̃i+2)−x̃i+1)/2). Analogous stability results hold for general p-norms
with appropriately normalized B-splines.



746 TOM LYCHE AND LARRY L. SCHUMAKER

REFERENCES

[1] C. K. Chui, An Introduction to Wavelets, Academic Press, Boston, 1992.
[2] S. Dahlke, W. Dahmen, I. Weinreich, and E. Schmitt, Multiresolution analysis and

wavelets on S2 and S3, Numer. Funct. Anal. Optim., 16 (1995), pp. 19–41.
[3] P. Dierckx, Algorithms for smoothing data on the sphere with tensor product splines, Com-

puting, 32 (1984), pp. 319–342.
[4] W. Freeden and U. Windheuser, Spherical wavelet transform and its discretization, Adv.

Comput. Math., 5 (1996), pp. 51–94.
[5] J. Goettelmann, Construction of Splines and Wavelets on the Sphere and Numerical So-

lutions to the Shallow Water Equations of Global Atmospheric Dynamics, dissertation,
Johannes Gutenberg Univ., Mainz, Germany, 1998.

[6] M. Lounsbery, T. D. DeRose, and J. Warren, Multiresolution analysis for surfaces of
arbitrary topological type, ACM Trans. Graphics, 16 (1997), pp. 34–73.

[7] T. Lyche and K. Mørken, Spline-wavelets of minimal support, in Numerical Methods in
Approximation Theory, D. Braess and L. L. Schumaker, eds., Birkhäuser, Basel, 1992,
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Abstract. Iterative methods are developed and studied for near-singular linear systems Cx = b.
Our approach, called the transformed minimal residual algorithm (TMRES), is derived from any
convergent iterative scheme Sxk+1 = Txk + b associated with a splitting C = S−T. In each step
of TMRES, the transformed residual S−1(b −Cx) is minimized over a Krylov space generated by
S−1T. The original iterative scheme typically converges slowly when C is nearly singular, while a
Krylov space generated by S−1T often contains a much better approximation to a solution. TMRES
is algebraically equivalent to the generalized minimal residual algorithm (GMRES) preconditioned
by S−1, although there are numerical differences since a different matrix S−1C is used to generate
the Krylov space in preconditioned GMRES. Special attention is given to sparsity and convergence
issues related to linear systems of the form (AAT + σI)x = b, where σ ≥ 0.

Key words. singular linear system, ill-conditioned system, Krylov space, matrix splitting,
preconditioning, generalized minimal residual, successive overrelaxation, Gauss–Seidel, conjugate
gradients, linear programming, sparse matrices

AMS subject classifications. 65F10, 65F50, 65Y20

PII. S106482759834634X

1. Introduction. Iterative methods are developed and analyzed for singular
or near-singular linear systems Cx = b, where C is an m × m matrix, possibly
nonsymmetric. In the generalized minimal residual algorithm (GMRES) of Saad and
Schultz [43], the residual r(x) = b−Cx is minimized over a Krylov space generated
by the matrix C. Our transformed minimal residual approach (TMRES) is based on
a splitting C = S−T, where S is nonsingular and the spectral radius of S−1T is less
than one. The transformed residual S−1r(x) is minimized over x = x0 + z with z in
the Krylov space

K(S−1T,g, k) = span{g, (S−1T)g, (S−1T)2g, . . . , (S−1T)k−1g}
generated by S−1T starting from the vector g = S−1(b − Cx0). Even though the
associated iterative scheme Sxk+1 = Txk + b converges slowly when C is nearly
singular, we observe that K(S−1T,g, k) often yields a good approximation to a so-
lution of Cx = b for relatively small k. Theoretically, the Krylov space generated
by S−1T is the same as that generated by the GMRES preconditioned matrix S−1C.
Numerically, these spaces differ since the matrices S−1T and S−1C are different.

The splittings that we consider include successive overrelaxation (SOR), damped
Jacobi (see Hageman and Young [22]), and a new splitting applicable to situations
where the columns in a matrix are selected from the columns of a larger matrix. Some
early work on preconditioned conjugate gradient methods generated by splittings was
developed by Concus, Golub, and O’Leary [12, 13]. Work leading up to GMRES
includes that of Paige and Saunders [40], who developed a minimum residual algorithm
MINRES for symmetric systems. Other related work includes [31] and [50]. In [18]
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Greenbaum examines various preconditioners for the conjugate gradient method in
the context of partial differential equations. In [7] Brown and Walker examine the
convergence (or lack of it) for GMRES applied to singular or near-singular matrices.
The use of deflation with GMRES is studied in [37].

In [4] Baglama et al. develop preconditioned restarted GMRES algorithms
in which the preconditioner is generated by Sorensen’s implicitly restarted Arnoldi
method [46]. Their approach approximates an invariant subspace of the matrix as-
sociated with eigenvalues close to the origin. This subspace is used in a precondi-
tioner that moves these small eigenvalues to one, leading to more rapid convergence
in the GMRES algorithm. In this paper, we observe that for any convergent splitting
C = S −T, the eigenvalues of C close to the origin are often associated with eigen-
values of S−1T of nearly largest magnitude; as a result, a good approximation to the
solution of a nearly singular system Cx = b is often obtained from the Krylov space
K(S−1T,g, k) for relatively small k.

One possible application of the methods developed in this paper is to quadratic
programming with a sphere constraint. Problems of this form must be solved in
each iteration of the trust region algorithm [8, 10, 16, 38, 42]. The first-order opti-
mality system for these quadratic programs leads to a linear system whose matrix
becomes more singular as we increase either the radius of the sphere or the norm of
the linear term in the cost function. Hence, the quadratic programs arising in trust
region methods can lead to near-singular linear systems for which TMRES is well
suited. Other possible application areas include homotopy continuation methods [2],
nonlinear eigenvalue problems [11], and seismic inversion problems.

Throughout this paper, we illustrate convergence properties in the near-singular
setting using a prototype linear system of the form

(AAT + σI)x = b,(1.1)

where σ ≥ 0 and A is an m × n real matrix. Systems of this form, with σ a small
positive number, are solved in each iteration of the LP dual active set algorithm [23].
In interior point methods for linear programming [33, 51], each iteration involves
solving a linear system with matrix of the form ZΣZT. This system has the form
(1.1) when we take A = ZΣ1/2 and σ = 0. The test matrices in this paper are
obtained from the LP problems in David Gay’s Netlib collection (www.netlib.org/lp).
These matrices, which are all sparse, can be obtained in a variety of formats through
the COAP Software Forum (www.math.ufl.edu/∼coap).

For symmetric linear systems of the form (1.1), the TMRES scheme with SSOR
preconditioning and an SSOR preconditioned conjugate gradient scheme [6, 12, 13]
exhibit similar convergence when applied to ill-conditioned matrices emanating from
linear programming. In theory, these two schemes generate iterates in the same Krylov
space, but they differ in the merit function used to select the approximation from the
Krylov space.

To illustrate convergence problems that are encountered when solving nearly sin-
gular linear systems, we consider a netlib/lp matrix A for the (small) problem bea-
confd (m = 173, n = 295). The right side b was randomly generated on the unit
sphere1 in Rm, σ = 0, and the columns of A in (1.1) were scaled to be unit vectors.
This column scaling is the one we use in the LP dual active set algorithm. In interior

1A vector can be randomly generated on the Euclidean unit sphere by first randomly generating
its components using a Gaussian distribution with mean 0 then dividing the resulting vector by its
length.
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Fig. 1.1. Convergence for the conjugate-gradient method (CGM), the Gauss–Seidel method
(GS), the generalized minimal residual algorithm (GMRES) without restarts, and the transformed
minimal residual algorithm (TMRES) obtained from Gauss–Seidel splitting when A in (1.1) is the
test problem beaconfd.

point methods, the diagonal scaling matrix Σ becomes increasingly ill-conditioned,
and the condition number of the associated AAT could be much larger than that for
the normalized A used in our experiments.

We solve the linear system (1.1) using three different iterative methods: Gauss–
Seidel (GS), conjugate gradients (CGM), and GMRES. Although various Lanczos and
conjugate gradient type methods [41, 44, 45] have been developed for special versions
of (1.1), we do not take into account special structure for (1.1) in our computations;
rather, we treat this system as having the form Cx = b, where C is an m × m
symmetric, positive definite matrix. All of the schemes, GS, CGM, and GMRES,
are guaranteed to converge (see [49, p. 77], [36, Chap. 8], and [43]). Moreover, the
conjugate gradient method yields the best approximation to the solution from an
associated Krylov space, where the approximation quality is measured using the C-
norm defined by ‖x‖C =

√
xTCx. GMRES minimizes the residual norm ‖b −Cx‖,

where ‖ · ‖ is the Euclidean norm, over the same Krylov space. According to the
convergence theory, both CGM and GMRES solve Cx = b in at most m iterations,
assuming exact arithmetic.

With the starting guess x = 0, we plot in Figure 1.1 the iteration number versus
the base 10 logarithm of the residual norm for the associated iterate. The computa-
tions were done in double precision in Matlab on a Sun workstation. For this small
problem, the Gauss–Seidel and conjugate gradient methods converge slowly to the
solution, taking nearly 1200 iterations. The generalized minimal residual algorithm
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requires about 173 iterations, the number of rows inA. Paige and Saunders’ MINRES
routine would probably yield results similar to GMRES because C = AAT + σI is
symmetric and the two routines are algebraically equivalent in this case. TMRES will
be developed in sections 3 and 4. Its convergence behavior shown in Figure 1.1 for a
Gauss–Seidel splitting is typical for many netlib/lp test problems.

With GMRES and TMRES, restarts may be essential to reduce the storage re-
quirements when the matrix is nonsymmetric. In this paper, we do not analyze
restarts.

2. Convergence properties. Let us study more closely the convergence behav-
ior illustrated in Figure 1.1. The matrix associated with the test problem beaconfd,
like many of the problems in netlib/lp, has some rows that are nearly linear com-
binations of other rows. The 10 smallest and largest eigenvalues of AAT are the
following:

0.00000177 2.8954
0.00000415 3.5490
0.00001338 4.9565
0.00002115 5.1235
0.00002367 6.5875
0.00004273 7.1127
0.00004399 7.5612
0.00004847 10.9200
0.00005424 43.9156
0.00006267 63.2578

The matrix AAT is nearly singular in the sense that the ratio between the largest
and the smallest eigenvalue of AAT is of order 107, much larger than 1.

Let C = L+U be symmetric and positive definite, where

lij = cij and uij = 0 for i ≥ j, lij = 0 and uij = cij for i < j.(2.1)

The Gauss–Seidel method for solving Cx = b is given by the iteration

xk+1 = −L−1(Uxk − b).

If x∗ is the exact solution to Cx = b, then the error ek = xk − x∗ satisfies the recur-
rence ek+1 = Mek, where M = −L−1U. When C is positive definite, the spectral
radius of M, denoted ρ(M), is strictly less than 1 [49, p. 77]. The spectral radius
measures the convergence speed in the sense that the magnitude of error components
associated with eigenvectors whose eigenvalue magnitudes are equal to the spectral
radius is multiplied by the spectral radius in each iteration.

If C is singular and z is a nonzero vector such that Cz = 0, then the relation
(L + U)z = 0 implies that z = −L−1Uz, or z = Mz. Hence, z is an eigenvector
of M corresponding to the eigenvalue 1, and the spectral radius of M is at least 1.
Consequently, the error ek in the Gauss–Seidel iteration may not tend to zero. If
C is nearly singular, then the distance between the eigenvalues of M and 1 can be
estimated using Gerschgorin’s theorem.

Proposition 2.1. Let C0 be a square singular matrix, and consider the perturbed
matrix C = C0 + τI. Let S be any nonsingular matrix for which S−1C0 is diagonal-
izable: S−1C0 = FΦF−1, where Φ is a diagonal matrix containing the eigenvalues.
If T is chosen so that C = S−T (i.e., T = S−C0− τI), then for τ sufficiently close
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to zero, the eigenvalues µ1, µ2, . . . , µn of S−1T satisfy

min
i
|µi − 1| ≤ |τ |‖F‖1‖F−1‖1‖S−1‖1,

where ‖ · ‖1 is the matrix 1-norm (largest absolute column sum).
Proof. Observe that

F−1(S−1T)F = F−1(I− S−1C0 − τS−1)F = I−Φ− τF−1S−1F.(2.2)

Since C0 is singular, one of the diagonal elements of Φ is zero. Hence, one of the
diagonal elements of I −Φ is 1. Let δ be the minimum absolute difference between
distinct diagonal elements of Φ and choose τ close enough to zero that

|τ |‖F‖1‖F−1‖1‖S−1‖1 < δ.

By Gerschgorin’s theorem and the fact that S−1T and F−1(S−1T)F are similar, it
follows from (2.2) that S−1T has an eigenvalue in the sphere in the complex plane
with center 1 and radius |τ |‖F‖1‖F−1‖1‖S−1‖1. This completes the proof.

Loosely speaking, eigenvalues of C near 0 correspond to eigenvalues ofM = S−1T
near 1 and to slow convergence of the Gauss–Seidel method.

A number of papers [32, 35, 47] have appeared in the literature relating the
spectrum of the conjugate gradient method to its convergence. More recent work
is surveyed in [1]. Here we focus on the effect of near singularity on convergence.
The following result is the key to understanding the behavior for CGM depicted in
Figure 1.1.

Proposition 2.2. If C is a symmetric matrix, then as σ tends to zero, we have

σ(σI+C)−1 = P+O(σ),

where P denotes the orthogonal projection into the null space of C and O(σ) denotes
a term that can be bounded in magnitude by a constant times |σ|.

Proof. LetC = QΛQT denote the diagonalization ofC, whereQ is the orthogonal
matrix of eigenvectors and Λ is a diagonal matrix whose diagonal elements λ1, λ2,
. . . , λm are the eigenvalues. We assume that the eigenvalues are ordered so that

|λ1| ≥ |λ2| ≥ · · · ≥ |λk| > 0 and λi = 0 for i > k.

Hence,

σ(σI+C)−1 = σQ(Λ+ σI)−1QT(2.3)

and

σ(Λ+ σI)−1 = J+O(σ),(2.4)

where

J =

(
0 0
0 I

)
.

Above, the lower right I is (m− k)× (m− k), and 0 stands for a block of zeros. Since
QJQT = P, (2.3) and (2.4) complete the proof.
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The CGM applied to the linear system Cx = b, where C is symmetric and
positive definite, is the following [25, p. 340]: d0 = r0 = b−Cx0 and for k ≥ 0,

pk ← Cdk,
xk+1 ← xk + αkdk, where αk = rT

krk/d
T
kpk,

rk+1 ← rk − αkpk,
dk+1 ← rk+1 + βkdk, where βk = rT

k+1rk+1/r
T
krk.

In each step of the conjugate gradient method, the current direction dk is multiplied
by C in the process of obtaining the new direction dk+1. By induction, xk = x0+zk,
where zk lies in the Krylov space K(C, r0, k).

Let x∗ = C−1b denote the solution to Cx = b. The conjugate gradient method
is designed to minimize ‖xk−x∗‖C over xk = x0+zk with zk ∈ K(C, r0, k). Observe
that

‖x− x∗‖C =
√
(x− x∗)C(x− x∗) =

√
(Cx− b)TC−1(Cx− b) =

√
r(x)TC−1r(x),

where r(x) = b−Cx. If (λi,qi), i = 1, . . . ,m, are orthonormal eigenpairs of C, then

‖x− x∗‖2C =
m∑
i=1

ci(x)
2/λi, where ci(x) = r(x)Tqi.(2.5)

Since the reciprocal of the eigenvalues appears in this expression, the components ci
of the residual r associated with the smallest eigenvalues are amplified the most in
(2.5).

Suppose that we apply CGM to a linear system of the form (1.1), where the
rows of A are linearly dependent and σ is small. By Proposition 2.2, the solution
x ≈ Pb/σ, the projection of b into the null space of AT, divided by σ. On the
other hand, the kth conjugate gradient iterate lies in the Krylov space K(C,b, k) if
x0 = 0. The vectors forming this space are all contained in the range of C, and if
σ is small, then each of these vectors is nearly in the range of A. We saw in (2.5)
that CGM attaches the greatest weight to those components of the error associated
with the smallest eigenvalues. Hence, the conjugate gradient method is using vectors
that nearly lie in the range of A to approximate solution components that are nearly
orthogonal to the range. In theory, CGM is guaranteed to reach the solution in a
finite number of steps. This convergence must involve the subtraction of nearly equal
numbers followed by the division of numbers that are nearly zero.

For the example depicted in Figure 1.1 with σ = 0, the effect is very similar.
The rows of A are nearly dependent, the solution nearly lies in the space spanned
by eigenvectors associated with the smallest eigenvalues of AAT, while the conjugate
gradient iterates nearly lie in the space spanned by eigenvectors associated with the
largest eigenvalues of AAT. For a nice survey of results concerning the convergence
of the conjugate gradient method in finite precision arithmetic, see the paper [20]
of Greenbaum and Strakos̆. There they observe that the finite precision conjugate
gradient method behaves similarly to the exact algorithm applied to a matrix with
nearby eigenvalues.

In the generalized minimal residual algorithm applied to Cx = b, the kth ap-
proximation xk to the solution is obtained by solving the problem

min ‖r(x)‖ subject to x = x0 + z, z ∈ K(C, r0, k).(2.6)
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Thus when C is symmetric, the GMRES iterates are contained in the same Krylov
space used by the conjugate gradient method. Unlike CGM, GMRES does not weight
the components of the residual in (2.6). As k increases, the components of the vector
Ckr0 associated with the large eigenvalues of C become much larger in magnitude
than the components associated with the small eigenvalues. Hence, we expect that
GMRES approximates the solution components associated with the largest eigenvalues
first. As the number of iterations approaches the dimension of the matrix, GMRES
generates vectors orthogonal to the eigenvectors associated with the large eigenvalues.
These orthogonal vectors correspond to the space associated with the eigenvectors of
the smallest eigenvalues. Observe in Figure 1.1 that when the approximating space
approaches the space corresponding to the smallest eigenvalues, the GMRES error
quickly decreases. In order to improve on GMRES in this near-singular setting, we
will strive to reach this space sooner. Note that for nonsymmetric matrices, the
convergence of GMRES depends on both eigenvalues and departure from normality.
For example, see [9, 19, 39] for related results and discussion.

3. Krylov, Arnoldi, and TMRES. With CGM or GMRES, the approximate
solution lies in a Krylov space, and an orthonormal basis for this space is generated
by the Arnoldi (Gram–Schmidt) process. The following algorithm generates such an
orthonormal basis {v1,v2, . . . ,vk} for the Krylov space K(M,g, k):

Algorithm 1 (Arnoldi).
v1 ← g/‖g‖
for j = 1 : k − 1

s←Mvj
for i = 1 : j

hij ← sTvi (= vT
i Mvj)

s← s− hijvi
end
hj+1,j ← ‖s‖
vj+1 ← s/hj+1,j

end
end Algorithm 1
Obviously, if hk+1,k = 0 for some k, the Arnoldi process should stop because

K(M,g, j + 1) = K(M,g, j) for all j ≥ k.(3.1)

CGM or GMRES corresponds to the choice M = C.
In order to more quickly generate vectors near the space spanned by the eigenvec-

tors of C associated with the smallest eigenvalues, we consider the matrixM = S−1T
associated with a splitting C = S − T, where S is nonsingular. This splitting leads
to an iterative method

Sxk+1 = Txk + b,(3.2)

which converges to a solution of Cx = b for all choices of the initial condition x0

if and only if ρ(S−1T) < 1. The terminology “convergent splitting” will mean that
ρ(S−1T) < 1. From the discussion of section 2, we know that the eigenpairs of
C whose eigenvalues are near zero correspond to eigenpairs of S−1T whose eigen-
values are near 1. Hence, the eigenvectors of S−1T associated with its eigenval-
ues of largest magnitude include approximations to the eigenvectors of C associated
with its eigenvalues of smallest magnitude. Suppose that S−1T has m linearly in-
dependent eigenvectors f1, f2, . . . , fm and associated eigenvalues µ1, µ2, . . . , µm. If
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g = c1f1 + c2f2 + · · · + cmfm is the expansion of g in terms of the eigenvectors,
then

Mkg = (S−1T)kg = c1µ
k
1f1 + c2µ

k
2f2 + · · ·+ cmµ

k
mfm.

It follows that the components of g associated with the absolute largest eigenvalues of
M are amplified more rapidly than the components of g associated with the absolute
smallest eigenvalues. Loosely speaking, the Krylov space K(M,g, k) converges, as k
grows, to those eigenvectors associated with the absolute largest eigenvalues of M
much more quickly than to those eigenvectors associated with the absolute smallest
eigenvalues ofM. Since those eigenvectors associated with the large eigenvalues ofM
correspond to eigenvalues of C associated with its smallest eigenvalues, we converge
to that space associated with the small eigenvalues of C that is critical in the near-
singular setting.

After generating a Krylov space and a basis for it using Algorithm 1, we now
return to the linear system Cx = b. If we were to minimize the norm of the residual
r = b − Cx over the space spanned by the basis vectors vi, 1 ≤ i ≤ k, we would
need to multiply each vi by C. To circumvent this multiplication, we minimize the
transformed residual t given by

t(x) = S−1r(x) = S−1(b−Cx) = S−1b− (I−M)x.

Now when x is expanded in the basis vectors vi and we minimize the norm of t, we
need to compute the product Mvi, which is available from Algorithm 1.

At step k, the TMRES approximation xk to x = C−1b is the solution to the
transformed problem

min ‖t(x)‖ subject to x = z+ x0, z ∈ K(M,g, k).(3.3)

Making the special choice g = S−1(b−Cx0), and substituting x = z+x0, we obtain
the problem

min ‖g − (I−M)z‖ subject to z ∈ K(M,g, k).(3.4)

If Vk denotes the matrix whose columns are the vectors v1, v2, . . . , vk generated by
the Arnoldi process, then (3.4) reduces to the following equivalent problem:

min
y
‖g − (I−M)Vky‖.(3.5)

The solution to the least-squares problem (3.5) can be obtained by a process
similar to that described in [43]. If H is the (k + 1) × k upper Hessenberg matrix
whose elements are given by the Arnoldi process, then the following relation holds:

MVk = Vk+1H.(3.6)

Let e denote the vector whose first component is ‖g‖ and whose remaining components
are zero. After substituting g = Vk+1e in (3.5) and utilizing (3.6), we obtain the
equivalent problem

min
y
‖Vk+1e−Vky +Vk+1Hy‖.(3.7)



NEARLY SINGULAR LINEAR SYSTEMS 755

Since the columns of Vk+1 are orthonormal, we have

‖Vk+1e−Vky +Vk+1Hy‖ = ‖Vk+1e−Vk+1

[
y
0

]
+Vk+1Hy‖

= ‖Vk+1e+Vk+1

(
H−

[
I
0

])
y‖

= ‖e+ H̄y‖,
where H̄ is the same as the Hessenberg matrix H generated by Algorithm 1 except
that 1’s have been subtracted from the diagonal elements. With this substitution,
(3.7) simplifies to

min
y
‖e+ H̄y‖.(3.8)

Finally, the vector e + H̄y is multiplied on the left by a series of Givens rotations
reducing H̄ to triangular form R and reducing e to a vector f . Our approximation to
the solution of Cx = b is xk = x0 +Vky, where y is the solution of the triangular
system (Ry)1:k = f1:k. The minimum norm in (3.8) is |fk+1|.

In the following statement of TMRES, we overwrite H and e with R and f ,
respectively. This algorithm is basically the same as preconditioned GMRES; in
GMRES preconditioned by S−1, the multiplication by S−1T is replaced by S−1C
and the diagonal of H is not modified. The function Givens(a) below generates a
2× 2 rotation matrix Q with the property that (Qa)2 = 0.

Algorithm 2 (TMRES for Cx = b).
C = S−T, S nonsingular, ρ(S−1T) ≤ 1
g← S−1(b−Cx0), v1 ← g/‖g‖, e← 0, e1 ← ‖g‖
for j = 1, 2 . . . until convergence

s← S−1(Tvj)
for i = 1 : j

hij ← sTvi
s← s− vihij

end
hj+1,j ← ‖s‖
vj+1 ← s/hj+1,j

hii ← hii − 1
for i = 1 : j − 1

H(i : i+ 1, j)← QiH(i : i+ 1, j)
end
Qj ← Givens(H(j : j + 1, j))
H(j : j + 1, j)← QjH(j : j + 1, j)
e(j : j + 1)← Qje(j : j + 1)

end
xj ← x0 −Vj

(
H(1 : j, 1 : j)−1e(1 : j)

)
end Algorithm 2
Possible choices of S with the property that ρ(S−1T) < 1 are the following: (i) if

C is symmetric and positive definite, then S = L, where L is the lower triangular
matrix whose lower triangle matches that of C (Gauss–Seidel choice); (ii) if C is row
diagonally dominant, then S = L or S = D, where D is the diagonal matrix whose
diagonal matches that of C (Jacobi choice); (iii) if C = AAT+σI where the columns
of A come from the columns of a larger matrix B = (A|N), then S = BBT + σI (see
Theorem 6.2 below).
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4. Convergence analysis. The convergence of TMRES follows readily from
previously established theory. Recall [29, p. 471] that the index of the matrixM with
respect to the zero eigenvalue is the size of the largest singular Jordan block. If R(C)
denotes the range of C, then we have the following result.

Theorem 4.1. Let C be a square matrix with C = S − T, where S is non-
singular, and define M = S−1T. Then Cx = b has a solution in the Krylov space
K(M,S−1b, k) for some k if and only if S−1b ∈ R((I−M)i), where i is the index of
the zero eigenvalue of I−M.

Proof. By [30, Thm. 2] the linear system (I −M)x = g has a solution in the
Krylov space K(I−M,g, k) for k sufficiently large if and only if g ∈ R((I−M)i), where
i is the index of the zero eigenvalue of I−M. If Pk denotes the set of polynomials of
degree at most k, it can be shown that

Pk = {p(y) : y = 1− x, p ∈ Pk}.

As a result, we have K(M,g, k) = K(I−M,g, k). Hence, by [30, Thm. 2] the linear
system (I−M)x = g has a solution in the Krylov space K(M,g, k) for k sufficiently
large if and only if g ∈ R((I−M)i). We take g = S−1b to complete the proof.

If one is not an eigenvalue ofM, then the index of the zero eigenvalue of I−M is
zero and the condition S−1b ∈ R(I) holds trivially. If one is a nondefective eigenvalue
ofM, then the index of the zero eigenvalue of I−M is one and the condition S−1b ∈
R(I−M) is equivalent to b ∈ R(C).

An analysis of the convergence of TMRES in terms of the spectrum ofM can be
given along the lines of the analysis for the conjugate gradient method in [48] or [14],
and for GMRES in [43]. For example, we have the following result.

Theorem 4.2. Suppose that C = S − T, where S is invertible, and that there
exists a nonsingular matrix F such that M = S−1T = FΦF−1, where Φ is diagonal.
If xk denotes a solution to (3.3), and µi is the ith diagonal element of Φ, then we
have

‖t(xk)‖ ≤ ‖F‖ ‖F−1‖ ‖t(x0)‖ min
p∈Pk
p(0)=1

max
i
|p(1− µi)|.

Proof. Simply apply [43, Prop. 4] to the transformed system (I−M)z = g, where
g = t(x0).

5. More examples. When C is symmetric and positive definite, the Gauss–
Seidel splitting is convergent and, hence, yields an appropriate TMRES splitting.
Figure 1.1 shows the iterates for the TMRES/GS algorithm applied to (1.1) where
A is the matrix from beaconfd and σ = 0. After about 35 iterations, the norm of
the residual has been reduced by 12 orders of magnitude, providing relatively rapid
convergence.

Next, we examine the convergence for progressively larger problems from the
netlib/lp directory. Figure 5.1 shows the convergence for the system (1.1) where A
is the matrix from fffff800 (m = 524, n = 1028, σ = 0). The condition number for
AAT is of order 1019. Also, in Figure 5.1 we show the convergence of preconditioned
GMRES with the preconditioner S = L, the lower triangular part of C. Theoretically,
the TMRES and the preconditioned GMRES curves should coincide since the Krylov
spaces generated by M and by I −M are identical, algebraically. Note though that
when a vector is multiplied by I −M, some subtraction of nearly equal numbers
occurs: If f is an eigenvector of M whose associated eigenvalue µ is near one, then
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Fig. 5.1. Convergence for the test problem fffff800, σ = 0.
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Fig. 5.2. Convergence for the test problem greenbea, zero rows deleted, σ = 0.

(I −M)f = (1 − µ)f ≈ 0. As is well known (see [25, sects. 1–4]), the subtraction
of nearly equal numbers can produce a large relative error and numerical differences
between TMRES and GMRES.

Figures 5.2 and 5.3 show the convergence for greenbea (m = 2392, n = 5598).
Since 3 rows in greenbea are completely zero, we ran two variations of the problem.
In the variation of Figure 5.2, the zero rows are deleted, while in the variation of
Figure 5.3, the zero rows are included, but σ = 10−6 to keep the diagonal of C
nonzero. In each case, the TMRES algorithm exhibits an attractive convergence
rate. Since the TMRES algorithm minimizes the norm of the transformed residual in
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Fig. 5.3. Convergence for the test problem greenbea, zero rows included, σ = 10−6.
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Fig. 5.4. Convergence for the test problem greenbea, σ = 10.

each step, the norm of the residual itself, plotted in Figures 1.1 and 5.1–5.3, is not
guaranteed to decay in each iteration. In fact, GMRES is the only algorithm depicted
in these figures that is guaranteed (in theory) to reduce the norm of the residual in
each step.

Finally, we took σ = 10 in greenbea in order to examine the convergence speed
when the eigenvalues of the matrix are strongly bounded away from zero and the
matrix is well-conditioned. As seen in Figure 5.4, all the schemes converge quickly.
The convergence of CGM and GMRES is almost identical since the ratio between the
largest and smallest eigenvalue in (2.5) is of order 1, and hence, CGM and GMRES
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minimize almost the same expression in each step. We emphasize that although
TMRES with Gauss–Seidel splitting is effective for nearly singular linear systems
such of those found in netlib/lp, its convergence when applied to a well-conditioned
partial differential equation may be no better than either CGM or GMRES.

6. Symmetric TMRES. It is well known that for the Arnoldi process (Algo-
rithm 1), the leading submatrices of the upper Hessenberg matrix H are tridiagonal if
M = S−1T is symmetric. Hence, in this symmetric case, we can skip the evaluation
of hij when i < j − 1. In the spirit of Hageman and Young’s terminology [22], we
say that the iteration (3.2) is symmetrizable if there exists an invertible matrix W
such that WMW−1 is symmetric. With the change of variables x = W−1w + x0,
the iteration (3.2) can be written

wk+1 =WMW−1wk +Wg, g = S−1(b−Cx0).(6.1)

We now form a least-squares problem analogous to (3.4) to obtain an approximation
xk to a solution of Cx = b. In particular, xk =W−1zk + x0, where zk is a solution
to

min ‖Wg − (I−WMW−1)z‖ subject to z ∈ K(WMW−1,Wg, k).(6.2)

This symmetric least squares problem can be solved using Algorithm 2. After
taking into account the tridiagonal structure of H, the resulting algorithm is closely
connected with Paige and Saunders’ MINRES algorithm [40]. Although the orthonor-
mal vectors vi for i ≤ j are needed in Algorithm 2, the following idea of Paige and
Saunders [40, 41] can be used to avoid their storage. Instead of evaluating

Vj

(
H(1 : j, 1 : j)−1e(1 : j)

)
as we do in Algorithm 2, Paige and Saunders evaluate(

VjH(1 : j, 1 : j)
−1
)
e(1 : j).

LetR denote the upper triangular matrixH(1 : j, 1 : j) generated by Algorithm 2, and
define Z = VjR

−1. Since the Hessenberg matrix used to generate R is tridiagonal,
R has three bands, a diagonal band and two superdiagonal bands. Hence, the jth
column zj of Z is given by the recurrence

zj = (vj − zj−1rj−1,j − zj−2rj−2,j)/rjj .

The complete algorithm is the following.
Algorithm 3 (TMRES for Cx = b, WS−1CW−1 symmetric).

g← S−1(b−Cx0), e← 0, e1 ← ‖Wg‖, v1 ←Wg/e1
u← 0, Q0 ← I, Q−1 ← 0
for j = 1, 2, . . . until convergence

r←W−1vj
s←W(Mr) (C = S−T, M = S−1T)
d← sTvj , ū← u
s← s− dvj − uvj−1

u← ‖s‖
vj+1 ← s/u
d← d− 1
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[t ū]← [0 ū]QT
j−2

[ū d]← [ū d]QT
j−1

Qj ← Givens(d, u)
e(j : j + 1)← Qje(j : j + 1)
d← ([d u]QT

j )1
zj ← (r− ūzj−1 − tzj−2)/d
xj ← xj−1 − zjej

end
end Algorithm 3
Since an iteration of Algorithm 3 requires only the vectors vj , vj−1, zj−1, zj−2,

and xj−1, all the preceding vectors can be discarded. As in Algorithm 2, for a nearly
singular linear system Cx = b, the iteration (6.1) should be devised in such a way
that ρ(M) ≤ 1. If z lies in the null space of C, then Wz is an eigenvector of
WMW−1 =W(S−1T)W−1 whose eigenvalue is 1. Thus the eigenvalues of smallest
modulus in the original problem are associated with eigenvalues of largest modulus in
the transformed problem.

There are various ways to choose a symmetrizing matrix W. If C = S − T is a
splitting for which ρ(M) = ρ(S−1T) < 1 where S is symmetric and positive definite
and T is symmetric, then we can take W = S1/2. With this choice for W, we
can avoid squares roots in Algorithm 3 if vectors like s and vj are replaced by new
variables that are equal to W−1 times old variables. The resulting algorithm is the
following.

Algorithm 3a (TMRES for Cx = b, WS−1CW−1 symmetric).
g← S−1(b−Cx0), e← 0, e1 ← ‖Wg‖, v1 ← g/e1
u← 0, Q0 ← I, Q−1 ← 0
for j = 1, 2, . . . until convergence

r← vj
s←Mr (C = S−T, M = S−1T)
d← (Ws)T(Wvj), ū← u
s← s− dvj − uvj−1

u← ‖Ws‖
Continue as in Algorithm 3

end
end Algorithm 3a

In this variation of Algorithm 3, W enters as a product WTW. Hence, when
W = S1/2, we have WTW = S, and the square root is gone.

As an illustration of this symmetrization, suppose that C is symmetric and posi-
tive definite and D is a block diagonal matrix whose diagonal blocks match those of
C. The damped Jacobi iteration (see [22]) corresponding to the splitting S = ωD is
convergent when the damping parameter ω is sufficiently large, and for this splitting,
S is positive definite. To determine a suitable value for ω, observe that

S−1T = I− 1

ω
D−1C,

where D−1C is similar to the symmetric, positive definite matrix D−1/2CD−1/2.
The eigenvalues of S−1T are real and less than 1 for any choice of ω > 0, and for
ω > 1

2ρ(D
−1C), the eigenvalues of S−1T are greater than −1. Since the spectral

radius of a matrix is bounded by any matrix norm, we have ρ(M) ≤ ‖M‖1. An
estimate for the 1-norm of a matrix can be obtained using the algorithm developed
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Fig. 6.1. Convergence for TMRES using the test problem fffff800 and various symmetrization
schemes.

in [24]. Also see [25, p. 139] and [15, Alg. 7] for symbolic formulations of this algo-
rithm. A Matlab version of this 1-norm estimation algorithm, due to Tim Davis, is
available in Mathwork’s contributed m-files ftp site, ftp.mathworks.com, as the file
pub/contrib/v4/linalg/normest1.m, while Nick Higham gives a Fortran implementa-
tion in ACM TOMS Algorithm 674 [28].

In Figure 6.1, we show the convergence of TMRES using the damped Jacobi
scheme, where D is the diagonal of C and ω is 2

3‖D−1C‖1, for the test problem
fffff800. We also show in Figure 6.1 convergence for TMRES/GS and for a damped
Jacobi scheme associated with a block diagonal D gotten from the Chaco partitioning
code [27] of Hendrickson and Rothberg by permuting the rows and columns in order
to maximize the number of nonzero elements of C in diagonal blocks of size 8 × 8
and 9× 9 (60 blocks altogether). Similar partitions are generated by the code Metis
[34]. Observe that the TMRES/Block Jacobi scheme converges slightly faster than
TMRES/Jacobi, but not as fast as TMRES/GS.

For schemes like Gauss–Seidel or successive overrelaxation (SOR), the S matrix is
not symmetric, and the square root S1/2 may be complex or nonsymmetric. However,
when C = S−T is symmetric, a two-step symmetrization is possible using the original
iteration followed by its transpose:

Sxk+1/2 = Txk + b, STxk+1 = TTxk+1/2 + b.

If the two steps are combined into one step, then

xk+1 =M2xk + g, where M2 = S−TTTS−1T and g = S−T(TTS−1 + I)b.

In particular, for the SOR splitting of C, this two-step scheme is the same as symmet-
ric SOR (SSOR). As we now show, these two-step schemes are always symmetrizable
when C is symmetric and positive definite.

Proposition 6.1. If C = S − T, where S is nonsingular and C is symmetric
and positive definite, then M2 = S−TTTS−1T is symmetrizable with W = C1/2.
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Proof. Substituting T = S−C, we obtain

M2 = I− S−TC− S−1C+ S−TCS−1C.

Hence, C1/2M2C
−1/2 is symmetric.

Let D be the diagonal of a symmetric, positive definite matrix C. For the SOR
splitting S = L + ρD, where ρ = (1 − ω)/ω and 0 < ω < 2, another possible sym-
metrization isW = D−1/2(L+ρD)T (see [22, p. 31]). In Figure 6.1, the curve labeled
TMRES/SSOR, we show the convergence of symmetrized TMRES for the Gauss–
Seidel/SOR splitting S = L (ρ = 0). Also in Figure 6.1 we show the convergence
of a preconditioned conjugate gradient method [6, 12, 13] with SSOR preconditioner
(ω = 1). Observe that the convergence of TMRES/SSOR and CGM/SSOR are very
similar. Both schemes generate iterates in the same Krylov space, but they differ in
the merit function used to select the approximate solution.

The following identities can be used to streamline the implementation of the SSOR
preconditioned iteration:

M2 = I− (2ρ+ 1)(S−TDS−1)C,

WM2W
−1 = I− (2ρ+ 1)D1/2S−1CS−TD1/2.(6.3)

From this relation, we see that if z lies in the null space ofC, thenWz is an eigenvector
ofWM2W

−1 with eigenvalue 1. Hence, eigenvalues of smallest modulus for C again
correspond to eigenvalues of largest modulus for WM2W

−1.
In some optimization applications, such as the LP dual active set algorithm, we

need to solve many different systems of the form (1.1) where the columns of A come
from the columns of a larger matrix B: B = (A|N). As a consequence of the following
result, which is basically a reformulation of the classical convergence theorem used
for the SOR scheme, the splitting obtained by taking S = BBT + σI and T = NNT

is convergent.

Theorem 6.2. Suppose that C is symmetric and positive definite and C = S−T,
where S is invertible. If S+TT is positive definite, then ρ(M) < 1 > ρ(M2).

Proof. Our proof that ρ(M) < 1 is essentially that which appears in [49, p. 77]
recast in terms of a matrix splitting. A proof that ρ(M2) < 1 for the SOR iteration
appears in [21] (also see the classic reference [52]), while here we obtain a more general
result.

Let f be any vector and define g =Mf and δ = f−g. From the identity Sg = Tf ,
we obtain the following relations:

(S−T)g +Tg = Tf or Cg = Tδ,

and

Sg = (T− S)f + Sf or Cf = Sδ.

Multiplying the first relation by g∗ (the conjugate transpose of g) and the second
relation by f∗, subtracting, and exploiting the identity Sg = Tf , we have

f∗Cf − g∗Cg = (f∗S− g∗T)δ
= (f∗S− g∗T)δ + (Tf − Sg)∗δ
= f∗(S+TT)δ − g∗(T+ ST)δ.(6.4)
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Since C is symmetric,

CT = ST −TT = C = S−T.

Hence, S+TT = ST +T, and substituting this in (6.4) gives

f∗Cf − g∗Cg = δ∗(S+TT)δ.(6.5)

If f is an eigenvector associated with an absolute largest eigenvalue λ of M, then
g =Mf = λf , and it follows from (6.5) that

(1− |λ|2)f∗Cf = δ∗(S+TT)δ ≥ 0

since S + TT is positive definite. Since C is also positive definite, we conclude that
|λ| ≤ 1. If |λ| = 1, then δ = 0, or g = f =Mf . Rearranging this last identity gives
Cf = 0, which is impossible since C is invertible. Hence |λ| < 1 and ρ(M) < 1.

With h defined by h = S−TTTg = S−TTTS−1Tf =M2f , the same manipulations
used to obtain (6.5), but with S and T replaced by ST and TT, yield the relation

g∗Cg − h∗Ch = ε∗(S+TT)ε, ε = g − h.

Adding this relation to (6.5), we obtain

f∗Cf − h∗Ch = δ∗(S+TT)δ + ε∗(S+TT)ε ≥ 0.

Now, if f is an eigenvector associated with the absolute largest eigenvalue µ of M2,
then |µ| ≤ 1 and |µ| = 1 if and only if δ = 0 = f − g and ε = 0 = g − h. Again, the
identity g = f =Mf implies that C is singular. Hence |µ| < 1 and ρ(M2) < 1.

7. Sparsity considerations. If TMRES is implemented using either a Gauss–
Seidel or an SOR splitting, then for a linear system of the form (1.1), it would appear
that the product AAT must be evaluated. After forming this product, the number
of multiplications and additions needed to perform the iteration is nnz(AAT), where
nnz is (Matlab) notation for the number of nonzero elements. When A is sparse,
AAT often has more nonzero entries than A itself. Hence, for some sparse matrices,
it may be more efficient to express an iteration for (1.1) in terms of A itself rather
than AAT. In [6] (also see [5, p. 284]) Björck and Elfving show that for SSOR pre-
conditioned conjugate gradient iterations, the matrix-vector product (WM2W

−1)x
associated with the SSOR matrix (6.3) and AAT can be evaluated in about 4nnz(A)
multiplications since products of the form S−Tx and A(S−Tx) can be simultaneously
evaluated in 2nnz(A) multiplications altogether. A similar approach applies to SOR
splittings as we now observe.

If y and z denote the iterates xk and xk+1, respectively, in (3.2) (so that Sz =
Ty + b), then for the SOR iteration with relaxation parameter 0 < ω < 2, we have

zi − yi =
ω
(
bi −

∑i−1
j=1 cijzj −

∑m
j=i cijyj

)
cii

, i = 1 to m.

Since C = AAT + σI for the system (1.1), it follows that

cij = aT
i aj for i �= j, cii = σ + ‖ai‖2,



764 WILLIAM W. HAGER

Table 1
Method and approximate number of multiplications and additions.

Method Operations
TMRES/SSOR 4nnz(A)
CGM/SSOR 4nnz(A)
TMRES/SOR 2nnz(A)
GS 2nnz(A)
GMRES 2nnz(A)
TMRES/Jacobi 2nnz(A)
CGM 2nnz(A)

where ai denotes the ith column of A
T. Let us define qi ∈ Rn by

qi =

i−1∑
j=1

ajzj +

m∑
j=i

ajyj .

From this definition, it follows that

zi − yi = ω(bi − σyi − qT
i ai)/cii, where qi+1 = qi + ai(zi − yi).

Hence, an iteration of SOR, overwriting the current iterate xk by the new iterate
xk+1, can be implemented in the following way.

Algorithm 4 (SOR for (AAT + σI)x = b,q = ATxk).
for i = 1 : m

d← ω(bi − σxi − qTai)/(σ + ‖ai‖2)
q← q+ aid
xi ← xi + d

end
end Algorithm 4

After completing the loop in Algorithm 4, q contains ATxk+1 and x contains
xk+1, assuming x initially stores xk. Note that this SOR iteration requires 2nnz(A)
multiplications and additions.

8. Conclusions. In Table 1 we give work estimates for various iterative schemes
studied in this paper and for the prototype system (1.1). We assume that the product
AAT is not formed, and that the computations utilize A by itself. Table 1 only gives
the matrix-vector product work; for Algorithm 3 and symmetric schemes such as
CGM, TMRES/SSOR, CGM/SSOR, and TMRES/Jacobi, each iteration involves a
small number (between 5 and 10) of additional vector-vector or scalar-vector products.
For schemes based on the nonsymmetric Algorithm 2, there are about (k − 1)(k + 2)
additional vector-vector or scalar-vector products.

The numerical experiments in this paper show that iterative schemes may con-
verge slowly when the matrix is nearly singular. In the TMRES approach, we start
with a convergent splitting C = S−T and compute an orthonormal basis for a Krylov
space generated byM = S−1T. Since TMRES is algebraically equivalent to GMRES
preconditioned by S−1, TMRES converges in theory if and only if GMRES precondi-
tioned by S−1 converges. We observed that when ρ(S−1T) < 1, a small dimensional
Krylov space often contains a good approximation to the solution of a nearly singu-
lar linear system. For the prototype system (1.1), TMRES/SSOR and CGM/SSOR
exhibited similar (rapid) convergence and were more efficient than unpreconditioned
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schemes. The efficiency of TMRES/Jacobi was comparable to that of the SSOR-based
schemes when its lower operation count 2nnz(A) was taken into account.
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[38] J. J. Moré, Recent developments in algorithms and software for trust region methods, in A.

Bachem, M. Grotschel, and B. Korte, eds., Mathematical Programming: State of the Art,
Springer-Verlag, Berlin, 1983, pp. 258–287.

[39] N. M. Nachtigal, S. C. Reddy, and L. N. Trefethen, How fast are nonsymmetric matrix
iterations?, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 778–795.

[40] C. C. Paige and M. A. Saunders, Solution of sparse indefinite systems of linear equations,
SIAM J. Numer. Anal., 12 (1975), pp. 617–629.

[41] C. C. Paige and M. A. Saunders, LSQR: An algorithm for sparse linear equations and sparse
least squares, ACM Trans. Math. Software, 8 (1982), pp. 43–71.

[42] M. J. D. Powell and Y. Yuan, A trust region algorithm for equality constrained optimization,
Math. Programming, 49 (1991), pp. 189–211.

[43] Y. Saad and M. H. Schultz, GMRES: A generalized minimal residual algorithm for solving
nonsymmetric linear systems, SIAM J. Sci. Statist. Comput., 7 (1986), pp. 856–869.

[44] M. A. Saunders, Solution of sparse rectangular systems using LSQR and CRAIG, BIT, 35
(1995), pp. 588–604.

[45] M. A. Saunders, Computing projections with LSQR, BIT, 37 (1997), pp. 96–104.
[46] D. C. Sorensen, Implicit application of polynomial filters in a k-step Arnoldi method, SIAM

J. Matrix Anal. Appl., 13 (1992), pp. 357–385.
[47] G. W. Stewart, The convergence of the method of conjugate gradients at isolated extreme

points in the spectrum, Numer. Math., 24 (1975), pp. 85–93.
[48] E. L. Stiefel, Kernal polynomials in linear algebra and their numerical applications, Nat.

Bur. Standards Appl. Math. Ser., 49 (1958), pp. 1–22.
[49] R. S. Varga, Matrix Iterative Analysis, Prentice–Hall, Englewood Cliffs, NJ, 1962.
[50] P. K. W. Vinsome, ORTHOMIN, an iterative method for solving sparse sets of simultaneous

linear equations, in Proceedings of the Fourth Symposium on Reservoir Simulation, Society
of Petroleum Engineers of AIME, 1976, pp. 149–159.

[51] S. J. Wright, Primal-Dual Interior-Point Methods, SIAM, Philadelphia, PA, 1997.
[52] D. M. Young, Iterative Solution of Large Linear Systems, Academic Press, New York, 1971.



A CIRCULANT PRECONDITIONER FOR THE SYSTEMS OF
LMF-BASED ODE CODES∗

D. BERTACCINI†

SIAM J. SCI. COMPUT. c© 2000 Society for Industrial and Applied Mathematics
Vol. 22, No. 3, pp. 767–786

Abstract. In this paper, a recently introduced block circulant preconditioner for the linear
systems of the codes for ordinary differential equations (ODEs) is investigated. Most ODE codes
based on implicit formulas, at each integration step, need the solution of one or more unsymmetric
linear systems that are often large and sparse. Here, the boundary value methods, a class of implicit
methods for the numerical integration of ODEs based on linear multistep formulas, are considered
more in detail for initial value problems.

Theoretical and practical arguments are given to show that the block circulant preconditioner
can give fast preconditioned iterations for various classes of differential problems. Moreover, the
P-circulants, a recently introduced circulant approximation for unsymmetric Toeplitz matrices, are
shown to be more suitable sometimes than other circulant matrices for the underlying block precon-
ditioner.

Key words. circulant preconditioning, unsymmetric block (almost) Toeplitz linear systems, nu-
merical solution of differential equations, boundary value methods, implicit linear multistep formulas
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1. Introduction. The aim of this paper is to study a new class of block precon-
ditioners for the linear systems

Mx = b(1.1)

arising in the codes for the numerical integration of ordinary differential equations
(ODEs) based on linear multistep formulas (LMFs) (see, e.g., [18]). The solution
of the large and sparse system of equations, arising at each integration step, is one
of the crucial parts in a numerical integrator based on implicit formulas; see, e.g.,
[12, 4]. Here will be considered the linear systems arising in boundary value methods
(BVMs) (see [3] and references therein) or that can be reduced to those with some
transformation on (1.1). BVMs are a class of numerical methods based on LMFs
solving initial and boundary value problems for ordinary differential equations.

The underlying block preconditioner is based on the circulant approximation of
the (small rank perturbation of) band Toeplitz matrices arising in (1.1). To this end,
a new type of circulant approximation for Toeplitz matrices introduced in [1], the
P-circulant matrices, or P-circulants, can be effective. T. F. Chan’s optimal [5] and
Strang’s circulant [23] will also be considered. Other techniques for band Toeplitz
linear systems can be found, e.g., in [11, 6, 16], but they are effective only in the
symmetric case while, in general, matrices for (1.1) are not symmetric.

An n × n matrix T is said to be Toeplitz if its entries are constant along its
diagonals; an n × n matrix C is called circulant if it is a Toeplitz matrix with the
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following pattern:

C = circ(c0, . . . , cn−1) =




c0 c1 . . . cn−1

cn−1 c0 cn−2

...
...

. . .
...

c1 c2 . . . c0


 .(1.2)

In the last decade, there has been intensive work on preconditioners for Toeplitz ma-
trices and their spectral properties; see, for instance, the survey [8], and the references
therein, and [11, 5, 6, 7, 14, 16, 21, 23, 24].

Consider for simplicity the linear initial value problem (IVP){
y′(t) = f(t, y(t)) := J y(t) + g(t), t ∈ (t0, T ],
y(t0) = η,

(1.3)

where y(t), g(t) : R → R
m, J ∈ R

m×m, η ∈ R
m. The matrix M (1.1) related to the

underlying LMF-based code, in general, can be written as

M = A⊗ Im − hB ⊗ J,(1.4)

where A, B are the matrices of the integration method, h is the integration stepsize,
and ⊗ is the Kronecker product (see, e.g., [19, Chapter 12]). A and B are usually
reducible to Toeplitz plus small rank perturbation pattern. M turns out to be large
and sparse when the Jacobian matrix of the underlying system of ODEs (and/or A
and B) is so. In that case, the solution of the linear system (1.1) via a direct method
is often computationally expensive and not easily parallelizable; therefore the use of
a preconditioned iterative method is preferable.

We stress that the proposed iterative technique can be naturally generalized to
the case of d-level structures arising in d-dimensional partial differential equations
(PDEs). In that case, the direct solvers become very expensive since they do not
exploit properly the multiple band structure (see section 5, Example 2).

It is interesting to observe that P-circulants preserve important properties occur-
ring in the matrices A, B in (1.4), such as

• invertibility,
• eigenvalues in the right half plane,
• almost the same sparsity pattern.

Moreover, our block preconditioner has interesting implementation potentialities, in
both a scalar and a parallel computing environment.

Under appropriate hypotheses, the results obtained here can be extended to the
case where the given ODE is nonlinear. Indeed, we can observe that the discrete
nonlinear problem corresponding to the approximation by an LMF can be solved
iteratively by considering, at each step, discrete problems such as (1.1). Notice that
there are several important additional topics to take into account in the nonlinear
case, such as the convergence of the modified Newton approach (see, e.g., [13]) and
the mesh selection strategy.

The paper is organized as follows. In section 2 we recall some classes of BVMs.
In section 3 we introduce the block circulant preconditioner and the circulant ap-
proximations. Section 4 contains some notes on the computational cost and on the
convergence of preconditioned iterations. Finally, section 5 contains some numerical
tests.
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2. BVMs and their matrix form. Recently, the class of BVMs for differential
equations has been introduced (see [3] and references therein). Such methods are
based on LMFs. In order to briefly describe them, suppose for simplicity that we
have the linear IVP (1.3). A BVM approximates the solution of (1.3) by means of
a discrete boundary value problem (BVP). The latter is obtained by using a k-step
linear multistep formula of order p over a uniform mesh tj = t0 + j h, j = 0, . . . , s,
h = (T − t0)/s:

k−ν∑
i=−ν

αi+νyn+i = h

k−ν∑
i=−ν

βi+νfn+i, n = ν, . . . , s− k + ν.(2.1)

As usual, yn is the discrete approximation to y(tn), fn = f(tn, yn) ≡ J yn + gn,
gn = g(tn), and the values

y0, . . . , yν−1, ys−k+ν+1, . . . , ys(2.2)

are given. We observe that the IVP (1.3) provides only the initial value y0. It is
possible to avoid supplying the other conditions in (2.2) by coupling the main method
(2.1) with other difference schemes of order p, called additional methods, which provide
the set of equations

k∑
i=0

α
(j)
i yi = h

k∑
i=0

β
(j)
i fi, j = 1, . . . , ν − 1,(2.3)

k∑
i=0

α
(j)
k−iys−i = h

k∑
i=0

β
(j)
k−ifs−i, j = s− k + ν + 1, . . . , s,(2.4)

independent of those in (2.1). For simplicity, such formulas are assumed to have the
same number of steps as the main method. The equations (2.1), (2.3), and (2.4) define
the use of a BVM on problem (1.3). The advantage in using BVMs, over the known
LMFs requiring only initial conditions, derives from their stability properties.

It is useful to cast BVMs in matrix form. This is done by introducing the matrices
A,B ∈ R

(s+1)×(s+1)

A =




1 · · · 0

α
(1)
0 · · · α

(1)
k

...
...

...

α
(ν−1)
0 · · · α

(ν−1)
k

α0 · · · αk
α0 · · · αk

. . .
. . .

. . .

α0 · · · αk

α
(s−k+ν+1)
0 · · · α

(s−k+ν+1)
k

...
...

...

α
(s)
0 · · · α

(s)
k




,(2.5)

and B similarly but with βj ’s instead of αj ’s and all zeros in its first row. The discrete
problem generated by the application of the BVM (2.1)–(2.4) to problem (1.3) is then
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given by

M Y = e1 ⊗ η + h (B ⊗ I)g,(2.6)

e1 = (1, 0, . . . , 0)
T ∈ R

s+1 , Y = (y0, . . . , ys)
T , g = (g0, . . . , gs)

T ,

M = A⊗ Im − hB ⊗ J.

The matrix M in (2.6) turns out to be large and sparse when s	 k and/or J is large
and sparse.

2.1. Some families of BVMs. Here we give the definitions of some families of
BVMs (see [3] for details). All considered methods are consistent, i.e., they satisfy
the conditions

ρ(1) = 0, ρ′(1) = σ(1),

where ρ(z) and σ(z) denote, as usual, the two characteristic polynomials associated
with the given method, i.e.,

ρ(z) = zν
k−ν∑
j=−ν

αj+ν zj , σ(z) = zν
k−ν∑
j=−ν

βj+ν zj .(2.7)

The generalized BDF, or GBDF, are a generalization of the backward differentiation
formulas (BDF) (see [13]). They can be written in the form

k−ν∑
i=−ν

αi+ν yn+i = h fn, n = ν, . . . , s− k + ν,(2.8)

where the coefficients {αi} are uniquely determined by imposing that the method has
maximum order, i.e., k, for all k ≥ 1, with ν = (k+2)/2 if k is even and ν = (k+1)/2
if k is odd. Such methods are well suited for stiff problems. (See [3, Chapter 5] for
details.)

The generalized Adams methods (GAM) are a generalization of the Adams–
Moulton methods (see [13]). They can be written in the form

yn+ν − yn+ν−1 = h

k−ν∑
i=−ν

βi+ν fn+i,(2.9)

where the coefficients {βi} are uniquely determined by imposing that the method has
maximum order, i.e., k + 1, for all k ≥ 1, with ν = k/2 if k is even and (k + 1)/2 if
k is odd. When k is odd, they are called extended trapezoidal rules (ETR), because
they share the same stability properties of the trapezoidal rule. Such methods turn
out to be well suited for approximating either Hamiltonian problems or continuous
BVPs. When k is even, GAM are well suited for stiff problems (see [3, Chapters 6
and 7] for details).

ETR2 are another generalization of the trapezoidal rule belonging to the class of
symmetric schemes:

ν−1∑
i=−ν

αi+ν yn+i =
h

2
(fn + fn−1),(2.10)
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where k = 2ν−1 is odd and the coefficients {αi} are uniquely determined by imposing
that the method has maximum order, i.e., k + 1, k = 1, 3, 5, . . .. When ν = 1,
then k = 1 and the formulas (2.10), (2.9) become the trapezoidal rule. Indeed, all
such formulas can be regarded as generalizations of this method, sharing the same
stability properties. Such methods turn out to be well suited for approximating both
Hamiltonian problems and continuous BVPs (see [3, Chapter 7] for details).

3. Circulant approximations for the block preconditioner. LetM in (2.6)
be the small rank perturbation of a block Toeplitz matrix generated by a BVM as
in the previous section. A way to solve such large, sparse linear systems is through
an iterative method; see, e.g., [12, 4]. To accelerate convergence, a preconditioner P
should be chosen to approximate the matrix M while keeping the system

P x = c

cheap enough to solve with respect to the unpreconditioned iterations.
In order to obtain the preconditioner, let us consider the following approximation

of the matrix M :

P = Ă⊗ Im − h B̆ ⊗ Ĵ ,(3.1)

where Ĵ can be a suitable approximation of the Jacobian matrix of the ODE, or the
Jacobian itself. Ă, B̆ are circulant matrices the entries of which are derived from the
coefficients of the main method (2.1) as follows:

Ă = circ(α̃j), α̃j = cj,1(s)αj+ν + cj,2(s)αj+ν−(s+1),

B̆ = circ(β̃j), β̃j = cj,3(s)βj+ν + cj,4(s)βj+ν−(s+1), j = 0, . . . , s,(3.2)

where the cj,i(s), i = 1, . . . , 4, j = 0, . . . , s are linear in j. It is understood that αj
(βj) is zero for j < 0 or j > k in (3.2). The coefficients ci,j(s) in (3.2) are chosen in

such a way that Ă, B̆ are suitable approximations of A, B in (2.5), respectively.
The approximation of A, B with Chan’s optimal circulant (see [5]) requires that

cj,1(s) = cj,3(s) = 1− j

s+ 1
, cj,2(s) = cj,4(s) =

j

s+ 1
, j = 0, . . . , s,(3.3)

while for Strang’s natural circulant (see [23])

cj,1(s) = cj,3(s) = 1, j = 0, . . . ,

⌊
s+ 1

2

⌋
,

cj,2(s) = cj,4(s) = 1, j =

⌊
s+ 1

2

⌋
+ 1, . . . , s, cr,j(s) = 0 otherwise.(3.4)

Let us observe that, for an (s + 1) × (s + 1) Toeplitz matrix T , Chan’s circulant
C = C(T ) is defined to be the minimizer of

‖T − C‖F(3.5)

over all (s+ 1)× (s+ 1) circulant matrices C; see [5]. (‖·‖F is the Frobenius norm.)
Consider, instead of (3.3), the following definition of the coefficients cj,i(s):

cj,1(s) = cj,3(s) = 1 +
j

s+ 1
, cj,2(s) = cj,4(s) =

j

s+ 1
, j = 0, . . . , s.(3.6)
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We will call P-circulants the circulant matrices defined in (3.2), (3.6). The definitions
(3.2), (3.3), (3.2), (3.4) and (3.2), (3.6) differ for a quantity that vanishes as s increases
for banded matrices, and (3.5) is not minimized for P-circulants. Despite this, the
P-circulant matrices Ă, B̆, defined as (3.2), (3.6), are nonsingular and appropriate
approximations of A, B given by (2.5), as observed in [2].

3.1. Spectral properties of the block preconditioner. We observe that
positive stability is a sufficient condition for the invertibility of a matrix. Recall that
a square matrix A is said to be positive stable if its eigenvalues have positive real
part (see, e.g., [15]). The matrices A, B of the BVMs we consider here are assumed
to be positive stable. This assumption is a consequence of the stability properties of
the formulas; see [3]. It is interesting to observe that the P-circulant approximations
Ă, B̆ given by (3.2), (3.6) preserve positive stability for the methods described in
section 2.1 (see [2]). Let Ă = circ(α̃j) be a (s+ 1)× (s+ 1) circulant matrix defined
in (3.2), (3.6) from the first characteristic polynomial of the main method (2.1). The
eigenvalues φj , j = 0, . . . , s, of Ă can be written as linear combinations of the entries
of its first row (see [10]):

φl =

s∑
j=0

α̃jε
jl, l = 0, . . . , s, ε = e2π i/(s+1),(3.7)

where i is the imaginary unit. From (3.2), (3.6) one obtains

φl =

s∑
j=0

αj+ν

(
1 +

j

s+ 1

)
εjl +

s∑
j=0

(
j

s+ 1
αj+ν−(s+1)

)
εjl,

which can be restated as

φl =

k−ν∑
j=−ν

αj+ν

(
1 +

j

s+ 1

)
εjl, l = 0, . . . , s.(3.8)

A similar expression holds for the eigenvalues of B̆:

ψl =

k−ν∑
j=−ν

βj+ν

(
1 +

j

s+ 1

)
εjl, l = 0, . . . , s.(3.9)

In [2] we have observed that, for some A-stable (Aν,k−ν-stable, a generalization of
A-stability for (2.1) if k > ν; see [3]) BVMs, the l2-norms of the P-circulant matrices
Ă, B̆ are uniformly bounded and the l2-norms of their inverses are bounded with
respect to the number of steps k of the method (2.1), i.e.,

‖Ă‖2 ≤ c1, ‖B̆‖2 ≤ c2, ‖Ă−1‖2 ≤ c3 · (s+ 1), ‖B̆−1‖2 ≤ c4 · (s+ 1),
(3.10)
where cj , j = 1, . . . , 4, are constants of the order of unity. Exceptions are the GBDF

(they have B̆ ≡ I) and the ETR2.
Notice that the circulant matrix Ă defined as the optimal circulant (3.2), (3.3),

may become severely ill-conditioned as k increases (see [2]).
We can give a sample of sufficient conditions for the block preconditioner (3.1) to

be positive stable. From here on, for simplicity, we will assume the Jacobian matrix
to be diagonalizable.
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Proposition 3.1. Suppose that the eigenvalues µr, r = 1, . . . ,m, of the approx-
imation of the Jacobian matrix J of the given ODE are in the left half plane, i.e.,
they have nonpositive real part. Each of the following conditions is sufficient for the
positive stability of the block preconditioner P given by (3.1):

1. Ă, B̆ are P-circulants and (2.1) belongs to GBDF;
2. Ă, B̆ are positive stable and B̆ is Hermitian;
3. Ă, B̆ are positive stable and, for j �= 0, (s+ 1)/2, we have

|Im(µr)| <
(
Re(φj)− hRe(ψj)Re(µr)

h |Im(ψj)|
)
, r = 1, . . . ,m,(3.11)

where φj, ψj, j = 0, . . . , s, are the eigenvalues of Ă, B̆, respectively.
Proof. If J is the Jacobian matrix,

V −1JV = D = diag(µ1, . . . , µm).(3.12)

The circulant matrices Ă and B̆ are simultaneously diagonalized by the unitary Fourier
matrix F (see [10])

F = (F )j,r , (F )j,r =
1√
s+ 1

εjr, ε = e2π i/(s+1), 0 ≤ j, r ≤ s,(3.13)

i.e.,

F ĂF ∗ = ΛA = diag(φ0, . . . , φs), F B̆ F ∗ = ΛB = diag(ψ0, . . . , ψs).

We can write

P = (F ∗ ⊗ Im) (ΛA ⊗ Im − ΛB ⊗ hJ) (F ⊗ Im)(3.14)

= (F ∗ ⊗ V ) (ΛA ⊗ Im − ΛB ⊗ hD)
(
F ⊗ V −1

)
,

where ΛA, ΛB are nonsingular diagonal matrices of size s+ 1. Let

Λ̆ = ΛA ⊗ Im − ΛB ⊗ hD,(3.15)

Λ̆ = diag (φ0 − hψ0µ1, . . . , φ0 − hψ0µm, . . . ,

φs − hψsµ1, . . . , φs − hψsµm) .(3.16)

Λ̆ is diagonal and, if

Re(φj − hψjµr) > 0, j = 0, . . . , s, r = 1, . . . ,m,(3.17)

then Λ̆ (and P ) is also positive stable. If Ă, B̆ are P-circulants, or, more generally, for
all block preconditioners whose matrices Ă, B̆ are positive stable and B̆ is Hermitian,
we have that (3.17) holds true. Indeed, by the hypotheses, we have

Re(µr) ≤ 0, Re(φj),Re(ψj) > 0

and Im(ψj) = 0, j = 0, . . . , s, r = 1, . . . ,m.

If B̆ is not Hermitian, the condition (3.17) is equivalent to

Re(φj) + h(Im(ψj)Im(µr)− Re(ψj)Re(µr)) > 0,(3.18)
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which can be restated as in (3.11).
Notice that P may not be positive stable for certain formulas, even if the Jacobian

matrix J has the spectrum in the left half plane.
Let us observe that, if the eigenvalues µr, r = 1, . . . ,m, of the matrix J of the

IVP are in the left half plane, then the block preconditioner’s matrix P is nonsingular
for all schemes whose matrices Ă, B̆ in (3.2) are such that

Re

(
φj
ψj

)
, j = 0, . . . , s,(3.19)

is positive. Indeed, P is singular if and only if there exists at least a couple j, r,
j ∈ {0, . . . , s}, r ∈ {1, . . . ,m}, such that (see Proposition 3.1 and (3.16))

φj − hψjµr = 0.

This cannot happen if Re(φj/ψj) is positive.
We have verified that this is the case of P-circulant matrices for the BVMs intro-

duced in section 2.1. Notice that for GBDF, this is a consequence of positive stability
of P-circulants.

Proposition 3.2. If Re(µr) < −δ, r = 1, . . . ,m, and δ > 0, the block precon-
ditioner P given by (3.1) which uses Strang’s approximation (3.2), (3.4) is invertible,
regardless of the stepsize h > 0, for all Aν,k−ν-stable methods such that their boundary
locus ρ(z)/σ(z), |z| = 1, is a regular Jordan curve.

Proof. Indeed, under the above hypotheses, we have

Re(ρ(z)/σ(z)) ≥ 0, |z| = 1

(see [3, Theorem 4.7.2]). By observing that Re(ρ(εj)/σ(εj)), j = 0, . . . , s, ε =
e2πi/(s+1), is the ratio (3.19) when Strang’s approximation is in use, it follows that
φj − hψjµr cannot be zero.

For more details on the boundary locus of an LMF, see [18] or [3].
Strang’s approximation (3.4) for our block preconditioner was considered also in

[9].

4. Using the preconditioner.

4.1. The computational cost. We have that the typical computational cost
of the block circulant preconditioner (3.1) for an iterative Krylov subspace method is
of the order of

(c1ms log s+ c2 c3χ1(J))n+ c3χ2(J)(4.1)

floating point operations. The ci, i = 1, 2, are constants of moderate size, c3 ≤ (s+1),
n is the number of iterations of the iterative method, and χi(J), i = 1, 2, are suitable
functions of the size and the structure of J , as explained in the sequel.

From (3.14), we can write P as

P = (F ∗ ⊗ Im)G(F ⊗ Im).(4.2)

G is a (s+ 1)-block diagonal matrix with m×m diagonal blocks,

Gj = φjIm − hψj J, j = 0, . . . , s,(4.3)
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that, under suitable assumptions (see, e.g., the previous section) are nonsingular
matrices. Thus, to solve the linear systems whose matrices are given by (3.1), we need
to apply FFTs of length s + 1 to suitable permutations of the vector ṽ (asymptotic
cost: O(ms log(s)) operations). After this, we have to solve the s + 1 linear systems
whose matrices are given by (4.3). Denote with χ2(J) the number of flops required for
the factorization of Gj and with χ1(J) the cost of the related back-substitution. We
have, as an example, χi(J) = O(m), i = 1, 2, if J has a few nonzero diagonal entries
(this is the case of the examples of section 5), or χ2(J) = O(m3), χ1(J) = O(m2), if
J is dense and unstructured, etc. The decompositions should be computed only once
and then stored.

If J is cheap enough to be diagonalized, and the condition number of V is mod-
erate, where D = V −1JV , the solution of the linear systems (2.6) can be found by
direct inversion. Unfortunately, such hypotheses are relatively infrequent, especially
for nonlinear problems. This is why we have not used the direct inversion for Examples
1 and 2 in section 5 even if possible (Example 3 has a nondiagonalizable Jacobian).

Notice that sometimes we do not need to solve all s + 1 linear systems (4.3).
Indeed, after the stepsize h has been chosen, we can check if (for those j = 0, . . . , s
such that φj �= 0), the following condition is satisfied:

h

∣∣∣∣ψjφj
∣∣∣∣ ‖J‖ < 1,(4.4)

where ψj , φj are the eigenvalues of B̆, Ă, respectively. For those j such that (4.4)
holds true, it can be observed that

G−1
j ≈ φ−1

j

(
Im + h

ψj
φj

J + h2
ψ2
j

φ2
j

J2 + · · ·+ hr
ψrj
φrj

Jr

)
,(4.5)

where r ≥ 1 is an integer and ‖·‖ is any norm such that ‖I‖ = 1. We have experienced
that, truncating (4.5) to the linear term, we have a cheap and effective approximation
for G−1

j .
The condition (4.4) has proved useful also for stiff (nonlinear) problems. Indeed,

often there are several subintervals of integration where the condition (4.4) is satisfied
for some values of j ∈ {0, . . . , s}. As an example, this is the case of van der Pol’s
equation 


y′1 = y2,
y′2 = −y1 + µy2(1− y2

1), t ∈ [0, µ],
y1(0) = 2, y2(0) = 0.

(4.6)

If µ is large, (4.6) is stiff (see, e.g., [13]). However, we have experienced (up to
µ = 1000) that the condition (4.4) is satisfied in several mesh intervals for most of
the indexes j (except in the layer regions when µ is large). Notice that Rj = |ψj/φj |
is less than 1 for the BVMs considered here for several j, j ∈ {0, . . . , s}. See Figure
4.1.

The matrices Gj occur in conjugate pairs, and several other ideas are possible to
exploit their special structure; see [13, chapter IV.8].

The computational cost of the underlying block circulant preconditioners can be
reduced defining ad hoc methods for differential equations. Indeed, the coefficients
αj , βj , j = 0, . . . , k, for the LMF (2.1) can be chosen such that the following ratio is
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Fig. 4.1. Rj = |ψj/φj |, j = 0, . . . , s, for k = 7, 8 (GBDF, GAM, ETR, ETR2 formulas).

kept constant:

ψj
φj
= λ, j = 0, . . . , s,

where φj , ψj are, respectively, the eigenvalues of the P-circulant matrices Ă, B̆. Using
those methods, we need only one factorization of an m×m matrix which has (almost)
the same sparsity pattern of the Jacobian matrix of the underlying ODE. Notice that
this process has some analogy with the diagonally implicit Runge–Kutta methods (see
[13]).

An alternative approach to the direct solution of the linear systems (4.3) can be
effective for particular problems. This is the case of the systems of time-dependent
partial differential equations; see [14] and references therein. We will pursue a similar
approach for our block preconditioner in a future work.

Finally, the block preconditioner is inherently parallel. The s + 1 linear systems
(4.3) are independent and can be solved in parallel.

4.2. Convergence of the preconditioned iterations. We expect fast conver-
gence of preconditioned iterations if the spectrum of the block preconditioned matrix
is clustered around (1, 0) ∈ C. To this end, notice that P−1M , where P is the block
P-circulant or the block Strang’s preconditioner, can be written as the sum of the
identity, a low rank and a small norm matrix.

Theorem 4.1. Let M be the matrix of the linear system (2.6) for the schemes
described in section 2.1, and let P be its block P-circulant preconditioner as (3.1).
Then, for fixed δ > 0, there exist Cδ ≥ 0, sδ ≥ k such that, for all s ≥ sδ (s+1 is the
size of A, B),

P−1 M = I +M
(1)
δ +M

(2)
δ ,(4.7)
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where rank(M
(2)
δ ) ≤ m [2(k + 1) + Cδ] and ‖M (1)

δ ‖2 ≤ δ cJ , where cJ does not depend
on s.

If P is defined as Strang’s circulant, Cδ = ‖M (1)
δ ‖ = 0.

Proof. Let E =M − P ,

E = (A− Ă)⊗ Im − h(B − B̆)⊗ J

= EA ⊗ Im − hEB ⊗ J

= (E
(1)
A + E

(2)
A )⊗ Im − h(E

(1)
B + E

(2)
B )⊗ J.(4.8)

Here E
(1)
A is an (s + 1) × (s + 1) Toeplitz matrix with bandwidth m(k + 1) defined

from the coefficients αj of the main method (2.1)

E
(1)
A = (e

(1)
A,rl), e

(1)
A,rl = e

(1)
A,r−l = e

(1)
A,j , j = −s, . . . , s,

and, for P-circulants and optimal circulants,

e
(1)
A,j =



−j

s+ 1αj+ν , j = −ν, . . . , k − ν (P-circulant),

|j|
s+ 1αj+ν , j = −ν, . . . , k − ν (optimal circulant),

0 otherwise.

(4.9)

The entries of E
(1)
B are defined similarly to (4.9), but with βj instead of αj . For

Strang’s natural circulant it is easy to check that E
(1)
A , E

(1)
B are the null matrix; see

(3.2), (3.4).
From the previous equations, we have

P−1M = I + P−1E = I + P−1(E
(1)
A ⊗ Im − hE

(1)
B ⊗ J)

+ P−1(E
(2)
A ⊗ Im − hE

(2)
B ⊗ J) = I + M̃ (1) + M̃ (2),(4.10)

where E
(2)
A , E

(2)
B are (s+ 1)× (s+ 1) matrices whose entries are nonzero at most in

the following four corners:
1. ν × (k + 1) in the upper left;
2. ν × ν, upper right;
3. (k − ν)× (k + 1), lower right;
4. (k − ν)× (k − ν), lower left.

From the above arguments, we have that

rank(E
(2)
A ) ≤ k + 1, rank(E

(2)
B ) ≤ k + 1,

and, if P−1 is well defined,

rank(M̃ (2)) ≤ 2m (k + 1),

independently on the size of Ă, B̆. Thus, if Ă, B̆ are the Strang’s circulants as (3.2),

(3.4), the thesis follows by setting M
(2)
δ = M̃ (2) and by observing that Cδ = ‖M (1)

δ ‖
= 0.
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Let us consider M̃ (1) when Ă, B̆ are P-circulant matrices. From (4.10) we have

M̃ (1) =
1

s+ 1
P−1

(
Ê

(1)
A ⊗ Im − h Ê

(1)
B ⊗ J

)
,(4.11)

where Ê
(1)
A = (s + 1)E

(1)
A , Ê

(1)
B = (s + 1)E

(1)
B are banded Toeplitz matrices whose

infinity norm is constant with respect to their dimension s+ 1.
We are interested in the behavior of P−1M for s → ∞ (and then for h → 0,

h = (T − t0)/s; see section 2.1). To this end, for the spectral properties of the P-
circulant matrices Ă, B̆ (see [2] and section 3.1), M̃ (1) in (4.10) can be written as
the sum of a small rank and a small l2-norm matrix. Indeed, as in the proofs of [21,
Theorems 3.2, 3.4], let us fix δ > 0 and consider the cardinality Cδ of the set{

l ∈ {0, . . . , s} : |λl(Ă)| ≤ 1
δ

1

s+ 1

}
,

where λl(Ă) are the s + 1 distinct eigenvalues of Ă. For (3.8), λl(Ă) = φk(xl),
xl = 2πl/(s+ 1), l = 0, . . . , s, where

φk(x) =

k−ν∑
j=−ν

αj+ν

(
1 +

j

s+ 1

)
eijx.(4.12)

The expression φk(x) is a trigonometric polynomial and, as observed in [2], for the
formulas in (2.1),

lim
s→∞φk(x0) = lim

s→∞φk(0) = 0, φ′
k(x0) �= 0, lim

s→∞φ′
k(x0) �= 0,(4.13)

i.e., x0 is a simple zero for lims→∞ φk(x) and

c1
s+ 1

≤ |φk(x)| ≤ c2, Re (φk(x)) > 0, x ∈ R,(4.14)

where c1, c2 are constants of the order of unity. The matrix Ă is normal (because it
is circulant), thus |λl(Ă)| = |φk(xl)| is a singular value. Moreover, for (4.13), (4.14),
and (4.12), if l is small with respect to s,

|φk(xl)| ≥ ĉ
l

s+ 1
,

and, as a consequence,

Cδ ≤ #
{
l : ĉ

l

s+ 1
≤ 1

δ

1

s+ 1

}
≤
⌈
1

δ ĉ

⌉
,(4.15)

which does not depend on s since ĉ is a constant.
Recalling that the circulant matrices are simultaneously diagonalized by the ma-

trix F in (3.13) (see [10]), consider the following splitting:

1

s+ 1
Ă−1 = Θ̂1 + Θ̂2,(4.16)

where the s+ 1 singular values of the circulant matrices Θ̂2, Θ̂1 are

{a0, . . . , aCδ−1, 0, . . . , 0} , {0, . . . , 0, aCδ
, . . . , as} ,(4.17)
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respectively, and δ < aj , j = 0, . . . , Cδ − 1; aj < δ, j = Cδ, . . . , s, aj ≥ ai ≥ 0 if
0 ≤ j < i ≤ s.

Thus, from (4.11) and (4.16) we can set M̃ (1) as

M̃ (1) =
(
Is+1 ⊗ Im − hĂ−1B̆ ⊗ J

)−1 (
(Θ̂1 + Θ̂2)⊗ Im

)(
Ê

(1)
A ⊗ Im − hÊ

(1)
B ⊗ J

)
,

i.e., we can split the above matrix as

M̃ (1) =M
(1)
δ + M̃

(2)
δ ,

where the products containing Θ̂2 are collected in M̃
(2)
δ , while those containing Θ̂1

are in M
(1)
δ . As a consequence of the above arguments and of (4.10), (4.11), fixed

δ > 0, we can find sδ such that, for all s ≥ sδ,

M̃ (1) =M
(1)
δ + M̃

(2)
δ , rank(M̃

(2)
δ ) ≤ mCδ, ‖Θ̂1Ê

(1)
A ‖2 ≤ δ c, ‖Θ̂1Ê

(1)
B ‖2 ≤ δ c,

where c does not depend on s and usually is of the order of unity. If we defineM
(2)
δ =

M̃ (2) + M̃
(2)
δ , the first half of the thesis follows. To check that M

(1)
δ is a small norm

matrix, we can transform M
(1)
δ by the matrices (F ⊗ V −1), (F ∗ ⊗ V ), J = V DV −1.

(We suppose for simplicity that the Jacobian matrix J is diagonalizable.) Thus, if

N = (F ⊗ V −1)M
(1)
δ (F ∗ ⊗ V ), we have

N =
(
Is+1 ⊗ Im − hΛ−1

A ΛB ⊗D
)−1

(F ⊗ Im)

· (Θ̂1 ⊗ Im)
(
Ê

(1)
A ⊗ Im − hÊ

(1)
B ⊗D

)
(F ∗ ⊗ Im)

=
(
Is+1 ⊗ Im − hΛ−1

A ΛB ⊗D
)−1

(Λ1 F ⊗ Im)

·
(
Ê

(1)
A ⊗ Im − hÊ

(1)
B ⊗D

)
(F ∗ ⊗ Im) ,(4.18)

where Θ̂1 = F ∗Λ1F , Ă = F ∗ΛAF , B̆ = F ∗ΛBF , and Λ1, ΛA, ΛB are diagonal
matrices. From (4.18) and the above arguments we have the following bound:

‖N‖2 ≤ ‖
(
Is+1 ⊗ Im − hΛ−1

A ΛB ⊗D
)−1 ‖2‖F Θ̂1E

(1)
A F ∗ ⊗ Im‖2

+ max
r
‖(Is+1 ⊗ Im − hµrΛ

−1
A ΛB)

−1(hµrΛ1 F Ê
(1)
B F ∗)‖2

≤ ‖F Θ̂1Ê
(1)
A F ∗‖

minj,r

∣∣∣∣1 + h(−µr)ψjφj
∣∣∣∣
+

‖Λ1FÊ
(1)
B F ∗‖2

minj,r

∣∣∣∣ 1
h(−µr) +

ψj
φj

∣∣∣∣
≤ ‖Θ̂1Ê

(1)
A ‖2

cJ,1
+
‖Θ̂1Ê

(1)
B ‖2

cJ,2
≤ δ ĉJ .(4.19)

Excluding the trivial case µr = 0, we have that Re(1/(h(−µr))) ≥ 0 if the Jacobian
matrix J has eigenvalues whose real parts are nonpositive, and cJ,1, cJ,2 in the above
expression can be bounded uniformly in s if Re(ψj/φj) ≥ ε > 0.We have verified that
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this holds, e.g., for the methods of section 2.1. Thus, ĉJ , cJ and then the bound for

‖M (1)
δ ‖2 are independent from s.
Notice that when hµr is small, such as in the nonstiff case, we have simply that

‖M (1)
δ ‖2 ≤ c2‖Θ̂1Ê

(1)
A ‖2 ≤ δ c c2,

where c2 is a constant.
Unfortunately, we cannot state a similar result for the block preconditioner (3.1)

based on the optimal circulants because of the ill-conditioning arising when k is large
(see [2]). Nonetheless, if (4.14) hold true, for fixed k suitably small, similar arguments
to those used for P-circulants can be used to prove convergence.

Despite the fact that ‖M (1)
δ ‖ and Cδ are zero for P given by (3.1) using Strang’s

approximations, we have observed that such a preconditioner is often less suitable than
others. Indeed, as an example, the Strang’s circulants can be severely ill-conditioned
or even singular, e.g., for problems such that some of the eigenvalues of their Jacobian
matrix have zero or small modulus real part (or imaginary part large in absolute value
with respect to the real part). Unfortunately, this is not infrequent, e.g., for stiff
problems; see Example 1 and the remarks in the next section.

5. Numerical results. To show the effectiveness of our block preconditioner,
we will integrate some test problems with the formulas (2.9), a generalization of
Adams–Moulton methods. Such formulas have been found to be quite effective (see
[17]).

Further numerical examples using other formulas can be found in [1].
We will compare the number of matrix-vector products needed to converge for

Bi-CGSTAB [25] (Bi-CGSTAB(2) [22] for Example 1 because Bi-CGSTAB has shown
much more erratic unpreconditioned convergence) and GMRES [20].

The initial guess for the iterative solvers is always zero. The stopping criterion
is ‖rk‖ < 10−6‖b‖, rk true residual. The stability properties of the LMF considered
here (see [3]) allow an application without stepsize restriction. Hence, we will use a
constant stepsize h. All calculations are done in Matlab.

In the columns labeled Is, Ps, Cs and Ss in the tables below, we will give the
number of matrix-vector products needed to the convergence of the unpreconditioned
iterations, preconditioned iterations using P-circulants, and Chan’s and Strang’s ap-
proximations, respectively. A “−” means that convergence was not attained.

The column labeled “rfp” gives a rough estimate of the ratio of the floating
points operations required for, respectively, the P-circulant preconditioned and the
unpreconditioned GMRES.

Example 1. Wave equation.
Let us consider the wave equation


utt − cuxx = 0,
u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ [0, π],
u(0, t) = u(π, t) = 0, t ∈ [0, T ].

(5.1)

Approximating the operator ∂2/∂x2 in (5.1) with centered differences and reducing
the obtained IVP to the first order gives the system of 2N ODEs:{

y′(t) = H2Ny(t), t ∈ [0, T ],
y(0) = η, η = (g1(x1) · · · g1(xN )g2(xN+1) · · · g2(x2N ))

T .
(5.2)
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Table 5.1
Wave equation (5.1). Number of matrix-vector products, GAM with k = 3.

GMRES BiCGstab(2)
N s h Is Ps Cs Ss Is Ps Cs Ss rfp

20 8 π/4 298 31 32 31 >1000 40 44 64 .4e-1
50 8 π/4 776 34 35 45 - 45 52 81 .7e-3
100 8 π/4 >1000 34 37 71 - 48 52 109 .2e-3
20 16 π/8 311 36 38 40 609 45 49 104 .5e-1
50 16 π/8 >1000 42 46 62 - 52 60 206 .6e-4
100 16 π/8 >1000 42 45 60 - 52 56 197 -
20 32 π/16 203 35 37 42 744 44 49 125 .1
50 32 π/16 764 44 48 66 - 49 60 333 .1e-1
100 32 π/16 >1000 45 50 80 - 52 60 588 -
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Fig. 5.1. Wave equation (5.1). Spectrum of eigenvalues of the matrix M (2.6) before and
after P-circulant preconditioning. (c = 1, GAM with k = 3, s = 16, N = 20, T = 2π.)

The matrix H2N is a Hamiltonian definite one:

H2N =

(
0 IN
TN 0

)
2N×2N

.(5.3)

The matrix H2N has the spectrum of eigenvalues on the imaginary axis. In Table
5.1, we can see the effect of the block preconditioner on the number of iterations
needed to solve the IVP (5.2) using the fourth order GAM (k = 3), T = 2π, g1(x) = 0,
g2(x) = x. In Figures 5.1 and 5.2 we can see the effect on the spectrum of eigenvalues
of the matrix M .

Notice that the block preconditioner based on the Strang’s circulants does not

show the best preconditioned behavior, despite the fact that M
(1)
δ , the small norm

matrix in (4.7), is zero; see also Table 5.2. To this end, see also the remarks at the
end of this section.
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Fig. 5.2. Wave equation (5.1). Spectrum of eigenvalues of the matrix P−1M as in Figure
5.1(b) but after block preconditioning using (a) Chan’s and (b) Strang’s circulants.

Table 5.2
Wave equation (5.1), same parameters as Table 5.1. Comparison of the computational

costs related to the block preconditioner using Strang’s approximations.

GMRES BiCGstab(2)
N s size Ps Cs Ss Ps Cs Ss

20 8 320 1 1.04 1 .63 .7 1
50 8 800 .71 .73 1 .57 .66 1
100 8 1600 .4 .43 1 .45 .49 1
20 16 640 .87 .94 1 .43 .48 1
50 16 1600 .6 .68 1 .24 .28 1
100 16 3200 .27 .29 1 .63 .69 1
20 32 1280 .8 .85 1 .35 .39 1
50 32 3200 .15 .188 1 .59 .66 1
100 32 6400 .089 .1 1 .47 .57 1

Example 2. Heat equation in a rectangle.
Consider the two-dimensional heat equation defined in a rectangular domain:


ut − (uxx + uyy) = 0, (x, y) ∈ Ω = [0, π]× [0, π],
u((x, y), 0) = g(x, y), (x, y) ∈ Ω,
u((x, y), t) = 0, (x, y) ∈ ∂Ω, 0 ≤ t ≤ T.

(5.4)

Using centered differences to approximate the Laplacian operator in the rectangle Ω
with a uniform grid

∆x = ∆y = ∆, ∆ = π/(N + 1)

gives the IVP{
y′(t) = 1

∆2 L̂Ny(t), t ∈ [0, T ],
y(0) = η, η = (g(x1, y1)), . . . , g(xN , yN )

T ,
(5.5)
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Table 5.3
Heat equation (5.4). Number of matrix-vector products, GAM with k = 4.

GMRES BiCGstab
N s h Is Ps Cs Ss Is Ps Cs Ss rfp

4 8 π/4 51 8 8 7 74 14 14 12 .3
8 8 π/4 121 8 8 7 216 14 14 12 .4
20 8 π/4 368 7 7 6 631 14 16 12 .5e-1
4 16 π/8 53 7 7 6 72 12 10 10 .3
8 16 π/8 126 7 7 6 175 12 10 10 .5
20 16 π/8 376 6 6 6 648 12 10 10 .5e-1
4 24 π/12 45 7 7 7 61 10 10 10 .6
8 24 π/12 107 7 7 7 154 12 12 10 .2
20 24 π/12 320 6 6 6 518 12 12 10 .7e-1
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Fig. 5.3. Heat equation (5.4). Spectrum of the eigenvalues of the matrix M (2.6) before
and after P-circulant block preconditioning. (GAM, k = 4, s = 16, N = 20.)

where L̂N is a N2 ×N2 block tridiagonal matrix:

L̂N =




T̂N IN

IN
. . .

. . .

. . .
. . . IN
IN T̂N


 , T̂N =



−4 1

1
. . .

. . .

. . .
. . . 1
1 −4


(5.6)

and xi, yj , i, j = 1, . . . , N , in (5.5) are defined accordingly. In Table 5.3, we can see
the effect of the block preconditioner on the number of iterations needed to solve the
IVP (5.5) using fifth order GAM (k = 4), T = 2π, g(x, y) = x y. In Figure 5.3 we can
see the effect on the spectrum of eigenvalues of the matrix M .

As an example, notice that the built-in Matlab sparse direct solver for the linear
system (2.6) used for Example 2 with N = 20, s = 8 (N = 20, s = 16) needs 6
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(18) times more flops than the P-circulant block preconditioned GMRES. In general,
we can save flops provided that M in (2.6) is large enough and the convergence of
preconditioned iterations is achieved in a moderate number of iterations.

Example 3. Wave equation of first order.


ut − ux = 0,
u(x, 0) = g(x), x ∈ [0, π],
u(π, t) = 0, t ∈ [0, 2π].

(5.7)

We discretize the partial derivative ∂/∂x with the first order forward difference and
stepsize ∆x = π/N , xj = j∆x (upwind discretization). We obtain the system of N
ODEs {

y′(t) = LNy(t), t ∈ [0, 2π],
y(0) = η, η = (g(x0) · · · g(xN−1))

T ,
(5.8)

LN =
1

∆x



−1 1

. . .
. . .

. . . 1
−1



N×N

.

In Table 5.4, we can see the effect of the block preconditioner on the number of
iterations needed to solve the IVP (5.7) using fifth order GAM (k = 4), T = 2π,
g(x) =

√
x(π − x). In Figure 5.4 we can see the effect on the spectrum of eigenvalues

of the matrix M .
As expected, the block preconditioner (3.1) is effective for those classes of differen-

tial problems for which the preconditioned matrix P−1M , M in (2.6), has a clustered

spectrum. For Theorem 4.1, this is true if M
(1)
δ in (4.7) either is zero (as is the case

of Strang’s circulants) or is a suitable perturbation of the null matrix (e.g., has eigen-
values clustered around the origin of the complex plane, as is the case of P-circulants)

and P is not ill-conditioned. Moreover, the small rank matrix M
(2)
δ should have few

and possibly clustered outliers (i.e., the eigenvalues outside the multiple eigenvalue in
the origin of C).

Notice that the above properties may not hold if the preconditioner is ill-condi-
tioned, e.g., because Ă or B̆ are ill-conditioned or even singular. As an example, see
Example 1 for the block preconditioner using Strang’s or Chan’s approximations. A
similar behavior can be observed for Example 2 if a fast decaying diffusion coefficient
is considered. The effect of the ill-conditioning on the convergence of preconditioned
iterations can be reduced significantly if special initial conditions for the underlying
partial differential equations are considered; see the numerical tests in [9]. More
details and analysis of the rate of convergence of preconditioned iterations will be
given in a forthcoming paper.

In this section, we have considered methods based on the formula (2.9). In general,
the same behavior can be observed also for the other formulas of section 2.1, e.g., (2.10)
for Example 1 and (2.8) for Examples 2 and 3.

6. Concluding remarks. In this work we have considered a block circulant
preconditioner we introduced in [1] for the linear systems of certain codes for ordi-
nary differential equations. Such preconditioners are used here implicitly with it-
erative Krylov subspace methods for nonsymmetric systems such as Bi-CGSTAB,
Bi-CGSTAB(2) and GMRES.
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Table 5.4
Wave equation of first order (5.7). Number of matrix-vector products, GAM with k = 4.

GMRES BiCGstab
N s h Is Ps Cs Ss Is Ps Cs Ss rfp

20 8 π/4 38 10 9 10 88 10 10 10 .2
50 8 π/4 100 12 11 12 - 12 12 13 .7e-1
100 8 π/4 239 13 12 13 - 18 16 18 .1e-1
20 16 π/8 28 9 8 8 49 10 10 10 .7
50 16 π/8 87 10 9 9 - 12 12 12 .7e-1
100 16 π/8 222 10 10 10 - 12 14 12 .1e-1
20 32 π/16 36 7 7 7 41 8 8 9 .3
50 32 π/16 70 8 8 8 179 9 9 9 .1
100 32 π/16 176 9 9 9 - 10 12 10 .2e-1
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Fig. 5.4. Wave equation of first order (5.7). Spectrum of the eigenvalues of the matrix
M (2.6) before and after P-circulant preconditioning. (GAM, k = 3, s = 16, N = 20.)

It has been observed that, for some classes of differential problems, the precondi-
tioned iterations are almost independent from the discretization.

Moreover, a recently introduced circulant approximation, called P-circulant, has
been found to be promising in comparison to optimal approximations, in the sense
of the norm (see, e.g., [8, p. 432–434]), such as Strang’s and Chan’s. This has been
confirmed by the analysis in [2].

Despite the fast convergence, the above block preconditioner has a moderate
theoretical parallel complexity and an interesting serial computational cost for the
classes of differential problems such that the spectrum of the block preconditioned
matrix P−1M is clustered.
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Abstract. Shadowing provides a means of obtaining global error bounds for approximate so-
lutions of nonlinear differential equations with interesting dynamics, in particular, for initial value
problems with positive Lyapunov exponents. Shadowing breaks down in the presence of zero Lya-
punov exponents, although some results such as shadowing with rescaling of time have been obtained.
Using a reformulation of the original differential equations and an improved fixed point result we take
advantage of componentwise local error bounds to use relatively smaller error tolerances in nonhy-
perbolic and contractive directions (i.e., in directions corresponding to zero and negative Lyapunov
exponents). The result is a decrease in the shadowing global error.

Key words. shadowing lemma, hyperbolicity, global error estimation
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1. Introduction. Global error analysis using a shadowing lemma approach in-
volves treating the error equation as a boundary value problem (BVP) as opposed to
an initial value problem (IVP). This allows for shadowing-type error analysis results
for problems with expansive and contractive directions. The difficulty occurs when
there are directions that are neither exponentially expansive nor contractive, and we
call these nonhyperbolic directions. Most shadowing lemma techniques rely on a fixed
point result that is similar to using the numerically computed solution as an initial
guess for a modified Newton’s method to find a true trajectory to the given differential
equation. This leads to the need to find and bound an inverse (in our case a right
inverse) of the Jacobian for the modified Newton’s method.

In this paper, we consider an improved fixed point result and find that what is
important is not so much the norm of a right inverse of the Jacobian, but the action
of the right inverse on several vectors. This produces sharper results and the ability
to gain a better understanding of the breakdown of shadowing in the presence of
nonhyperbolic directions. We reformulate the original differential equation in terms
of a new coordinate system that corresponds to the directions associated with the
Lyapunov exponents of the linearized problem that we denote by the columns of an
orthogonal matrix function Q ≡ Q(t). This allows us to write the dependent variable
x of the nonlinear differential equation in terms of these directions of different growth
and decay rates and write x = Qy and solve for Q and y instead of x. With this
reformulation we derive componentwise bounds on the magnitude of the local error in
directions corresponding to different rates of growth and decay, and with the improved
fixed point result we are able to derive sharper shadowing bounds by employing smaller
local error tolerances in the nonhyperbolic and contractive directions.

Our focus numerically is in employing existing IVP solvers, including the ex-
trapolation code ODEX from [17] and the Runge–Kutta suite RKSUITE from [3]. The
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numerical shadowing methods presented here provide accurate results, due to the com-
ponentwise error bounds and the improved fixed point result, and are obtained with
relatively small cost due to the use of efficient numerical linear algebra techniques.

Recent work on shadowing has involved extending shadowing to allow for rescaling
of time, i.e., allowing for perturbations in the time step (see the work of Coomes [6],
Coomes, Kocak, and Palmer [7], Palmer [22], Van Vleck [26], and Franke and Selgrade
[12], [13]). Rescaling of time can be thought of as allowing for a special perturbation of
the differential equation. Work on numerical shadowing includes the ground breaking
work of Hammel, Yorke, and Grebogi [18], [19], the shadowing-type results of Beyn
[2], the work of Chow, Lin, and Palmer (e.g., [4]), Chow and Palmer (e.g., [5]), the
numerical work of Sauer and Yorke [24], and the initial work on the breakdown of
shadowing of Dawson et al. [8]. We also mention here a related concept known as
backward error analysis in which one considers a modified differential equation and
provides error statements with respect to this modified equation. This has proved to
be a very useful concept of error, especially in the case of Hamiltonian systems (see,
e.g., [1], [15], [16], and [23]).

This paper is organized as follows. In section 2 we present the shadowing setup
that we will employ throughout this paper, and in section 3 we present an improved
fixed point result that has two fewer norm bounds than the previous result. In sec-
tion 4 we consider a reformulation of the given differential equation and its linear
variational equation by writing the dependent variable x(t) as x(t) = Q(t)y(t) and a
fundamental matrix solution X(t) = Q(t)R(t), respectively, where Q(t) is a square
orthogonal matrix and R(t) is an upper triangular matrix, and by solving for y, Q,
and R instead of x and X. Based upon this reformulation, we consider in section 5
the form of a right inverse, in our case the pseudoinverse, of a linear operator that
approximates the Jacobian, and we provide bounds in section 6 on the elements of
the vectors multiplying the right inverse. Section 7 contains algorithmic formula-
tions and details, section 8 contains our numerical results, and section 9 contains our
conclusions.

2. Shadowing setup. Consider the autonomous IVP where f is a C2 function,{
ẋ = f(x),

x(0) = x0,
(2.1)

and x ≡ x(t) : R→ R
N for a positive integer N .

We assume that a numerical orbit x ≡ {xn}M0 using time steps h ≡ {hn}M−1
0 ,

for a positive integer M , has been produced, and let tn+1 = tn + hn with t0 = 0.
Consider the nonlinear operator F (x, h) with nth block component given by

(F (x, h))n = xn+1 − φ(xn, hn) =: δn+1,(2.2)

for n = 0, . . . ,M−1, where φ is the local solution operator and δn+1 is the local error
at the nth step. The linearization of F (x, h) is given by (Dxnφ(xn, hn) ≡ ∂φ

∂xn
(xn, hn)

and Dhnφ(xn, hn) ≡ ∂φ
∂hn

(xn, hn)),

(DF (x, h)(∆x, ∆h))n = ∆xn+1 −Dxnφ(xn, hn)∆xn − θDhnφ(xn, hn)∆hn,(2.3)

for n = 0, . . . ,M − 1, where θ ≥ 0 is a scaling factor (see [26]). We assume that
DF (x, h) is approximated by a linear operator,

(L(∆x, ∆h))n = ∆xn+1 − Yn∆xn − θfn+1∆hn,(2.4)
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for n = 0, . . . ,M − 1. Throughout the paper we consider z = x ∈ R
(M+1)N for

θ = 0 and z = (x, h) ∈ R
(M+1)N × R

M for θ > 0, with norms ||z|| = supn ||xn||
for θ = 0 and ||z|| = ||(x, h)|| = max{supn ||xn||, supn |θ−1hn|} for θ > 0. For
n = 0, . . . ,M − 1 the nth N × N block column of DF (z) and of L is nonzero only
in the nth block component. In addition, for θ > 0 the remaining M columns of
DF (z) − L contain a nonzero block component of the form θ[fn+1 −Dhn

φ(xn, hn)].
The nth block component of F (z) is given by δn+1.

3. Fixed point result. The following is an improved version of a fixed point
result that has been used in many instances to prove the existence of a nearby solution
in a shadowing context. The proof is basically the same, but it allows for the use of
more precise componentwise information. The statement of the fixed point theorem
is very similar to the statement of Theorem 1, p. 536, in Kantorovich and Akilov [20],
and the proof is a minor modification of Proposition 4.1 in [4].

Theorem 3.1. Suppose that X ,Y are Banach spaces, F : X → Y is C1, and
that there exist positive constants ε0, α < 1, β, a point z ∈ X , and a linear operator
L : X → Y with right inverse L† such that

||L†(DF (w)− L)|| ≤ α for ||w − z|| ≤ ε0.(3.1)

If, for 0 < ε ≤ ε0,

||L†F (z)|| ≤ (1− α)ε =: β,(3.2)

then the equation F (w) = 0 has a solution with

||w − z|| ≤ ε.(3.3)

Our goal now is to find a bound α < 1 in (3.1) and a bound on β in (3.2) so that
we can set ε = β/(1− α) provided ε ≤ ε0.

4. Reformulation of the differential equation. In order to decrease the
shadowing distance when there are nonhyperbolic directions, for instance, in the
neighborhood of a nontrivial attracting set or in the presence of first integrals, we
rewrite the differential equation (2.1) to take advantage of componentwise local error
tolerances. We introduce an auxiliary matrix differential equation that will also be
useful in solving the linear variational equation. To make the idea clear, suppose for
each time t we have an orthogonal matrix Q(t) ∈ R

N×N whose columns correspond to
directions of different rates of growth. Then we can write x(t), the solution to (2.1),
as a linear combination of the columns of Q(t), i.e., x(t) = Q(t)y(t). The components
of y(t) correspond to the growth rates in the directions given by the columns of Q(t).
If we write the solution to the linear variational equation, X(t), as X(t) = Q(t)R(t)
(see [9]), where Q(t) is orthogonal and R(t) is upper triangular, then Q(t) satisfies the
following matrix differential equation, where S(Q) ≡ S(Q,A(t)) is a skew-symmetric
matrix and A(t) ≡ Df(x(t)),

Q̇ = QS(Q) with S(Q)ij =




(QTAQ)ij , i > j,
0, i = j,

−(QTAQ)ji, i < j.
(4.1)

Since x(t) = Q(t)y(t), we have ẋ(t) = Q̇(t)y(t) + Q(t)ẏ(t), so y(t) satisfies the differ-
ential equation

ẏ = QT f(Qy)− S(Q)y.(4.2)
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The equation for R(t) is given by

Ṙ = ÃR with Ã = QTAQ− S(Q);(4.3)

the coefficient matrix Ã(t) is thus upper triangular.

By solving numerically (4.1), (4.2), and (4.3), we obtain approximations to the
original nonlinear problem and the linear variational equation. If we write xn+1 =
Qn+1yn+1 and φ(xn, hn) = Q̃n+1ψ(yn, hn), where ψ is the local solution operator for
(4.2), then by (2.2), we have

(4.4)

QT
n+1δn+1 = QT

n+1[xn+1 − φ(xn, hn)] = yn+1 − ψ(yn, hn) + (Q̃T
n+1 −QT

n+1)φ(xn, hn).

We solve using (4.2) as opposed to (2.1) so that componentwise local error control
may be obtained with respect to the moving coordinate system given by Q(t). This
could be accomplished by solving with (2.1) but would require that the error control
for the x variable depend on our approximation to Q. Solving by using (4.1) and (4.3)
is a numerically stable way of approximating the linear variational equation.

5. Form of the pseudoinverse. We choose for the right inverse, L†, in Theo-
rem 3.1, the pseudoinverse. This allows us to find L† explicitly, which is useful when
determining the bounds for α and β in (3.1) and (3.2). The choice of the pseudo-
inverse also has the advantage that it is independent of the dynamics of the problem,
i.e., does not depend on the number of stable, unstable, or neutral modes, and it is
the optimal choice with respect to the two norm.

We solve (4.1) and (4.2) numerically to produce sequences {Qn}M0 and {yn}M0 .
Simultaneously, for n = 0, . . . ,M − 1, we solve{

˙̃Rn(t) = Ã(t + tn)R̃n(t),

R̃n(0) = I
(5.1)

for 0 ≤ t ≤ hn. If we let Rn denote the approximation to R̃(hn), then in (2.4) we have
Yn = Qn+1RnQ

T
n . Notice that L in (2.4) can be written as L = QUQ̂T , where Q, Q̂ are

block diagonal matrices given by Q = diag(Q1, . . . , QM ), Q̂ = diag(Q0, . . . , QM , IM ),
where IM is the M ×M identity matrix, and in block indices,

(U(z, τ))n = zn+1 −Rnzn − θgn+1τn,(5.2)

where fn+1 = Qn+1gn+1 and fn+1 = f(xn+1). Thus, the pseudoinverse of L, L†, can
be written as

L† = Q̂U†Q
T
,(5.3)

where U† is the pseudoinverse of U . We write U† = UT (UUT )−1 and note that UUT

is symmetric and block tridiagonal with entries (UUT )n,n = I + RnR
T
n + θ2gn+1g

T
n+1

for n = 0, . . . ,M − 1 and (UUT )n−1,n = −RT
n for n = 1, . . . ,M − 1.

We decompose L† as in (5.3) and determine componentwise bounds on Q
T

[DF (w)

− L] and Q
T
F (z). Once componentwise bounds are obtained we find the bounds α

and β in (3.1) and (3.2), respectively, using the following simple idea. Let u denote
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an arbitrary column of Q
T

[DF (w)−L] or let u denote Q
T
F (z). Assume that the ith

component of u, ui, satisfies |ui| ≤ γi for some γi > 0. If y = Q̂U†u, then we have

|yi| ≤
∑
j

|(Q̂U†)ij | · γj .(5.4)

Using the results in [21] and the references therein we have that the (i, j) block
of (UUT )−1 has the form

Γij ≡ (UUT )−1
ij =

{
ΨiΩ

T
j for i ≤ j,

ΩiΨ
T
j for i > j,

(5.5)

where Ψi and Ωj are N×N matrices. In addition, the block vectors Ψ = (ΨT
0 , . . . , ΨT

M−1)
T

and Ω = (ΩT0 , . . . , ΩTM−1)
T can be determined by solving

(UUT )Ω = Ξ0 and (UUT )Ψ = ΞM−1Ω
−T
M−1,(5.6)

where Ξ0 denotes the block vector with the identity matrix in the 0th block and ΞM−1

denotes the block vector with the identity in the (M−1)th block (with all other blocks
zero). In general, (5.6) is not a numerically stable way to form (UUT )−1.

In the next section we will obtain componentwise bounds on Q
T
F (z) and Q

T
[DF (w)

−L] to form the vectors that will multiply the matrix Q̂U† which has, using the form
of (UUT )−1, the block entries,

(Q̂U†)ij =




−Q0R
T
0 Γ0,j , i = 0,

Qi[Γi−1,j −RT
i Γi,j ], i = 1, . . . ,M − 1,

QMΓM−1,j , i = M
(5.7)

for j = 0, . . . ,M −1, and for θ > 0, the remaining M rows of Q̂UT (UUT )−1 have the
form

−θ(gTi Γi−1,0, . . . , gTi Γi−1,M−1) for i = 1, . . . ,M.(5.8)

Note that, by using the form of L, we have (for θ = 0) that (2.2) is of the form

QT
n+1∆xn+1 −RnQ

T
n∆xn = QT

n+1δn+1,(5.9)

which after a change of variables (zn = QT
n∆xn and ρn = QT

n δn) has the form

zn+1 −Rnzn = ρn+1.(5.10)

Consider the following simplified example of (5.10) with

Rn =


R11 R12 R13

0 R22 R23

0 0 R33


 ,(5.11)

where R11 > 1, 0 < R33 < 1, R22 = 1, and ρn ≡ ρ for all n. If we solve (5.10)
forward in time for the second and third components of z with initial conditions of 0
and backward in the first component of z with terminal condition 0, then we obtain
linear growth in the solution z unless we set the second and third components of ρ
to O(M−1) times the first component of ρ. This suggests having, after considering
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(4.4), a relatively smaller local error tolerance for the components of y and columns
of Q that correspond to nonhyperbolic and contractive directions (assuming that the
directions are ordered as in our simple example). Similarly, we will use a relatively
smaller local error tolerance for the rows of R corresponding to nonhyperbolic and
contractive directions. It is important to point out that, although our plan is to
require smaller error tolerances when computing the coupled set of equations for y,
Q, and R numerically, this should really only restrict our time step in the integration
of Q since the time step for y and R should be based on the unstable directions.

6. Bounds on Q
T
F (z) and Q

T
[DF (w) − L]. In what follows, let U denote

the set of indices corresponding to unstable directions and let CS denote the set indices
corresponding to nonhyperbolic and stable directions based upon some criteria, for
instance, the average magnitude of the diagonal elements of the upper triangular
coefficient matrix Ã(t) from (4.3).

We first consider the case in which θ = 0 and wish to determine componentwise
bounds on QT

n+1δn+1 and on QT
n+1[Dwn

φ(wn, hn)− Yn], which we rewrite as

(6.1) QT
n+1(DF (w)− L)n,n

:= QT
n+1[Dwnφ(wn, hn)−Dxnφ(xn, hn)] + QT

n+1[Dxnφ(xn, hn)− Yn].

For 0 ≤ t ≤ hn define yn(t) and Yn(t) with yn(0) = xn and Yn(0) = I as the
numerical solution to the original nonlinear problem and the linear variational equa-
tion, respectively, using dense or continuous output (see [17, p. 176]). Let En(t) :=
Dxnφ(xn, t) − Yn(t) for 0 ≤ t ≤ hn, where En(0) = 0. In the following lemma we
consider componentwise local errors in QT

n+1δn+1 and in QT
n+1En(hn) when compo-

nentwise local errors are satisfied in y, Q, and R.
Lemma 6.1. Let ηU and ηCS denote the local errors in the components of y, the

columns of Q, and the rows of Rn corresponding to the indices U and CS, respectively,
with ηU ≥ ηCS. Then we have

|(QT
n+1δn+1)i| ≤ (1 + ||xn+1||1)ηι + O(η2

U) =: µnηι + O(η2
U),(6.2)

|(QT
n+1En(hn))ij | ≤

(
χ{i≤j} +

j∑
k=1

|(Rn)kj |
)

ηι + O(η2
U) =: (χ{i≤j} + σnj)ηι + O(η2

U),

(6.3)

where ι := U for i ∈ U, ι := CS for i ∈ CS, and χ{i≤j} is 1 for i ≤ j and 0 otherwise.
Proof. The inequality (6.2) follows using (4.4) and the fact that we have xn+1 −

φ(xn, hn) = δn+1. The inequality (6.3) follows similarly.
Remark 6.1. Note that if we bound the local error for the ith column of Q by

ηι/(1+max{||Rn||1, ||xn+1||1}), then the bounds (6.2) and (6.3) in Lemma 6.1 become
2ηι+O(η2

U) and (χ{i≤j}+1)ηι+O(η2
U), respectively, where ι := U for i ∈ U, and ι := CS

for i ∈ CS.
Given the bound (6.3) for QT

n+1En(t) we focus on determining componentwise
bounds on QT

n+1[Dwn
φ(wn, hn)−Dxn

φ(xn, hn)]. Consider the linear equations

QT
n+1Ẇ = [QT

n+1Df(φ(wn, t))Qn+1]Q
T
n+1W ≡ B(t)QT

n+1W, W (0) = I,(6.4)

and

QT
n+1Ẋ = [QT

n+1Df(φ(xn, t))Qn+1]Q
T
n+1X ≡ C(t)QT

n+1X, X(0) = I.(6.5)
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Let V (t) := QT
n+1[W (t)−X(t)] and observe that V (0) = 0. Then we have

V̇ = B(t)V + [B(t)− C(t)](QT
n+1[Yn(t) + En(t)]).(6.6)

Definition 6.1. Define a and bj as constants that satisfy a ≥ sup0≤t≤hn
||B(t)||∞

and bj ≥ sup0≤t≤hn
||Πj ||∞, where Πj denotes the jth column of

[B(t)− C(t)](QT
n+1[Yn(t) + En(t)]).(6.7)

Lemma 6.2. With the assumptions of Lemma 6.1 we have

|(QT
n+1[Dwnφ(wn, hn)−Dxn

φ(xn, hn)])ij | ≤ bj
a

(exp(ahn)− 1).(6.8)

Proof. Let zj(t) denote the supremum norm of the jth column of V (t). Then we
have

d

dt
zj(t) ≤ azj(t) + bj ,(6.9)

so by Gronwall’s inequality (see [25, p. 108]) and using the fact that zj(0) = 0, we
have

zj(hn) ≤ bj
a

(exp(ahn)− 1).(6.10)

Using (6.3) and (6.8), we obtain the following bounds on the magnitude of the
components of QT

n+1[Dwnφ(wn, hn)− Yn].
Corollary 6.1. With the assumptions of Lemma 6.1 we have

|(QT
n+1[Dwn φ(wn, hn)− Yn])ij | ≤

(
χ{i≤j} +

j∑
k=1

|(Rn)kj |
)

ηι + O(η2
U)

+
bj
a

(exp(ahn)− 1) =: (χ{i≤j} + σnj)ηι + ρnj + O(η2
U),

(6.11)

where ι := U for i ∈ U, and ι := CS for i ∈ CS.
Our task now is to determine computable bounds on a and bj . The difficulty

occurs because the matrix functions B(t) and C(t) are not explicitly known.
We assume that either f satisfies a one-sided Lipschitz condition (see [25, p. 173])

so there exists a constant Los such that

〈f(wn(t))− f(xn(t)), wn(t)− xn(t)〉 ≤ Los||wn(t)− xn(t)||22,(6.12)

or f is locally Lipschitz so that there exists a nonnegative constant Lloc such that

||f(wn(t))− f(xn(t))||∞ ≤ Lloc||wn(t)− xn(t)||∞.(6.13)

Using Gronwall’s inequality for Λ = Los (and ε0 =
√

Nε0) or Λ = Lloc (and ε0 = ε0),
respectively, we have

||wn(t)− xn(t)||∞ ≤ exp(Λt) · ε0.(6.14)

Let LDf denote the Lipschitz constant for Df so that

||Df(wn(t))−Df(xn(t))||∞ ≤ LDf ||wn(t)− xn(t)||∞,
||Df(xn(t))−Df(yn(t))||∞ ≤ LDf ||xn(t)− yn(t)||∞.

(6.15)
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Thus,

|Df(wn(t))ij −Df(xn(t))ij | ≤ ε0 exp(Λt)LDf =: G1(t),
|Df(xn(t))ij −Df(yn(t))ij | ≤ LDf ||δn+1(t)||∞ =: G2(t),

(6.16)

where δn+1(t) is the local error at the nth step at time t for 0 ≤ t ≤ hn. Then we
have

|Df(wn(t))ij | ≤ |Df(wn(t))ij −Df(xn(t))ij |
+ |Df(xn(t))ij −Df(yn(t))ij |+ |Df(yn(t))ij |
≤ G1(t) + G2(t) + |Df(yn(t))ij | =: Hij(t).

(6.17)

We have the following for a:

a := sup
0≤t≤hn

max
1≤i≤N

N∑
j=1

N∑
k=1

N∑
l=1

|(Qn+1)ki| ·Hkl(t) · |(Qn+1)lj |.(6.18)

For bj we obtain

bj := sup
0≤t≤hn

N∑
i=1

N∑
k=1

N∑
l=1

|(Qn+1)ki| · |G1(t)(Qn+1)kl| · (|(QT
n+1Yn(t))lj |

(6.19) +|(QT
n+1En(t))lj |).

The bounds for a and bj given in (6.18) and (6.19), respectively, combined with

Lemma 6.1 and Corollary 6.1 provide bounds on the components of Q
T
F (z) and

Q
T

(DF (w)− L) for ||w − z|| ≤ ε0 when θ = 0.
When θ > 0, we need to determine bounds on

QT
n+1[Dwnφ(wn, t)−Dwnφ(wn, hn)] and QT

n+1[f(φ(wn, t))− fn+1](6.20)

for |t− hn| ≤ θε and ||wn − xn||∞ ≤ ε0.
Definition 6.2. Define constants such that aθ satisfies aθ ≥ sup|t−hn|≤θε ||B(t)||∞,

bθ,j satisfies bθ,j ≥ sup|t−hn|≤θε ||Λj ||∞, where Λj denotes the jth column of

B(t)QT
n+1Dwnφ(wn, hn),(6.21)

and cθ and d satisfy

cθ ≥ sup
{t:0≤t≤s,|s−hn|≤θε}

||B(t)QT
n+1f(φ(wn, hn))||∞

and

d ≥ sup
0≤t≤hn

||[B(t)− C(t)]QT
n+1f(φ(xn, t))||∞.

Lemma 6.3. With the assumptions of Lemma 6.1 we have for |t− hn| ≤ θε,

|(QT
n+1[Dwn

φ(wn, t)−Dwn
φ(wn, hn)])ij | ≤ bθ,j

aθ
(exp(aθθε)− 1). =: γj,n.(6.22)

Proof. First derive an expression similar to (6.6), and then the proof follows using
the same technique as the proof of Lemma 6.2.
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We have

QT
n+1[f(φ(wn, t))− fn+1] = QT

n+1[{f(φ(wn, t))− f(φ(wn, hn))}
+{f(φ(wn, hn))− f(φ(xn, hn))}+ {f(φ(xn, hn))− fn+1}]

(6.23)

for |t−hn| ≤ θε. Using the fact that QT
n+1f(φ(wn, t)) satisfies (6.4) and QT

n+1f(φ(xn, t))
satisfies (6.5), we may obtain bounds on the left-hand side of (6.23) in a similar fashion
to those previously obtained.

Lemma 6.4. With the assumptions of Lemma 6.1 we have, for |t− hn| ≤ θε,

||QT
n+1[f(φ(wn, t))− fn+1]||∞ ≤ cθ

aθ
(exp(aθθε)− 1) + d

a (exp(ahn)− 1)

+||QT
n+1[f(φ(xn, hn))− fn+1]||∞ := ζn.

(6.24)

We now determine computable bounds on aθ, bθ,j , cθ, and dθ in a similar spirit
to those for a and bj . For aθ we use (6.17) with the limits of the supremum changed
to |t − hn| ≤ θε in (6.18). To find the bound for bθ,j , we bound B(t) as for aθ and
then bound QT

n+1Dwnφ(wn, hn) using (6.3) and (6.8). We bound cθ and d in a fashion
similar to that of bθ,j and bj , respectively, and employ the bound

||QT
n+1[f(φ(xn, hn))− fn+1]||∞ ≤ ||QT

n+1||∞Lf ||δn+1||∞.(6.25)

Putting all of these bounds together we have the following theorem that summa-
rizes the bounds for θ = 0 and θ > 0.

Theorem 6.5. With the assumption of Lemma 6.1, for θ = 0 the bounds on the

nonzero components of Q
T
F (z) are given by inequality (6.2) in Lemma 6.1, while the

bounds on the nonzero components of Q
T

(DF (w)− L) are given by inequality (6.11)
in Corollary 6.1. Bounds on the quantities a and bj in Corollary 6.1 may be obtained
using inequalities (6.12)–(6.19).

For θ > 0 the bounds for the nonzero components of Q
T

(DF (w) − L) are given
by combining the bound (6.11) in Corollary 6.1 with the bound (6.22) in Lemma 6.3
and the bound (6.24) in Lemma 6.4. In addition, bounds on aθ, bθ,j, cθ, and d may
be obtained using the inequalities (6.12)–(6.25).

7. Implementation. The basic outline of our algorithm for solving and produc-
ing a shadowing distance estimate for an approximate solution of the IVP (2.1) is as
follows.

Algorithm. Given constants ε0 > 0 and θ ≥ 0 and componentwise tolerances,
ηU ≥ ηCS > 0 with respect to the indices U and CS.

1. Simultaneously approximate solutions to (4.1), (4.2), and (4.3).
2. Update the elements of the matrix UUT , and store yn, Qn, Rn, and fn+1.

3. Bound componentwise the quantities Q
T
F (z) and Q

T
(DF (w) − L) using

Theorem 6.5.
4. Decompose the matrix UUT and form Q̂U† (see (5.3)).
5. Using the results from steps 3 and 4, estimate α in (3.1) and β in (3.2) using

(5.4).
6. If α < 1 and β/(1−α) ≤ ε0, then set the shadowing distance ε := β/(1−α).
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Implementation Details.
1. We employ ODEX [17] or RKSUITE [3] to approximate the differential equations

and use a projected integration scheme to maintain orthogonality of Q (see [9]) using
a modified Gram–Schmidt procedure [14]. We modified the error control of ODEX

to enforce componentwise error tolerances. The use of componentwise tolerances is
a standard feature in RKSUITE. We bound the local error for the columns of Q as
described in Remark 6.1 and set µn = 2 and σnj = 1 for all n and j. For RKSUITE we
employ the (7, 8) Runge–Kutta pair.

2. We use symmetric block tridiagonal storage when forming UUT .

3. We estimate Q
T
F (z) and Q

T
(DF (w) − L) by sampling at the mesh points

{tn}M0 so that sup0≤t≤hn
is replaced by maxt∈{0,hn} and we neglect the O(η2

U) terms
in (6.2) and (6.3).

4. We solve for some of the rows of Q̂U† and then use (5.4) to estimate α and β.
This provides lower bounds on α and β that will be sharp if the “correct” rows are
used. We use the first and last block rows of Q̂U† and several picked at random to
obtain an estimate on α without the full cost of solving for all of U†. To determine
block rows of U† we use the block tridiagonal solver TRDBLK [11].

8. Numerical results. In this section we present numerical results of our shad-
owing algorithm applied to several nonlinear IVPs. We obtain approximate solutions
and local error estimates from the IVP solvers ODEX and RKSUITE. In the description of
our numerical results we denote by “M” the number of time steps taken; “U” denotes
the set of indices for which the local error tolerance “ηU” is employed, while the local
error tolerance “ηCS” is used for the remaining indices. The value “T” is the final time
reached during the numerical computation; “QhUdnorm” is the maximum row sum of
the rows of Q̂U† that were computed. For the numerical experiments recorded here
we computed six block rows: the first two, last two, and middle two block rows. When
θ > 0 we compute the corresponding additional rows of Q̂U†. We found some vari-
ation in QhUdnorm when using other rows of Q̂U†, but always within the same order
of magnitude and, in fact, never greater than twice the value of QhUdnorm reported
here. We recommend randomly choosing the rows of Q̂U† to be computed, but have
chosen to compute these particular six block rows for definiteness. We also report on
the value “α” in (3.1) and the value of the shadowing distance “ε” that was obtained.
We will indicate with “–” if there was no value of ε0 for which we were able to satisfy
α < 1 and ε ≤ ε0. All computations where performed on a Linux workstation with
512MB memory using a 400MHz processor. We found that the computation of y,Q,
and R comprised approximately 85 percent of the computation time when using ODEX

and approximately 70 percent of the computation time when using RKSUITE.
To compare the numerical shadowing technique presented here with other shadow-

ing techniques we consider two categories of techniques: (i) “BVP techniques”—these
are based upon forming a right inverse by specifying boundary conditions using the
stability properties of the system and then bounding the norm of a solution to this
BVP; (ii) “pseudoinverse techniques”—this is the approach taken here and involves
finding and bounding the norm of a particular right inverse, the pseudoinverse. In
general, the BVP technique (see, e.g., [5], [7]) provide somewhat conservative val-
ues for the shadowing distance, but they are obtained rather inexpensively. The
pseudoinverse techniques (see, e.g., [26] and this paper) are expensive, but sharper.
The expense is due to the requirement that we find L† explicitly so the norm of the
pseudoinverse is obtained essentially exactly. By obtaining only selected rows of L†
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Table 8.1
Forced vdP (M = 1E + 5, U = {1}, ηU = 1.E − 6).

Meth ηCS/ηU θ T QhUdnorm α ε
RKSUITE 1.E0 0.E0 1.56E + 4 2.1E + 2 1.3E − 1 4.9E − 4
RKSUITE 1.E0 1.E − 1 1.56E + 4 1.9E + 1 1.9E − 2 4.0E − 5
RKSUITE 1.E − 1 1.E − 1 1.23E + 4 2.4E + 1 1.9E − 2 2.8E − 5
RKSUITE 1.E − 2 1.E − 1 9.80E + 3 2.8E + 1 1.9E − 2 3.4E − 5
ODEX 1.E0 0.E0 2.58E + 4 1.9E + 2 – –
ODEX 1.E − 1 0.E0 2.27E + 4 1.8E + 2 6.0E − 1 9.0E − 4
ODEX 1.E − 2 0.E0 1.50E + 4 2.0E + 2 3.4E − 1 5.9E − 4
ODEX 1.E0 1.E − 1 2.58E + 4 1.5E + 1 1.0E − 1 3.3E − 5
ODEX 1.E − 1 1.E − 1 2.27E + 4 1.3E + 1 8.3E − 2 1.4E − 5
ODEX 1.E − 2 1.E − 1 1.50E + 4 3.6E + 1 6.3E − 2 2.2E − 5

we have decreased the expense but at the cost of perhaps not having a bound on the
norm of the entire pseudoinverse. Regardless of how the right inverse has been chosen
and bounded, a result similar to Proposition 4.1 in [4] has been used (see [5], [7], and
[26]) to determine the shadowing distance ε. With the standard fixed point result,
which takes α = 1/2 and has two additional norm bounds, the shadowing distance
is approximately 2||L†||δ where δ is a uniform bound on the norm of the local error.
With the formulation and fixed point result presented here, for ηCS/ηU = 1 the best
possible shadowing distance is ε = QhUdnorm · 2ηU, where 2ηU is our bound on the
supremum norm of the local error tolerance (see Remark 6.1), and the results can
only improve for ηCS/ηU < 1.

Example 8.1. As our first example we consider a forced van der Pol oscillator

ÿ + α(y2 − 1)ẏ + y = β cos(ωt)(8.1)

with α = 2
5 , β = 2α2, and ω =

√
1− α2 and the initial conditions (0, 0). In our

numerical experiments, we set ε0 = 5.E− 4 when using RKSUITE and set ε0 = 1.E− 3
when using ODEX.

In Table 8.1, we see a decrease by an order of magnitude in QhUdnorm for θ > 0
since one of the Lyapunov exponents is close to zero. In addition, there is some
improvement in the shadowing distance ε when ηCS/ηU < 1. There is a trade-off
here in that there is some decrease in the average stepsize when ηCS/ηU < 1, which
tends to increase QhUdnorm, but in spite of this there is a decrease in ε especially for
ηCS/ηU = 1.E − 1. This is not a particularly good example for our method since both
of the Lyapunov exponents are negative (we are using U = {1}); nonetheless we do
obtain some improvement with ηCS/ηU < 1.

Example 8.2. The Lorenz equation is given by
ẋ

ẏ
ż


 =


 σ(y − x)

ρx− xz − y
xy − βz


 .(8.2)

We consider the parameter values σ = 10, ρ = 28, and β = 8/3, and the initial
condition is chosen to be (x0, y0, z0) = (0, 1, 0). In our numerical experiments, we
set ε0 = 5.E − 5 when using RKSUITE and set ε0 = 2.E − 6 when using ODEX. In
Table 8.2, observe the decrease by an order of magnitude in the shadowing distance
approximation ε with RKSUITE when changing ηCS/ηU from 1.E0 to 1.E−1. In general,
we tend to observe smaller shadowing distances for ODEX than for RKSUITE, ostensibly
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Table 8.2
Lorenz equation (M = 1E + 5, U = {1}, ηU = 1.E − 8, θ = 1.E − 2).

Meth ηCS/ηU T QhUdnorm α ε
RKSUITE 1.E0 1.31E + 3 1.4E + 3 1.3E − 1 3.3E − 5
RKSUITE 1.E − 1 9.90E + 2 1.9E + 3 1.6E − 1 4.9E − 6
RKSUITE 1.E − 2 7.42E + 2 2.5E + 3 2.1E − 1 7.3E − 6
ODEX 1.E0 6.10E + 3 2.4E + 2 1.2E − 1 1.9E − 6
ODEX 1.E − 1 6.29E + 3 2.6E + 2 1.2E − 1 6.7E − 7
ODEX 1.E − 2 5.79E + 3 2.8E + 2 2.6E − 2 4.3E − 7
ODEX 1.E − 3 5.54E + 3 3.1E + 2 1.3E − 2 3.3E − 7

Table 8.3
Lorenz equation (M = 4E + 5, U = {1}, ηU = 1.E − 8, ηCS = 1.E − 9, θ = 1.E − 2).

Meth ε0 T QhUdnorm α ε
RKSUITE 5.E − 6 3.97E + 3 1.4E + 3 1.2E − 2 3.0E − 6
ODEX 1.E − 6 2.52E + 4 1.0E + 2 1.2E − 1 6.7E − 7

Table 8.4
Coupled oscillators (U = {1, 2}, ηU = 1.E − 10, ε0 = 2.E − 7).

Meth ηCS/ηU θ T QhUdnorm M ε
RKSUITE 1.E0 0.E0 1.07E + 2 2.9E + 5 1E + 4 –
RKSUITE 1.E0 1.E − 2 1.07E + 2 9.1E + 2 1E + 4 1.8E − 7
RKSUITE 1.E − 1 1.E − 2 8.41E + 1 1.2E + 3 1E + 4 1.1E − 7
RKSUITE 1.E − 2 1.E − 2 6.40E + 1 1.7E + 3 1E + 4 1.3E − 7
RKSUITE 1.E − 1 1.E − 2 8.49E + 2 1.2E + 3 1E + 5 1.1E − 7
ODEX 1.E0 0.E0 4.50E + 2 4.1E + 5 1E + 4 –
ODEX 1.E0 1.E − 2 4.50E + 2 3.9E + 2 1E + 4 7.9E − 8
ODEX 1.E − 1 1.E − 2 4.29E + 2 2.7E + 2 1E + 4 2.4E − 8
ODEX 1.E − 2 1.E − 2 4.05E + 2 2.9E + 2 1E + 4 3.9E − 8
ODEX 1.E − 1 1.E − 2 4.25E + 3 2.7E + 2 1E + 5 2.4E − 8

due to the larger average stepsize achieved by the higher order of the two methods,
ODEX. In Table 8.3, we report on longer time simulations performed with M = 4E + 5
time steps.

Example 8.3. The next example we consider is a ring of oscillators with an
external force proportional to the position component of the limit cycle of a van
der Pol oscillator. In particular, we consider the following system, similar to that
considered in [10],

ÿ + α(y2 − 1)ẏ + ω2y = 0,

ẍi + diẋi + γ[Φ′(xi − xi−1)− Φ′(xi+1 − xi)] = σyδi1 , i = 1, . . . , N̂ .
(8.3)

The function Φ(x) = (x2/2) + (x4/4) is the single well Duffing potential, α, ω, γ, σ
are scalar parameters, xi is the displacement of the ith particle, di is the damping
coefficient, and we have periodic boundary conditions (x0 = xN̂ and xN̂+1 = x1).

For the experiments we set N̂ = 2, α = 1, ω = 1.82, γ = 1, σ = 4, and d1 = d2 =
3.E − 2 and employ the initial conditions (y, ẏ, x1, ẋ1, x2, ẋ2) = (1, 0, 0, 0, 0, 0). In
Table 8.4 we report on simulations for the forced coupled oscillators. The importance
of rescaling of time is seen in the decrease in QhUdnorm as we increase θ from 0.E0
to 1.E − 2. In addition, we see the benefits of ηCS/ηU < 1 especially when using
ODEX, in particular for θ = 1.E − 2 we see a nontrivial decrease in the shadowing
distance when ηCS/ηU is changed from 1.E0 to 1.E − 1. In Figure 1 we exhibit plots
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Fig. 1. Plots of solution components (x1, ẋ1) and (x2, ẋ2).

of the solution components (x1, ẋ1) and (x2, ẋ2). In Figure 2 we plot the four largest
instantaneous Lyapunov exponents versus time. These instantaneous exponents are
simply the diagonal elements of Ã (see (4.3)), the coefficient matrix for R. Notice the
variation of the exponents about zero which shows a lack of hyperbolicity and makes
this a difficult problem for obtaining good shadowing distances. In fact, for θ = 0 we
were not able to shadow the approximate solution.

9. Conclusions. In this paper we devised a new approach to posteriori error
analysis for approximate solutions to IVP ODEs using a shadowing lemma-type ap-
proach. Using an improved fixed point theorem and a reformulation of the differential
equations we were able to obtain improved shadowing results. The cost of the numer-
ical method for providing these global error estimates is small relative to the cost of
approximating the differential equations. In particular, the method is O(M) in both
time and memory, and we found that the cost of providing the global error estimate
is a fraction of the computation time. Any improvements to the estimates in sec-
tion 6 would translate into improvements in the global error estimates. The use of
different local error tolerances for different components of the differential equations,
made possible by the reformation of the differential and taken advantage of with the
improved fixed point result, allow for improved shadowing distances without severe
degradation in the average time step. In all three examples there was improvement
in the shadowing distance with the use of componentwise error control. The most
substantial improvement was in Example 8.2, the Lorenz equation (one positive, one
zero, and one negative Lyapunov exponent), which is a good fit to our prototype
example (see (5.9)–(5.11) and the discussion thereafter), while in Example 8.1 (two
negative exponents) and Example 8.3 (several finite time exponents oscillating about
zero) we had some improvement.
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Fig. 2. Plots of first two and second two instantaneous Lyapunov exponents versus time.
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Abstract. A new class of efficient stochastic algorithms for the numerical treatment of co-
agulation processes is proposed. The algorithms are based on the introduction of fictitious jumps
combined with an acceptance-rejection technique for distributions depending on particle size. The
increased efficiency is demonstrated by numerical experiments. In particular, gelation phenomena
are studied.
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1. Introduction. The continuous coagulation equation

∂

∂t
c(t, x) =

1

2

∫ x

0

K(x−y, y) c(t, x−y) c(t, y) dy −
∫ ∞

0

K(x, y) c(t, x) c(t, y) dy(1.1)

with initial condition

c(0, x) = c0(x) ≥ 0(1.2)

describes the time evolution of the average concentration of particles of size x > 0 .
Here the nonnegative and symmetric function K(x, y) denotes the coagulation rate of
clusters of size x and y . According to (1.1), the concentration c(x, t) can increase by
coagulation of clusters of size y < x and x−y (first term) and decrease by coagulation
of an x-cluster with a cluster of any size y (second term).

If the clusters can take only sizes k = 1, 2, . . . , then the coagulation dynamics is
governed by a discrete version of equation (1.1), where all integrals are replaced by
sums. The discrete coagulation equation

∂

∂t
c(t, k) =

1

2

k−1∑
j=1

K(k − j, j) c(t, k − j) c(t, j)−
∞∑
j=1

K(k, j) c(t, k) c(t, j)(1.3)

was first published in [23] and is referred to as Smoluchowski’s coagulation equation.
Both the continuous and the discrete equations have a wide range of applications,
e.g., in astrophysics, biology, chemistry, and meteorology (see the survey papers [6]
and [2]).

Stochastic particle systems related to the coagulation equation were introduced
by several authors (cf. [18], [11], [17]). They are of the form

xi(t) , i = 1, . . . , n(t) , t ≥ 0 ,(1.4)

∗Received by the editors March 22, 1999; accepted for publication (in revised form) March 5, 2000;
published electronically August 31, 2000. This work was supported by Deutsche Forschungsgemein-
schaft (Schwerpunktprogramm “Interagierende stochastische Systeme von hoher Komplexität”).
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where xi(t) represents the size of particle i at time t and n(t) is the number of
particles in the system. The initial system consisting of a large number n(0) of
particles is supposed to approximate the initial condition (1.2). A random dynamics
is defined such that the system at later times approximates the solution to (1.1). The
stochastic approach to coagulation was reviewed in [2]. Recently, rigorous results
concerning the weak law of large numbers for the relevant stochastic particle systems
with general kernels have been obtained (see [2, Problem 10(a)], [13], [14], [15], [19],
[7]). Besides the derivation of the coagulation equation, stochastic particle systems
play a significant role in numerical algorithms for that equation (see [12], [5]). We
refer to [21] for a survey on Monte Carlo methods and to [20] concerning recent
applications.

The purpose of this paper is to introduce a new class of efficient stochastic al-
gorithms for the numerical treatment of the coagulation equation. The idea was
mentioned in [7], where we studied the convergence problem. Here we give a detailed
description of the numerical procedure and apply it to the investigation of some in-
teresting phenomena.

The paper is organized as follows. In section 2 we describe the new class of
algorithms. Markov processes with fictitious jumps are introduced, which are based
on appropriate majorant kernels. An efficient acceptance-rejection procedure for the
generation of the relevant probability distributions is proposed. In section 3 we apply
the numerical technique to the study of coagulation dynamics. For several coagulation
kernels we investigate approximation properties and gelation phenomena. In section 4
we discuss the results and mention some directions for further study.

2. Description of the algorithm.

2.1. Markov processes with fictitious jumps. We introduce a sequence of
jump processes

UN (t) , t ≥ 0 , N = 1, 2 . . . ,(2.1)

taking values in the space of discrete measures

SN =

{
p =

1

N

n∑
i=1

δxi
, xi > 0 , n = 1, 2, . . .

}
,

where δ denotes the Dirac measure. The process (2.1) is represented by a system of
particles (1.4),

UN (t, dx) =
1

N

n(t)∑
i=1

δxi(t)(dx) .(2.2)

For Φ ∈ Cb(SN ) the infinitesimal generator of the process is defined as

KNΦ(p) = 1

2N

∑
1≤i �=j≤n

[
Φ(J(p, i, j))− Φ(p)

]
K(xi, xj) , p ∈ SN ,(2.3)

where

J(p, i, j) = p+
1

N
(δxi+xj − δxi − δxj ) .(2.4)
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The initial condition is assumed to be deterministic and such that (cf. (1.2))

lim
N→∞

∫ ∞

0

ϕ(x)UN (0, dx) =

∫ ∞

0

ϕ(x) c0(x) dx(2.5)

for a sufficiently wide class of test functions ϕ . In particular, for ϕ = 1 , one obtains

n(0) ∼ N

∫ ∞

0

c0(x) dx .(2.6)

Convergence of UN (t) (as N → ∞) to the solution of a measure-valued version of
(1.1) was studied in [19].

We will describe a class of simulation algorithms related to the stochastic systems
determined by (2.3)–(2.5). For that purpose, the generator (2.3) is rewritten in the
usual form of a jump process generator [8, Chapter 4, section 2]

KNΦ(p) =
∫
SN

[
Φ(q)− Φ(p)

]
Q(p, dq) ,(2.7)

where

Q(p, dq)(2.8)

=
1

2N

∑
1≤i �=j≤n

{
K(xi, xj) δJ(p,i,j)(dq) +

[
K̂(xi, xj)−K(xi, xj)

]
δp(dq)

}

and K̂ is an appropriate majorant kernel satisfying

K(x, y) ≤ K̂(x, y) ∀x, y > 0 .(2.9)

The pathwise behavior of a jump process with the infinitesimal generator (2.7)–(2.8)
is as follows. Coming to a state p ∈ SN , the process stays there for a random waiting
time τ(p) , which has an exponential distribution with the parameter

�(p) = Q(p,SN ) = 1

2N

∑
1≤i �=j≤n

K̂(xi, xj) ,(2.10)

i.e.,

Prob {τ(p) ≥ s} = exp(−�(p) s) , s ≥ 0 .(2.11)

After the time τ(p) , the process jumps into a state q ∈ SN , which is distributed
according to the jump distribution

�(p)−1Q(p, dq)(2.12)

=
∑

1≤i �=j≤n

K̂(xi, xj)

2N �(p)

{
K(xi, xj)

K̂(xi, xj)
δJ(p,i,j)(dq) +

[
1− K(xi, xj)

K̂(xi, xj)

]
δp(dq)

}
.

Distribution (2.12) is represented as a superposition of simpler distributions.
This description leads to the following algorithm for generating trajectories of the

process.
0. Construct the initial state UN (0) = p ∈ SN in accordance with (2.5).
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1. Wait in state p during a random time step τ(p) distributed according to
(2.11).

2. Choose a pair i, j according to the index distribution (cf. (2.12))

K̂(xi, xj)

2N �(p)
, 1 ≤ i �= j ≤ n .(2.13)

3. With probability

1− K(xi, xj)

K̂(xi, xj)
,(2.14)

perform a fictitious jump (cf. (2.12)), i.e., stay in state p , and go to step 1.
4. Replace p by the new state J(p, i, j) (cf. (2.4)), i.e., remove the clusters xi

and xj and add the cluster xi + xj , and go to step 1.
Note the mass conservation property∫ ∞

0

xUN (t, dx) =

∫ ∞

0

xUN (0, dx) , t ≥ 0 ,(2.15)

which is a consequence of (2.4).
The distribution of the Markov process and its convergence behavior do not de-

pend on the choice of the majorant kernel K̂ in (2.9), since those properties are
completely determined by the generator (2.3) and the initial condition (2.5). How-
ever, the choice of this function is of importance for numerical purposes, since it
provides different ways of generating trajectories of the process and thus influences
the efficiency of the simulation procedure. We illustrate this by two examples.

Example 2.1. The choice

K̂(x, y) = K(x, y) , x, y > 0 ,(2.16)

corresponds to the direct “physical” simulation of the process (see [12], [5]). No
fictitious jumps occur (cf. (2.14)). This is the smallest possible majorant kernel
satisfying (2.9). Thus, the time steps, having the average value �(p)−1 (cf. (2.11)),
are as large as possible. However, the calculation of (2.10) and the generation of the
distribution (2.13) are very time consuming if n is large and K has a complicated
structure.

Example 2.2. The choice

K̂(x, y) = Kmax(p) = max
i,j=1,...,n

K(xi, xj) , x, y > 0 ,(2.17)

represents the other extreme case compared with Example 2.1, providing the largest
(reasonable) majorant kernel satisfying (2.9) (see, e.g., [12], [10], [21]). In this case
the calculation of (2.10) and the generation of the distribution (2.13) are extremely
simple. Indeed, the waiting time parameter takes the form

�(p) = Kmax(p)
n (n− 1)

2N
,(2.18)

and the index distribution (2.13) is uniform. However, the time steps are much smaller
compared with Example 2.1, and many fictitious jumps occur (cf. (2.14)). This leads
to low efficiency of the algorithm in situations where K is unbounded and clusters of
significantly different sizes are contained in the system.
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2.2. Choice of the majorant kernel. First we specify the algorithm from the
previous subsection for the majorant kernel (cf. (2.9))

K̂(x, y) = C xε1 yε2 , C > 0 , ε1 , ε2 ≥ 0 .(2.19)

The waiting time parameter (2.10) takes the form

�(p) =
C

2N

n∑
i=1

xε1i
∑

j=1,...,n, j �=i
xε2j =

C

2N


 n∑
i=1

xε1i

n∑
j=1

xε2j −
n∑
i=1

xε1+ε2i


 .(2.20)

The index distribution (2.13) is generated using the acceptance-rejection technique
(cf., e.g., [9, section 3.6]). To this end the events i = j are added to the state space and
the zero probability for i = j in (2.13) is replaced by an appropriate term proportional
to xε1i xε2j . Then the index distribution takes the form

xε1i∑n
l=1 xε1l

xε2j∑n
l=1 xε2l

, i, j = 1, . . . , n ,

so that the indices i and j are independent. The simulation procedure is as follows.
1. Generate i according to

xε1i∑n
l=1 xε1l

, i = 1, . . . , n .(2.21)

2. Generate j according to

xε2j∑n
l=1 xε2l

, j = 1, . . . , n .(2.22)

3. If i = j, then go to step 1.
A method for generating random variables with distributions of the form (2.21), (2.22)
will be introduced in the next subsection.

Next we consider the majorant kernel

K̂(x, y) = K̂1(x, y) + · · ·+ K̂L(x, y) , L ≥ 2 ,(2.23)

where the components K̂k , k = 1, . . . , L , are of the form (2.19). The waiting time
parameter (2.10) is

�(p) = �1(p) + · · ·+ �L(p) ,

where

�k(p) =
1

2N

∑
1≤i �=j≤n

K̂k(xi, xj) , k = 1, . . . , L .

The index distribution (2.13) takes the form

L∑
k=1

�k(p)

�(p)

K̂k(xi, xj)

2N �k(p)
, 1 ≤ i �= j ≤ n .
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Thus, one first chooses a number k according to the probabilities

�k(p)

�(p)
, k = 1, . . . , L ,(2.24)

and then generates i, j according to the distribution

K̂k(xi, xj)

2N �k(p)
, 1 ≤ i �= j ≤ n ,

which is of the form (2.19).
Example 2.3. Consider the case

K̂(x, y) = C (x+ y) , x, y > 0 .(2.25)

This kernel has the form (2.23). One obtains the waiting time parameter

�(p) = C m1 (n− 1) ,(2.26)

where m1 =
1
N

∑n
i=1 xi . Note that

m1 =

∫ ∞

0

xUN (0, dx)(2.27)

according to the mass conservation property (2.15). The index i is generated according
to the distribution

xi
N m1

, i = 1, . . . , n .(2.28)

The index j is generated uniformly on the set {k = 1, . . . , n , k �= i} avoiding the
acceptance-rejection step. The random choice according to (2.24) is omitted, since
the result of the interaction (2.4) does not depend on the order of the indices.

Example 2.4. Consider the case

K̂(x, y) = C xy , x, y > 0 .(2.29)

This kernel has the form (2.19) with ε1 = ε2 = 1 . From (2.20) one obtains the waiting
time parameter

�(p) =
C N m2

1

2
− C

2N

n∑
i=1

x2
i ,

where m1 is defined in (2.27). Note that n = 1 implies x1 = N m1 and �(p) = 0 . The
indices i, j are generated independently, according to the distribution (2.28). They
are rejected if i = j .

2.3. Generation of a size dependent distribution. It remains to describe a
procedure for generating samples of a random variable with a distribution of the form
(cf. (2.21), (2.22), (2.28))

xεj∑n
l=1 xεl

, j = 1, . . . , n , ε > 0 .(2.30)
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A direct application of the inverse transform method (cf., e.g., [9, section 3.2.4]) is
rather time consuming when n is large. The same applies to the straightforward
version of the acceptance-rejection technique, since the particle sizes x1, . . . , xn vary
significantly.

In order to generate the distribution (2.30) efficiently, we introduce a group struc-
ture of the particle system. The particles are organized in γ groups, i.e., their sizes
are denoted by

yj,k , j = 1, . . . , γ , k = 1, . . . , αj ,

so that

bj−1 < yj,k ≤ bj ∀j = 1, . . . , γ , k = 1, . . . , αj ,

where

0 =: b0 < b1 < · · · < bγ(2.31)

and (cf. (2.27))

N m1 ≤ bγ .(2.32)

Note that N m1 is the upper bound for the particle size.
The distribution (2.30) is rewritten as

yεj,k
c

, j = 1, . . . , γ , k = 1, . . . , αj ,(2.33)

where the normalizing constant is

c =

n∑
l=1

xεl =

γ∑
j=1

αj∑
k=1

yεj,k .(2.34)

The representation (2.33), (2.34) suggests the following simulation procedure using
the inverse transform method at step 1 and the acceptance-rejection technique at
steps 2 and 3.

1. Choose the group index according to the probabilities

Pj =
1

c

αj∑
k=1

yεj,k , j = 1, . . . , γ .(2.35)

2. Choose the particle index k = 1, . . . , αj uniformly within the group j .
3. The particle index is accepted with probability

yεj,k
bεj

.(2.36)

Otherwise, go to step 2.
With

bj = βj−1 , j = 1, 2, . . . ,
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where β > 1 , the acceptance probability (2.36) for groups j ≥ 2 is bounded from
below by

1

βε
.(2.37)

The necessary number of groups γ = γ(N, β) is obtained from the estimate (cf. (2.32))

βγ−2 < N m1 ≤ βγ−1 or γ − 2 <
log(N m1)

log β
≤ γ − 1 .(2.38)

Remark 2.5. For β ↘ 1 , the number of rejections decreases according to (2.37),
leading to higher efficiency. On the other hand, the number of groups γ increases
according to (2.38), and generating the distribution (2.35) becomes more and more
time consuming.

3. Applications to coagulation dynamics. According to (2.2), functionals
of the solution of (1.1) are approximated as

∫ ∞

0

ϕ(x) c(t, x) dx ∼
∫ ∞

0

ϕ(x)UN (t, dx) =
1

N

n(t)∑
i=1

ϕ(xi(t)) , t ≥ 0,(3.1)

where ϕ is some test function. Many functionals of interest are expressed via moments
of the solution

mδ(t) =

∫ ∞

0

xδ c(t, x) dx , δ ≥ 0 .(3.2)

In particular, m0(t) is the total concentration of particles, m1(t) is the total mass of
the system, and

S(t) =
m1(t)

m0(t)
=

∫∞
0

x c(t, x) dx∫∞
0

c(t, x) dx

is the average particle size. Moments (3.2) are approximated according to (3.1) as

mδ(t) ∼ 1

N

n(t)∑
i=1

xi(t)
δ .(3.3)

In the following we restrict our considerations to the discrete equation (1.3) with
monodispersal initial condition

c(0, 1) = 1 , c(0, k) = 0 , k = 2, 3, . . . .(3.4)

In this case some explicit solutions are available (cf., e.g., [2, section 2.2]). This is
convenient for validating the algorithm. The solution represents the concentration of
particles of given size and is approximated as

c(t, k) ∼ 1

N
#{i : xi(t) = k} , k = 1, 2, . . . , t ≥ 0 .(3.5)

According to (3.4) we start with the particle system (cf. (2.5), (2.6))

xi(0) = 1 , i = 1, . . . , N .(3.6)

Confidence bands with confidence level 99.9% are constructed using R independent
runs, where RN = 107 .
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3.1. Explicit solutions. The special case of constant coagulation rate and ini-
tial condition (3.4) was solved in the original paper [23]. For

K(i, j) = 1

one obtains

c(t, k) =
4

(2 + t)2

(
t

2 + t

)k−1

, t ≥ 0 , k = 1, 2, . . . ,

and

m0(t) =
2

2 + t
, m1(t) = 1 , m2(t) = 1 + t , t ≥ 0 .

In the special case

K(i, j) = i+ j(3.7)

one obtains

c(t, k) = e−t
kk−1

k!
(1− e−t)k−1 e−k(1−e

−t) , t ≥ 0 , k = 1, 2, . . . ,(3.8)

and

m0(t) = e−t , m1(t) = 1 , m2(t) = e2t , t ≥ 0 .

In the special case

K(i, j) = i j(3.9)

the global solution of (1.3) is given by (cf. [16, Theorem 2.2])

c(t, k) =




kk−2

k! tk−1 exp(−kt) if 0 ≤ t ≤ 1 ,

kk−2

k! exp(−k) t−1 if 1 < t .

(3.10)

For the total concentration one obtains

m0(t) =

{
1− t

2 if 0 ≤ t ≤ 1 ,
1
2t if 1 < t .

The total mass behaves like

m1(t) =

{
1 if 0 ≤ t ≤ 1 ,
1
t if 1 < t ,

(3.11)

and the second moment takes the form

m2(t) =
1

1− t
, 0 ≤ t < 1 .

Remark 3.1. Note that the function

c̃(t, x) = µ c(µσ t, x) , t ≥ 0 , x > 0 , µ, σ ≥ 0 ,

solves (1.1) with the kernel K̃ = σK instead of K and initial condition c̃0 = µ c0
instead of c0 .
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3.2. Examples of coagulation kernels. The kernelK in (1.3) represents phys-
ical properties of the medium governing the coagulation process. For example, when
coagulation of spherical particles is controlled by Brownian diffusion, Smoluchowski
[23] derived the kernel

K(i, j) = (i
1
3 + j

1
3 ) (i−

1
3 + j−

1
3 ) .

For spherical particles in a laminar shear field the coagulation kernel takes the form

K(i, j) = κ (i
1
3 + j

1
3 )3 .

This kernel has also been used in connection with coagulation processes in turbulent
flows (cf. [20]). In this case the constant κ depends on physical quantities like the
mean rate of dissipation of kinetic energy and kinematic viscosity. More examples of
practically relevant coagulation kernels can be found in [6, section 4.3].

In our numerical investigations we use three coagulation kernels. One arises in
applications; the other two are model kernels, for which some analytical results are
available. This allows us to validate the numerical method and to study some special
phenomena.

The first kernel is

K1(i, j) =
1

4
(i

1
3 + j

1
3 )3 .(3.12)

Note that

K1(u i, u j) = uK1(i, j) ∀u > 0 .(3.13)

According to

1

4
(i+ j) ≤ K1(i, j) ≤ i+ j ,

the majorant kernel (2.25) is used (cf. (2.9)).
The second kernel is

K
(a)
2 (i, j) =

2 ia ja

(i+ j)a − ia − ja
, a ∈ (1, 2] .(3.14)

For this kernel an explicit formula for some moments is known (see, e.g., [1]), namely

ma(t) =
1

1− t
, t ∈ [0, 1) .(3.15)

Note that

K
(a)
2 (u i, u j) = uaK

(a)
2 (i, j) ∀u > 0 .(3.16)

According to

K
(a)
2 (i, j) ≤ 2

2a − 2
i j ,(3.17)

the majorant kernel (2.29) is used. In case a = 2 there is equality in (3.17).
The third kernel is

K
(a)
3 (i, j) = ia ja , a ∈ (0.5, 1] .(3.18)

This kernel has the form (2.19) and the (trivial) majorant kernel (2.16) will be used.
Note that

K
(a)
3 (u i, u j) = u2aK

(a)
3 (i, j) ∀u > 0 .(3.19)
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3.3. Approximation properties. To get a first impression of how the algo-
rithm works, we consider the linear kernel (3.7). Here one takes K̂ = K (cf. Exam-
ple 2.3) and no fictitious jumps occur. Using a particle number N = 106 we calculate
the solution c(t, k) and some integrated functionals of the form

C(t, k) =
∑
l≥k

c(t, l)(3.20)

for different values of size k . The results are displayed in Figure 1, where the analytic
curves (cf. (3.8)) are represented by solid lines and the confidence bands by dotted
lines. The components of the solution c(t, k) are sufficiently well approximated up
to k = 200 . The time instants where these functions take their maximum can be
clearly detected. The fluctuations grow with increasing size, since the values of the
functionals become very small. Functionals of the form (3.20) are well approximated
even up to k = 2000 .

Next we compare the solution for the kernel (3.12) with the solution for the
linear kernel (3.7). Since at time zero both kernels are identical in case of initial
configuration (3.6), it is of interest to study the deviation of both solutions during
the time evolution. The confidence bands for the solution corresponding to the kernel
(3.12) are shown in Figure 2 and compared with the exact solutions for the kernel
(3.7) (solid lines).

Finally we illustrate the convergence with respect to the initial particle number N
for the kernel (3.14) with a = 1.5 . We calculate the behavior of the moment m1.5(t) on
the time interval [0, 1] via (3.3) and compare the results with the explicit expression
(3.15). The results are displayed in Figure 3. For N = 104 the exact solution (solid
line) is almost indistinguishable from the confidence band up to the time t = 0.8 . For
larger N the exact solution leaves the confidence band at later times.

3.4. Gelation phenomena. In the case of the multiplicative kernel (3.9) the
total mass is not conserved (cf. (3.11)). This effect is interpreted as formation of
infinite clusters and is called gelation (cf. [2], [15]). Our test kernels (3.12), (3.14),
and (3.18) are homogeneous (cf. (3.13), (3.16), (3.19)) with exponents 1 , a, and 2a ,
respectively. Homogeneous kernels with exponents greater than 1 are expected to be
gelling (see [2, section 2.3]).

In the finite particle system (1.4) the total mass is always conserved (cf. (2.15)).
An appropriate indicator for gelation is the behavior of the largest component M1(t)
in the system. For the multiplicative kernel (3.9), the particle with the largest size is
of order N after the gelation time

tg = inf {t > 0 : m1(t) < m1(0)}

and of lower order before tg (see [2, section 4.4]). The quantity M1(t)
N is convenient for

studying general gelling kernels (see [2, section 5.2]) using the stochastic algorithm.

Note that M1(t)
N ∈ [0, 1] and M1(t) ≤M1(t

′) , t ≤ t′ .
As an example we consider the kernel (3.18) with a = 0.7, 0.8, 0.9, 1.0 . The curves

for the quantity M1(t)
N with N = 104, 105, 106 are shown by dotted, dashed, and solid

lines, respectively, in Figure 4. The behavior of the second-largest component divided
by N for N = 104 (dotted), N = 105 (dashed), and N = 106 (solid) is shown in
Figure 5. For comparison the curves for both components and N = 106 are displayed
together on the same scale in Figure 6, where, in addition, the dashed lines represent
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Fig. 1. Concentration functionals c(t, k) and C(t, k) for the linear kernel (3.7).

the total concentration m0(t) . Analogous results for the kernel (3.14) with a = 1.5
are shown in Figures 7 and 8.

Next we consider the multiplicative kernel (3.9) and the equation (cf. [22])

∂

∂t
ĉ(t, k) =

1

2

k−1∑
j=1

j (k − j) ĉ(t, j) ĉ(t, k − j) − k ĉ(t, k) .(3.21)

According to (3.11), equation (1.3) coincides with (3.21) up to the gelation point
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Fig. 2. Concentration functionals c(t, k) and C(t, k) for the kernel (3.12).

tg = 1 . The unique solution of (3.21) is (compare with (3.10))

ĉ(t, k) =
kk−2

k!
tk−1 exp(−kt) , t ≥ 0 .(3.22)

The total mass has the form (compare with (3.11))

m̂1(t) =

{
1 if 0 ≤ t ≤ 1 ,
t∗
t if 1 < t ,

(3.23)
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Fig. 3. Moment (3.15) for the kernel (3.14) with a = 1.5.
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Fig. 4. Largest component
M1(t)

N
for the kernel (3.18) and different N .

where t∗ = t∗(t) is determined by the equation

t∗ exp(−t∗) = t exp(−t) , t∗ ∈ (0, 1) , t > 1 .

The solution (3.22) describes the limiting behavior (cf. [4, Corollary 1]) of the
stochastic particle system beyond the gelation point. The results of the stochastic
algorithm for different concentration functionals are shown in Figure 9. In these
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Fig. 6. Two largest components and total concentration m0(t) for the kernel (3.18).

calculations the initial number of particles is N = 106 . The exact curves for (3.21)
are shown by solid lines, the confidence bands by dotted lines, and the curves for
the Smoluchowski equation (1.3) by dashed lines. The loss of total mass (cf. (3.23))
is approximated by the largest component of the particle system (see Figure 10)
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Fig. 8. Two largest components and m0(t) for the kernel (3.14) with a = 1.5.

illustrating the property

1− m̂1(t) = lim
N→∞

M1(t)

N
.(3.24)

The confidence band is almost indistinguishable from the solid line.

3.5. Efficiency. The decisive criterion for efficiency is the necessary computa-
tion time for reaching a sufficiently low error. Two basic indicators influencing the
computational effort are the number of fictitious jumps and the number of rejections.
The number of fictitious jumps is determined by the majorant kernel (cf. (2.14))
indicating its “quality.” The number of rejections is determined by the choice of the
group bounds (2.31) (cf. (2.36)). We consider the kernel (3.12) and compare the
efficiency of the algorithms with two different majorant kernels. The initial number
of particles is N = 106 . The dashed lines correspond to the linear majorant kernel
(2.25) and the solid lines to the maximum majorant kernel (2.17).

The absolute numbers of jump attempts and the relative numbers of fictitious
jumps are shown in Figure 11. The number of jump attempts equals the number of
time steps (cf. (2.18), (2.26)). The relative number of fictitious jumps is about 13%
in one case and 97% in the other case at time t = 4 . Note that the number of real
jumps does not depend on the choice of the majorant kernel and can be determined
from the total concentration via N (1−m0(t)) .

In the algorithm with the maximum majorant kernel no rejections occur. The
relative number of rejections for the linear majorant kernel are shown in Figure 12.
The proportion of rejections for this algorithm is about 35% (the basis β = 2 was
used). The upper bound (2.37) for the relative number of the rejections takes the
form 1− 1

β (cf. (2.28), (2.30)).

A comparison of the CPU time (in seconds) for both algorithms is given in Fig-
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Fig. 9. Solutions (3.10) (dashed) and (3.22) (solid) for the multiplicative kernel (3.9).
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Fig. 10. Functionals (3.11) (dashed) and (3.23) (solid) for the multiplicative kernel (3.9).

ure 13. There is a significant gain factor depending on the length of the time interval.
Note that for gelling kernels calculations with the maximum majorant kernel (2.17)
become very time consuming when approaching the gelation point.

4. Concluding remarks. A class of stochastic algorithms for the numerical
treatment of coagulation processes was introduced. By an appropriate choice of the
majorant kernel, a remarkable gain in efficiency has been achieved. This effect is
based mainly on a significant reduction of the number of fictitious jumps for systems
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with unbounded kernels and strongly varying cluster sizes.

The algorithm works both in the discrete and the continuous case. Generalizations
to equations with fragmentation [7] and source terms are straightforward. Further
improvements are possible. In particular, the rejections in the case i = j (cf. (2.21),
(2.22)) can be avoided, which is of some relevance in situations where large particles
occur. In the discrete case it is more efficient to use the particle number representation
(cf. (3.5)) instead of the particle representation (1.4) for particles with lower sizes.

The algorithm in its present form is not suitable for calculations on very long time
intervals, since the number of simulation particles is strictly decreasing. There are
some interesting ideas in the literature on how to handle this problem. The number
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of particles in the system may be doubled, when necessary, by dividing each particle
into two equal parts, or, more generally, particles with variable weights may be used
(see [21]). An algorithm based on the mass flow instead of the particle number flow
was proposed in [3]. Here the number of simulation particles is preserved. These
ideas can be implemented in the framework of the new class of algorithms and will
be studied in the near future.

The main practical effect of the improved efficiency of our algorithm is that it can
be used as a tool for calculations up to and even beyond the gelation point. This seems
to be very useful for getting some heuristical insight into the gelation phenomenon
for general gelling kernels.

Rigorous convergence results for general coagulation kernels are known up to the
gelation point [19]. Convergence to the solution of the Smoluchowski equation after
the gelation point is expected [15] for kernels K(i, j) = o(i) o(j) . However, the case of
multiplicative kernel (3.9) shows that the limiting behavior of the stochastic particle
system after the gelation point is described by an equation (cf. (3.21)) different
from the Smoluchowski equation (1.3). Numerical observations illustrate the known
results and confirm the hypothesis of convergence after the gelation point to some
deterministic limit.

The numerical studies of the behavior of the largest component in the particle
system suggest that several properties, known for the multiplicative kernel (3.9), might
be true for larger classes of gelling kernels. There are numerical indications that the

quantity M1(t)
N converges to a deterministic limit. This limit can be used to determine

the time of emergence of a cluster of order N as

tsg = inf

{
t > 0 : lim

N→∞
M1(t)

N
> 0

}
.

It is of interest to find out for which kernels tsg = tg holds. For the multiplicative
kernel, this property is illustrated in Figure 4 (a = 1). For the kernel (3.14), Figure 7
provides numerical evidence for tg = tsg = 1 (cf. [1]). The question for which kernels
the limit of the normalized largest component determines (as in (3.24)) the loss of
total mass of the corresponding solution is a related open problem.

Acknowledgments. The authors appreciate useful discussions with H. Babovsky,
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[23] M. von Smoluchowski, Drei Vorträge über Diffusion, Brownsche Molekularbewegung und
Koagulation von Kolloidteilchen, Phys. Z., 17 (1916), pp. 557–571, 585–599.



AN IMPROVED LAGUERRE EIGENSOLVER
FOR UNSYMMETRIC MATRICES∗

JORGEN L. NIKOLAJSEN†

SIAM J. SCI. COMPUT. c© 2000 Society for Industrial and Applied Mathematics
Vol. 22, No. 3, pp. 822–834

Abstract. A Laguerre iteration procedure is described for finding the eigenvalues of unsymmet-
ric matrices with improved efficiency. Compared to the QR method, the processing time for dense
matrices is reduced by roughly a factor of 1.6 and for sparse matrices by a factor of up to 2.8 without
sacrificing accuracy. This is achieved primarily by means of a new procedure for reducing the original
matrix to sparse Hessenberg form. Alternatively, the Laguerre procedure will typically provide one
additional significant digit, compared to the QR method, when allowed to run for as long as the QR
method.
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1. Introduction. Many science and engineering problems lead to the standard
eigenvalue problem, [A] {x} = z{x}, where [A] is an unsymmetric matrix. The
eigenvalues z are typically calculated by means of the QR method of Francis [1]. This
remains one of the most efficient and robust methods available despite efforts by many
researchers to find more efficient alternatives.

The current effort to improve the efficiency of eigencalculations focuses mainly
on reducing the original dense, unsymmetric matrix [A] beyond Hessenberg form to a
sparser form, which permits more efficient eigenvalue extraction without loss of accu-
racy. Dax and Kaniel [2] largely initiated this direction of work with an improvement
in the stability of the reduction to tridiagonal form, which is amenable to very rapid
eigencalculation, for example, by LR iteration. This work was resumed by Geist [3],
who further improved the stability of tridiagonalization and was able to calculate the
eigenvalues by LR iteration more that three times faster than with the QR method.
However, Geist observed an unacceptable deterioration in accuracy with matrix size.
In a subsequent paper, Dongarra, Geist, and Romine [4] used this procedure to obtain
approximate eigenpairs which were subsequently refined iteratively to surpass the QR
method in accuracy. However, only 20% of the eigenpairs could be calculated during
the time it took for the QR method to calculate them all. Howell [5] pointed out
that the stability of Geist’s tridiagonalization procedure could be further improved
by omitting the least stable similarity transformations. This led to a band matrix
with increasing bandwidth whose eigenvalues could still be calculated by LR iteration
but with reduced efficiency. Further testing appears to be needed to determine the
efficiency of this approach.

This paper seeks to alleviate the instability problems associated with full ma-
trix tridiagonalization by terminating the elimination process when no further stable
similarity transformations can be found. This can be arranged to produce a sparse
Hessenberg matrix whose eigenvalues can be calculated by Laguerre iteration. The
procedure was found to be typically 1.6 times faster than the QR method without
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


a11 a12 0 0 0 0

a21 a22 a23 a24 a25 a26

0 a32 a33 a34 a35 a36

0 0 a43 a44 a45 a46

0 0 a53 a54 a55 a56

0 0 a63 a64 a65 a66







h11 h12 0 0 0 0

h21 h22 h23 h24 h25 h26

0 h32 h33 h34 h35 h36

0 0 h43 h44 h45 h46

0 0 0 h54 h55 h56

0 0 0 0 h65 h66




(a) Stage 1 reduction (b) Stage 2 reduction

Fig. 1. Matrix reduction to sparse Hessenberg form.

sacrificing accuracy. Alternatively, one additional significant digit can typically be
achieved, compared to the QR method, within the QR processing time. The proce-
dure is outlined below.

2. Matrix reduction to sparse Hessenberg form. The eigensolver described
here uses the familiar steps of matrix balancing, matrix reduction, and eigeniteration.
The standard balancing procedure of Parlett and Reinsch [6] is used. The subse-
quent matrix reduction procedure transforms a dense unsymmetric matrix to upper
Hessenberg form with a sparse upper triangle. The efficiency of the subsequent La-
guerre iteration increases with the sparseness of the upper triangle but is unaffected
by the location of the nonzero elements. The matrix reduction procedure is therefore
designed to minimize the number of nonzero elements without any concern for their
location. The reduction is performed in two stages, both by elementary similarity
transformations.

2.1. Stage 1 reduction. The standard procedure for reduction to Hessenberg
form (see Martin and Wilkinson [7]) is extended to include alternate row eliminations
to the right of the superdiagonal, as first suggested by Geist [3]. The row elimina-
tions continue for as long as sufficient stability can be ensured, as defined by the
parameter c introduced below. Figure 1(a) shows a matrix with column 1, row 1, and
column 2 reduced in that order. The next step, reduction of row 2, will be described
in detail.

All the column reductions (toward upper Hessenberg form) use standard partial
pivoting with all multipliers less than unity to ensure stability. This is also the
case for the row reductions except that the superdiagonal element (a23 in row 2)
cannot participate unless it is already the pivot (largest) element. This is because
the associated row and column interchanges would destroy zeros in the lower triangle.
However, standard partial pivoting can be used to eliminate all the row elements to
the right of a24, after which a choice can be made as to whether it is acceptable to
eliminate a24 with a23 as a pivot.

Thus, the reduction of row 2 in Figure 1(a) proceeds as follows:
1. Identify the largest (pivot) element ap from among |a23|, |a24|, |a25|, and |a26|.
2. If ap = |a23|, then a24, a25, and a26 are eliminated by stable similarity trans-
formations and the process moves on to column 3, then to row 3, etc.

3. If ap �= |a23|, then ap is moved to position a24 by appropriate row and col-
umn interchanges and a25 and a26 are eliminated with ap as pivot. These
eliminations are stable and do not destroy previous zeros.
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4. If ap ≤ |a23| · 2c (where c is a user supplied parameter), then ap = (new a24)
is eliminated using a23 as the pivot and the process moves on to column 3.
Thus, the user decides, through the choice of c, whether |a23| is large enough
to eliminate ap with the required accuracy. c = 0 provides the stability of
standard partial pivoting but c ≥ 1 usually provides satisfactory accuracy
for all eigenvalues within the current overall strategy, as demonstrated in
section 6.

5. If ap > |a23|·2c, then the elimination of ap = (new a24) is deemed too unstable
and is omitted. This single failure prevents any further zeroing of elements
in the upper triangle during Stage 1 reduction, since previous zeros would be
destroyed. In this case, standard Hessenberg reduction takes over until the
Hessenberg matrix of Figure 1(b) has emerged.

2.2. Stage 2 reduction. In Figure 1(b), Stage 1 reduction, including alternate
row reductions, has been completed with one successful row elimination. (As seen
later, a much larger number of rows can normally be eliminated during Stage 1.)

The row eliminations are now resumed, without pivoting which would destroy the
zero lower triangle as follows:

1. Find the largest (pivot) element p1 from among |h23|, |h24|, |h25|, and |h26|
and use it to eliminate all the elements to the right of p1. These eliminations
are stable.

2. Find the largest element p2 to the left of p1 (and to the right of h22) and use
it to eliminate all the elements between p1 and p2. These eliminations are
stable.

3. If p1 ≤ p2 · 2c (where c is a user-supplied parameter), then p1 is eliminated
with p2 as the pivot. As in Stage 1 reduction, c = 0 provides the stability
of standard partial pivoting but satisfactory accuracy of all eigenvalues is
usually obtained in practice with c ≥ 1.

4. If p1 > p2 · 2c, then the elimination of p1 is deemed too unstable and is
omitted. When this happens, no element from p1’s column can ever again be
used as a pivot since this would destroy previous zeros.

5. Go back to step 2 until elimination of all the elements to the right of h23 has
been attempted.

6. Proceed with the following row until elimination of all elements above the
superdiagonal has been attempted.

3. Laguerre iteration. Laguerre’s method is well known as one of the most
efficient procedures for finding the roots of polynomials. Convergence is virtually
global and the rate of convergence is cubic in the vicinity of simple roots. Parlett [8]
appears to have been the first to apply Laguerre iteration to unsymmetric eigenprob-
lems. Parlett provides a comprehensive discussion of Laguerre iteration applied to
eigensolution with dense Hessenberg matrices. Thus, only a summary will be given
here. Parlett’s procedure was applied by Ward [9] who found it comparable to the QR
method in efficiency on parallel computers. However, tests by Foster [10] indicated
that Laguerre’s method was only half as efficient as the QR method.

Finding the eigenvalues z of a Hessenberg matrix [H] is equivalent to finding the
roots of its characteristic polynomial p(z) = det([H]−z[I]). Laguerre iteration toward
a root z proceeds as follows:

zi+1 = zi −∆zi,(3.1)
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where

∆zi = n

/[
fi ±

√
(n− 1)(nhi − f2

i )

]
, fi = p′i/pi, and hi = f2

i − p′′i /pi.(3.2)

p′i and p
′′
i are the polynomial derivatives and n is the order of [H].

Roots zj , already found, are suppressed by setting

p = p

/∑
j

(z − zj),(3.3)

which turns out to be equivalent to setting

f = f −
∑
j

1/(z − zj) and h = h−
∑
j

1/(z − zj)2.(3.4)

Iteration toward complex eigenvalues requires slight modifications (see Parlett [8]),
but (3.1)–(3.4) are sufficient for later illustration of the implementation.

4. Hyman’s method. The determinant value p and its derivatives p′ and p′′ in
(3.2) are calculated by Hyman’s method; see Wilkinson [11]. For maximum efficiency,
an additional similarity transformation is performed on the Hessenberg matrix to
obtain unit subdiagonal elements as shown in (4.1); see [11]. As outlined earlier, the
upper triangle of [H] will usually be sparse.

[H] =




h11 h12 h13 h14 h15 h16

1 h22 h23 h24 h25 h26

0 1 h33 h34 h35 h36

0 0 1 h44 h45 h46

0 0 0 1 h55 h56

0 0 0 0 1 h66



.(4.1)

Hyman’s method leads to the following recursive formulas for p, p′, and p′′ for
use in (3.2):




p5 = (z − h66),

p4 = (z − h55)p5 − h56,

p3 = (z − h44)p4 − h45p5 − h46,

p2 = (z − h33)p3 − h34p4 − h35p5 − h36,

p1 = (z − h22)p2 − h23p3 − h24p4 − h25p5 − h26,

−p = (z − h11)p1 − h12p2 − h13p3 − h14p4 − h15p5 − h16,

(4.2)




p′4 = (z − h55) + p5,

p′3 = (z − h44)p
′
4 − h45 + p4,

p′2 = (z − h33)p
′
3 − h34p

′
4 − h35 + p3,

p′1 = (z − h22)p
′
2 − h23p

′
3 − h24p

′
4 − h25 + p2,

−p′ = (z − h11)p
′
1 − h12p

′
2 − h13p

′
3 − h14p

′
4 − h15 + p1,

(4.3)
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


p′′3 = 2(z − h44) + 2p
′
4,

p′′2 = (z − h33)p
′′
3 − 2h34 + 2p

′
3,

p′′1 = (z − h22)p
′′
2 − h23p

′′
3 − 2h24 + 2p

′
2,

−p′′ = (z − h11)p
′′
1 − h12p

′′
2 − h13p

′′
3 − 2h14 + 2p

′
1.

(4.4)

Equations (4.2) through (4.4) are easily generalized. p, p′, and p′′ are usually
complex. They must be calculated at each Laguerre iteration step for each eigen-
value. Apart from the matrix reduction, this is the most time-consuming part of the
eigencalculations. Zeroing of a large number of elements h in the upper triangle of [H],
as discussed earlier, becomes essential to reduce the work load below that of the QR
method. The numerical implementation must check for and skip all multiplications
and additions involving zero elements.

5. Numerical implementation. An excellent outline of the numerical imple-
mentation of Laguerre iteration for nonsymmetric eigenproblems can be found in
Parlett [8]. The current implementation is based on Parlett’s work and focuses on
improvements that maximize efficiency. The main improvement is the matrix reduc-
tion to sparse Hessenberg form, as outlined earlier. This section highlights additional
improvements, mainly in the choice of start values and stop criteria, to minimize the
number of iterations.

The current implementation rejects eigenproblems which are so ill-conditioned
that one or more eigenvalues can only be determined to one significant digit. This
simplifies the procedure considerably and is justified by arguing that eigenvalues with
one significant digit are probably inadequate in most applications. The specific pa-
rameter values recommended in the following are for double-precision implementation
(15–16 significant digits). These parameter values are based on extensive experimen-
tation and test experience.

5.1. First start value. The choice of the start value z0 for the first eigenvalue
is problematic because of the assumed total lack of knowledge of the locations of all
eigenvalues. Parlett [8] recommended using “the Laguerre iterate of infinity” which
is larger than the modulus of the largest eigenvalue. This rarely fails to work. The
drawback is that a relatively large number of iterations may be required to reach the
nearest eigenvalue.

In the current implementation, a first start value z0 near zero is used instead. This
is, on average, much closer to an eigenvalue and therefore provides faster convergence.
In addition, the search for an acceptable z0 near zero can be arranged to automatically
identify all roots near zero, which greatly simplifies the stop criteria outlined later.
Thus z0 is found as follows:

1. Set z0 = 0.
2. Do one complex Laguerre iteration, in accordance with (3.1) and (3.2), and
check on the size of |∆zi|.

3. If |∆zi| > 8∗matrix-norm, including processor-defined “infinity” and “NAN”
(not a number), and p has underflow, then z0 is so close to a root that the
Laguerre iteration has broken down. Set the flag to indicate near-zero root,
set z0 = z0 + 2

−7 to get away from the root, and go back to 2.
4. If |∆zi| > 8∗matrix-norm, including “infinity” and “NAN,” but p does not
underflow, then z0 is a local extremum point causing the iterate to shoot
toward infinity. Remove the extremum temporarily by declaring a dummy
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root at z0 (to be removed when the next true root has been found). Set
z0 = z0 + 2

−7 to get away from the dummy root, and go back to 2.
5. If |∆zi| < 2−7, then z0 is probably close to a root. Set the flag to indicate
near-zero root, set z0 = z0+2

−7 to get away from the root, and go back to 2.
6. If 2−7 < |∆zi| < 8∗matrix-norm and the flag indicates near-zero root (set
during the previous iteration), then shift the eigenproblem by z0 (i.e., subtract
z0 from all the diagonal elements), enter the mainstream iteration (as defined
by (3.1)–(3.4)), and find the (shifted) root using −z0 as the start value. Shift
the eigenproblem (including the root) back again, record and suppress the
root (see (3.4)), clear the flag for near-zero root, set z0 = z0 + 2

−7, and go
back to 2 to look for additional near-zero roots. (Shifting the root away from
zero allows it to be determined using the stop criteria outlined below.)

7. If 2−7 < |∆zi| < 8∗matrix-norm and near-zero root is not flagged, then no
undiscovered near-zero roots exist. Proceed with mainstream iteration, as
defined by (3.1)–(3.4).

5.2. Subsequent start values. Parlett [8] suggested that the penultimate La-
guerre iterate zqi toward the root zq could be used to provide a “free” Newton iteration
step toward the next root zτ as follows:

zτ1 = zq − 1/s,(5.1)

where

s =
p′′(zqi)
2p′(zqi)

−
∑
j

1

zqi − zj ,(5.2)

where zj are all the roots found previously, excluding zq.
Parlett’s start value zτ1 is adopted here, except that, when zq is complex, its

complex conjugate, z∗q , is included among the zj ’s in (5.2). This removes the attraction
of z∗q , resulting in a better approximation of zτ1 to the next root zτ .

The use of zτ1 speeds up convergence considerably, but it can fail because Newton
iteration lacks global convergence and because there is no guaranteeing that it will
bring zτ1 outside the area of indeterminacy of zq, in which case the iteration may
converge toward zq again. A safe alternative start value zτ0 is therefore needed. It
is chosen as the last iterate toward zq which has less than seven significant binary
digits (∼2 decimal digits). This is the smallest number of digits accepted for any root
without aborting the eigencalculations. It thus insures that z0 is outside the area of
indeterminacy of all roots. A check is made to determine whether (1) zτ1 is within
the area of indeterminacy of zq, (2) |zτ1| > 8 ·matrix-norm, or (3) |zτ1| > 8 · zq. In
either case, zτ1 is rejected as the start value and zτ0 is used instead.

5.3. Stop criteria. The following stop criteria were devised to ensure that the
iteration stops immediately when all available significant digits have been determined:

1. If |zi/∆zi| > 252 (see (3.1)), then zi+1 has at least 52 significant binary digits
(∼15 decimal digits) and is declared a root. This stop criterion normally
handles convergence after one or two iterations.

2. If |zi+1/∆zi+1| ≤ |zi/∆zi| (i.e., number of significant digits of zi+1 ≤ number
of significant digits of zi), then zi+1 has reached the area of indeterminacy,
thus, no further significant digits can be extracted and a root is declared. This
is because once convergence has started, the convergence rate does not slow
down until the area of indeterminacy has been reached. This check primarily
finds ill-conditioned roots that have relatively few significant digits.
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3. If (zi+1/∆zi+1)
2/|zi/∆zi| > 252, then zi+2 will be a root. Example: If

|zi/∆zi| ∼= 27 and |zi+1/∆zi+1| ∼= 220, then the current convergence rate
is roughly 20/7 ∼= 2.9 (i.e., almost cubic). The next iterate, zi+2, will there-
fore either achieve at least (20/7) · 20 ∼= 57 significant binary digits (more
than double-precision accuracy) or it will reach the area of indeterminacy.
Thus zi+2 will be a root. This check primarily finds well-conditioned roots,
which have many significant digits, at both fast and slow convergence rates.

4. Finally, if a root has not been found within 32 iterations, then the current
iterate is accepted as a root and a warning code is set.

Convergence must have started before stop criterion step 2 can be applied safely.
Convergence is deemed to have started if both of the following criteria are satisfied:

1. zi/∆zi ≥ 23, zi+1/∆zi+1 ≥ 24, and zi+2/∆zi+2 ≥ 25. In other words, the
number of significant binary digits of three consecutive iterates must be at
least 3, 4, and 5.

2. (zi+1/∆zi+1)/(zi/∆zi) ≥ 21 and (zi+2/∆zi+2)/(zi+1/∆zi+1) ≥ 21. This is
equivalent to saying that at least one additional significant binary digit must
have been found in each of the two last consecutive iterations.

The stop criteria have been condensed into the current form by extensive exper-
imentation and testing. Their simplicity and robustness have been achieved partly
by making them applicable to nonzero roots only. Near-zero roots are extracted and
suppressed beforehand, as outlined earlier.

When a root z = x+ iy has been found, its complex conjugate z∗ is declared and
suppressed simultaneously provided z is definitely complex. Complexity of z is con-
sidered confirmed if |y/x| > 2−7 in which case y is outside the area of indeterminacy
of x for the most ill-conditioned root accepted without aborting the eigencalculations.
If |y/x| < 2−7, then only z is declared a root. z∗ will then emerge separately if z is
truly complex.

Double or multiple roots slow the convergence rate from cubic to near linear.
When a near-linear convergence rate persists, the iteration increment ∆zi in (3.2) is
replaced by

∆zi = n
/[
fi ±

√
(n− k)/k · (nhi − f2

i )
]
,(5.3)

which provides cubic convergence for a k-fold root. The first such iteration is “free” if
p, p′, and p′′ from the previous iteration are used. The overhead involved in switching
to (5.3) was found on balance to be justified only for k = 2 (i.e., double-roots). If
k = 2 does not improve convergence, then k = 1 is reinstated for the rest of the
iteration toward the current root.

Both a real and a complex iteration path were implemented to prevent the ineffi-
cient use of complex arithmetic for finding real roots. Switching between the two paths
is automatic and biased toward a switch from complex to real arithmetic whenever
warranted.

5.4. Miscellaneous improvements. The following additional measures were
taken to further improve the efficiency and accuracy of the eigencalculations:

1. The matrix was scaled to prevent overflow and underflow. The similarity
transformations leading to unit subdiagonal elements (see section 4) are par-
ticularly prone to overflow.

2. Matrix splitting is employed when negligible sub- or superdiagonal elements
are encountered. This leads to two or more smaller eigenproblems, which are
solved separately.
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6. Test results. The Laguerre procedure was tested extensively for speed, ac-
curacy, and robustness on a wide variety of matrices. The results were compared with
those from a commercially available QR procedure based on EISPACK. The tests
were carried out on a slow (33MHz) 80486 based PC to provide good resolution in
the processing time measurements. Both the Laguerre and the QR procedure were
implemented entirely in assembly language and in double precision. Both employ the
familiar sequence of matrix balancing, matrix reduction, and eigenvalue iteration.

Equation (6.1) shows one of the matrix types used for testing:

[A] =




1 −1 0 0 0 0 .

1 1 0 0 0 0 .

2 2 2 −2 0 0 .

2 2 2 2 0 0 .

3 3 3 3 3 −3 .

3 3 3 3 3 3 .

· · · · · · ·




.(6.1)

These matrices have exact eigenvalues of λe = 1 ± i, 2 ± 2i, 3 ± 3i, etc., allowing
exact error calculations. Neither the Laguerre nor the QR method recognized the
lower Hessenberg form of [A]. Both proceeded with balancing and reduction to upper
Hessenberg form followed by eigeniteration.

Figure 2 shows a 30×30 matrix, of the type indicated by (6.1), after reduction to
sparse Hessenberg form for various values of parameter c. The 1’s in Figure 2 represent
all nonzero elements. A negative c invokes standard Hessenberg reduction with row
elimination disabled. A nonnegative c results in multipliers less than 2c being accepted
during elimination of row-pivots; see section 2.2. Thus, with c = 0, standard partial
pivoting is applied to all row reductions, i.e., all multipliers are less than unity. With
c = 1, the procedure accepts multiplier values of up to 2 for row-pivot elimination, etc.
c does not affect the column eliminations which are always carried out with multipliers
less than unity. Notice that a significant number of upper triangle elements can be
zeroed with standard partial pivoting (c = 0). For random matrices with elements
between −1 and 1, c = 0 results in zeroing of approximately half the upper triangle.
Surprisingly, the nonzero upper triangle elements tend to congregate near the diagonal
rather than being randomly distributed across the triangle. The explanation appears
to be that matrix balancing, and to some extent Hessenberg reduction, tend to produce
larger near-diagonal elements for matrices of the type shown in (6.1). This promotes
elimination of row elements far from the diagonal. Preliminary investigations have
confirmed that rebalancing after Stage 1 reduction (see section 2.1) increases the size
of the near-diagonal elements significantly, allowing a large number of additional upper
triangle elements to be zeroed with standard partial pivoting (c = 0). The efficiency
of rebalancing is currently being investigated. It has not yet been implemented.

Notice in Figure 2(d) that c = 4 leads to full tridiagonalization. Generally, the
larger the matrix, the larger the c-value required for tridiagonalization.

All the matrix types tried, including, for example, random matrices and the test
matrices from Gregory and Karney [12], show very similar levels of sparsity for given
values of c. They also show the same trend of bunching of elements near the diagonal.
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Fig. 2. Effect of multiplier size on sparseness of Hessenberg form.

Figure 3 shows the maximum relative error, |(λe − λa)/λe|max of the calculated
eigenvalues for matrices of the type shown in (6.1). λe and λa are the exact and the
calculated eigenvalues, respectively. Comparison with the QR method shows that the
Laguerre procedure usually provides approximately one additional significant digit
when row elimination is disabled (c = −1). When the matrices are almost fully
tridiagonalized (c = 4), the Laguerre method still matches the QR method in terms
of accuracy in most cases. However, the error on the Laguerre procedure is becoming
erratic and drops well below the QR accuracy for matrices of order 60 and 70. Care
should be taken to ensure that the error is acceptable for the specific problem at hand.
This can be done with a preliminary run with maximum accuracy (c = −1) before
“production runs” with larger c’s which reduce processing time as demonstrated later.

The overall reduction in accuracy with increasing c seems surprisingly small. Two
explanations are offered.

(1) As outlined in section 2.2, irrespective of the value of c, standard partial
pivoting is used to eliminate all but the relatively few row-pivots themselves, thus
minimizing the number of unstable eliminations.

(2) The QR iteration procedure, by its nature, repeatedly modifies and stores the
matrix elements in their double precision storage locations (15–16 significant digits).
This is accompanied by a small but steady accumulation of round-off errors. The
Laguerre iteration does not modify the elements of the reduced matrix and therefore
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Fig. 3. Comparison of maximum errors for dense matrices.

does not incur these round-off errors. Instead, the Laguerre procedure is able to accu-
mulate inner products throughout the iteration phase, in this case with the standard
19 significant digits of a PC processor.

Notice that the graphs in Figure 3 are not smooth. This is in line with expecta-
tions since the properties of matrices, of the type shown in (6.1), do not necessarily
change smoothly with matrix size.

The corresponding speed comparison is shown in Figure 4. Roughly 1/3 of the
upper triangle elements are zero when c = 0; see, for example, Figure 2. However,
the Laguerre procedure does not become faster than the QR procedure until c = 1,
when roughly 2/3 of the upper triangle is zero. This is most likely due to the ad-
ditional time needed for the reduction to sparse Hessenberg form, before Laguerre
iteration, compared to the shorter time needed for standard Hessenberg reduction,
prior to QR iteration. The result is that a relatively large number of upper trian-
gle zeros are required before the speed advantage of the Laguerre iteration can be
realized. The maximum speed advantage is about a factor of 1.6 for c = 4, and this is
relatively independent of matrix size (c = 4 tridiagonalizes the matrices up to order
30× 30.)

The speed advantage for very sparse matrices is illustrated in Figure 5 for Fi-
bonacci matrices of the type

A =



0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 .(6.2)
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Fig. 4. Comparison of processing time for dense matrices.

Such matrices have all their eigenvalues located on the unit circle in the complex
plane. Figure 5 shows a speed advantage of about 2.8 for the Laguerre procedure.
The main reasons for the large speed advantage are probably the following:

1. Matrix reduction is unnecessary, leaving the QR method without the advan-
tage of the quicker reduction to standard Hessenberg form.

2. The QR iterations destroy the zeros of the upper triangle, i.e., they do not
benefit from the sparseness of [A].

All the eigenvalues from these test runs had full double precision accuracy (15–16
significant digits).

Some of the small ill-conditioned test matrices from Gregory and Karney [12]
were also tried. These matrices were too small to provide a speed comparison. In
terms of accuracy, no firm trend could be established. In some cases the QR method
was slightly more accurate, and in other cases the Laguerre method with c = −1
was slightly more accurate. But on average, the QR method had a slight edge. One
likely contributing factor is that the matrices are too small for the QR iteration to
accumulate any appreciable round-off errors. The QR and Laguerre performances
being so close, no attempt was made to improve the Laguerre performance for these
small matrices.

7. Summary. In summary, the Laguerre procedure has been found to provide
considerable versatility for large matrices, allowing the user to either increase the pro-
cessing speed or improve the accuracy of the calculated eigenvalues, as compared to
the QR method. This is useful in design work where repeated eigencalculations are
often required to gauge the effect of small design changes or when Campbell diagrams
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Fig. 5. Comparison of processing time for sparse matrices.

must be generated to trace the eigenvalues of matrices which are functions of a pa-
rameter. The Laguerre procedure can save time in such work by allowing the user to
gain processing speed in exchange for significant digits, which may not be needed. Al-
ternatively, when all possible digits must be extracted from an ill-conditioned matrix,
the Laguerre procedure will often provide one additional significant digit compared
to the QR method. A large number of test runs with a wide variety of matrices have
confirmed these general conclusions.

There is scope for further improvement of the efficiency of the Laguerre eigensolver
as follows:

• Replace the Newton start step with a Laguerre start step as suggested by
Foster [10] to further reduce the number of iterations.
• Implement an option for user-supplied start values to reduce the number of
iterations in design calculations and generation of Campbell diagrams for
matrices, which are functions of a parameter.
• Calculate only the required eigenvalues, which often are those with a modulus
below a user-supplied value. Such a procedure is currently being implemented
based on the work of Delves and Lyness [13].
• Rebalance the matrix after Stage 1 Hessenberg reduction. This is currently
being investigated as a means of increasing the size of the near-diagonal ele-
ments. Preliminary results show that this leads to stable elimination of many
additional elements in the upper triangle.
• A reviewer of this paper has kindly suggested that advantage be taken of the
envelope structure of the matrices; see Figure 2. The address of the rightmost
nonzero element of each row could be saved and used to truncate the Hyman
equations, (4.2)–(4.4).

8. Conclusion. A Laguerre iteration procedure has been implemented for eigen-
solution with unsymmetric matrices. Extensive testing indicates that the procedure
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is superior to the QR method for large matrices, providing a speed advantage of be-
tween 1.6 and 2.8, often without sacrificing accuracy. When accuracy is paramount,
a parameter can be set to extract typically one additional significant digit, compared
to the QR method, at roughly the same processing speed as the QR method.
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Abstract. In this paper, a strategy is proposed for alternative computations of the residual
vectors in Krylov subspace methods, which improves the agreement of the computed residuals and
the true residuals to the level of O(u)‖A‖‖x‖. Building on earlier ideas on residual replacement
and on insights in the finite precision behavior of the Krylov subspace methods, computable error
bounds are derived for iterations that involve occasionally replacing the computed residuals by the
true residuals, and they are used to monitor the deviation of the two residuals and hence to select
residual replacement steps, so that the recurrence relations for the computed residuals, which control
the convergence of the method, are perturbed within safe bounds. Numerical examples are presented
to demonstrate the effectiveness of this new residual replacement scheme.
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1. Introduction. Krylov subspace iterative methods for solving a large linear
system Ax = b typically consist of iterations that recursively update approximate
solutions xn and the corresponding residual vectors rn (= b − Axn). They can be
written in a general form as follows.

Algorithm 1. Template for Krylov subspace methods.
Input: an initial approximation x0; r0 = b−Ax0;
For n = 1, 2, . . . until convergence

generate a correction vector qn by the method;
xn = xn−1 + qn,
(the vector xn does not occur in other statements),
rn = rn−1 −Aqn

End for

Most Krylov subspace iterative methods, including the conjugate gradient method
(CG) [13], the biconjugate gradient method (BiCG) [4, 14], CGS [21], and BiCGSTAB
[24], fit in this framework (see [2, 12, 17] for other methods).

In exact arithmetic, the recursively defined rn in Algorithm 1 is exactly the resid-
ual for the approximate solution xn, because b − Axn − rn = b − Axn−1 − rn−1 =
b − Ax0 − r0 = 0. In a floating point arithmetic, however, the round-off patterns
for xn and rn will be different. It is important to note that any error made in the
computation of xn is not reflected by a corresponding error in rn, or in other words,
computational errors to xn do not force the method to correct, since xn has no influ-
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ence on the iteration process. This leads to the well known situation that b−Axn and
rn may differ significantly. This phenomenon has been extensively discussed in the
literature; see [20, 11, 12, 19] and the references cited therein. Indeed, if we denote
the computed results of xn, rn by x̂n, r̂n, respectively (but we still use qn to denote
the computed update vector of the algorithm), then we have

x̂n = fl(x̂n−1 + qn) = x̂n−1 + qn + ψn, |ψn| ≤ u|x̂n|+O(u2),(1)

r̂n = fl(r̂n−1 −Aqn) = r̂n−1 −Aqn + ηn, |ηn| ≤ u(|r̂n|+N |A||qn|) +O(u2),(2)

where fl(z) denotes the computed result of z in finite arithmetic, the absolute value
and inequalities on vectors are componentwise, u is the machine roundoff unit, and
N denotes the maximum number of nonzero entries per row of A. The vectors ψn
and ηn represent rounding error terms, and they can be bounded by a straightforward
error analysis (see section 3 for details). In particular, the relations (1) and (2) show
that ψn and ηn depend only on the iteration vectors x̂n, r̂n, and qn.

We will call b − Ax̂n the true residual for the approximation x̂n and call r̂n, as
obtained by recurrence formula (2), the computed residual (or the updated residual).
Then the difference between the two satisfies (using the finite precision recurrences
(1) and (2))

b−Ax̂n − r̂n = b−Ax̂n−1 − r̂n−1 −Aψn − ηn,
= −Σni=1(Aψi + ηi),

where we assume for now that b−Ax0−r0 = 0. Hence, the difference between the true
and the updated residuals is a result of accumulated rounding errors. In particular,
a significant deviation of b−Ax̂n from r̂n may be expected, if there is a x̂i or r̂i with
large norm during the iteration (a not uncommon situation for BiCG and CGS). On
the other hand, even when all ψi and ηi are small (as is common for CG), but if it
takes a relatively large number of iterations for convergence, the sheer accumulation
of ψi and ηi could also lead to a nontrivial deviation.

What makes all this so important is that, in a finite precision implementation,
the sequence r̂n satisfies, almost to machine precision u, its defining recurrence rela-
tion, and as was observed for many Krylov subspace methods, this is the driving force
behind convergence of r̂n [10, 11, 15, 16, 19, 22]. Indeed, residual bounds have been
obtained in [22] for CG and BiCG, which show that even a significantly perturbed
recurrence relation (with perturbations much larger than the machine precision) usu-
ally still leads to eventual convergence of the computed residuals. This theoretical
insight has been our motivation and justification for the residual replacement scheme
to be presented in section 2.1. On the other hand, the true residual b − Ax̂n itself
has no self-correcting mechanism for convergence, mainly because any perturbation
made to x̂n does not have an effect on the iteration parameters, whereas errors in r̂n
immediately lead to other iteration parameters.

Thus, in a typical convergent iteration process, r̂n converges to a level much
smaller than u eventually, but the true residual b−Ax̂n can only converge to the level
dictated by Σni=1(Aψi + ηi), since

b−Ax̂n = r̂n − Σni=1(Aψi + ηi).

Namely, when r̂n is still bigger than the accumulated error Σ
n
i=1(Aψi + ηi), b− Ax̂n

agrees well with r̂n in magnitude, but when r̂n has converged to a level that is smaller
than the accumulated error, then b− Ax̂n ∼ Σni=1(Aψi + ηi) is just the accumulated
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error and has no agreement at all with r̂n. In summary, a straightforward implemen-
tation would reduce the true residuals at best to Σni=1(Aψi + ηi). A bound for this
has been obtained in [11] and it is called the attainable accuracy. We note that this
term could be significant even if only one of ψi or ηi is large, or if n is large.

The above problems become most serious in methods such as CGS and BiCG
where intermediate x̂n and r̂n can have very large norm, and this may result in a
large ψn or ηn. Several popular methods, such as BiCGSTAB [24], BiCGSTAB(�)
[18], QMR [7], TFQMR [5], and composite step BiCG [1], have been developed to
reduce the norm of r̂n (see [6] for details). We note that controlling the size of ‖r̂n‖
alone does not solve the deviation problem in all situations, as intermediate vectors
in these methods may still have a large norm which, while invisible in ‖r̂n‖, could still
have significant effects to the difference between the true and computed residuals. In
any case, the accumulation of tiny errors over a long iteration may also result in a
nontrivial deviation.

A simple approach for solving the deviation problem is to replace the computed
residuals by the true residuals at some iteration step to restore the agreement. Then
the deviation at subsequent steps will be the error accumulation after that iteration
only. This includes a complete replacement strategy that simply computes rn by b−
Axn at every iteration, and a periodic replacement strategy that updates rn by b−Axn
only at intervals of the iteration count. While such a strategy maintains agreement of
the two kinds of residuals, it turns out that the convergence of the rn may deteriorate
(as we will see, it may result in unacceptably large perturbations to the Lanczos
recurrence relation for the residual vectors that steers the convergence; see section 2.3).
Recently, Sleijpen and van der Vorst [19], motivated by suggestions made by Neumaier
(see [12, 19]), introduced an efficient replacement scheme that includes a so-called
flying-restart procedure. It was demonstrated that this new residual replacement
strategy can be very effective in the sense that it can improve the convergence of the
true residuals by several orders of magnitude. For practical implementations, such a
strategy is very useful because it leads to meaningful residuals and this is important
for stopping the iteration process at the right point. Of course, one could, after
termination of the classical process, simply test the true residual, but the risk is that
the true residual stagnated already long before termination, so that much work has
been done in vain.

The present paper will follow the very same idea of replacing the computed resid-
ual by the true residual at selected steps, in order to maintain close agreement between
the two residuals, but we propose a simpler strategy so that the replacement is done
only when it is necessary and at phases in the iteration where it is harmless, that is,
when convergence mechanism for r̂n is not destroyed. Specifically, we shall present a
rigorous error analysis for iterations with residual replacement and we will propose
computable bounds for the deviation between the computed and true residuals. This
will be used to select the replacement phases in the iteration in such a way that the
Lanczos three term recurrence among r̂n is sufficiently well maintained. For the re-
sulting strategy, it will be shown that, provided that the computed residuals converge,
the true residual will converge to the level O(u)‖A‖‖x‖, the smallest level that one
can expect for an approximation.

We note that, in many practical applications, one is only interested in a modest
reduction of the residual norm, rather than to the level of O(u)‖A‖‖x‖ considered
here, but even in such cases, the true residual could potentially stagnate at a level
above the desirable threshold if there is sufficiently large growth of intermediate vec-
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tors. This is not necessarily a result of ill-conditioning of A but could simply arise
when a Ritz value in the underlying Lanczos process for BiCG, as determined by the
initial approximation, is very close to 0. Although such a situation must be rare, it
poses a risk to direct implementations. Therefore, it would still be beneficial to use
the residual replacement scheme as a guard in such applications, given that it invokes
very little extra cost.

The paper has been organized as follows. In section 2, we develop a refined resid-
ual replacement strategy and we discuss some strategies that have been reported by
others. We give an error analysis in section 3, and we derive some bounds for the
deviation to be used in the replacement condition. We present a complete implemen-
tation in section 4. It turns out that the residual replacement strategy can easily be
incorporated in existing codes. Some numerical examples are reported in section 5,
and we finish with remarks in section 6.

The vector norm used in this paper is one of the 1, 2, or ∞-norm.
2. Residual replacement strategy. In this section, we develop a replacement

strategy that maintains the convergence of the true residuals. A formal analysis is
postponed to the next section. The specific iterative method can be any of those that
fit in the general framework of Algorithm 1. Throughout this paper, we shall consider
only iteration processes for which the computed residual r̂n converges to a sufficiently
small level.

As mentioned in section 1, we follow the basic idea to replace the computed resid-
ual r̂m by the true residual fl(b−Ax̂m) at some selected steps m = m1,m2, . . . ,mk.
We will refer to such an iteration step as one where residual replacement occurs.
Hence, the residual generated at an arbitrary step n could be either the usual up-
dated residual r̂n = fl(r̂n−1 −Aqn−1) or the true residual fl(b−Ax̂n), depending on
whether replacement has taken place or not at step n. In order to distinguish the two
possible formulations, we denote by rn the residual obtained at step n of the process
with the replacement strategy, that is,

rn =

{
fl(b−Ax̂n), if n = m1,m2, . . . ,mk,

r̂n = fl(rn−1 −Aqn−1), otherwise.

With the residual replacement at step m (m = m1,m2, . . . ,mk), the residual
deviation is immediately reduced to

δm ≡ b−Ax̂m − rm = b−Ax̂m − fl(b−Ax̂m) = −ξm,
and it can be shown (see Lemma 1 of section 2.2) that |ξm| ≤ u(|rm|+N |A||x̂m|) +
O(u2). For the subsequent iterations n > m, but before the next replacement step,
we clearly have that

δn = b−Ax̂n − rn = b−Ax̂m − rm − Σni=m+1(Aψi + ηi)

= −ξm − Σni=m+1(Aψi + ηi).(3)

Therefore, the accumulated deviation before stepm has no effect to the deviation after
updating (n > m). However, in order for such a strategy to succeed, two conditions
must be met, namely,

• the computed residual rn should preserve the convergence mechanism of the
original process that has been steered by the r̂n vectors;
• from the last updating step m to the termination step K, the accumulated
error ΣKi=m+1(Aψi+ηi) should be small relative to u(|rm|+N |A||x̂m|), which
is the upperbound for |ξm|.
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We discuss in the next two subsections how to satisfy these two objectives.

2.1. Maintaining convergence of computed residuals. In order that rn
maintains the convergence mechanism of the original updated residuals, it should
preserve the property that gives rise to the convergence of the original r̂n. We therefore
need to identify the properties that lead to convergence of the iterative method in
finite precision arithmetic. While this may be different for each individual method, it
has been observed for several Krylov subspace methods (including CG [11, 22], BiCG
[22], CGS, BiCGSTAB, and BiCGSTAB(�) [19]) that the recurrence rn = rn−1 −
Aqn and a similar one for qn is satisfied almost to machine precision and this small
local error is one of the properties behind the convergence of the computed residuals.
Furthermore, the analysis of [22] suggests that convergence is well maintained even
when the recurrence equations are perturbed with perturbations that are significantly
greater than the machine precision. This latter property is the basis for our residual
replacement strategy. Therefore, we briefly discuss this perturbation phenomenon for
BiCG (or CG), as presented in [22].

Consider the BiCG iteration which contains rn = rn−1 − αn−1Apn−1 and pn =
rn + βnpn−1. In finite arithmetic, r̂n and p̂n, which denote the computed results of
rn and pn, respectively, satisfy the perturbed recurrence

r̂n = r̂n−1 − αn−1Ap̂n−1 + ηn and p̂n = r̂n + βnp̂n−1 + τn,

where ηn and τn are rounding error terms that can be bounded in terms of u. Com-
bining these two equations, we obtain the following perturbed matrix equation in a
normalized form

AZn = ZnTn − 1

α′
n

r̂n+1

‖r̂1‖ e
T
n + Fn with Zn =

[
r̂1
‖r̂1‖ , . . . ,

r̂n
‖r̂n‖

]
,(4)

where Tn is an invertible tridiagonal matrix,1 α′
n = ‖r̂n‖αn/‖r1‖ = eTnT

−1
n e1 and

Fn = [f1, . . . , fn] with

fn =
Aτn
‖r̂n‖ +

1

αn

ηn+1

‖r̂n‖ −
βn
αn−1

ηn
‖r̂n‖ .(5)

We note that (4) is just an equation satisfied by an exact BiCG iteration under a
perturbation Fn. In particular, detailed bounds on τn and ηn will, under some mild
assumptions, lead to Fn ∼ O(u).

The main result of [22] states that if a sequence r̂n satisfies (4) and Zn+1 has full
rank, then we have

‖r̂n+1‖ ≤ (1 +Kn) min
p∈Pn,p(0)=1

‖p(A+∆An)r̂1‖,(6)

where Kn = ‖(AZn−Fn)T−1
n ‖ ‖Z+

n+1‖ and ∆An = −FnZ+
n . The case Fn = 0 reduces

to the known theoretical bound for the exact BiCG residuals [1]. Therefore, even
when r̂n and its exact counterpart are completely different, their norms are bounded
by similar quantities and are usually comparable. Of course, in both cases, the bounds
depend on the quality of the constructed basis. More importantly, a closer exami-
nation of the bound reveals that even if the perturbation Fn is in magnitude much
larger than u, the quantities in the bound, and thus ‖r̂n+1‖, may not be significantly
affected. Indeed, in [22] numerical experiments were presented, where relatively large

1We assume that no breakdowns of the iteration process have occurred.
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artificial random perturbations had been injected to the recurrence for rn; yet it did
not significantly affect the convergence mechanism.

An implication of this analysis is that, regardless of how r̂n is generated but as
long as it satisfies (4), its norm can be bounded by (6). Hence, we can replace r̂n by
rn = fl(b−Axn) when ηn = rn− (rn−1−Aqn) are not too large relative to ‖rn‖ and
‖rn−1‖ (see (5)), and we may still expect it to converge in a similar fashion. Indeed,
this criterion explains why the residual replacement strategies like rn = fl(b − Axn)
work sometimes but do not work always (see section 2.3). Here, it will be used to
determine when it is safe to replace r̂n by rn = fl(b−Axn). We note that the above
discussion is for BiCG, but the phenomenon it reveals seems to be valid for many other
methods, especially for those methods that are based on BiCG (CGS, BiCGSTAB,
and others).

Now we consider the case that residual replacement is carried out at step m, that
is, rm = fl(b − Ax̂m) = b − Ax̂m + ξm. It follows from the definition of δm and r̂m
that b − Ax̂m = r̂m + δm = rm−1 − Aqm−1 + ηm + δm. So, the updated residual rm
satisfies

rm = rm−1 −Aqm−1 + η′m with η′m = ηm + δm + ξm.(7)

Thus depending on the magnitude of ‖η′m‖ relative to ‖rm‖ and ‖rm−1‖, the use
of rm = fl(b − Ax̂m) may result in large perturbations to the recurrence relation.
Therefore, a residual replacement strategy should ensure that the replacement is only
done when ‖η′m‖/min{‖rm‖, ‖rm−1‖} is not too large.

In a typical iteration, as the iteration proceeds, ‖δn‖, and hence ‖η′n‖, increases
while ‖r̂n‖ decreases. Replacement will reduce δn but, in order to maintain the
recurrence relation, it should be carried out before ‖η′n‖ becomes too large relative to
‖r̂n‖. For this reason, we propose to set a threshold ε and carry out a replacement
when ‖η′n‖/‖r̂n‖ reaches the threshold. To be precise, we replace the residual at step
n by rn = b−Axn, if

‖η′n−1‖ ≤ ε‖r̂n−1‖ and ‖η′n‖ > ε‖r̂n‖.(8)

We note that, in principle, residual replacement can be carried out for all steps
up to where ‖η′n‖ reaches a certain point. However, from the stability point of view,
it is preferred to generate the residual by the recurrence as much as possible, since
‖η′n‖ is generally bigger than the recurrence rounding error ‖ηn‖ (of order u).

2.2. Groupwise solution updating to reduce error accumulations. From
the discussions of section 2.1, we learn that residual replacement should only be carried
out up to a certain point. In this subsection, we will discuss how to maintain, after
the last replacement, the deviation at the order of u|A||xn|, in which case xn is a
backward stable solution. Note that, for any xn, u‖A‖‖xn‖ is the lowest value one
can expect for its residual. This is simply because even with the exact solution x,
both b−A(fl(x)) and fl(b−Ax) ∼ u|A||x|.

If m = mk is the last updating step, which means that we are in the final phase
of the iteration process, then, because of (3), the deviation at step n > m is

δn = −ξm − Σni=m+1ηi − Σni=m+1Aψi.

From our updating condition, we have that ‖rn‖ ≤ ‖η′n‖/ε ∼ O(uε ). So, if ε is chosen
not too close to u, ‖rn‖ is small and x̂n ∼ x for n ≥ m. We now discuss the three
different parts of δn. The discussion here is only to motivate the groupwise updating
strategy; a more rigorous analysis will be given in the next section.
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• |ξm| ≤ u(|rm|+N |A||x̂m|) ∼ O(u)|A||x|.
• Since |r̂i| � |b| ≤ |A||x| and |ηi| ∼ u|r̂i|, we have that Σni=m+1|ηi| �
O(u)|A||x|.
• For the ψi part, |ψi| ∼ u|x̂i| ∼ u|x|. Hence, Σni=m+1|Aψi| ∼ Σni=m+1u‖A‖‖x‖
= (n −m)u‖A‖‖x‖. If n −m is large, the accumulation of errors over n −
m steps can be significant. We note that this is the same type of error
accumulation in evaluating a sum S = Σ∞

i=1ci of small numbers by direct
recursive additions, which can fortunately be corrected through appropriately
grouping the arithmetic operations as S1+S2+· · · = (c1+· · ·+cm1)+(cm1+1+
· · ·+cm2)+ · · · with terms of similar order of magnitude in the same group Si
and S1 � S2 � · · · . In this way, the rounding errors associated with a large
number of additions inside a group Si is of the magnitude of uSi, which can
be much smaller than uS. The same technique can be adopted for computing
xn as

xn = x0 +Σni=1qi = x0 + (q1 + · · ·+ qm1) + (qm1+1 + · · ·+ qm2) + · · · .
Specifically, the recurrence for xn can be carried out in the following equiva-
lent form:

Groupwise solution update: z = x0; x̂0 = 0;
For n = 1, 2, . . . until convergence

x̂n = fl(x̂n−1 + qn) = x̂n−1 + qn + ψn
if n = mi (i.e., group update)
z = fl(z + x̂n) = z + x̂n + ζn,
x̂n = 0

end if
End for

Such a groupwise update scheme has been suggested by Neumaier, and it has
been worked out by Sleijpen and van der Vorst (see [19] for both references).
By doing so, the error in the local recurrence is reduced. Indeed, for i ≥ m,
|x̂i| = |z+ x̂i−z| ∼ |x−z| � |x|. Then |ψi| ∼ u|x̂i| (instead of u|xi|). Hence,
Σni=m+1|Aψi| � (n−m)u|A||x|.

In summary, with groupwise updating of the approximated solution, all three
parts of δn can be maintained at the level of u|A||x|. We mention that groupwise
updating can also be used to obtain better performance of a code for modern archi-
tectures, because it allows for level-3 BLAS operations. This has been suggested in
[23, p. 52, note 5].

2.3. Some other residual replacement strategies. We briefly comment on
some other residual replacement strategies.

For the naive strategy of “replacing always” (the residuals are computed always
as b − Axn) or for “periodic replacement” (update periodically at every � steps), re-
placement is carried out throughout the iteration, even when ‖rn‖ is very small. This,
as we know, may result in large perturbations to the recurrence equations relative to
‖rn‖, since |η′n| is at least |ξn| ∼ u|A||xn|; see (7). In that case, as ‖rn‖ decreases, the
recurrence relation may be perturbed too much and hence the convergence property
deteriorates. This is the typical behavior observed in such implementations.

We note that if ξn can be made to decrease as ‖rn‖ does, then replacement can
be carried out at later stages of the iterations. This leads to the strategy of “flying-
restart” of Sleijpen and van der Vorst [19], which significantly reduces ξn, and hence
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η′n, at a replacement step. In the flying-restart strategy b is replaced by fl(b−Axm)
at some but not all of the residual replacement steps (say m = n1, n2, . . . , nl), in
addition to the residual replacement rm = fl(b−Axm). The advantage of this is that,
at the flying-restart step ni+1, the residual is updated by rni+1 = fl(rni −Ax̂ni+1) =
rni −Ax̂ni+1 + ξni+1 (noting that b← rni) and |ξni+1 | ∼ u(|rni |+ |A||x̂ni+1 |) . Then

|rni −Ax̂ni+1
− rni+1

| = |ζni+1
| ∼ u(|rni

|+ |A||x̂ni+1
|),

which decreases as rni and x̂ni+1 decrease. This is the term that determines the
perturbation to the recurrence and can be kept small relative to rn. However, the
deviation satisfies

b−Axni+1 − rni+1 = b−Axni − rni − ξni+1

(assuming xni+1 = xni + x̂ni+1). Namely, the deviation at each flying-restart step
carries forward to the later steps. Therefore flying-restart should only be used at
carefully selected steps where ξni ∼ u(‖b‖ + N‖A‖‖x‖). However, it is not easy
to identify a condition to monitor this. It is also necessary to have two different
conditions for the residual replacement and flying-restart. Fortunately, our discussion
in the last two subsections shows that carrying out replacement carefully at some
selected steps, in combination with groupwise update, is usually sufficient. We shall
not pursue the flying-restart idea further in this paper.

3. Error analysis of the residual replacement scheme. In this section, we
formally analyze the residual replacement strategy as developed in section 2.1 (and
presented in Algorithm 2 below). In particular, we develop a computable bound for
‖δn‖ and ‖η′n‖, that can be used for the implementation of the residual replacement
condition.

We first summarize residual replacement strategy in the following algorithm, writ-
ten in a form that identifies relevant rounding errors for later theoretical analysis.

Algorithm 2. Iterative method with residual replacement.
Given an initial approximation z = x0 (a floating point vector);
set x̂0 = 0; r0 = fl(b−Ax0) = b−Ax0 + ξ0;
For n = 1, 2, . . . until convergence

generate a correction vector qn by the method;
x̂n = fl(x̂n−1 + qn) = x̂n−1 + qn + ψn,
r̂n = fl(rn−1 −Aqn) = rn−1 −Aqn + ηn,
if residual replacement condition (8) holds

z = fl(z + x̂n) = z + x̂n + ζn,
x̂n = 0,
rn = fl(b−Az) = b−Az + ξn

else
rn = r̂n

end if
(denote but not compute xn = z + x̂n and δn = b−Axn − rn)

End for
z = fl(z + x̂n) = z + x̂n + ζn
Note that xn and δn are theoretical quantities as defined by the formulas and are

not to be computed. The vectors ψn, ηn, ζn, ξn represent rounding error terms, due
to finite precision arithmetic.
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At step n of the iterative method, qn is computed in finite precision arithmetic
by the algorithm. However, the rounding errors involved in the computation of qn are
irrelevant for the deviation of the two residuals, which solely depends on the different
treatment of qn in the recurrences for rn and xn.

Throughout this paper, we assume that A is a floating point matrix. Our error
analysis is based on the following standard model for roundoff errors in basic matrix
computations [8, p. 66] (all inequalities are componentwise):

fl(x+ y) = x+ y + e with |e| ≤ u(|x+ y|),(9)

fl(Ax) = Ax+ e with |e| ≤ uN |A||x|+O(u2),(10)

where x, y are floating point vectors, N is a constant associated with the matrix-vector
multiplication (for instance, the maximal number of nonzero entries per row of A).

It is easy to show that

fl(y +Ax) = y +Ax+ e with |e| ≤ u(|y +Ax|+N |A||x|) +O(u2).

Using this, the following lemma, which includes (1) and (2), is obtained.
Lemma 3.1. The error terms in the computed recurrence of Algorithm 2 are

bounded as follows:

|ψn| ≤ u|x̂n|+O(u2),(11)

|ηn| ≤ u(|r̂n|+N |A||qn|) +O(u2).(12)

For a step at which a residual replacement is carried out

|ζn| ≤ u|xn|+O(u2),(13)

|ξn| ≤ u(|rn|+N |A||xn|) +O(u2).(14)

Proof. From (9), we have that |ψn| ≤ u|x̂n−1+qn| ≤ u(|x̂n|+ |ψn|). This leads to
the bound for |ψn|. For a residual replacement step, the updated z is xn by definition,
that is, xn = z + x̂n + ζn. Therefore, |ζn| ≤ u|xn| + O(u2). The bounds for ηn and
ξn follow similarly.

Lemma 3.2. Let m be the number of step at which a residual replacement is
carried out and let n > m denote a later step, but still before the next replacement
step. Then, we have that

Σni=m+1|ψi| ≤ uΣni=m+1|x̂i|+O(u2),

Σni=m+1|qi| ≤ (2 + u)Σni=m+1|x̂i|,
and

Σni=m+1|ηi| ≤ uΣni=m+1|r̂i|+ 2uN |A|Σni=m+1|x̂i|+O(u2).

Proof. The first bound follows directly from Lemma 1. For i ≥ m + 1 we have
that qi = x̂i − x̂i−1 − ψi. Noting that x̂m = 0, it follows that

Σni=m+1|qi| ≤ Σni=m+1(|x̂i|+ |x̂i−1|+ |ψi|) ≤ (2 + u)Σni=m+1|x̂i|.
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Similarly,

Σni=m+1|ηi| ≤ uΣni=m+1(|r̂i|+N |A||qi|) +O(u2)

≤ uΣni=m+1|r̂i|+ 2uN |A|Σni=m+1|x̂i|+O(u2).

We now consider the deviation of the two residuals.
Lemma 3.3. Let m be the number of an iteration step at which residual replace-

ment is carried out and let n > m denote a later iteration step, still before the next
replacement step. Then, we have that δm = −ξm and

δn = δn−1 − (Aψn + ηn) = −ξm − Σni=m+1(Aψi + ηi).

Proof. At step m, by the definition of xm in Algorithm 2, xm = z + x̂m = z
with z being the updated z-vector and x̂m = 0. Furthermore, rm = fl(b − Az) =
fl(b− Axm) = b− Axm + ξm. Therefore δm = −ξm. Hence, for the range of n > m,
and before the next residual replacement step,

δn = b−Axn − rn = b−A(z + x̂n)− r̂n
= b−A(z + x̂n−1 + qn + ψn)− (r̂n−1 −Aqn + ηn)

= δn−1 −Aψn − ηn
= δm − Σni=m+1(Aψi + ηi).

With Lemma 2, we obtain the following computable bound on δn.
Lemma 3.4. Let m be the number of an iteration step at which residual replace-

ment is carried out and let n > m denote a later iteration step, still before the next
replacement step. Then, we have ‖δm‖ ≤ u(‖rm‖+N‖A‖‖xm‖) +O(u2) and

‖δn‖ ≤ uN‖A‖‖xm‖+ u(1 + 2N)‖A‖Σni=m+1‖x̂i‖+ uΣni=m‖ri‖+O(u2).

Proof. The bound for ‖δm‖ follows from that for ξm; see (14). From Lemma 2
and Lemma 3, it follows that

|δn| ≤ |ξm|+Σni=m+1(|A||ψi|+ |ηi|)
≤ u(|rm|+N |A||xm|) + |A|uΣni=m+1|x̂i|

+uΣni=m+1|r̂i|+ 2uN |A|Σni=m+1|x̂i|+O(u2)

= uN |A||xm|+ u(1 + 2N)|A|Σni=m+1|x̂i|+ uΣni=m|ri|+O(u2),

which leads to the bound for δn in terms of norms.
We note that it is possible to obtain a sharper bound by accumulating the vectors

in the bound for |δn|. Our experiments do not show any significant advantage of such
an approach. We next consider the perturbation to the recurrence.

Theorem 3.5. Consider step n of the iteration and let m < n be the last step
before n, at which a residual replacement is carried out. If replacement is also done
at step n, then let x′n = fl(xm + x̂n) = xm + x̂n + ζn be the computed approximate
solution and r′n = fl(b − Ax′n) = b − Ax′n + ξn be the residual. Then the residual r′n
satisfies the following approximate recurrence:

r′n = rn−1 −Aqn + η′n,(15)

where η′n = ηn + δn −Aζn + ξn and

‖η′n‖ ≤ u‖A‖(1 + 2N)(‖xm‖+Σni=m+1‖x̂i‖) + uΣni=m‖ri‖+O(u2).(16)
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Proof. First, in the notation of Algorithm 2, x′n = xm+ x̂n+ζn = xn+ζn . Then,

r′n = b−Axn −Aζn + ξn

= rn + δn −Aζn + ξn

= rn−1 −Aqn + ηn + δn −Aζn + ξn

= rn−1 −Aqn + η′n,

where we have used that b − Axn = rn + δn and rn = r̂n = rn−1 − Aqn + ηn.
Furthermore, by Lemma 3,

ηn + δn = ξm − Σni=m+1Aψi − Σn−1
i=m+1ηi.

Also, ‖Aζn‖ ≤ u‖A‖(‖xm‖ + ‖x̂n‖) and ‖ξn‖ ≤ u(‖r′n‖ + N‖A‖‖x′n‖) + O(u2) ≤
u(‖r′n‖+N‖A‖‖xm‖+N‖A‖‖x̂n‖)+O(u2). Combining these three inequalities, and
using that r′n = rn +O(u), the bound on ‖η′n‖ is obtained as in Lemma 4.

Note that bound (16) is computable at each iteration step. Therefore, we can
implement the residual replacement criterion (8) with this bound instead of ‖η′n‖. We
note that the factor 2 in the bound comes from the bound for qi in Lemma 2, which
is pessimistic since qi ∼ x̂i. Therefore, we can use the following dn as an estimate for
‖η′n‖:

dn ≡ uN‖A‖(‖xm‖+Σni=m+1‖x̂i‖) + uΣni=m‖ri‖.(17)

Hence, we shall use the following residual replacement criterion, that is, residual
replacement is done if

dn−1 ≤ ε‖r̂n−1‖ and dn > ε‖r̂n‖.(18)

With this strategy, the replaced residual vector rn satisfies the recurrence equation
(15) with ‖η′n‖ ∼ O(ε)‖r̂n‖. With this property, we consider situations where rn
converges. We now discuss convergence of the true residual.

Theorem 3.6. Consider Algorithm 2 with the residual replacement criterion (18),
and assume that the algorithm terminates at step n = K with ‖rK‖ < u‖A‖ ‖xK‖. Let
m be the number of the last residual replacement iteration step before termination. If

L = (K −m+ 1)(1 + 2N)‖A‖‖A−1‖(1 + 3/ε) < 1/u,(19)

then

‖b−AxK‖ ≤ ‖rK‖+ uN‖A‖‖xK‖/(1− uL) +O(u2)

∼ uN‖A‖‖xK‖.

Proof. From (17), we have dK > uN‖A‖(‖xm‖ + ‖x̂K‖) ≥ u‖A‖ ‖xK‖. Fur-
thermore, at the termination step, we have ‖rK‖ < u‖A‖ ‖xK‖ and hence dK >
‖rK‖ > ε‖rK‖. Since m is the last updating step, we have for n ≥ m, dn > ε‖rn‖
as otherwise there would be another residual replacement after m. That implies
‖rn‖ < dn/ε ≤ dK/ε. Define

d̃n ≡ uN‖A‖‖xm‖+ u‖A‖(1 + 2N)Σni=m+1‖x̂i‖+ uΣni=m‖r̂i‖,
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which is an upper bound for ‖δn‖ (Lemma 4) and d̃n ≥ dn. Then

‖x̂n‖ = ‖xn − xm‖ = ‖A−1((b−Axm)− (b−Axn))‖
= ‖A−1(rm + δm − rn − δn)‖
≤ ‖A−1‖(‖rm‖+ ‖rn‖+ ‖δn − δm‖)
≤ ‖A−1‖(1 + 2/ε)d̃K +O(u2),

where ‖δn − δm‖ ≤ d̃n +O(u2) ≤ d̃K +O(u2). Thus,

d̃K = uN‖A‖‖xK − x̂K‖+ u(1 + 2N)‖A‖ΣKi=m+1‖x̂i‖+ uΣKi=m‖r̂i‖
≤ uN‖A‖‖xK‖+ uN‖A‖‖x̂K‖+ u(1 + 2N)‖A‖ΣKi=m+1‖x̂i‖+ uΣKi=m‖r̂i‖
≤ uN‖A‖‖xK‖+ u(K −m+ 1)(1 + 2N)‖A‖‖A−1‖(1 + 2/ε)d̃K

+u(K −m+ 1)d̃K/ε+O(u2)

≤ uN‖A‖‖xK‖+ u(K −m+ 1)(1 + 2N)‖A‖‖A−1‖(1 + 3/ε)d̃K +O(u2)

≤ uN‖A‖‖xK‖+ uLd̃K +O(u2),

which implies

d̃K ≤ uN‖A‖‖xK‖/(1− uL) +O(u2).

Thus the bound follows from

‖b−AxK‖ ≤ ‖rK‖+ ‖δK‖ ≤ ‖rK‖+ d̃K +O(u2).

We add two remarks with respect to this theorem.
Remark 1. If the main condition (19) is satisfied, then the deviation, and hence

the true residual, will remain at the level of uN‖A‖‖xK‖ at termination. Such an ap-
proximate solution is backward stable and it is the best one can expect. The condition
suggests that ε should not be chosen too small. Otherwise, the replacement strategy
will be terminated too early so that the accumulation after the last replacement might
become significant. As can be expected, however, the theoretical condition is more
restrictive than practically necessary and our numerical experience suggests that ε
can be much smaller than what (19) dictates, without destroying the conclusion of
the theorem.

Remark 2. On the other hand, in section 2.1 we have seen that ε controls pertur-
bations to the recurrence of rn, and for this reason it is desirable to choose it as small
as possible. In our experience, there is a large range of ε around

√
u that balances

the two needs.

4. Reliable implementation of iterative methods. In this section, we sum-
marize the main results of the previous sections into a complete implementation. We
also address some implementation issues.

It is easy to see from the definition of dn (see (17)) that it increases except at
the residual replacement steps when it is reset to u(N‖A‖‖xm‖+ ‖rm‖). Our resid-
ual replacement strategy is to reduce dn whenever necessary (as determined by the
replacement criterion) so as to keep it at the level of uN‖A‖‖xK‖ at termination.
With the use of criterion (18), however, there are situations where the residual re-
placement is carried out in consecutive steps while dn remains virtually unchanged,
namely, when ‖rn‖ stays around dn/ε ∼ uN‖A‖‖xn‖/ε. From the stability point of
view, it is preferred not to replace the residuals in such situations. To avoid unnec-
essary replacement in such cases, we impose as an additional condition that residual
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replacement is carried out only when dn has a nontrivial increase from the dm of the
previous replacement step m.

Therefore, we propose dn > 1.1dm as a condition in addition to (18) for the
residual replacement. The following scheme sketches a complete implementation.

Algorithm 3. Reliable implementation of Algorithm 1.
Input: an initial approximation z = x0;

a residual replacement threshold ε; an estimate of N‖A‖;
Set r0 = b−Ax0; x̂0 = 0; dinit = d0 = u(‖r0‖+N‖A‖‖x0‖),
For n = 1, 2, . . . until convergence

generate a correction vector qn by the iterative method;
x̂n = x̂n−1 + qn,
rn = rn−1 −Aqn,
dn = dn−1 + uN‖A‖ ‖x̂n‖+ u‖rn‖,
if dn−1 ≤ ε‖rn−1‖, dn > ε‖rn‖ and dn > 1.1dinit

z = z + x̂n,
x̂n = 0,
rn = b−Az,
dinit = dn = u(‖rn‖+N‖A‖‖z‖)

end if
End for
z = z + x̂n
Remark. For this reliable implementation, we need to put a value for N (the

maximal number of nonzero entries per row of A) and ‖A‖. The number of nonzero
entries may, in applications, vary from row to row, and selecting the maximum number
may not be very realistic. In our experience with sparse matrices, the simple choice
N = 1 still leads to a practical estimate dn for ‖δn‖. In any case, we note that precise
values are not essential, because the replacement threshold ε can be adjusted. We
also need to choose this ε. Our extensive numerical testing (see section 5) suggests
that ε ∼ √u is a practical criterion. However, there are examples where this choice
leads to stagnating residuals at some unacceptable level. In such cases, choosing a
smaller ε will regain the convergence to O(u).

The presented implementation requires one extra matrix-vector multiplication
when an replacement is carried out. Since only a few steps with replacement are
required, this extra cost is marginal relative to the other costs. However, some savings
can be made by selecting a slightly smaller ε and carrying out residual replacement
at the step next to the one for which the residual replacement criterion is satisfied
(cf. [19]). It also requires one extra vector storage for the groupwise solution update
(for z) and computation of a vector norm ‖x̂n‖ for the update of dn (‖rn‖ is usually
computed in the algorithm for stopping criteria).

5. Numerical examples. In this section, we present some numerical examples
to show how Algorithm 3 works and to demonstrate its effectiveness. We present our
testing results for CG, BiCG, and CGS. All tests are carried out in MATLAB on a
SUN Sparc-20 workstation, with u ≈ 10−16.

In all examples, unless otherwise specified, the replacement threshold ε is chosen
to be 10−8. ‖A‖∞ is explicitly computed and N is set to 1. In Examples 1 and 2, we
also compare dn and the deviation ‖δn‖.

Example 1. The matrix is a finite-difference discretization on a 64× 64 grid for

−∇(a(x, y)∇u) = f(x, y) on R = (0, 1)× (0, 1),
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with a homogeneous Dirichlet boundary condition. a(x, y) = exp(y2) and f(x, y) =
x2y. We apply CG and reliable CG (i.e., Algorithm 3) to solve this linear system and
the convergence results are given in Figure 1.

In Figure 1 (and similarly in Figures 2 and 3 for the next example), we give in (a)
the convergence history of the (normalized) computed residual for CG (solid line), the
(normalized) true residuals for CG (dash line), and for reliable CG (dotted line). In
(b), we also give the (normalized) deviations of the two residuals ‖δn‖ = ‖b−Axn−rn‖
for CG (dash-dotted line) and for reliable CG (dotted line) and the bound dn for
reliable CG (in x-mark).
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Fig. 1. Example 1. CG: (a) solid—computed residual of CG; dash—true residual of CG;
dotted—true residual of reliable CG; (b) dash-dotted—‖b−Axn−rn‖ of CG; dotted—‖b−Axn−rn‖
of reliable CG; x—bound dn for reliable CG.

This example is to illustrate that even for CG, our refined implementation can
slightly improve the true residual. We note, however, that such an improvement is
very minor and would only be useful when a solution of highest accuracy possible
is wanted. Also note that in CG it is possible to estimate the A-norm of the true
residual without explicitly computing it (see [9]).

We next consider applications to BiCG and CGS.
Example 2. The matrix is a finite-difference discretization on a 64 × 64 grid for

the following convection diffusion equation:

−� u+ γ(xux + yuy) + βu = f(x, y) on (0, 1)2,

with a homogeneous Dirichlet boundary condition. The function f is a constant. We
consider BiCG and CGS for solving the linear systems with γ = −250, β = 0, and
γ = −10, β = 1, respectively. The results are shown in Figure 2 for BiCG and in
Figure 3 for CGS.
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Fig. 2. Example 2. BiCG: (a) solid—computed residual of BiCG; dash—true residual of BiCG;
dotted—true residual of reliable BiCG; (b)dash—‖b−Axn − rn‖ of BiCG; dotted—‖b−Axn − rn‖
of reliable BiCG; x—bound dn for reliable BiCG.

In the above examples, we have observed the following typical convergence behav-
ior. For the original implementations, the deviation increases and finally stagnates at
some level, which is exactly where the true residual stagnates, while the computed
residual continues to converge. With the reliable implementations, when the devia-
tion increases to a certain level relative to rn, a residual replacement is carried out
and this reduces the error level. Eventually, the deviation and hence the true residual
arrives at the level of u‖A‖‖x‖. We also note that the bound dn captures the behav-
ior of ‖δn‖ very closely, although it may be an overestimate for δn by a few orders of
magnitude. In all three cases, the final residual norms for the reliable implementation
are smaller than the ones as obtained by the MATLAB function A\b.

Example 3. In this case, we have tested the algorithm for BiCG (or CG if sym-
metric definite) and CGS on the Harwell–Boeing collection of sparse matrices [3]. We
compare the original implementations, the reliable implementations, and the imple-
mentations of Sleijpen and van der Vorst [19] (based on their replacement criteria
(16) and (18)). In Table 1, we give the results for those matrices for which the
computed residuals converge to a level smaller than u‖A‖‖x‖ so that there is a de-
viation of the two residuals. For those cases where b is not given, we choose it such
that a given random vector is the solution. We note that for some matrices, it may
take 10n iterations to achieve that, which is not practical. However, we have in-
cluded these results in order to show that even with excessive numbers of iterations,
we still arrive at small true residuals eventually. We list the normalized residuals
res = ‖b−Axn‖/(‖A‖‖xn‖) attained by the three implementations and by Gaussian
elimination with partial pivoting (MATLAB A\b). We also list the number of residual
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Fig. 3. Example 2. CGS: (a) solid—computed residual of CGS; dash—true residual of CGS;
dotted—true residual of reliable CGS; (b) dash—‖b − Axn − rn‖ of CGS; dotted—‖b − Axn − rn‖
of reliable CGS; x—bound dn for reliable CGS.

replacements (nr) for our reliable implementations and the number of flying-restart
(nf ) and the number of residual replacements (nr) for the implementations of Sleijpen
and van der Vorst (SvdV). There are two cases for which the computed residuals do
not converge to O(u) with the choice of ε = 1e− 8. For those cases, a slightly smaller
ε will recover the stability and the results are listed in the last row of the table.

We see that in all cases, the reliable implementation reduces the normalized resid-
ual to O(u) and res2 is the smallest among the three implementations, even smaller
than MATLAB A\b. The improvement on the true residual is more apparent in CGS
than in BiCG (or CG). Except in a few cases, both the reliable implementation pre-
sented here and the implementation of Sleijpen and van der Vorst work well and are
comparable. So the main advantage of the new approach is its simplicity and an
occasional improvement in accuracy.

6. Concluding remarks. We have presented a new residual replacement scheme
for improving the convergence of the true residuals in finite precision implementations
of Krylov subspace iterative methods. By carefully monitoring the deviation of the
computed residual and the true residual and incorporating the earlier ideas on resid-
ual replacement, we obtain a reliable implementation that preserves the convergence
mechanism of the computed residuals, as well as sufficiently small deviations. An
error analysis shows that this approach works under certain conditions, and numer-
ical tests demonstrate its effectiveness. Comparison with an earlier approach shows
that the new scheme is simpler and easier to implement as an add-on to existing
implementations for iterative methods.
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Table 1
Example 3. Comparison of normalized residuals: res0—A\b; res1—original implementation;

res2—reliable implementation; res3—implementation of SvdV.

A\b BiCG (or CG) CGS
Matrix res0 res1 res2, nr res3, nf (nr) res1 res2, nr res3, nf (nr)

bcspwr06 NaN1 7e-15 1e-20, 19 1e-19, 5(9) 6e-13 2e-17, 14 3e-17, 32(48)
bcspwr07 NaN1 1e-15 2e-17, 46 9e-17, 2(6) 2e-12 2e-17, 20 1e-7, 220(404)
bcspwr08 NaN1 2e-15 3e-17, 9 1e-16, 5(7) 7e-14 2e-17, 14 4e-16, 79(103)
bcspwr09 NaN1 3e-15 2e-20, 42 6e-20, 5(6) 3e-13 2e-17, 13 4e-16, 40(70)
jpwh991 1e-16 9e-17 3e-17, 1 3e-17, 1(1) 7e-17 3e-17, 1 3e-17, 1(1)
fs6801 1e-17 7e-17 1e-17, 2 8e-18, 1(1) 2e-16 9e-18, 2 1e-17, 3(5)
fs6802 8e-18 1e-16 8e-18, 3 2e-17, 1(1) 4e-16 8e-18, 6 2e-17, 4(4)
fs6803 6e-18 3e-16 1e-132 11 8e-16, 4(5) 4e-14 6e-17, 33 1e-17, 3(5)
fs7601 7e-18 7e-17 9e-18, 1 7e-18, 1(1) 5e-15 5e-18, 2 6e-18, 1(2)
jagmesh1 3e-16 4e-15 5e-17, 2 1e-17, 3(5) 1e-12 5e-17, 5 5e-15, 20(26)
nos3 1e-16 3e-16 6e-17, 2 7e-17, 1(1) 2e-16 6e-17, 2 7e-17, 1(1)
nos4 8e-17 2e-16 5e-17, 1 6e-17, 1(1) 2e-16 5e-17, 1 8e-17, 1(1)
nos5 1e-16 3e-16 5e-17, 2 6e-17, 1(1) 3e-16 6e-17, 2 7e-17, 1(1)
nos6 6e-17 4e-16 3e-17, 9 8e-17, 1(1) 4e-16 2e-17, 14 1e-16, 1(1)
1138bus 9e-18 2e-16 1e-17, 8 9e-17, 1(1) 7e-10 4e-123 21 2e-10, 17(29)
orsirr1 4e-17 1e-15 1e-17, 2 2e-17, 5(9) 9e-14 1e-17, 6 2e-17, 11(18)
orsirr2 7e-17 2e-16 1e-17, 2 1e-17, 3(4) 5e-14 1e-17, 5 2e-16, 4(7)
orsreg1 2e-16 8e-16 7e-17, 1 4e-16, 1(1) 7e-15 8e-17, 2 6e-16, 3(5)
pores1 3e-17 2e-16 3e-17, 2 4e-17, 2(3) 5e-15 3e-17, 5 9e-17, 2(4)
pores3 3e-17 8e-16 2e-17, 3 3e-16, 4(5) 2e-12 2e-17, 11 5e-17, 16(28)
saylr3 NaN1 3e-16 3e-17, 2 6e-17, 1(1) 2e-16 3e-17, 2 7e-17, 1(1)
saylr4 3e-16 1e-15 8e-17, 4 5e-16, 1(1) 2e-15 4e-19, 27 7e-19, 8(15)
sherman1 5e-17 3e-16 3e-17, 2 5e-17, 1(2) 2e-10 3e-17, 3 4e-17, 4(41)
sherman3 6e-19 2e-17 4e-19, 9 1e-18, 23(114) 5e-10 6e-19, 30 1e-16, 62(407)
sherman4 6e-17 2e-16 3e-17, 1 3e-17, 1(4) 2e-12 3e-17, 2 3e-17, 1(11)
sherman5 7e-18 2e-14 3e-18, 2 3e-18, 2(52) 4e-8 3e-18, 17 7e-18, 31(215)
watt1 1e-22 2e-16 4e-23, 15 3e-22, 1(1) 5e-17 1e-22, 2 3e-22, 1(1)
watt2 5e-18 2e-16 4e-18, 26 5e-17, 2(2) 3e-15 3e-19, 125 5e-14, 83(125)

1: zero pivot encountered in A\b
2: res2 = 1e− 17, if ε = 1e− 12; 3: res2 = 1e− 17, if ε = 1e− 12;

We point out that the basis for the present work is the understanding that the
convergence behavior (of computed residuals) in finite precision arithmetic is preserved
under small perturbations to the recurrence relations. Such a supporting analysis is
available for BiCG (and CG) [22], but it is still an empirical observation for most other
Krylov subspace methods. It would be interesting to derive a theoretical analysis
confirming this phenomenon for those methods as well.
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Abstract. In this paper, we present a meshless discretization technique for instationary convec-
tion-diffusion problems. It is based on operator splitting, the method of characteristics, and a
generalized partition of unity method. We focus on the discretization process and its quality. The
method may be used as an h-version or a p-version. Even for general particle distributions, the
convergence behavior of the different versions corresponds to that of the respective version of the
finite element method on a uniform grid. We discuss the implementational aspects of the proposed
method. Furthermore, we present the results of numerical examples, where we considered instationary
convection-diffusion, instationary diffusion, linear advection, and elliptic problems.
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1. Introduction. The discretization of partial differential equations (PDEs) is
usually obtained by covering the domain of interest by a suitable grid. Then, after
time discretization, linearization, and space discretization (by finite elements, finite
differences, or finite volumes), a linear system of discrete equations is set up and
solved. Here, beside uniform structured grids which are most simple to handle, block
structured grids and unstructured grids also are employed successfully. Furthermore,
for dealing with nonsmooth data or solutions, adaptive refinement is a must for effi-
ciency reasons; see [7, 8, 9, 10, 13, 22, 23, 39, 64].

However, all grid- or mesh-based methods are quite involved when it comes to
time-dependent problems with complicated geometries, free moving boundaries, and
interfaces. Then the geometry of the domain may change over time, the nonsmooth
part of the data or the nonsmooth part of the solution changes with time, or the
location of singularities of the solution may vary time dependently. Examples for
such problems are crack propagation in elasticity theory [12], free surface flow or
multiphase flow in fluid dynamics [65], or accretion disks, jets, and cloud simulations
in magnetohydrodynamics [20].

In the Eulerian approach, an adaptive mesh technique (h-version, hp-version)
must follow the time-dependent features of the data or solution by local refinement
and coarsening of the mesh [7, 22, 39, 46, 64]. But time-dependent adaptive mesh
refinement and coarsening is not simple, especially for three-dimensional (3D) prob-
lems. It is quite involved, programming is complicated, data structures are not easy
to handle, and the storage overhead is significant. Besides, good local and global error
estimators are necessary. Therefore, there exist only a few unstructured adaptive pro-
grams which are able to handle 3D application-oriented problems with time-dependent
change of the geometry, the data, or the solution.
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The Lagrangian viewpoint allows the mesh itself to be moved (r-method) [6, 53,
54]. But an implementation is still cumbersome, since the mesh may become tangled
and twisted, elements may collapse, or angles of some elements may degenerate over
time due to the movement of the nodes. The proper treatment of these problems is
not an easy task, especially in 3D applications. At least for the two-dimensional (2D)
case, the so-called monotone mesh method [65] can cope with these problems to some
extent.

Besides, in real life engineering applications, a very time-consuming portion of the
overall computation is the mesh generation from CAD input data. Typically, more
than 70 percent of the overall computing time is spent by mesh generators.

Hence, especially within the engineering community, there is growing interest
in other discretization methods which involve no mesh at all. These approaches
are summarized under the term meshless or gridless methods. The main idea is to
consider points only, i.e., we omit any fixed relation between the nodes such as element
boundaries, and to move just these points in a time-dependent setting. Here, the
location of the points and the distribution of the points account for the description of
the changing geometry, the change in data, and the time-dependent changing variation
of the solution or its gradient.

Generally speaking, there are two different types of meshless approaches—the
classical particle methods [57, 58, 60, 61], and gridless discretizations based on data
fitting techniques [11, 26]. Traditional particle methods stem from physics applications
like Boltzmann equations [1, 33]. They are truly Lagrangian methods, i.e., they are
based upon a time-dependent formulation or conservation law. In a particle method
we use a discrete set of points to discretize the domain of interest and the solution
at a certain time. The PDE is transformed into equations of motion for the discrete
set of particles such that the particles can be moved via these equations. After time
discretization of the equations of motion we obtain a certain particle distribution
for every time step. Therefore, we get an approximate solution to the PDE via the
definition of a density function for these particle distributions. These methods are
easy to implement. However, they exhibit in general relatively poor convergence
properties in weak norms.

The so-called gridless methods follow a different approach. Here, patches or volu-
mina are attached to each point whose union forms an open covering of the domain.
Then, local shape functions are constructed with the help of methods from data fitting.
These shape functions are used in a Galerkin or collocation discretization process to
set up a linear system of equations. Finally this system must be solved efficiently. In
contrast to particle methods, such gridless discretizations may also be applied to sta-
tionary and elliptic problems. According to the data fitting method involved we can
distinguish basically the following three approaches: Shepard’s method [69], which has
a consistency of first order only, the moving least squares method (MLSM) [44, 45],
which generalizes Shepard’s approach implicitly to the case of higher order shape
functions, and the partition of unity p-version method, which generalizes Shepard’s
approach explicitly to higher consistency orders. Meanwhile, different realizations of
these approaches exist. First, there is the smoothed particle hydrodynamics (SPH)
technique of Lucy and Monaghan [31, 32, 51, 55, 56, 71], which resembles (up to area
weighted scaling) Shepard’s method. Then, Duarte and Oden [26, 27] used in their
hp-cloud approach the moving least squares (MLS) idea. Belytschko and coworkers
[11, 12] apply similar techniques based on the MLS approach to engineering problems.
Furthermore, Dilts [24] used the MLS technique to extend the SPH method to the
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so-called MLS particle hydrodynamics (MLSPH) method. Babuška and Melenk [3, 4]
proposed the so-called partition of unity method (PUM), which mainly has been ap-
plied to uniform point distributions up to now. Liu, Jun, and Zhang [50] proposed
variants of the SPH method based on the idea of reproducing kernels of higher order
and wavelets. There also exist generalizations of the finite difference approach to
the gridless setting [49]. Furthermore, Kansa [40, 41], Franke and Schaback [28, 29],
and Wendland [73] used the radial basis approach from approximation theory to con-
struct meshless methods for the discretization of PDEs. The mass-packet method of
Yserantant [74, 75] is somewhat different from the classical particle methods. Here,
the particles are not considered in the sense of statistical mechanics but they are
understood as comparatively big mass-packets, and the conservation of mass is auto-
matically guaranteed by this ansatz. For an overview on meshless methods see [76]
and the references therein.

All these data fitting approaches do not depend (at least to a great extent) upon
a mesh or any fixed relation between gridpoints (particles). However, the realization
and implementation of such a method is not so simple in general: there are often
problems with stability and consistency. Furthermore, in a Galerkin method, the
discretization of the differential operator, i.e., the integration of the stiffness matrix
entries, is in general quite involved in comparison with the conventional grid-based
approach. Another challenging task is the discrete formulation of Dirichlet boundary
conditions, since the constructed shape functions are in general noninterpolatory.
Nevertheless, the different variants of gridless methods are interesting from both the
practical and the theoretical point of view. These methods, which are up to now
merely in an experimental premature state, possess some potential and might have
an interesting future.

The meshless method we propose in this paper is based on the Lagrangian ap-
proach for time-dependent problems used within classical particle methods and the
ideas of Babuška and Melenk [3, 4], but it allows for a random point distribution.
We consider time-dependent convection-diffusion problems, which we decompose into
a parabolic and a hyperbolic subproblem using a simple operator splitting. The hy-
perbolic problem is discretized via a Lagrange-type particle method, i.e., we define
equations of motion for the particles corresponding to the problem and move the
particles accordingly. We discretize the remaining parabolic subproblem with a two-
step Particle–Galerkin method. In the first step we move the particles {xi} via a
Monte Carlo step to adapt the particle distribution to the diffusion process. Then,
an implicit Eulerian time discretization reduces the parabolic problem to an elliptic
problem in every time step. For its discretization in space we employ the PUM ap-
proach to randomly distributed points {xi}. Here, following ideas from scattered data
approximation [21, 69], we set up a partition of unity {ϕi} over the domain Ω using a
localized version of Shepard’s method. Since a partition of unity achieves first order
consistency only, we need to improve on the approximation quality of the constructed
space V = span ({ϕi}) to allow its use in a collocation or Galerkin method. Thus,
we expand the functions ϕi by multiplication with a local polynomial ψi of degree
pi, defined on supp(ϕi), and we define the space V = span ({ϕiψi}). We use these
functions as trial and test functions in a Galerkin method. Altogether we obtain an
analogue of the h-, p-, and hp-version of the finite element method for general par-
ticle distributions. Furthermore, the results of our numerical experiments show that
the convergence properties of the proposed method are similar to those of the finite
element method.
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The remainder of this paper is organized as follows. In section 2, we develop
a Lagrangian discretization of the instationary convection-diffusion problem using a
simple operator splitting. The resulting hyperbolic subproblem is discretized via a
particle method, which is presented in section 3. For the remaining parabolic problem
we use a simple time stepping technique. It reduces the parabolic problem to a
sequence of elliptic problems. In section 4, we discuss their discretization using a
generalized Particle–Galerkin method based on the PUM. Then, in section 5, we
present the results of our numerical experiments. Finally, we give some concluding
remarks.

2. An operator splitting method for instationary convection-diffusion
problems. A widely used approach for the discretization of instationary convection-
diffusion problems

∇A∇u+ v∇u = ut for all (x, t) ∈ Ω ⊂ R
d × (0, T ),

u(x, 0) = u0(x) for all x ∈ Ω ⊂ R
d,

Bu(x, t) = g(x, t) for all (x, t) ∈ ∂Ω× (0, T )
(2.1)

is the operator splitting method [70]. This method can be summarized as follows: Let
S(t) be the solution operator for the hyperbolic problem

v∇uA = uAt , uA(x, 0) = uA0 (x)(2.2)

such that uA(x, t) = S(t)uA0 (x) is the entropy solution to (2.2), and let H(t) be the
solution operator for the parabolic problem

∇A∇uD = uDt , uD(x, 0) = uD0 (x), BuD(x, t) = g(x, t) |∂Ω(2.3)

such that uD(x, t) = H(t)uD0 (x) is the solution to (2.3). A combination of these
two continuous solution operators is used as an approximative solution operator for
(2.1). This continuous solution operator is evaluated at certain times but is still kept
continuous in space, i.e.,

un(x) = u(x, n∆t) ≈ [H(∆t)S(∆t)]nu0(x)(2.4)

is the semidiscrete approximative solution to (2.1) at time n∆t. Based on this prin-
ciple, different variants of the method have been developed; see [37, 38, 48]. The
splitting (2.4) inherits its approximation properties from H(t) and S(t), depending
on the respective time discretization. In this paper we stick to the most straightfor-
ward approach (2.4) for reasons of simplicity.

Now the next step in the discretization process of (2.1) is the choice of approxi-
mations to the solution operators S(t) and H(t). The hyperbolic problem (2.2) can
be solved analytically with the help of the method of characteristics. Therefore, a
natural choice for the discretization of (2.2) is a method which can exploit this knowl-
edge about a continuous solution to (2.2). Such a method would be a Lagrangian
particle method, since here a characteristic through a given point xAi in space may be
interpreted as the path the point will follow over time. This particle method works as
follows: First, we sample the initial value u0 in appropriate points {xAi }; this gives a
set of pairs {(xAi , ui0)}. Then, we construct the characteristic through every particle
xAi at time t and move each particle along its corresponding characteristic to its new
position at time t+∆t. Finally, we define an approximate solution ũ at time t+∆t
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using shape functions that are constructed with respect to the particle distribution.
This process is covered in more detail in section 3.

Now, the discretization of the parabolic problem (2.3) should be compatible to the
discretization of (2.2). Since we use a Lagrangian particle method for (2.2), we need
a discretization method for (2.3) which can handle (almost) random distributions of
nodes (particles). Moreover, we want to treat (2.3) also from the Lagrangian point of
view. In a pure particle method a parabolic problem like (2.3) is discretized using a
Monte Carlo method. Here the shape functions themselves—not only the particles—
are moved across the domain without being changed, which causes the poor accuracy
of these methods. In our approach we also move the particles. The shape functions,
however, are not only moved across the domain. We construct new shape functions
in every time step based on the new particle distribution.

We move the particles across the computational domain to simulate the effect
of the diffusive transport of (2.3) on the shape functions and approximation space
which adapts the distribution of the spatial degrees of freedom only. An approximate
solution of (2.3) is then computed via a variational approach with the newly gener-
ated approximation space. Therefore the proposed method inherits the advantages
of particle methods in adapting the particle distribution via a Monte Carlo step but
does not inherit the poor approximation quality of a Monte Carlo method.

Overall we propose the following three-step approximation of (2.3):
1. Time discretization of (2.3) and u(x, t):

(0, T ) → (t0, . . . , tn), tk = k∆t,

u(x, t) → u(x, tk) = uk(x),

∇A∇uD = uDt → −∆t∇A∇uDm+1 + uDm+1 = uDm.

2. Use a Monte Carlo step to translate the diffusion equation (2.3) into equations
of motion for the particles {xAi }, i.e., use a random walk process

xAi → xAi +
√
2∆tA

1
2 ξ = xDi ,

where ξ are independent random numbers with Gaussian distribution, van-
ishing mean, and variance one.

3. Now that the particle distribution {xDi } is suitable for the approximation of
the solution of (2.3) in the next time step, we approximate the remaining
elliptic problem

−∆t∇A∇uDm+1 + uDm+1 = uDm(2.5)

using a spatial discretization method which allows the use of a random node
arrangement. Here, a gridless method seems to be the most natural choice.

In section 4 we present a generalized partition of unity method for elliptic prob-
lems, give a short discussion on the implementational difficulties—which are often
neglected in other papers, and give some ideas on how to overcome these difficulties.

3. A Lagrangian discretization of hyperbolic problems using a particle
method. The main problem of an Eulerian discretization is the following: The initial
mesh may be adapted to the initial data but may not be appropriate for the resolution
of the solution in future time steps. Therefore we have to use expensive coarsening and
refinement strategies—or even complete remeshing—to adapt the mesh to the solution
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over time. In contrast to that, a Lagrangian discretization uses the given PDE itself
to define a transformation that maps the distribution of the spatial degrees of freedom
to appropriate positions over time. Hence, the degrees of freedom follow the solution
over time.

We consider the 2D transport problem

∂u

∂t
(p, q, t) + a(p, q, t, u)∇(p,q)u(p, q, t) = 0(3.1)

in Ω× (0, T ) with Ω ⊂ R
2 and the general transformation

T : (ξ, η, τ) �→ (p, q, t) = (p(ξ, η, τ), q(ξ, η, τ), t(ξ, η, τ)).

Now we suppose that the function u(p, q, t) is carried into the function û(ξ, η, τ) under
the transformation T , i.e.,

u(p, q, t) = u ◦ T (ξ, η, τ) = û(ξ, η, τ).(3.2)

Using the chain rule, we obtain the τ -derivative of û

∂û(ξ, η, τ)

∂τ
=

∂u(p, q, t)

∂p

∂p(ξ, η, τ)

∂τ
+
∂u(p, q, t)

∂q

∂q(ξ, η, τ)

∂τ

+
∂u(p, q, t)

∂t

∂t(ξ, η, τ)

∂τ
.

(3.3)

If we restrict ourselves to transformations T with t(ξ, η, τ) = τ , we have ∂t/∂τ = 1.
Simple reordering of (3.3) gives

∂u(p, q, t)

∂t
=

∂û(ξ, η, τ)

∂τ
− ∂u(p, q, t)

∂p

∂p(ξ, η, τ)

∂τ
− ∂u(p, q, t)

∂q

∂q(ξ, η, τ)

∂τ
.

Now we plug this relation into (3.1) and obtain the so-called Lagrangian form [6] of
our PDE (3.1)

∂û

∂τ
+
∂u

∂p

(
a1 − ∂p

∂τ

)
+
∂u

∂q

(
a2 − ∂q

∂τ

)
= 0 .(3.4)

A solution of (3.4) independent of ∇(p,q)u may now be obtained from the system of
ODEs

∂p(ξ, η, τ)

∂τ
= a1(p, q, t, u) ,

∂q(ξ, η, τ)

∂τ
= a2(p, q, t, u) , and

∂û(ξ, η, τ)

∂τ
= 0 .

Note that this is essentially the method of characteristics. The solution (p, q, û) can
now be approximated by a numerical ODE solver like an Euler or Runge–Kutta
method, i.e., the transformation T of (3.2) is approximated by a transformation T̃
which is found by numerical integration. The solution to (3.1) can then be approxi-
mated by plugging this transformation T̃ into (3.2), which expresses the well-known
fact that a solution of (3.1) is constant along characteristics, i.e., on the images of T ,
giving

ũ(p, q, t) = u ◦ T̃ (ξ, η, τ) � û(ξ, η, τ).(3.5)

We can evaluate the solution at the current time by evaluating the solution at a former
time at the corresponding position on the characteristic. Therefore, we use a backward
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integration IB∆t to compute T̃ . But the particles {xti} are propagated forward in time
along the approximated characteristic since they have to provide the spatial resolution

of the current solution, i.e., a new particle distribution {x(t+∆t)i } is defined in every

time step. A spatial approximation ũS(x, t + ∆t) =
∑

i u
(t+∆t)
i φ

(t+∆t)
i (x) to (3.5) is

set up with the use of some shape functions {φ(t+∆t)i } which are centered in these

new particle positions {x(t+∆t)i }. Here, the specific choice of the shape functions

{φ(t+∆t)i } determines the respective particle method. Since we want to combine the
particle method for the hyperbolic subproblem (2.2) with our gridless discretization
method for the elliptic subproblem (2.5), we use the shape functions employed there;
see section 4. Again, in a pure particle method the shape functions are fixed over time,
i.e., they are attached to a certain particle and never changed during the computation.
Hence, the current particle position and overall particle distribution are not taken
into account. This is one of the reasons for the poor approximation quality of these
methods. In our approach we move the particles and construct new shape functions
based on the newly generated particle distribution. Therefore, the shape functions
are not fixed over time but rather always adapted to the current particle distribution.

We obtain a discrete two-step particle scheme:
1. Time discretization:

• Treat nonlinearities of a, choose ODE solver(s) I
F/B
∆t and time intervals

(0, T )→ (t0, . . . , tn), tk = k∆t.

2. Spatial discretization:
• Propagate particles {xk−1i } forward along their characteristic

xki = IF∆t(a, x
k−1
i ).

• Project the approximate solution ũk−1S ◦IB∆t(a, ·) onto new approximation
space

ũkS(x) =
∑

uki φ
k
i (x) = ũk−1S ◦ IB∆t(a, x) =

∑
uk−1i φk−1i ◦ IB∆t(a, x).

The shape functions {φki } are constructed in every time step k according to the
new particle positions {xki } (see section 4), hence the shape functions themselves
are propagated along the characteristic. We compute an approximate solution ũkS by
testing a transformed of the solution ũk−1S from the former time step with the new
basis functions {φki }, i.e., we have to solve the mass matrix problem for the new shape
functions {φki }.

4. Gridless discretization of elliptic problems. In the following, we describe
our approach for a gridless discretization of an elliptic problem. The approach is
roughly as follows: The discretization is stated in terms of the points only. To obtain
test and trial spaces, patches or volumina ωi ⊂ R

d are attached to each point xi
whose union forms an open cover {ωi} of the domain Ω, i.e., Ω ⊂ ⋃ωi. Now, from
given weight functionsWi, local shape functions are constructed by Shepard’s method.
They form a partition of unity {ϕi}. Then, each shape function ϕi is multiplied with
a sequence of local polynomials {ψki } to gain higher degree shape functions. These
are finally plugged into the weak form to set up a linear system of equations.

4.1. Construction of trial and test space using PUM. Necessary condi-
tions for a trial and test space to perform well in a Galerkin method are local ap-
proximability and interelement continuity. Here, local approximability means that
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Figure 4.1. Typical examples of the shapes of a patch ωi.

the shape functions can approximate the exact solution well locally, and interelement
continuity means that any linear combination of shape functions satisfies some global
continuity condition. In the finite element method (FEM) we achieve the local approx-
imability via the choice of local polynomials and fulfill the condition of interelement
continuity by imposing restrictions onto these polynomials on the element edges. The
PUM approach [3, 4] instead focuses on the fulfillment of the condition of interelement
continuity via the choice of an appropriate partition of unity (PU) {ϕi} subordinate
to a cover {ωi}. Local expansion of the functions ϕi by the multiplication with local
approximation spaces Vi(ωi) causes the generated space

V :=

{
N∑
i=1

ϕivi | vi ∈ Vi

}

to fulfill the condition of local approximability. Theorem 4.3 (see below) states that
the global approximation space V inherits the approximation quality of the local
spaces Vi. Furthermore, the space V inherits the smoothness of the PU (and the
local spaces Vi). Here, the approximation property of the space V may be achieved
either by the smallness of the patches (h-version) or by the approximation quality of
Vi (p-version).

4.1.1. Open covering of the domain. The starting point for any gridless
discretization approach is a collection of N points

{xi ∈ R
d : xi ∈ Ω, i = 1, . . . , N} .(4.1a)

Then, to each point xi, a patch

ωi = {x ∈ R
d : ||xi − x|| ≤ hi} ⊂ R

d(4.1b)

is attached. Here, hi ∈ R is the half of the diameter of the patch ωi. The norm || · ||
is the Euclidean distance for circles or balls and it is the || · ||∞-norm for quadratic or
cube type patches. It is easy to see that this concept can be generalized to patches of

more general form: If we allow individual nonuniform sizes hi = (h
(1)
i , h

(2)
i , . . . , h

(d)
i )

in the different coordinate directions and accordingly generalized additive norms || · ||,
we obtain also patches with ellipsoid shape and rectangular or brick type objects.1

Figure 4.1 shows typical examples of the shapes of a patch ωi.
The construction of the patches {ωi} from a given set of grid points {xi} is a

first crucial step in the discretization process. Keeping in mind that these patches

1We performed experiments using different norms and thus different shapes of the local patches
ωi. It turned out that circles or balls are computationally much more difficult to handle than supports
of quadratic or rectangular shape without giving substantial advantage. Therefore, we decided to
stick to rectangular shapes in our gridless method.
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particle

cover patch

boundary

Figure 4.2. Example of an open covering of Ω.

will be the supports of the trial and test functions in a Galerkin method, the most
basic property these patches have to fulfill is that they cover2 the complete domain⋃N
i=1 ωi ⊃ Ω. In other words, for each point x ∈ Ω there exists at least one patch

ωi which contains x. Figure 4.2 gives an example of an open covering of the domain
Ω. A naive approach to the construction of such a cover {ωi} would be the design
of patches ω̃i in such a way that every particle xi ∈ ω̃j for some j �= i. But this
procedure (in general) does not lead to a cover {ω̃j} of the complete domain Ω, i.e.,⋃
j ω̃j �⊃ Ω, since the particles {xi} may not be uniformly distributed in the domain

Ω. Therefore, we have to use a more sophisticated algorithm. We use the following
variant of an algorithm developed in [27] which resolves the problem mentioned above
by using a set P of particles xi and pseudoparticles ξk which we choose to be the
nodes of a coarse mesh. The pseudoparticles ξk are introduced to guarantee that the
patches ωi completely cover the entire domain Ω.

1. For all i = 1, . . . , N : Set ωi such that diam (ωi) = 0.
2. For all y ∈ P :

• Evaluate the set Sy,R of all particles xi that fall within a searching
square BR which is centered in y and whose side length is equal to 2R.
If Sy,R = ∅ or Sy,R = y in the case of y = xi, increase the size of the
searching square, i.e., R, and try again.

• Compute the distances hyi = ‖y − xi‖ for all xi ∈ Sy,R with xi �= y.
• Determine the particle xj �= y with hyj = mini h

y
i .

• If y �∈ ωj increase ωj appropriately such that y ∈ ωj holds.
3. For all i = 1, . . . , N : Set diam (ωi) = α diam (ωi).

Crucial for the efficient implementation of the above algorithm is the evaluation of the
sets Sy,R. Note that a similar search problem appears in the SPH. There an efficient
algorithm for such problems was developed in [71]. Other algorithms for such a cover
construction can be derived from tree-algorithms, such as quadtrees or AVL-trees [42].
The overall complexity of the above algorithm is O(card (P ) log(N)).

Since the entries aij = a(vj , vi) of the stiffness matrix A will be nonzero only
for functions vi, vj with supp(vi) ∩ supp(vj) �= ∅, we want to control the number of

2Other gridless methods like SPH allow for holes in the domain Ω. Methods based on the MLSM
[24, 27] have to impose more severe geometric conditions onto the cover {ωi}.
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patches overlapping the same point x ∈ Ω, i.e., the number of overlapping patches
{ωi} should be minimal. The amount of overlap of the patches {ωi}, however, has
a significant effect on the smoothness of our shape functions. Therefore, the overlap
ωi ∩ωj of two patches ωi and ωj should be sufficiently large (if it is not empty). This
motivates the stretch parameter α in step 3 of the algorithm above which is used to
control the interplay between the smoothness of the shape functions and the density
of the stiffness matrix.

4.1.2. Weight functions and partition of unity. Now we associate a certain
weight function Wi(x) to each subdomain ωi. Since we decided to use rectangular

patches only, i.e., ωi =
⊗d

k=1 ω
(k)
i , ω

(k)
i = {x(k) ∈ R, |x(k)i − x(k)| ≤ h

(k)
i } , the most

natural choice is to use a product approach of one-dimensional local functions, i.e.,

Wi(x) =
⊗d

k=1W
(k)
i (x(k)), where supp(Wi) = ωi . If we use [−1, 1] as reference in-

terval and define the affine linear mapping T
(k)
i : [−1, 1]→ ω

(k)
i , x(k) → T

(k)
i (x(k)), we

can define the respective weight functions as W
(k)
i (x(k)) = W (T

(k)
i (x(k))), where the

one-dimensional weight function W can be any nonnegative function. Furthermore,
we obtain the mapping Ti from the reference element [−1, 1]d to ωi as the product

Ti : [−1, 1]d → ωi, x→ Ti(x) =
⊗d

k=1 T
(k)
i (x(k)). The weight functions3 W we use in

this paper are the well-known linear, quadratic, and cubic B-splines.
Now, in the next step, we construct shape functions ϕi from these given weight

functionsWi with the help of data fitting techniques. In general, a data fitting method
[36] produces an approximation ũ of a function u by

ũ(x) =

N∑
i=1

ui · ϕi(x),

where ui are given data or are derived from that. Shepard’s method uses the idea of
inverse distance weighting, which leads to shape functions

ϕi(x) =
Wi(x)∑N
j=1Wj(x)

,(4.2)

where Wi(x) = ‖x−xi‖−β . But since such shape functions have global support, they
would lead to a dense stiffness matrix and a quadratic complexity of the method.
We therefore use a localized version of Shepard’s approach. There are basically two
variants. In [45] a locally supported singular weight function such as

Wi(x) = Li(x)‖x− xi‖−β , where Li ∈ C∞ and supp(Li) = ωi,

is used. This approach generates an interpolatory partition of unity, i.e., ϕi(xj) = δij .
Another approach is to employ a locally supported smooth weight function, e.g.,Wi is
chosen to be a B-spline4 [36]. We use the latter approach to circumvent the evaluation
of a quotient of singular functions close to their singularity during the numerical
integration of the stiffness matrix entries.

3Besides these weight functions, the thin-plate splines, Gaussians, and especially the so-called
SPH-spline [11, 26, 31, 51] are used in other meshless methods. Note that circular patch shapes
would allow for radial functions as weight functions Wi [28, 29, 40, 41, 73].

4Note that, together with collocation and area weighting of the resulting shape functions, this
gives basically the smoothed particle hydrodynamics method SPH, which was first proposed in [51]
and further elaborated in [32, 55, 56, 71].
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Since we postulate that the union of the ωi covers the domain Ω, by (4.2), we are
at least able to reproduce constant functions exactly, i.e., the functions (4.2) form a
partition of unity. Interestingly, this is valid for any choice of weight function, particle
distribution, and topology of the cover. Thus, we obtain a consistency order5 of one
in the L2-norm. The particle distribution {xi} and the cover {ωi} affect only the
computational effort necessary to evaluate the functions ϕi, since the sum in (4.2) has
to be taken over all patches ωj with ωi ∩ωj �= ∅. Furthermore, the amount of overlap
of the cover patches and the choice of weight functionsWi affect the smoothness of the
Shepard functions ϕi. On the one hand, the partition of unity inherits the smoothness
of the weight functions Wi since

(
Wi ∈ Ck(Rd) ∧ for all x

∑
iWi(x) �= 0

) ⇒ ϕi ∈
Ck(Rd) holds. On the other hand, the amount of overlap affects the smoothness of
ϕi. If the cover is minimal, i.e., there is exactly one patch ωj for every x ∈ Ω with
x ∈ ωj , the partition of unity degenerates to the characteristic functions ϕi = χωi

independent of the chosen weight functions Wi. Thus we see that small overlaps will
cause very large gradients of ϕi close to the boundary of the respective support ωi.

First order consistency is in general not sufficient. Hence, some effort is necessary
to improve the consistency order. Here, the MLSM [11, 24, 26, 27] allows the construc-
tion of shape functions with higher reproduction and consistency order but increases
the computational effort dramatically. Furthermore, one has to impose severe geo-
metric restrictions onto the cover [27] to make the method work at all. Therefore we
use a different approach. We use the partition of unity to collect local approximation
spaces Vi defined on the cover patches ωi, thus generating a global approximation
space V on Ω (see the following section). This space may also reproduce the con-
stant only, but it was shown in [3, 4] that the consistency order of the global space
V is nevertheless the same as the consistency order of the local spaces Vi (see section
4.1.4).

4.1.3. Local polynomial expansion. The partition of unity functions ϕi are
able to reproduce the constant function. However, for the discretization of a PDE
by a Galerkin method, they are not yet sufficient. First, depending on the computed
cover {ωi} and the choice of weight functions Wi, their derivatives can be unbounded
and the entries of the stiffness matrix cannot be evaluated in a stable way. We can
circumvent these difficulties by the construction of cover patches ωi with sufficient
overlap, but still the consistency error of the discretization would be only of first
order in the L2-norm.

Therefore, we additionally use a hierarchy of local polynomial basis functions of
higher degree. To this end, we multiply the partition of unity functions ϕi locally
with polynomials. Since we use rectangular patches ωi only, a local tensor-product
space is the most natural choice.

Consider on the reference interval [−1, 1] the Legendre polynomials

Lp(x) =
2p+ 1

p
xLp−1(x)− p− 1

p
Lp−2(x), p = 2, 3, . . . ,(4.3)

with L0(x) = 1 and L1(x) = x. Now, we can define a multidimensional hierarchical

5Consistency orders are usually given as exponents of h, i.e., ‖u − ũ‖ = O(hα) with α being
the consistency order. However, this formulation is applicable to uniform node arrangements only.
Hence, we have to use a different notation in a meshless method. Taking into account that we
have ‖xi − xj‖ = O(N−1/d) for equidistributed particles {xi} and that h = N−1/d for uniform
node arrangements, it seems natural to define the consistency order α of a meshless method as
α := (d log(‖u− ũ‖))/ log(N).
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basis {Lk} with Lk(x) =
⊗d

j=1 Lkj (x
(j)) , where k = (k1, . . . , kd) ∈ N

d is a multi-

index. Then via the affine map Ti from ωi =
⊗d

j=1[x
(j)
i − h

(j)
i , x

(j)
i + h

(j)
i ] to [−1, 1]d,

with Ti =
⊗d

j=1 T
(j)
i , where T

(j)
i : [x

(j)
i − h

(j)
i , x

(j)
i + h

(j)
i ] → [−1, 1], we can define

a local approximation space Vi on ωi Vi = span {Lk ◦ Ti, k ∈ Ii}. Here Ii ⊂ N
d
0 is

some set of multi-indices k = (k1, . . . , kd), e.g., the full tensor product set I
T
i = {k ∈

N
d
0 : |k|∞ ≤ pi} or the set ICi = {k ∈ N

d
0 : |k|1 ≤ pi}. The use of the set ICi leads

to the space V C
i of complete polynomials of degree pi, which was also used for the

p-version of the finite element method [5].
The global approximation space V is then defined as

V =
∑
i

ϕiVi .(4.4)

Note that the local spaces Vi are independent, i.e., there are no compatibility require-
ments among them. Therefore, not only can the degrees pi for the sets Ii vary locally,
but even different basis functions, e.g., monomials, Taylor polynomials, or harmonic
functions [3, 4], might be used on some patches ωi. In the following, we stick to the
Legendre polynomials (4.3). Note that in a general situation with varying sets Ii and
bases {ψik}, there are some further conditions on the amount of overlap of the cover
{ωi} to ensure that the products {ϕiψik} of the partition of unity functions {ϕi} and
the local basis functions {ψik} are a basis of the global space (4.4); see [4, 68].

4.1.4. Basic convergence theory for PUM. In this section we state the
notation and basic theory of the PUM as developed by Babuška and Melenk in [3, 4].
Crucial to the theory of the partition of unity method is the notion of an (M,C∞, C∇)
partition of unity. The conditions formulated in the following definitions allow us to
show the basic approximation properties of the PUM space V of (4.4) as given in
Theorem 4.3.

Definition 4.1 (partition of unity). Let Ω ⊂ R
d be an open set, and let {ωi} be

an open cover of Ω satisfying a point-wise overlap condition

∃M ∈ N for all x ∈ Ω card {i |x ∈ ωi} ≤M .

Let {ϕi} be a Lipschitz partition of unity subordinate to the cover {ωi} satisfying

supp(ϕi) ⊂ ωi for all i ,
∑

i ϕi ≡ 1 on Ω ,
‖ϕi‖L∞(Rd) ≤ C∞ , ‖∇ϕi‖L∞(Rd) ≤ C∇

diam (ωi)
,

where C∞ and C∇ are two constants. Then {ϕi} is called an (M,C∞, C∇) partition
of unity subordinate to the cover {ωi}. The partition of unity is said to be of degree
k ∈ N0 if ϕi ∈ Ck(Rd) for all i. The covering sets ωi are called patches.

Definition 4.2 (PUM space). Let {ωi} be an open cover of Ω ⊂ R
d and let

{ϕi} be a (M,C∞, C∇) partition of unity subordinate to {ωi}. Let Vi ⊂ H1(Ω ∩ ωi)
be given. Then the space

V :=

{
n∑
i=1

ϕivi | vi ∈ Vi

}

is called a PUM space. The PUM space V is said to be of degree k ∈ N if V ⊂ Ck(Ω).
The spaces Vi are referred to as the local approximation spaces.
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Theorem 4.3 (approximation property). Let Ω ⊂ R
d be given. Let {ωi}, {ϕi},

and Vi be as in Definitions 4.1 and 4.2. Let u ∈ H1(Ω) be the function to be approx-
imated. Assume that the local approximation spaces Vi have the following approxi-
mation properties: On each patch Ω ∩ ωi, the function u can be approximated by a
function vi ∈ Vi such that ‖u − vi‖L2(Ω∩ωi) ≤ ε1(i), and ‖∇(u − vi)‖L2(Ω∩ωi) ≤ ε2(i)
hold. Then the function uap :=

∑
i ϕivi ∈ V ⊂ H1(Ω) satisfies

‖u− uap‖L2(Ω) ≤ √
MC∞

(∑
i ε
2
1(i)
)1/2

,

‖∇(u− uap)‖L2(Ω) ≤ √
2M

(∑
i

(
C∇

diam (ωi)

)2
ε21(i) + C2∞ε22(i)

)1/2
.

(4.5)

Proof. See [3, 4].
Due to this theorem we can use the PUM as an h-version, a p-version, or even an

hp-version. From (4.5) we can see that the approximation property of the approxima-
tion space V may be improved via the reduction of the diameters of the cover patches
{ωi} (the insertion of particles {xi}) or via the enhancement of the approximation
qualities of the local spaces Vi (the increment of the polynomial order pi). These re-
finement strategies are independent, thus we may use both at the same time. Assume
that we have a local error estimate ε1(i) ≤ ci(diam (ωi))

νip−µi

i ‖u‖L2(Ω∩ωi) for some
µi, νi. Then the error estimates (4.5) of Theorem 4.3 take the form

‖u− uap‖L2(Ω) ≤MC∞max
i

{
ci(diam (ωi))

νip−µi

i

} ‖u‖L2(Ω) ,

demonstrating the hp-like behavior of the method.
Since the PUM only employs a scattered data set, an adaptive h-refinement (by

the insertion of new particles {xi}) does not have to cope with problems caused by
the grid-structure like hanging nodes, etc. Furthermore, there are no compatibility
restrictions on the local spaces Vi. Thus we may also employ an adaptive p-refinement
on the local spaces Vi. Hence the development of an appropriate error estimator (or
at least indicator) is of great interest and is a main topic for future research.

Theorem 4.3 gives an error estimate for uap which is the linear combination of
the locally optimal solutions vi. The Galerkin method, however, constructs a different
approximate solution uG. Here, we do not use the local information from Vi only but
rather all information from the spaces Vj with ωj ∩ ωi �= ∅. Therefore we sometimes
may expect an even better convergence than Theorem 4.3 implies.

Note that the partition of unity {ϕi} with ϕi from (4.2) and the space V in (4.4)
fulfill Definitions 4.1 and 4.2. Consequently, we obtain the approximation properties
and error estimates as stated in Theorem 4.3 for our approximation space V . In the
following we use the space V in a Galerkin discretization of our elliptic subproblem
(2.3).

4.2. Galerkin method with the PUM space. We want to solve elliptic
boundary value problems of the type

Lu = f in Ω ⊂ R
d ,

Bu = g on ∂Ω ,
(4.6)

where L is a symmetric partial differential operator of second order and B expresses
suitable boundary conditions.

Here, the following two major questions come up: How can we efficiently evaluate
the integrals which arise in the Galerkin discretization for the stiffness matrix and the
right-hand side? And how can we deal with boundary conditions properly?
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4.2.1. Construction of appropriate Gauss quadrature formulas. In the
following let a(·, ·) be the continuous and elliptic bilinear form induced by L onH1(Ω).
We discretize the partial differential equation using Galerkin’s method. Then, we have
to compute the stiffness matrix

A = (aij) with aij = a(vj , vi)

and the right-hand side vector

f̂ = (fi) with fi =

∫
Ω

fvi ,

where {vi} is a basis of the PUM space V .
The partition of unity functions {ϕi} are (in general) not of the same shape due

to the use of a scattered particle set {xi} and the varying overlap of the cover patches
{ωi}. Therefore the trial and test functions ϕiψ

i
k also are not of the same shape

and we cannot simply use a transformation onto a reference element to compute the
integrals (as is done in the FEM). Furthermore, we cannot employ a straightforward
integration scheme to compute the integrals because of the low order global continuity
of the trial and test functions ϕiψ

i
k and their derivatives.

Assume that the functions {ϕiψik} form a basis of V . If we restrict ourselves for
reasons of simplicity to the case L = −∆ we have to compute the integrals

∫
Ω
ϕiψ

i
kf

for the right-hand side and the integrals
∫
Ω
∇(ϕiψik)∇(ϕjψjl ) for the stiffness matrix.

Recall that ϕi is defined by (4.2). Now we carry out the differentiation. With the
notation

Gi :=
(
∇Wi

∑
m

Wm −Wi

∑
m

∇Wm

)
,

we end up with the integrals

∫
Ω

(
1∑

mWm

)4
GiψikGjψjl ,

∫
Ω

(
1∑

mWm

)2
Wi∇ψikWj∇ψjl ,∫

Ω

(
1∑

mWm

)3
GiψikWj∇ψjl ,

∫
Ω

(
1∑

mWm

)3
Wi∇ψikGjψjl

(4.7)

for the stiffness matrix and the integrals∫
Ω

1∑
mWm

Wiψ
i
kf(4.8)

for the right-hand side. Since we use piecewise polynomial weights Wi, the functions
Gi may have quite a number of jumps of significant size within their support ωi.
Therefore, the integrals (4.7) should not be computed by a simple quadrature formula
which does not respect these discontinuities.

All of the integrals (4.7) and (4.8) are of the form
∫
Ω
(
∑

mWm)
−p

χ, which leads
to the idea of constructing Gauss quadrature formulas with respect to the weight
functions (

∑
mWm)

−p
. Since the functions χ have support Ω∩ωi or even Ω∩ωi∩ωj ,

the construction of global quadrature formulas on Ω with respect to each of these
weights is not advisable. However, the construction of Gauss quadratureformulas for
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integration domain decomposition
induced by
weight functions

Figure 4.3. Integration domain Ωij = ωi ∩ ωj (left). Decomposition {Cn} of the integration
domain Ωij via the subdivision induced by the weight functions Wi and Wj (right). Here, the weights
are tensor products of quadratic B-splines.

each integration domain Ω ∩ ωi ∩ ωj and each integration weight is rather expensive.
Therefore, we developed a different approach which is an improvement of the inte-
gration scheme introduced in [68]. Here, a decomposition of the integration domain
induced by the employed shape functions was proposed. More recently a similar yet
simpler approach was proposed by Dolbow and Belytschko in [25]. They also make use
of the tensorproduct structure of the supports of their shape functions but they con-
struct a global decomposition of the domain Ω. In our approach, we decompose each
local integration domain Ω∩ωi∩ωj independent of all ωk with ωk ∩ (Ω∩ωi∩ωj) = ∅.
Furthermore, the number of cells of such a local decomposition6 is almost minimal.

We exploit the tensor product structure of the weight functions Wi and the cover
patches ωi to decompose the integration domain into subpatches with simple geometry
on which the functions ϕi are rational. Here, we also use the fact that the employed
weights Wi are tensor products of B-splines, i.e., they are piecewise polynomial. Con-
sider the integration domain Ωij = ωi ∩ ωj ⊂ Ω. The intersection Ωij of two cover
patches ωi, ωj which are tensor products of intervals is also a tensor product of in-
tervals; see Figure 4.3 (left). Furthermore, the employed weight functions Wk are
tensor products of B-splines of order l, i.e., they are piecewise polynomials of degree
l. Therefore, these weight functions Wk induce a subdivision of each cover patch ωk
into (l+ 1)× (l+ 1) subpatches {ωkp} on which Wk

∣∣
ωkp

is polynomial. Furthermore,

these subpatches {ωkp} are also tensor products of intervals. With the help of these
subpatches {ωip}, {ωjp} we can define a decomposition {Cn} of Ωij ; see Figure 4.3
(right). On the cells Cn of this decomposition we have that Wi

∣∣
Cn

and Wj

∣∣
Cn

are

polynomials of degree l, but all other Wm

∣∣
Cn

may still be piecewise polynomial only.

Therefore, we refine the decomposition {Cn} by further subdividing the cells Cn with
the help of the {ωkp} subpatches for all k with Ωij ∩ ωk �= ∅; see Figure 4.4 (left).

The cells Ĉn of this decomposition may be L-shaped; see Figure 4.4 (left). Such an

L-shaped cell Ĉn is further subdivided into two rectangular cells C̃1n, C̃
2
n (see Figure

4.4 (right)) to allow the use of a tensor product quadrature scheme on each cell of

6The decomposition is closely connected to the cover construction. The decomposition may be
computed during the construction of the cover with only a slight increase of computational work.
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Lshaped cell

refinement induced
by weight of neighbor

decomposition of
Lshaped cell

Figure 4.4. Refinement of the decomposition {Cn} of the integration domain Ωij via the subdi-
vision induced by the weight function Wk (tensor product of quadratic B-splines) of one neighboring
particle xk (left). Further decomposition of L-shaped cells of this refinement step (right).

the decomposition. The resulting decomposition7 {C̃n} consists of rectangular cells
C̃n on which all weight functions Wm|C̃n

are polynomials of degree l. Therefore, the

functions Gi and the integration weights (
∑

mWm)
−p

are rational on these cells. Due
to the restrictions imposed in section 4.1.4 on the partition of unity {ϕi} and on the
cover {ωi}, the functions (

∑
mWm)

−p
are nonsingular on the cells C̃n. Hence, we can

use any standard numerical integration8 scheme to compute the integrals on the cells
C̃n.

According to Strang’s second lemma we have to integrate all entries of the stiffness
matrix sufficiently accurately to maintain the convergence order of the discretization
error. The shape functions ϕiψ

i
k with ψ

i
k �= 1 are smoother than the partition of unity

function ϕi, i.e., a function ϕiψ
i
k is the sum of a polynomial and a rational function

whereas ϕi is a rational function only. In a naive approach we could try to exploit
this smoothness to reduce the computational costs of the numerical integration of
the integrals involving ϕiψ

i
k with ψik �= 1 by using a quadrature scheme which has

a lower order than the quadrature scheme we used for the integrals involving the
function ϕi only. But this might lead to the loss of the wanted convergence rate of
the discretization error since we now compute the entries of the stiffness matrix with
varying accuracy only.

Therefore, we have to find a different way to reduce the computational costs of
the numerical integration which allows for a uniform error bound in k and l, i.e.,∥∥∥∥

∫
Ω

∇(ϕiψik)∇(ϕjψjl )− IhΩ

(
∇(ϕiψik)∇(ϕjψjl )

)∥∥∥∥ ≤ Chq for all k, l .

In any case, we have to evaluate the functions ϕi and their derivatives ∇ϕi in the
quadrature points of a sufficiently high order scheme to compute the integrals of the

7Note, that this approach is not restricted to domains Ω which are unions of rectangles but rather
applicable to general domains. For integration domains ωi ∩ ωj ∩ Ω with ωi ∩ ωj �⊂ Ω we apply this

construction to the fictitious integration domain ωi ∩ ωj . The cells C̃n with C̃n ∩ ∂Ω �= ∅ of this

decomposition {C̃n} are then further subdivided using a polygonal approximation to the boundary
∂Ω of the computational domain Ω. Hence the final cell decomposition for integrals close to the
boundary of general domains consists of rectangles and triangles.

8Since we use polynomials as local spaces Vi, we may even compute the integrals analytically,
i.e., by symbolic computation, if we consider, for example, the Laplacian or more general operators
involving polynomial coefficient functions [68].
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nonsmooth functions ϕi. Furthermore, it is quite clear that an evaluation of ϕi and
∇ϕi is far more expensive than an evaluation of a local basis function ψik and its
derivatives ∇ψik . Taking this and the product structure of the approximation space
into account we can reduce the computational costs by using the already computed
values of the functions ϕi, ϕj and their derivatives for the evaluation of the integrals∫

Ω

∇(ϕiψik)∇(ϕjψjl ) for all k, l .(4.9)

We carry out the differentiation in (4.9) and use the product structure of the shape
functions {ϕiψik} to obtain the following integrals∫

Ω

∇ϕi∇ϕjψikψjl +∇ϕiϕjψik∇ψjl + ϕi∇ϕj∇ψikψjl + ϕiϕj∇ψik∇ψjl(4.10)

for all k, l. Now we have to integrate products of partition of unity functions ϕi, ϕj ,

their gradients ∇ϕi, ∇ϕj , local basis functions ψik, ψjl and gradients ∇ψik, ∇ψjl of
local basis functions. Therefore, we can reuse the computed values of ϕi, ϕj and their
gradients ∇ϕi, ∇ϕj to compute the integrals (4.10) for all k, l. Here, we evaluate
the partition of unity functions ϕi and its gradient ∇ϕi only once per quadrature
point for the complete local approximation space Vi, consequently reducing the costs
but still computing all integrals with the same order of error. Hence, we have to
consider the maximal polynomial degrees pi, pj of the local functions {ψik}, {ψjl } and
the regularity of the functions ϕi, ϕj for the selection of the order q of the numerical

integration scheme on the cells C̃n.
Note that a further reduction of the costs of the integration can be achieved

by using so-called sparse grid integration schemes [30, 63] instead of tensor product
formulas on the subpatches.

4.2.2. Boundary conditions and Lagrangian multipliers. Our PUM shape
functions {ϕiψik} are noninterpolatory since the partition of unity functions {ϕi} are
(in general) noninterpolatory, i.e., ϕi(xj) �= δij . Furthermore, the usage of local
approximation spaces Vi with dim(Vi) > 1 generates an approximation space V =∑

i ϕiVi with more degrees of freedom than interpolation nodes {xi}. Thus, we have
to cope with the problem of how to fulfill boundary conditions.

First consider (4.6) with Neumann boundary conditions Bu = ∂u/∂nL = g on
Γ := ∂Ω. We learn from the variational formulation

F (v) =
1

2
a(v, v)− (f, v)−

∫
Γ

gvdΓ→ min{v ∈ H1(Ω)}(4.11)

that the trial functions v only have to be from the definition space H1(Ω) of the
differential operator L in its weak form. The functions v do not have to fulfill any
additional condition such as boundary values. Thus, the basis of a finite-dimensional
subspace V of H1(Ω) used to approximate the solution of (4.11) may be compiled
of any function v ∈ H1(Ω) and does not need to be interpolatory. Hence, we may
directly use our functions ϕiψ

i
k as trial and test functions in the Galerkin procedure

without problems.
However, Dirichlet boundary conditions u = g on Γ explicitly impose the values of

the solution u on the boundary Γ. Thus, the trial space of the usual weak formulation

Find u ∈ H1(Ω) ∩ {u = g on Γ} : a(u, v) = (f, v) for all v ∈ H1
0 (Ω)(4.12)
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is not the complete space H1(Ω). Therefore, any finite-dimensional space V used to
approximate the solution of (4.12) has to consist of functions ũ fulfilling the boundary
condition ũ = g on Γ. This is usually achieved in the FEM by interpolation of the
boundary value ũ = g̃. Since our shape functions are noninterpolatory, this approach
cannot be pursued.

For Dirichlet problems, we use a result from the theory of Lagrange multipliers
which states that a solution of (4.12) creates a stationary point of

F (v, q) =
1

2
a(v, v)− (f, v)−

∫
Γ

q(v − g)dΓ .(4.13)

In this formulation the functions v do not have to satisfy the boundary conditions
v = g on Γ explicitly, since the additional term enforces the boundary conditions. The
respective weak form of (4.13) is as follows: Find (u, q) ∈ H1(Ω)×H−1/2(Γ) with

a(u, v) + (γ(v), p) = (f, v) for all v ∈ H1(Ω),
(γ(u), q) = (g, q) for all q ∈ H−1/2(Γ),

(4.14)

where γ : H1(Ω) → H1/2(Γ) is the trace operator. We can use the shape functions
{ϕiψik} from the construction presented in section 4.1 for the discretization of the
saddle point problem (4.14) since it only employs the space H1(Ω) as trial and test
space instead of the restricted spaces H1(Ω) ∩ {u = g on Γ} as trial and H1

0 (Ω) as
test space for problem (4.12). Thus, there is no need for interpolatory basis functions.
The Lagrange multiplier approach in the finite element context can be found in [2, 15],
for applications with wavelets, see [43], and within the fictitious domain and mortar
element approach compare [52, 59].

Now we have to construct an appropriate finite dimensional subspace Q ⊂ H−1/2

for the discretization of (4.14). Here, we use the particles {xi ∈ Ω} from (4.1) to
construct a new particle distribution {xΓj } on the boundary Γ. The particles {xi ∈ Ω}
with ωi ∩ Γ �= ∅ are projected in the direction of the outer normal onto the boundary
Γ and give a new set of particles {xΓj }, which live on the boundary Γ. Then, following
the construction described in the previous sections, we set up the finite dimensional
PUM space Q on the boundary using the PUM approach: From the newly generated
particles {xΓj } we construct a cover {ωΓj } of the (d−1)-dimensional manifold Γ, define
a partition of unity using Shepard’s approach, and choose polynomials on the patches
{ωΓj } to define a PUM space Q on the boundary. Note that this procedure has to
be done with respect to the interior PUM space V . Necessary for the existence and
uniqueness of a solution of the saddle point problem

a(u, v) + (γ(v), p) = (f, v) for all v ∈ V ⊂ H1(Ω) ,
(γ(u), q) = (g, q) for all q ∈ Q ⊂ H−1/2(Γ)

(4.15)

is the fulfillment of the discrete Ladyzhenskaya–Babuška–Brezzi (LBB) condition [19]

inf
q∈Q,q �=0

sup
v∈V,v �=0

|(γ(v), q)|
‖v‖V ‖q‖Q ≥ c0 .(4.16)

According to the results in [15] the boundary space Q has to have a resolution coarse
enough compared with the resolution of V in the interior to fulfill the discrete LBB
condition (4.16). This coarser resolution of the space Q may be achieved by properly9

9We propose the use of a particle distribution with fewer particles but approximately the same
density distribution as the complete particle distribution {xΓj }.
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thinning out the particle distribution, i.e., using only an appropriate subset of {xΓj },
or by the choice of lower order polynomials on the boundary than in the interior.
Both of these approaches have shown good results in our numerical experiments; see
[68].

4.3. Solution of the discrete saddle point problem. Now we have to solve
a linear system with saddle point structure, i.e.,(

A Bt

B 0

)(
u
q

)
=

(
f
g

)
,(4.17)

where B ∈ R
dim(Q) × R

dim(V ), q ∈ R
dim(Q), u ∈ R

dim(V ) and A ∈ R
dim(V ) × R

dim(V )

is symmetric and positive definite and thus invertible. Block Gaussian elimination
directly leads to the Schur complement system

BA−1BT q = BA−1f − g.(4.18)

The unique solvability of (4.17) is given when (4.16) holds.
A possible approach for the solution of (4.17) is now to iteratively solve (4.18)

by a (preconditioned) conjugate gradient method and then to obtain u by backward
substitution, i.e., u = A−1(f − BT q). A realization of this method with a linear
iteration is the (preconditioned) Uzawa algorithm; see [14, 47]. It reads

ui+1 = ui +A−1(f − (Aui +BT qi)),
qi+1 = qi + ωBCB(Bui+1 − g),

(4.19)

where ωB is an iteration parameter and CB is a preconditioner for the Schur com-
plement BA−1BT . The drawback of this method is that the action of A−1 must be
computed in each iteration step, which makes the method expensive.

If we now replace A−1 by some steps of an iterative method, most preferable a
multigrid method or a multilevel preconditioner, we employ only an approximation
CA to A−1 and obtain the so-called inexact Uzawa algorithm [16, 17]

ui+1 = ui + ωACA(f − (Aui +BT qi)),
qi+1 = qi + ωBCB(Bui+1 − g)

(4.20)

with iteration parameters ωA, ωB . Altogether, in this algorithm only the action of the
matrices A, B, BT and preconditioners CA, CB onto vectors must be programmed.

Here, we can exploit the block-structure of the matrices A and B, which is induced
by the product structure of the shape functions ϕiψ

i
k. The block corresponding to all

the ϕi’s can be solved efficiently with an algebraic multigrid solver (AMG) [34, 66,
67] and this solver may further be used as a preconditioner on the diagonal blocks
corresponding to ψik �= 1. Altogether, this procedure gives an efficient preconditioner
CA for the inexact Uzawa algorithm.

Now we have to find an efficient iterative solution method or preconditioner CB
for the Schur complement BA−1BT . Currently we use only CB = I; therefore the
iterative solution of (4.17) is not yet optimal, i.e., the condition number of the system
matrix still depends on h � N−1/d. In the future, effective Schur complement pre-
conditioners CB have to be constructed to make our gridless method competitive. An
approach could be the generalization of the methods developed in [18, 43] to matrices
from gridless discretizations.
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Figure 5.1. Particle distributions with 256 points (left) and 1024 points (right) generated via
a (2, 3) Halton sequence.

5. Numerical experiments. In this section we present the results of our nu-
merical experiments. We apply the particle-partition of unity method to a linear
advection problem, several elliptic problems, the heat-equation, and an instationary
convection-diffusion problem.

5.1. Hyperbolic problem. In the following we consider a standard test case
for linear advection problems, the so-called Molenkamp problem [72]:

∂u

∂t
+

( −y
x

)
∇u = 0 in Ω := (−1, 1)2 × (0, T )(5.1)

with an initial value u(x, y, 0) = exp(−100((x− 1
4 )
2+(y− 1

4 )
2)). For the exact solution

u(x, y, 2lπ) = u(x, y, 0) for l ∈ N holds and mass
∫
Ω
u and energy ‖u‖2L2 are conserved.

We discretize (5.1) using the particle method described in section 3 with the shape
functions from the particle-PUM. For the resolution of the initial value we choose a
simple block-structure approach. Since u(x, y, 0) almost vanishes outside of some
Ω̂ ⊂ Ω, we need only a few particles {ξBi } in Ω \ Ω̂ for the construction of the shape

functions. We distribute these particles {ξBi } in Ω\Ω̂ using a (2, 3) Halton sequence10

(see Figure 5.1) with about 200 points, and another (2, 3) Halton sequence with 256
particles {ξIi } is used to resolve the initial value u(x, y, 0) in Ω̂ (see Figure 5.2). Note
that a further adaptation of the initial particle distribution can be achieved following
the ideas of [35].

Some of the particles {ξi} leave the domain during the computation since we
propagate the particles along their corresponding characteristic. To cope with the
particle loss, we embed the domain Ω in a larger domain Ω̃ and distribute a set of
background particles {ξBi } rather in Ω̃\Ω̂ than Ω\Ω̂. We move all particles {ξBi }∪{ξIi }
along their characteristic, but a PUM shape function is constructed in those particles
ξi ∈ {ξBi } ∪ {ξIi } with ξi ∈ Ω only. Hence, some particles {ξi} still leave the domain,

10Halton sequences are pseudo Monte Carlo sequences, which are used in sampling and numerical
integration [62]. Consider n ∈ N0 given as

∑
j njp

j = n for some prime p. We can define the

transformation Hp from N0 to [0, 1] with n 
→ Hp(n) =
∑

j njp
−j−1. Then, the (p, q) Halton

sequence with N points is defined as {(Hp(n), Hq(n))}, where n = 0, . . . , N − 1.
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Figure 5.2. Isolines (0.005, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9) of the computed solution (left),
isolines (0.0005, 0.001, 0.002, 0.003, 0.004, 0.005) of the error (middle), and particle distributions
(right) for (5.1) using the Runge–Kutta method at times (6∆t, 12∆t, 18∆t, 24∆t) with ∆t = 2π/25 .



874 MICHAEL GRIEBEL AND MARC ALEXANDER SCHWEITZER

Table 5.1
Errors in the L∞-norm, oscillations uoscap , mass dM and energy dE defects for the Molenkamp

problem (5.1) using the Euler method, t and ∆t given in 2π/50.

∆t ‖e‖L∞ uoscap dM dE ‖e‖L∞ uoscap dM dE ‖e‖L∞ uoscap dM dE
t = 1 t = 2 t = 4

4 4.17−1 1.21−3 2.03−1 2.03−1

2 1.15−1 1.59−3 5.99−2 6.00−2 2.27−1 2.41−3 1.16−1 1.16−1

1 2.93−2 1.23−3 1.57−2 1.57−2 5.89−2 1.40−3 3.11−2 3.11−2 1.17−1 2.06−3 6.13−2 6.13−2

t = 8 t = 16 t = 32
8 9.62−1 1.34−3 5.05−1 5.05−1 1.000 3.44−3 7.55−1 7.55−1 1.000 −1.66−1 9.40−1 9.43−1

4 7.42−1 6.83−4 3.65−1 3.65−1 9.90−1 1.68−3 5.97−1 5.97−1 1.000 9.89−3 8.38−1 8.38−1

2 4.37−1 1.23−3 2.19−1 2.19−1 7.69−1 1.00−3 3.90−1 3.90−1 9.94−1 3.00−3 6.28−1 6.28−1

1 2.31−1 1.23−3 1.19−1 1.19−1 4.44−1 9.31−4 2.24−1 2.24−1 7.77−1 2.84−3 3.97−1 3.97−1

t = 64 t = 128 t = 256
8 1.000 −9.40−1 9.96−1 1.000 1.000 −1.000 1.000 1.000 1.000 −1.000 1.000 1.000
4 1.000 −4.28−1 9.74−1 9.82−1 1.000 −9.91−1 9.99−1 1.000 1.000 −1.000 1.000 1.000
2 1.000 4.86−3 8.62−1 8.62−1 1.000 −7.87−1 9.81−1 9.93−1

1 9.96−1 5.34−3 6.37−1 6.37−1

but there also are some particles {ξBi } (re)entering Ω. Therefore, we have an almost

constant number of particles in Ω and Ω̂ over time.
We use a stretch parameter α = 1.25, the well-known hat function, and complete

quadratic Legendre polynomials V C
i for the construction of the shape functions in

this experiment. Hence, the approximation space has about 2700 degrees of freedom,
of which we have 1500 within the approximate support Ω̂. As ODE solver in this
experiment we use a simple Euler and a fourth order Runge–Kutta method. The
increase of computational work by applying a Runge–Kutta method instead of the
Euler method is negligible since we only have more evaluations of the velocity field
which is independent of the solution of (5.1).

We solve the mass matrix problem using a preconditioned CG method with a
tolerance of 10−8. The error u− uap in the L∞-norm and the oscillations

uoscap =

{
minu−minuap : |minuap −minu| > |maxu−maxuap|,
maxuap −maxu : |minuap −minu| ≤ |maxu−maxuap|

(both computed on a 500 × 500 grid), the mass defect dM = 1 − ∫
Ω
uap/

∫
Ω
u, and

the energy defect dE = 1 − ‖uap‖2L2/‖u‖2L2 for the computed solution uap at various
times t for several values of ∆t are given in Table 5.1 for the Euler method. The
corresponding values for the Runge–Kutta method are displayed in Table 5.2. From
these numbers we see the anticipated convergence behavior in the L∞-norm, i.e.,
O(∆t) for the Euler and O(∆t4) for the Runge–Kutta method.

We compute an approximate solution uap in every time step k by projecting a
transformed former solution onto the current approximation space,

ukap = Πk
(
uk−1ap ◦ T̃∆t

)
.(5.2)

Hence, for the defects in mass dM and energy dE we get the equivalences

dkM = 1−
∫
Ω
Πk
(
uk−1ap ◦ T̃∆t

)
∫
Ω
u0

, dkE = 1−
∫
Ω
‖Πk

(
uk−1ap ◦ T̃∆t

)
‖2∫

Ω
‖u0‖2 ,(5.3)

where u(·, k∆t) = uk = u0 ◦ T k∆t and T k∆t is the transformation induced by the
exact characteristic at k∆t with |det JTk∆t | = 1. Not only the transformation T̃∆t
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Table 5.2
Errors in the L∞-norm, oscillations uoscap , mass dM, and energy dE defects for the Molenkamp

problem (5.1) using a fourth order Runge–Kutta method, t and ∆t given in 2π/50.

∆t ‖e‖L∞ uoscap dM dE ‖e‖L∞ uoscap dM dE ‖e‖L∞ uoscap dM dE
t = 1 t = 2 t = 4

4 5.14−3 1.72−3−2.23−4−2.20−4

2 4.62−3 1.61−3−3.91−6−5.88−7 4.31−3 1.84−3−9.12−6 9.98−7

1 4.40−3 1.41−3 5.56−7 4.27−6 5.25−3 1.57−3 2.30−7 7.57−6 5.05−3 1.68−3−2.40−7 1.58−5

t = 8 t = 16 t = 32
8 3.16−2 7.62−4−1.30−2−1.30−2 6.18−2 1.44−3−2.62−2−2.62−2 1.21−1 1.97−3−5.32−2−5.32−2

4 4.30−3 1.70−3−4.48−4−4.40−4 8.13−3 1.97−3−8.94−4−8.77−4 8.48−3 1.69−3−1.79−3−1.75−3

2 4.08−3 1.41−3−1.51−5 1.32−6 4.60−3 1.73−3−3.05−5 5.67−6 4.72−3 1.20−3−5.65−5 7.97−6

1 3.80−3 1.05−3 4.40−7 2.72−5 6.20−3 1.36−3 1.40−6 5.61−5 6.96−3 1.84−3 2.65−6 1.03−4

t = 64 t = 128 t = 256
8 2.40−1 1.02−3−1.09−1−1.09−1 4.63−1 4.93−4−2.30−1−2.30−1 7.99−1 2.63−3−5.14−1−5.13−1

4 1.53−2 1.14−3−3.58−3−3.51−3 3.05−2 1.99−3−7.17−3−7.05−3 5.90−2 2.72−3−1.44−2−1.42−2

2 8.49−3 2.45−3−1.08−4 1.06−5 9.90−3 3.14−3−2.08−4−5.46−6

1 1.02−2 3.29−3 5.13−6 1.90−4

but also the projection Πk, i.e., the approximation space, depend on the applied ODE
solver since the particles which define the approximation space are propagated forward
along the characteristic. Therefore, we have two sources for a time-dependent error
component in (5.3), |det JT̃∆t | and Πk. A convergence behavior similar to that of the
applied ODE solver can be perceived from the measured defects dM/E. As one can
expect, for both ODE solvers we have dM = dE if the defects are large compared with
the spatial resolution, i.e., the displayed defects dM/E are significant only if the local
errors can be resolved (beyond oscillations) by the approximation space. For the Euler
method we have a loss of energy and mass over time which is due to the fact that the
backward Euler integration contracts the support of the approximate solution, i.e., the
characteristics are approximated by a contracting spiral. For the particle distribution,
though, we approximate the characteristic by forward integration. Hence, the path
of a single particle is a widening spiral and the particles are propagated away from
the support of the solution. The particles may even leave the domain of interest
whereas the approximate solution will move to the center with a contracted support.
Therefore, the approximate solution may vanish once its support is contracted beyond
the spatial resolution of the approximation space (see Table 5.1). Hence, we have an
additional loss of spatial resolution due to the difference in forward-backward time
integration. This error affects the quality of the projection Πk which is the main
source for the oscillations uoscap . The displayed oscillations uoscap are also a measure for
peak attenuation since uoscap = minu−minuap in all our experiments.

In Figure 5.2 the isolines of the approximate solution, the isolines of the error,
and the corresponding particle distribution at times (6∆t, 12∆t, 18∆t, 24∆t) with
∆t = 2π/25 are displayed. We clearly see that the spatial degrees of freedom follow
the evolution of the solution. From these figures we cannot see a difference in the
forward-backward time integration for the Runge–Kutta method, i.e., the particles
and the solution are propagated along the “same” path. This can also be observed
from the oscillations displayed in Table 5.2 since uoscap is (almost) independent of ∆t
and t.

From the displayed isolines we notice the “conservation” of the peak of the so-
lution. Moreover, we see that the overall error is dominated by the error in space
rather than in time for small values of ∆t. Further experiments showed the antici-
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Figure 5.3. Isolines (0.005, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9) of the computed solution (left)
and isolines (0.005, 0.01, 0.05, 0.1, 0.2, 0.3, 0.4) of the error (right) for (5.1) using a fourth order
Runge–Kutta method after 3 (t = 19∆t, top) and 6 (t = 38∆t, bottom) revolutions with ∆t = 4π/25.

pated “third order” convergence in space (see section 5.2). Here, the error is located
in a small region around the approximate support Ω̂ where the resolution of the ap-
proximation space is significantly less than in Ω̂. Hence, the error could probably be
reduced by using an initial particle distribution which is more adapted to the initial
value. The isolines of the computed solution after (slightly more than) three and six
full revolutions using the Runge–Kutta method with ∆t = 4π/25 are displayed in
Figure 5.3. Again, we see the conservation of the peak. But here we can also observe
the mass and energy defect. The diameter of every isoline grows, i.e., we have an
increase in mass and energy over time. Furthermore, the isolines of the corresponding
errors are displayed which show the dominance of the error in time rather than in
space for large values of ∆t.

5.2. Elliptic problems. In the following we consider the model problem

−∇A∇u+ bu = f in Ω := (0, 1)2(5.4)

with suitable boundary conditions Bu = g on Γ := ∂Ω. We discretize this elliptic
problem using our particle-PUM as described in section 4. The particle distribution
we use is generated via either a Halton sequence or a graded uniform distribution.

According to the results of [3, 4] (see section 4.1.4), we can estimate the global
error with respect to maxi diam (ωi) only. We can expect erratic fluctuations in the
convergence rates if we measure the convergence based on such error estimates since we
use a pseudo Monte Carlo sequence to generate the particle distribution. Furthermore,
we may get a convergence behavior of the global space V which is superior to the one
of the local spaces Vi due to the overlapping of the cover patches; see section 4.1.4.
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Therefore, we measure convergence rates ρ with respect to the number of degrees of
freedom dof =

∑N
i=1 dim(Vi), i.e., we propose an algebraic error estimate

‖u− ũ‖ = O(dofρ).

We compute ρ from the measured errors ‖u − ũl‖ and ‖u − ũl−1‖ on two successive
levels l and l − 1 via the relation

ρ =
log
(

‖el‖
‖el−1‖

)
log
(

dofl
dofl−1

) , where el = u− ũl.(5.5)

These convergence rates ρ can be translated into the well-accepted hα notation in
the case of a uniform particle distribution and dim(Vi) = const. Here, we have

h ∼ N−1/d ∼ dof−1/d. Therefore we get the relation −α/d ∼ ρ. For example, the
analogue of a convergence of the order O(h2) in the L2-norm is achieved if we measure
ρL2 = −1 for a 2D problem.

Example 1 (h-version of particle-PUM, smooth solution). Our first elliptic ex-
ample is the simple Helmholtz equation

−∆u+ u = f in Ω = (0, 1)2(5.6)

with Neumann boundary conditions ∂u/∂n = g on Γ = ∂Ω. We choose f and g such
that the continuous solution to the problem is given as

u(x, y) = arctan

(
100

(
x+ y√

2
− 0.8

)
(x− x2)(y − y2)

)
.(5.7)

The weight function Wi in this experiment is the quadratic B-spline, the stretch
parameter α = 1.5, the local approximation spaces Vi are the linear Legendre polyno-
mials, and the underlying particle distribution is the pseudo Monte Carlo distribution
generated via a (2, 3) Halton sequence. Therefore, we expect to measure convergence
rates ρL2 ∼ −1 in the L2-norm and ρH1 ∼ −0.5 in the H1-norm. The solution (5.7)
and the error for the experiment with 256 particles are displayed in Figure 5.4.

Table 5.3 and Figure 5.5 give the error in different norms and the associated
convergence rates for varying particle numbers. We clearly see a rate of −1 in the
L2-norm and L∞-norm and a rate of −0.5 for the H1-norm (i.e., a convergence of the
order O(h2) in the L2-norm and L∞-norm and a convergence of the order O(h) in
the H1-norm). These results demonstrate that the particle-PUM based on a pseudo
Monte Carlo particle distribution matches the convergence behavior of the h-version
of the finite element method on a uniform grid. Thus, our method incorporates the
advantages of a particle method but preserves at the same time the usual convergence
properties of the finite element method.

Example 2 (h-version of particle-PUM, singular solution). In our second experi-
ment with an elliptic problem we consider the Laplace equation

−∆u = f in Ω = (0, 1)× (−0.5, 0.5)(5.8)

with Dirichlet boundary conditions u = g on Γ = ∂Ω. We choose f and g such that

u(x, y) = u(z) = Re(z1/2) = (x2 + y2)1/4 cos

(
arctan(xy )

2

)
(5.9)
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Figure 5.4. Graph of solution (5.7) and graph of error for Example 1 using 256 particles.

Table 5.3
Errors and convergence rates for Example 1.

N p dof ‖e‖L∞ ρL∞ ‖e‖L2 ρL2 |e|H1 ρH1

64 1 192 1.318−1 ∗ ∗ ∗ 2.819−2 ∗ ∗ ∗ 9.826−1 ∗ ∗ ∗
256 1 768 4.002−2 −0.860 5.472−3 −1.183 4.056−1 −0.638
1024 1 3072 1.119−2 −0.919 1.629−3 −0.874 2.223−1 −0.434
4096 1 12288 3.004−3 −0.949 3.833−4 −1.044 1.044−1 −0.535
16384 1 49152 7.797−4 −0.973 9.439−5 −1.011 5.230−2 −0.499

is the continuous solution to the problem. Besides a uniform particle distribution we
also use a graded particle sequence (see Figure 5.8) to cope with the singularity of
the solution (5.9). Note that all particles ξi of the uniform distribution are interior
points of the domain Ω, i.e., ξi ∈ Ω \ ∂Ω. We use the same weight functions and
local approximation spaces as in Example 1 and a stretch parameter α = 1.25 for
the uniform and the graded particle distribution. The Dirichlet boundary conditions
are enforced by Lagrangian multipliers which are constructed according to section
4.2.2. Here, we are using the constant function only as local approximation spaces
for the multiplier space Qh to have a coarser resolution on the boundary than in the
interior so that the discrete LBB condition (4.16) holds. We measure a convergence
rate ρL∞ of about −0.35 for the uniform particle distribution (see Table 5.4). This
is slightly better than the well-known convergence of the order O(h1/2) of the finite
element method in the L∞-norm for this problem. Since the pointwise convergence of
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Figure 5.5. Convergence history for Example 1.

Table 5.4
Errors and convergence rates for Example 2 for the uniform particle distribution (left) and the

graded particle distribution (right).

‖e‖L∞ ρL∞ ‖e‖L2 ρL2 N p dof ‖e‖L∞ ρL∞ ‖e‖L2 ρL2

7.639−2 ∗ ∗ ∗ 1.889−3 ∗ ∗ ∗ 64 1 192 8.059−2 ∗ ∗ ∗ 3.196−3 ∗ ∗ ∗
5.251−2 −0.270 7.171−4 −0.699 256 1 768 5.293−2 −0.303 9.593−4 −0.868
3.391−2 −0.315 2.653−4 −0.717 1024 1 3072 3.001−2 −0.409 2.860−4 −0.873
1.875−2 −0.427 9.727−5 −0.724 4096 1 12288 1.473−3 −0.513 9.603−5 −0.787

the finite element method in points sufficiently far away from the singularity is of the
order O(h3/2), we can expect a convergence rate ρL2 in the L2-norm less than −0.75.
We measure a convergence rate ρL2 which is close to −0.75 for the uniform particle
distribution. Figure 5.6 shows the solution (5.9) and the error for 256 particles of the
graded particle distribution. From Figure 5.7 and Table 5.4 we see that the use of a
graded particle distribution improves the convergence behavior of the method.

Now, we measure convergence rates ρL2 and ρL∞ of about −0.8 in the L2-norm
and −0.5 in the L∞-norm. Since the grading we employ to the particle distribution
(see Figure 5.8) is not optimal, we are not able to completely recover ρL2,L∞ ∼ −1.
Here, error estimators for adaptive particle refinement must be developed in the future
to fully exploit the capabilities of the method.

The results from Examples 1 and 2 demonstrate that the particle-PUM does work
on irregular or scattered data with roughly the same convergence behavior as the finite
element method on a uniform grid. Furthermore, Example 2 indicates that we might
also resolve singularities of the solution by local refinement, i.e., by increasing the
particle density close to the singularity. Thus, we can achieve a similar convergence
as we would obtain with an adaptive finite element method but can circumvent the
geometric constraints we have to face there (angle conditions, hanging nodes, proper
local grid refinement, quasi-uniformity of the grid, etc.). With the particle-PUM we
may insert particles (almost) anywhere near the singularity without worrying much
about the neighboring particles and their respective patch size.

Example 3 (p-version of particle-PUM, smooth solution). We again consider
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Figure 5.6. Graph of solution (5.9) and graph of error for Example 2 using 256 particles.

Figure 5.7. Convergence history for Example 2 for the uniform particle distribution (left) and
the graded particle distribution (right).

the continuous problem from Example 1, but we will now apply the p-version of
our particle-PUM. Here, the particle distribution is fixed, and we use 256 particles
generated via a (2, 3) Halton sequence and a stretch parameter α = 1.5. The weight
function used in this experiment is the well-known hat function. Furthermore, we use
the complete polynomials V C

i as local approximation spaces with degrees pi = p and
p ranging from one to five. We choose tensor products of Legendre polynomials as
local basis functions.

For analytic solutions u we may estimate the error u− ũ on every cover patch ωi
using the Taylor-series expansion (see section 4.1.4). We obtain the local estimate

‖u− ũ‖ = O

(
‖D(p+1)u‖ hp+1

(p+ 1)!

)
(5.10)

for an approximation ũ of degree p, which leads to an exponential error estimate

‖u− ũ‖ = O
(
exp(−b√dofp)

)
(5.11)

on every cover patch ωi. In our first experiment with the p-version we choose f and
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Figure 5.8. Graded particle distribution via transformation: (x, y) 
→ (x2,±2y2).

g such that the continuous solution to the problem is given as

u(x, y) = exp(4(x+ y)).(5.12)

This solution is sufficiently smooth for (5.11) to hold. Therefore, we expect to see an
exponential convergence in this experiment. The plots of the measured errors against
the number of degrees of freedom are displayed in Figure 5.9 (left). Their gradients
ρ as defined in (5.5) are given in Table 5.5. These results clearly show the expected
exponential convergence behavior.

Example 4 (p-version of particle-PUM, limited smoothness of solution). In a
second experiment with the p-version of our particle-PUM we choose f and g such
that the continuous solution to the problem is given by

u(x, y) = (x2 + y2)5/4 .(5.13)

Here, the estimate (5.11) does not hold since (5.13) is not analytic. Therefore, we may
not expect an exponential convergence behavior of the p-version of our particle-PUM
in this experiment.

We use the same particle distribution, the same cover, and the same local approx-
imation spaces Vi as in Example 3 with p now ranging from one to eight. Figure 5.10
shows the solution (5.13) and the error for p = 5. The measured errors are displayed
in Figure 5.9 (right). The corresponding rates ρ and the measured errors are given in
Table 5.6. From these results we clearly see an algebraic convergence behavior of the
p-version of our particle-PUM for problems with solutions with limited smoothness
properties. A similar behavior can be observed when we employ a finite element dis-
cretization with the p-version on a fixed uniform grid. In fact, a convergence rate of
2 · 5/4 (ρH1 = −2.5) in the H1-norm is well known for the classical p-version of the
FEM [5] for this problem and we (almost) recover this convergence behavior with our
particle-PUM.

This experiment again demonstrates that the p-version of the particle-PUM based
on a pseudo Monte Carlo particle distribution converges as well as the corresponding
p-version of the finite element method.

In summary, the results of our numerical experiments with the h-version and p-
version of our particle-PUM applied to elliptic problems clearly show that the method
possesses the advantages of a particle method. At the same time, it exhibits a conver-
gence behavior similar to that of the respective version of the finite element method.
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Figure 5.9. Convergence history for Example 3 (left), Example 4 (right).

Table 5.5
Errors and convergence rates for Example 3.

N p dof ‖e‖L∞ ρL∞ ‖e‖L2 ρL2 |e|H1 ρH1

256 1 768 6.2921 ∗ ∗ ∗ 1.7610 ∗ ∗ ∗ 1.5142 ∗ ∗ ∗
256 2 1536 5.0940 −3.627 1.512−1 −3.542 1.5071 −3.329
256 3 2560 3.423−1 −5.286 6.628−3 −6.122 9.738−1 −5.362
256 4 3840 1.837−2 −7.207 2.920−4 −7.700 5.732−2 −6.986
256 5 5376 9.130−4 −8.921 1.392−5 −9.044 3.007−3 −8.761

5.3. Parabolic problem. In the following we consider the heat-equation

∂u

∂t
−∆u = 0 in Ω := (−0.5, 0.5)2 × (0, T )(5.14)

with vanishing Neumann boundary conditions ∂u/∂n = 0 on Γ := ∂Ω and initial value
u(x, y, 0) = exp(−100(x2+y2)) in Ω := (−0.5, 0.5)2. For this parabolic model problem
we use a random walk process as described in section 2 to simulate the diffusive
transport on the particle positions. Furthermore, we reduce the parabolic problem
to a sequence of elliptic problems via a standard implicit Eulerian time discretization
which gives the usual O(∆t) convergence behavior in time. We employ the shape
functions from the PUM based on the particle positions after the random walk process
to discretize the elliptic problem in every time step. Here, the weight functions Wi

are the hat functions. The stretch parameter in this experiment is α = 1.25. As
local approximation spaces Vi we use the complete quadratic polynomials V C

i . We

use a block-structure approach using an approximate support Ω̂ of the initial value
as described in section 5.1 to resolve the initial value. The particle distributions and
isolines of the solution at times (5∆t, 15∆t, 25∆t, 35∆t) with ∆t = 0.001 are displayed
in Figure 5.11. Here, we clearly see the diffusive particle transport and the reduction
of the total number of particles over time. The diffusive particle transport adapts
the distribution of the spatial degrees of freedom appropriately to the evolution of the
solution. The solution gets smoother over time due to the diffusion. Here, the solution
can be resolved to the same accuracy as the initial value with fewer unknowns, i.e.,
a successively reduced number of particles is sufficient to give a good approximation
on Ω. We start with 469 particles (see Figure 5.12) and after 35 time steps there are
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Figure 5.10. Graph of solution (5.13) and graph of error for Example 4 with p = 5.

Table 5.6
Errors and convergence rates for Example 4.

N p dof ‖e‖L∞ ρL∞ ‖e‖L2 ρL2 |e|H1 ρH1

256 1 768 5.694−3 ∗ ∗ ∗ 6.208−4 ∗ ∗ ∗ 4.073−1 ∗ ∗ ∗
256 2 1536 3.429−5 −7.375 4.516−6 −7.103 5.614−2 −6.605
256 3 2560 5.335−6 −3.642 2.165−7 −5.947 5.765−4 −5.479
256 4 3840 1.311−6 −3.461 3.346−8 −4.605 3.510−5 −3.726
256 5 5376 3.931−7 −3.580 9.608−9 −3.708 7.747−6 −2.926
256 6 7168 2.116−7 −2.153 4.696−9 −2.489 2.894−6 −1.999
256 7 9216 1.141−7 −2.460 1.908−9 −3.583 8.173−7 −2.743
256 8 11520 7.254−8 −2.028 9.972−10 −2.909 4.935−7 −2.261

only 374 left (see Figure 5.11). But the number of particles within the approximate
support Ω̂ (while Ω̂ ⊂ Ω) is almost constant over time, i.e., the solution in every time
step is represented by an almost constant number of degrees of freedom in space. This
is due to the Monte Carlo simulation of the diffusion onto the particle distribution
and the Neumann boundary conditions. Overall, we only reduce the computational
work by applying the Monte Carlo step, but the spatial resolution in every time step
is sufficiently high to give a good approximation of the solution to (5.14). Due to use
of quadratic polynomials V C

i we have a “third order” convergence in space.
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Figure 5.11. Particle distributions and isolines (0.005, 0.01, 0.02, 0.03, 0.045) of the approxi-
mate solution for (5.14) at times (5∆t, 15∆t, 25∆t, 35∆t) with ∆t = 10−3.
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Figure 5.12. Initial particle distribution (left) and the constructed cover (right) for (5.14).

5.4. Convection-diffusion problem. In the following we consider the model
problem

∂u

∂t
− 1

125
∆u+

1√
x2 + y2

( −y
x

)
∇u = 0 in Ω := (−1, 1)2 × (0, T )(5.15)

with vanishing Neumann boundary conditions ∂u/∂n = 0 on Γ := ∂Ω and initial
value u(x, y, 0) = exp(−100((x− 1

4 )
2 + (y − 1

4 )
2)).

We discretize (5.15) via the particle method presented in section 2. First, we
split the operator ∂

∂t − ν∆+ v∇ into a hyperbolic operator ∂
∂t + v∇ and a parabolic

operator ∂
∂t −ν∆. Then, we apply the corresponding particle method to the resulting

hyperbolic problem (see section 3, section 5.1) with a fourth order Runge–Kutta
method, and to the remaining parabolic problem (see section 2, section 5.3). Again,
we use α = 1.25, hat functions as weight functions Wi for the construction of the
partition of unity {ϕi} and a block-structure approach to resolve the initial value. As
local approximation spaces Vi we use the complete quadratic polynomials V

C
i .

The particle distributions and isolines of the solution at (5∆t, 10∆t, 15∆t, 20∆t)
with ∆t = 2π/50 are displayed in Figure 5.13. Here, we see that the diffusive particle
movement together with the particle movement induced by the Lagrangian discretiza-
tion of the convective terms of (5.15) causes the particles to follow the solution over
time. Thus, we have roughly the same number of degrees of freedom for the res-
olution of the solution in every time step. Note that the Lagrangian treatment of
the convection part circumvents the stability problems we might experience with a
finite element discretization for the convective terms of (5.15). Further experiments
showed the expected discretization error of “third order” in space and the expected
O(∆t) discretization error in time which is due to the first order implicit Eulerian
time discretization for the parabolic subproblem.

6. Concluding remarks. We presented a meshless Lagrangian discretization
method for instationary convection-diffusion problems. The method combines a par-
ticle approach and a meshless method for the generation of shape functions and the
adaptation of the distribution of nodes (particles). We gave the details of the imple-
mentation and results of our numerical experiments. They showed that the conver-
gence properties of the h-version and p-version of our particle-PUM for elliptic prob-
lems are comparable to those of the h-version and p-version of the FEM, respectively.
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Figure 5.13. Particle distributions and isolines (0.01, 0.05, 0.075, 0.1, 0.125, 0.15, 0.175, 0.2) of
the approximate solution for (5.15) at times (5∆t, 10∆t, 15∆t, 20∆t) with ∆t = 2π/50.
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The convergence behavior in time of the proposed method for hyperbolic problems
corresponds to the convergence behavior of the employed ODE solver. Furthermore,
a fewer number of degrees of freedom in space than with a uniform semi-Lagrangian
method or even Euler method may be used since the degrees of freedom follow the so-
lution over time. Hence, we do not have to resolve the complete computational domain
with the same accuracy. Adaptive semi-Lagrangian or Euler methods would have to
apply refinement and coarsening in every time step whereas our method will trans-
form an adaptively refined particle distribution for the initial value into an adaptively
refined particle distribution in every time step without applying explicit refinement
and coarsening.

Up to now, the method is in an experimental state and is surely not yet competi-
tive to existing grid-based methods. The efficiency of the method has to be improved.
The most room for improvement is during the construction of a cover, the integration
of the shape functions and the iterative solution of the resulting linear system, espe-
cially in the case of an elliptic problem with Dirichlet boundary conditions where we
have to solve a saddle point problem. Furthermore, an adaptive refinement, i.e., the
proper insertion of particles (h-version) as well as the local increment of the degree
of the polynomials used (p-version) or both together (hp-version), needs the develop-
ment of reliable local error indicators and estimators. Moreover, an adaptive control
of the time step size, the use of local time stepping methods and the choice of more
sophisticated operator splittings could further improve the performance of the method
for time-dependent problems.

In summary, much additional work remains to be done, but the results presented
in this paper demonstrate the promising properties of the particle-PUM and encourage
its further development.
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Abstract. This paper describes a parallel convection-diffusion solver which may be used as
part of a Navier–Stokes solver for three-dimensional channel flow at moderately large Reynolds num-
bers [S. Turek, Efficient Solvers for Incompessible Flow Problems: An Algorithmic Approach in View
of Computational Aspects, Springer-Verlag, 1999]. The solver uses a multiplicative Schwarz domain
decomposition with overlapping subdomains to solve singularly perturbed convection-diffusion equa-
tions where convection is dominant. Upwind finite differences are used for the spatial discretization.
The algorithm uses special features of the singularly perturbed convection-diffusion operator. The
error due to a local perturbation of the boundary conditions decays extremely fast, in the upwind as
well as the crosswind direction, so the overlap in the domain decomposition can be kept to a mini-
mum. The algorithm parallelizes well and is particularly suited for applications in three dimensions.
Results of two- and three-dimensional numerical experiments are presented.
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1. Introduction. The importance of efficient convection-diffusion solvers is dif-
ficult to overestimate. Apart from their direct use in modeling schemes, for example,
in pollution propagation, they constitute an essential part of several numerical tech-
niques for the Navier–Stokes equations [8, 22]. In this paper, we present a new parallel
convection-diffusion solver, which may be incorporated in a Navier–Stokes solver for
three-dimensional channel flow at moderately large Reynolds number [21]. We focus
on algorithmic (rather than approximation) issues for the convection-diffusion equa-
tions (adaptive grids, boundary layers, etc.). It is well known that the performance
of an algorithm for linear singular perturbation problems depends not so much on
the actual value of the small perturbation parameter as on its value relative to the
mesh size [5]. In this paper we focus therefore on the analysis of the discrete operator,
taking this relative value into account.

To solve a singularly perturbed convection-diffusion equation with strongly dom-
inant convection, we apply the multiplicative Schwarz method for domain decompo-
sition with overlapping subdomains. The algorithm is based on special features of
the singularly perturbed convection-diffusion operator [20]. In particular, we take
advantage of an anisotropic propagation of the perturbation associated with any local
perturbation of the boundary conditions. In the case of a constant transport vector,
a pointwise perturbation causes the perturbation to propagate only in the downwind
direction and vanish rapidly both in the upwind and crosswind directions. Figure 1
(upper row) illustrates this phenomenon for a pointwise perturbation of homogeneous
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Dirichlet boundary conditions at the midpoints of the left, upper, and right bound-
aries of the unit square. For an arbitrary transport vector, this is no longer the case.
Directional variations of the transport vector in the vicinity of a pointwise perturba-
tion of the boundary conditions tend to smear-out the solution perturbation. Figure 1
(bottom row) illustrates this phenomenon for a strong vortex near a pointwise per-
turbation of the boundary conditions.

Fig. 1. Solutions to problems with a pointwise perturbation of homogeneous Dirichlet boundary
conditions.

We propose a parallel algorithm for the solution of singularly perturbed convection-
diffusion problems described by the operator

L = −ε∆+B1(x1, x2) · ∂

∂x1
+B2(x1, x2) · ∂

∂x2
,

where �B = (B1, B2)T , with B1 positive in the main part of the domain and B2 of the
same order as B1 or smaller.

Problems with transport vectors �B with small deviations from the prescribed
downwind direction (B2 small compared to B1) are solved by the following two-level
Schwarz method. At the outer level, we split the original domain into overlapping
crosswind strips (slices). The classical Schwarz method in the downwind direction is
the outer part of the algorithm. If the trace of B1 on the artificial interfaces is positive
and bounded below by a positive constant B0 of order one, very few outer iterations
are needed to reach a prescribed accuracy. The fast convergence is a consequence
of the upwind decay. It is natural to use a Schwarz method for the inner iterations.
We split each strip-subdomain into overlapping boxes and define the inner iterations
using a version of either the multiplicative or the additive Schwarz method. The
novel feature of the version of the Schwarz method selected for the inner iterations is
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that the choice of overlapping domain decomposition is based on the fast crosswind
decay phenomenon which is present when the trace of B2 is smaller than the trace
of B1 on the artificial interfaces. At the level of the inner iterations, we have natural
parallelism, since each of the box-subdomains can be treated by its own processor.
Actually, one can consider a family of parallel methods by varying the type of solver
within the strip-subdomain. It is very important that the number of iterations be-
tween the box-subdomains with odd and even indices may be very small (1 or 2) and
small overlappings practically do not affect the fast convergence of the algorithm.

For problems with a transport vector with large deviations from the prescribed
downwind direction we introduce an adaptive two-level Schwarz method based on
the automatically adapted first-stage domain decomposition. The first-stage splitting
is chosen in such a way that the B1-component of the transport vector is strictly
positive on the artificial interfaces. For instance, if the transport vector contains a
strong stagnant vortex in some region, the strip-subdomain has to be chosen suffi-
ciently “thick” to contain the vortex. Moreover, the number of iterations between the
box-subdomains with odd and even indices has to be increased in those thick strip-
subdomains that slow down the iterations. Nevertheless, we show that the method
maintains a fast convergence rate. As long as the vertex zone is small compared to the
size of the domain, the algorithm is efficient and readily parallelizable. The techniques
are readily generalized to the three-dimensional case.

The theoretical analysis of the above algorithm is given in [6, 7]. It is performed
on the discrete level. The properties of grid functions satisfying certain systems of
algebraic equations constitute the core of the analysis. The approximation scheme,
which uses finite differences, must satisfy the discrete maximum principle.

Numerical results for the additive version of the two-stage Schwarz method ap-
plied to singularly perturbed convection-diffusion problem are presented in [10]. For
domain-decomposition algorithms based on discrete upwind decaying phenomenon,
we refer to [9, 19]. Other results concerning domain-decomposition methods for sin-
gularly perturbed elliptic equations can be found in [1, 4, 5, 2, 12, 13, 14]. The decay
of the discrete Green’s function has been analyzed in [11, 15] for the case of streamline
upwinding Petrov–Galerkin discretization. For a comprehensive study of differential
solution properties, we refer to [20, 3]. Parallel multigrid techniques relevant to the
problem of interest are considered in [17, 18].

The remainder of the paper is organized as follows. In section 2 we consider the
simplest singularly perturbed convection-diffusion operator with a constant transport
vector. First, we investigate the upwind and crosswind error propagation. Second, we
assemble the results for the propagation errors to analyze the convergence property of
the two-level Schwarz method. Section 3 is devoted to the convection-diffusion oper-
ator with a variable transport vector. We present an adaptive version of the two-level
Schwarz method for solving the discrete problem and discuss the convergence of the
method. Section 4 gives implementation details for the adaptive technique for splitting
the computational domain and providing fast convergence and efficient parallelization
of the algorithm. In section 5, we present the results of the numerical experiments.
In sections 5.1 and 5.2, we consider two- and three-dimensional problems and report
on the numerical results in terms of the convergence and parallel performance.

2. Convection-diffusion problem with a constant transport vector. We
consider a two-dimensional convection-diffusion equation with constant coefficients in
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the unit square:

Lu = f in Ω = (0; 1)× (0; 1),

u = g on ΓD,

∂u

∂ν
= 0 on ΓN ,

(2.1)

where

L = −ε∆+
∂

∂x1
,(2.2)

ε ≡ const ∈ (0; 1), ΓN = {x ≡ (x1, x2) : x ∈ ∂Ω, x1 = 1, 0 < x2 < 1}, ΓD = ∂Ω \ ΓN ,
and ν is the outer conormal vector to ΓN . We assume that the functions g and f
are sufficiently smooth, nonnegative, and bounded from above by 0.5. The above
restrictions on g and f are dictated only by simplicity of presentation. We introduce
the Neumann boundary condition for the sake of generality; the case ΓN = ∅ is covered
by the analysis as well.

Let Ωh be a square grid with the step size h = 1/n, where n is a positive integer.
Then the system of the finite difference equations can be presented in the following
form:

Lh uij = fij , xij ∈ Ω ∪ ΓN ,
uij = gij , xij ∈ ∂Ω \ ΓN ,

(2.3)

where xij = (ih, jh), i, j = 0, . . . , n. Here

Lh uij =




ε

h2
[4uij − ui+1j − ui−1j − uij−1 − uij+1] +

uij − ui−1j

h
, xij ∈ Ω,

ε

h2
[3uij − ui−1j − uij−1 − uij+1] +

uij − ui−1j

h
, xij ∈ ΓN ;

(2.4)
that is, the convection term is approximated by the upwind finite differences. In what
follows, the term “upwind” stands for the opposite direction to the first coordinate
axis and “crosswind” stands for the orthogonal direction.

We note that grid operator (2.4) satisfies the well-known maximum principle [16].
Taking into account restrictions on f and g and applying the grid maximum principle
we get

max
xij∈Ω̄

uij ≤ 1.

2.1. Upwind and crosswind error propagation. Let na and nb be positive
integers such that na < nb ≤ n. We set a = na · h and b = nb · h and consider a grid
problem (Figure 2)

Lh vij = fij in Ωb = (0; b)× (0; 1),

vij = gb,j on Γb = {x : x1 = b, 0 < x2 < 1},
vij = gij on ∂Ωb \ Γb,

(2.5)
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✲

✻

0

1

x2

x1ba

d

Ωb Γb

Fig. 2. Strip subproblem in Ωb.

where

gb,j = (1− j · h) · g(b, 0) + j · h · g(b, 1).(2.6)

Our goal is to find for given na and δ ∈ (0; 1) a value of nb, possibly smaller to
satisfy the inequality

max
0≤i≤na
0≤j≤n

|vij − uij | ≤ δ.(2.7)

Lemma 2.1. Let d = h · (nb−na). Then (2.7) holds true for any d which satisfies
the inequality

d ≥ h
ln (1/δ)

ln q1
, q1 = 1 +

h

ε
.(2.8)

Proof. The grid function wij = vij − uij is the solution of the grid problem

Lh wij = 0 in Ωb,

wij = 0 on ∂Ω \ Γb,
wij = gb,j − uij on Γb.

Using the grid maximum principal we can show that

|wij | ≤ wi, xij ∈ Ω̄,
where the grid function

wi =
qi1 − 1

qnb
1 − 1

, i = 0, . . . , nb, q1 = 1 +
h

ε
,

is the solution to the finite difference system

ε

h2
[2wi − wi−1 − wi+1] +

1

h
(wi − wi−1) = 0, i = 1, . . . , nb − 1,

w0 = 0, wnb
= 1.
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✻

0

1

x2

x1b
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∂Ω̂ \ ∂Ωb

Fig. 3. Box subproblem.

Thus,

wi ≤ qi−nb
1 .

Remark 1. We see that in the case ε ∼ hα, α > 1 (that is, ε � h), ln
(
1 + h

ε

) �
(α−1) lnh−1. Therefore, the overlap required by (2.8) is as much as a few mesh steps:

d ≥ h
ln (1/δ)

(α− 1) lnh−1 .

In the opposite case h� ε we rewrite (2.8) as

d ≥ ε
ln (1/δ)

lnκ1
, κ1 = (1 + h/ε)ε/h,

and note that κ1 → e as h/ε → 0. The last estimate coincides with the differential
estimate [20].

Now, we consider an approximation to the solution of the problem (2.5) by the
solution of an auxiliary problem.

We assume that n1 and n2, n1 ≤ n2, are given nonnegative integers, and n̂1 and
n̂2 are also nonnegative integers such that n̂1 ≤ n1 and n2 ≤ n̂2 ≤ n. We consider a
finite difference problem (Figure 3)

Lhv̂ij = fij in Ω̂ = (0; b)× (n̂1h; n̂2h),

v̂ij = gb,j on Γ̂ = ∂Ω̂ ∩ Γb,

v̂ij =

{
gij on ∂Ω̂ ∩ ∂Ωb \ Γb,
1 on ∂Ω̂ \ ∂Ωb.

(2.9)

The grid function gb,j is defined in (2.6).
Our goal is to find for given n1, n2, and δ ∈ (0; 1) values of n̂1 and n̂2 as close as

possible to the values of n1 and n2, respectively, such that the estimate

max
0≤i≤nb

n1≤j≤n2

|vij − v̂ij | ≤ δ(2.10)
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holds true.
Lemma 2.2. To provide estimate (2.10), choose

n̂1 = max{0;n1 − nb − [n∗]},
n̂2 = min{n;n2 + nb + [n∗]},

(2.11)

where [n∗] is the integer part of n∗ and

n∗ =
ln 2/δ

ln q2
, q2 = 1 +

h

2ε
.(2.12)

Proof. The error grid function wij = vij − v̂ij satisfies the equations
Lhwij = 0 in Ω̂,

wij =

{
0 on ∂Ω̂ ∩ ∂Ωb,
vij − 1 on ∂Ω̂ \ ∂Ωb.

It follows from the grid maximum principle that the solution grid function to (2.5)
satisfies the inequality (due to the assumptions 0 ≤ f ≤ 0.5 in Ω and 0 ≤ g ≤ 0.5 on
∂Ω)

max
0≤i≤nb
0≤j≤n

vij ≤ 1.

Hence,

max
∂Ω̂
|wij | ≤ 1.

We consider an additional grid problem

Lhŵij = 0 in Ω̂,

ŵij =

{
0 on ∂Ω̂ ∩ ∂Ωb,
1 on ∂Ω̂ \ ∂Ωb.

(2.13)

It is obvious that |wij | ≤ ŵij in Ω̂ ∪ ∂Ω̂.
For the sake of simplicity we consider the situation when n̂2 < n and n̂1 = 0.

Then (2.13) can be presented by

Lhŵij = 0 in Ω̂,

ŵij = 1 on Γ̂2 = {x : 0 < x1 < b, x2 = n̂2h},
ŵij = 0 on ∂Ω̂ \ Γ̂2.

(2.14)

We replace (2.14) by the same sort of the finite difference problem in the smaller
domain G = {x : x ∈ Ω̂, x1 + x2 < (n̂2 + 1)h}:

Lhzij = 0 in G,

zij = 0 on ∂G ∩ ∂Ω̂,
zij = 1 on ∂G \ ∂Ω̂.

(2.15)
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✲

✻

0 b
x1

x2

n2h

n̂2h

Ω̂

✲

❅
❅

❅
❅

❅
❅
❅

✻

0 b
x1

x2

n̂2h

G

Fig. 4. An example of domains Ω̂ and G.

According to the grid maximum principle the following estimate holds true:

ŵij ≤ zij , x ∈ G.
An example of the domains Ω̂ and G is presented in Figure 4.

Let us define the values

zl = max
i+j=l

zij , l = 1, . . . , n̂2 + 1.

We fix some l and write (2.15) for the grid node where zl = zij . Negative terms we
substitute by their low estimates and get from (2.15) the system of inequalities [4]

−2ε
h2

[zl−1 + zl+1 − 2zl] +
zl − zl−1

h
≤ 0, l = 2, . . . , n̂2,

with the boundary conditions

z1 = 0, zn̂2+1 = 1.

Consider the system

−2ε
h2

[ẑl−1 + ẑl+1 − 2ẑl] +
ẑl − ẑl−1

h
= 0, l = 2, . . . , n̂2,(2.16)

ẑ1 = 0, ẑn̂2+1 = 1.

The grid maximum principle results are

zl ≤ ẑl, l = 1, . . . , n̂2.

Applying the analysis from the proof of Lemma 2.1 to system (2.16) we get estimates

ẑl ≤ q
−(n̂2+1−l)
2 , l = 1, . . . , n̂2,

where

q2 = 1 + h/2ε.
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Thus, to provide estimate (2.10) we can choose the value of n̂2 equal to the integer
part of n̂∗

2 + 1, where n̂∗
2 is the solution of the equation

δ/2 = q
−(n̂∗

2+1−nb−n2)
2 ,

while n̂1 is equal to the integer part of n̂∗
1, where n̂

∗
1 is the solution of the equation

δ/2 = q
−(−n̂∗

1−1−nb+n1)
2 .

Remark 2. We see that in the case 2ε ∼ hα, α > 1 (i.e., ε � h), ln
(
1 + h

ε

) �
(α − 1) lnh−1. Therefore, the overlap required by (2.11) is as much as nb plus a few
mesh steps:

n� ≥ ln (1/δ)

(α− 1) lnh−1 .

In the opposite case h� ε we rewrite (2.12),

n∗h = 2ε
ln 2/δ

lnκ2
, κ2 = (1 + h/2ε)2ε/h,

and note that κ2 → e as h/ε→ 0. The width of additional overlap n∗h is proportional
to ε (cf. Remark 1) though the overall crosswind overlap is still of order of nbh.
Numerical experiments clearly point out that the term nbh is superfluous. Below we
consider two cases when the term nbh may be omitted.

In the asymptotic case ε � h estimates (2.11)–(2.12) may be considerably en-
hanced [7] as shown in the next lemma.

Lemma 2.3. Let ε� h. To provide estimate (2.10), choose

n̂1 = max{0;n1 − [n∗]},
n̂2 = min{n;n2 + [n∗]},

(2.17)

where [n∗] is the integer part of n∗ and

n∗ =
ln 2/δ

lnµ
, µ =

h

ε
� 1.(2.18)

Proof. We take advantage of the initial steps of the proof of Lemma 2.2 and start
the analysis of the solution of the problem (2.14).

We fix nb and denote p = nb − 1 and define a set of the lines Pl = {x = (x1, x2) :
x1 + px2 = l, l = 1, 2, . . . , p(n̂2 + 1)}. Let

zl = max
xij∈Pl

ŵij , l = 1, . . . , p(n̂2 + 1),

where xij stands for any grid node in Ω̂. Due to the discrete maximum principle

zl = 0, l = 1, . . . , p, zl = 1, l = pn̂2 + 1, . . . , p(n̂2 + 1).(2.19)

From (2.14) we pass to a system of inequalities

− ε

h2
[zl−p + zl−1 + zl+1 + zl+p − 4zl] +

zl − zl−1

h
≤ 0, l = p+ 1, . . . , pn̂2,
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equipped with the boundary conditions (2.19). We consider a solution ẑl to the system

− ε

h2
[ẑl−p + ẑl−1 + ẑl+1 + ẑl+p − 4ẑl] +

ẑl − ẑl−1

h
= 0, l = p+ 1, . . . , pn̂2,(2.20)

subjected to

ẑl = 0, l = 1, . . . , p, ẑl = 1, l = pn̂2 + 1, . . . , p(n̂2 + 1).(2.21)

Due to the discrete maximum principle

zl ≤ ẑl, l = p+ 1, . . . , pn̂2.

Let Ri, i = 1, . . . , 2p, be the roots of the polynomial

Q(ẑ) = −1− (µ+ 1)ẑp−1 + (µ+ 4)ẑp − ẑp+1 − ẑ2p

with µ ≡ h
ε . We will show that for the case µ� 1

|R2p| = max
1≤i≤2p

|Ri| ≈ µ
1
p .

Indeed, the formal asymptotic expansion yields

µ|R2p|p ≈ |R2p|2p

or

µpβ+1 ≈ µ2pβ ,(2.22)

provided that

|R2p| ≈ µβ .(2.23)

(2.22) and (2.23) result in

|R2p| ≈ µ
1
p , µ� 1.(2.24)

To justify the formal asymptotic expansion, we analyze | |R2p|−µ 1
p | for p > 2, µ� 1:

| |R2p| − µ 1
p | ≤ C

|Q(R2p)−Q(µ 1
p )|

|Q′(µ
1
p )|

≤ C
|0 + µ2− 1

p |
| − pµ2− 1

p |
≤ C

1

p
.

Thus, (2.24) is valid.
To evaluate ẑl, we consider the sequence

z̃l =
Rl2p + R̄l2p − (R2p + R̄2p)

Rpn̂2+1
2p + R̄pn̂2+1

2p − (R2p + R̄2p)
, l = 1, . . . , p(n̂2 + 1).

z̃l are real numbers and satisfy to (2.20), while

z̃1 = 0, z̃l > 0, l = 2, . . . , p, z̃pn̂2+1 = 1, z̃l > 1, l = pn̂2 + 2, . . . , p(n̂2 + 1).

For el ≡ z̃l − ẑl we have
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− ε

h2
[el−p + el−1 + el+1 + el+p − 4el] +

el − el−1

h
= 0, l = p+ 1, . . . , pn̂2,

e1 = 0, el > 0, l = 2, . . . , p, epn̂2+1 = 0, el > 0, l = pn̂2 + 2, . . . , p(n̂2 + 1).

Due to the discrete maximum principle

el ≥ 0, l = p+ 1, . . . , pn̂2,

that is to say

ẑl ≤ z̃l, l = p+ 1, . . . , pn̂2.

Hence,

ẑl ≤ δ

when

Rl2p + R̄l2p − (R2p + R̄2p)

Rpn̂2+1
2p + R̄pn̂2+1

2p − (R2p + R̄2p)
≤ δ.(2.25)

Since |R2p| ≈ µ
1
p � 1, (2.25) is equivalent to

µ
l−(pn̂2+1)

p ≤ δ

or

l − 1

p
≤ n̂2 − ln δ−1

lnµ
.

Taking into account the slope of the lines Pl we get the estimate

ŵij ≤ δ, j < n̂2 − ln δ−1

lnµ
.

For certain grids the values h(n̂1 − n1), h(n2 − n̂2) may be reduced without
assumption ε � h, estimate (2.10) being still valid. Consider Ω̂ = (0, b) × (0, c) and
a rectangular grid with mesh steps h1 = b/nx1 , h2 = c/nx2 and the grid problem

L̄h ŵij = 0 in Ω̂,

ŵij = 1 on Γ̂2 = {x : 0 < x1 < b, x2 = c},
ŵij = 0 on ∂Ω̂ \ Γ̂2,

where

L̄h ŵij = ε

h2
1

[2ŵij − ŵi+1j − ŵi−1j ] +
ε

h2
2

[2ŵij − ŵij+1 − ŵij−1] +
ŵij − ŵi−1j

h1
.

Lemma 2.4. There exists ratio h2/h1 such that for h1 sufficiently small

ŵij ≤ δ on Ωδ = (0, b)× (0, cδ),

cδ = c− 2
√
εb ln 1/δ.

(2.26)
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Proof (see [7]). By analogy with the proof of Lemma 2.2 we get

ŵij ≤ δ on Ωδ = (0, b)× (0, cδ),

cδ = c− h2
ln 1/δ
ln q

− bh2
h1
, q = 1 + h1

ε(h2
1/h

2
2 + 1)

.

We can maximize Ωδ by optimizing cδ provided that h1 is small. It is maximal when

h2 = h1

√
ε ln 1/δ

b :

cδ = c− 2b
h2

h1
= c− 2

√
εb ln 1/δ.

We see that for specific grids one can satisfy (2.10) with an extension 2
√
εb ln 2/δ.

Since we can choose h1 vanishing we come to the conclusion that the differential
problem has the same property. Consequently, up to a pointwise approximation error,
the discrete problem posed on square grids yields (2.26) as well. In particular, (2.26)
is valid in the case h << ε. For the case of b ≈ 1 results similar to (2.26) are reported
in [11, 15], where authors dealt with the streamline upwind Petrov–Galerkin (SUPG)
discretization.

2.2. Two-level Schwarz method. Let {na,k} and {nb,k} be strongly monotone
sequences of integers such that 0 = na,1 < na,2 < · · · < na,m < n and na,k+1 < nb,k ≤
n, k = 1, . . . ,m − 1, nb,m = n, ak = na,k · h, am+1 = 1, and bk = nb,k · h, k ≤ n.
We partition the domain Ω = (0; 1) × (0; 1) into m overlapping strip subdomains
Ωk = (ak; bk) × (0; 1) and each strip Ωk we partition into p overlapping subdomains

Ωk,s = (ak; bk)× (n̂(s)
1 h; n̂

(s)
2 h) (Figure 5). Here n̂

(s)
1 and n̂

(s)
2 are chosen for given n

(s)
1

and n
(s)
2 , respectively, using the formulae (2.11)–(2.12).

✲

✻

0

1

1

x2

x1bkak ak+1

dkΩk

Ωk,s ΓN

n̂2h

n2h

n1h

n̂1h
}c(s)1

}c(s)2

Γ
(2)
k,s

Γ
(1)
k,s

Γa,k Γb,k

Fig. 5. Two-level domain decomposition.

Let ut−1
ij be a current guess to uij . A new approximation utij to the solution

grid function uij of the problem (2.3) will be found with the multiplicative Schwarz
method based on the two-level overlapping domain decomposition

Ω =
m∪
k=1

p∪
s=1

Ωk,s.(2.27)
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One complete iteration step includes solving a sequence of subproblems in the strip
subdomains Ωk, k = 1, . . . ,m, (outer Schwarz loop) and each kth strip subproblem
consists of p subproblems in the subdomains Ωk,s, s = 1, . . . , p. In order to specify
the inner iterates within each strip subdomain we introduce the following notations.

Let

Γa,k = {x, x1 = ak, 0 < x2 < 1}, Γb,k = {x, x1 = bk, 0 < x2 < 1}, k = 1, . . . ,m,

Γ
(1)
k,s = {x : ak < x1 < bk, x2 = n̂

(s)
1 h}, Γ(2)

k,s = {x : ak < x1 < bk, x2 = n̂
(s)
2 h},(2.28)

and let the value of k be fixed (k ≥ 1) and utij be given on Γa,k (utij = gij on Γa,1).
For k < m we denote the subproblem

Lhû(s)
ij = fij in Ωk,s,

û
(s)
ij = utij on ∂Ωk,s ∩ Γa,k,
û

(s)
ij = ut−1

ij on ∂Ωk,s \ Γa,k,
by

Atk,sû(s)
ij = fij ,

and assuming û
(s−1)
ij , û

(s+1)
ij are given on Γ

(1)
k,s,Γ

(2)
k,s, we denote the subproblem

Lhû(s)
ij = fij in Ωk,s,

û
(s)
ij = utij on ∂Ωk,s ∩ Γa,k,
û

(s)
ij = ut−1

ij on ∂Ωk,s ∩ Γb,k,
û

(s)
ij = û

(s−1)
ij on Γ

(1)
k,s, s > 1,

û
(s)
ij = û

(s+1)
ij on Γ

(2)
k,s, s < p,

by

Mt
k,sû

(s)
ij = fij .

For k = m we substitute the nonhomogeneous Dirichlet boundary condition on Γb,m
by the homogeneous Neumann boundary condition on Γb,m = ΓN .

Now we are able to state the two-stage Schwarz method (Figure 6).
Algorithm. Given the current guess ut−1

ij and positive integers Tk, k = 1, . . . ,m:

For k = 1, . . . ,m find the restriction of utij onto (ak; ak+1]×(0; 1) by the following
inner iterations:

1. Set l = 0. For all even s solve Atk,sû(s)
ij = fij .

2. Do while ( l ≤ Tk )
Set l = l + 1.
If l is odd then

for all odd s solveMt
k,sû

(s)
ij = fij

else
for all even s solveMt

k,sû
(s)
ij = fij

End do
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3. Define the grid function utij on [ak, ak+1]× (0; 1) by

utij = û
(s)
ij , x ∈ [ak, ak+1]× [n

(s)
1 h;n

(s)
2 h], s = 1, . . . , p.

The above algorithm is rather flexible. By varying the value of Tk one can for-
mulate different types of the approximate solvers in the crosswind strips Ωk:

• Different Tk generate different numbers of the multiplicative Schwarz itera-
tions between the subdomains Ωk,s with odd and even indexes s.
• Instead of the condition l > Tk the stopping criterion might be a decrease of
the residual for the strip problem.
• Additive solvers may be formulated:

1. For all s solve Atk,sû(s)
ij = fij .

2. Define the grid function utij on [ak, ak+1]× (0; 1) by

utij = û
(s)
ij , x ∈ [ak, ak+1]× [n

(s)
1 h;n

(s)
2 h], s = 1, . . . , p.

To evaluate the convergence rate of the above multiplicative Schwarz method, we
have to estimate the maximum norm of the grid function uij − utij . For simplicity
we present the result related to the multiplicative version with Tk = 1, k = 1, . . . ,m.

Hereinafter, we denote by dk the downwind overlap bk − ak+1 and by c
(s)
1 , c

(s)
2 the

crosswind overlaps (n̂
(s)
1 −n(s)

1 )h, (n
(s)
2 −n̂(s)

2 )h, respectively, and define b as max
1≤k≤m

(bk−
ak).

Fig. 6. Two-stage Schwarz method.

Theorem 2.5. Let d ≡ min
1≤k≤m−1

dk,

c
(s)
1 ≡ c

(s)
2 = b+

[
d

h

ln q1
ln q2

]
h, q1 = 1 +

h

ε
, q2 = 1 +

h

2ε
,(2.29)

and let a nonnegative grid function ut−1
ij be given in Ω̄ such that

max
Ωh

|uij − ut−1
ij | ≤ 1.(2.30)

Then

max
Ωh

|uij − utij | ≤ 3mq
−d/h
1 max

Ωh

|uij − ut−1
ij |.(2.31)
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Proof. Let rt−1 = maxΩh
|uij − ut−1

ij |. To estimate |uij − utij |, we consider the
following strip equations (1 ≤ k < m)(Figure 5):



Lhw(k,s)
ij = 0 in Ωk,s, s even,

w
(k,s)
ij = δk−1 on ∂Ωk,s ∩ Γa,k,

w
(k,s)
ij = 0 on ∂Ωk,s ∪ ∂Ω,

w
(k,s)
ij = rt−1 on ∂Ωk,s \ (Γa,k ∪ ∂Ω),




Lhw(k,s)
ij = 0 in Ωk,s, s odd,

w
(k,s)
ij = δk−1 on ∂Ωk,s ∩ Γa,k,

w
(k,s)
ij = rt−1 on ∂Ωk,s ∩ Γb,k,

w
(k,s)
ij = w

(k,s−1)
ij on Γ

(1)
k,s,

w
(k,s)
ij = w

(k,s+1)
ij on Γ

(2)
k,s,

where Γ
(1)
k,s and Γ

(2)
k,s are defined in (2.28), δ0 = 0, δk−1 ≡ const ∈ (0; 1). Let us fix

the value of k, 1 ≤ k < m, and introduce the grid function w
(k)
ij as the solution of the

system

Lhw(k)
ij = 0 in Ωk,

w
(k)
ij = δk−1 on Γa,k,

w
(k)
ij = rt−1 on Γb,k,

w
(k)
ij = 0 on ∂Ω \ (Γa,k ∪ Γb,k),

where Ωk,Γa,k, and Γb,k are defined as in (2.28).
Then the grid functions

w̃
(k,s)
ij = w

(k,s)
ij − w(k)

ij , s = 1, . . . , p,

satisfy the equations


Lhw̃(k,s)
ij = 0 in Ωk,s, s even,

w̃
(k,s)
ij = 0 on ∂Ωk,s ∩ ∂Ωk,

w̃
(k,s)
ij = rt−1 − w(k)

ij on ∂Ωk,s \ ∂Ωk,




Lhw̃(k,s)
ij = 0 in Ωk,s, s odd,

w̃
(k,s)
ij = 0 on ∂Ωk,s ∩ ∂Ωk,

w̃
(k,s)
ij = w̃

(k,s−1)
ij on Γ

(1)
k,s, s > 1,

w̃
(k,s)
ij = w̃

(k,s+1)
ij on Γ

(2)
k,sr, s < p.
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By virtue of the fact that

b+

[
d

h

ln q1
ln q2

]
h = b+


 ln 1

q
−d/h
1

ln q2


h

and Lemma 2.2, the values of n̂
(s)
1 and n̂

(s)
2 are chosen to satisfy the estimates

max
even s

max
ak≤x1,i≤bk

n
(s)
1

·h≤x2,j≤n
(s)
2

·h

|w̃(k,s)
ij | ≤ 2q

−d/h
1 rt−1.

Then, using the maximum principle we get the estimation

max
odd s

max
ak≤x1,i≤bk

n
(s)
1

·h≤x2,j≤n
(s)
2

·h

|w̃(k,s)
ij | ≤ 2q

−d/h
1 rt−1.

Based on the discrete maximum principle and Lemma 2.1 one derives the estima-

tion for w
(k)
ij :

max
ak≤x1,i≤ak+1

0≤x2,j≤1

|w(k)
ij | ≤ δk−1 + q

−d/h
1 rt−1.

Hence,

max
ak≤x1,i≤ak+1

n
(s)
1

·h≤x2,j≤n
(s)
2

·h

|w(k,s)
ij | ≤ δk−1 + 3q

−d/h
1 rt−1, s = 1, . . . , p,

and

max
ak≤x1,i≤ak+1

0≤x2,j≤1

|uij − utij | ≤ δk−1 + 3q
−d/h
1 rt−1

hold true.
By recursion we have

δk ≤ δk−1 + 3q
−d/h
1 rt−1

and

δk−1 ≤ 3(k − 1)q1
−d/hrt−1, k = 1, . . . ,m.(2.32)

Applying the above technique and (2.32) for each strip, we have

max
Ωh

|uij − utij | ≤ 3mq
−d/h
1 rt−1.

Corollary 2.6. Let ε� h, d ≡ min
1≤k≤m−1

dk,

c
(s)
1 ≡ c

(s)
2 = d,(2.33)

and let a nonnegative grid function ut−1
ij be given in Ω̄ such that

max
Ωh

|uij − ut−1
ij | ≤ 1.(2.34)



DOMAIN DECOMPOSITION FOR CONVECTION-DIFFUSION PROBLEM 907

Then

max
Ωh

|uij − utij | ≤ 3mq
−d/h
1 max

Ωh

|uij − ut−1
ij |, q1 =

h

ε
.(2.35)

Remark 3. A consequence of (2.35) is that in the case ε� h the overlap between
subdomains Ωk,s of order of h provides a very good value of the damping factor
maxΩh

|uij−ut
ij |

maxΩh
|uij−ut−1

ij
| .

3. Convection-diffusion problem with a variable transport vector. We
proceed to the problem (2.1) with a variable convection:

L = −ε∆+B1(x1, x2) · ∂

∂x1
+B2(x1, x2) · ∂

∂x2
.(3.1)

We assume that the functions B1 and B2 are sufficiently smooth, their moduli being
bounded from above by 1, and B1(1, x2) > 0. The discrete problem can be written in
the form (2.3), where Lh stands for the upwind finite differences counterpart of L. We
note that having in mind the Navier–Stokes applications we confine our consideration
by the transport vectors �B = (B1, B2)T typical for the channel problems. In these

problems the flow is almost unidirectional and the leading component of �B dominates
the others everywhere except in recirculation zones. We will exploit this assumption
in what follows.

We partition the domain Ω = (0; 1)× (0; 1) into m overlapping strip subdomains

Ωk = (ak; bk) × (0; 1) such that the transport vector �B in the subdomains Ωk, k =
1, . . . ,m, satisfies one of two conditions: either

B1
ij ≥ B0 > 0, −B2

ij ≤ R ·B0 in Ωk,(3.2)

with certain constants 0 < R < 1, 0 < B0, or

B1
ij ≥ B0 > 0, in Ωk \ (ak; ak+1)× (0; 1).(3.3)

The first condition (3.2) corresponds to the case when the transport vector has small
deviations from the prescribed downwind direction. The second condition (3.3) corre-

sponds to the more general case when the B1-component of �B is positive and bounded
from below by a positive constant B0 on the interface Γb,k and as a consequence, in

the rightmost narrow part of Ωk, but �B has large deviations from the prescribed
downwind direction in Ωk. In line with the above assumption, we split the set of all
the indexes k = 1, . . . ,m, into two parts, Ps and Pv, such that if (3.2) holds true in
Ωk, then k ∈ Ps, otherwise k ∈ Pv. Each strip Ωk, k = 1, . . . ,m, we partition into p

overlapping subdomains Ωk,s = (ak; bk) × (n̂
(s)
1 h; n̂

(s)
2 h), where n̂

(s)
1 and n̂

(s)
2 have to

be chosen for given n
(s)
1 and n

(s)
2 , respectively.

The two-level Schwarz algorithm is no different from the method presented in the
previous section. We adapt only the sequence Tk governing the iterations. Let T be
a large positive integer. We define the sequence Tk by

Tk =

{
T, k ∈ Pv,
1, k ∈ Ps.

To evaluate the convergence rate of the above multiplicative Schwarz method, we
assume that T � 1, which is to say that the errors due to the iterative solvers in
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the strips Ωk, k ∈ Pv, are negligible. Hereafter, we denote by #Pv the number of
elements in Pv and redefine b as maxk∈Ps(bk − ak).

Theorem 3.1. Let ε � h, T � 1, and let a nonnegative grid function ut−1
ij be

given in Ω̄ such that

max
Ωh

|uij − ut−1
ij | ≤ 1.(3.4)

Let there exist such positive constants B0 and R < 1 that in Ωk, k ∈ Pv, �B satisfies
(3.3) and

min
k∈Pv

dk ≥ h+ h
ln 2#Pv
ln q3

, q3 = 1 +
B0h

ε
,

and in Ωk, k ∈ Ps, �B satisfies (3.2). If

d = min
k∈Ps

dk ≥ h · ln 6m
ln q3

,(3.5)

and

c
(s)
2 = c

(s)
1 ≥ b+

[
d

h

ln q3
ln q4

]
h, q4 =

1 + B0h
2ε

1 +R · B0h
2ε

,(3.6)

then

max
Ωh

|uij − utij | ≤ Qmax
Ωh

|uij − ut−1
ij |,(3.7)

with certain constant Q < 1.
The proof is similar to the proof of the Theorem 2.5 and is based on the following

lemmas [7].
Lemma 3.2. Consider the problem (2.5)–(2.6). Let B1

ij ≥ B0 > 0 in Ωb. Then
(2.7) holds true for any d = h · (nb − na) which satisfies the inequality

d ≥ h
ln (1/δ)

ln q3
, q3 = 1 +

B0h

ε
.(3.8)

Lemma 3.3. Consider the problem (2.9). Let

B1
ij ≥ B0 > 0, −B2

ij ≤ R ·B0 in Ω̂,(3.9)

with a certain constant 0 < R < 1. To provide estimate (2.10), choose

n̂1 = max{0;n1 − nb − [n∗]},
n̂2 = min{n;n2 + nb + [n∗]},

(3.10)

where [n∗] is the integer part of n∗ and

n∗ =
ln 2/δ

ln q4
, q4 =

1 + B0h
2ε

1 +R · B0h
2ε

.(3.11)
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Lemma 3.4. Consider a grid problem

Lh vij = 0 in Ωb = (0; b)× (0; 1),

vij = 1 on Γb = {x : x1 = b, 0 < x2 < 1},
vij = 0 on ∂Ωb \ Γb.

(3.12)

Let ε� h, b = nbh, Ωa = (0;nah)× (0; 1), where 0 < na < nb. Furthermore, let

|B1
ij | ≤ 1, |B2

ij | ≤ 1, 0 < i < nb, 0 < j < n,(3.13)

while in the complement of Ωa to Ωb,

B1
ij ≥ B0 > 0, na < i < nb, 0 < j < n.(3.14)

Then

max
0≤i≤na
0≤j≤n

|vij | ≤ δ(3.15)

holds true for any nb which satisfies the inequality

nb ≥ na + 1 +
ln δ−1

ln q5
, q5 = 1 +

B0h

ε
.(3.16)

Remark 4. The convergence result of Theorem 3.1 is worse than that of Theorem
2.5: the damping factor in (3.7) is not estimated as in (2.31). The reasons are possible
crosswind error propagations and nonemptiness of Pv.

Remark 5. The condition ε� h may be substituted by maxk∈Pv (ak+1−ak)/h�
1, h/ε > p0 > 0, Lemma 3.4 and Theorem 3.1 being still valid [7]. This means that
fast convergence is assured either in the asymptotic case or in the case of wide enough
strips Ωk, k ∈ Pv.

4. Computer realization. As follows from Theorem 2.5 and Theorem 3.1,
three decomposition parameters are the crucial factors affecting the convergence of

the method. These are the crosswind overlaps c
(s)
1 , c

(s)
2 , the downwind overlap dk of

the decomposition into overlapping subdomains, and the position of interfaces. In the
case of the variable transport vector the influence of the crosswind overlaps may be
reduced by applying Tk > 1 Schwarz iterations within each crosswind strip instead of
one iteration. In our experiments, even two multiplicative Schwarz iterations compen-
sate well the deviations of B2 from 0 and provide a strong crosswind damping factor.
Hereinafter, we shall apply Tk = 2 Schwarz iterations within each crosswind strip Ωk,
k ∈ Ps. However, the decomposition into overlapping crosswind strips Ωk has to be
adapted to the transport vector �B in order to provide fast upwind error damping at
each fractional step of the global outer Schwarz iteration. To be more precise, the
trace of B1 is bound to be strictly positive on the artificial interfaces: B1

ij ≥ B0 > 0.
This ensures the fast convergence of the method.

It remains now to present an adaptive technique providing the above decompo-
sition. Given a transport vector �B = (B1, B2), one estimates the fractional damp-
ing factors Fk associated with the strips Ωk, k = 1, . . . ,m − 1. For each Fk >

1
m−1

∑m−1
i=1 Fi, one merges the strips Ωk and Ωk+1 and gets new decomposition into

crosswind overlapping strips for which one applies the two-level Schwarz method with
Tk = 2, k ∈ Ps, Tk = T � 1, k ∈ Pv.



910 M. GARBEY, YU. A. KUZNETSOV, AND YU. V. VASSILEVSKI

The structure of the algorithm and features of its adaptive counterpart pose natu-
ral restrictions to the transport vector �B. First, the major part of the computational
domain has to be occupied by the transport field �B with the dominant direction
coincident with the x1-axis (for high convergence of the outer Schwarz iterations).
Second, the remaining part of Ω, being projected to the x1-axis, forms a set with a
small one-dimensional measure (for minimizing the cost of many iterates in the strips
Ωk, k ∈ Pv). For instance, this is the case of a presence of several isolated strong
vortices in a global downwind flow.

Now we discuss briefly the parallel implementation of the algorithm. Although it
is possible to pipeline the Schwarz fractional steps associated with the global down-
wind propagation, we do not consider this opportunity since we deal with the fast
convergent algorithm which makes the pipelining inefficient. In spite of the sequen-
tial realization of the downwind computations, we can parallelize the algorithm when
solving the crosswind subproblems. More precisely, the i-processor treats subdomains
Ωk,2i−1, Ωk,2i, and exchanges with the processors i − 1, i + 1, by the solution traces
on ∂Ωk,s, s = 2i− 2, 2i+ 1. In practical situations, instead of choosing certain large
integers T one could perform iterations until the residual associated with the discrete
problem in Ωk reduces by a factor of 10. In our numerical experiments we fixed the
number of iterations Tk = T = 14, k ∈ Pv.

✲

✻

Ωk,2i−2

Ωk,2i−1

Ωk,2i

Ωk,2i+1 Proc.i+ 1

Proc.i

Proc.i− 1

✲
Outer Schwarz iterations

✲Dominant transport

0

1

1

x2

x1

Fig. 7. Data allocation in parallel implementation.

Thus, given P = p/2 processors, the i-processor deals with data associated with
the downwind strip ∪mk=1 (Ωk,2i−1 ∪ Ωk,2i), i = 1, . . . , P (Figure 7). We solve the
subdomains problems exactly, taking advantage of a factorization technique. We
motivate factorizing the respective matrices by the nature of the domain decomposi-
tion algorithm: first, we factorize matrices only at the stage of initialization; second,
the algorithm is well suited to computation on a massively parallel computer which
enables us to reduce considerably both the dimensions of the subproblems and the
natural bandwidth of the matrices; third, with factorization we avoid the problem of
an optimal stop criterion for any iterative solver. Since we solve the grid subprob-
lems in Ωk,s by a factorization technique, for the same grid and the same overlap the
increase of P would decrease the arithmetical complexity of the global Schwarz iter-
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ation. At the same time, with P growing the communications time does not vanish
due to the latency time. These conflicting tendencies are presented in the iterations
time measurements. Numerical experiments were carried out on a parallel computer
DEC TruCluster.

In order to compare the proposed method to other techniques for parallel solution
of the convection-diffusion problem, we count the arithmetical complexity of the algo-
rithm implemented at P processors. Let Pv = ∅ and let the numbers of grid nodes in
the downwind and crosswind directions be n1 = 2Pl1 +1 and n2 =

∑m
k=1 l2,k +1, re-

spectively. Let l1, l2,k, k = 1, . . . ,m, be small fixed integers. The values of n1 and n2

are varied according to the values of P , the number of processors, and m, the number
of the crosswind strips. First, we estimate the arithmetical complexity of one iteration
at one processor. The estimates of the bandwidth and the size of the matrix associated
with subdomain Ωk,s are O(l1) and O(l1l2,k), in the case of rectangular grids. Thus,
the factorization and the solution procedure will take O(l31l2,k) (ops) and O(l21l2,k)
(ops), respectively. The arithmetical work per one iteration done by one processor is
O(
∑m
k=1 l

2
1l2,k) = O(l1 · l1n2) (ops). Hence, the arithmetical complexity is of optimal

order with respect to the number of nodes associated with the processor (for l1 fixed).
In the three-dimensional case we apply the above two-dimensional decomposition,
and subdomains Ωk,s become long narrow “bricks” with the long side associated with
n3 nodes. The subdomain matrix bandwidth becomes O(l1l2,k) and the arithmetical
work per one iteration done by one processor is O(

∑m
k=1 l1l2,k · l1l2,kn3). Thus, in the

case of a singularly perturbed convection-diffusion operator with small deviations of
the transport vector from the prescribed downwind direction (P = ∅), the arithmeti-
cal work done by each processor at each iteration is proportional to the number of
unknowns associated with the processor. The estimate of the arithmetical complexity
is therefore asymptotically unimprovable. As far as the rate of convergence of the
method is concerned, it follows from (2.31) that theoretically the convergence rate is
independent of the number of processors P and is proportional to the number of cross-
wind strips m. In our numerical experiments, however, the number of iterations is
insensitive both to P and m, in the case of singular perturbation for the grid operator
with ε� h.

5. Numerical experiments.

5.1. Two-dimensional problems. The set of numerical experiments presented
here may be split into two parts related to different grid problems. First, we consider
the simplest grid problem (2.3) and investigate the convergence and parallel proper-
ties of the two-level Schwarz method with Tk = 2, k = 1, . . . ,m, (Figures 8 and 9).
The numerical results confirm the theoretical prediction given in Theorem 2.5. Then,
we consider the case of �B affecting the convergence of the above Schwarz method.
It is the case of strong stagnant vortices; see Figure 10. In Figure 11 we show the
comparative characteristics between the two-level Schwarz methods based on the uni-
form and adaptive domain decompositions. Although the standard Schwarz method
demonstrates deterioration of the convergence rate, the adaptive version results in
a fast convergent method, in accordance with Theorem 3.1. It is worth mentioning
that the adaptive procedure is fully automatic and does not require from the user any
knowledge of the algorithm features.

Given a domain Ω = (0, 1)× (0, 1) and a square grid with a mesh step h = 1/n,
we consider the problem (2.3) with
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fij = 0, xij ∈ Ω∪ΓN ,

gij =




sin (πjh),
0,
0,

xij = (0, jh), 0 < j < n,
xij = (ih, 0), 0 ≤ i ≤ n,
xij = (ih, 1), 0 ≤ i ≤ n.

Given a number of processors P = p/2, we decompose Ω into p × p subdomains

Ωk,s = (ak, bk)× (n̂
(s)
1 h, n̂

(s)
2 h),

ak = na,kh, na,k = max((k − 1)n/p− 1, 0), k = 1, . . . , p,
bk = nb,kh, nb,k = min(kn/p+ 1, n), k = 1, . . . , p,

n̂
(s)
1 = max(n

(s)
1 − 1, 0), n

(s)
1 = (s− 1)n/p, s = 1, . . . , p,

n̂
(s)
2 = min(n

(s)
2 + 1, n), n

(s)
2 = sn/p, s = 1, . . . , p.

(5.1)

Note that we use here equal subdomains, the overlap between them being equal to
2h.

In Figure 8 we present the number of iterations and the iterations time needed to
reduce the Euclidean norm of the residual by a factor of 106 starting from the trivial
initial guess.

As follows from the results, ε = 10−2 does not correspond to a discrete singu-
lar perturbation operator for considered values of h, since the number of iterations
grows significantly with increasing P . The reason is that the above method does not
incorporate a global coarse problem and does not take into account possible error
propagation in upwind and crosswind directions due to high diffusion. By contrast,
ε ≤ 10−3 provides a fast convergence even with the minimal overlap 2h. However,
the iterations time has a tendency to stagnation with increasing P , particularly for
small n. Such behavior is conditioned by the latency time of the message passing and
the deterioration of the communication time with the number of processors P getting
larger. This is clearly illustrated in Figure 9, where we show the elapsed time per
iteration and the weight of the communications time in the iterations time.

Figure 11 presents the comparison of the iterations count and the time measure-
ment related to application of the two-level method based on uniform and adaptive
domain decompositions, to problem (2.3) with the same boundary conditions and the
transport vector containing two strong vortices; see Figure 10. The convergence of
the Schwarz iterations practically is not affected by the numbers of subdomains and
processors, due to adaptive domain splitting.

5.2. Three-dimensional problems. We present three-dimensional numerical
experiments in a way similar to the previous section. Given a domain Ω = (0, 1)3 and
a cubic grid with a mesh step h = 1/n, we consider the grid problem

Lh uijl = fijl, xijl ∈ Ω ∪ ΓN ,
uijl = gijl, xijl ∈ ∂Ω \ ΓN ,

(5.2)

where Lh is the upwind finite difference’s three-dimensional counterpart of (3.1),

xijl = (ih, jh, lh), i, j, l = 0, . . . , n, ΓN = {x ≡ (x1, x2, x3) : x1 = 1, 0 < xi < 1, i = 2, 3} ,

fijl = 0, xijl ∈ Ω∪ΓN ,

gijl =

{
sin (πjh) sin (πlh),
0

xijl = (0, jh, lh), 0 < j, l < n,
otherwise.
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Fig. 8. Number of iterations and iterations time, n = 256.
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Fig. 10. Solution of (2.3) in the case of strong stagnant vortices.
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Fig. 11. Uniform versus adaptive DD, ε = 10−3, n = 256.

Table 1
Number of iterations (iterations time, sec).

Uniform DD, �B = (1, 0, 0)T Adaptive DD, �B contains two vortices

p 8 16 32 8 16 32

P 4 8 16 4 8 16

ε \ n 32 32 64 64 96 32 32 64 64 96

10−3 4(0.31) 5(0.28) 5(1.7) 6(1.4) 7(4.3) 9(1.3) 6(0.55) 7(5.7) 8(3.2) 9(14.3)

10−4 3(0.25) 3(0.17) 3(1.0) 3(0.7) 4(2.5) 9(1.3) 6(0.55) 7(5.7) 8(3.2) 9(14.3)

Given a number of processors P = p/2, we split Ω into p×p overlapping stretched
subdomains Ωk,s = (ak, bk)× (n̂

(s)
1 h, n̂

(s)
2 h)× (0, 1), ak, bk, n̂

(s)
1 , n̂

(s)
2 being defined in

(5.1). The overlap between subdomains equals 2h. Since the domain decomposition is
two-dimensional, the three-dimensional Schwarz method is no different from the two-
dimensional version. The stretched shape of the subdomains Ωks is well suited to the
subdomain solver based on the factorization technique since it reduces significantly
the natural bandwidth of the matrices to be factorized.

In Table 1 we display the number of the iterations and iterations time needed
to reduce the Euclidean norm of the residual by a factor of 106 starting from the
trivial initial guess. The uniform domain decomposition is applied to the problem
with the constant transport vector, whereas the adaptive domain decomposition is
extended for the solution of the problem with the transport vector containing two
strong stagnant vortices; see Figure 12. Fast convergence is observed in both cases
and the influence of the problem parameters such as ε, h = n−1, P , is very small if
not negligible. However, the data presented in this table do not allow us to judge the
speed-up for a fixed grid problem. This being so, in Table 2 we display a scalability of
the method in terms of the ratio of the time per iteration and the number of processors.
We fix the grid subdomain and build up the number of unknowns by increasing the
number of subdomains and the number of processors. Taking into account that the
arithmetical work per processor is proportional to P , we exhibit the scalability in
terms of the ratio of the time per iteration and the number of processors. If the
parallel implementation is scalable, then the last value remains constant independent
of the number of processors. Table 2 shows this is the case.
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Fig. 12. ISO-surface u = 0.685 for a three-dimensional solution of (5.2), ε = 10−4, in the case
of strong stagnant vortices.

Table 2
Scalability, time per iteration/number of processors, ·10−2.

problem Uniform DD Adaptive DD

P 4 8 12 16 4 8 12 16

grid 64×242 64×482 64×722 64×962 64×242 64×482 64×722 64×962
Scalability 2.3 2.5 2.5 2.1 4.6 4.8 5.4 5.9

6. Conclusion. We have presented the two-level Schwarz method for parallel so-
lution of the discrete singularly perturbed convection-diffusion problems. To provide
the fast convergence of the method in the case of convection fields with severe devi-
ations from the prescribed constant direction, the adaptive domain decomposition is
applied. The analysis of the method is presented. The method is readily parallelized.
The results of parallel numerical experiments have shown the efficiency of the ap-
proach. Based on the above technique we develop a three-dimensional Navier–Stokes
solver for channel problems.
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Abstract. We describe algorithms used in our construction of a fourth-order in time evolution
for the full Einstein equations and assess the accuracy of some representative solutions. The scheme
employs several novel geometric and numerical techniques, including a geometrically invariant co-
ordinate gauge, which leads to a characteristic-transport formulation of the underlying hyperbolic
system, combined with a “method of lines” evolution; convolution splines for radial interpolation,
regridding, differentiation, and noise suppression; representations using spin-weighted spherical har-
monics; and a spectral preconditioner for solving a class of first-order elliptic systems on S2. Initial
data for the evolution is unconstrained, subject only to a mild size condition. For sample initial data
of “intermediate” strength (19% of the total mass in gravitational energy), the code is accurate to 1
part in 105, until null time z = 55m when the coordinate condition breaks down.

Key words. black hole, convolution spline, Einstein equations, preconditioned elliptic system,
spherical harmonics
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1. Introduction. The Einstein equations present difficulties of size and com-
plexity somewhat greater than those normally encountered in scientific computation,
starting with the theoretical problem of finding a well-posed and geometrically nat-
ural formulation of the full system of Einstein equations. Numerical algorithms are
then needed which can control the various facets of this system, efficiently, since very
large data structures are inevitable when modeling fully 3+1-dimensional spacetimes.
Finally there are the twin theoretical and practical problems of understanding the
nature of the solution represented by the data, and of certifying its reliability.

In [4] we presented a new coordinate formulation for the vacuum Einstein equa-
tions, based on a characteristic (null) coordinate and a quasi-spherical foliation [3].
This null quasi-spherical (NQS) formulation is well adapted to modeling spacetimes
containing a single black hole, extending from the black hole to null infinity.

The purpose of this paper is to describe the numerical algorithms we have used to
solve the NQS Einstein equations, and to present results of some accuracy tests of the
code. Interactive access to the data sets described here, and many other simulations,
is available online at [8].

From the numerical point of view, the most significant features of the code are:
1. a characteristic coordinate z ∼ t− r (cf. [56]) plays the role of “time,” with

the numerical evolution in the direction of increasing z;
2. spherical polar coordinate grids are used on the z-level sets Nz;
3. S2 dependencies are handled by a combination of: spectral coefficients with

respect to a basis of spin-weighted spherical harmonics (for spins 0, 1, 2, corresponding
to scalar, vector, and tensor harmonics); field values on a uniform grid in the spherical
polar coordinates (ϑ, ϕ); and Fourier coefficients of field values on the polar grid;
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Fig. 1.1. Sample field plots: heuristically, K and Ψ0 represent outgoing and incoming radiation,
respectively [4]. Observe that the nonzero limit of r4Ψ0 at r =∞ (n = 256) is inconsistent with the
Bondi–Penrose peeling hypothesis.

4. a nonuniform radial grid in the outgoing null hypersurfaces Nz, which com-
pactifies future null infinity I+ and is adjusted dynamically so radial grid points
approximately follow the inward null geodesics;

5. reformulations of the hypersurface (radial) Einstein equations which enable
the numerical modeling of the asymptotic expansions of fields near null infinity;

6. fourth-order Runge–Kutta (RK4) time evolution;
7. the characteristic transport (hypersurface, radial) equations are treated us-

ing spectral collocation and integrated using an eighth-order Runge–Kutta (RK8)
method [46];

8. an eighth-order convolution spline is used for interpolation, for computing
radial derivatives, to realign the fields with the dynamically varying radial grid, and
for suppressing high-frequency modes;

9. a first-order elliptic system on S2 is solved at each radius and time step by
an iterative method with spectral preconditioning.

Numerical consistency checks suggest that most quantities of interest which are
calculated by the code (e.g., the NQS metric functions, the connection coefficients,
and the Weyl curvature spinors) have relative errors of about 0.001% for simulations
where the gravitational waves carry no more than 20% of the total spacetime mass. Of
course, greater accuracy is found for more nearly linear, weak field, simulations. The
major factor limiting the accuracy appears to be the spherical harmonic resolution,
currently at L ≤ 15. Although the code can run with L ≤ 31, present hardware
restrictions limit use at this higher resolution.

The code was developed on a 300MHz DEC Alpha with 512Mb memory and
presently runs on a 300MHz Sun Ultra 2 with 784Mb, with a typical (L = 15) run
taking between two and four days. Preliminary descriptions of the code were given in
[5, 9, 7, 39, 40]. Figure 1.1 shows sample displays from the interactive website [8]. The
Cauchy and characteristic initial value problems differ significantly in the nature of
their appropriate initial conditions. Cauchy initial data consists of the initial 3-metric
and extrinsic curvature [54], whereas initial data for a characteristic initial surface is
just the null metric. In the NQS case the null metric is

ds2
Nz

= (r dϑ+ β1 dr)2 + (r sinϑ dϕ+ β2 dr)2,(1.1)
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parameterized by the angular shear vector β = 1√
2
(β1 − iβ2) = β(z, r, ϑ, ϕ). Unlike

the Cauchy problem, the NQS Einstein equations [4] do not impose any additional
algebraic or differential constraints on β, so the initial data β(z = 0) is an arbitrary
vector function of the spherical polar coordinates (r, ϑ, ϕ), except for a mild size
constraint (2.17). Heuristically β represents the in-going gravitational radiation of
the spacetime; an interpretation which is consistent with the initial (z = 0) values of
β being freely specifiable. Note that the geometric invariant σNP /ρNP [43] becomes
−2ðβ/(2− divβ) in NQS coordinates [4].

The NQS gauge provides a formulation of the Einstein equations as an explicit
characteristic transport system (2.20)–(2.23), coupled to a time evolution equation.
This structure is also found in characteristic formulations of other hyperbolic equa-
tions such as the wave equation, and is well known for the Einstein equations in other
characteristic coordinate gauges [29, 50, 56, 37]. Although there are existence results
for characteristic initial value formulations of hyperbolic equations, these rely on re-
duction to the Cauchy problem [48, 66]. The only exception of which we are aware
is the analysis of the linear wave equation in [1, 2]. It would be valuable to have
theoretical existence results for systems of characteristic transport equations, which
could justify the numerical formulation described here.

The characteristic-based approach has been advocated by Winicour and cowork-
ers [13, 27, 26], who have developed codes for solving the scalar wave equation [27],
axially symmetric spacetimes [25], and for the full Einstein equations [12], based on
the Bondi coordinate system [29]. These works have been fundamental in establish-
ing the feasibility of numerical formulations based on a characteristic coordinate and
in motivating the present implementation. However, the stability analyses and ex-
perience of [27, 25] are not directly applicable to our evolution procedure, since the
formulations and numerical methods used have significant differences. Like the Bondi
parameterization, the NQS gauge conditions are directly implemented in the metric
form; however, the NQS Einstein equations are considerably simpler than the Bondi
coordinate form of the Einstein equations [4, 12].

The treatment of angular derivatives is greatly simplified by the quasi-spherical
condition, which encourages the use of spherical harmonic expansions. This assists
comparison with black hole perturbation theory results [47, 65, 35, 20] and underpins
the use of spectral methods for angular derivatives.

The combination of the characteristic-transport and method of lines techniques
considerably simplifies the use of high-order algorithms, such as RK4 for time evo-
lution. The method of lines approach to evolution equations is common in fluid
dynamics [19] but has not been attempted previously in numerical relativity. Note
that other high-order algorithms have been developed by Berger and Moncrief [11] to
study cosmological singularities.

Higher-order techniques can produce considerably more accurate results than
would be possible with second-order finite difference methods. However, there are
restrictions, both geometric and algorithmic, on the class of spacetimes which can be
modeled by our code.

The algorithms assume the spacetime metric is quite smooth, and hence they
should not be expected to reliably treat spacetimes with strongly localized features,
such as planets and gravitational shocks [4]. However, gravitational radiation arising
from disruptions of a black hole is expected to be very smooth and slowly varying in
angular directions, and this is strongly supported by our numerical results.

The use of an outgoing characteristic coordinate restricts the code to model-
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ing spacetime regions admitting a foliation by expanding null cones. This includes
the exterior regions of spacetimes which are asymptotically Minkowski/Schwarzschild
(considered here) or anti-DeSitter. It turns out (see section 4.1) that it is geomet-
rically natural and algorithmically convenient to impose inner boundary conditions
corresponding to a central interior black hole. Thus the code is very well suited to
modeling gravitational waves in the exterior region of a single roughly spherical black
hole.

The existence of quasi-spherical coordinates [4] is not an issue here, since the code
directly constructs spacetimes with NQS coordinates. Indeed, the success of the nu-
merical code itself provides indirect support for the conjecture that NQS coordinates
exist in the exterior regions of generic spacetimes with outgoing null foliations.

The paper is organized as follows.
Section 2 gives the NQS form of the equations and describes the structure of the

equations and the formal steps in the solution algorithm. The geometric significance
of the resulting equations is described in [4].

Section 3 describes the numerical techniques, including the representations used
for fields on S2, and the high-order convolution splines used for interpolation and
differentiation in the radial direction.

Two aspects of the treatment of S2 fields appear to be nonstandard [42, 18]: the
use of fast Fourier transforms (FFTs) in both the ϕ and ϑ directions, based on the
“torus” model of S2 [39]; and the use of spin-weighted spherical harmonics to handle
vector and higher rank tensor fields as well as covariant angular derivative operators.

Section 4 describes the various stages in the evolution algorithm: solving the
hypersurface equations out to null infinity I+; reconstructing the metric from the
connection variables (which includes the solution of a first-order elliptic system on
the 2-sphere at each radial grid position); and the evolution of the primary field β.

Section 5 describes techniques for estimating the accuracy of the code, testing both
numerical and geometric properties of the numerical solution. Numerical convergence
tests estimate the effects of separately refining the resolution in the radial, time,
and angular directions. The consistency of the numerical spacetime metric is tested
by verifying the constraint equations for the Einstein tensor components Gnn, Gnm

((2.24), (2.25)), and by checking the accuracy of the solution at infinity using the
Trautman–Bondi mass decay formula [63, 64, 15, 29]. These provide highly nontrivial
tests of the consistency of the numerical solution.

2. Einstein equations and NQS metric functions.

2.1. Spacetime metric. We consider spacetimes admitting global null-polar
coordinates (z, r, ϑ, ϕ) in which the metric takes the NQS form [4]

ds2
NQS = −2u dz(dr + v dz) + (r dϑ+ β1 dr + γ1 dz)2 + (r sinϑ dϕ+ β2 dr + γ2 dz)2,

where u > 0, v, and β = β1∂ϑ+β2 cscϑ∂ϕ, γ = γ1∂ϑ+γ2 cscϑ∂ϕ are the six unknown
NQS metric functions. Note that ∂ϑ, ∂ϕ denote equivalently the coordinate tangent
vectors and the coordinate partial differential operators ∂

∂ϑ ,
∂
∂ϕ . We may consider

β, γ either as vector fields on S2 or as spin 1 quantities, defined by the complex
combinations [24]

β = 1√
2
(β1 − iβ2), γ = 1√

2
(γ1 − i γ2).(2.1)

The canonical example of a spacetime with metric in NQS form is Schwarzschild
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spacetime in Eddington–Finkelstein retarded coordinates [21, 31]

ds2
Schw = −2dz (dr + 1

2 (1− 2m/r) dz) + r2(dϑ2 + sin2 ϑ dϕ2)(2.2)

with u = 1, v = 1
2 (1− 2m/r), βA = γA = 0, and m = const. This includes Minkowski

space R
3,1 as the case m = 0 and z = t− r.

2.2. Edth. Using the complex notation (2.1), we have the canonical angular
covariant derivative operator “edth” [24, 44, 22],

ðη =
1√
2

(
∂

∂ϑ
− s cotϑ− i

sinϑ

∂

∂ϕ

)
η,(2.3)

acting on a spin s field η, and its “conjugate” operator ð̄,

ð̄η =
1√
2

(
∂

∂ϑ
+ s cotϑ+

i

sinϑ

∂

∂ϕ

)
η.(2.4)

All geometric angular derivative operators may be defined in terms of ð, ð̄. For
example, the covariant directional derivative of a spin s field η in the direction β is
∇βη = βð̄η + β̄ðη; the divergence and curl (of a vector) are

divβ = ð̄β + ðβ̄ = ∇1β
1 +∇2β

2,(2.5)

curlβ = i (ð̄β − ðβ̄) = ∇1β
2 −∇2β

1 ;(2.6)

and the spherical Laplacian is

∆η = (ðð̄ + ð̄ð)η .(2.7)

Further properties of edth are described in section 3 and in [22, 44, 4, 10].

2.3. Connection variables. In addition to the metric functions (u, v, β, γ) we
introduce the connection fields H, J,K,Q,Q±

H = u−1(2− divβ),(2.8)

J = v(2− divβ) + divγ,(2.9)

K = vðβ − ðγ,(2.10)

Q± = u−1(Q± ðu),(2.11)

Q = r
∂β

∂z
− r

∂γ

∂r
+ γ +∇βγ −∇γβ.(2.12)

Observe that u, v,H, J are real and have spin 0, whereas β, γ,Q,Q+, Q− have spin 1
and K has spin 2.

Given the metric functions u, v, β, γ on a z-level set Nz, we may construct H, J,K
on Nz directly, and Q (and Q±) may be reconstructed if in addition, ∂β/∂z is also
known on Nz. It is clear from (2.8)–(2.12) that this construction does not require any
compatibility conditions on the data u, v, β, γ, ∂

∂zβ.
There is a converse construction for the metric functions u, v, γ, and ∂β/∂z, which

also involves totally free and unconstrained data, namely the connection variables
H, J,K,Q. This contrasts sharply with the description of the connection via the
Newman–Penrose spin coefficients [36, 44], which requires numerous differential con-
straint equations, expressing the property that the connection is torsion-free.



922 R. BARTNIK AND A. H. NORTON

The converse construction works as follows. Given β and the connection variables
(H, J,K) on Nz, we reconstruct u via the relation

u = H−1(2− divβ),(2.13)

and we find v, γ by solving an elliptic system for γ,

Lβγ := ðγ +
ðβ

2− divβ
divγ = J

ðβ

2− divβ
−K,(2.14)

and setting

v =
J − divγ

2− divβ
.(2.15)

The system (2.14) is R-linear and elliptic with 6-dimensional kernel, provided ðβ is
not too large (|ðβ| < (2 − divβ)/

√
3 is sufficient). Prescribing the l = 1 spherical

harmonic coefficients of γ (for example, by requiring γl=1 = 0) suffices to determine
the solution γ uniquely. The remaining connection parameter Q, together with the
now known values of β, γ on Nz, determines the evolution equation

∂β

∂z
=

∂γ

∂r
+

1

r
(Q+∇γβ −∇βγ − γ).(2.16)

To summarize, given β on a single level set Nz, satisfying the size constraint

|ðβ| < (2− divβ)/
√
3,(2.17)

the map (u, v, γ, βz) �→ (H, J,K,Q, γl=1) is invertible, assuming all fields are suf-
ficiently smooth. In section 4.4 we describe the numerical implementation of the
inverse map.

2.4. NQS Einstein equations. To compute the NQS form of the Einstein
tensor, we introduce the complex null vector frame ( , n,m, m̄),

 = ∂r − r−1β,

n = u−1(∂z − r−1γ − v(∂r − r−1β)),(2.18)

m =
1

r
√
2
(∂ϑ − i cscϑ∂ϕ),

and the directional derivative operators

Dr = ∂r − r−1∇β , Dz = ∂z − r−1∇γ .(2.19)

Expressions for the Newman–Penrose spin coefficients [36] with respect to the frame
( , n,m, m̄) are given in terms of H, J,K,Q in [4].

The frame components of the Einstein tensor Gab, a, b =  , n,m, m̄, may be
written in terms of the NQS metric functions and NQS connection variables. These
expressions may be grouped into hypersurface equations (or main equations [29, 51]):

rDrH =

(
1
2divβ −

2|ðβ|2 + r2G��

2− divβ

)
H,(2.20)

rDrQ
− = (ðβ̄ − uH)Q− + Q̄−

ðβ + 2ð̄ðβ + uðH −Hðu+ 2r2G�m,(2.21)

rDrJ = −(1− divβ)J + u− 1
2u|Q+|2 − 1

2u div(Q
+)− ur2G�n,(2.22)

rDrK =
(

1
2divβ + i curlβ

)
K − 1

2Jðβ + 1
2uðQ+ + 1

4u(Q
+)2 + 1

2ur
2Gmm,(2.23)
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the boundary equations (or subsidiary equations)

rDz (J/u) = v2 rDr (J/(uv)) +
1
2 (divγ − v divβ)J/u+ 2u−1|K|2(2.24)

−∇Q+v −∆v + ur2Gnn,

rDzQ
+ = (v rDr + J − vðβ̄ + ðγ̄)Q+ −KQ̄+ + 2ð̄K + 2u−1rDr(uðv)(2.25)

− (2 + i curlβ)ðv + ðJ − 2u−1Jðu− 2ur2Gnm,

and the trivial equation

ur2Gmm̄ = rDrJ − 1
2divβ J − u|Q+|2 + 1

2u divQ
+ + Q̄+

ðu+Q+
ð̄u(2.26)

+ K̄ðβ +Kð̄β̄ + r2(vDr −Dz)(u
−1Dru) + u−1r2Dr(uDrv).

Of course, the Einstein tensor components in these formulae are set to zero for the
vacuum equations.

Observe that the hypersurface equations (2.20)–(2.23) have no explicit z-derivatives,
and they each contain only one radial (r) derivative. The form of the connection vari-
ables (H, J,K,Q) was determined by exactly these properties. Consequently, the
hypersurface equations may be written schematically in terms of U = (H,Q−, J,K)
in the “characteristic-transport” form

r
∂U

∂r
= F (β(z, r), U(z, r))(2.27)

by treating angular derivatives such as ðU as determined by the set of values U(z, r)
on the full S2. This system has the effect of transporting the fields U along the
characteristic curves with tangent vector  which foliate the null hypersurfaces Nz.

Note that alternative reformulations of the hypersurface equations are possible,
preserving the general characteristic transport structure. For reasons associated with
reliably capturing the asymptotic behavior of the fields, the present version of the
code integrates the following radial equations, for the variables log(H/2) (instead of
H), j = 1

4r(2−HJ)−m (instead of J), and rQ+ (instead of Q−):

r∂r log(
1
2H) = ∇β log(H/2) + 1

2divβ −
2|ðβ|2 + r2G��

2− divβ
,(2.28)

r∂r(rQ
+) = ∇β(rQ

+)− (1− 2ðβ̄)(rQ+) +∇rQ+β + 2rð(rDr log u)(2.29)

+ 2rβ − i rðcurlβ + 2r3G�m,

r∂rj = ∇βj +

(
3
2divβ −

2|ðβ|2
2− divβ

)
(j +m− 1

2r) +
1
4rdivβ(2.30)

+ 1
8r(2− divβ)(|Q+|2 + divQ+) + 1

4r
3(u−1JG�� + uHG�n),

2r∂rK = 2∇βK + (divβ + 2i curlβ)K − Jðβ(2.31)

+ uðQ+ + 1
2u(Q

+)2 + ur2Gmm.

Here m = 1 fixes the bare mass of the background Schwarzschild black hole.
It is remarkable that the boundary equations (2.24), (2.25) and the trivial equa-

tion (2.26) may be regarded as compatibility relations, by virtue of the conservation

(contracted Bianchi) identity G ;b
ab = 0 [51, 4]. This identity is valid for any Ein-

stein tensor Gab, regardless of the metric. Substituting the hypersurface equations
G�� = G�m = G�n = Gmm = 0 into the conservation identity, yields equations
HGmm̄ = 0 and a propagation system for Gnn, Gnm which has the unique solution
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Gnn = Gnm = 0 if the boundary equations are satisfied on one hypersurface trans-
verse to the outgoing null surfaces Nz. Thus, in order to construct a solution of
the full vacuum Einstein equations, it suffices to satisfy the hypersurface equations
everywhere, and the boundary equations just on the boundary surface r = r0.

3. Numerical techniques. In this section we describe the data representation
and manipulation techniques. These consist mainly of techniques for handling angu-
lar fields and derivatives, and an unusual convolution spline used for interpolation,
differentiation, and high frequency filtering in the radial and time directions.

3.1. Fields on S2. The evolution algorithm treats the angular derivatives ∂
∂ϑ ,

∂
∂ϕ

as “lower order,” compared to the radial and time derivatives ∂
∂r ,

∂
∂z . This attitude

in a numerical computation can be justified only if it is possible easily and accurately
to compute and manipulate angular derivatives. This is achieved by using spectral
representations (both Fourier and spherical harmonic) for fields on S2. This approach
is widely used in geophysical and meteorology applications [34, 42, 16, 58, 61] and is
known to have significant advantages compared to finite difference approaches [18],
based on either angular coordinate grids or overlapping stereographic projection charts
[55, 53, 28]. Nevertheless, spectral methods have been used only rarely in numerical
general relativity (cf. [45, 14]) and they have not been used previously for solving the
full Einstein equations.

The basic manipulations required of S2 fields are:

(i) computing nonlinear algebraic terms, such as 1/(2− divβ), u|Q+|2, etc.;
(ii) computing angular derivative terms, such as divβ, ðQ+, etc.;
(iii) inverting the linear elliptic operator Lβ (see (2.14)); and
(iv) projecting S2 grid values of aliased or noisy fields onto certain subspaces of

spin-weighted spherical harmonics.

Three separate representations for fields on S2 have been implemented to carry
out these manipulations:

(i) field values ηjk = η(ϑj , ϕk) at the polar coordinate grid points

(ϑj , ϕk) = ((j − 1
2 )∆ϑ, (k − 1)∆ϕ),(3.1)

where ∆ϑ = 2π/N , ∆ϕ = 2π/N with 1 ≤ j ≤ N/2, 1 ≤ k ≤ N , and (in our
implementations) N = 16, 32, or 64;

(ii) Fourier coefficients arising from FFT transforms in either the ϑ or ϕ direc-
tions, of the field values ηjk;

(iii) spin-weighted spherical harmonic coefficients ηlm, |m| ≤ l, l = s, . . . , L,
L = N/2− 1 (for spin s = 0, 1 or 2).

The field values are used when computing nonlinear algebraic terms such as
u|Q+|2. The Fourier representation is used for computing ϑ and ϕ angular derivatives,
which are needed in the formulas for ð, div, for example. The spherical harmonic rep-
resentation is used in solving the elliptic system (2.14), to spectrally limit field values
by projection to spherical harmonic data, and to save the results.

For fields which do not alias on the (ϑ, ϕ)-grid, the three representations are
equivalent in the sense that conversion between them is essentially exact, depending
only on machine precision and algebraic details of the FFT. The requirement that a
field does not alias is satisfied when it can be represented by a finite expansion in
spin-weighted spherical harmonics with angular momentum l ≤ L = N/2− 1. We use
spectral cutoffs L = 15 (for N = 32) and L = 31 (for N = 64).
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Transformation to the spherical harmonic representation involves a projection,
because both the field value and Fourier representations have approximately twice as
many degrees of freedom. For example, a (real) spin 0 field with l ≤ L = N/2− 1 has
(L + 1)2 = N2/4 spherical harmonic coefficients, whereas it has N2/2 values on the
(ϑ, ϕ)-grid. The space of nonaliasing spherical harmonics is a linear subspace of the
space of functions represented by either Fourier coefficients or field values.

For example, when the (ϑ, ϕ)-grid field values of the product of two fields is
calculated, the result, which will contain components up to l ≤ 2L, is aliased onto the
grid in such a way that its field values no longer lie in the appropriate spin-weighted
spherical harmonic subspace. To clean up after such nonlinear effects, we project the
result back onto the correct subspace, as described in section 3.5.

To minimize the possibility of unstable feedback of quadratic aliasing errors, we
may invoke the Orszag 2/3 rule [19, 41] at various points within the code. The
effective spectral resolution of the code is then lmax ≈ 2L/3 (lmax = 10 for N = 32
and lmax = 20 for N = 64).

3.2. Spherical harmonics. We first summarize the more important properties
of ð (“edth”) and spin-weighted spherical harmonics. The edth formalism provides
a unified geometric approach to the treatment of angular derivatives on S2 and of
vector and higher-rank tensor harmonics. Detailed descriptions of the properties of
spin-weighted fields and spherical harmonics may be found in Penrose and Rindler
[44] or [24, 22]. Here we describe only the basic formulae.

We use a real-valued basis Ylm, l = 0, 1, 2, . . ., m = −l, . . . , l for the space of spin 0
spherical harmonic functions, defined by

Ylm = P lm(ϑ)Fm(ϕ) ,(3.2)

where

Fm(ϕ) =




1 m = 0,√
2 cosmϕ m > 0,√
2 sin |m|ϕ m < 0,

(3.3)

and the P lm(ϑ) = P l|m|(ϑ) are related to the associated Legendre functions Plm by

P lm(ϑ) = (−1)m√2l + 1

√
(l −m)!

(l +m)!
Plm(cosϑ) ,(3.4)

Plm(cosϑ) =
(−1)m
2ll!

sinm ϑ

[
dl+m

dxl+m
(x2 − 1)l

]
x=cosϑ

.(3.5)

The spin s spherical harmonics Y s
lm are then defined explicitly by [44]

Y s
lm = (−1)s

[
2s(l − s)!

(l + s)!

]1/2
ð
sYlm , s > 0,(3.6)

Y −s
lm =

[
2s(l − s)!

(l + s)!

]1/2
ð̄
sYlm , −s < 0,(3.7)

where necessarily l ≥ |s|. Note that the differential operator ð is spin-raising, sending
spin s into spin (s+ 1) fields, and ð̄ is spin-lowering,

ðY s
lm = − [ 1

2 (l + s+ 1)(l − s)
]1/2

Y s+1
lm ,(3.8)

ð̄Y s
lm =

[
1
2 (l − s+ 1)(l + s)

]1/2
Y s−1
lm ,(3.9)
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Table 3.1
Nomenclatures and representations for the Hodge–Helmholtz decomposition of a vector field

on S2.

Even: polar irrotational ðf gradf (∇1f) v1 + (∇2f)v2
Odd: axial divergence-free i ðg curl g (∇2g) v1 − (∇1g)v2

for all s ∈ Z, and that Y s
lm and Y −s

lm are related by complex conjugation,

Y −s
lm = (−1)sȲ s

lm.(3.10)

Since ∆Ylm = −l(l + 1)Ylm, the fundamental commutation relation

[ð̄,ð]η = (ð̄ð− ðð̄)η = sη,(3.11)

for any spin s field η, may be used to show that

∆Y s
lm = (s2 − l(l + 1))Y s

lm,(3.12)

where ∆ = ðð̄ + ð̄ð. With these conventions we have the orthogonality relations

1

4π

∫
S2

Y s
lm Ȳ s

l′m′ sinϑ dϑdϕ = δll′δmm′ ,

which show that the Y s
lm form a basis (over C) of the Hilbert space of square-integrable

spin s fields on S2, which is orthonormal in the natural Hermitian inner product

〈φ, ψ〉 = 1

4π

∮
S2

Re(φ̄ψ).(3.13)

From (3.2)–(3.5) it is evident that the spin 0 harmonics Ylm are trigonometric
polynomials in ϑ and ϕ. Using expression (2.3) for ð, we also see that the Y s

lm are
trigonometric polynomials. The highest wave number Fourier modes which occur in
the set of basis functions {Y s

lm : s ≤ l ≤ L, |m| ≤ l} are cos(Lϑ), sin(Lϑ), cos(Lϕ),
and sin(Lϕ). Therefore, a uniform (ϑ, ϕ)-grid of size N/2 × N can represent spin-
weighted spherical harmonic functions up to L = N/2− 1.

3.3. Even/odd decomposition. Because ð is surjective onto the space of
smooth spin s fields for s ≥ 1 [44], the decomposition of spin 0 fields into real and
imaginary parts may be propagated to higher spin. The resulting decomposition into
even and odd components plays an important role in the analysis of the linearized Ein-
stein equations about the Schwarzschild spacetime [47]. Because the NQS geometry
distinguishes the Schwarzschild metric and is also based on spherical harmonics, it is
ideally suited to comparing nonlinear evolution to the comparatively well-understood
black hole linearized Einstein equations [20, 23].

We say that the spin s ≥ 0 field η is even if η = ð
sf for some real-valued function

f , and η is odd if η = iðsg for some real-valued function g. This matches the usage in
[47]—note that for axially symmetric fields the terms polar (for even) and axial (for
odd) are sometimes used [20]. The surjectivity of ð onto spin s ≥ 1 ensures that every
spin s field may be uniquely decomposed into a sum of even and odd parts. For s = 1
this decomposition corresponds to the Hodge–Helmholtz decomposition of a vector
field into the sum of a gradient and a dual gradient (curl); see Table 3.1. This has a
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natural interpretation in terms of the spectral decomposition

η =

∞∑
l=s

l∑
m=−l

ηlmY s
lm(3.14)

of a spin s field η, because we are using a basis of real-valued Ylm. Namely, η is even
if the spectral coefficients ηlm are real, and odd if the coefficients are pure imaginary.
We may thus decompose η = Even(η) + Odd(η) with

Even(η) =
∑

Re(ηlm)Y s
lm, Odd(η) = i

∑
Im(ηlm)Y s

lm.(3.15)

Observe that ðY s
sm = 0 for s ≥ 0, and thus ð acting on spin s fields with s ≥ 0

has kernel having (complex) dimension 2s+1. Likewise the formal adjoint −ð̄ acting
on spin s ≤ 0 fields has (2|s|+1)-dimensional kernel. In particular, ð acting on spin 1
fields has kernel consisting of the C-linear space spanned by the three l = 1 spin 1
spherical harmonics Y 1

1m—the corresponding real vector fields are the dual gradients
of functions linear in R

3, which are the infinitesimal rotations, and the gradients,
which are the infinitesimal conformal dilations.

The correspondence between vector fields on S2 and spin 1 fields generalizes to
spin 2 fields, which correspond to symmetric traceless 2-tensors on S2. If λ is a
symmetric traceless 2-tensor, then with respect to the standard orthonormal frame

e1 = ∂ϑ, e2 = cscϑ∂ϕ,(3.16)

we have the correspondence λ = λijei⊗ej ∼ 1
2 (λ

11−λ22−2iλ12). This correspondence
extends to higher integer spins with higher rank symmetric traceless tensors on S2.

3.4. Fourier representation. The FFT is used to transform between Fourier
coefficients and field values on the uniform (ϑ, ϕ)-grid. Fourier convergence problems
arising from discontinuities in coordinate derivatives and vector and tensor compo-
nents at the poles are sidestepped by an observation relating fields on S2 to fields on
the torus T

2 = S1×S1 [39]. The torus method enables derivatives for all types of field
on S2 to be computed using Fourier methods, so is particularly well suited to handling
the derivative operator ð (2.3). This approach to handling component discontinuities
at the poles is simpler than the techniques reviewed in [59] for manipulating vector
fields and readily extends to any rank s ≥ 0.

For integer s the real and imaginary parts of a spin s field on S2 may be identified
with the two independent frame components of a completely symmetric trace-free
tensor of rank |s| on S2 [44]. Since the frame e1, e2 (3.16) is not continuous at the
poles, the tensor components will not be continuous at the poles, so are not obviously
suited to Fourier expansion in the ϑ direction.

However, along any smooth curve crossing through a pole, both basis vectors
e1 and e2 reverse direction at the pole. Thus, for any smooth tensor field T =
T j1...jsej1 ⊗ · · · ⊗ ejs , by continuity of T the component functions T j1...js will change
by a factor (−1)s across the poles. Consequently, if we extend the domain of definition
of T j1...js to ϑ ∈ [−π, π] by

T j1...js(−ϑ, ϕ) = (−1)sT j1...js(ϑ, ϕ+ π) , for ϑ ∈ [0, π](3.17)

(using the 2π periodicity in ϕ), then the resulting extension is 2π-periodic and contin-
uous in ϑ. This argument extends to higher (covariant) derivatives of T , showing that
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the extension is in fact smooth and periodic in ϑ. Derivatives of T j1...js with respect
to ϑ can then be calculated just as for ϕ derivatives, provided that the direction of
increasing ϑ is properly taken into account.

In effect, the extension just described defines a (smooth) field T j1...js on the torus
T

2 = S1 × S1. This may be understood geometrically by noting that the map

Υ : T
2 → S2, (ϑ, ϕ) �→

{
(ϑ, ϕ), ϑ ∈ (0, π], ϕ ∈ [0, 2π)
(−ϑ, ϕ+ π), ϑ ∈ (−π, 0], ϕ ∈ [0, 2π)

(3.18)

is in fact smooth. This follows by noting that because ϑ is a radial coordinate near
the north pole ϑ = 0, the differential structure near the pole is represented by the
rectangular coordinates (ξ, η) = (ϑ cosϕ, ϑ sinϕ) and the map (ϑ, ϕ) �→ (ξ, η) is man-
ifestly C∞ for ϑ near 0. Consequently any smooth tensor T on S2, when expressed in
a cotangent basis, pulls back to a smooth tensor on T

2 (i.e., Υ∗(T ) ∈ C∞(T2)), and
thus admits a well-behaved Fourier representation on T

2. The converse is of course
false: a smooth tensor on T

2 does not necessarily arise from a smooth tensor on S2,
even if it satisfies the parity condition (3.17) satisfied by pull-back tensors.

The ϑ and ϕ derivatives in the coordinate form (2.3) of ð (and similarly any other
covariant angular derivative operator) can be evaluated easily by transforming to the
appropriate Fourier representation of the field, multiplying the Fourier coefficients
by the appropriate wavenumber factors, then transforming back to the field value
representation. Thus, computing a derivative operator such as ð is an O(N2 logN)
operation. Since csc( 1

2∆ϑ) � 10 for N = 32, there is no significant loss of precision
in calculating (2.3) near the poles.

It should be emphasized that because the Y s
lm are trigonometric polynomials in

(ϑ, ϕ), the FFT computation of their numerical derivatives is algebraically exact. For
example, the Laplacian relation (3.12) is numerically verified to 1 part in 1012 [39].

3.5. The spherical harmonic representation. In this section we describe the
methods used to transform fields from the field value and Fourier representations to
the spherical harmonic representation. Transformations for fields of spin 0, 1, and
2 are required in the code; the spin 0 case which we describe here to illustrate the
technique is slightly less complicated, since we may assume the field f is real-valued.

There are (L+ 1)2 basis functions in the set {Ylm : 0 ≤ |m| ≤ l ≤ L}. However,
to represent these functions as trigonometric polynomials on a regular S2 grid we
require a grid of size (L + 1) × 2(L + 1), and thus 2(L + 1)2 real coefficients. The
spin 0 functions of angular momentum at most L therefore form a subspace of real
dimension (L+1)2 in the space of Fourier series representable on the grid, which has
real dimension 2(L+ 1)2. We use a projection onto the spherical harmonic subspace
which is orthogonal with respect to the natural inner product in the Fourier space,

〈f1, f2〉F =
1

4π2

∫ 2π

0

∫ π

−π

f1(ϑ, ϕ)f2(ϑ, ϕ) dϑdϕ(3.19)

=
1

N2

N∑
i=1

N∑
j=1

f1(ϑi, ϕj)f2(ϑi, ϕj) ,

where {(ϑi, ϕj) : i, j = 1, . . . , N} are grid points (cf. (3.1)) and N = 2(L+ 1).
To make use of (3.19) we use (3.17) to extend functions defined on S2 to functions

defined on the torus T
2 = S1 × S1. In particular, given any set of values {fij ∈ R :

i = 1, . . . , N/2, j = 1, . . . , N} on the S2 grid, we use (3.17) to construct grid values
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on T
2. There is then a unique interpolating trigonometric polynomial f such that

f(ϑi, ϕj) = fij . We project f to the l ≤ L spherical harmonic subspace as follows.
The Ylm are not orthonormal with respect to (3.19), but instead have Fourier

inner product

Glm l′m′ = 〈Ylm, Yl′m′〉
F

(3.20)

= 〈P lm(ϑ), P l′m(ϑ)〉F δmm′ .

Here, the index pair lm (and l′m′) is a combined index which takes (L+ 1)2 values,
and (3.20) is the matrix for the induced Fourier metric on the spin 0 subspace. The
summation convention will be employed for raised and lowered repeated indices.

For fixed m, the inner product (3.20) of the P functions forms a matrix,

A(m)ll′ = 〈P lm(ϑ), P l′m(ϑ)〉F .

These matrices are defined only for |m| ≤ l, l′ ≤ L, so are square and of size (L+ 1−
|m|)× (L+ 1− |m|). Denoting the inverse matrix by All′

(m), we have

Glm l′m′ = A(m)ll′δmm′ ,(3.21)

and the components of the inverse metric are given by

Glm l′m′
= All′

(m)δ
mm′

(no sum on m).(3.22)

The dual basis vectors for the spin 0 subspace are

Y lm = Glm l′m′
Yl′m′ ,(3.23)

and satisfy 〈Ylm, Y l′m′〉
F
= δl

′
l δ

m′
m . The orthogonal projection of f onto the subspace

is given by proj(f) = 〈f, Y lm〉
F
Ylm = f lmYlm, where

f lm = 〈f, Y lm〉
F

(3.24)

are the spherical harmonic coefficients of the function f . To calculate the inner
product (3.24), first note that using (3.2), (3.22), and (3.23), the dual basis vectors
can be written as

Y lm = P
lm
(ϑ)Fm(ϕ)(3.25)

(in analogy with (3.2)), where we have set

P
lm
(ϑ) = All′

(m)P l′m(ϑ) , Fm(ϕ) = Fm(ϕ).(3.26)

By Fourier analysis of f in the ϕ direction we can write f = f̂k(ϑ)Fk(ϕ). In particular,

by ϕ-FFT of {fij} we get the numbers f̂k(ϑi). The spectral coefficients f lm can then
be evaluated using (3.19) and (3.25) as

f lm = 〈f̂k(ϑ)Fk(ϕ), P
lm
(ϑ)Fm(ϕ)〉

F
(3.27)

= 〈f̂m(ϑ), P lm
(ϑ)〉

F

=
1

N

N∑
i=1

f̂m(ϑi)P
lm
(ϑi) .
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The converse process of reconstructing the function values fij = f(ϑi, ϕj) from the
spherical harmonic coefficients f lm follows from

f = f lm Ylm(ϑ, ϕ) = f lmP lm(ϑ)Fm(ϕ) .

First we construct the quantities

f̂m(ϑi) =

L∑
l=|m|

f lmP lm(ϑi) (no sum on m),(3.28)

and then we use inverse FFTs in the ϕ direction to reconstruct fij via

fij =

L∑
m=−L

f̂m(ϑi)Fm(ϕj) .

Both constructions, of f lm from fij and conversely, are O(L3) operations, due to
the matrix multiplications in (3.27), (3.28). Routines for transforming between grid
values and spherical harmonic coefficients have been implemented for maximum an-

gular momentum L = 7, 15, and 31. The grid values P
lm
(ϑi) which appear in the sum

(3.27) were precomputed in multiple precision using REDUCE [32]. The functions

P
lm
(ϑ) defined by (3.26) were constructed symbolically using exact inversion of the

matrices A(m) ll′ . This symbolic approach is feasible because the metric Glm l′m′ fac-
torizes as the tensor product (3.20), thus allowing exact inversion of G using matrices
of size at most (L+ 1)× (L+ 1) rather than (L+ 1)2 × (L+ 1)2.

The analysis of spin 1 and spin 2 grid functions into spherical harmonic coefficients
is similar, but is complicated by the fact that the induced metric on the subspace
factorizes as a tensor product only in a complex (mixed parity) basis. Separating the
even and odd parity coefficients therefore requires some extra book-keeping.

Techniques for handling spherical harmonic representations have been described
by many authors [34, 42, 58, 18, 33]. Our method differs from the Muchenhauer and
Daly projection (see [58]) in the choice of inner product (3.19) used to define the
orthogonal subspace. These methods are also O(L3). Jakob [33] gives an O(L2 logL)
spectral projection, which however bypasses the construction of spherical harmonic
coefficients. Because we work with a relatively small value of L, and need the spectral
coefficients, the Jakob projection would not provide any improvement.

The torus method described here and in [39] has the advantage that it applies also
to higher-rank tensors, in particular vectors and 2-tensors. Representations in terms
of spin-weighted fields are more efficient for vectors (spin s = 1) than 3-vector repre-
sentations [59, 60], and the operator ð gives a transparent derivation of all invariant
derivative combinations [59].

3.6. Convolution splines. At various stages it is necessary to interpolate and
differentiate grid-based fields. For example, each step of the radial integration of the
hypersurface equations by the RK8 method requires interpolation of the source field β
at 10 intermediate points; the dynamic regridding of the radial grid uses interpolation
to determine the field values of β at the new grid points; and derivatives such as
∂γ/∂r and ∂Q+/∂z must be computed from field values on grids. A convolution
spline algorithm described in [38] provides a convenient technique.
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Table 3.2
Convolution coefficients a

(9)
i .

i: 1, 8 2, 7 3, 6 4, 5

a
(9)
i : − 67

2520
1111
5040

− 421
560

1333
1260

Fig. 3.1. Comparison of the C7 spline kernel φ9 (solid curve) and the sinc method [17, 57]
kernel sinc(x) = sin(πx)/πx (dotted curve). The kernel for a sampling method is the response to
the delta-like discrete data (solid dots). The advantages of the convolution spline method are that
the kernels have finite support ([−8, 8] in this case) and the data is automatically filtered. The
convolution (3.29) using kernel φ9 exactly reproduces polynomials of degree 7 or less.

The method has the effect of fitting a spline curve to sample data, and is imple-
mented by a convolution of the form [38]

f̄(x) =
∑
k∈Z

f(k)φn(x− k),(3.29)

where the f(k) are the raw data (samples) and φn(x) is a Cn−2 sampling kernel. φn
is constructed as a certain sum of central B-splines Mn of order n,

φn(x) =

n−1∑
i=1

a
(n)
i Mn(x− n

2 + i),(3.30)

where the coefficients a
(n)
i , i = 1, . . . , n− 1 are chosen so that the convolution (3.29)

acts as the identity on polynomials f(x) of degree n − 1 (n even) or n − 2 (n odd).
Recall that the central B-spline Mn(x) is a Cn−2 piecewise polynomial of degree n−1
normalized by

∑
k∈Z

Mn(x− k) = 1, with support on |x| ≤ n/2 [52]. The support of
the kernel φn(x) is therefore |x| ≤ n− 1.

Algorithms for computing the a
(n)
i and tabulations for n ≤ 11 are given in [38].

Coefficients for the kernel φ9 used in the code are given in Table 3.2, and φ9 is plotted
in Figure 3.1. The expressions (3.29), (3.30) may be rearranged into a form which is
more efficient for numerical calculations,

f̄(x) =
∑
k∈Z

f̃kMn(x− n
2 − k),(3.31)
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where the modified sample values f̃k are given by

f̃k =

n−1∑
i=1

f(k + i)a
(n)
i .

The advantage of (3.31) is that the f̃k can be computed once and then reused to
evaluate f̄(x) at many different points x, using the explicitly known values of the
B-spline Mn(x). The same f̃k values may also be used to compute derivatives of the
spline function f̄ ,

f̄ (j)(x) =
∑
k∈Z

f̃kM
(j)
n (x− k − n

2 ),(3.32)

where again the derivatives M
(j)
n (x) are known functions. These techniques are rou-

tinely used to supply intermediate values and derivatives of fields in the radial and
time directions.

Nonuniform distributions of sample points are handled by a mapping between the
independent variable and the sample number variable (x in the above). Numerical
derivatives are then calculated using the chain rule. For example, the radial grid
described in section 4.2 is nonuniform, specified by some known relation of the general
form r = r(n) (where n is now being used to denote the sample number variable, with
radial grid points being at n = 0, . . . , n∞). The operator ∂

∂r is then implemented as(
dr
dn

)−1 ∂
∂n , with a formula for the first factor being known explicitly.

Similarly, one can transform to an independent variable s = s0 + hx which has
grid spacing h, to examine the behavior of the approximation (3.29) as h → 0. Let
g(s) := f((s− s0)/h) = f(x), so g(j)(s) = h−jf (j)(x). It can be shown [38] that using
the φ9 kernel, the Taylor series truncation errors for (3.29) at a grid point s are

|ḡ(j)(s)− g(j)(s)| = cjh
8|g(8+j)(s)|+O(h9), j = 0, 1, 2,(3.33)

where c0 = 2021
134400 , c1 = 4547

302400 , c2 = 4549
302400 . This reflects the fact that convolution

with φ9 is exact on polynomials of degree 7.
The predicted h8 convergence of the φ9 spline convolution is clearly evident in

Figure 3.2. Here the function v(x) = ex sin 10x has been approximated at varying grid
resolutions corresponding to N = 2p grid points over the interval [−1, 1]. Convolution
splines do not generally preserve sample values, except for samples from polynomials
of degree less than or equal to the degree of reproduction. This results in some
damping of high-frequency components of the data, which we expect helps to suppress
numerical noise and algorithmic instabilities.

Within the context of spectral methods for PDEs, the direct filtering of Fourier
coefficients of a numerical solution is common practice and has been extensively stud-
ied (cf. [19, section 8.3] and the references therein). On the other hand, explicit use
of a digital filter [30] in conjunction with finite difference methods is comparatively
rare. Nevertheless, from an algorithmic point of view, this is the effect of using a
convolution spline.

The filtering inherent in the method can be examined via the response function

Φn(θ) =
∑
k∈Z

φn(k) cos kθ, 0 ≤ θ ≤ π,(3.34)

which is equal to the factor by which the Fourier mode ei θx is amplified by the ap-
proximation (3.29) at a grid point x ∈ Z. The value θ = π corresponds to the Nyquist
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(a) (b)

Fig. 3.2. Convergence of the φ9 spline convolution: (a) samples of v(x) = ex sin 10x at N = 16
points over [−1, 1], and the corresponding convolution spline; (b) logarithmic plots of the absolute
error |v(x)− v̄(x)| for grid resolutions of N = 2p with p = 4, . . . , 7, showing a reduction in the error
by a factor of 28 on each doubling of the resolution.

Fig. 3.3. Filter response functions: (a) raised cosine filter σ(θ) = 1
2
(1 + cos θ); (b) Lanczos

filter σ(θ) = θ−1 sin θ; (c) sharpened raised cosine [19]; (d) Φ9(θ).

frequency for the grid. Figure 3.3 shows the response function Φ9(θ), compared to the
well-known Lanczos and raised cosine (artificial viscosity) filters [30]. The filtering
characteristics of convolution splines and their derivatives are described in [38]. The
limitations of convolution splines are illustrated in Figure 3.4, which shows Gibbs-like
effects associated with approximation of step-like data. The figures also give an indi-
cation of the number of grid points needed to resolve a sharp transition. In order that
the convolution spline smoothing should introduce only negligible errors, the grid res-
olution should be chosen sufficiently fine that typical field variations take place over
enough grid points that the expected frequency θ of the field data lies well within
the part of the Nyquist frequency interval where Φn(θ) ≈ 1. Of course this requires
some prior knowledge of the length scale of the field, and cannot be applied where
shocks (or arbitrarily rapid variations) occur in the data. In such cases the spherical
harmonic representation would become equally unsuitable.

The choice of high-order convolution splines (h8 rather than say h4) was motivated
by the need to reduce storage requirements. The smoothing associated with low-order
spline convolutions results in a markedly reduced usable proportion of the Nyquist
interval [38], so to achieve comparable accuracy with a low-order method would require
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Fig. 3.4. Convolution spline approximation of step-like data. Here the function u = tanh(10x)
is represented by N samples over the interval [−3, 3]. For N = 16, the transition from u ≈ −1 to
1 takes just one grid interval and a Gibbs-like phenomenon is evident. The convolution splines are
constructed using the φ9(x) kernel. The logarithmic plot shows the absolute error, |u(x)− ū(x)|.

significantly higher grid point densities. The φ9 kernel was chosen also because its
accuracy matches that of the RK8 method used for the radial integration.

To use convolution splines near endpoints of a data set we extend the data set,
using a suitable mapping between the independent variable and the sample number
variable [40]. The mapping is chosen so that when expressed in terms of the sample
number variable n, 0 ≤ n ≤ n∞, the fields admit expansions in powers of n2 near
n = 0 and (n∞ − n)2 near n = n∞. The sampling kernel convolution is then applied
to the even extension of the fields through n = 0 or n = n∞. This technique is
particularly important in extracting radiation data near null infinity (scri, I+), where
the radial grid is chosen so that n∞ − n = O(r−1/2), as described in section 4.2.

4. Solution algorithm. The hypersurface equations (2.20)–(2.23) suggest the
following process for evolving the metric in the exterior region with interior boundary
the cylinder r = r0:

1. Choose boundary data (H,Q−, J,K) on the cylinder r = r0, consistent with
the boundary equations (2.24), (2.25);

2. Assume β is given on a null hypersurface Nz;
3. Solve the Nz hypersurface equations r∂rU = F (β, U) by integrating along

(z, ϑ, ϕ) = const. with initial conditions at r = r0 determined in step 1;
4. Reconstruct the metric functions u, v, γ from H, J,K, and β using the con-

verse construction (2.13)–(2.15);
5. Reconstruct ∂β/∂z from Q, using (2.16) and the known values of β, γ on Nz;
6. Use ∂β/∂z from step 5 to evolve β to the “next” null hypersurface Nz+∆z

and repeat from step 3.
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Fig. 4.1. Schwarzschild spacetime in Kruskal–Szekeres coordinates. Radial light rays are at 45◦.

In the following we will show how this heuristic algorithm is implemented numerically,
using the techniques and data representations of the previous section.

4.1. Geometry and inner boundary conditions. The code models gravita-
tional waves propagating on a black hole spacetime, with metric approximating that
of the Schwarzschild solution in the Kruskal–Szekeres coordinates [31]. Introducing
the double-null coordinates

z = t− r∗, y = t+ r∗, r∗ = r + 2m log
( r

2m
− 1
)
,

the Schwarzschild metric (2.2) becomes ds2
Schw = −(1 − 2m/r) dy dz + r2dΩ2, where

dΩ2 = dϑ2 + sin2 ϑ dϕ2. The coordinate singularities at the past and future horizons
t = ±∞ are removed by defining ỹ = ey/4m, z̃ = e−z/4m, giving the metric

ds2
Schw =

32m3

r
e−r/2m dỹdz̃ + r2 dΩ2 ,

where r = r(ỹ, z̃) is defined implicitly by (see Figure 4.1)

er/2m
( r

2m
− 1
)
= ỹz̃.(4.1)

The surfaces z̃ = 0 and ỹ = 0 (i.e., r = 2m) form the past and future event hori-
zons, and these are smooth hypersurfaces with bounded curvature. The approximate
Minkowski structure of Schwarzschild spacetime is better illustrated by the radial null
geodesics in (r, t) coordinates; see Figure 4.2. Note however that the (r, t) coordinates
are singular along the event horizons r = 2m. Initial conditions for β are imposed on
{z = 0, r ≥ 2m} (with m = 1 usually), by specifying the spherical harmonic coefficient
functions βlm(r). The initial coefficient functions βlm(r) may be freely chosen, subject
only to the size condition (2.17).

For simplicity the inner boundary conditions are set at r0 = 2m = 2 to agree
with the Schwarzschild past horizon: H0 = 2, Q0 = J0 = K0 = 0. Since we choose
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(a) (b)

Fig. 4.2. Exterior region r > 2m of Schwarzschild spacetime, with radial null geodesics. (a) In
Schwarzschild coordinates (r, t); (b) in retarded Eddington–Finkelstein coordinates (r, z).

β(0, r) = 0 for 2 ≤ r ≤ 5, by causality the solution should agree with the Schwarzschild
metric in a neighborhood of r = 2 for all time z ≥ 0, producing a “white hole” past
horizon in the spacetime. This choice of inner boundary condition has the considerable
advantage that the boundary equations (2.24), (2.25) are automatically satisfied, and
it is not necessary for this class of simulations to separately ensure that the boundary
data are numerically compatible with the boundary equations.

The resulting spacetimes have the geometry of an isolated black hole with future
event horizon at z = ∞, r > 2m, and Schwarzschild-like white hole boundary along
r = 2m, 0 ≤ z < ∞. Adding shear β at the initial hypersurface z = 0 results in
spacetimes with gravitational radiation interacting with a single black hole.

Although the fixed past horizon boundary conditions used in the present code
allow many interesting issues to be addressed, it would be desirable to implement
more general inner boundary conditions. Such conditions specify H, J,K,Q+ at an
inner surface (r = 1, for example), subject to the dynamical (∂/∂z) constraints on
the evolution of J/u and Q+ determined by the boundary equations (2.24),(2.25) [4].
The free data on the inner boundary consist of u0,K0, where u0 represents a certain
coordinate gauge freedom, while K0 describes the gravitational radiation injected into
the system through the inner boundary. Various exact solutions with such bound-
ary conditions are described in [6] (Robinson–Trautman [49], boosted Schwarzschild,
twisted Minkowski space), and would provide useful accuracy checks on the numerical
methods. However, implementing general inner boundary conditions raises numerical
difficulties, and constraining the radiation data K0 such that the spacetime is still
Schwarzschild near the past horizon is a difficult geometric problem. An arbitrary
choice of K0 will inject additional energy into the spacetime.

4.2. Dynamic radial grid. There are two geometric features which the code
should model accurately: future null infinity (“scri” or I+, where r → ∞, z finite),
and the future horizon r ∼ 2m, z →∞.

The field near null infinity I+ ∩ Nz = (r = ∞, z) determines the outgoing grav-
itational waves as seen by a distant observer and is consequently very important
for applications to gravitational wave astronomy. Experience with 3+1 codes shows
that it is not possible (as yet) to provide boundary conditions on an outer time-like
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boundary at a finite radius which do not either inject radiation or reflect radiation
back into the grid. This deficiency has the effect of severely limiting the overall time
duration of most 3 + 1 simulations. We avoid all such reflection problems by using a
radial grid coordinate n, which compactifies r = ∞ and leads to accurate modeling
of gravitational radiation.

The (z, r) coordinates become singular near the future horizon z → ∞ in the
Schwarzschild spacetimes (see Figures 4.1, 4.2). In our case this picture is not exact,
since the spacetime geometry is only approximately Schwarzschild, and thus the future
horizon will not be located exactly at z = ∞. However, the NQS parameterization
must still become singular eventually, as the outgoing null hypersurfaces Nz approach
the future event horizon.

One effect of nearly singular coordinates (r, z) at late times is that the in-falling
gravitational features near the event horizon will be compressed into a region of small
r-variation, and this compression will accelerate in time z, while retaining field struc-
tures from early times. Consequently no r-grid which is constant in time is able to
accurately represent the in-falling radiation at late times. We have observed that
numerical problems with a fixed radial grid arise as early as z = 10.

To overcome these problems, a dynamic and variable radial grid is used, based on
double null coordinates (z, ỹ). The time steps in the evolution direction are regular,
with ∆z = 0.1, 0.05, 0.025 being typical. The grid in the radial direction is chosen to
satisfy the criteria that it compactify null infinity and concentrate grid points in the
region of greatest variation in the seed field β. Because the field features propagate
along the inward and outward null characteristics, which correspond, respectively, to
the curves ỹ = const. (approximately!) and z = const. (exactly), the numerical grid
is taken to be rectangular in the (z, ỹ) coordinates, with radial grid point positions
being determined by an initial distribution of grid points on the surface z = 0.

Introducing the radial grid coordinate n with range 0 ≤ n ≤ n∞ (with typical
values of n∞ being 128, 256, 512, and grid points at integer n), we specify an initial
grid point distribution r(z = 0, n) = f(n), where f is some monotone increasing
function such that f(n∞) = ∞. The radial grid points on the initial (z = 0, z̃ = 1)
surface have ỹ ordinates given by (4.1),

ỹ = (f(n)/2m− 1) exp(f(n)/2m) = φ(f(n)/2m),(4.2)

where φ(x) := (x− 1)ex is monotone and invertible for x ≥ 0. Since ỹ, z, r are related
by ỹ = ez/4mφ(r/2m) and the grid points are required to inflow along the curves of
constant ỹ, we can determine the dynamic radial grid point distribution r = r(z, n)
in terms of the initial grid distribution function f(n) by

r(z, n) = 2mφ−1(exp(−z/4m)φ(f(n)/2m)) ,(4.3)

where the inverse function φ−1 : [−1,∞) → [0,∞) is evaluated numerically. With
this definition, the surfaces n = const. correspond to in-falling null hypersurfaces in
the reference Schwarzschild metric. To express the hypersurface equations in terms
of n rather than r, we compute ∂r/∂n from (4.3),

∂r

∂n
= e−z/4m f(n)

r(z, n)
exp

(
f(n)− r(z, n)

2m

)
df

dn
.(4.4)

It remains to choose the initial grid distribution f(n). The condition n∞ − n =
O(r−1/2) is achieved by setting f(n) = f1(ν)/(1 − ν)2, where ν = n/n∞ and f1 :
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Fig. 4.3. The map between radial grid point number n and radius r is dynamic, chosen so that
grid points approximately follow inward null geodesics. At late null-time z, grid points cluster near
the black hole horizon at r = 2.

[0, 1] → R is any suitable smooth monotone bounded function. In the code, f1 is a
quadratic polynomial, with coefficients chosen to concentrate grid points across the
support of the chosen initial data β(z = 0). Figure 4.3 shows sample curves r(z, n) =
const., illustrating the in-falling nature of the (z, n) grid coordinates. This heuristic
prescription for distributing the grid points works well in practice—Figure 4.4 shows
the shear over the (z, n) plane for run 160 and clearly demonstrates the in-falling
structure of this solution. The simulation eventually terminates at z = 55 because
of some geometric effect associated with breakdown of the NQS gauge condition near
the future event horizon.

4.3. Hypersurface equations. The hypersurface equations are solved by treat-
ing them as a large system of ODEs, with the radial grid coordinate n playing the
role of independent variable, and the dependent variables being the values taken by
the fields (H, J,Q,K) at the N2/2 points of the (ϑ, ϕ)-grid.

The form ((2.28)–(2.31)) of the hypersurface equations, for the variables logH,
rQ+, j and K, proves to be better behaved near r =∞, since each of these variables
has a finite (usually nonzero) limit. Integration of these radial ODEs is possible up
to and including the final point n = n∞, with results whose numerical effectiveness
may be seen by inspecting the field values in a neighborhood of null infinity [8].
Tests described in the following section, in particular the consistency of the constraint
equations and the accuracy of the Trautman–Bondi mass decay formula (Figure 5.9)
also confirm that asymptotic behavior has been reliably calculated.

Note that unlike methods based on Bondi–Sachs or Newman–Unti coordinates
[29, 37], integration along the r-coordinate lines does not correspond to integrating
along the radial null geodesics (the characteristics of the Einstein equations), since in
general the NQS shear β is nonzero and the null direction is  = ∂/∂r − r−1β.
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Fig. 4.4. Evolution of rβ for 0 ≤ z ≤ 55, in radial in-falling coordinates. Observe that the
in-falling grid tracks the dynamical evolution. This simulation has timestep ∆z = 0.05, n = 0 is the
past horizon r = 2m, and n = 256 represents future null infinity I+.

The radial integration with respect to n is performed using an RK8 scheme [46],
with RK step size ∆n = 1. This method requires 13 derivative evaluations per RK
step, of which 10 are at intermediate points not on the radial grid. Values of β and its
angular derivatives at these intermediate points are provided by convolution splines
generated using the kernel φ9 with samples at integer n.

4.4. Reconstructing the metric. Step 4 of the solution algorithm requires
us to reconstruct the metric functions (u, v, γ) from the solution (H, J,K,Q) of the
hypersurface system ((2.20)–(2.23)) with seed β and boundary data (H, J,K,Q)|r=r0 .
The reconstruction is carried out as described in section 2.3. This process requires
solving the system (2.14) on each S2 of the radial grid. If β is not too large, then
(2.14) is an elliptic system of PDEs on the sphere S2, mapping surjectively to the
space of spin 2 fields. We solve (2.14) by introducing the preconditioning variable
Γ = ðγ, so (2.14) becomes

Γ +
ðβ

2− divβ
div(ð−1Γ) = −K + J

ðβ

2− divβ
,(4.5)

where ð
−1 is defined spectrally by

ð
−1Y 2

lm = − [ 1
2 (l + 2)(l − 1)

]−1/2
Y 1
lm, l ≥ 2.

Note that this definition of ð
−1 gauges the l = 1 spherical harmonic components of

γ to zero—a similar but more expensive construction may be used if nonzero γl=1

components are desired. The advantage of (4.5) over (2.14) is that the operator in
(4.5) is close to the identity for small B := ðβ/(2− divβ).

Writing (4.5) as (1+A)Γ = F , where Γ �→ AΓ = Bdivð
−1Γ is an R-linear operator
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and F = −K + JB, suggests the iterative algorithm

Γn+1 = F −AΓn, n = 0, 1, . . . .(4.6)

For Γ =
∑

l≥2,m ΓlmY 2
lm we have the explicit spectral representation

divð
−1Γ = −

∞∑
l=2

l∑
m=−l

[
l(l + 1)

(l − 1)(l + 2)

]1/2
(Γlm + Γ̄lm)Ylm,(4.7)

which shows that divð
−1 is a zero-order operator with kernel consisting of purely odd

spin 2 fields. It follows that (4.6) converges for B small.
The action of A is evaluated using (4.7) to compute divð

−1Γ, then using the field
value representation to compute the product with B = ðβ/(2 − divβ), and finally
converting back to the spectral representation. The iterations (4.6) continue until
the error, measured by the sum of squares of spherical harmonic coefficients of the
difference of the two sides of (4.5), is 10−2 times the size of the aliasing error in the
source term. This aliasing error is the difference between the raw field values of the
source term (which is necessarily calculated in the field value representation because it
involves products and quotients) and its field values after projection into the subspace
spanned by spin 2 spherical harmonics. It provides an estimate of the error in the
source term, and hence (because the operator 1 + A is close to the identity) it is
reasonable to accept a solution of comparable accuracy.

The iteration scheme (4.6) turns out to be quite efficient, typically requiring fewer
than 10 iterations for an S2 grid of size N/2 × N = 16 × 32. On this size grid we
resolve all components of Γ up to angular momentum L = N/2 − 1 = 15, so in this
case we solve for 2((L+ 1)2 − 4) = 504 spectral coefficients.

Solving for Γ in the spectral representation uses fewer unknowns (2(L + 1)2 − 8
compared to 4(L + 1)2 grid values), and gauge conditions which specify the l = 1
components of γ (e.g., γl=1 = 0) can be directly implemented. It is possible to adapt
the algorithm to allow for other NQS gauges (e.g., βl=1 = 0), which could have some
geometric advantages [6], but this is numerically more expensive since (2.14) must be
solved four times at each sphere rather than once.

4.5. Evolution. Given β on a null hypersurface Nz, we construct the time
derivative ∂β/∂z by solving the hypersurface equations with seed β, determining
γ, v as outlined in the previous section, and then using formula (2.16) to evaluate
∂β/∂z. Let us write the result of this process as

∂β

∂z
= B(β, U0),(4.8)

where the operator B is determined by the value of β on the hypersurface N and the
initial conditions U0 = (H0, Q0, J0,K0) at r = r0 for the hypersurface equations.

The evolution formula (4.8) provides the basis of the spacetime evolution algo-
rithm, which incorporates (4.8) into a standard RK4 algorithm. This is just the
method of lines, treating the evolution equations as a large system of ODEs for the
(r, ϑ, ϕ)-grid values of β(z) = β|Nz

.
The method of lines, applied blindly in this manner, is generally prone to instabil-

ities. Tests suggest the relative stability of the NQS code derives from the smoothing
effects (a) of the convolution spline and (b) of the spectral projection. The filtering
implicit in the convolution spline is applied to β during the radial integration of the
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hypersurface equations, at each of the four stages of the RK4 algorithm. It is not
possible to turn off this radial filtering because the convolution splines for β are an
essential part of the algorithm for evaluating the right-hand side (RHS) of (4.8).

Smoothing of β in the angular directions is done explicitly, by projecting β onto
the spin 1 subspace with maximum angular momentum L or 2L/3 (the Orszag 2/3
rule, to eliminate quadratic aliasing). This angular filtering is done after each of the
four stages of the RK4 algorithm. Removal of the angular filtering results in very
rapid disintegration of the evolution, which then typically lasts only a few integration
steps.

For simplicity, the four RK4 stages evolve β in the z direction in the (z, r) co-
ordinates, along r = const. At the end of each full RK4 time step the key field β is
interpolated onto the new radial grid (4.3) using a convolution spline for β.

The RK4 time integration of β evolves field values on the (r, ϑ, ϕ)-grid. Equiva-
lently, we could have evolved its spherical harmonic coefficients, of which there are half
as many. However, the computation saved by doing so is insignificant in comparison
to that required to evaluate ∂β/∂z, so this choice is made for convenience.

Likewise, the RK8 radial integration of the system of hypersurface equations uses
the field value representation. In this case, however, it is found that projecting the
fields onto their appropriate spherical harmonic subspaces during the integration is not
required for either stability or accuracy. There is a definite computational advantage
in staying within the field value representation, since many relatively expensive O(L3)
projections are avoided.

Evaluating ∂β/∂z requires ∂γ/∂r (2.16). Numerical r-derivatives of γ are calcu-
lated as the derivatives of convolution splines for γ in the radial direction, making use
of formula (4.4) and the chain rule for derivatives. The radial derivative term Dr log u
which appears in the hypersurface equation (2.29) can be expressed using (2.28) and
(2.13) in terms of the 1st radial and angular derivatives of β.

The program is normally run until the solution ceases to be well behaved. Blowup
is detected by monitoring 2− divβ, which must remain everywhere positive. For the
initial data that we have used, the blowup always occurs in l = 2 modes of β, at
low n values corresponding to r ≈ 2m (see Figures 4.3, 4.4). Although the precise
cause of blowup is not yet understood, it is not a numerical instability, since it is
unaffected by changes in radial or timestep resolutions, nor does it appear to be
primarily geometric, since most curvature scalars remain bounded. This suggests the
blowup is a coordinate effect arising from proximity to the future event horizon.

For smooth initial data of intermediate strength, the evolution extends to z ∼ 55.
The final time varies with the strength of the initial data—see Table 5.1. The evolution
of an intermediate strength solution is shown in Figure 4.4, which plots the mean
square or L2(S2) size of β at each radial sphere, for time 0 ≤ z ≤ 55. The blowup
feature is at low radius, and is apparent from time z = 45 onwards.

5. Accuracy tests. The complexity of the NQS Einstein equations and the va-
riety of algorithms employed in the code make it problematic to prove rigorously that
the simulations accurately model the physics and geometry of the spacetime. Instead
we rely on a range of tests to justify the reliability of the code, probing the numerical
accuracy of the solutions through their convergence and geometric consistency.

We consider here tests based on the numerical convergence of the solutions as
algorithmic parameters are varied; and on the algebraic consistency of the numerical
solutions. The consistency tests measure the constraint identities and the Trautman–
Bondi mass decay formula [63, 29].
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Table 5.1
Sizes of the example initial data sets

Field strength: weak intermediate strong
β(0) scale factor: 1 4.48 10
mB(0)/m− 1: 0.9472× 10−2 0.1915 0.9940

Last z: 61 55 51

The resolution of the simulations is determined by three parameters: the spherical
harmonic spectral limit L (or effective limit lmax); the number of radial zones n∞; and
the time step ∆z. We shall examine in turn how the accuracy of a solution depends
on each of these parameters.

It is clear that numerical convergence can be estimated from the convergence
properties of the key field β. However, convergence of β guarantees only that the
(limit) solution satisfies some system of equations, which may not coincide with the
desired vacuum Einstein equations. (For example, the Einstein equations may have
been incorrectly implemented.) Thus, to assert that the correct equations have been
solved, it is essential to provide independent tests of the correctness of the code.

The most natural independent test is to compare the numerical solution with
an explicitly known solution. Unfortunately the Schwarzschild metric (2.2) is trivial
in the NQS gauge and does not provide a useful comparison test, while the twisted
shear-free metrics [6] require interior boundary conditions which are more general
than those available in the present version of the code.

Instead we consider here another class of independent tests based on constraint
relations. Such relations are typical of geometric equations arising in geometry and
physics, which admit gauge and coordinate freedoms. Thus, we check the geometric
consistency of the solution by evaluating r2Gnn and r2Gnm using (2.24) and (2.25).
Neither of these relations is used in generating the numerical solutions, and in theory
these components should evaluate to zero. In practice, since each is a sum of terms
having magnitude approximately |β| ∼ 1, the extent to which r2Gnn, r

2Gnm evaluate
to zero serves both to confirm the consistency of the numerical solution with the
vacuum Einstein equations, and also to assess the relative accuracy of the solution.

The Trautman–Bondi mass decay formula provides another such test of geometric
consistency, and of the accuracy of the solution near r =∞. This theoretical result is
a relation between the asymptotic (r = ∞) values and z-derivatives of the fields H,
J , and K, and may be readily tested for our numerical solutions.

In the following we discuss numerical solutions generated by three reference initial
β(z = 0) fields, which differ only by the scale factors in Table 5.1. In each case the
initial β consists of pure l = 2,m = 2 spherical harmonics with equal strength odd
and even parts, and radial profile being a bump supported on 5 ≤ r ≤ 40. We use
the terms weak, intermediate, and strong to describe these solutions.

A convenient measure of the strength of the gravitational field is the initial rel-
ative mass difference mB(0)/m − 1, between the initial Bondi mass of the numerical
spacetime (cf. (5.3)) and the background Schwarzschild mass (m = 1). Table 5.1 gives
the initial relative mass differences for the three reference initial β fields.

The qualitative conclusions of the error analysis of this section are:

1. The major factor determining the overall accuracy is the spectral limit L.
Truncating spherical harmonic coefficients at L has the effect of modifying the equa-
tions being solved to a system for which the constraint identities are no longer valid.
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With L = 15 the weak and intermediate field solutions can be well resolved, but this is
not sufficient to obtain adequate (beyond 10−3) accuracy for strong field simulations.

2. Unstable quadratic aliasing can be suppressed using Orszag’s 2/3 rule.
3. Within the bounds governed by the spectral limit L, accuracy can be im-

proved by increasing the radial resolution n∞. For the weak field solution, n∞ = 1024
reduces the radial error to the level of the spectral truncation error (see Figure 5.6(b)).

4. For given resolutions L and n∞, there is a range of values ∆z for which the
simulation remains stable. Outside this range, the simulation follows the standard
solution for some time, then rapidly blows up. The simulation errors are largely
insensitive to the value of ∆z within the stable range, so ∆z may be chosen as large
as possible, consistent with stable evolution.

5.1. Dependence on the spectral limit L. Using our current hardware it
is not generally feasible to run the code at L = 31, and L = 7 is too low to be of
interest. The code is normally run at the L = 15 resolution (16× 32 (ϑ, ϕ)-grid) with
an antialiasing cutoff at lmax = 10.

Orszag [19, 41] observed that quadratic aliasing can be eliminated by periodically
removing the upper 1/3 of the spectral bandwidth of a numerical solution. If fields
contain only modes for which l ≤ 2

3L, then a quadratic product is band limited to
l ≤ 4

3L. With a working bandwidth L, the modes for which L ≤ l ≤ 4
3L become

aliased onto the modes 2
3L ≤ l ≤ L. Therefore, truncation at lmax = 2

3L will remove
quadratic aliasing contamination.

If no lmax cutoff is used (i.e., the full L = 15 resolution is retained), then the high
l-modes of the intermediate strength simulations blow up at z ≈ 8. The time until
blow up is largely independent of the time step and radial resolution. This suggests
that the nonlinear aliasing contamination is best regarded as changing the system
into one which has unstable solutions.

Because the nonlinear interactions are predominantly quadratic, it is not surpris-
ing that the lmax = 10 cutoff is sufficient for long term stability. The intermediate
strength solution lasts until z = 55, when the code terminates for other reasons.

Figure 5.1(a) shows blow up of run 453, an L = 15 simulation of the intermediate
field strength solution with no antialiasing cutoff. The l = 15 modes show rapid
growth beyond z = 6, indicating the instability of the aliasing feedback. Figure 5.1(b)
shows the difference between run 453 and the stable simulation run 456, which has
an lmax = 10 cutoff. Until the onset of the high l-mode instability (i.e., for z ≤
6) there is good agreement between the two simulations, with approximately 10−10

relative difference for l = 2 modes and 10−2 relative difference for l = 10 modes.
The spectral limit L is critical in determining the relation between gravitational field
strength and simulation accuracy. This can be appreciated by observing the decay
rate of the l-spectrum of β, as in Figure 5.2. By extrapolation, the absolute error
introduced by the antialiasing cutoff at lmax = 10 should be no larger than the l = 10
coefficient, and a relative error estimate follows by comparing the l = 10 and the l = 2
coefficients.

Figures 5.2(a) and 5.2(b) show the dramatic difference in decay rates of the l-
modes of β for weak and strong fields. Assuming an lmax = 10 cutoff, it is evident
that the relative errors should be at most 10−8 for weak field simulations and 10−3 for
strong field simulations, assuming the error is dominated by the spectral limit. From
the observed decay rate of the l-modes of β for a given field strength, it is possible to
estimate the resolution L required to achieve a prescribed accuracy. Thus although
we cannot directly investigate the behavior of errors with varying spectral limit L
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(a) (b)

Fig. 5.1. Orszag’s 2/3 rule is used to remove aliasing instability: (a) unstable evolution of the
high l-modes of an L = 15 simulation (no antialiasing cutoff); (b) difference between an unstable
L = 15 simulation (no cutoff) and a stable simulation with an lmax = 10 cutoff. Each l-bin contains
a radial plot (linear in n, with n = 0, . . . , n∞) of the square root of the sum of the squares of the
(l,m)-components for fixed l with m = −l, . . . , l. These simulations have n∞ = 512 and ∆z = 0.05.

(a) (b)

Fig. 5.2. Spectral resolution and field strength: (a) well-resolved weak field with fast l-mode
decay; (b) poorly resolved strong field with slow decay of l-modes (see Table 5.1 for field strength
details).

(due to hardware constraints), we can still investigate spectral resolution effects by
altering the β field strength.

Figures 5.3(a) and 5.3(b) show the effect of field strength (weak, intermediate,
strong) on the constraint quantities r2Gnn and r2Gnm. The parameters for these
simulations are lmax = 10, n∞ = 256, and ∆z = 0.05. The four curves in each band
are for times z = 10, 20, 30, 40. There is no significant z dependence of either Gnn or
Gnm until within about 5m of the final blow up time. The second Bianchi identity
implies the conservation law G;b

ab = 0, which leads to a radial system of equations for
Gnn, Gnm with sources linear in the hypersurface Einstein tensor components G��,
G�m, G�n, Gmm. Thus Gnn, Gnm give a measure of the accumulated error in the
hypersurface equations in the radial direction. This provides some explanation of
the structure of the Gnn, Gnm graphs, particularly for the strong field solution: the
numerical solution of the hypersurface equations will have greatest error in the region
where the fields are strongest, in this case the range 64 < n < 128, and this is precisely
the region of greatest increase in Gnn, Gnm.

5.2. Dependence on radial grid resolution n∞. The radial regridding and
interpolation of β, the radial differentiation of γ, and the radial integration of the
hypersurface equations are all formally eighth-order accurate. Figure 5.4 shows this
is consistent with the observed convergence of β on increasing the radial resolution.
The constraint quantities Gnn and Gnm also exhibit convergence. Figures 5.5(a) and
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(a) (b)

Fig. 5.3. Effect of spectral resolution on constraint quantities (a) |r2Gnn|S2 ; (b) |r2Gnm|S2 ,
at times z = 10, 20, 30, 40 for strong (top 4 curves), intermediate (middle 4 curves), and weak fields
(bottom 4 curves).

Fig. 5.4. Convergence of β with increasing radial resolution: weak field solutions with n∞ =
256, 512 compared to n∞ = 1024. The error decreases by approximately a factor of 28 on doubling
the radial resolution.

5.5(b) show significant improvement between n∞ = 256 and 512, but little between
512 and 1024. The form of the n∞ = 1024 curve indicates that constraint errors at
the highest radial resolution are dominated by spectral truncation.

5.3. Dependence on time step ∆z. At the typical resolutions at which the
code is run, the RK4 errors are completely dominated by errors arising from the spec-
tral truncation L and/or the radial resolution n∞. This is illustrated by Figure 5.6(a),
which shows no significant difference in the constraint quantity Gnn between ∆z = 0.1
and ∆z = 0.05 when n∞ = 256. However, when the solution is highly resolved in the
radial direction, an effect can be observed, cf. Figure 5.6(b), for n∞ = 1024. Figure 5.7
shows rβ errors for runs with ∆z = 0.1, 0.05 and n∞ = 512. Again convergence with
decreasing ∆z is evident only where the RK4 error is not dominated. Consequently,
∆z is optimally chosen as large as possible, subject to resulting in stable evolution.
For n∞ = 256 and L = 15 with an antialiasing lmax = 10 cutoff, the evolution is
stable for ∆z = 0.1 and unstable for ∆z = 0.2, which blows up at time z = 25, after
125 RK4 steps.

5.4. Energy and asymptotic decay tests. The Hawking mass

mH(Σ) =

√
area(Σ)

16π

(
1− 1

2π

∮
Σ

ρNPµNP dvΣ

)
(5.1)
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(a) (b)

Fig. 5.5. Effect of radial resolution on weak field constraint quantities (a) |r2Gnn|S2 , (b)
|r2Gnm|S2 . In each case the three curves are for n∞ = 256, 512, 1024 (top, middle, and bottom
curves, respectively).

(a) (b)

Fig. 5.6. Effect of time step resolution on the constraint quantity |r2Gnn|S2 for the weak field
solution: (a) n∞ = 256,∆z = 0.1, 0.05: the error is dominated by the radial discretization error
for n < 192 and by the spectral truncation error for n > 192. Refining ∆z produces no appreciable
improvement in the solution. (b) n∞ = 1024,∆z = 0.1, 0.05: the radial discretization error is small
enough that the RK4 integration error can be observed. For n > 700 the error is dominated by the
spectral truncation, resulting in the same tail as in (a), while for n < 700 the constraint improves
in places, consistent with a factor of 16 decrease in the error.

of a 2-surface Σ reduces in the NQS gauge to

mH(z, r) =
1
2r

(
1− 1

8π

∮
S2

HJ

)
.(5.2)

mH(z, r) provides a quantity representing the “quasi-local” mass contained within
the sphere (z, r), and has asymptotic limit equal to the Bondi mass

mB(z) = lim
r→∞mH(r, z).(5.3)

The Bondi mass is easily computed numerically, by mB(z) = mH(n = n∞, z). Fig-
ure 5.8(a) shows the Hawking mass plotted against the radial coordinate, for times
z = 0, 1, . . . , 55. There are several features of interest in this plot: the limit Bondi
mass (Figure 5.8(b)) decays in time, reflecting the Trautman–Bondi mass loss formula
(5.4); the energy is radiated in bursts, reflecting near-linear behavior dominated by
pure l = 2 modes; the Hawking and Bondi masses decay to the background black hole
mass m = 1 at late times, suggesting that in this example, almost all the gravitational
radiation has been scattered to I+ and essentially none is absorbed by the black hole;
and finally, the rapidly growing feature at about n = 20 at late times in Figure 4.4
does not affect the Hawking mass.
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Fig. 5.7. Convergence of β with decreasing time step: weak field solutions for ∆z = 0.1, 0.05,
compared against ∆z = 0.025. Where the error is not dominated by the radial discretization error,
the curves show a decrease in error which is consistent with fourth-order convergence.

(a) (b)

Fig. 5.8. Mass functions: (a) Hawking mass for times z = 0, 1, . . . , 55; (b) Bondi mass.

(a) (b)

Fig. 5.9. Trautman–Bondi mass loss formula as a test of numerical accuracy at r = ∞:
(a) Bondi mass decay rate; (b) error in the mass decay formula, given by LHS(5.4)− RHS(5.4).

The Trautman–Bondi mass loss formula [62, 63, 15, 29]

d

dz
mB(z) = − 1

16π
lim
r→∞

∮
S2(z,r)

H|K|2(5.4)

provides a test of the geometric consistency of the solution, particularly near null
infinity. By comparing the numerical derivative dmB/dz with the computed value
of the RHS (evaluated at n = n∞), we may construct the error d

dzmB − RHS(5.4).
Figure 5.9(b) plots this error against time z, suggesting that the asymptotic (r =∞)
fields of run 160 are accurate to about 0.00001%.
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Abstract. This paper formulates several algorithms for the direct computation of periodic orbits
as solutions of boundary value problems. The algorithms emphasize the use of coarse meshes and
high orders of accuracy. Convergence theorems are given in the limit of increasing order with a fixed
mesh. The algorithms are implemented with the use of MATLAB and ADOL-C, a software package
for automatic differentiation. Automatic differentiation enables accurate computation of high-order
derivatives of functions without the truncation errors inherent in finite difference calculations. We
embed the algorithms in a continuation framework and extend them to compute saddle-node bifur-
cations of periodic orbits directly. We present data from numerical studies of four test problems,
making some comparisons with other methods for computing periodic orbits. These results demon-
strate that high-order methods based upon automatic differentiation are capable of high precision
with small meshes.
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1. Introduction. Periodic orbits are fundamental objects in dynamical systems.
They are frequently important in applications of the dynamical systems theory. Com-
putational tools that locate periodic orbits and their bifurcations are an essential in-
gredient for the numerical investigation of vector fields. Stable periodic orbits are
often found in these investigations as the limit sets of trajectories computed with
numerical integration. However, there are many circumstances in which we want to
compute periodic orbits that are not accessible in this manner. Direct methods based
upon the solution of boundary value problems are called for in these circumstances.
Formulation and implementation of effective boundary value solvers for periodic orbits
is a difficult task. There are a few tools that have been developed for this purpose, no-
tably the package AUTO [10] based upon a collocation method. This paper examines
alternate approaches for computing periodic orbits of dynamical systems.

Our goal is to explore the limits of accuracy that are attainable for these calcu-
lations within the pragmatic context of IEEE floating point arithmetic. A previous
paper [17] described a global boundary value solver of very high-order accuracy that
relies upon automatic differentiation. We extend that work here, introducing multi-
ple shooting algorithms that use automatic differentiation and augmenting these to
perform direct computation of saddle-node bifurcations. We compare our algorithms
with other numerical methods for finding periodic orbits, examining robustness and
accuracy.

Robust algorithms facilitate the automated analysis of dynamical systems. Ac-
curacy is necessary to achieve robustness for two reasons. First, many dynamical
systems have fine scale structure that makes them difficult to compute. This is es-
pecially true of dynamical systems with multiple time scales and systems that are
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chaotic. Second, defining equations for bifurcations of periodic orbits involve deriva-
tives of the vector field along the orbit. Newton’s method applied to the bifurcation
equations requires first derivatives of the defining equations and second derivatives of
the periodic orbit equations. Calculation of second derivatives with finite differences
layered on imprecise calculation of periodic orbits is hardly a recipe for robustness.
Improved algorithms of greater accuracy for computing periodic orbits and the use of
automatic differentiation to compute defining equations enhance existing technology
for analysis of dynamical systems.

Our algorithms approach the limits of precision attainable with double preci-
sion IEEE-754 arithmetic for computing periodic orbits. The algorithms utilize three
strategies that contribute to their accuracy:

• Automatic differentiation is employed to calculate high-order derivatives of a
vector field and its trajectories.
• The methods emphasize compact parametrizations of function spaces that

include high-order approximations to the periodic orbits.
• A posteriori error estimates of the accuracy of numerically computed periodic

orbits are used for mesh adaptation.
The methods have additional attractive geometric features from both theoretical and
geometric perspectives. They utilize directly the geometric objects that are prominent
in the theory. These objects can be readily examined and manipulated, and they can
be used adaptively to enable the algorithms to respond to changes in the geometry
of a periodic orbit during continuation. The algorithms give dense output of uniform
order. More specifically, no further interpolation is required to approximate periodic
orbits at all points to the same order of accuracy as at mesh points. Constraints
are readily imposed upon mesh points, enabling the accurate computation of periodic
orbits of piecewise analytic vector fields.

The plan of the paper is as follows. Section 2 describes four algorithms for com-
puting periodic orbits, each of which uses Taylor series expansions at the mesh points
to achieve high-order. Section 3 describes a continuation framework for the algorithms
and formulates defining equations for local bifurcations of periodic orbits. Section 4
describes how we implemented the algorithms and discusses our strategies for mesh
adaptation. Section 5 presents data from numerical studies of four systems. These ex-
amples were chosen to test the accuracy and robustness of the methods on challenging
problems. The paper ends with a brief set of conclusions.

2. Periodic orbit algorithms. The equations describing periodic orbits are
boundary value problems for a system of ordinary differential equations [2]. Only a
small number of algorithms have been widely used for the computation of periodic
orbits. These fall into three classes [2]:

1. Numerical integration of initial values in the domain of attraction of a stable
periodic orbit γ converge to γ [20, 21]. (Despite the robustness of numerical
integration algorithms, we display examples where they are unable to compute
stable periodic orbits.)

2. Shooting methods apply root finding algorithms to approximate flow maps
computed with numerical integration [8, 25, 7].

3. Global methods project the differential equations onto spaces of discretized
closed curves and solve these projected equations with root finding algo-
rithms [2, 10].

We discuss both shooting methods and global methods of high order. Our methods
fall within general classes that have been studied previously, but we explore the limit
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of increasing order in the methods as contrasted with the usual limit of increasingly
fine meshes. This has some resemblance to p refinement in “h-p” methods studied
extensively by Babuška and Suri [3], though we appear to go much farther in our
investigation of convergence on fixed meshes. Although Taylor series integration has
been previously studied [4] and Taylor series methods have been described for two-
point boundary value problems [27], its use in periodic orbit algorithms appears to
be new.

This section presents four different algorithms that we have implemented using
automatic differentiation to compute Taylor series of trajectories. We give convergence
proofs, showing that the methods converge to hyperbolic periodic orbits on fixed
meshes with increasing order. We use a common terminology for all the algorithms
that is now described.

A periodic orbit of a vector field

ẋ = f(x), f : Rn → Rn(2.1)

with period T is a trajectory with x(T ) = x(0). T is called the period of the orbit. As
a point set in the phase space, a periodic orbit may be isolated, but time translation
gives a one parameter family of different parametrized curves corresponding to each
periodic orbit. Local analysis of a periodic orbit is based upon the formulation of
linear variational equations along the periodic orbit:

ξ̇ = Dfx(t)ξ.

Taking ξ as a matrix variable, the time T solution of the variational equation with
identity initial condition at t = 0 is called the monodromy matrix of the periodic
orbit. The eigenvalues of the monodromy matrix are independent of the coordinate
system and the parametrization of the periodic orbit. There is always an eigenvalue
1 with eigenvector tangent to the periodic orbit. A periodic orbit is elementary if
1 is a simple eigenvalue of the monodromy matrix. Elementary periodic orbits are
isolated in the sense described above, and they vary smoothly with parameters. We
shall denote the flow of the system of equations by φt(x): φt is the map that advances
points t time units along their trajectories.

Periodic orbits are also studied by introduction of return maps. A cross-section Σ
to f is a codimension 1 submanifold of Rn with the property that f is never tangent
to Σ. The return map θ : Σ → Σ is defined by θ(y) = y(s) with y(s) the first point
of the trajectory with initial condition y that lies in Σ. Periodic orbits have cross-
sections whose return maps have fixed points at the intersection of the cross-section
with the periodic orbit. The Jacobian derivative of the return map at such a fixed
point is closely related to the monodromy matrix of the periodic orbit. In particular,
the Jacobian of the return map can be obtained as a quotient of the monodromy
matrix by projecting out the flow direction. The fixed point of a return map for an
elementary periodic orbit is an isolated, regular fixed point of the return map. This
observation can be used as the basis for simple shooting algorithms for computing the
periodic orbits.

We assume throughout this paper that f(x) is analytic. Periodic orbits of analytic
vector fields are analytic, but spaces of functions that are discontinuous and/or piece-
wise smooth underlie algorithms that compute approximate periodic orbits. Since
computational representations of periodic orbits only use finite sets of data, we work
with finite-dimensional function spaces and sequences of such spaces, indexed by a
degree. The spaces are parametrized by discrete closed curves, defined below. Each
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discrete closed curve is used to parametrize a sequence of function spaces of fixed di-
mension that provide increasingly good approximations to periodic orbits. Different
algorithms use different function spaces.

The data structure that we use to represent an approximate periodic orbit is a
discrete closed curve. A discrete curve δ = [(t0, x0), (t1, x1), . . . , (tN , xN )] is defined
as a set of times t0 < t1 < · · · < tN and points x0, x1, . . . , xN ∈ Rn associated to
these times. If x0 = xN , then we say that the discrete curve is closed and has period
tN−t0. The (n+1)(N +1)-dimensional space of discrete curves with N +1 points will
be denoted D(n,N). The discrete closed curves comprise a linear subspace Dc(n,N) of

D(n,N) of dimension N(n+1)+1 and codimension n. Each periodic orbit is represented
by an N + 1 dimensional family of discrete closed curves, coming from the selection
of different points on the periodic orbit (N degrees of freedom) and time translation.
In formulating boundary value methods, we seek systems of defining equations that
are square and regular. This can be done by either restricting the domain of the
defining equations to a subspace of discrete closed curves which contains a (locally)
unique representative of each periodic orbit, or by adjoining additional equations that
select a unique discrete closed curve representing the periodic orbit we seek. We have
experimented with both strategies. We always remove the degree of freedom due to
time translation by restriction to the subspace t0 = 0. Restriction to a subspace
that eliminates the degrees of freedom due to moving points on the periodic orbit
results in smaller systems of defining equations but can make the computation of the
defining equations more difficult. For example, the strategy used in [17] for selecting a
subspace of discrete closed curves is to select N cross-sections Σi to the periodic orbit
and restrict xi to lie in Σi. This requires that we define coordinate systems for the Σi
and incorporate transformations between these coordinates and Euclidean coordinates
in our algorithms. On the other hand, adjoining additional equations only increases
the number of equations from nN to (n + 1)N , and as the system size increases, the
extra work in solving the augmented system becomes relatively small. Abstractly,
the difference between the two strategies can be expressed as the difference between
solving a triangular system of equations

g(x, y) = 0,

h(y) = 0,

by elimination, first solving h(y) = 0 for y and then substituting this value into
g(x, y) = 0, as contrasted with solving the two-dimensional system simultaneously
for x and y. We have found in the canard example described below that augmenting
the system of defining equations produced much better results than the elimination
method.

There are two different choices of subspaces of Dc(n,N) that we use to fix the
location of points along a periodic orbit. The first is to use cross-sections to the vector
field as described above. Cross-sections are hyperplanes of Rn with the property
that f is never tangent to Σi in the region of interest, defined in the algorithms
as hyperplanes perpendicular to the vector field at a point. The subspace Ds(n,N) of
Dc(n,N) with t0 = 0 and xi ∈ Σi has an isolated point of intersection with an elementary
periodic orbit. The methods most often employed in previous work on computing
periodic orbits attempt as much as possible to fix the times t0 < t1 < · · · < tN of
the points x0, x1, . . . , xN−1, xN = x0 in the discrete closed curve. Fixing all of the
times does not work because the period tN − t0 of the orbit is not known and must
be obtained as part of the solution of the defining equations. There is one degree of
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freedom that must be retained in allowing the times to vary. This is done typically
by either fixing t0 < t1 < · · · < tN−1 and allowing tN to vary, or by fixing the
ratios (ti+1 − ti)/(ti − ti−1) for 0 < i < N . One additional constraint, called a phase
condition, must be imposed on the points xi that eliminates the degree of freedom
coming from moving all of the points along the flow simultaneously by time τ and
replacing ti by ti − τ . Two choices of phase condition that have been employed are
to restrict x0 to lie on a cross-section, and to fix the value of a scalar integral on the
periodic orbit.

The next step in defining equations for approximate periodic orbits is to map
the spaces of discrete curves to function spaces. Let C be the space of piecewise
smooth curves g : R → Rn defined by the following properties: g ∈ C if there are
u0 < u1 < · · · < ul such that g is analytic on the intervals (ui, ui+1) and has a C∞

extension to the closed interval [ui, ui+1]. We consider nonlinear maps E : Dcn,N → C
with the property that the image functions are analytic on the intervals (ti, ti+1),
0 ≤ i < N . Note that E is allowed to depend upon the vector field f .

A map E : Dcn,N → C pulls back the periodic orbit equations from C to Dc(n,N).
These equations give a horrendously overdetermined system on Dcn,N , an infinite
set of nonlinear equations on a finite-dimensional space. Therefore, a finite set of
nN equations is selected from the periodic orbit equations. The choice of the map
E together with the definition of a regular set of defining equations, perhaps on a
subspace Ds(n,N) of Dc(n,N), determines the boundary value solver. We give here a list
of four different solvers, specifying the approximate periodic orbit equations for each.

• Forward multiple shooting: Let δ = [(t0, x0), . . . , (tN , xN )] be a discrete closed
curve. The map E assigns to each time interval (ti, ti+1) of δ the degree d
Taylor polynomial pi of the trajectory with x(ti) = xi. Since polynomials are
analytic on the entire line, this associates a piecewise analytic function in C
to δ. The approximate periodic orbit equations are now defined by

P (δ) = (p0(t1)− x1, . . . , pN−1(tN )− xN ).

P vanishes on discrete closed curves δ for which E(δ) is continuous. It is
evident that P is smooth as a map from R(n+1)N+1 to RnN since the degree
d Taylor series of a trajectory of an analytic vector field depends smoothly
on the initial point. The approximate periodic orbit equations P restricted
to Ds(n,N) are a set of nN equations in nN variables. Here Ds(n,N) can be
the subspace of Dc(n,N) defined via cross-sections and t0 = 0, or by fixing
N times and a phase condition. One can also fix t0 = 0 and augment the
periodic orbit equations with a set of N additional equations. In the theo-
rem proved below we describe several ways of choosing N augmenting linear
equations so that the resulting set of (n + 1)N equations in the variables
(x0, . . . , xN−1; t1, . . . , tN ) are regular.

• Symmetric multiple shooting: Symmetric multiple shooting is a small mod-
ification of the multiple shooting method described above that makes the
method time reversible. Let δ = [(t0, x0), . . . , (tN , xN )] be a discrete closed
curve. We set u0 = t0 − (tN − tN−1)/2 and ui = (ti + ti−1)/2, 0 < i ≤ N .
The map E then assigns to each time interval (ui, ui+1) the degree d Taylor
polynomial pi of the trajectory with x(ti) = xi. We define the map P by

P (δ) = (p0(u0)−pN−1(uN ), p1(u1)−p0(u1), . . . , pN−1(uN−1)−pN−2(uN−1)).

Finally, P is restricted to Dsn,N to obtain a set of nN equations in nN
variables, or the set of defining equations is augmented with N additional
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equations. In implementations of these algorithms, we replace the variables
ti by the equivalent set of variables ti − ti−1 representing the time increment
of each mesh interval.
• Hermite interpolation: Let δ = [(t0, x0), . . . , (tN , xN )] be a discrete closed

curve. The map E assigns to each time interval (ti, ti+1) of δ the polynomial
pi of degree 2d+1 that has the same Taylor series of degree d as the trajectories
with x(ti) = xi and x(ti+1) = xi+1. The image of E lies in the set of piecewise
analytic functions that are continuous and d times differentiable. We define
the function P by

P (δ) = (e0, . . . , eN−1)

with ei = f(pi((ti + ti+1)/2)) − ṗi((ti + ti+1)/2). P is restricted to Dsn,N to
obtain nN equations in nN variables.

• Smooth weighting: Let δ = [(t0, x0), . . . , (tN , xN )] be a discrete closed curve,
and let β : [0, 1] → [0, 1] be a monotonic C∞ function that is flat at its
endpoints (β(k)(u) = 0 for all k > 0) and has β(0) = 0, β(1) = 1. We assume
that β is analytic in (0, 1) with positive derivative. Let pi be the degree d
Taylor polynomial of the trajectory with x(ti) = xi. To each interval (ti, ti+1),
we assign the C∞ function

gi(t) = (1− β((t− ti)/(ti+1 − ti)))pi(t) + β((t− ti)/(ti+1 − ti))pi+1(t).

This defines a C∞ closed curve that interpolates the degree d Taylor series
expansions at the mesh points. We define the function P by

P (δ) = (e0, . . . , eN−1)

with ei = f(gi((ti + ti+1)/2)) − ġi((ti + ti+1)/2). P is restricted to Dsn,N to
obtain nN equations in nN variables.

Each of these four methods yields a system of equations defined by a map P
that depends on the same number of equations as variables. Note that there is an
inherent difference between the first two algorithms and the last two. The first two
are multiple shooting algorithms that use spaces of discontinuous functions and their
maps P do not depend directly upon evaluating the vector field. The approximation
to the periodic orbit is implicit in the choice of the function space and depends upon
the accuracy of the trajectory segments. The last two solvers are global methods
defined on smooth curves (the degree of smoothness of the Hermite interpolations
depends on d) and their equations P evaluate both the vector field at selected points
and the tangent vectors to curves in the function space.

We want convergence proofs and error estimates for these algorithms in terms
of the vector field, characteristics of the periodic orbit, and algorithmic parameters.
There are two types of limits that are of interest: increasing degree d of Taylor
expansions and increasing mesh fineness. For fixed degree of the Taylor polynomials
and increasingly fine meshes, the algorithms are variants of standard shooting and
collocation algorithms. Therefore, we focus our mathematical discussion on the limit
of increasing degree with a fixed mesh. This provides mathematical foundations for
algorithms that seek to compute periodic orbits using polynomials of high degree with
coarse meshes.

The theorems stated below depend upon the geometry of the periodic orbits that
are being approximated. If periodic orbits are not elementary, there is little hope
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that the projected equations P will be regular. Thus, our convergence results focus
on the case of elementary periodic orbits. We assume that all discrete closed curves
δ = [(t0, x0), (t1, x1), . . . , (tN , xN )] have the property that the radius of convergence
of the trajectories through the points xi are larger than ti− ti−1 and ti+1− ti. Within
a compact subset of Rn, there is a number D > 0 such that this property will be
satisfied if |ti − ti−1| < D for each i. In particular, this assumption implies that
the Taylor polynomials of the trajectories converge uniformly to the trajectories with
increasing degree throughout each mesh interval. The assumption that meshes are
sufficiently fine that each mesh interval is contained in the radius of convergence of
the trajectories at its endpoints will be maintained throughout this paper.

Theorem 2.1. Let γ be a periodic orbit of the vector field ẋ = f(x) such that 1 is
a simple eigenvalue of its monodromy matrix. Let D ⊂ R(n+1)(N+1) be the (n+1)(N)-
dimensional subspace with coordinates (x0, . . . , xN ; t0, . . . , tN ) defined by x0 = xN and
t0 = 0. For any ε > 0, there are

• a neighborhood U of γ,
• τ > 0,
• integers d,N ,

so that the system of equations

|xi+1 − pi(ti+1)| = 0, i = 0, . . . , N − 1

has a smooth N parameter family of solutions in D with
• pi the Taylor polynomial of degree d for the trajectory taking the value xi at
ti,

• 0 < si = ti+1 − ti < τ ,
• |xi+1 − φsi(xi)| < ε.

The Jacobian of the system of equations has maximal rank nN .
Proof. Select a neighborhood U of γ and τ so that the Taylor series of trajectories

with initial point in U have radius of convergence larger than τ . Next, select a set of
N points y0, . . . , yN−1, yN = y0 on γ so that yi+1 = φui(yi) with ui < τ . Set

ri =

i∑
j=0

uj .

Consider the map F df : D → RnN defined by

p0(r0)− x1

p1(r1)− x2

...
pN−2(rN−2)− xN−1

pN−1(rN−1)− x0

as an approximation of the map F∞
f : D → RnN

φs0(x0)− x1

φs1(x1)− x2

...
φsN−2

(xN−2)− xN−1

φsN−1
(xN−1)− x0.
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The map F df depends upon the degree d of the Taylor polynomials and converges to

the map F∞
f as d→∞. (Since the maps F∞

f and F df are defined on finite-dimensional
spaces of discrete closed curves, convergence is independent of norms for these spaces.)
The map F∞

f has an N -dimensional manifold S of zeros passing through the discrete
closed curve [(r0, y0), . . . , (rN , yN )] ∈ D. S is obtained by varying the points yi along
γ and making suitable changes in the ui. If this zero of F∞

f is regular, then, for

sufficiently large d, F df will have a regular zero that converges to the zero of F∞
f .

Thus, the crux of the proof lies in demonstrating that the rank of DF∞
f is nN .

We relate the Jacobian of F∞
f to the monodromy matrix of γ. In D, we use

coordinates (x0, . . . , xN−1; t1, . . . , tN ). The Jacobian DF∞
f has a block structure

DF∞
f =




D1 −I v1

D2 −I −v2 v2

. . . . . . . . . . . .
. . . . . . . . . . . .

DN−1 −I −vN−1 vN−1

−I DN −vN vN




with Di = Dx(φ)(xi−1, ti − ti−1) and vi = f(xi). Note that Di(vi−1) = vi. The
blocks Di are nonsingular since the flow maps φt are diffeomorphisms. To determine
the rank of the matrix DF∞

f , we compute its LU factorization in the form

L =




I
. . .

I
L1 L2 . . . Ln−1 I


 ,

U =




D1 −I v1

D2 −I −v2 v2

. . . . . . . . . . . .
. . . . . . . . . . . .

DN−1 −I −vN−1 vN−1

D̃N w1 w2 . . . . . . wN−1 wN


 .

This yields a system of equations for the Li, D̃N , and wi:

L1D1 = −I,
LiDi − Li−1I = 0,

D̃N − LN−1I = DN ,

Li−1vi−1 − Livi + wi−1 = 0,

LN−1vN−1 + wN−1 = −vN ,
wN = vN ,

where 1 < i < N . The solutions of this system are

Li = −D−1
1 · · ·D−1

i ,

D̃N = DN −D−1
1 · · ·D−1

N−1,

wi = 0,

wN = vN ,
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with 0 < i < N . The factor L has rank nN since it is lower triangular with ones
along the diagonal. The factor U has rank nN if and only if the rank of D̃N is n− 1
and vN does not lie in the image of D̃N . By definition, γ is an elementary periodic
orbit if and only if 1 is a simple eigenvalue of the monodromy matrix DN · · ·D1.
Thus, D̃N has rank n − 1 with kernel vN−1 if γ is elementary. If vN = v0 is in the
image of D̃N , then vN−1 = DN−1 · · ·D1(v0) is in the image of DN−1 · · ·D1D̃N =
DN−1 · · ·D1DN −I. But DN−1 · · ·D1DN is the monodromy matrix with initial point
yN−1 and vN−1 is the eigenvector for the simple eigenvector 1, so vN−1 is not in the
image of DN−1 · · ·D1DN − I. We conclude that if γ is elementary, then vN does not
lie in the image of D̃N and U has rank nN . Thus the system of equations F∞

f has
maximal rank at a zero formed from N points on an elementary periodic orbit γ.
Perturbations of this system also have maximal rank and the manifold of solutions
varies smoothly with perturbation. Since the Taylor polynomials of the flow map
converge to the flow map on time intervals of length smaller than τ , the conclusions
of the theorem will be satisfied for the map F df when the degree d of the Taylor
polynomials is sufficiently large. This proves the theorem.

Similar arguments to the one used above prove the convergence of other mul-
tiple shooting algorithms, notably the symmetric multiple shooting algorithm with
increasing degree. The zeros of the map F∞

s

φs1(x0)− φ−s1(x1)
φs2(x1)− φ−s2(x2)

...
φsN−1

(xN−2)− φ−sN−1
(xN−1)

φsN (xN−1)− φ−sN (x0)

with si = (ti−ti−1)/2 give discrete closed curves on the periodic orbit γ. The Jacobian
DF∞
s of F∞

s has a similar block structure to F∞
f :




D1 −E1 v1

D2 −E2 −v2 v2

. . . . . . . . . . . .
. . . . . . . . . . . .

DN−1 −EN−1 −vN−1 vN−1

−EN DN −vN vN




with Di the Jacobian of φsi at xi−1, Ei the Jacobian of φ−si at xi and vi =
f(φ−si(xi)). Multiplying DF∞

s on the left by the block diagonal matrix with en-
tries

E−1
1 , E−1

2 , E−1
3 , . . . , E−1

N

gives the same matrix as DF∞
f above.

Restriction of F∞
f or F df to a subspace L ⊂ R(n+1)N is equivalent to augmenting

these maps with an additional linear map whose kernel gives the subspace L. There
are three choices of subspace we have used in our numerical work. The method used
in AUTO [10] is to fix a single linear constraint of the phase space variables xi (called
a phase condition) and to fix the times ti up to a scale factor that yields the period
of the periodic orbit. The second method is to fix cross-sections Σi orthogonal to
the vector field at xi and constrain xi to vary in Σi. The Jacobian DF∞

f for the
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augmented map is

Jc =




D1 −I v1

D2 −I −v2 v2

. . . . . . . . . . . .
. . . . . . . . . . . .

DN−1 −I −vN−1 vN−1

−I DN −vN vN
vt0

vt1
. . . . . .

. . . . . .
vtN−2

vtN−1




.

If γ is an elementary periodic orbit, then Jc is non-singular. This is proved as follows.
If Jc(y

t
0, . . . , y

t
N−1, u1, . . . , uN ) = 0, then

vi · yi = 0,

Di+1yi − yi+1 = (ui − ui+1)vi+1,

for i = 0, . . . , N − 1 with u0 = 0. Let πi be the projection of Rn onto Σi. Then
πiDiyi−1 − πiyi = 0. y0 �= 0 is an eigenvector of πNDN · · ·π1D1 with eigenvalue 1
if it does not vanish. But πNDN · · ·π1D1 is the Jacobian of the return map of Σ0,
and 1 is not an eigenvalue. We conclude that y0 = 0 and consequently π1y1 = 0.
Together with the equation v1 · y1 = 0, this implies y1 = 0. Proceeding inductively
in this fashion, we conclude that yi = 0 for 0 ≤ i < N . Finally, we conclude that
(ui+1 − ui)vi+1 = 0, implying ui = 0 for 1 ≤ i ≤ N . Thus Jc is regular.

The third way we restrict F∞
f to a subspace appears to be novel, but natural. We

observe that if [(t0, x0), . . . , (tN , xN )] is a discrete closed curve lying in γ, then so is the
curve that replaces (ti, xi) by (ti+ h, φh(xi)). We restrict to the subspace orthogonal
to these curves for i = 1, . . . , N − 1. For i = 0, we preserve the constraint t0 = 0
by restricting to the orthogonal complement to the vector (v0, . . . , 0;−1, . . . − 1, 0)
corresponding to x0 → φh(x0) and ti → ti − h for i = 1, . . . , N − 1. This gives a
restricted subspace that is orthogonal to the manifold of solutions of F∞

f = 0. The
block structure of the Jacobian for this method is shown in section 4.1. The proof
that it is regular is very similar to the argument for Jc and is not given here.

The theory underlying the Hermite interpolation algorithm is somewhat more
complex than the other algorithms described here because the Hermite polynomials
on a fixed mesh interval approach a discontinuous function with increasing degree. A
particular example illustrates this. Consider polynomials pd of degree 2d+ 1 with the

properties that pd(−1) = 0, pd(1) = 1 and p
(j)
d (±1) = 0 for 1 < j ≤ d. There is an

explicit formula for pd, namely pd = ( 1+x
2 )(d+1)qd, where qd is the degree d Taylor

polynomial of (1+x
2 )−(d+1) at x = 1. Figure 2.1 shows a plot of p11. The polynomials

pd are Hermite interpolants between the points (x0, t0) = (0,−1) and (x1, t1) = (1, 1)
for the trivial vector field ẋ = 0 on R. As d increases, the pd converge to constant
functions 0 and 1 on [−1, 0) and (0, 1] with a “transition” layer of length comparable
to 1/

√
d. This behavior is typical.

Theorem 2.2 (see Shen and Strang [28, 29]). Let g and h be two functions
analytic on the interval [−1, 1], let gd and hd be the degree d Taylor polynomials of
g and h at −1 and 1, and let pd be the polynomial of degree 2d + 1 whose Taylor
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Fig. 2.1. The Hermite interpolating polynomial of degree 23 connecting constant functions 0
and 1 on the interval [−1, 1]. The interpolating polynomial is almost flat at the ends of the interval
with a monotonic transition layer near its center.

polynomials of degree d at −1 and 1 agree with those of g and h, respectively. Assume
that the Taylor series of g at −1 and h at 1 have radius of convergence larger than 1.
As d increases

pd(x) =




g(x) + O( |1−x2|d√
d|x| ), x < 0,

h(x) + O( |1−x2|d√
d|x| ), x > 0.

Remark. The values pd(0) and p′d(0) are both linear combinations of the Taylor

series coefficients of g and h. The magnitude of p′d(0) is comparable to |g(0)−h(0)|√d.
The Hermite interpolation algorithm constructs interpolating polynomials on each

interval of a discrete closed curve from the Taylor series coefficients of trajectories
at mesh points. The system of defining equations for the algorithm comes from
collocation in each mesh interval: p′(τ)−f(p(τ)) = 0 with p the Hermite interpolating
polynomial and τ the midpoint of the interval. To obtain a limiting set of equations
for a discrete closed curve lying in a periodic orbit, these equations need to be scaled
by
√
d with increasing d.
Theorem 2.2. Let γ be a periodic orbit of the vector field ẋ = f(x) such that 1

is a simple eigenvalue of its monodromy matrix. If δ = [(t0, x0), (t1, x1), . . . , (tN , xN )]
is a discrete closed curve, denote by pi the degree 2d + 1 Hermite interpolation of the
Taylor series of the trajectory segment on mesh interval i of δ, by τi the midpoint (in
time) of mesh interval i and set Hi = (p′i(τi)−f(pi(τi)))/

√
d. If d is sufficiently large,

δ is close to γ, and the mesh of δ is sufficiently fine, then the system of equations
Hi = 0 with the xi constrained to lie on a set of cross-sections to γ form a regular
system of equations whose solutions converge uniformly to γ as d→∞.

We give only a brief outline for the proof of this theorem. There are two aspects
of the proof; namely, the analysis outlined above of how the Hermite polynomials
approximate trajectory segments and demonstration that the Jacobian of the system
of equations is a regular, square matrix. Denoting the degree d Taylor series approx-
imations to γ at the points of δ by qi, the magnitude of (p′i(τi) − f(pi(τi)))/

√
d is
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comparable to |qi+1(τi) − qi(τi)|. This is the leading order term of the asymptotic
expansion of (p′i(τi)− f(pi(τi)))/

√
d in d. Since we assume that each mesh interval is

contained within the domain of convergence of the Taylor series for the trajectories
at its endpoints, there is a 0 < ρ < 1 so that |qi(τi) − φ(xi, τi − ti)| decreases at
a rate faster than ρd. Therefore, |φ(xi+1, τi − ti+1) − φ(xi, τi − ti)| decreases at a
rate faster than ρd as d increases, implying that the solutions of Hi = 0 converge
uniformly to points of γ as d→∞. The Jacobian has a block matrix structure of the
same kind as a symmetric multiple shooting algorithm since the leading order term
of (p′i(τi)− f(pi(τi)))/

√
d approaches |φ(xi+1, τi − ti+1)− φ(xi, τi − ti)|. The regular-

ity of the system of equations Hi = 0 follows from the regularity of the Jacobian of
symmetric multiple shooting with phase points restricted to a set of cross-sections to
the periodic orbit.

3. Continuation and bifurcation. Introduction of parameters prompts two
extensions to the algorithms of the previous section, namely,

1. computing families of solutions with changing parameters, and
2. computing bifurcations: parameter values at which the stability properties of

the periodic orbits change.
This section discusses these two topics. Continuation methods, algorithms for com-
puting curves of solutions to a system of k equations in k+1 variables have been exten-
sively studied [1, 26]. They can be used in a straightforward way with the periodic or-
bit algorithms described above. The principle underlying continuation methods stems
from the implicit function theorem. If a system of equations F (x1, . . . , xk+1) = 0 has
maximal rank, the set of solutions is a smooth curve whose tangent direction is the
kernel of DF . The solution curve can be parametrized either by arc length or, locally,
by a suitable coordinate xi. Points on the solution curve can be calculated by simple
predictor-corrector methods using an Euler step along the curve as a predictor and a
Newton iteration in a hyperplane of Rk+1 as a corrector. Methods for adapting the
step length along the solution curves have been incorporated into computer packages
for continuation [26, 10, 22]. For computing equilibria or periodic orbits of a system
of ordinary differential equations, one of the coordinates in the system of equations
F (x1, . . . , xk+1) = 0 is a system parameter, called the active parameter.

Local bifurcations of periodic orbits involve a change of stability along a smooth
family of periodic orbits or the collapse of a family of periodic orbits at a point of
equilibrium Hopf bifurcation [18]. Global bifurcations of periodic orbits are associated
with the period of an orbit becoming unbounded, either by approaching an orbit
homoclinic to a saddle or by approaching a saddle-node in cycle bifurcation [18] at
which there is a saddle-node equilibrium point having a trajectory that approaches
the equilibrium point in both forward and backward time. Here we consider only local
bifurcations of periodic orbits, i.e, those involving a change of stability in the periodic
orbit. The defining equations for such bifurcations can be formulated most easily in
terms of the Jacobian J of the return map for an orbit. A codimension 1 bifurcation
occurs if J has an eigenvalue of modulus 1 and suitable nondegeneracy conditions
are satisfied. There are three cases: saddle-node bifurcation with eigenvalue 1, period
doubling (also called flip) bifurcation with eigenvalue −1, and Hopf (also called torus)
bifurcation in the case of a complex pair of eigenvalues of modulus 1.

The principal algorithmic question in computing bifurcations is the formulation
of defining equations. Since the defining equations are expressed in terms of the
Jacobian J of the return map or the monodromy matrix of the periodic orbit, it
is important to compute these matrices accurately. Our work seeks to connect the
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accurate calculation of periodic orbits and their return maps with the best algorithms
from linear algebra for computing defining equations for bifurcation. Where possible,
we seek to reduce the defining equations to a single equation expressing the singularity
of a matrix. Theoretically, this is easily done for eigenvalues ±1: the determinants
of the matrices J ∓ I are defining equations for the saddle-node and period doubling
bifurcations. For Hopf bifurcation, the tensor product matrix J ⊗ J acting on skew-
symmetric tensors has eigenvalues that are pairwise products of distinct eigenvalues of
J . Therefore, the determinant of the matrix J⊗J−I⊗I gives a defining equation for
Hopf bifurcation. Methods for constructing defining equations for Hopf bifurcation of
equilibria were described by Guckenheimer, Myers, and Sturmfels [19].

While determinants of matrices give defining equations for determining whether
a matrix A is singular, there are better methods. The smallest singular value of A
is a better conditioned and more reliable measure than detA of the distance of A
from the set of singular matrices. Bordered matrix methods [15] provide an efficient
way to compute a quantity proportional to the smallest singular value using Gaussian
elimination with partial pivoting. If A has corank 1, then for generic vectors B and
C, the bordered matrix (

A B
Ct 0

)

is nonsingular. In this case, the equations(
A B
Ct 0

)(
V
G

)
=

(
0
1

)
,

(W t G )

(
A B
Ct 0

)
= ( 0 1 )

have unique solutions V,W,G with G a scalar that is proportional to the smallest
singular value of A [15]. For computing saddle-node bifurcations, we shall choose
matrices A related to the Jacobian DF d∗ of our system of periodic orbit equations F d∗ .
It has a block structure, and is nonsingular if and only if 1 is not an eigenvalue for
the return map of γ. Therefore, we border DF d∗ and add the equation G = 0 as the
augmenting defining saddle-node bifurcation.

In applying Newton’s method to the system(
F d∗
G

)
= 0

we need partial derivatives of F d∗ and G with respect to xi, ti, and λ. Derivatives of G
can be reduced to computation of second derivatives of DF d∗ in this situation [15, 14].
For z ∈ {ti, xi, λ},

Gz = −W t

(
∂DF d∗
∂z

)
V.

4. Implementations and adaptation. This section describes implementations
of the algorithms described in previous sections. MATLAB 5 [24] was used to program
the higher level parts of the algorithms, and ADOL-C 1.7 [16] was used to compute the
Taylor series expansions of trajectories with automatic differentiation. We modified
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a function in ADOL-C that computes the derivatives of the Taylor series coefficients
with respect to the phase space variables so that it also computes derivatives of the
Taylor series coefficients with respect to parameters. Summing the derivatives of
these Taylor series coefficients gives the Jacobian of the flow map and the derivative
of the flow map with respect to parameters. We have investigated several variations
of the algorithms. As with numerical integration of initial value problems, a single
algorithm is unlikely to be optimal for all problems and individual preferences are
likely to persist in the use of different algorithms. Here we describe three algorithms,
each of which appears to work well on at least some of the test problems described in
the next section.

4.1. Forward multiple shooting with adaptive step lengths. The first
algorithm whose implementation we describe is forward multiple shooting. The input
for the algorithm is δ = [(t0, x0), (t1, x1), . . . , (tN , xN )], a discrete closed curve that
approximates a periodic orbit. The desired output is a new discrete closed curve
π = [(s0, y0), (s1, y1), . . . , (sN , yN )] that approximates the periodic orbit with high
precision. This is achieved by computing the approximate flow map pti+1−ti(xi) using
the Taylor polynomial of φ at xi and forming the map

F df (δ) = (e0, . . . , eN−1), ei = pti+1−ti(xi)− xi+1

that evaluates the difference between a point of δ and the flow from the previous
point on the discrete closed curve. Restricting to the subspace defined by x0 = xN and
t0 = 0, there are still N more independent variables than equations in F df . We want to

apply Newton’s method to F df . This is done by requiring that the Newton updates are

orthogonal to the N vectors f(xi)∂xi + ∂ti for 0 < i < N and f(x0)∂x0 −
∑N−1
i=1 ∂ti.

Concretely, we use coordinates (x0, . . . , xN−1, t1, . . . , tN ) and add N rows to DF df to
obtain the matrix

Jo =




D1 −I v1

D2 −I −v2 v2

. . . . . . . . . . . .
. . . . . . . . . . . .

DN−1 −I −vN−1 vN−1

−I DN −vN vN
vt0 −1 −1 . . . −1 −1

vt1 1
. . . . . .

vtN−2 1
vtN−1 1




.

We iterate the Newton map that subtracts the vector

J−1
o (e0, . . . , eN−1, 0, . . . , 0)

from (x0, . . . , xN−1, t1, . . . , tN ) to converge to a discrete closed curve that approxi-
mates the periodic orbit.

The accuracy of the solution to equations F df = 0 as an approximation to the
periodic orbit depends upon the accuracy of the time steps of numerical integration.
These are computed by evaluation of Taylor polynomials with a fully adaptive step
length procedure. The Taylor polynomials themselves and their Jacobians are com-
puted with the programs forode and accode in the computer package ADOL-C [16].
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These automatic differentiation algorithms use no finite difference calculations and
typically produce Taylor series of high degree that are close to the numerical preci-
sion of IEEE-754 floating point arithmetic. Step lengths are chosen based upon two
criteria:

1. the estimated radius of convergence of the Taylor series, and
2. agreement between the tangent vector to the Taylor polynomial and the vector

field at the end of the step.
Our implementation of the first criterion assumes that the rate of growth of the com-
puted coefficients ai of the Taylor series is a good estimate of the radius of convergence
of the Taylor series. The quantity ρ = sup |ai|−1/i over some range of degrees i is
used to estimate the radius of convergence. Assuming that the degree j term in the
Taylor series of the trajectory is bounded by ρj , we estimate a step length h with
the property that the remainder of the Taylor series is smaller than the numerical
precision of the computations along the step. If the size of the estimated step is larger
than the time to the next mesh point, we reduce it to end at the time of the next
mesh point. With this choice of step we hope that the accuracy of the computed step
is within unit precision of the floating point arithmetic from the exact value. As an
a posteriori check on the accuracy of the numerical trajectory, its tangent vector at
the end of the step is compared with the value of the vector field at this point. If the
difference between these exceeds a specified (relative or absolute) tolerance, the step
size is reduced (we used a factor of 0.7) and the test repeated at the end point of the
step of reduced length. If no step larger than a minimum specified step length satisfied
the desired bound for the difference between tangent vector and vector field, then the
algorithm halted with an error message. The map F df is computed by numerically
integrating each mesh point to the time of the next mesh point in this manner. As
the numerical integration is done, the Jacobian of the flow is also computed, using the
derivatives of the Taylor series coefficients with respect to the phase space variables,
as computed with ADOL-C.

The motivation for using multiple shooting rather than single shooting stems
largely from situations in which the norm of the flow map along parts of a trajectory
become so large that the computation of the flow maps are horribly ill-conditioned.
In extreme situations like those illustrated in the canard example of the next section,
some trajectory segments within a periodic orbit are so unstable that a numerical
integration cannot follow them without extreme floating point precision. We need
flow maps from one mesh point to the next to be sufficiently well conditioned that
small changes in the initial point of the trajectory produce small changes in its final
point. We use a mesh refinement algorithm to produce such flow maps. The algorithm
monitors the magnitude of the Jacobian of the flow map from the previous mesh point.
When this magnitude exceeds a specified bound, then a new mesh point is inserted.
The result is a discrete closed curve with imposed bounds on the magnitude of the
Jacobian of the flow map from the beginning to the end of each trajectory segment.

In addition to mesh refinement, we also implement an algorithm for mesh coars-
ening. The strategy which is used is the following. The first point of the mesh is kept.
If the last mesh point which is kept has index i, its trajectory is integrated to the time
of the next mesh point. If |p(xi, ti+1 − ti) − xi+1| is larger than a chosen tolerance
or the norm of the Jacobian of p is larger than a chosen bound, then the mesh point
(ti+1, xi+1) is kept. If neither of these conditions fails, the numerical integration is
continued to the first time ti+k+1 at which either |p(xi, ti+k+1− ti)−xi+k+1| is larger
than its tolerance or the Jacobian of p is larger than its bound. The mesh point
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(ti+k, xi+k) with index i + k is then retained and the numerical integration restarted
from xi+k. Finally, (tN , xN ) is retained so that we have a discrete closed curve.

Our implementation of this forward shooting algorithm is embedded in a simple
continuation framework. A parameter λ is designated as the active parameter, and an
additional column giving the derivatives of F df with respect to λ is added to the matrix
JA, producing a matrix Ja. Computation of these derivatives required modifications
to the program accode in ADOL-C. As the active parameter is varied, the equations
F df = 0 have an N + 1 dimensional manifold of solutions. The curve on the solution
manifold that satisfies the constraints imposed above has tangent vector lying in
the null space Ja, spanned by the unit vector C. This null space is computed with
MATLAB, and the discrete closed curve [(t0, x0), . . . , (tN , xN );λ] is augmented by
adding a small multiple of C to the last computed discrete closed curve to obtain
the initial seed for the next Newton iteration. When computing periodic orbits in
the canard family, it is necessary to allow the parameter to vary during the Newton
iteration since the amplitude of periodic orbits is extremely sensitive to parameter
values. Thus we add one more row to Ja, the transpose of C, and solve for Newton
updates of the variables (x0, . . . , xN−1, t1, . . . , tN , λ). The code to implement this
algorithm on top of ADOL-C is very small. Including continuation of the periodic
orbits with a varying parameter, it comprises less than 600 lines of MATLAB m-files,
and two C++ files to evaluate the vector field and provide the interface between
MATLAB and ADOL-C used in computing Taylor series of trajectories.

4.2. Hermite polynomial interpolation. The Hermite polynomial global al-
gorithm is somewhat more complicated than the multiple shooting algorithm de-
scribed above for three reasons:

1. The algorithm constrains the phase space variables to lie on cross-sections
and uses the time increments si = ti − ti−1, 0 < i ≤ N , as independent
variables.

2. The calculation of the Hermite polynomials from the Taylor series at the
ends of a mesh interval is more sensitive to round-off errors for high degree
interpolation.

3. The defining equations for the approximate periodic orbit and their Jacobians
are more complicated than for the multiple shooting algorithms.

The algorithm takes as input a discrete closed curve δ = [(t0, x0), . . . , (tN , xN )]
and seeks to compute a new discrete closed curve whose Hermite interpolation is an
accurate approximation to a periodic orbit. The core of the algorithm is a Newton
iteration to solve the equations Hi = 0 defined in our discussion of the theoretical
foundations of this algorithm. We compute the Hermite polynomials by translating
each mesh interval [ti, ti+1] to [−β, β] with β = (ti+1 − ti)/2 and use a basis for the
polynomials of degree 2d + 1 consisting of the polynomials

(1− (t/β)2)j and (t/β)(1− (t/β)2)j , 0 ≤ j ≤ d.

Using this normalization, the value of the interpolating polynomial and its derivative
at the midpoint of the mesh interval is expressed directly as a weighted sum of the co-
efficients of the Taylor series at the mesh points. The Taylor series and the derivatives
of the Taylor series coefficients with respect to phase space variables are computed
using the routines forode and accode in the ADOL-C package. Cross-section coor-
dinates are used in the Newton iteration. At the beginning of the Newton iteration,
the vector field f is evaluated at each mesh point xi and an orthonormal basis for the
subspace Σi orthogonal to xi is computed as the last n − 1 columns of the Q factor
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of the QR decomposition of the matrix [f(xi) I]. Coordinates with respect to this
basis are used to parametrize Σi. The Jacobian of the Hi is computed with respect to
these coordinates at xi and xi+1, as well as with respect to changes in si, the length
of mesh interval i.

The goal of the Hermite interpolation algorithm is to produce a curve p with
E(x) = |p′(x)−f(p(x))| smaller than a specified bound. Following convergence of the
Newton iteration, we expect to meet this criterion at the endpoints and midpoints of
the mesh intervals. To estimate whether the bound is satisfied uniformly along p, we
evaluate E at additional points equally spaced in each mesh interval. If the desired
bound on E is not met, we refine the mesh by adding to the mesh the midpoints of the
mesh intervals with the largest values of E. We experimented with different criteria
for determining when a mesh interval would be subdivided. The performance of the
varied mesh refinement strategies appeared to be comparable to one another. We
employed a different mesh coarsening strategy in this algorithm than in the forward
shooting algorithm described above. Here, mesh points are deleted if the apparent
errors of Hermite interpolating polynomials on the neighboring mesh intervals lie
below a specified bound. We do not think that this is an optimal coarsening strategy,
but it was simple to implement and its performance was satisfactory with the test
problems we investigated.

4.3. Saddle-node bifurcations with multiple shooting. The next algorithm
we describe is a symmetric multiple shooting algorithm for finding saddle-node bifur-
cations of periodic orbits. The algorithm takes a discrete closed curve that approx-
imates a periodic orbit and a starting parameter λ0 as input. The desired output
is a new discrete closed curve [(t0, x0), (t1, x1), . . . , (tN , xN )] and a new parameter λ
which approximates with high accuracy a periodic orbit undergoing a saddle-node
bifurcation.

The method is implemented with points constrained to lie in fixed cross-sections,
so we define a set of cross-sections Σi orthogonal to the vector field at the current mesh
and introduce coordinates wi ∈ Rn−1 for Σi. Each (half) mesh interval is traversed
in a single step of length si = (ti+1 − ti)/2.

We compute the approximate flow maps psi(wi) and p−si(wi+1) using the degree
d Taylor polynomials of φ at wi and wi+1. These are used to form the map F = Dds

F (s0, w0, . . . , sN−1, wN−1, λ) = (e0, ...eN−1), ei = psi(wi)− p−si(wi+1),

where ei evaluates the difference between the trajectory segments shooting forward
from mesh point ith and shooting backward from mesh point i+1. The Jacobian DF
is nonsingular if and only if the periodic orbit is regular. Thus the singularity of DF
determines points of saddle-node bifurcation. We compute the singularity of DF with
a bordered matrix computation. Assume that DF has only one singular value that
is close to 0. We can then border DF by a single row and column to form a matrix
M whose smallest singular value is far from zero. The last component of the solution
v to the matrix equation Mv = (0, . . . , 0, 1)t is comparable to the smallest singular
value of the matrix DF [15]. Denote this last component of v by G(s, w, λ) = 0. In
our algorithms, G is computed from M by functions that are part of MATLAB.

We next apply Newton’s method to the system(
F
G

)
= 0.

In doing this, we need to compute the Jacobian of the system, which has the following
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form:

K =

(
DF ∂F

∂λ
∂H
∂(x,δ)

∂G
∂λ

)
.

Given our modifications to ADOL-C, the computation of ∂F∂λ is straightforward.
Derivatives of G at solutions to G = 0 satisfy Gz = −W t(DFz)V with W t and V
left and right eigenvectors of DF and z a component of (s, w, λ). Thus we need only
compute a few of the second derivatives of F to obtain Gz. Some of these have been
computed with finite differences in our codes thus far. (ADOL-C cannot be called
recursively, so functions whose definition invokes ADOL-C cannot be differentiated
using ADOL-C.)

Once we’ve computed the necessary second derivatives, we assemble the Jacobian
of the system, and Newton’s method is straightforward. The convergence of Newton’s
method appears to be limited by the condition number of K. Although DF becomes
singular as we approach the bifurcation point, the condition number of K is generally
well behaved. The mesh is adapted periodically during these computations as follows.
To add mesh points, we begin by computing the L∞ error max |p′(sj)− f(p(sj))| for
a set of evenly spaced points {rj} ∈ [−si, si] in each mesh interval. If, for a particular
interval joining the ith and (i+ 1)st mesh points, the error is greater than a specified
multiple of the average error for all intervals, we add a new mesh point at the average
of the points obtained by shooting forward from the ith mesh point and shooting
backward from the (i + 1)st mesh point. To remove mesh points, we check for each
mesh point the resulting error if that point is removed, and remove it if the new error
is no more than a prescribed tolerance relative to the sum of the previous errors.

The length of this code is about 600 lines of MATLAB (which includes the version
of the algorithm to converge to a simple periodic orbit), and three C++ files, for
evaluation of the vector field and the interface between MATLAB and ADOL-C. The
appendix gives a more complete description of this algorithm in terms of pseudocode
that corresponds closely to our MATLAB implementation.

5. Case studies. In this section, we present comparisons of computations on
several test problems chosen to evaluate different aspects of the algorithms.

5.1. A periodic orbit in an algebraic curve. The first test problem was
chosen so that the location of its periodic orbit is explicitly given by an algebraic
formula. The vector field is defined as

ẋ = y − y2 − x(x2 − y2 + 2y3/3 + c),

ẏ = x + (y − y2)(x2 − y2 + 2y3/3 + c).

This vector field has a stable periodic orbit that lies in the zero set of the polynomial
g(x, y) = x2−y2 + 2y3/3 + c when c ∈ (0, 1/3). Thus, evaluation of g along computed
trajectories is an explicit measure of their accuracy. We shall call max |g(u(t))| the
residual of a numerically computed orbit u(t), where the residual map is evaluated
as a discrete function at mesh points or regarded as a continuous function using a
mapping of discrete closed curves into a function space.

For c = 0.07, we compared three ways of computing the periodic orbit: the col-
location method implemented in the AUTO package, numerical integration with a
fourth-order Runge–Kutta algorithm, and a multiple shooting code that uses auto-
matic differentiation.
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Fig. 5.1. Three different methods have been used to compute a periodic orbit that lies in a
polynomial curve in the plane. The value of the polynomial g along the periodic orbit is plotted as a
function of time during one traversal of the periodic orbit. The data in the top panel were produced
by AUTO and give the value of g at mesh points for (+) a mesh of 100 points with 4 collocation
points per interval and for (o) a mesh of 12 points with 7 collocation points per interval. The three
curves in the middle panel are the values of g at each time step of trajectories computed with a
fourth-order Runge–Kutta method, using fixed time steps of 0.00125, 0.001, and 0.0001 in the three
cases. The bottom panel shows the values of g produced with a multiple shooting algorithm employing
automatic differentiation on a mesh with 5 intervals.

The computer program AUTO [10] is widely regarded as the best available tool for
the computation of periodic orbits. AUTO uses a collocation method with between 2
and 7 collocation points per mesh interval to compute orbits. The algorithm used by
AUTO is superconvergent at the mesh points. The top panel of Figure 5.1 displays
the value of the polynomial g at mesh points along a periodic orbit computed by
AUTO. The “+” symbols were computed using 100 mesh intervals and 4 collocation
points per interval. The “o” symbols were computed using 12 mesh intervals and
7 collocation points per interval. For each case of 4 and 7 collocation points per
mesh interval, we tested several mesh sizes. The data in the figure have the smallest
residuals we obtained.

The “standard” fourth-order Runge–Kutta algorithm [20] for the system ẋ = f(x)
with step size h is described by the following formulas that yield the approximation
x1 to φh(x0):

k1 = hf(x0),
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k2 = hf(x0 + k1/2),

k3 = hf(x0 + k2/2),

k4 = hf(x0 + k3),

x1 = x0 +
1

6
(k1 + 2k2 + 2k3 + k4).

Setting x1 = ρh(x0), ρh : Rn → Rn is a map that approximates the flow map φh
to fourth-order in the step size h. This implies that the errors made in computing
one step of the algorithm are comparable to h5 and that the errors associated with
computing a trajectory for bounded time are comparable to h4. When h is very small,
round off errors dominate the truncation errors in the finite difference calculations of
derivatives of f that are implicit in the algorithm. As h is reduced, we observed that
there is an optimal step size ho for accuracy at which the round off and truncation
errors appear to be balanced. This is illustrated by data from numerical experiments
in which the Runge–Kutta algorithm is used to evolve the trajectory with initial point
(0, 0.2952161257895192) with different step sizes. The initial point lies on the periodic
orbit to within round-off error, and the trajectory was computed until it returned to
the y-axis near the initial point.

The apparent value of ho is approximately 0.001. For step sizes larger than
0.001, the residual of the computed orbits decrease with h at a rate that appears
consistent with the fourth-order convergence of the Runge–Kutta algorithm. For step
sizes smaller than 0.001, the residual increases in an erratic manner. The second
panel of Figure 5.1 shows the value of g as a function of time along Runge–Kutta
trajectories with step sizes 0.00125, 0.001, and 0.0001. The smallest observed value
of the residual was approximately 8× 10−15 with step size 0.001. Since the orbit has
period approximately 7.7, the numerical integration with step length 0.001 required
over 7,700 steps and approximately 30,000 function evaluations. The observed optimal
step size for the Runge–Kutta and mesh sizes for the AUTO calculations are consistent
with predictions based upon their asymptotic orders of accuracy. The collocation
method employed by AUTO is superconvergent at mesh points, with the result that
the mesh points lie much closer to the desired periodic orbit than the intermediate
collocation points used in the calculation. For example, the residuals of the collocation
points and mesh points for our computation with seven collocation points per mesh
interval and twelve mesh intervals are approximately 10−9 and 5×10−15, respectively.
The corresponding data for the orbit computed with four collocation points per mesh
interval and 100 mesh intervals are 10−10 and 4× 10−15.

The bottom panel of the figure shows the results of a calculation using a symmetric
multiple shooting algorithm employing automatic differentiation. There are 5 mesh
intervals and the maximum value of |g| is approximately 6 × 10−16. The degree of
the Taylor series polynomials used in the calculation is 16. Convergence is obtained
in approximately 6 Newton steps starting with mesh points that are far from the
computed solution. Thus our method produces solutions to this problem that are close
to an order of magnitude more accurate than those produced by the most accurate
numerical integration possible with the standard fourth-order Runge–Kutta algorithm
or with the collocation method in AUTO. Given the differences in the way in which
each of these algorithms was implemented, direct comparisons of their efficiency were
not made. Nonetheless, it is apparent that the small mesh sizes and rapid convergence
of the Taylor series method make it very efficient compared to other methods of
computing periodic orbits to high accuracy.
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5.2. Bifurcations in a planar vector field with multiple limit cycles.
Dangelmayr and Guckenheimer [6] investigated the dynamics of the four parameter
family of vector fields:

ẋ = y,

ẏ = −(x3 + rx2 + nx + m) + (b− x2)y.

The system describes the effect of symmetry imperfections in the unfolding of a codi-
mension 2 bifurcation of an equilibrium with symmetry rotation by π. The dynamics
of this family is surprisingly complex, with over 20 different inequivalent phase por-
traits. In a small region of the parameter space, there are phase portraits with a single
equilibrium point and four nested limit cycles. The existence of this parameter region
was deduced from an analysis of unfoldings of subsidiary codimension 3 bifurcations
in Dangelmayr and Guckenheimer [6]. Parameter values at which this phase portrait
occurs were first determined by Malo [23]. Malo developed simple shooting algorithms
to trace curves of saddle-node bifurcations of periodic orbits. Applying these to the
above system, he demonstrated that, when r = 0.87 and m = −1 the parameter
region in the (n, b) plane for which the system has four nested limit cycles is a strip
of width approximately 3 × 10−9. We used this example to test our algorithms for
computation and continuation of saddle-node bifurcations of periodic orbits.

Periodic orbits of the vector field with parameters n = −1.127921667 and b =
0.897258546 are displayed in Figure 5.2. The inset shows details of the three inner
periodic orbits near their left intersection with the x axis. The saddle-node bifurcation
points in this system were computed with the symmetric shooting method described
earlier. However, the sensitivity of the problem made it a rather difficult undertaking.
The shape of the three inner curves makes the computation difficult, as there is a very
slow, tight turn, and a very fast, wide turn in the orbits. In order to converge from a
mesh of regularly spaced points, we needed to coarsen the mesh several times before
applying Newton steps. In this way, we were able to obtain representations for each
of the nested periodic orbits. Each of these representations uses about 20 to 30 mesh
points.

Only the middle of the three inner orbits yielded starting data sufficient to con-
verge directly to a saddle-node bifurcation. Since we could only find one of the saddle-
node bifurcations, we used a continuation strategy to find the other. We continued
the first saddle-node curve with increasing n until we reached the neighborhood of an
apparent cusp point. We then hoped to jump onto the second saddle-node curve and
continue back to the original value of n. The computation to the cusp was quite easy:
we were able to take large (size 2× 10−6) steps in n at first, and were able to quickly
come close to the cusp point, gradually decreasing our step sizes to 10−8. Once we
were close to this point, we took a step of size −2.7× 10−8, from where the routines
converged to a saddle-node bifurcation on the new curve. Following this curve back
to the original value of n was significantly more difficult than computing the previous
curve. We were unable to take large step sizes when we were close to the cusp be-
cause large steps converged back to the previously computed saddle-node curve. The
computation was also quite sensitive to initial conditions, so we often couldn’t take
uniform steps. The Jacobians of the augmented systems along this curve are generally
on the order of 1010. Consequently, our approximations to these orbits generally have
an L∞ error on the order of 10−5. Values we have computed for a portion of the
saddle-node curves near Malo’s parameters are given in Table 5.1.
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Fig. 5.2. Four nested periodic orbits in the vector field y∂x + ((0.897258546 − x2)y − (x3 +
0.87x2+−1.127921667x−1))∂y The three inner orbits are not resolved in the large figure. The inset
shows a small region near the left intersection of the inner orbits with the x-axis, bounded by the
rectangle at [−0.975,−0.957]× [−0.0016, 0.0013].

5.3. Multiple time scales and canards. The term canard describes trajecto-
ries of singularly perturbed systems that have segments which are close to unstable
slow manifolds. Inspiration for the term comes from limit cycles of the dynamical
system

ẋ = (y − x2 − x3)/ε,

ẏ = a− x.

As ε→ 0, this system has a slow manifold that approaches the cubic curve y = x2+x3.
The fast vector field is horizontal in the limit ε = 0. The portion of the slow manifold
between x = −2/3 and x = 0 is unstable, while the remainder is stable. When
a = 0, there is an equilibrium point at the origin where the fast vector field is tangent
to the slow manifold. Hopf bifurcation occurs at this point. As a decreases from
0, a family of stable periodic orbits grows rapidly with the magnitude of a. The
orbits quickly stabilize as relaxation oscillations approximated by stable segments of
the slow manifold and horizontal segments connecting the origin with (−1, 0) and
(−2/3, 4/27) with (1/3, 4/27). The periodic orbits of intermediate amplitude take the
shape of canards in which there is a segment that follows the unstable portion of the
slow manifold. An extensive analysis of the canard solutions has been undertaken
from the three different perspectives of nonstandard analysis, [9], classical asymptotic
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Table 5.1
Computed values of saddle-node bifurcation of the cubic vector field. The first column gives

values of the parameter n, the second and third columns are computed values of b at the two curves
of saddle-node bifurcation for the specified value of n, and the fourth column is the difference between
the two values of saddle-node bifurcation.

[t!]

n b1 b2 b2 − b1
-1.127921667 8.9725854413042e-01 8.9725854695863e-01 2.82821 e-09
-1.127921669 8.9725854512245e-01 8.9725854795178e-01 2.82933 e-09
-1.127921671 8.9725854611447e-01 8.9725854894492e-01 2.83045 e-09
-1.127921673 8.9725854710650e-01 8.9725854993807e-01 2.83157 e-09
-1.127921675 8.9725854809852e-01 8.9725855093121e-01 2.83269 e-09
-1.127921677 8.9725854909055e-01 8.9725855192436e-01 2.83381 e-09
-1.127921679 8.9725855008257e-01 8.9725855291751e-01 2.83494 e-09
-1.127921681 8.9725855107459e-01 8.9725855391065e-01 2.83606 e-09
-1.127921683 8.9725855206662e-01 8.9725855490380e-01 2.83718 e-09
-1.127921685 8.9725855305864e-01 8.9725855589694e-01 2.83830 e-09

analysis [12], and geometric singular perturbation theory [11]. Here we investigate the
numerical computation of canards with our adaptive step length multiple shooting
algorithm and compare these results with AUTO calculations.

The canard phenomenon is subtle. We recall a few of the results from the theory.
Fenichel [13] established the existence of a slow manifold for positive values of ε as
well as ε = 0. Eckhaus [12] computed asymptotic expansions for the slow manifold.
Its distance from the cubic curve y = x2 + x3 has order ε. Away from the turning
points, trajectories flow towards or away from the cubic characteristic at exponential
rates of order 1/ε. A very large region of initial points has trajectories that follow
the unstable branch of the slow manifold for approximately the same distance and
then jump back to a stable branch at approximately the same height. Asymptotic
formulas for this critical height have been obtained. The critical height is extremely
sensitive to the value of the parameter a, varying at a rate comparable to exp(−Q/ε),
where Q is given by the asymptotic theory. The critical height determines the size of
a canard. All trajectories starting near the stable left branch of the slow manifold flow
to the local maximum of the cubic characteristic and then jump to the right branch
of the slow manifold. They then follow the right branch to the local minimum of the
cubic curve. If the parameter a is in the range in which the canards “with heads”
occur, the trajectory then climbs the unstable portion of the slow manifold to the
critical height before jumping back to the left branch of the slow manifold. Thus, all
trajectories that begin on the left branch of the slow manifold are swept into a small
neighborhood of the canard cycle before they have completed a single circuit around
the cycle. Nonetheless, tiny variations in an initial condition near the minimum of the
cubic characteristic produce trajectories that separate from each other after traveling
only a short distance along the unstable branch of the slow manifold.

Instability of the middle branch of the slow manifold prevents computation of
canards with numerical integration. To make our discussion concrete, consider what
happens with ε = 0.001. The Jacobian of the vector field is(

1000(−2x− 3x2) 1000
−1 0

)
.

When x ∈ [−1/2,−1/6] and a < 0, the x components of nearby trajectories separate
at a rate at least exp(250t) while the y component of the vector field increases at a
rate at most 1/2. Thus a trajectory requires at least time 2/3 to traverse the portion
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y

Fig. 5.3. Fourth-order Runge–Kutta integration of the canard vector field. Due to the mas-
sive instability of the unstable branch of the slow manifold, the integration is unable to compute
trajectories that follow this branch. Compare with the family of canards shown in Figure 5.4.

of the slow manifold with x ∈ [−1/2,−1/6]. During this time, the relative separation
of trajectories in the x direction increases by a factor of well over exp(150). Thus, if
an initial condition has distance greater than exp(−150) from the slow manifold, it
will not track it until x reaches −1/2. It is evident that extended precision beyond the
53 bit precision of IEEE-754 floating point arithmetic is required for this task. If we
try to follow the unstable portion of the slow manifold by choosing initial conditions
that lie as close together as possible on opposite sides of the manifold, then Runge–
Kutta integration was observed to return to opposite sides of the unstable manifold
erratically. Figure 5.3 shows such a “chaotic” trajectory. The numerical integration
algorithm has qualitative behavior inconsistent with the trajectories of any planar
vector field. There is no numerical trajectory that approximates the canards even
crudely.

We used a forward multiple shooting method and the program AUTO to compute
this family of canards. The AUTO parameters were set to use 200 mesh intervals and
error tolerances of 10−12. Starting at the Hopf bifurcation point, AUTO was able to
compute the entire family of canard orbits. Figure 5.4 shows selected orbits from this
family. We sought to evaluate the precision of the AUTO computations. To achieve
this goal we took the trajectory of one canard computed in AUTO as an initial
discrete closed curve for computation with an adaptive step length forward multiple
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Fig. 5.4. A family of canards computed with the forward multiple shooting algorithm described
in section 3. The parameter ε = 0.001.

shooting algorithm. This algorithm first computes Taylor polynomial approximations
to the trajectory segments of the discrete closed curve obtained from AUTO. These
computations yield an estimate of approximately 5×10−9 for the maximum mismatch
from the end of one trajectory segment to the initial point of the next, despite the
stringent error tolerances used in the calculation and the superconvergence at mesh
points of the AUTO collocation algorithm. The condition number of the Newton
method Jacobian at this orbit was approximately 1 × 1050 with the parameter a
fixed. The algorithm did not converge. However, fixing the period and varying a,
the condition number was approximately 3.5 × 107 and one Newton step produced
an approximate discrete closed curve with the distance from the endpoint of one
trajectory segment to the initial point of the next having magnitude smaller than
6× 10−15. The maximum length of the difference between the tangent vector to the
Taylor polynomials and the vector field at the ends of the time steps is approximately
1 × 10−13. Dividing the length of the difference by the length of the vector field
produces an estimate of approximately 2 × 10−13 for the maximum deviation of the
approximate periodic orbit from the flow direction.

The distance between the discrete closed curve computed by AUTO and the
discrete closed curve produced by the multiple shooting algorithm is approximately
1.4 × 10−7. Figure 5.5 displays a three-dimensional plot of the difference of the y
coordinates of the two discrete trajectories. The differences between the x coordinates
of the two trajectories are much smaller. The largest differences occur when the
trajectory leaves the slow manifold and appear smooth enough that it is unlikely that
the differences are due to round-off error. AUTO calculations with coarser meshes
yield a similar pattern, with larger differences that have a similar shape along the
jumps of the canard. Thus, we believe that our calculation is sufficiently precise that
the difference between the two trajectories is an estimate for the distance of the mesh
points computed by AUTO from the actual periodic orbit. The parameter values
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Fig. 5.5. This three-dimensional plot gives the difference between a canard computed with
AUTO and a canard computed with a Taylor series, forward shooting method. The canard is plotted
in the horizontal plane and the magnitude of the difference between the two computations is plotted
on the vertical axis.

imported from AUTO for the canards had 11 significant digits. The parameter value
obtained with Newton’s method differs from the AUTO parameter by approximately
1.5 × 10−15, agreeing to the last digit of the value from AUTO. We next used the
period as a continuation parameter in order to track the family of canards. These
calculations gave parameter values that differ in the 13th significant digit, and they
do so erratically. Thus, the sensitivity of the canards to parameter variations is so
great that our algorithms are unable to compute the qualitative behavior of this
parameter variation. This is hardly surprising since the asymptotic theory described
above estimates the parameter variation across the canard family to be smaller than
10−20. Calculation of the parameter variation appears to be beyond the bounds that
are readily feasible without using greater precision than IEEE-754 double precision
floating point arithmetic. Our attempts to construct continuation codes for tracking
the canard solutions have not achieved the robustness we seek. However, the orbits
themselves appear to be computed with precision that is dominated by round-off
errors as in the case of nonstiff systems.

5.4. Monodromy in a model of coupled Josephson junctions. Swift and
Watanabe [30] studied the dynamics of arrays of N Josephson junction oscillators
shunted by a series LRC load, a system symmetric with respect to all interchanges of
the oscillators. These systems have “splay-phase” solutions in which the N oscillators
all undergo the same motion but out of phase with one another. Denoting the motion
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Table 5.2
Eigenvalues of the monodromy matrix for the Josephson junction model.

1.212564610112479e-06 ± 5.700237500982539e-08i
1.390021921820548e-06

−1.172334117548194e-03 ± 4.455213497385255e-04i
8.826221531499485e-01
1.000000000000006e+00
1.003009060195232e+00

1.149723251975266e+00 ± 5.356810539765165e-02i

of oscillator i in the splay phase state by φi(t), the oscillators can be numbered so that
φi+1(t) = φi(t+ 2π/N). In the limit that the Stewart–McCumber parameter of these
systems is zero, the splay-phase state is neutrally stable. Numerical integration of the
system with other values of this parameter suggested that the splay-phase states might
be neutrally stable for positive values of the Stewart–McCumber parameter as well,
with a return map possibly having eigenvalue 1 with multiplicity N − 3. Swift and
Watanabe studied the case of four coupled junctions carefully and demonstrated that
the splay-phase states are represented by hyperbolic periodic orbits for generic values
of the Stewart–McCumber parameter. They did so by computing the splay phase
states using AUTO86 and then computing the monodromy matrix of the periodic
orbit outside of AUTO. (The computation of Floquet multipliers has been greatly
improved in AUTO97 compared to AUTO86, but AUTO97 was not available when
Swift and Watanabe did their work.)

The vector field f that represents an array of four junctions is defined by the
ten-dimensional system:

ẋ1 = x5,

ẋ2 = x6,

ẋ3 = x7,

ẋ4 = x8,

ẋ5 = (I − x5 − sin(x1 − x10))/b,

ẋ6 = (I − x6 − sin(x2 − x10))/b,

ẋ7 = (I − x7 − sin(x3 − x10))/b,

ẋ8 = (I − x8 − sin(x4 − x10))/b,

ẋ9 = x10,

ẋ10 = ((x1 + x2 + x3 + x4)/4− rx10 − x9/c)/l.

Since Swift and Watanabe had difficulty computing the splay phase states and their
stability, we sought to confirm their results with an automatic differentiation based
solver. We used the Hermite interpolation global method to compute the splay phase
state, starting with linear varying phase for each oscillator. The parameter values were
I = 2.5, l = 0.75, r = 0, c = 20, and Stewart–McCumber parameter b = 0.2. With
20 mesh intervals and degree 16 Taylor series approximations at the mesh points, the
algorithm converged in six Newton steps to an approximate periodic orbit p(t). Using
the uniform norm in R10, the norm of p′(t)− f(p(t)) appears to be smaller than 2×
10−13. The computed eigenvalues of the monodromy matrix are displayed in Table 5.2.
The monodromy matrix of a periodic orbit has an eigenvalue 1. The precision with
which this eigenvalue is computed is a measure for the accuracy of the computation
of the periodic orbit and its monodromy matrix. In our calculation, the error for
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this eigenvalue is 6×10−15. We also note that the eigenvalue 1.003009060195232 is in
excellent agreement with the perturbation analysis of Swift and Watanabe [30, Figure
8]. As a final check on the precision of these calculations, we repeated them with a
coarser mesh having 10 mesh intervals. The algorithm converged in 7 Newton steps.
The monodromy matrix agreed with the values in Table 5.2 above to 10 decimal
places. The error in the eigenvalue 1 was approximately 5.5 × 1011. Thus, these
periodic orbit calculations seem to be converging quickly and accurately.

6. Conclusions. Numerical computation of periodic orbits of vector fields is a
difficult component in understanding the qualitative structure of dynamical systems.
With prevailing methods, achieving high accuracy in the direct computation of peri-
odic orbits leads to large systems of equations through the use of large meshes. We
have developed algorithms for computing periodic orbits that achieve high accuracy
with small meshes through the use of high-order algorithms. A key feature of these
algorithms is that increasing order does not require the introduction of larger root
finding to obtain the periodic orbit. Instead, our algorithms utilize Taylor series of
trajectories computed with automatic differentiation. Taylor polynomials of trajecto-
ries can be computed to arbitrary degree, and the defining equations for hyperbolic
periodic orbits converge with increasing degree.

We have implemented our algorithms within MATLAB 5 together with the au-
tomatic differentiation package ADOL-C. The implementations have been tested on
several problems. One of the test problems was designed to have a periodic orbit
along an explicitly known polynomial curve so that the absolute accuracy of different
methods for computing the periodic orbit could be tested. Our results demonstrate
that the automatic differentiation based algorithms can indeed produce more accurate
approximations to a periodic orbit than either numerical integration with a standard
Runge–Kutta algorithm or a boundary value solver based upon collocation. We at-
tribute the increased accuracy to the fact that there are no finite difference calculations
of derivatives implicit in our methods. Moreover, the meshes used by our algorithm
are coarse, reflecting the high order of the algorithms.

The three additional test problems presented in this paper were chosen for their
difficulty. One of these, the planar cubic system, has limit cycles and bifurcations
that are very close to one another. The second test problem shows that our methods
are capable of computing canards, solutions to differential equations with multiple
time scales that are not readily computed with numerical integration. The final prob-
lem tests the accuracy of computing the monodromy matrix on a higher-dimensional
problem, where the desired unstable periodic orbit has a multiplier slightly larger
than 1.

We are encouraged by our results. While it has been shown in the past that Taylor
series methods can be competitive with other methods of numerical integration in both
efficiency and accuracy [4, 5, 27], we believe that there is even more to be gained from
their use in direct computation of periodic orbits as boundary value problems. The
methods are very flexible with regard to mesh adaptation and conceptually simple.
They are readily extended to methods that yield defining equations for bifurcations
of periodic orbits. With further refinement, we look forward to our implementations
becoming mature software packages that can be added to tool kits for numerical
exploration of dynamical systems.
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Appendix.

Main procedure: Continue saddle-node bifurcations.

Load data and parameters, and set global variables:
dim is the dimension of the phase space
data is a matrix whose rows are the mesh points (ti, xi)
delta is a vector containing the interval sizes (divided by 2)
nint is the number of intervals

Call procedure Find Orbit
for number of continuation points requested do

Call procedure Find Saddle-Node Bifurcation
Call procedure Symmetric Compute Return Map Jacobian
Save representation for the located periodic orbit: Taylor coefficients and total

derivatives at the mesh points, data, delta, ReturnMapJacobian and
parameter values

Add continuation stepsize to the continuation parameter
if we have another point to find then

Call procedure Symmetric Predict Next Saddle-Node

Procedure: Find orbit.

for required number of steps do
Call procedure Newton Init
Call procedure Symmetric Newton Loop
Call procedure Symmetric Decimate
Call procedure Newton Init
Call procedure Symmetric Newton Loop
for required number of steps do

Call procedure Symmetric Refine
Call procedure Newton Init
Call procedure Symmetric Newton Loop
Let memax be the maximum L∞ error over all intervals
if memax is small enough then

quit Find Orbit

Procedure: Newton init.

for all mesh points i do
Compute Taylor series coefficients and total derivatives (matrix collections

JMat{i}) for the trajectory through the mesh point using ADOL-C
Compute an orthonormal basis for a cross-section at the mesh point by computing

an orthogonal matrix whose first column is parallel to the vector field at the
mesh point

Procedure: Symmetric Newton loop.

for required number of steps do
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Call procedure Symmetric Evaluate
Call procedure Symmetric Newton Step

Procedure: Symmetric Evaluate.

for all mesh points i do
Compute Taylor series coefficients and total derivatives (JMat{i}) for the

trajectories through the mesh point using ADOL-C
for all intervals i do

Let err(column i) be the “shooting error”: the difference between shooting for-
ward

from the ith mesh point and shooting backward from the (i + 1)st mesh
point

Compute the Jacobians of the shooting error WRT the ith and (i + 1)st mesh
points

Compute the Jacobian of the shooting error WRT delta(i)
Form the Jacobians of the shooting error WRT the bases of cross-section variables

and delta(i) (matrices D{i} and E{i})
Let fd{i} be the Jacobian of the approximate flow map from mesh point i to

mesh point i + 1 given by multiplying the Rn Jacobian of the flow map
forward

from the ith mesh point by the inverse of the Rn Jacobian of the flow map
backward from the (i + 1)st mesh point

Procedure: Symmetric Newton step.

Stack the columns of err into vector errv
Form the Jacobian J from the matrix collections D and E, with the matrices D{i}

on the diagonal and the matrices E{i} on the superdiagonal
Solve J ·Nstep = errv for the Newton update Nstep (in cross-section coordinates)
Transform the Newton update back to Rn coordinates and update data and delta

Procedure: Symmetric decimate.

Call procedure Symmetric Interpolate Full
Let adddata be a 2nint×(dim+1) array {adddata will contain the decimated data}
Set j = 1, id = 1
while id ≤ nint do
adddata(row j) = data(row id)
if id < nint then
if adjacent L∞ errors are small enough then

Calculate the L∞ error if mesh point id + 1 is removed
if the error is small enough then

increment id, effectively removing mesh point id + 1
Increment id and j

Save the last mesh point in adddata(row j)
Replace data by adddata and reset delta and nint
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Procedure: Symmetric interpolate full.

for all intervals i do
Let ppts be an evenly spaced set of times in [−delta(i), delta(i)]
Let xpts be the values of the shooting polynomial for the times of ppts
Let xdpts be the values of the derivative of the shooting polynomial at the points

xpts
Let vpts be the values of the vector field at the points of xpts
Let errpts be the differences between vpts and xdpts
Let emax(i) be the largest absolute value in errpts (estimated L∞ error)

Let eavg be the average estimated L∞ error over all of the intervals

Procedure: Symmetric refine.

Call procedure Symmetric Interpolate Full
Set adddata to be a 2nint× (dim+1) array {adddata will contain the refined data}
Set j = 1
for ir = 1 to nint do
adddata(row j) = data(row ir)

if emax(ir)eavg is too large then

Let adddata(row j + 1) be the average of the forward trajectory from mesh
point ir and the backward trajectory from mesh point ir + 1

Increment j
Increment j

Save the last mesh point in adddata(row j)
Replace data by adddata and reset delta and nint

Procedure: Find saddle-node bifurcation.

for required number of steps do
Call procedure Newton Init
Call procedure Symmetric Newton Saddle-Node Loop
Call procedure Symmetric Decimate
Call procedure Newton Init
Call procedure Symmetric Newton Saddle-Node Loop
for required number of steps do

Call procedure Symmetric Refine
Call procedure Newton Init
Call procedure Symmetric Newton Saddle-Node Loop
Let memax be the largest L∞ error over all intervals
Call procedure Symmetric Compute Return Map Jacobian
if (ReturnMapJacobian is close enough to 1) and (memax is small enough)
then

quit Find Saddle-Node Bifurcation

Procedure: Symmetric Newton saddle-node loop.

for required number of steps do



982 JOHN GUCKENHEIMER AND BRIAN MELOON

Call procedure Symmetric Newton Saddle-Node Init
Call procedure Create Bordered Matrix
Call procedure Symmetric Newton Saddle-Node Step

Procedure: Symmetric Newton saddle-node init.

for all mesh points i do
Compute Taylor series coefficients and total derivatives (JMat{i}) for the

trajectory through the mesh point using ADOL-C
Compute an orthonormal basis for a cross-section at the mesh point by computing

an orthogonal matrix whose first column is parallel to the vector field at the
mesh point

for all intervals i do
Let err(column i) be the “shooting error”: the difference between shooting for-
ward

from the ith mesh point and shooting backward from the (i + 1)st mesh
point

Compute the Jacobians of the shooting error WRT the ith and (i + 1)st mesh
points

Compute the Jacobian of the shooting error WRT delta(i)
Form the Jacobians of the shooting error WRT the bases of cross-section variables

and delta(i) (matrices D{i} and E{i})
Let fd{i} be the Jacobian of the approximate flow map from mesh point i to

mesh point i + 1 given by multiplying the Rn Jacobian of the flow map
forward

from the ith mesh point by the inverse of the Rn Jacobian of the flow map
backward from the (i + 1)st mesh point

Procedure: Create bordered matrix.

Create matrix M of size (nint · dim + 1)× (nint · dim + 1)
Put J in the upper left nint · dim× nint · dim corner of M
Put a 1 in the upper right and lower left corners of M
if M is singular then

exit all procedures {something is seriously wrong}
Solve system M [V t G]

t
= [0 0 ... 0 1]

t
for vector V and scalar G

Solve system [W t G′]M = [0 0 ... 0 1] for vector W and scalar G′

(as a check, G′ = G)

Procedure: Symmetric Newton saddle-node step

Let Kbar be an (nint · dim + 1)× (nint · dim + 1) matrix
Put matrix J in the upper left nint · dim× nint · dim block of Kbar
Stack the columns of err into vector errv
for all mesh points i do

Compute ∂(JMat{i})
∂(activeparam) using finite differencing and store the results

for all intervals i do
Compute the Hessians of the shooting error WRT the active parameter and the
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ith
and (i+ 1)st mesh points (in cross-section coordinates), using ∂(JMat)

∂(activeparam)

for all cross-section variables do
Compute the Hessians of the shooting error WRT the cross-section variable
and

the ith and (i + 1)st mesh points (in cross-section coordinates)
Compute the Hessian of the shooting error WRT delta(i) and the ith and (i+1)st

mesh points (in cross-section coordinates)
Compute the Hessian of the shooting error WRT delta(i)
Compute the Hessian of the shooting error WRT delta(i) and the active param-
eter

Let bigKz be an nint · dim× nint · dim matrix
Fill bigKz with the Hessians that involve the active parameter and either a mesh
point

or delta(i) for some i
Set Kbar(nint · dim + 1, nint · dim + 1) = −W t · bigKz · V
for all mesh points i do
for all cross-section variables k at mesh point i do

Fill Kz with the Hessians that involve cross-section variable k at mesh point i
Set Kbar(nint · dim + 1, (i− 1) · dim + k) = −W t ·Kz · V

Fill Kz with the Hessians that involve delta(i)
Set Kbar(nint · dim + 1, (i− 1) · dim) = −W t ·Kz · V

for all intervals i do
Compute the Jacobian of the shooting error WRT the active parameter
Insert this vector into the appropriate rows of the last column of Kbar

Solve Kbar ·Nstep = [errvt | G]t for Newton update Nstep
Transform the Newton update to Rn coordinates and update data, delta and the

active parameter

Procedure: Symmetric compute return map jacobian.

Set Monodromy to be a dim× dim identity matrix
for all intervals i do

Multiply Monodromy on the left by fd{i}
Transform Monodromy to ReturnMapJacobian by multiplying on the left and

right by the matrices to transform to cross-section coordinates

Procedure: Symmetric predict next saddle-node.

Call procedure Symmetric Newton Saddle-Node Init
Call procedure Create Bordered Matrix
Let Kbar be an (nint · dim + 1)× (nint · dim + 1) matrix
Put matrix J in the upper left nint · dim× nint · dim block of Kbar
Stack the columns of err into vector errv
for all mesh points i do

Compute ∂(JMat{i})
∂(activeparam) using finite differencing and store the results

Compute ∂(JMat{i})
∂(contparam) using finite differencing and store the results

for all intervals i do
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Compute the Hessians of the shooting error WRT the active parameter and the
ith

and (i+ 1)st mesh points (in cross-section coordinates), using ∂(JMat)
∂(activeparam)

Compute the Hessians of the shooting error WRT the cont parameter and the
ith

and (i + 1)st mesh points (in cross-section coordinates), using ∂(JMat)
∂(contparam)

for all cross-section variables do
Compute the Hessians of the shooting error WRT the cross-section variable
and

the ith and (i + 1)st mesh points (in cross-section coordinates)
Compute the Hessian of the shooting error WRT delta(i) and the ith and (i+1)st

mesh points (in cross-section coordinates)
Compute the Hessian of the shooting error WRT delta(i)
Compute the Hessian of the shooting error WRT delta(i) and the active param-
eter
Compute the Hessian of the shooting error WRT delta(i) and the cont parameter

Let bigKz be an nint · dim× nint · dim matrix
Fill bigKz with the Hessians that involve the active parameter and either a mesh
point

or a delta(i) for some i
Set Kbar(nint · dim + 1, nint · dim + 1) = −W t · bigKz · V
Fill bigKz with the Hessians that involve the cont parameter and either a mesh
point

or a delta(i) for some i
Set errv(nint · dim + 1) = −W t · bigKz · V
for all mesh points i do
for all cross-section variables k at mesh point i do

Fill Kz with the Hessians that involve cross-section variable k at mesh point i
Set Kbar(nint · dim + 1, (i− 1) · dim + k) = −W t ·Kz · V

Fill Kz with the Hessians that involve delta(i)
Set Kbar(nint · dim + 1, (i− 1) · dim) = −W t ·Kz · V

for all intervals i do
Compute the Jacobian of the shooting error WRT the active parameter
Insert this vector into the appropriate rows of the last column of Kbar
Compute the Jacobian of the shooting error WRT the cont parameter
Insert this vector into the appropriate rows of the vector errv

Solve Kbar ·Nstep = [errvt | G]t for Newton update Nstep
Transform the Newton update to Rn coordinates and update data, delta and the

active parameter
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[3] I. Babuška and M. Suri, The P and H-P versions of the finite element method, basic principles
and properties, SIAM Rev., 36 (1994), pp. 578–632.

[4] Y. F. Chang and G. Corliss, Solving ordinary differential equations using Taylor series,
ACM Trans. Math. Software, 8 (1982), pp. 114–444.

[5] G. Corliss, A. Griewank, P. Henneberger, G. Kirlinger, E. Potra, and H. J. Stet-
ter, High-order stiff ODE solvers via automatic differentiation and rational prediction,
Numerical analysis and its applications, Lecture Notes in Comput. Sci. 1196, Springer-
Verlag, Berlin, 1997, pp. 114–125.

[6] G. Dangelmayr and J. Guckenheimer, On a four parameter family of planar vector fields,
Arch. Ration. Mech. Anal., 97 (1987), pp. 321–352.

[7] P. Deuflhard, Recent advances in multiple shooting techniques, in Computational Techniques
for Ordinary Differential Equations, I. Gladwell and D. K. Sayers, eds., Academic Press,
New York, 1980, pp. 217–272.

[8] H.-J. Diekhoff, P. Lory, H.-J. Oberle, H.-J. Pesch, P. Rentrop, and R. Seydel, Com-
paring routines for the numerical solution of initial value problems of ordinary differential
equations in multiple shooting, Numer. Math., 27 (1977), pp. 449–469.

[9] M. Diener, Canards et bifurcations, in Mathematical Tools and Models for Control, Systems
Analysis and Signal Processing, Vol. 3, Toulouse, Paris, CNRS, 1981/1982, pp. 289–313.

[10] E. Doedel, AUTO, Available via ftp at://ftp.cs.concordia.ca/pub/doedel/auto.
[11] F. Dumortier and R. Roussarie, Canard cycles and center manifolds, Mem. Amer. Math.

Soc., 121 (1996).
[12] W. Eckhaus, A standard chase on French ducks, Lecture Notes in Math. 985, 1983, pp. 449-

494.
[13] N. Fenichel, Persistence and smoothness of invariant manifolds for flows, Indiana Univ.

Math. J., 21 (1971), pp. 193-226.
[14] W. Govaerts, J. Guckenheimer, and A. Khibnik, Defining functions for multiple Hopf

bifurcations, SIAM J. Numer. Anal., 34 (1997), pp. 1269–1288.
[15] W. Govaerts and J. D. Pryce, A singular value inequality for block matrices, Linear Algebra

Appl., 125 (1989), pp. 141–148.
[16] A. Griewank, D. Juedes, and J. Utke, ADOL-C: A Package for the Automatic Differ-

entiation of Algorithms Written in C/C++, Version 1.7, Argonne National Laboratory,
Argonne, IL, 1996.

[17] J. Guckenheimer and W. G. Choe, Computing periodic orbits with high accuracy, Comput.
Methods Appl. Mech. and Engrg., 170 (1999), pp. 331–341.

[18] J. Guckenheimer and P. Holmes, Nonlinear Oscillations Dynamical Systems, and Bifurca-
tion of Vector Fields, Appl. Math. Sci. 42, Springer-Verlag, New York, 1983.

[19] J. Guckenheimer, M. Myers, and B. Sturmfels, Computing Hopf bifurcations I, SIAM J.
Numer. Anal., 34 (1997), pp. 1–21.

[20] E. Hairer, S. P. Nørsett, and G. Wanner, Solving Ordinary Differential Equations I, Non-
stiff problems, 2nd ed., New York, Springer-Verlag, Springer Ser. Comput. Math. 8, 1993.

[21] E. Hairer and G. Wanner, Solving Ordinary Differential Equations II, Stiff and Different
Algebraic Problems, Springer-Verlag, Berlin, Springer Ser. Comput. Math. 14, 1991.

[22] V. Kuznetsov and V. Levitin, Available via ftp at CONTENT, //ftp.cwi.nl/pub/CONTENT.
[23] S. Malo, Rigorous Computer Verification of Planar Vector Field Structure, thesis, Cornell

University, Ithaca, NY, 1993.
[24] MATLAB is a product of The MathWorks, Inc.
[25] D. Morrison, J. Riley, and J. Zancanaro, Multiple shooting method for two-point boundary

value problems, Comm. ACM, 5 (1962), pp. 613–614.
[26] W. Rheinboldt, Solution of nonlinear equations and continuation methods, SIAM J. Numer.

Anal., 17 (1980), pp. 221–237.
[27] P. Rentrop, A Taylor series method for the numerical solution of two-point boundary value

problems, Numer. Math., 31 (1979), pp. 359–375.
[28] J. Shen and G. Strang, Asymptotic analysis of Daubechies polynomials, Proc. Amer. Math.

Soc., 124 (1996), pp. 3819–3833.
[29] J. Shen and G. Strang, personal communication, Cornell University, Ithaca, NY, 1998.
[30] S. Watanabe and J. Swift, Stability of periodic solutions in series arrays of Josephson junc-

tions with internal capacitance, J. Nonlinear Sci., 7 (1997), pp. 503–536.



NUMERICAL DISCRETIZATION OF ENERGY-TRANSPORT
MODELS FOR SEMICONDUCTORS WITH

NONPARABOLIC BAND STRUCTURE∗

PIERRE DEGOND† , ANSGAR JÜNGEL‡ , AND PAOLA PIETRA§
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Abstract. The energy-transport models describe the flow of electrons through a semiconductor
crystal, influenced by diffusive, electrical, and thermal effects. They consist of the continuity equa-
tions for the mass and the energy, coupled with Poisson’s equation for the electric potential. These
models can be derived from the semiconductor Boltzmann equation.

This paper consists of two parts. The first part concerns the modeling of the energy-transport
system. The diffusion coefficients and the energy relaxation term are computed in terms of the elec-
tron density and temperature, under the assumptions of nondegenerate statistics and nonparabolic
band diagrams. The equations can be rewritten in a drift-diffusion formulation which is used for the
numerical discretization.

In the second part, the stationary energy-transport equations are discretized using the exponen-
tial fitting mixed finite element method in one space dimension. Numerical simulations of a ballistic
diode are performed.

Key words. mixed finite element method, exponential fitting, nonparabolic band structure,
semiconductors
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1. Introduction. Semiconductor devices can be simulated by means of the semi-
conductor Boltzmann equation, which is usually numerically solved by employing the
Monte Carlo method. However, this method is too costly and time consuming to
model real problems in semiconductor production mode where simulation results are
needed in hours or minutes. Acceptable accuracy can be reached by solving macro-
scopic semiconductor models derived from the Boltzmann equation. The simplest
models are drift-diffusion models which consist of the mass continuity equation for
the charge carriers and a definition for the particle current density (see, e.g., [25]).
These models, however, are not accurate enough for submicron device modeling, owing
to temperature effects, for instance.

The energy-transport equations consist of the conservation laws of mass and en-
ergy, together with constitutive relations for the particle and energy currents, and are
able to model temperature effects in submicron devices. Since the energy-transport
equations are of parabolic type, the numerical solution needs less effort than the hy-
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drodynamic models. Moreover, the energy-transport equations can be written in a
drift-diffusion formulation, therefore the numerical effort is comparable to the drift-
diffusion models.

In this paper a numerical scheme for energy-transport models is presented and
numerical results for a one-dimensional ballistic diode are given. The originality of
this paper consists of three facts: First, we compute explicitly, for rather general
band diagrams, diffusion coefficients and the energy relaxation term in terms of the
electron density and temperature. For nonparabolic bands in the sense of Kane, the
coefficients can be computed analytically. The resulting model is completely derived
from the Boltzmann equation. Second, we show that any energy-transport model,
derived from the Boltzmann equation via the spherical harmonic expansion (SHE)
model under rather weak assumptions on the semiconductor band structure, allows
a drift-diffusion formulation. Finally, based on the drift-diffusion formulation, we
discretize and solve the equations by means of mixed finite elements and point out
the differences of various models used in the physical literature.

The first part of this paper is concerned with the computation of the diffusion
coefficients and the energy relaxation term, assuming general nonparabolic band di-
agrams and Boltzmann statistics (section 2). In [5] the energy-transport equations
are derived from the semiconductor Boltzmann equation by means of the Hilbert ex-
pansion method. First, the SHE model is obtained in the diffusion limit, under the
assumption of dominant elastic scattering. Then, through a diffusion approximation,
respectively making electron-electron or phonon scattering large, the energy-transport
equations are derived from the SHE model. The stationary energy-transport model
reads as follows:

−div J1 = 0,(1.1)

−div J2 = −J1 · ∇V +W (n, T ),(1.2)

J1 = L11

(
∇ qµ

kBT
− q∇V

kBT

)
+ L12∇

(
− 1

kBT

)
,(1.3)

qJ2 = L21

(
∇ qµ

kBT
− q∇V

kBT

)
+ L22∇

(
− 1

kBT

)
,(1.4)

εs∆V = q(n− C).(1.5)

The variables are the chemical potential µ, the electron temperature T , and the
electric potential V . Furthermore, J1, J2 are the particle and energy current densi-
ties, respectively. The physical constants are the elementary charge q, the Boltzmann
constant kB , and the semiconductor permittivity εs. The electron density n depends
on µ and T . For instance, for Boltzmann statistics and parabolic bands, the relation
n = NiT

3/2 exp(qµ/kBT ) with Ni > 0 holds. The space dependent function C = C(x)
is the doping profile, Lij = Lij(n, T ) are the diffusion coefficients, and W =W (n, T )
is the energy relaxation term. These equations hold in the (bounded) semiconduc-
tor domain Ω, and they have to be complemented with mixed Dirichlet–Neumann
boundary conditions

n = nD, T = TD, V = VD on ΓD,

J1 · ν = J2 · ν = ∇V · ν = 0 on ΓN ,
modeling the Ohmic contacts ΓD and the insulating boundary parts ΓN . Then,
∂Ω = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅ must be satisfied. The exterior normal unit
vector on ∂Ω is denoted by ν.
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The mathematical analysis of (1.1)–(1.5) has been studied recently in [11, 12, 13,
18] (see also [1, 16]). The existence and uniqueness of solutions to both the station-
ary and the time-dependent equations have been proved. In the physical literature,
the energy-transport equations have been investigated numerically for several years
[2, 9, 10, 22, 33, 34, 35], using parabolic band structure and Boltzmann statistics.
Nonparabolic and non-Maxwellian distribution effects are discussed in [9, 34], but
no comparisons of energy-transport models with parabolic and nonparabolic band
diagrams have been performed.

In section 2 we compute the diffusion coefficients Lij , the electron density n, the
internal energy E, and the energy relaxation termW in terms of µ and T . We assume
that the energy-band diagram of the semiconductor crystal is spherically symmetric
and monotone in the modulus of the wave vector �k, that nondegenerate Boltzmann
statistics can be used, and that a momentum relaxation time τ can be defined by
τ(ε) ∼ ε−βN(ε)−1, where ε is the energy, N(ε) denotes the density of states, and
β > −2 is a parameter. Then, using the general formulas for the coefficients and
densities from [5], we get more explicit expressions than those of [5], involving the

energy-band function ε(�k) and depending on the temperature T (see section 2.2).
Furthermore, we get analytical expressions under the additional assumption of

nonparabolic bands in the sense of Kane [20]:

ε(1 + αε) =
�

2

2m0
|�k|2,

where � is the reduced Planck constant, m0 the effective electron mass, and α > 0
the nonparabolicity parameter.

The second part of this paper is concerned with the numerical discretization of the
energy-transport equations (section 3). An important observation is that the current
densities can be written in a drift-diffusion formulation of the form

Ji = ∇gi(n, T )− gi(n, T )
∇V
T

, i = 1, 2,(1.6)

where g1 and g2 are nonlinear functions of n and T . This formulation is valid for
any current densities coming from a SHE model involving Boltzmann statistics (see
section 2.3); it is the basis for our numerical discretization. For constant temperature,
the expression (1.6) reduces to the standard drift-diffusion current definition.

The continuity equations (1.6) are discretized in one space dimension with a vari-
ant of the mixed exponential fitting scheme, which has been developed and studied
in [6, 7, 8, 24] for the linear drift-diffusion equations and extended to a nonlinear
drift-diffusion model in [19]. The most important features of these schemes are the
current conservation (the current is introduced as an independent variable and conti-
nuity is directly imposed) and the ability of well-approximating solutions with steep
gradient. (The scheme introduces exponentials of electric potential differences, which
automatically account for the diffusion-dominant part and the drift-dominant part of
the operator.) Moreover, the ideas of the discretization are not intrinsically mono-
dimensional, and a two-dimensional extension is currently under investigation. The
current discretization (in one-dimensional) can be seen as a nonlinear Scharfetter–
Gummel discretization [31]. Other generalizations of the Scharfetter–Gummel dis-
cretization can be found, for instance, in [15, 28, 29].

The numerical scheme is applied to the simulation of a one-dimensional n+nn+

ballistic diode, which is a simple model of the channel of a MOS transistor. In the
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numerical simulations, we also use nonparabolic energy bands. The numerical exper-
iments are performed by employing two energy-transport models, the Lyumkis and
the Chen models, which are defined by different momentum relaxation time functions.
These two models are already used in the physical literature but only for parabolic
band diagrams.

The numerical results show that the spurious velocity overshoot spike at the anode
junction becomes smaller in the nonparabolic band case, compared to the parabolic
case, and almost vanishes for the Chen model. The question of velocity overshoot
peaks is addressed in [14].

2. Formulation of the model.

2.1. Scaling of the equations. We bring (1.1)–(1.5) into a scaled and dimen-
sionless form. Let Cm be the maximal value of the doping profile, �∗ the diameter
of the device, µ0 the low-field mobility constant, T0 the lattice temperature, and
UT = kBT0/q the thermal voltage. Using the scaling

n→ Cmn, C → CmC, T → T0T, V → UTV, µ→ UTµ, x→ �∗x,
J1 → (qµ0UTCm/�

∗)J1, J2 → (qµ0U
2
TCm/�

∗)J2,

Lij → ((qUT )
i+j−1µ0Cm)Lij , W → (qµ0U

2
TCm/�

∗2)W,

we get the system

−div J1 = 0,(2.1)

−div J2 = −J1 · ∇V +W,(2.2)

J1 = L11

(
∇µ

T
− ∇V

T

)
+ L12∇

(
− 1

T

)
,(2.3)

J2 = L21

(
∇µ

T
− ∇V

T

)
+ L22∇

(
− 1

T

)
,(2.4)

λ2∆V = n− C,(2.5)

where λ2 = εsUT /(qCm�
∗2) denotes the square of the scaled Debye length.

2.2. General nonparabolic band diagrams. In this subsection we reformu-
late the diffusion coefficients for the energy-transport model (2.1)–(2.5), as derived in
[5], and we make precise our assumptions on the energy relaxation term. We assume
in this and the following subsections that all physical variables and parameters are in
scaled form. In order to get more explicit expressions for the coefficients Lij in terms
of n, T (or µ, T ), we have to impose some physical assumptions:
(H1) The energy-band diagram ε of the semiconductor crystal is spherically sym-

metric and a strictly monotone function of the modulus k = |�k| of the wave
vector �k. Therefore, the Brillouin zone equals R

3 and ε : R→ R, k 
→ ε(k).
(H2) A momentum relaxation time can be defined by

τ(ε) =
(
φ0(2N0 + 1)ε

βN(ε)
)−1

, β > −2, φ0 > 0,(2.6)

where N(ε) = 4πk2/|ε′(k)| is the density of states of energy ε = ε(k) [5,
formula (III.31)] and N0 is the phonon occupation number [4, section 4].

(H3) The electron density n and the internal energy E are given by nondegenerate
Boltzmann statistics.
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The assumptions (H1)–(H2) are imposed in order to get simpler expressions for the
variables. In the physical literature, the values β = 0 [9] and β = 1/2 [22] have been
used in the case of parabolic band structure (see section 2.4). The nondegeneracy
assumption (H3) is valid for semiconductor devices with a doping concentration which
is below 1019cm−3. Almost all devices in practical applications satisfy this condition.

Under these assumptions, the diffusion coefficients are given by

Lij = Lij(µ, T ) = eµ/T
∫ ∞

0

d(ε)εi+j−2e−ε/T dε,(2.7)

where

d(ε) =
4π

3
τ(ε)|ε′(k)|k2 and ε = ε(k)

(see [5, formulas (IV.17), (III.33)]). We refer to [5] for more general expressions for
the diffusion coefficients under weaker assumptions.

Further, due to assumption (H3), we have [5, formula (IV.16)]

n = n(µ, T ) = eµ/T
∫ ∞

0

e−ε/TN(ε)dε,(2.8)

E = E(µ, T ) = eµ/T
∫ ∞

0

εe−ε/TN(ε)dε.(2.9)

Let γ(ε) = k2 be the inverted ε(k) relation. Then N(ε) = 2πγ(ε)1/2γ′(ε) and,
using (2.6),

d(ε) =
8π

3
τ(ε)

γ(ε)3/2

γ′(ε)
=

4

3φ0(2N0 + 1)

γ(ε)

εβγ′(ε)2
,

which yields

Lij =
4

3φ0(2N0 + 1)
eµ/T

∫ ∞

0

εi+j−β−2 γ(ε)

γ′(ε)2
e−ε/T dε

or

Lij = T i+j−β−1eµ/TPβ(T, i+ j)(2.10)

with

Pβ(T, �) =
4

3φ0(2N0 + 1)

∫ ∞

0

u
−β−2 γ(Tu)

γ′(Tu)2
e−udu.

The electron density and the internal energy read (see (2.8), (2.9))

n = 2πeµ/T
∫ ∞

0

γ(ε)1/2γ′(ε)e−ε/T dε,

E = 2πeµ/T
∫ ∞

0

εγ(ε)1/2γ′(ε)e−ε/T dε,

or

n = Teµ/TQ(T, 0), E = T 2eµ/TQ(T, 1)(2.11)
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with

Q(T, �) = 2π

∫ ∞

0

u
γ(Tu)1/2γ′(Tu)e−udu.

The energy relaxation term is given by

W =

∫ ∞

0

S1(e
(µ−ε)/T )εdε,

where S1 is the phonon collision operator [5, formula (IV.18)]. In the Fokker–Planck
approximation, we can write this operator as (see [32])

S1(e
(µ−ε)/T ) =

∂

∂ε

{
δ(ε)

[(
1 + T0

∂

∂ε

)
e(µ−ε)/T

]}
,

where δ(ε) = φ0ε
βN(ε)2, β > −1, and T0 = 1 is the (scaled) ambient temperature.

With the definition of δ(ε), the above expression can be simplified:

W = −eµ/T
∫ ∞

0

δ(ε)e−ε/T
(
1− T0

T

)
dε

= φ0e
µ/TT β(T0 − T )

∫ ∞

0

uβN(Tu)2e−udu

= 4π2φ0e
µ/TT β(T0 − T )

∫ ∞

0

γ(Tu)γ′(Tu)2uβe−udu.

Introducing

Rβ(T ) =

∫ ∞

0

γ(Tu)γ′(Tu)2uβe−udu,(2.12)

the energy relaxation term can be written as

W =
3

2

n(T0 − T )

τβ(T )
,

with the temperature-dependent relaxation time

τβ(T ) =
3

8π2φ0

T 1−βQ(T, 0)
Rβ(T )

.(2.13)

2.3. A drift-diffusion formulation for the current densities. A remarkable
observation is that the current densities J1 and J2 can be written in a drift-diffusion
formulation of the type

J1 = ∇g1(n, T )− g1(n, T )
∇V
T

,(2.14)

J2 = ∇g2(n, T )− g2(n, T )
∇V
T

.(2.15)

(Here and in the following, the gradient ∇ always means differentiation with respect
to the space variable.) Indeed, in the general case the current densities are given by

Ji =

∫ ∞

0

d(ε)

(
∇e(µ−ε)/T +∇V ∂

∂ε
e(µ−ε)/T

)
εi−1dε, i = 1, 2.(2.16)
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This relation holds true under weak assumptions (see [5] for details) and in particular
under the assumptions (H1)–(H3) of section 2.2.

From (2.16) we get

Ji = ∇
∫ ∞

0

d(ε)e(µ−ε)/T εi−1dε− ∇V
T

∫ ∞

0

d(ε)e(µ−ε)/T εi−1dε,

which equals (2.14), (2.15), respectively, setting

g1 =

∫ ∞

0

d(ε)e(µ−ε)/T dε, g2 =

∫ ∞

0

d(ε)e(µ−ε)/T εdε.

The functions g1 and g2 can be computed in terms of n and T , under the assumptions
(H1)–(H3) of section 2.2. Indeed, by (2.7), we get g1 = L11 and g2 = L21, and using
(2.10) and (2.11), we can write

g1(n, T ) =
Pβ(T, 2)

Q(T, 0)
T−βn, g2(n, T ) =

Pβ(T, 3)

Q(T, 0)
T 1−βn(2.17)

or

g1(n, T ) = µ
(1)
β (T )Tn, g2(n, T ) = µ

(2)
β (T )T 2n

with the temperature-dependent mobilities

µ
(i)
β (T ) =

Pβ(T, i+ 1)

Q(T, 0)
T−1−β , i = 1, 2.(2.18)

We can write the stationary energy-transport model in the drift-diffusion formu-
lation either in the variables n, T , and V or in the variables g1, g2, and V . In both
cases only the current density relations change. In the former case we have

J1 = ∇(µ(1)
β (T )Tn)− µ

(1)
β (T )n∇V,

J2 = ∇(µ(2)
β (T )T 2n)− µ

(2)
β (T )Tn∇V,

and in the latter case

Ji = ∇gi − gi
T (g1, g2)

∇V, i = 1, 2.

The electron density is given in terms of g1 and g2 by (see (2.17))

n(g1, g2) =
Q(T (g1, g2), 0)

Pβ(T (g1, g2), 2)
T (g1, g2)

βg1.(2.19)

The energy relaxation term in the variables g1 and g2 now writes (recall that T0 = 1)

W =
3

2τβ(T )T

(
g1

µ
(1)
β (T )

− g2

µ
(2)
β (T )

)
.(2.20)

In order to compute the electron temperature in terms of g1 and g2, we have to invert
the following function (see (2.17)):

f(T )
def
=

Pβ(T, 3)

Pβ(T, 2)
T =

g2
g1
.(2.21)
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This is possible if and only if the derivative of f is positive for all T > 0. The
following lemma shows that this is true if and only if the diffusion matrix (Lij) is
positive definite. Now, this property has to be satisfied in order to get a well-posed
mathematical problem.

Lemma 2.1. Let the hypotheses (H1)–(H3) hold. Then

f ′(T ) =
det(Lij)

(Tg1)2
.(2.22)

Proof. Using the relation

TP ′
β(T, �− 1) = Pβ(T, �)− (�− β − 2)Pβ(T, �− 1),

which can be proved by integration by parts, we obtain

f ′(T ) = Pβ(T, 2)
−2[Pβ(T, 4)Pβ(T, 2)− Pβ(T, 3)

2].

Then, from the formulas

det(Lij) = e2µ/TT 4−2β [Pβ(T, 4)Pβ(T, 2)− Pβ(T, 3)
2]

and n = Q(T, 0)Teµ/T (see (2.10) and (2.11)), it follows that

f ′(T ) =
(
Q(T, 0)T β−1

Pβ(T, 2)n

)2

det(Lij) =
det(Lij)

(Tg1)2
.

For later reference, we rewrite the complete energy-transport model in the (g1, g2, V )
formulation:

−div J1 = 0,(2.23)

−div J2 = −J1 · ∇V +W,(2.24)

J1 = ∇g1 − g1
T
∇V,(2.25)

J2 = ∇g2 − g2
T
∇V,(2.26)

λ2∆V = n− C(x) in Ω,(2.27)

subject to the mixed Dirichlet–Neumann boundary conditions

g1 = gD,1, g2 = gD,2, V = VD on ΓD,(2.28)

J1 · ν = J2 · ν = ∇V · ν = 0 on ΓN ,(2.29)

where we have set gD,i = gi(nD, TD), i = 1, 2. The functions n and W depend on g1
and g2 according to (2.19) and (2.20), respectively. The dependence of T on g1 and
g2 is given by the nonlinear equation (2.21).

2.4. A nonparabolic band approximation. In this section we compute the
diffusion coefficients and the energy relaxation term for nonparabolic band diagrams
in the sense of Kane. Related models incorporating nonparabolic bands can be found
in [9, 36]. Moreover, we show that for the parabolic band approximation, we get the
same relations as in the physical literature [9, 22].

The nonparabolic band structure in the sense of Kane [20] is defined as follows:
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(H4) Let the energy ε(k) satisfy

ε(1 + αε) =
k2

2m∗ .

The constant m∗ is the (scaled) effective electron mass given by m∗ = m0kBT0/�
2k2

0,
where m0 is the unscaled effective mass, k0 is a typical wave vector, and α > 0 is the
(scaled) nonparabolicity parameter. Notice that we get a parabolic band diagram if
α = 0.

The assumption (H4) implies γ(Tu) = 2m∗Tu(1 + αTu), and by introducing the
functions

pβ(αT, �) =

∫ ∞

0

1 + αTu

(1 + 2αTu)2
u
−β−1e−udu,

q(αT, �) =

∫ ∞

0

(1 + αTu)1/2(1 + 2αTu)u1/2+
e−udu,

we can rewrite Pβ and Q as (see section 2.2)

Pβ(T, �) =
2

3φ0(2N0 + 1)m∗Tpβ(αT, �),

Q(T, �) = 2π(2m∗)3/2T 1/2q(αT, �).

Therefore, the electron density and internal energy from (2.11) become

n = N(T )T 3/2eµ/T , E =
q(αT, 1)

q(αT, 0)
Tn,

where N(T ) = 2π(2m∗)3/2q(αT, 0). For the mobilities (2.18) we get the expressions

µ
(i)
β (T ) = µ0

pβ(αT, i+ 1)

q(αT, 0)
T−1/2−β , i = 1, 2.

Here, the mobility constant µ0 is given by

µ0 =
(
3πφ0(2N0 + 1)m

∗(2m∗)3/2
)−1

.

Furthermore, introducing

rβ(αT ) =

∫ ∞

0

(1 + αTu)(1 + 2αTu)2u1+βe−udu,

we obtain (see (2.12))

Rβ(T ) = (2m
∗)3rβ(T )T,

and the energy relaxation time (2.13) becomes

τβ(T ) = τ0
3q(αT, 0)

2rβ(αT )
T 1/2−β ,

where

τ0 =
(
2πφ0(2m

∗)3/2
)−1

.
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Notice that the function rβ is in fact a polynomial:

rβ(αT ) = Γ(β + 2) + 5Γ(β + 3)αT + 8Γ(β + 4)(αT )
2 + 4Γ(β + 5)(αT )3.

The symbol Γ denotes the Gamma function defined by

Γ(s) =

∫ ∞

0

us−1e−udu, s > 0.

(Here we use the hypothesis β > −2.)
Finally, the energy relaxation term (2.20) can be rewritten as

W =
T 2β−1

µ0τ0
rβ(αT )

(
g1

pβ(αT, 2)
− g2
pβ(αT, 3)

)
.

In the parabolic band approximation case (α = 0) the above expressions simplify.
Since q(0, 0) = Γ(3/2) =

√
π/2 and q(0, 1) = Γ(5/2) = 3

√
π/4, we get for the electron

density and the internal energy the well-known relations

n = (2πm∗)3/2T 3/2eµ/T , E =
3

2
Tn.

In order to compute the mobilities and the energy relaxation time, we have to specify
the parameter β. As mentioned in section 2.2, in the literature the values β = 1/2
(used by Chen et al. [9]) and β = 0 (used by Lyumkis et al. [22]) have been employed.

First let β = 1/2. Then p1/2(0, 2) =
√
π/2 and p1/2(0, 3) = r1/2(0) = 3

√
π/4 and

therefore,

µ
(1)
1/2(T ) = µ0T

−1, µ
(2)
1/2(T ) =

3

2
µ0T

−1, τ1/2(T ) = τ0.

Hence, we get the same current density relations and the same energy relaxation term
as Chen et al. in [9]:

J1 = µ0

(
∇n− n

T
∇V

)
,

J2 =
3

2
µ0

(
∇(nT )− n∇V

)
,

W =
3

2

n(T0 − T )

τ0
.

The energy-transport model with the above relations will be called the Chen model.
When β = 0, we have p0(0, 2) = r0(0) = 1, p0(0, 3) = 2, and

µ
(1)
0 (T ) =

2µ0√
π
T−1/2, µ

(2)
0 (T ) =

4µ0√
π
T−1/2, τ0(T ) =

3
√
π

4
τ0T

1/2,

so that the current densities and the energy relaxation term become

J1 =
2µ0√
π

(
∇(nT 1/2)− n

T 1/2
∇V

)
,

J2 =
4µ0√
π

(
∇(nT 3/2)− nT 1/2∇V

)
,

W =
2√
π

n(T0 − T )

τ0T 1/2
.
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The energy transport equations with these expressions will be called the Lyumkis
model.

We conclude this section with a remark on the choice of the parameters. In order
to determine the energy-transport model completely, the parameters α, β, φ0, N0,
and k0 have to be chosen. The mobility constant µ0 depends on φ0, N0, and k0

(the dependence on k0 comes in via m
∗), and the constant τ0 depends on φ0 and k0.

Instead of choosing the parameters φ0, N0, and k0, we prescribe µ0 and τ0 whose values
(depending on the semiconductor material) can be derived from physical experiments.

3. Numerical approximation. In the following we describe in detail the dis-
cretization of the one-dimensional energy flux continuity equations (2.24), (2.26) by
means of an exponential fitting mixed finite element method. The discretization of
(2.23), (2.25) is similar but simpler (since the zeroth order term and the right-hand
side of (2.23) are zero). The Poisson equation (2.27) is discretized with a P1 finite
element scheme. Consequently, in the following, V denotes a piecewise linear function
and Vx its (piecewise constant) derivative. The exponential fitting mixed finite ele-
ment method introduced for the drift-diffusion continuity equation (cf. [6, 7, 8, 24])
can be sketched as follows: (i) transformation of the problem by means of the Slot-
boom variable to a symmetric form; (ii) discretization of the symmetric form with
mixed finite elements (consequently, the flux is introduced as an independent vari-
able); (iii) suitable discrete change of variable to rewrite the equations in terms of
the original variables g2. Due to the nonconstant electron temperature, a Slotboom
variable does not exist in the present case. As a starting point of the discretization
scheme we define a “local” Slotboom variable, assuming that the temperature is a
prescribed piecewise constant function defined in the global iteration process. We
refer to the end of the section for an explicit choice of the procedure. A related idea
has been used in [19] for the discretization of the nonlinear drift-diffusion continuity
equation.

More precisely, introduce a partition 0 = x0 < x1 < · · · < xN = 1 of (0, 1) and
set Ii = (xi−1, xi), hi = xi− xi−1 for i = 1, . . . , N , and h = maxi hi. We denote by T
the piecewise constant approximation of the temperature (see (3.22) for the precise
definition). The equations to be solved are then

J2 = (g2)x − g2Vx/T ,(3.1)

−(J2)x + c2g2 = −J1Vx + c1g1,(3.2)

where we set

c
 =
3

2Tτβ(T )µ
(
)
β (T )

,

for � = 1, 2, and, for simplicity of notation, we denote again by J
, g
, for � = 1, 2,
the variables.

In each interval Ii, “local” Slotboom variables are introduced by

y2 = e−V/T g2 in Ii,(3.3)

and (3.1) and (3.2) are written in the interval Ii as

e−V/TJ2 − (y2)x = 0,(3.4)

−(J2)x + c2e
V/T y2 = −J1Vx + c1g1.(3.5)
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A similar idea for the transformation of the energy-transport equations has been
used in [17]. Jerome [15] and Jerome and Shu [16] have employed a slightly different
Slotboom transformation by introducing φ(x) =

∫ x
0
Vx(s)/T (s)ds.

To define the mixed finite element scheme we follow [24], where a monotonic
scheme for the two-dimensional current continuity equation in the presence of
zeroth order term has been developed. The finite dimensional space for the flux
variable contains functions of L2(Ω), which are in each interval polynomials of the
form σ(x) = ai + biPi(x), with ai, bi constant and Pi(x) a second order polynomial
uniquely defined in the interval Ii as follows. Let P (x) be the second order polynomial
with the following properties:

∫ 1

0

P (x)dx = 0, P (0) = 0, P (1) = 1,(3.6)

that is, P (x) = 3x2 − 2x. Moreover, it holds that ∫ 1

0
P ′(x)dx = 1,

∫ 1

0
P (x)2dx = 2

15 .
We define Pi(x) (depending on V ) by

Pi(x) = −P
(
xi − x

hi

)
if imin = i− 1,(3.7)

Pi(x) = P

(
x− xi−1

hi

)
if imin = i,(3.8)

where imin is the point of minimum of the potential V (x) in the interval Ii. We shall
denote by Vmin its minimum value. Notice that the minimum is always attained at
one end point of the interval, since V is linear in Ii. If V (x) is constant in Ii, we
define Pi(x) = P (x−xi−1

hi
).

Let us introduce the following finite dimensional spaces:

Xh = {σ ∈ L2(Ω) : σ(x) = ai + biPi(x) in Ii, i = 1, . . . , N},
Wh = {ξ ∈ L2(Ω) : ξ is constant in Ii, i = 1, . . . , N},
Λh,χ = {q is defined at the nodes x0, . . . , xN q(x0) = χ(0), q(xN ) = χ(1)}.

The mixed-hybrid approximation of (3.1)–(3.2) is then as follows:

Find Jh2 ∈ Xh, g
h
2 ∈Wh, g

h
2 ∈ Λh,gD,2

, such that

N∑
i=1

(∫
Ii

AiJ
h
2 σ +

∫
Ii

Big
h
2σx −

[
e−V/T gh2σ

]xi

xi−1

)
= 0,(3.9)

N∑
i=1

(
−
∫
Ii

(Jh2 )xξ +

∫
Ii

c2g
h
2ξ

)
=

N∑
i=1

∫
Ii

(−Jh1 Vx + c1g
h
1 )ξ,(3.10)

N∑
i=1

[qJh2 ]
xi
xi−1

= 0(3.11)

for all σ ∈ Xh, ξ ∈ Wh, q ∈ Λh,0. Jh1 ∈ Xh is the approximation of the current
density J1, g

h
1 ∈ Wh is the piecewise constant approximation of g1, stemming from

the discretization of the current continuity equation (see (3.19)–(3.21) below). In the
first equation A and B denote the piecewise constant functions (approximation of
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e−V/T ) defined in each interval Ii by

A|Ii = Ai
def
=

1

hi

∫ xi

xi−1

e−V (s)/T ds, i = 1, . . . , N,

B|Ii = Bi
def
= e−Vmin/T , i = 1, . . . , N.

Jh2 is an approximation of the energy flux J2, g
h
2 is a piecewise constant approximation

of g2, and g
h
2 is an approximation of g2 at the nodes (see [3, 23]). The first equation

is obtained from a weak version of (3.4), using integration by parts and summation
over all Ii together with the inverse of the Slotboom transformation (3.3). Notice
that the discrete inverse transformation is not the same for the variables gh2 and gh2 .
We refer to [24] for a detailed discussion on the need of different approximations of
the exponential function due to (possibly) large values of Vx. The second equation

is a discrete weak version of (3.2), obtained from (3.5), where eV/T is approximated
by B−1 and the discrete inverse Slotboom transformation for gh2 is used. The third
equation implies the continuity of Jh2 at the nodes.

The variables Jh2 and g
h
2 can be eliminated a priori by static condensation, leading

to a final algebraic system in the variables gh2 only. We write J
h
2 ∈ Xh as

Jh2 (x) = J0
2,i + J1

2,iPi(x) for x ∈ Ii,(3.12)

for some constants J0
2,i, J

1
2,i, i = 1, . . . , N . Set g2,i = gh2 |Ii , g2,i = gh2 (xi), Vi = V (xi),

and qi = q(xi). Taking σ ∈ Xh such that σ = 1 in Ii and σ = 0 elsewhere in (3.9)
gives

hiAiJ
0
2,i = e−Vi/T g2,i − e−Vi−1/T g2,i−1.

The integral in the definition of Ai can be computed explicitly and we arrive after
elementary computations at

J0
2,i =

Vi − Vi−1

2T
coth

(
Vi − Vi−1

2T

)
g2,i − g2,i−1

hi
− g2,i + g2,i−1

2T

Vi − Vi−1

hi
.(3.13)

This discretization can be seen as a nonlinear Scharfetter–Gummel scheme (cf. [6]).
The constants J1

2,i are computed by using (3.10) once g2,i is given. Indeed, taking
ξ = 1 in Ii and ξ = 0 elsewhere in (3.10), it follows that

J1
2,i = c2hig2,i − hiri,(3.14)

where we set ri =
1
hi

∫
Ii
(−Jh1 Vx + c1g

h
1 )dx. Taking now σ ∈ Xh such that σ = Pi(x)

in Ii and σ = 0 elsewhere in (3.9), we obtain

2

15
hiAiJ

1
2,i = −e−Vmin/T g2,i + e−Vmin/T g2,imin .(3.15)

Using (3.14) and (3.15), we can eliminate J1
2,i and get

gh2,i = (γ c2 + 1)
−1(γri + g2,imin),(3.16)

where γ = 2
15h

2
iAie

Vmin . Replacing (3.16) into (3.14) we get J1
2,i in terms of g2,i:

J1
2,i =

c2hi
γ c2 + 1

g2,imin
− hi

γ c2 + 1
ri.(3.17)
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Finally, (3.11), with qi = 1 and qk = 0 for all k �= i, gives

J0
2,i + J1

2,iPi(xi) = J0
2,i+1 + J1

2,i+1Pi+1(xi), i = 1, . . . , N.(3.18)

We recall that, due to definition (3.6)–(3.8), Pi(xi) = 0 (Pi+1(xi) = 0, respectively)
if the minimum of V on Ii is in xi−1 (xi+1, respectively); otherwise it is Pi(xi) = 1
(Pi+1(xi) = −1, respectively). Using the expression (3.13) for J0

2,i and (3.17) for J
1
2,i,

the last equation (3.18) can be written in terms of the variables g2,i only, giving rise
to a tridiagonal algebraic system, with the (positive) contribution of the zeroth order
term appearing only in the diagonal entry. Then the energy flux Jh2 is computed
locally in each interval by (3.12) and gh2 is computed locally by (3.16).

Discretizing the current continuity equation (2.23), (2.25) with the same scheme
and applying the (simpler) static condensation procedure (Jh1 is piecewise constant in
this case), we obtain

J0
1,i = J0

1,i+1, i = 1, . . . , N,(3.19)

with

J0
1,i =

Vi − Vi−1

2T
coth

(
Vi − Vi−1

2T

)
g1,i − g1,i−1

hi
− g1,i + g1,i−1

2T

Vi − Vi−1

hi
.(3.20)

Moreover, the analogue of (3.16) gives the upwind expression

g1,i = g1,imin
, i = 1, . . . , N.(3.21)

In order to complete the scheme, we still have to specify how the piecewise con-
stant temperature T is defined. The temperature is defined implicitly in terms of
g1 and g2 according to the nonlinear equation (2.21). Lemma 2.1 shows that this
equation can be solved uniquely. Numerically, we define T in each interval Ii as the
approximate solution of

g2,i

g1,i

= f(T i), i = 1, . . . , N,(3.22)

with T i
def
= T |Ii and g1,i, g2,i given by the mixed scheme (see (3.21), (3.16)). The

nonlinear equation reduces to a linear one when α = 0 (parabolic band). For α > 0
a single iteration of the (scalar) Newton scheme is sufficient to obtain T with an
accuracy of 10−8, when the initial guess is the temperature at the previous global
iteration procedure step. Moreover, f ′ can be explicitly computed by (2.22).

For the discretization of the two-dimensional problem, one can freeze the temper-
ature, defined in the global iteration procedure, and use the ideas of [24].

In contrast to the strongly coupled equations (2.1)–(2.4) in the variables µ/T
and −1/T , the two continuity equations (2.23) and (2.24) are weakly coupled through
the temperature (which varies only slowly during the iterations). Consequently, we
defined the global iteration procedure as follows. The temperature is frozen at the
previous iteration step, and a full Newton method is used to solve the nonlinear system
in g1, g2, and V . At each iteration, the temperature is updated according to equation
(3.22). The associated linear system is solved by using a GMRES solver. Finally,
we remark that a Gummel-type iteration procedure can be employed (instead of the
Newton method) in the parabolic band case.
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Fig. 4.1. Doping concentration in the n+nn+ diode.

4. Numerical results. As a numerical example we present the simulation of a
one-dimensional n+nn+ ballistic silicon diode which is a simple model for the channel
of a MOS transistor. The semiconductor domain is given by the interval Ω = (0, �∗)
with �∗ > 0. In the n+-regions the maximal doping concentration is 5 · 1017 cm−3;
in the n-channel the minimal doping profile is 2 · 1015 cm−3. The doping profile is
shown in Figure 4.1. The length of the n+-regions is 0.1µm, whereas the length of
the channel region equals 0.4µm.

The numerical values of the physical parameters (for a silicon diode) are given in
Table 4.1.

On the boundary points x = 0 and x = �∗ we assume that the (unscaled) total
space charge C − n vanishes and that the (unscaled) temperature has the ambient
temperature

n(0) = n(�∗) = c1, T (0) = T (�∗) = T0, V (0) = 0, V (�∗) = −U,

where U > 0 is the applied voltage. We take the value U = 1.5V. The unscaled
relaxation time τ0 and the low-field mobility µ0 depend on φ0 and k0 (see section
2.4). These parameters are chosen such that τ0 and µ0 take the values shown in Table
4.1. We have chosen the data such that our results can be compared to the numerical
results of the literature (see, e.g., [9, 27, 34]).

We perform numerical results for a uniform mesh of 100 nodes. In Figure 4.2
we present the electron temperature for vanishing and nonvanishing nonparabolic-
ity parameter α using Lyumkis’s model. As expected the temperature in the n-
channel is high; i.e., the electrons are “hot.” The maximal temperature for α = 0
is T = 3970K and T = 3240K for α = 0.5 (eV)−1. The corresponding thermal en-
ergies are Eth =

3
2kBT = 0.51 eV and Eth = 0.42 eV, respectively. Therefore, the

temperature is reduced due to the nonparabolicity effects. Similar results can be
observed by employing Chen’s model (Figure 4.3). Here, the maximal temperature
(thermal energy) values are T = 2330K (Eth = 0.30 eV) for α = 0 and T = 1610K
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Table 4.1
Physical parameters.

Parameter Physical meaning Numerical value
q elementary charge 1.6 · 10−19As
εs permittivity constant 10−12AsV−1cm−1

µ0 (low field) mobility constant 1.5 · 103 cm2V−1s−1

UT thermal voltage at T0 = 300K 0.026V
�∗ length of the device 0.6µm
�0 length of the n+ region 0.1µm
c0 doping concentration in the n region 2 · 1015 cm−3

c1 doping concentration in the n+ region 5 · 1017 cm−3

τ0 energy relaxation time 0.4 · 10−12 s
α nonparabolicity parameter 0.5 (eV)−1
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Fig. 4.2. Electron temperature versus position in a ballistic diode using Lyumkis’s model.

(Eth = 0.21 eV) for α = 0.5 (eV)−1. The effective scaled relaxation time in the
Lyumkis model is (3

√
π/4)τ0

√
T and τ0 in the Chen model. Therefore, the effec-

tive relaxation time in the Chen model is smaller than that in the Lyumkis model,
and we expect that the maximal temperature in the Chen model is smaller than in
the Lyumkis model. This observation follows from the fact that in the vanishing
relaxation-time limit, the temperature relaxes to the lattice temperature, and it is
confirmed by our numerical experiments.

In Figure 4.4 the electron mean velocity for the two different values of the non-
parabolicity parameter α using Lyumkis’s model is shown. The mean velocity u is



1002 PIERRE DEGOND, ANSGAR JÜNGEL, AND PAOLA PIETRA
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Fig. 4.3. Electron temperature versus position in a ballistic diode using Chen’s model.

defined by u = J1/(qn). The spurious velocity overshoot peak at the left junction
becomes smaller for nonvanishing nonparabolicity parameter. The maximal mean
velocity for α = 0 is u = 2.92 · 107 cm/s and u = 1.51 · 107 cm/s for α = 0.5 (eV)−1.
The same effect can be observed using Chen’s model (see Figure 4.5), where the
spurious velocity overshoot spike almost vanishes for α = 0.5 (eV)−1. The maximal
velocities are u = 1.44 · 107 cm/s for α = 0 and u = 1.25 · 107 cm/s for α = 0.5 (eV)−1.

The mean velocities for the nonparabolic case, using Chen’s or Lyumkis’s models,
are compared to the mean velocity from the standard drift-diffusion model in Figure
4.6. In the latter model, no velocity saturation effects are taken into account, i.e.,
the drift-diffusion model equals the energy-transport equations in the case of constant
temperature. The velocity overshoot from the drift-diffusion model is much larger
than for the energy-transport equations (Figure 4.6). This can be explained by the fact
that the total energy of the energy-transport model is composed of the thermal and
the kinetic energy, whereas the total energy of the drift-diffusion model is determined
only by the kinetic energy.

In Figure 4.7 we present the current-voltage characteristics for the different energy-
transport models. The particle current density J1 is always smaller in nonparabolic
band situations. Its dependence on the applied voltage U seems to be sublinear.
Indeed, in the voltage range U ∈ [0.5V, 1.5V], the dependence of J1 on U is approxi-
mately J1 ∼ Uγ , where γ is between 0.88 and 1, depending on the model (see Table
4.2). We remark that increasing the number of nodes does not change the values of
the current.
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Fig. 4.4. Electron mean velocity versus position in a ballistic diode using Lyumkis’s model.
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Fig. 4.5. Electron mean velocity versus position in a ballistic diode using Chen’s model.
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Fig. 4.6. Electron mean velocity versus position in a ballistic diode.
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Fig. 4.7. Current-voltage characteristics for a ballistic diode.
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Table 4.2
Slopes of the logarithmic current-voltage curves for U ∈ [0.5V, 1.5V].

Model slope
Lyumkis: α = 0.0 1.00
Lyumkis: α = 0.5/eV 0.88
Chen: α = 0.0 0.90
Chen: α = 0.5/eV 0.90

Table 4.3
RE for the variables.

N RE for ψh RE for Th RE for nh RE for g2,h
50 7.23 · 10−2 8.63 · 10−2 2.37 · 10−2 3.13 · 10−2

100 3.47 · 10−2 4.16 · 10−2 6.52 · 10−3 9.72 · 10−3

200 1.69 · 10−2 1.89 · 10−2 2.26 · 10−3 3.76 · 10−3

400 8.0 · 10−3 7.56 · 10−3 8.08 · 10−4 1.45 · 10−3

In Table 4.3 we report on the relative errors for the computed variables using the
Chen model in the parabolic band situation. As a reference solution we choose the
computed solution with a mesh of N+1 = 1201 nodes. The relative error (RE) for ψh
is defined by ‖ψh−ψ‖H1/‖ψ‖H1 , where ψh is the discrete solution with discretization
parameter h = 1/N . From Table 4.3 it can be seen immediately that the order of
convergence for the relative error for ψh is one, which is expected. The relative errors
for Th, nh, g2,h are defined as above but in the L

2-norm. Since n = g1 in the Chen
model, we do not need to report on the error for g1. The orders of convergence for
Th, nh, and g2,h are 1.23, 1.62, and 1.48, respectively. Similar results are obtained
by employing the Lyumkis model and nonparabolic band situations, except that
the order of convergence for nh is smaller due to the nonlinear dependence of nh
on Th.

5. Conclusions. In this paper we have derived energy-transport models for
semiconductors for general nonparabolic band diagrams. The diffusion coefficients
and the energy relaxation term can be written analytically in terms of the electron
density and the temperature if nonparabolic bands in the sense of Kane are consid-
ered. The energy-transport models are completely derived from the semiconductor
Boltzmann equation. There appear two parameters: the nonparabolicity parameter α
and the parameter in the definition of the momentum relaxation time β. For parabolic
bands (α = 0), we recover two models already studied in the literature: the so-called
Lyumkis model (β = 0) [22] and the so-called Chen model (β = 1/2) [9].

Thanks to a drift-diffusion formulation valid for a large class of energy-transport
models, we presented a mixed exponential fitting finite element discretization of the
stationary equations and numerical experiments of a ballistic diode in one space di-
mension. It turns out that the spurious velocity overshoot peak is smaller in Chen’s
model than in Lyumkis’ model and for nonparabolic bands compared to parabolic
ones. Furthermore, the spurious peak almost vanishes in the nonparabolic Chen
model. This shows that the energy-transport models describe the charge flow of elec-
trons in a ballistic diode with reasonable accuracy.
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Abstract. The high-resolution generalized Riemann problem (GRP) conservation laws scheme
for compressible flows combined with Strang-type operator splitting is applied to computing an initial
value problem having a discontinuous initial data. Imperfect representation of the initial data on
the Cartesian grid, where the smooth curve of discontinuity is approximated by a jagged line, gives
rise to spurious waves when using high-resolution integration with operator splitting. The nature of
these waves is clarified by comparison to a one-dimensional model. We demonstrate that it is not the
operator splitting that gives rise to these waves, but rather the better quality of the hyperbolic (one-
dimensional) solver, which is not degraded by the operator splitting. It is expected that this property
of retaining sharp features of initial data will also be produced by other second-order conservation
laws schemes.
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Key words. compressible flow, shock waves, high-resolution computation, GRP method,
Godunov-type scheme, irregular cells
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1. Introduction. Consider the numerical solution of compressible time-depen-
dent flow in two space dimensions, where the discontinuous initial data consists of two
uniform states, UL, UR, separated by a curve L. The fluid is initially at rest; i.e., all
velocities vanish. The solutions are computed via the generalized Riemann problem
(GRP) conservation laws scheme [1, 2, 3], using a Cartesian grid of square cells.
When L intersects grid cells, the initial data specified in those cells cannot conform
exactly to the given initial data. Thus we used three methods of initialization to
clarify the effect of these alternates on the numerical solution. It was found that
computation results were quite sensitive to the particular procedure by which the
initial cell data was adjusted to approximately represent the exact initial data. By
comparing the 2-D solutions with equivalent quasi-1-D solutions, using high-resolution
and low-resolution methods, we conclude that the spurious waves result from the high-
resolution property of the method that is not degraded by two-dimensional (2-D)
operator splitting. Indeed, in the low-resolution one-dimensional (1-D) computation
those waves were smeared out.

The purpose of this note is to present our findings in this regard and to suggest
that caution be exercised when computing multidimensional flows with discontinuous
initial data. It is noted in passing that the problem of averaging discontinuous data
in cells is encountered also in multimaterial Eulerian schemes, where uniform velocity
and pressure are maintained in mixed cells, following finite-difference integration of
the conservation laws.

In section 2 we discuss the three alternate initialization methods. In section
3 we give a brief account of the governing equations, the GRP conservation laws
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Fig. 1. Discontinuous initial data. Line L approximated in a stepwise manner.

scheme, and the “splitting strategy.” Section 4 describes the computation results for
an exploding high-pressure cylinder, demonstrating the previously outlined findings.

2. Initialization of discontinuous data. In this study, the data in cells in-
tersected by L were initialized as follows. The density was always obtained by a
“conservative averaging” of the exact discontinuous data (i.e., area-weighted average
of the two densities ρL, ρR per cell).

The pressure, however, was obtained by one of the following approximation pro-
cedures:

(A) Initial cell pressure is set to either one of the two pressures pL, pR. This
amounts to a “pressure-jump-preserving” stepwise approximation of L (as
illustrated in Figure 1), where L is approximated by a “jagged” curve, thereby
introducing “hot spots” in cells having high pressure and low density.

(B) Cell pressure is obtained by a “conservative averaging” procedure identical
to the density initialization outlined above (see the schematic illustration
in Figure 2). This procedure is consistent with the conservation laws (the
pressure for a perfect gas being proportional to the energy per unit volume),
at the sacrifice of spreading the pressure jump over one or two cells.

(C) Initial cell pressure in intersected cell “A,” where the density is ρA, is set to
be equal to pA, so that (ρL, pL) and (ρA, pA) lie on the same isentropic curve
in the (ρ, p) plane. We take (ρL, pL) to be the “high-pressure state”; i.e.,
pL > pR.

3. Outline of the numerical method. Assuming an inviscid compressible
fluid and an ideal gas equation of state, the 2-D flow is governed by the laws for
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conservation of mass, momentum, and energy, expressed in Cartesian coordinates
(x, y) as

∂tU + ∂xF (U) + ∂yG(U) = 0,

U(x, y, t) =



ρ
ρu
ρv
ρE


 , F (U) =




ρu
ρu2 + p
ρuv

u(ρE + p)


 , G(U) =




ρv
ρuv

ρv2 + p
v(ρE + p)


 ,(1)

p = (γ − 1)ρe, γ = constant > 1,(2)

e = E − 1
2
(u2 + v2).(3)

In (1) we denote by ρ, p, e, E, u, v the density, pressure, specific-energy, specific
total energy, and (x, y)-velocity components, respectively.

The 2-D finite-difference approximation to (1) is formulated as a “Strang-type”
operator splitting [6], using the GRP scheme [1, 2, 3] as the 1-D finite-difference
operator. Our point is that this basic algorithm gives a very accurate result, even
under the difficult conditions where the initial data is discontinuous at a curved surface
cutting obliquely across the Cartesian grid, as will be demonstrated by comparison
to an equivalent 1-D solution. The splitting procedure can be outlined as follows.
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The system (1) is split into the two simpler systems,

∂tU + ∂xF (U) = 0,(4i)

∂tU + ∂yG(U) = 0.(4ii)

Loosely speaking, the system (4) is taken to mean that the evolution of an initial
state Uo by (1) over a short time interval ∆t can be approximated by evolving Uo first
subject to (4i) (over time ∆t) obtaining a state U1, then evolving U1 in accordance
with (4ii) again over time ∆t.

Let Lx(∆t), Ly(∆t), L(∆t) denote finite-difference approximation operators for
the integration by a time-step ∆t of (4i), (4ii), (1), respectively. Then the “Strang-
type” operator sequence

L(∆t) = Lx

(
1

2
∆t

)
Ly(∆t)Lx

(
1

2
∆t

)
(5)

is a second-order finite-difference approximation to (1).
The 1-D operators Lx(∆t), Ly(∆t) are given by the “GRP solvers” [1, 2, 3]. The

basic idea (in terms of Lx) is the following. The grid consists of the sequence of points
xi+1/2 = (i+1/2)∆x, i = 0, 1, 2, . . . , imax, where ∆x is the grid spacing and the cell i
is the interval xi−1/2 < x < xi+1/2. U(x, y, t) (for a fixed y) is approximated at time
t = tn = n∆t by Un(x, y), a piecewise linear distribution in cells, having the average

value Uni in cell i. The finite-difference GRP solver Lx, yielding
{
Un+1
i

}imax

i=1
in terms

of {Uni }imax

i=1 is explicitly given by

Un+1
i = Uni −

∆t

∆x

[
F (U)

n+1/2
i+1/2 − F (U)n+1/2

i−1/2

]
,(6)

where the time-centered fluxes F (U)
n+1/2
i+1/2 are determined analytically from solutions

to GRPs that arise at the cell interfaces xi+1/2. More specifically, these solutions are
obtained as exact (up to second-order) solutions to (4i) when the initial data is given
by the piecewise linear distribution Un(x, y). We refer the reader to [1, 2, 3] for a
comprehensive account of the GRP analysis and the resulting scheme, and to [4] for
an overview of GRP methods and their diverse applications.

4. Numerical examples. We consider a case where the initial value problem
could be reduced to a flow problem with cylindrical symmetry (at least up to a certain
time). Thus the solution could be obtained by an accurate (quasi-) 1-D GRP code.

Turning to the sample problem, we set the data as follows. The fluid is an ideal
gas having γ = 1.4 and it is initially at rest everywhere. The curve L is the circle
centered at (x, y) = (0, 0), having radius R = 50. It encircles the high-pressure state
(ρL, pL) = (10, 20), while the low-pressure state outside L is (ρR, pR) = (1, 1). The
computational domain is the square (0 < x < 100, 0 < y < 100), which is divided
into a grid of 100× 100 square cells. The integration was carried out with a constant
time step ∆t = 0.16, up to the final time of T = 12.5. Compliance with the Courant–
Friedrichs–Lewy stability condition [5] throughout the computation was verified.

As a reference calculation, we used the quasi-1-D GRP scheme (with the same grid
spacing of ∆r = 1) to compute the flow profiles, as functions of the radial coordinate
r. The pressure and density profiles are shown in Figure 3. They represent a sharp
outgoing shock wave.
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Fig. 3. One-dimensional computation results.

Fig. 4. Density—Gray scale plot on (x, y) plane. Initial conditions type (A).

Taking the initial data as in case (A) of section 2 (corresponding to Figure 1),
and using the 2-D code as outlined above, we obtain the density distribution shown
in Figure 4. We show only the density distribution, since the pressure is continuous
at the contact discontinuity (see Figure 3) and does not show the spurious wave. The
amount of gray shading is proportional to the density. In Figure 5 we display the
cross section of the same profile along the diagonal. It is noted that all 1-D and 2-D
plots are drawn to the same scale. The diagonal profile, having a mesh size larger by
a factor of

√
2, resolves the same flow region by proportionately fewer cells.

On the other hand, by taking the initial data as in cases (B) or (C) of section 2,
the results were in excellent agreement with the quasi-1-D computation (Figure 3). In
Figure 6 we show the density distribution, using the initial data as in case (C) (i.e., in
boundary cells the values (ρ, p) lie on the isentropic curve through (ρL, pL)). Figure
7 shows the cross section of that profile along the diagonal.

The discrepancy between the results shown in Figures 4–7 can be explained as
follows. In any boundary cell (namely, a cell intersected by the initial contact discon-
tinuity), the value of the density is determined uniquely by mass conservation. Thus
the only “degree of freedom” is expressed in the initial pressure value. Let ρ̄ be the
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Fig. 5. Density—Diagonal cross section. Initial conditions type (A).

Fig. 6. Density—Gray scale plot on (x, y) plane. Initial conditions type (C).

density in that cell, and let pL, p̄ be the values determined by the strategies (A), (C),
respectively. Clearly pL > p̄. Thus in case (A) the boundary cell constitutes a “hot
spot,” having entropy (hence temperature) higher than its neighboring cells. This
“high-temperature” shell (along the contact discontinuity) is then propagated by the
flow, as shown in Figures 4 and 5.

To support this explanation, we show in Figure 8 the results of a quasi-1-D cal-
culation, using the same initial data as that used in Figure 3, except for one change,
as follows. In the cell immediately to the right of the initial jump, where formerly
(Figure 3) pL, ρL were set, we “planted” density ρ̄ =

1
2 (ρL + ρR) and p̄ = pL, thus

generating again a “hot spot.” The results in Figure 8 are now in agreement with
those of Figure 5. In particular, we stress that the split algorithm did not smooth out
this spurious wave in the second-order computation.

We further underline this point by repeating the 2-D computation using the (first-
order accurate) Godunov method, with type (A) initial conditions. These are the
initial conditions that produced the “dip” in the density in the second-order accurate
computation (see Figure 5). The results are shown as a density distribution along
the diagonal in Figure 9. By comparing Figure 9 to Figure 5, it is evident that the
first-order scheme does not retain the sharp features in the initial data as well as
the second-order scheme, since the “dip” in the density distribution has disappeared.
This should not be taken to mean that the first-order (Godunov) scheme is superior
to the second-order (GRP) scheme. Rather, it demonstrates that due to its low
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Fig. 7. Density—Diagonal cross section. Initial conditions type (C).

 PRESSURE AT   T=  12.50                                                                  
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Fig. 8. One-dimensional computation with data similar to type (A).

Fig. 9. First-order density diagonal cross section. Initial conditions type (A).

resolution quality, the Godunov scheme smears out the narrow “hot spot” that had
been deliberately introduced in the initial data.

We may therefore summarize this study by pointing out the significance of ap-
proximating discontinuous initial data. In cases where geometric restrictions make
it impossible to retain the exact initial data, some singular features may accompany
the contact discontinuity curve in the ensuing flow. In particular, we note that these
features are not smoothed out by the operator-splitting strategy associated with the
high-resolution GRP scheme. It is expected that this property of retaining sharp fea-
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tures of initial data will not be restricted to our GRP scheme. Other high-resolution
schemes of the extended Godunov type may well exhibit similar characteristics.

REFERENCES

[1] M. Ben-Artzi and J. Falcovitz, A second-order Godunov-type scheme for compressible fluid
dynamics, J. Comput. Phys., 55 (1984), pp. 1–32.

[2] M. Ben-Artzi and J. Falcovitz, A high-resolution upwind scheme for quasi 1-D flows, in
Numerical Methods for the Euler Equations of Fluid Dynamics, F. Angrand, A. Dervieux,
J.A. Desideri, and R. Glowinski, eds., SIAM, Philadelphia, 1985, pp. 66–83.

[3] M. Ben-Artzi and J. Falcovitz, An upwind second-order scheme for compressible duct flows,
SIAM J. Sci. Statist. Comput., 7 (1986), pp. 744–768.

[4] J. Falcovitz and M. Ben-Artzi, Recent developments of the GRP method, JSME Internat. J.
Ser. B, 38 (1995), pp. 497–517.

[5] R.D. Richtmyer and K.W. Morton Difference Methods for Initial Value Problems, Inter-
science, New York, 1967.

[6] G. Strang, On the construction and comparison of difference schemes, SIAM J. Numer. Anal.,
5 (1968), pp. 506–517.



A TIME-REVERSIBLE, REGULARIZED, SWITCHING
INTEGRATOR FOR THE N-BODY PROBLEM∗

ANNE KVÆRNØ† AND BEN LEIMKUHLER‡

SIAM J. SCI. COMPUT. c© 2000 Society for Industrial and Applied Mathematics
Vol. 22, No. 3, pp. 1016–1035

Abstract. This article describes a gravitational N -body integration algorithm conserving lin-
ear and angular momentum and time-reversal symmetry. Forces are dynamically partitioned based
on interbody separation, so that the long-range forces are evaluated relatively rarely, and close ap-
proaches are treated by an efficient regularization technique. The method incorporates an automatic
stepsize adjustment based on a Sundman time-transformation. Although the scheme is formally
second order, the most intensive computations (the close-approach dynamics) are executed at higher
order, thus improving the overall accuracy. Numerical experiments indicate that the method can
effectively treat few-body gravitational problems with two-body close approaches, and it compares
favorably with other schemes presented in the literature.

Key words. N -body problems, Hamiltonian systems, time-reversible discretization, smooth
switching functions

AMS subject classification. 65L05

PII. S1064827599355566

1. Introduction. The N -body problem of celestial mechanics is described by a
Hamiltonian,

H (p, q) = T (p) + f(q),

where T : R
3N → R and f : R

3N → R are smooth kinetic and potential energy func-
tions defined in terms of the individual momenta p1,p2, . . . ,pN ∈ R

3 and positions
q1, q2, . . . , qN ∈ R

3 of the bodies by

T (p) = T (p1,p2, . . . ,pN ) :=

N∑
i=1

|pi|2
2mi

,

and

f(q) = f(q1, q2, . . . , qN ) := −
N−1∑
i=1

N∑
j=i+1

Gmimj

rij
, rij = |qi − qj |,

where G is the gravitational constant and mi represents the mass of the ith body.
The N -body problem is the seminal problem of dynamical systems, and study

of its solutions, ergodic properties, and topological structure continues to generate a
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great deal of mathematical and physical interest (see [18] and other recent references
therein). Its numerical simulation also remains of terrific importance. This problem
is solved routinely in studies of stellar and planetary dynamics [37, 27, 1], and related
problems arise in quasi-classical studies of atomic systems [29, 10, 32].

While many numerical schemes for the N -body problem have been developed over
the years [13, 1], these codes may exhibit deficiencies in very long time integration or
in scattering studies. One approach to improving the qualitative behavior of numer-
ical simulation methods is to incorporate some of the many geometric properties of
the phase flow, such as time-reversal symmetry, symplectic structure, and integrals
such as angular momentum. Methods which preserve symmetries and invariants are
sometimes referred to as geometric or mechanical integrators [30, 21, 3]. Symplectic
and symmetric algorithms for smooth N -body trajectories (without close approaches)
have been successfully used for long-term simulations of the solar system [37].

Close approaches introduce both theoretical and computational challenges for the
Coulombic N -body problem. In the approach described here, we assume that there
is potentially a large number of bodies, but at any given time only a few bodies are
engaged in very close approaches. None of the geometric algorithms can be expected
to preserve structure or provide substantial efficiency improvements under frequent
discontinuous switchings (such as may be used for close encounters). This problem
was discovered and explained by Calvo and Sanz-Serna [4] in the context of variable
stepsize symplectic integration: frequent changes in the timestepping map lead to a
deterioration of the numerical stability of geometric methods. For variable stepsizes, it
turns out to be more practical to use a Sundman or Poincaré-type time-transformation
to rescale the vector field or Hamiltonian in such a way that (i) geometric structure
is preserved, and (ii) the new system can be solved with a fixed timestep. Articles by
Stoffer [33], Hut et al. [17], and Leimkuhler with collaborators [15, 14] developed the
use of time-reversible variable stepsizes for N -body problems. More recently several
articles have indicated how regularization methods can be incorporated in a reversible
or symplectic framework [23, 20, 16].

Another approach to variable stepsize integration, based on a hierarchical split-
ting, was developed by Skeel and Biesiadecki [31], and we exploit this idea in a some-
what different way to define a smooth switching of the close-approaching bodies. We
then separate the weaker interactions by splitting, and we identify potential close
approaches using Verlet neighbor lists [35], partitioning the bodies into small groups.
The multiple timestepping framework of molecular dynamics (r-RESPA [34]) allows
some control of the amount of computation performed between evaluations of the long-
range forces. A Sundman time transformation is also incorporated in the manner of
[14, 20].

For problems with only two-body close approaches, much of the computational
work following splitting will be in the resolution of isolated pairs. The switches some-
what complicate the dynamics of the two-body pairs (they are no longer pure Kepler
problems). We describe an efficient technique for recovering their dynamics, based on
a reduced coordinate set, a regularization, and an efficient implementation of a higher
order implicit Gauss–Legendre integrator.

When three or more body interactions in close approach must be taken into
consideration (in the localized subsystem), a system of relative variables can be in-
troduced and a regularization developed in terms of two-body pairs. In the standard
approach based on Kustaanheimo–Stiefel transformation, the coupling of variables in
the regularized Hamiltonian makes high-accuracy geometric integrators very costly.
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We suggest instead an approach based on relative coordinates, splitting, and two-body
pair integration.

Some other methods similar to our own have recently appeared in the astronomi-
cal literature. To date, no other writers appear to have successfully combined smooth
switching of close encounters, coordinate regularization, and variable stepsize time-
reversible integration. Chambers [5] uses a C1 switch and a splitting into weak and
strong terms. The strong terms are integrated using a fixed stepsize method, which,
though not itself reversible, is used with a small enough timestep so that these terms
can be viewed as exactly resolved. We believe that this approach is inefficient com-
pared to our own, since no time or coordinate regularization is used. Moreover, we
find that the radius of the switch, which is critical to the efficiency of the algorithm,
can be substantially reduced in our scheme, compared to the observations of Cham-
bers, due to our use of variable stepsize. To implement variable stepsize, Duncan,
Levison, and Lee [7] follow the idea of Skeel and Biesiadecki [31], using a hierarchy of
shells (inducing a C1 or C3 splitting) to reduce stepsize according to body separation.
This method is time-reversible—also symplectic—but cannot treat extreme close ap-
proaches, for which it is well known that some sort of coordinate regularization is
needed. An article by Rauch and Holman [28] considers several techniques (some
of which are not geometric integrators) which incorporate switches, together with a
time-only regularization (“Poincaré transformation”) as in Waldvogel [36], Zare and
Szebehely [39], and Mikkola [25]. In numerical experiments, our method generally
appears to perform well in comparison with these different alternatives when close
approaches are present. Athough very different timestep costs make precise efficiency
comparisons difficult, some preliminary comparative discussion may be found in the
section on numerical experiments.

The remainder of the article is arranged as follows. In section 2, we introduce
the smoothly switched vector field splitting and show how it can be combined with
multiple timestepping and the reversible adaptive Verlet method. Section 3 describes
how the bodies are partitioned for the purposes of efficient propagation, and section 4
considers in detail the computation of the switched two-body dynamics for close ap-
proaching pairs. Section 5 then discusses efficient regularization groups of more than
two bodies. Finally, section 6 includes numerical experiments with a Kepler problem
and several variants of the “two fixed-points problem” as well as some discussion of
comparisons with existing methods presented recently in the astronomical literature.

In summary, we propose a new N -body integrator that combines a time-reversible
adaptive stepsize integrator with smooth switches to isolate close approaching bod-
ies. Two-body close encounters are solved by a new efficient, regularized, high order
Gauss–Legendre integrator. If more than two bodies are involved in a close interac-
tion, we suggest a new approach to split these into two-body problems. Our integrator
could easily be adapted to the Coulombic problems arising in quasi-classical simula-
tions of atomic systems [29, 10, 32, 20], to systems with multiple fixed bodies, or to
systems subject to applied fields or arbitrary perturbing potentials, using additional
splittings.

2. Smooth switches, splitting, multiple timestepping, and reversible
adaptive timestepping. We use the term smooth switch to describe a real (back-
ward sigmoidal) function χ which smoothly passes from one to zero in some finite
subinterval of R+:

χ ∈ Ck(R+, [0, 1]), χ(r) = 1, r < r−, χ(r) = 0, r ≥ r+, χ′(r) ≤ 0.
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Piecewise polynomial switches of any desired smoothness can be constructed as
follows. First define a polynomial

p(x) =

(
1−

(x
h

)2
)k+1

.

This function is positive in (−h, h) and is easily seen to satisfy the conditions p(0) = 1,
p(l)(h) = p(l)(−h) = 0, l = 0, 1, . . . , k. Normalizing the integral of this polynomial on
the interval [−h, h] and subtracting from unity results in a new polynomial,

q(x) = 1−
∫ x
−h p(ξ)dξ∫ h
−h p(ξ)dξ

.

Now for given r− and r+ we set h = (r+ − r−)/2, r̄ = (r+ + r−)/2; then the function

χ(r) =




1, r ≤ r−,
q(r − r̄), r− ≤ r < r+,
0, r ≥ r+

(2.1)

is a Ck+1 switch (See Figure 2.1). The fact that we can choose χ to be piecewise
polynomial will be found to have some positive ramifications for the efficiency of our
code.

rr- r+

1 χ

Fig. 2.1. A smooth switch.

The purpose of the smooth switch is to limit the high-accuracy resolution of
trajectories to close approaching bodies, while reducing the number of force evalua-
tions for weak interactions. We decompose each pair interaction in the gravitational
potential using smooth switches:1

f = −
N−1∑
i=1

N∑
j=i+1

χ(rij)
Gmimj

rij︸ ︷︷ ︸
floc

+ −
N−1∑
i=1

N∑
j=i+1

(1− χ(rij))Gmimj

rij︸ ︷︷ ︸
fweak

.

In a two-body problem, there are three distinct regimes in the dynamics of floc.
For separations r ≤ r−, the dynamics are pure Keplerian. For r ≥ r+, the bodies

1For simplicity, we here suppose that the parameters r−, r+ of each switch are all identical. In
many cases, it may be more practical to choose the parameters of the switch dependent on the masses
of the particles of the pair. In the related classical atomic model, the switch might also depend on
the product of the charges of the particle pair.
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are in free motion. For r ∈ (r−, r+), the motion is determined by the (somewhat
artificial) dynamics of the switch, integrable dynamics in a decaying force field.

To design a one-step method, we utilize a Hamiltonian splitting of the form H =
H loc + fweak, where

H loc := T + floc.

Let Φ
t,H represent the t- flow map on Hamiltonian H. We construct a splitting

method using multiple timestepping [34, 9] with m inner substeps:

Φ
∆t,H ≈ Φ̂

∆t,H := Φ∆t,fweak

[
Φ̂ 1

m∆t,Hloc

]m
.

(In most cases, we would take m = 1, but the incorporation of multiple timestepping
adds some flexibility.) Here Φ̂

∆t,Hloc
is a time-reversible approximation method for

solving the localized gravitational problem, as described in the next section.
The method Φ̂

∆t,H is a first order fixed stepsize integrator, and it is not time-

reversible. We use this method as the basis for constructing a second order variable
stepsize reversible integrator according to the prescription of [14]:(

qn+1/2

pn+1/2

)
= Φ̂ 1

2∆tn,H

(
qn

pn

)
,

1

∆tn
+

1

∆tn+1
=

2

gn+1/2∆t
,(2.2)

(
qn+1

pn+1

)
= Φ̂

∗
1
2∆tn+1,H

(
qn+1/2

pn+1/2

)
,

where

gn+1/2 = g(qn+1/2,pn+1/2)

and g(q,p) is the time-reparameterization function, a smooth, positive, scalar-valued
function which is invariant under p → −p (see below). The adjoint method needed
above is easily computed since Φ̂

∆t,H is the composition of symmetric maps:

Φ̂
∗
∆t,H =

[
Φ̂ 1

m∆t,Hloc

]m
Φ∆t,fweak

.

Although the method is formally second order (symmetric methods have even
order [11]), we expect to utilize a higher order integrator for the local interaction
dynamics, as described in the next and following sections. Viewed as a second order
method, the scheme is therefore expected to have a relatively small leading error
constant compared to a method such as Störmer–Verlet, which does nothing special
to integrate close approaching bodies. If desired, a third order splitting method could
be used in place of Φ̂

∆t,H , resulting in a fourth order method overall. (See [22] for

a discussion of how to construct such splittings.)
We anticipate that the considerations for the choice of time-transformation will

be similar to those discussed in [2, 20]. To ensure stable integration near close encoun-
ters, we need a transformation of the form g ∼ minij r

2
ij , where minij rij represents

the smallest pair separation. The use of such an approach is not efficient for even
moderately difficult trajectories; in the presence of very close encounters the progress
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of the integration will practically be halted. Thus, we adopt the control suggested in
[20],

gmin =
1

1 + (minij rij)−3/2
.(2.3)

In some cases, it may be desirable to have a smooth control, in which case we could
use

gsm =
1

1 +
(∑

i<j r
−3m/2
ij

)1/m
,

where m is a positive integer [2].

3. Integration of H loc. In this and the following section, we describe the in-
tegrator for H loc. We will assume that the solution is desired on the time interval
[0,∆t], that initial positions q0 and momenta p0 are provided, and that new values
q1 and p1 are to be computed.

Because of the use of switching functions, a relatively small number of the inter-
action terms are active in H loc at any given timestep; most of the particles simply
drift linearly with fixed momenta. We introduce the concept of a local interaction
graph G based on the nonzero potential interactions between the bodies. This graph
will be used to limit the local computation (in the relatively expensive regularization
variables) to minimal subgroups of bodies. However, there is some question about
how to define G. Clearly the vertices of G are the body indices, but what should we
take for the edges?

Given vertices i and j, it is evidently not sufficient to add the edge īj only when
‖q0

i − q0
j‖ ≤ r+, since, during the timestep, the two bodies may move closer to each

other and thus have a close interaction by the end of the timestep. Moreover, the
one-step methods we propose for integrating the few-body problems will evaluate the
forces at an intermediate point in the subinterval. Still it is not sufficient to simply
link i and j based on the initial, final, and intermediate steps, since it is necessary to
know these interactions at the start of the timestep (after all, the whole purpose of
constructing the graph is to restrict the computation to local groups!). To define the
interaction graph, we therefore need a very cheap method to predict, based only on
the initial positions and velocities, which particles have the potential to have a local
interaction during the current timestep. The same technique used to construct Verlet
neighbor lists [35] in molecular dynamics can be used for this purpose.

To identify potential close approaches, we proceed as follows for the ith body
(being careful to work with squared distances to avoid computation of extra square
roots). We iterate over the bodies with index j > i. Define

∆q = q0
i − q0

j , ∆p = p0
i − p0

j .

We first compute σ0 = |∆q|2. Clearly if σ0 < r2+, we should add edge īj to G,
but because our method is heuristic (based only on linear trajectories), we include a
safety factor β > 1 and check instead σ0 < βr2+. Next, we compute the time of closest
approach of the linear trajectories through (q0

i ,p
0
i ) and (q0

j ,p
0
j ):

t∗ = −∆q ·∆p|∆p|2 .
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If t∗ ∈ [0,∆t], then we compute the squared separation between these two trajectories
at t∗, σ∗ = |∆q+ t∗∆p|2, and check if σ∗ < βr2+. Finally, we compute the separation
at the right endpoint of the time interval, σ1 = |∆q + ∆t∆p|2, adding the edge if
this is less than βr2+.

After updating the interaction graph, we subdivide it into L disjoint connected
components Ω1,Ω2, . . . ,ΩL. These components will generally consist of one or several
indices. The cost of resolving the close approaches rises very rapidly with the number
of bodies, while the attainable accuracy diminishes, but close approaches of three or
more bodies are rare. In the next section we focus on the case of two-body approaches.
Later, we will describe a method for handling higher-body collisions.

4. Fast integrator for the switched problem: Two-body case. The com-
putation of the close encounters is typically the most costly part of the calculation, so
substantial algorithmic effort is warranted in the interest of overall efficiency. In this
section we describe a technique for two-body approaches based on polar coordinates
in the plane of motion, regularization, and the Gauss–Legendre family of higher order
implicit Runge–Kutta methods.

Any Hamiltonian system of the form

H2bdy =
1

2m1
|p1|2 +

1

2m2
|p2|2 + φ(|q1 − q2|)

is integrable. For Kepler’s problem, an elegant solution was known at least to Gauss
and is detailed in [19]. A number of papers have considered efficient numerical meth-
ods for solving the associated nonlinear equation (see, e.g., [24, 26]). A method avoid-
ing all transcendental functions was used in [20], based on implicit midpoint applied
in the Kustaanheimo–Stiefel variables, but this scheme may not provide sufficient
accuracy in some cases.

Solutions for special cases of the two-body problem with various power poten-
tials are discussed in [8]; however, for arbitrary φ, the computation of the associated
quadrature and nonlinear equations becomes complicated by potential singularities
and a sign change of the integrand, and an involved procedure is then needed to per-
form the computations, including a special quadrature algorithm and case-dependent
changes of variables.

Converting to relative coordinates, rotating the plane of motion (with normal
n = (q1 − q2) × (p1 − p2) = constant) onto the xy coordinate plane, and then
introducing polar coordinates gives the Hamiltonian

Hplane =
1

2m̄
p2r +

1

2m̄

l2

r2
+ φ(r),

where l = pθ is the local angular momentum of the particular approaching pair. This
is an integrable system. We could proceed to recover the solution by piecing together
solutions of the separable scalar ODE

d

dt
r = ±

√
2m̄

(
E0 − φ(r)− l2

r2

)
,

where E0 = Hplane is the energy of the reduced problem. For general φ, the numerical
solution of this differential equation in terms of quadratures is inefficient. Not only
do we have to design an accurate numerical quadrature subject to a switching of sign,
but the solution is then obtained only in implicit form, defined by a certain nonlinear
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equation. Observe also that there is nothing to prevent l = 0; thus arbitrarily close
approaches of the bodies (or even collisions) are indeed possible, causing a singularity
in the integrand. Despite these problems, a viable method for the general case could
undoubtedly be derived based on quadrature, but we are skeptical that it would be
as efficient and robust as the alternative we describe in what follows.

The canonical equations of Hplane are

d

dt
r =

1

m̄
pr,

d

dt
pr =

1

m̄

l2

r3
− φ′(r),

d

dt
θ =

1

m̄

l

r2
.

By introducing a new variable η = r · pr, performing a Sundman transformation
dt/dτ = r, and taking advantage of the constant energy, this system can be written
as

d

dτ
r =

1

m̄
η,(4.1)

d

dτ
η = 2rE0 − 2rφ(r)− r2φ′(r),(4.2)

d

dτ
t = r,(4.3)

d

dτ
θ =

1

m̄

l

r
.(4.4)

These equations are no longer Hamiltonian; however, the symmetry of the original
system is retained. The first three of these equations can be solved independent of the
last one. And, since φ(r) = −γ/r · χ(r), χ(r) piecewise polynomial, all singularities
have been removed from (4.1)–(4.2); thus, at least theoretically, they can be solved
even through head-on collisions.

The solution of the regularized equations (4.1)–(4.4) requires an accurate and sta-
ble geometric integration method such as the efficiently implemented Gauss–Legendre
method described below.

High order is needed in this step because the regularization process (absolutely
essential to stable integration) introduces the energy of the two-body problem as
a parameter of the differential equations, hence upsetting the iterated-map property
which guarantees structural stability properties such as orbital symmetry [20]. Only in
the case of a pure Kepler problem is the invariantHplane quadratic, hence conserved by
the Gauss methods [6]. Especially in the switching regime of our two-body potential,
the energy may fluctuate significantly; thus a high-order method is likely to be needed.

A Gauss–Legendre method for the regularized reduced problem. We
will here briefly describe the implementation of a fully implicit Runge–Kutta method
applied to the regularized problem (4.1)–(4.4). A discussion of implementation issues
for general ordinary differential equations can be found in [12, IV.8]. In this section,
we concentrate on issues specific to the given problem, which in what follows will be
written as

d2

dτ2
r =

1

m̄
f(r),

d

dτ
t = r,

d

dτ
θ =

1

m̄
α(r), and η = m̄

d

dτ
r.(4.5)
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These equations are solved by some (possibly) high order Gauss–Legendre methods
[12, IV.5]. Using the standard Butcher notation, the coefficients in an s-stage method
are given by a matrix A = (aij)

s
i,j=1 and vectors b = (b1, b2, . . . , bs)

T and c =

(c1, c2, . . . , cs)
T . Applied to (4.5), it results in the following system of nonlinear

equations (âij being the elements of the matrix A2):

Ri = rn +
1

m̄
ci∆τηn +

1

m̄
∆τ2

s∑
j=1

âijf(Rj), i = 1, 2, . . . , s,(4.6)

and the solution is updated by

tn+1 = tn +∆τ

s∑
i=1

biRi,(4.7)

rn+1 = rn +∆τ
1

m̄
ηn +

1

m̄
∆τ2

s∑
i=1

s∑
j=1

biaijf(Rj),(4.8)

ηn+1 = ηn +∆τ

s∑
i=1

bif(Ri),(4.9)

θn+1 = θn +
1

m̄
∆τ

s∑
i=1

biα(Ri).(4.10)

A curious twist is that the timestep ∆tn = tn+1− tn is known, but the corresponding
fictive timestep ∆τ must be computed. Thus (4.6) and (4.7) must be solved for
R1, . . . , Rs and ∆τ simultaneously. Newton iteration techniques normally will be
adequate. The Jacobian matrix of this system of s + 1 nonlinear equations can be
written in block form,

J =

(
Ĵ v
uT w

)
.

The elements of the (s× s)-matrix Ĵ are

Jij = δij − ∆τ2

m̄
âijf

′(Rj),

where δij is 1 if i = j and otherwise zero, v has elements

vi = − 1

m̄
ciηn − 2

m̄
∆τ

s∑
i=1

s∑
j=1

âijf(Rj),

u = −∆τbT , and w = −∑s
i=1 biRi. The Jacobian can be computed in the beginning

of each step and then held fixed during the iterations. Having a good predictor is
critical for the overall success of the method. One option is to use a high order Tay-
lor series approximation, obtained through differentiation of the differential equation.
This is especially viable because the function f(r) is piecewise polynomial. Extrap-
olating values from a previous step (using the collocation polynomial) is inadvisable
since the integration of (4.5) over one (outer) step is only a part of the overall algo-
rithm; thus the right-hand side of the equation changes from step to step. For the
same reason, the Jacobian cannot be kept fixed over several steps.
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For very close encounters, the Jacobian J tends to become singular, and special
care has to be taken for the solution of the nonlinear equations.

Since the energy E0 is used as a parameter in the regularized equations, time
symmetry is not really retained. However, since high order methods are used, we
are willing to accept this small destruction of time symmetry. In fact, as we will
show later, experiments show that this discrepancy in energy has less effect on the
time symmetry than the roundoff errors introduced when solving the unregularized
equations.

5. Higher-body close encounters. We next briefly consider numerical inte-
grators for the case that a component of the local interaction graph can include three
or more bodies. The equations in this case are no longer integrable, so the only pos-
sibility is to derive an appropriate numerical discretization scheme. In general, our
problem is to integrate numerically a d-body problem with Hamiltonian of the form

1

2

d∑
i=1

|pi|2
mi

+

d−1∑
i=1

d∑
j=i+1

φ(|qi − qj |).

Due to our use of splitting and time-reparametrization, we can restrict attention to
the case where the number of bodies d is small.

As is the usual practice (see, e.g., [23]), we first introduce relative coordinates for
the pair separations,

δ1 = q1 − q2, δ2 = q1 − q3, . . . , δd−1 = q1 − qd,
δd = q2 − q3, . . . , δ2d−3 = q2 − qd,

. . . , δ 1
2 (d2−d) = qd−1 − qd.

Together with the center of mass, the D = (d2 − d)/2 variables (although redundant
for d > 3 since in that case D > d) are adequate to describe any configuration.
Canonical equations can be developed in terms of the relative variables by introducing
momenta πi canonically conjugate to the δi. Neglecting the center of mass motion,
the Hamiltonian becomes

Hrel =

D∑
i=1

|πi|2
2m̄i

+

D∑
i=1

D∑
j=1
j �=i

σijπi · πj +
D∑
i=1

φ(|δi|),

where m̄i = 1/(1/mα + 1/mβ), with mα and mβ the masses of the bodies of the
ith pair, and σij is either zero (if the pairs on which δi and δj are based involve no
common body) or else ± the reciprocal of the common mass of the ith and jth pairs
of bodies, depending on the order of the differences.

Now there are several ways to proceed. A traditional course, described concisely in
[23], is to apply the Kustaanheimo–Stiefel regularizing transformation to all the vari-
ables. The kinetic energy metric is then position dependent and rather complicated.
The nonseparable nature of the Hamiltonian precludes the use of (known classes of)
explicit geometric integrators, leaving us essentially with implicit methods such as the
Gauss–Legendre Runge–Kutta methods or Lobatto IIIA-B partitioned Runge–Kutta
pairs [11], but in this case, there are no simple reductions of the numbers of variables
such as we found in the previous section. For example, a fourth order method for the
three-body problem would require the solution of a nonlinear system of dimension
2 × 24 = 48 at each step. This is clearly unacceptable in long-term simulations, for
which many such nonlinear systems may need to be solved.
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Instead, we will look for a splitting of Hrel that requires only the solution of two-
body problems at each step. The numerical method of the previous section can then
be used to solve the two-body problems.

One such splitting would break Hrel into two parts,

Hrel = H1 +H2,

where

H1 =

D∑
i=1

|πi|2
2m̄i

+

D∑
i=1

φ(|δi|),

and

H2 =

D∑
i=1

D∑
j=1
j �=i

σijπi · πj .

H1 consists of D decoupled two-body problems, whereas H2 is only π dependent;
hence both terms are integrable.

An alternative splitting method would divide H into D parts,

Hrel = G1 +G2 + · · ·+GD,
where

Gi =
|πi|2
2m̄i

+ φ(|δi|) +
D∑
j=1
j �=i

σijπi · πj .

Each of the D terms can be seen to be integrable, since only the ith momentum
vector changes during the integration of Gi. In the case of a three-body problem, this
splitting has three terms. For higher order, the number would rapidly increase.

The differential equations on Hrel are given by, for i = 1, . . . , D,

d

dt
δi =

1

m̄i
πi +

D∑
j=1
j �=i

σijπj ,

d

dt
πi = −φ

′(|δi|)
|δi| δi.

Define L =
∑D
i=1 δi × πi. Then it is easy to see that

d

dt
L =

D∑
i=1

(
d

dt
δi × πi + δi × d

dt
πi

)

=

D∑
i=1




 1

m̄i
πi +

D∑
j=1
j �=i

σijπj


× πi − δi ×

(
φ′(|δi|)
|δi| δi

)

= −
D∑
i=1

D∑
j=1
j �=i

σijπi × πj

= 0
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using the antisymmetry of the cross product and the fact that σij = σji; L can be
viewed as a representation of the angular momentum of the system. Moreover, both
splittings are also easily seen to conserve angular momentum, since each of the terms
has this feature and the discretization is constructed by concatenation of the exact
flows (or conserving approximations of the exact flows) on each term.

To obtain higher order methods, we suggest use of the concatenation technique
[38, 22, 30]. For the alternative decomposition, second and fourth order splitting
methods are also easily derived.

6. Numerical experiments. In the experiments described below, we have used
an adaptive Verlet-leapfrog method, for which one step of the method is given by

Φ 1
2∆tn,fweak

◦ Φ̂
∆tn,Hloc

◦Φ 1
2∆tn,fweak

.

The stepsize is updated between the steps, using (2.2) with g = g(qn,pn), g given
by (2.3) or its smooth equivalent.2 For close encounters, Φ̂

∆tn,Hloc
is solved by an

eighth order Gauss method, as described.
Example 1: The Kepler problem. Our first example, the two-dimensional Kepler

problem, has been chosen to demonstrate the reliability of the smooth switch for
solving two-body close encounters. The Hamiltonian is

H =
1

2
(p21 + p

2
2)−

1√
q21 + q

2
2

.

As initial values we choose

q1(0) = 1 + e, q2(0) = 0, p1(0) = 0, p2(0) =
√
(1− e)/(1 + e);

thus the solution (q1, q2) forms an ellipse with eccentricity e, 0 ≤ e < 1, and with
period 2π. The smallest distance from the origin is rmin = 1 − e. The system with
e = 0.9999 was integrated over 32 periods.

In the experiment, we compare
(a) the variable stepsize leapfrog method without a switch

with the same method using
(b) a hard switch, meaning that the switch is turned on, that is χ = 1, whenever

r < r̄ in the beginning of the step; otherwise the switch is turned off;
(c) an improved hard switch, in which linear extrapolation is used to decide

whether r is less than r̄ over the whole step, in which case the switch is
turned on;

(d) the smooth switch (2.1) with k = 8.
For the variable stepsize method, the fictive stepsize was ∆t = 0.04 and the average
stepsize about 0.01. For the smooth switch we have used r+ = 0.02, rm = r+/8 and
for the hard switches r̄ = (r+ + r−)/2.

The superiority of the smooth switch is clearly demonstrated by Figures 6.1 and
6.2. The adaptive leapfrog without switch suffers from a precession caused by the high
energy error in the close domain. The hard switches partly eliminate that precession,
but a severe drift in the energy error is introduced. The combination of leapfrog and
the smooth switch eliminates both.

Figure 6.3 illustrates how the energy varies over one period. To better visualize
the behavior of the methods within the close domain, the energy error is shown as

2After the first half step, this is equivalent to the symmetric adaptive Verlet method [14].
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Fig. 6.1. The orbit of the Kepler problem (e = 0.9999) solved by the variable stepsize
leapfrog method (a) without switch, with (b) hard switch, (c) improved hard switch, and (d)
smooth switch.

functions of the number of steps. For comparision, the energy fluctuations for two
eccentricities, e = 0.9999 and e = 0.999999, are shown. We can clearly see how
the switches “cut the peak” off the energy error of the leapfrog method. The hard
switches are, however, unable to regain the energy level when out of the close domain,
a problem that gets worse for higher eccentricities. It is also interesting to notice
that the energy error for the smooth switch is almost independent of the eccentricity.
However, the smooth switch creates fluctuations in the switching regime. Experiments
show that these fluctuations become worse when r+ and r− are close to each other.

It is also of interest to see how the switches affect the time symmetry. To this
end, the Kepler problem is integrated forward one period and then backward using the
same stepsize sequence. Figure 6.4 shows the norm of the displacement of q caused
by this process for several choices of rmin = 1 − e. Thus, for rmin less than r+ (or
r̄ for the hard switches), the orbit is always outside the switching regime. However,
when in effect, the simple hard switch (2) destroys the time symmetry completely. It
is also interesting to note that the method without switches (×), which is known to
retain time symmetry, at least in the theory, loses this property in practice.

This is caused by large rounding errors introduced in solving the unregularized
equations close to the singularity. The smooth switch (◦) as well as the improved hard
switch (+) retain the time symmetry fairly well. Thus, it seems that the benefits
of solving the regularized equations outweigh the disadvantage of the energy error
introduced in the switching regime.
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Fig. 6.2. The relative energy error in simulation of the Kepler problem (e = 0.9999). (a)With-
out switch, with (b) hard switch, (c) improved hard switch, and (d) smooth switch.

Even if time symmetry is maintained fairly well for the hard switch, we have
already seen that the numerical solution produced by this method shows a quite ir-
regular behavior. (This may be partly explained by the existence of an approximating
continuous time-reversible flow—a truncated form of the “modified equations”—for
the smoothly switched method.)
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Fig. 6.3. The distance r and the energy error over one period for the variable stepsize method
without switch (- -), with hard switch (· · · ), improved hard switch (·−), and smooth switch (–).
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Fig. 6.4. The displacement of q after integrating forward one period, and then backward again,
without switch (×), with hard switch (�), improved hard switch (+), and smooth switch (◦).

Finally, Figure 6.5 shows the development of the global error in q. As expected,
both the method without the switch and the method with a smooth switch show
linear error growth, although the error of the latter is only about 20% of the first one.
The hard switches give no such regular behavior of the growth of the global error,
and further, the magnitude of the global error is quite alarming.

Example 2: Two fixed point problem. We next seek to test the long-term stability
behavior of the integrator. For this purpose, we employ the two fixed point (TFP)
problem, which describes a particle of unit mass moving in the gravitational field of
two fixed centers. The Hamiltonian is given by

H =
1

2
(p21 + p

2
2)−

m1√
q21 + q

2
2

− m2√
(q1 + qp)2 + q22

.
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Fig. 6.5. The global error in simulation of the Kepler problem (e = 0.9999). (a) Without
switch, with (b) hard switch, (c) improved hard switch, and (d) smooth switch.
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Fig. 6.6. The orbits of the TFP problem with (a) qp = 1.5, (b) qp = 1.02, and (c) qp = 0.95.

The masses are m1 = 1 and m2 = 0.01, and the initial values are q1(0) = 1, q2(0) = 0,
p1(0) = 0, and p2(0) = 1. The distance qp between the two fixed centers controls the
behavior of the systems. We have used three different values of qp; exactly the same
problem has been used by Rauch and Holman [28] to compare long-term stability
behavior of several integrators for planetary orbits. In each case the relative energy
error is monitored. The results are given in Figures 6.6 and 6.7.
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Fig. 6.7. The relative energy error of the TFP problem with (a) qp = 1.5, (b) qp = 1.02, and
(c) qp = 0.95.
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(a) qp = 1.5. There are no close encounters with the small mass m2, but period-
ically the orbit becomes highly eccentric. No drift in the energy error can be
observed.

(b) qp = 1.02. In this case there are frequent close encounters with both masses,
and there is no limit to how close they can be. Again, we observe that the
integrator is reasonably stable. However, jumps in the energy error have been
detected in some experiments. This happens when the moving body comes
too close to m2, typically if the distance becomes less than ∼ 10−8. The
integrator handles very close encounters with m1 very well.

(c) qp = 0.95. The moving particle is never sufficiently close to any of the two
fixed centers to activate the switch. Still, the variable stepsize algorithm is
sufficient to solve the problem without any drift in the energy error.

It is natural to compare our results with the ones reported by Rauch and Holman
[28]. They consider three different integrators: The Wisdom–Holman mapping [37],
a potential splitting method by Duncan, Levison, and Lee [7], and a method based
on Stark splitting. All of the methods are tested with and without use of the time-
regularization of Mikkola [25]. Precise comparisons with our method are difficult since
there are so many factors that determine the timestep cost for each method (e.g., size
of the switching regime, order and type of method used for close approaches). For
example, the Stark splitting method is an implicit scheme and formally, at least,
requires the iteration of what is essentially a Kepler solver, although it is not clear
that the authors do perform this iteration (or how they determine that it is not
needed). We will summarize a few of our observations based on many experiments
using our method and our reading of the article of Rauch and Holman.

In general, it appears that our method behaves at least as stably as the others
in the long term, in the sense that the average energy error does not increase over
time. In the first example, the energy error is about the same magnitude as for the
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Fig. 6.8. The upper panel gives the numerical solution points when integrating with and without
the smooth switch. The lower panel shows the relative energy error for the method without switch.



A TIME-REVERSIBLE N -BODY INTEGRATOR 1033

unregularized methods of Rauch and Holman; however, the error of their regularized
methods are substantially smaller.

In the second example, where the body can approach both masses, our method
outperforms all the methods by Rauch and Holman, with the exception of the regular-
ized potential splitting method, which uses a relatively costly transcendental function
for switching.

In the last example, our method exhibits a larger energy error than the methods
of Rauch and Holman for similar average timestep. On the other hand, in these cases
the moving body never enters the switching regime, so per timestep cost of our scheme
is very low compared with the other methods.

Finally, in Figure 6.8 we show the numerical solution of the TFP problem with
qp = 1.02 when integrated with and without the smooth switch. We can clearly see
how the drift in the energy error gradually destroys the regular appearance of the
orbit. The unswitched method was able to solve the problem only for t < 4400.

7. Discussion. In this paper, we have presented a gravitational N -body inte-
gration algorithm. Smooth switching functions have been used to split the potential
terms into local and weak parts. Close approaches between bodies are solved through
a regularized system of equations, using a high order Gauss method. The cost of
this can still be justified since close encounters are generally isolated events occurring
relatively rarely along trajectories. Numerical experiments clearly demonstrate the
excellent qualitative behavior of the proposed algorithm and show that the method is
at least competitive with alternatives presented in the astronomical literature; partic-
ularly in cases with arbitrary close approaches, it appears to be superior to existing
schemes. The number of steps within the switching regime can be reduced by re-
ducing the switching regime; thus a correct choice of r+ and r− is critical for the
overall performance of the method. Several other implementation issues, such as
how to solve the nonlinear equations arising from applying the Gauss method to the
regularized equations, still need to be addressed. Also, the proposed algorithms for
solving higher-body close encounters must be studied more thoroughly and tested
numerically. These and other issues are under consideration by the authors and will
be addressed in a forthcoming article. However, the preliminary results given in this
article are very promising and more than justify further work on the topic.
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Abstract. Variable selection is an important technique for reducing the dimensionality in
multivariate predictive discriminant analysis and classification. In the past, direct evaluation of the
subsets by means of a classifier has been computationally too expensive, rendering necessary the use
of heuristic measures of class separation, such as Wilk’s Λ or the Mahalanobis distance between class
means. We present new fast algorithms for stepwise variable selection based on quadratic and linear
classifiers with time complexities which, to within a constant, are the same as those applying measures
of class separation. Comparing the new algorithms to previous implementations of classifier-based
variable selection, we show that dramatic speed-ups are achieved.
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1. Introduction.

1.1. Discriminant analysis and variable selection. Consider a classifica-
tion problem with a total of Np observation vectors x = (x1, x2, . . . , xd), sampled
from K groups or classes. The aim of predictive discriminant analysis is to construct
a rule for the allocation of future observations to one or several of the K classes.
Linear and quadratic discriminant analysis is the name given to two rules constructed
under the assumption that the data are multivariate normally distributed. The for-
mer assumes equal, the latter unequal, covariance matrices. Descriptive discriminant
analysis investigates how the groups differ, which can also be indirectly assessed with
the predictive approach. This paper focuses on stepwise variable selection applied in
conjunction with predictive discriminant analysis, also called classification.

The benefits of variable subset selection differ depending on the ultimate aim
of the underlying investigation. If the data at hand are from a preliminary study,
a major consideration may be the reduction of the cost in sampling future data by
a decreased number of variables. If the aim of the investigation is to analyze class
differences, variables selection may lead to a more parsimonious description. If the goal
is that of allocating future unknown observations to one or several of the K classes,
variable subset selection may increase the discriminant power of the classification
method [16]. As the potential benefits increase with increased numbers of variables,
variable selection is particularly useful in high-dimensional settings. For a more general
overview of discriminant analysis refer to [3] or [10].
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1.2. Variable selection. Variable selection is essentially a search problem over
all combinations of variables, consisting of two main components:

• a search procedure used to determine the variable subsets that are evaluated;
• a criterion J(V (l)) used to evaluate which of the subsets is “best,” where V (l)

denotes a variable subset of size l, 1 ≤ l ≤ d. Examples used in this paper are
the error rate of linear and quadratic discriminant rules and class separability
measures.

1.2.1. Search heuristics. There are 2d − 1 distinct subsets of d variables, ren-
dering an exhaustive search computationally infeasible for all problems except those
with low dimensionality. However, it is still possible to efficiently find the optimal sub-
set using the branch-and-bound algorithm if the criterion J(V (l)) is monotonic [11]. If
J(V (l)) is not monotonic, such as the error rate of classifiers, heuristic search strate-
gies have to be used. Among these, the stepwise procedures are popular; variables are
either selected in a forward manner, sequentially deleted in the backward elimination
approach, or selected by a combination of the two [11].

1.2.2. Selection criteria J(V(l)). In predictive discriminant analysis, assum-
ing equal cost of misclassification, one possible optimal criterion J(V (l)) to assess the
subsets is the error rate. However, even the relatively simple stepwise procedures con-
sider too many subsets to be computationally feasible for medium- to high-dimensional
problems, as obtaining the error rates is an expensive procedure in itself. Consequently,
there have been relatively few reports in this area; [5] and [7] support the use of er-
ror rates; however, their experiments had to be limited to data with relatively few
dimensions. For these cost reasons, error rates are usually replaced with measures
of class separation, which can be computed much more efficiently. Two commonly
used measures are Wilk’s Λ and the Mahalanobis distance between the two nearest
class means (see [8], [3] for more details). Another useful measure is the Lawley–
Hotelling trace sometimes used in the multivariate analysis of variance [9]. However,
the computational advantage of these criteria are traded off by several disadvantages
[13]:

• Variable selection is terminated based on the application of a test statistic
to the values of J(V (l)) at adjacent levels. The number of variables that are
included depends on the critical value of the statistic, and no general rule for
their determination is known.
• Because the variable that maximizes the increase in J(V (l)) (forward selection)

is selected at each step, the actual significance levels are unknown.
• Maximizing class separability does not necessarily minimize error rates. This

is especially true for problems with more than two classes.
Simpler approaches to variable selection choose the variables based on canonical

variate analysis or based on ranking of the variables under the assumption of their mu-
tual independence. However, these methods are less powerful and have been criticized
in the comprehensive review by McKay and Campbell [13].

1.2.3. Classifier performance evaluation. Variable selection based on clas-
sifier performance requires the evaluation of the classifier. Several sample-based eval-
uation techniques are in common use, but only the resubstitution and cross validation
methods are computationally suitable in this context [1]. Further, because variable
selection is often performed with ill- or poorly posed problems, the optimistic bias
of the resubstitution method precludes its use. An improvement to the bias can be
made using Snapinn and Knoke’s smoothed resubstitution method for two classes [17]
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and the multiclass extension proposed by Hirst [9]. Among the cross-validation tech-
niques, the leave-one-out method [12] has the advantage of being nearly unbiased and
computationally efficient through the use of fast downdating formulas (see [2], [4]).
One drawback of the leave-one-out method is its large variance, which, in combination
with the many subsets investigated by the search procedure, unfortunately leads to
optimistically biased performance estimates. However, similar bias also occurs when
the selection is based on measures of class separation rather than error rates [15].

A straightforward implementation of stepwise variable selection based on the per-
formance of linear discriminant analysis (LDA) or quadratic discriminant analysis
(QDA) has O(Npd

4) time complexity,1 where Np is the total number of observa-
tions and d is the dimensionality, i.e., the total number of variables. If downdating
formulas are used, a single leave-one-out evaluation of QDA or LDA has O(Npd

2)
time complexity. At each iteration of stepwise variable selection, the number of vari-
ables considered is of order O(d). As the number of iterations is also of order O(d),
the overall time complexity is O(Npd

4), if implemented in a straightforward manner.
However, it is possible to reduce that complexity by a combined application of two
sets of downdating formulas. The resulting new algorithms have a time complexity of
O(Npd

2), which is optimal and the same as that for a single discriminant analysis.

In this paper we bring some known results together with some new results for
stepwise variable selection into a set of streamlined and efficient algorithms. We
derive the algorithm for forward selection in section 2, followed by a summary of the
corresponding formulas for backward elimination. The fourth and last section reports
on run-time comparisons of the new algorithms with previous implementations and
with two approaches that use measures of class separation.

2. New O(Npd
2) algorithms for forward selection based on the per-

formance of QDA and LDA. With the forward selection approach, variables are
sequentially included into V (l) until further inclusion reduces the estimate of the clas-
sification accuracy, or until V (l) reaches a specified size. This stopping criterion was
chosen for its simplicity and for its easy implementation. However, the user may choose
a more complex stopping criterion as this will not affect the variable selection algo-
rithm. In order to achieve the optimal time complexity O(Npd

2), the combination of
two sets of downdating formulas is required. The first set allows the efficient compu-
tation of the inverse and determinant of the covariance matrix in the case where one
variable is added to, or deleted from, the current set of variables V (l). The second set
of formulas are applied in the context of the leave-one-out estimation. Before deriving
the algorithms, we present these two sets of formulas.

2.1. Adding or deleting one variable from V(l). The formulas below are
used to efficiently calculate the inverse and determinant of the sample covariance
matrix when one variable is added to, or deleted from, V (l).

Consider the case where variable j is added to V (l), and assume without loss
of generality that the sample covariance matrix S(l+1)

k of class ωk at level l + 1 is
constructed from the sample covariance matrix S(l)

k at level l as follows:

S(l+1)

k =


 S(l)

k dk,j

dTk,j sk,j,j


 ,(2.1)

1A function f(n) is said to be O(g(n)) if there are positive constants K and n0 such that ∀n ≥ n0,
f(n) ≤ Kg(n).
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where [dTk,j , sk,j,j ] is the row corresponding to the newly included variable j. Then

S
(l+1)

−1
k is given in terms of S

(l)

−1
k by (see [6])

S
(l+1)

−1
k =




S
(l)

−1
k + 1

ak,j
S

(l)

−1
k dk,jd

T
k,jS

(l)

−1
k − 1

ak,j
S

(l)

−1
k dk,j

− 1
ak,j

dTk,jS
(l)

−1
k

1
ak,j


 ,(2.2)

where

ak,j = sk,j,j − dTk,jS
(l)

−1
k dk,j .(2.3)

For the case where variable j is deleted from V (l), assume without loss of generality

that variable j corresponds to the last row and column in S
(l)

−1
k , which we then write

as

S
(l)

−1
k =

[
A cj
cTj bj

]
.(2.4)

S
(l−1)

−1
k can then efficiently be computed from S

(l)

−1
k by (see [6])

S
(l−1)

−1
k = A− 1

bj
cjc

T
j .(2.5)

The ratio of the determinants at adjacent levels is the diagonal element of S
(l)

−1
k cor-

responding to variable j, ∣∣∣∣S(l)

−1
k

∣∣∣∣ = bj

∣∣∣∣S(l−1)

−1
k

∣∣∣∣ .(2.6)

Then, using (2.4) and (2.5), the following equation for a quadratic form is easily
derived (see [1]):

x(l−1)

1
T
S
(l−1)

−1
k x(l−1)

2 = x(l)

1
T
S

(l)

−1
k x(l)

2 −
1

bj

(
x(l−1)

1
T
cj + bjx1,j

) (
cTj x

(l−1)

2 + bjx2,j

)
.(2.7)

Here, x(l)

1 and x(l)

2 are two column vectors of length l, x1,j and x2,j are their jth

element, and S
(l)

−1
k , cj , and bj are defined by (2.4). Equation (2.7) is used at a later

stage for the derivation of the algorithms; it allows the efficient computation of a
quadratic form given its value with one extra variable included or excluded.

2.2. Leaving one observation out. The following, second set of formulas is

used to downdate the class sample mean vector x•
(l)

k , S
(l)

−1
k , and |S

(l)

−1
k | in the case

where observation xi is omitted from the training set. Let ωλ be the class to which
xi belongs, and let Nλ be the number of training observations in ωλ. The subscript
“\i” indicates that the corresponding quantity is computed with observation xi left
out.
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The formulas for QDA are given by (see [2])

x•
(l)

λ\i = x•
(l)

λ −
1

Nλ − 1
(x(l)

i − x•
(l)

λ ),(2.8)

S
(l)

−1
λ\i =

Nλ − 2

Nλ − 1


S(l)

−1
λ +

NλS
(l)

−1
λ (x(l)

i − x•
(l)

λ )(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ

(Nλ − 1)2 −Nλ(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ (x(l)

i − x•
(l)

λ )


 ,(2.9)

∣∣∣S(l)

λ\i

∣∣∣ =

(
Nλ − 1

Nλ − 2

)l ∣∣S(l)

λ

∣∣ [1− Nλ
(Nλ − 1)2

(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ (x(l)

i − x•
(l)

λ )

]
.(2.10)

In the case of LDA, the downdating formula for the mean vector is the same.
Furthermore, as LDA uses the pooled covariance matrix S(l)

p , the determinant
∣∣S(l)
p

∣∣ is
the same for all classes and is hence omitted. The formula for downdating the inverse

S
(l)

−1
p of the pooled covariance matrix is (see [1])

S
(l)

−1
p\i =

Np −K − 1

Np −K

×


S(l)

−1
p +

NλS
(l)

−1
p (x(l)

i − x•
(l)

λ )(x(l)

i − x•
(l)

λ )TS
(l)

−1
p

(Np −K)(Nλ − 1)−Nλ(x(l)

i − x•
(l)

λ )TS
(l)

−1
p (x(l)

i − x•
(l)

λ )


 ,(2.11)

where Np is the total number of observations.

2.3. Forward selection based on QDA. In the forward selection step, given
l variables already included, one seeks to find the variable that, when added to V (l),
maximizes the classification performance of QDA. This is done by tentatively includ-
ing each prospective variable and estimating the resulting error rate. For each of these
estimates, we need to compute the K class discriminant scores for all Np observations.
The algorithm halts when further addition of variables increases the error rate esti-
mate. The discriminant or classification score is the outcome of the discriminant
function for a particular data vector.

2.3.1. Discriminant score for class of object xi left out. Let the object
left out be xi, and let j be the variable considered for inclusion. We want to compute
the score

f (l+1)

λ,\i,j = (x(l+1)

i − x•
(l+1)

λ\i )TS
(l+1)

−1
λ\i (x(l+1)

i − x•
(l+1)

λ\i ) + ln
∣∣∣S(l+1)

λ\i

∣∣∣− 2 ln (P (ωλ)) , j �∈ V (l),(2.12)

for observation xi, for its class ωλ, with variable j added to V (l) (i.e., V (l+1) = V (l)∪ j).
Writing S

(l+1)

−1
λ\i as

S
(l+1)

−1
λ\i =

[
A cj
cTj bj

]
(2.13)

and applying (2.7), we find that the first term in (2.12) becomes

(x(l+1)

i − x•
(l+1)

λ\i )TS
(l+1)

−1
λ\i (x(l+1)

i − x•
(l+1)

λ\i ) = (x(l)

i − x•
(l)

λ\i)
TS

(l)

−1
λ\i(x

(l)

i − x•
(l)

λ\i)

+
1

bj

{
[cTj , bj ](x

(l+1)

i − x•
(l+1)

λ\i )
}2

.(2.14)
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Note that the variable j left out corresponds to the last row of S
(l+1)

−1
λ\i for notational

convenience only. From (2.8) and (2.9), the first term on the right-hand side of (2.14)
becomes

(x(l)

i − x•
(l)

λ\i)
TS

(l)

−1
λ\i(x

(l)

i − x•
(l)

λ\i) =
N2
λ(Nλ − 2)

(Nλ − 1)3


(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ (x(l)

i − x•
(l)

λ )

+
Nλ(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ (x(l)

i − x•
(l)

λ )(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ (x(l)

i − x•
(l)

λ )

(Nλ − 1)2 −Nλ(x(l)

i − x•
(l)

λ )TS
(l)

−1
λ (x(l)

i − x•
(l)

λ )


 .(2.15)

For computational simplicity, the same ordering of the rows of S
(l)

−1
λ as for the variables

themselves is kept. Because the jth row of S
(l)

−1
λ will not generally correspond to

variable j, we index the row of S
(l)

−1
λ corresponding to the variable j as j∗. Focusing

on the second term in (2.14), we see that [cTj , bj ] is the row of S
(l+1)

−1
λ\i corresponding

to the newly included variable. Using (2.8) and (2.9),

[cTj , bj ](x
(l+1)

i − x•
(l+1)

λ\i ) =
Nλ

Nλ − 1

[
S
(l+1)

−1
λ\i

]
j∗

(x(l+1)

i − x•
(l+1)

λ )

=
Nλ(Nλ − 2)

(Nλ − 1)2



[
S
(l+1)

−1
λ

]
j∗

(x(l+1)

i − x•
(l+1)

λ )

+
Nλ

[
S
(l+1)

−1
λ

]
j∗

(x(l+1)

i − x•
(l+1)

λ )(x(l+1)

i − x•
(l+1)

λ )TS
(l+1)

−1
λ (x(l+1)

i − x•
(l+1)

λ )

(Nλ − 1)2 −Nλ(x(l+1)

i − x•
(l+1)

λ )TS
(l+1)

−1
λ (x(l+1)

i − x•
(l+1)

λ )


 .(2.16)

Similarly, bj in (2.14) becomes

bj =
[
S
(l+1)

−1
λ\i

]
j∗,j∗

=
Nλ − 2

Nλ − 1



[
S
(l+1)

−1
λ

]
j∗,j∗

+
Nλ

[
S
(l+1)

−1
λ

]
j∗

(x(l+1)

i − x•
(l+1)

λ )(x(l+1)

i − x•
(l+1)

λ )T
[
S
(l+1)

−1
λ

]T
j∗

(Nλ − 1)2 −Nλ(x(l+1)

i − x•
(l+1)

λ )TS
(l+1)

−1
λ (x(l+1)

i − x•
(l+1)

λ )


 .(2.17)

We also need to downdate the determinant term in (2.12). Using (2.6) and (2.10), we
find that ∣∣∣S(l+1)

λ\i

∣∣∣ =

(
Nλ − 1

Nλ − 2

)l+1

aλ,j
∣∣S(l)

λ

∣∣
×
(

1− Nλ
(Nλ − 1)2

(x(l+1)

i − x•
(l+1)

λ )TS
(l+1)

−1
λ (x(l+1)

i − x•
(l+1)

λ )

)
,(2.18)

where aλ,j is defined by (2.2) and (2.3).
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In order to simplify the above expressions, we define

m(l)

k,t,i:j = (x(l+1)

i − x•
(l+1)

k )TS
(l+1)

−1
k (x(l+1)

i − x•
(l+1)

t ), j �∈ V (l), k, t = 1, . . . ,K.(2.19)

If k = t, as is always the case for formulas associated with QDA, m(l)

k,k,i:j is the

Mahalanobis distance between xi and x•
(l+1)

k at level l+ 1 if the variable j is added to
V (l). Also, let

p(l)

k,i,j =
[
S

(l+1)

−1
k

]
j∗

(x(l+1)

i − x•
(l+1)

k ), j �∈ V (l), k = 1, . . . ,K;(2.20)

i.e., p(l)

k,i,j is the inner product of the row
[
S

(l+1)

− 1
k

]
j∗ corresponding to the variable j

added to V (l), and (x(l+1)

i − x•
(l+1)

k ). Note that the index l in m(l)

k,k,i:j and p(l)

k,i,j denotes
the level at which these quantities are computed, and not the length of the vectors
involved, which is l + 1.

We further define

η(l)

k,t,i ≡ m(l−1)

k,t,i:q = (x(l)

i − x•
(l)

k )TS
(l)

−1
k (x(l)

i − x•
(l)

t ),(2.21)

where variable q was included at level l− 1. Again, k = t for QDA, and the η(l)

k,k,i are
the K ×Np Mahalanobis distances between the Np objects and the K mean vectors
at the present level l.

Combining (2.14)–(2.21), and substituting them into (2.12), we see that the leave-
one-out classification score for the class of xi becomes

f (l+1)

λ,\i,j =
N2
λ(Nλ − 2)

(Nλ − 1)3


η(l)

λ,λ,i +
Nλ

(
η(l)

λ,λ,i

)2

(Nλ − 1)2 −Nλη(l)

λ,λ,i




+
N2
λ(Nλ − 2)

(Nλ − 1)3


 1

aλ,j
+

Nλ

(
p(l)

λ,i,j

)2

(Nλ − 1)2 −Nλm(l)

λ,λ,i:j




−1(
p(l)

λ,i,j +
Nλp

(l)

λ,i,jm
(l)

λ,λ,i:j

(Nλ − 1)2 −Nλm(l)

λ,λ,i:j

)2

+ ln

[
aλ,j

(
Nλ − 1

Nλ − 2

)l+1 ∣∣S(l)

λ

∣∣(1− Nλm
(l)

λ,λ,i:j

(Nλ − 1)2

)]
− 2 ln (P (ωλ)) .(2.22)

2.3.2. Score for classes other than those of object xi. Equation (2.22)
gives the score for object xi left out for the class ωλ of xi. Similar to (2.12), the
leave-one-out score of xi for classes other than its own is written as

f (l+1)

k,\i,j = (x(l+1)

i − x•
(l+1)

k )TS
(l+1)

−1
k (x(l+1)

i − x•
(l+1)

k ) + ln
∣∣S(l+1)

k

∣∣− 2 ln (P (ωk)) .(2.23)

Note that S
(l+1)

−1
k = S

(l+1)

−1
k\i since xi belongs to class ωk, k �= λ.

We assume again that j is the newly included variable and thus write S(l+1)

k as
follows:

S
(l+1)

−1
k =

[
A cj
cTj bj

]
.(2.24)
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Then, using (2.6) and (2.7), (2.23) becomes

f (l+1)

k,\i,j = (x(l)

i − x•
(l)

k )TS
(l)

−1
k (x(l)

i − x•
(l)

k ) + b−1
j

{
[cTj , bj ](x

(l+1)

i − x•
(l+1)

k )
}2

+ ln
[
b−1
j

∣∣S(l)

k

∣∣]− 2 ln (P (ωk)) .(2.25)

Applying (2.20) and (2.21) to (2.25), and using b−1
j = ak,j , we have that

f (l+1)

k,\i,j = η(l)

k,k,i + ak,j(p
(l)

k,i,j)
2 + ln

(
ak,j

∣∣S(l)

k

∣∣)− 2 ln (P (ωk)) .(2.26)

The above result is the score for classes other than the one to which xi belongs.
In order for the algorithm to be efficient, we need to be able to efficiently pre-

compute p(l)

k,i,j and m(l)

k,k,i:j at each level. In the next section, we derive formulas that
allow these quantities to be computed in constant time from their previous values at
the level below.

2.3.3. The computational scheme. Let

θ(l)

k,i,j = dTk,jS
(l)

−1
k (x(l)

i − x•
(l)

k ), j �∈ V (l),(2.27)

∆k,i,j = (xi,j − x•k,j), j �∈ V (l),(2.28)

where dk,j is given by (2.1). Considering p(l)

k,i,j , from (2.2) and (2.20),

p(l)

k,i,j =

[
− 1

ak,j
dTk,jS

(l)

−1
k ,

1

ak,j

]([
x(l)

i

T
,xi,j

]T
−
[
x•

(l)

k

T
,x•k,j

]T)

= − 1

ak,j
dTk,jS

(l)

−1
k (x(l)

i − x•
(l)

k ) +
1

ak,j

(
xi,j − x•k,j

)
= − 1

ak,j

(
θ(l)

k,i,j −∆k,i,j

)
.(2.29)

Working with m(l)

λ,λ,i:j , from (2.2) and (2.19), we have that

m(l)

k,k,i:j =

([
x(l)

i

T
,xi,j

]T
−
[
x•

(l)

k

T
,x•k,j

]T)T

×


 S

(l)

−1
k + 1

ak,j
S

(l)

−1
k dk,jd

T
k,jS

(l)

−1
k − 1

ak,j
S

(l)

−1
k dk,j

− 1
ak,j

dTk,jS
(l)

−1
k

1
ak,j




×
([

x(l)

i

T
,xi,j

]T
−
[
x•

(l)

k

T
,x•k,j

]T)

= (x(l)

i − x•
(l)

k )TS
(l)

−1
k (x(l)

i − x•
(l)

k )

+
1

ak,j
(x(l)

i − x•
(l)

k )TS
(l)

−1
k dk,jd

T
k,jS

(l)

−1
k (x(l)

i − x•
(l)

k )

− 2

ak,j
(xi,j − x•k,j)(x

(l)

i − x•
(l)

k )TS
(l)

−1
k dk,j +

1

ak,j
(xi,j − x•k,j)

2

= η(l)

k,k,i +
1

ak,j

(
θ(l)

k,i,j

2 − 2∆k,i,jθ
(l)

k,i,j + ∆2
k,i,j

)
.(2.30)
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Hence we can efficiently compute the m(l+1)

k,k,i:j and p(l+1)

k,i,j if the θ(l+1)

k,i,j are precom-
puted. This is done using fast updating formulas derived below.

Let

r(l)

k,j,h = dTk,jS
(l)

−1
k dh, j �∈ V (l).(2.31)

In order to consider θ(l+1)

k,i,j , we assume that the variable q was included at level l, and

that d(l)

k,j from the previous level corresponds to the l first elements in d(l+1)

k,j . Hence

θ(l+1)

k,i,j =
[
d(l)

k,j , sk,j,q

]T
S
(l+1)

−1
k (x(l+1)

i − x•
(l+1)

k ),(2.32)

where sk,j,q is the covariance of the jth and qth variables. Then

θ(l+1)

k,i,j =
[
d(l)

k,j

T
, sk,j,q

] S
(l)

−1
k + 1

ak,q
S

(l)

−1
k dk,qd

T
k,qS

(l)

−1
k − 1

ak,q
S

(l)

−1
k dk,q

− 1
ak,q

dTk,qS
(l)

−1
k

1
ak,q




×
([

x(l)

i

T
,xi,q

]T
−
[
x•

(l)

k

T
,x•k,q

]T)

= d(l)

k,j

T
S

(l)

−1
k (x(l)

i − x•
(l)

k ) +
1

ak,q
d(l)

k,j

T
S

(l)

−1
k dk,qdk,q

TS
(l)

−1
k (x(l)

i − x•
(l)

k )

− 1

ak,q
(xi,q − x•k,q)d

(l)

k,j

T
S

(l)

−1
k dk,q − 1

ak,q
sk,j,qdk,q

TS
(l)

−1
k (x(l)

i − x•
(l)

k )

+
1

ak,q
sk,j,q(xi,q − x•k,q)

= θ(l)

k,i,j +
1

ak,q

(
r(l)

k,j,q − sk,j,q
)(

θ(l)

k,i,q −∆k,i,q

)
.(2.33)

The updating formulas for r(l)

k,j,h are found in a similar way:

r(l+1)

k,j,h = d(l+1)

k,j

T
S
(l+1)

−1
k d(l+1)

k,h

=
[
d(l)

k,j

T
, sk,j,q

]

×


 S

(l)

−1
k + 1

ak,q
S

(l)

−1
k dk,qd

T
k,qS

(l)

−1
k − 1

ak,q
S

(l)

−1
k dk,q

− 1
ak,q

dTk,qS
(l)

−1
k

1
ak,q


[d(l)

k,h

T
, sk,h,q

]T

= d(l)

k,j

T
S

(l)

−1
k d(l)

k,h +
1

ak,q
d(l)

k,j

T
S

(l)

−1
k dk,qdk,q

TS
(l)

−1
k d(l)

k,h

+
1

ak,q
sk,h,qd

(l)

k,j

T
S

(l)

−1
k dk,q − 1

ak,q
sk,j,qdk,q

TS
(l)

−1
k d(l)

k,h +
1

ak,q
sk,j,qsk,h,q

= r(l)

k,j,h +
1

ak,q

(
r(l)

k,j,q − sk,j,q
)(

r(l)

k,h,q − sk,h,q
)
.(2.34)

Equations (2.33) and (2.34) allow the computation of θ(l+1)

k,i,j and r(l+1)

k,j,h from their values
at the previous level in constant O(1) time.
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2.3.4. Summary of the relevant formulas for QDA. The following is a
summary of the formulas constituting the algorithm for QDA-based forward variable
selection.

The classification score for the class of xi:

f (l+1)

λ,\i,j =
N2
λ(Nλ − 2)

(Nλ − 1)3


η(l)

λ,λ,i +
Nλ

(
η(l)

λ,λ,i

)2

(Nλ − 1)2 −Nλη(l)

λ,λ,i




+
N2
λ(Nλ − 2)

(Nλ − 1)3


 1

aλ,j
+

Nλ

(
p(l)

λ,i,j

)2

(Nλ − 1)2 −Nλm(l)

λ,λ,i:j




−1

×
(
p(l)

λ,i,j +
Nλp

(l)

λ,i,jm
(l)

λ,λ,i:j

(Nλ − 1)2 −Nλm(l)

λ,λ,i:j

)2

+ ln

[
aλ,j

(
Nλ − 1

Nλ − 2

)l+1 ∣∣S(l)

λ

∣∣(1− Nλm
(l)

λ,λ,i:j

(Nλ − 1)2

)]
− 2 ln(P (ωk)).(2.35)

The score for all other classes is

f (l+1)

k,\i,j = η(l)

k,k,i + ak,j

(
p(l)

k,i,j

)2

+ ln
(
ak,j

∣∣S(l)

k

∣∣)− 2 ln (P (ωk)) .(2.36)

Where

ak,j = sk,j,j − r(l)

k,j,j ,(2.37)

∆k,i,j = (xi,j − x•k,j),(2.38)

p(l)

k,i,j = − 1

ak,j

(
θ(l)

k,i,j −∆k,i,j

)
,(2.39)

m(l)

k,k,i:j = η(l)

k,k,i +
1

ak,j

(
θ(l)

k,i,j −∆k,i,j

)2

.(2.40)

sk,j,j is the (j, j) element in the covariance matrix S(d)

k , which is computed using all
variables.

Initialization is undertaken at level l = 0:

θ(0)

k,i,j = r(0)

k,j,h = 0,
∣∣S(0)

k

∣∣ = 1.(2.41)

Let q be the variable added at level l. The following formulas allow the quantities
necessary at level l + 1 to be recursively calculated from their values at level l:

r(l+1)

k,j,h = r(l)

k,j,h +
1

ak,q

(
r(l)

k,j,q − sk,j,q
)(

r(l)

k,h,q − sk,h,q
)
, j, h �∈ V (l+1),(2.42)

θ(l+1)

k,i,j = θ(l)

k,i,j +
1

ak,q

(
r(l)

k,j,q − sk,j,q
)(

θ(l)

k,i,q −∆k,i,q

)
, j �∈ V (l+1),(2.43)

η(l+1)

k,k,i = η(l)

k,k,i +
1

ak,q

(
θ(l)

k,i,q −∆k,i,q

)2

,(2.44) ∣∣S(l+1)

k

∣∣ = ak,q
∣∣S(l)

k

∣∣ .(2.45)
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Equations (2.35)–(2.41) can be evaluated in constant time. Hence, since there are
Np scores for d− l variables, the next variable to add in forward selection is found in
optimal O(Npd) time. Since up to d variables can be selected, the overall complexity
of the algorithm is O(Npd

2).

2.4. Forward selection based on LDA. The derivation of the algorithm is
very similar to that of QDA and is therefore omitted. However, there is one main
difference. Because LDA uses the pooled covariance matrix, the leave-one-out scores
of xi for classes ωk, k �= λ are essentially derived in the same way as that for class
ωλ. The only difference is that only the mean x•λ of class ωλ is affected by omitting
xi, resulting in an extra factor of N2

λ/(Nλ− 1)2 for the score of ωλ. Other than that,
the derivation for the scores of all classes (2.48) and (2.49) is the same as that for the
score of ωλ for the algorithm of QDA (2.12)–(2.22), with (2.11) replacing (2.9).

Similarly, the derivation of the computational scheme is the same as that for
QDA, except that the θ(l)

k,i,j of (2.27) are replaced with the two equations

v(l)

i,j = dTk,jS
(l)

−1
p x(l)

i ,(2.46)

w(l)

k,j = dTk,jS
(l)

−1
p x•

(l)

k .(2.47)

The recursive formulas for both v(l)

i,j and w(l)

k,j ((2.56) and (2.57)) are derived in the

same way as those for θ(l)

k,i,j (2.32)–(2.33). Full details are given in [1].

2.4.1. Summary of the relevant formulas for LDA. The following is a
summary of the formulas constituting the algorithm for LDA-based forward variable
selection.

The classification score for the class of xi with variable j added to the present
subset V (l) is

f (l+1)

λ,\i,j=
N2
λ(Np −K − 1)

(Nλ − 1)2(Np −K)


η(l)

λ,λ,i +
Nλ

(
η(l)

λ,λ,i

)2

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i




+
N2
λ(Np −K − 1)

(Nλ − 1)2(Np −K)


 1

ap,j
+

Nλ

(
p(l)

λ,i,j

)2

(Nλ − 1)(Np −K)−Nλm(l)

λ,λ,i:j




−1

×
(
p(l)

λ,i,j +
Nλp

(l)

λ,i,jm
(l)

λ,λ,i:j

(Nλ − 1)(Np −K)−Nλm(l)

λ,λ,i:j

)2

− 2 ln (P (ωk)) .(2.48)

The score for all other classes is

f (l+1)

k\i,j=
Np −K − 1

Np −K


η(l)

k,k,i +
Nλ

(
η(l)

λ,k,i

)2

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i




+
Np −K − 1

Np −K


 1

ap,j
+

Nλ

(
p(l)

λ,i,j

)2

(Nλ − 1)(Np −K)−Nλm(l)

λ,λ,i:j




−1
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×
(
p(l)

k,i,j +
Nλp

(l)

λ,i,jm
(l)

λ,k,i:j

(Nλ − 1)(Np −K)−Nλm(l)

λ,λ,i:j

)2

− 2 ln (P (ωk)) ,(2.49)

where

ap,j = sp,j,j − r(l)

p,j,j ,(2.50)

∆k,i,j = (xi,j − x•k,j),(2.51)

p(l)

k,i,j = − 1

ap,j

(
v(l)

i,j − w(l)

k,j −∆k,i,j

)
,(2.52)

m(l)

k,t,i:j = η(l)

k,t,i +
1

ap,j

(
v(l)

i,j − w(l)

k,j −∆k,i,j

) (
v(l)

i,j − w(l)

t,j −∆t,i,j

)
.(2.53)

sp,j,j is the (j, j) element in the pooled covariance matrix S(d)
p , formed using all vari-

ables.

Initialization is performed at level l = 0:

v(0)

i,j = w(0)

k,j = r(0)

k,j,h = 0.(2.54)

Let q be the variable added at level l. The following formulas allow the quantities
necessary at level l + 1 to be recursively calculated from those at level l:

r(l+1)

p,j,h = r(l)

p,j,h +
1

ap,q

(
r(l)

p,j,q − sp,j,q
) (
r(l)

p,h,q − sp,h,q
)
, j �∈ V (l+1),(2.55)

v(l+1)

i,j = v(l)

i,j +
1

ap,q
(r(l)

k,j,q − sp,j,q)(v(l)

i,q − xi,q), j �∈ V (l+1),(2.56)

w(l+1)

k,j = w(l)

k,j +
1

ap,q
(r(l)

p,j,q − sp,j,q)(w(l)

k,q − x•k,q), j �∈ V (l+1),(2.57)

η(l+1)

k,t,i = η(l)

k,t,i +
1

ap,q

(
v(l)

i,q − w(l)

k,q −∆k,i,q

) (
v(l)

i,q − w(l)

t,q −∆t,i,q

)
.(2.58)

Again, (2.48)–(2.54) can be evaluated in constant time; hence the next variable to be
selected is found in O(Npd) time, which is optimal.

3. New O(Npd
2) algorithms for backward elimination based on the

performance of QDA and LDA. With backward elimination, the aim is to delete
the variable from the present subset V (l) such that the performance of a classifier is
maximized with the remaining variables. This procedure is repeated until a further
reduction in variables increases the error rate estimate or until a specified number of
variables remains.

For brevity we omit the derivation of the formulas but present a summary of the
equations constituting the algorithm. Full details, as well as formulas for combined
forward and backward elimination steps, are given in [1]. With one exception, all
quantities in the equations below have been defined in the previous sections. The
exception is ρ(l)

k,i,j , which is defined as follows:

ρ(l)

k,i,j =
[
S

(l)

−1
k

]
j∗

(x(l)

i − x•
(l)

k ), j ∈ V (l).(3.1)
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3.1. Summary of the formulas for backward elimination based on QDA.
The following is a summary of the formulas constituting the algorithm for QDA-based
backward elimination of variables.

The classification score for the class of xi with variable j deleted from V (l) follows:

f (l−1)

λ\i,j =
N2
λ(Nλ − 2)

(Nλ − 1)3


η(l)

λ,λ,i +
Nλ

(
η(l)

λ,λ,i

)2

(Nλ − 1)2 −Nλη(l)

λ,λ,i




−N
2
λ(Nλ − 2)

(Nλ − 1)3


[

S
(l)

−1
λ

]
j∗,j∗

+
Nλ

(
ρ(l)

λ,i,j

)2

(Nλ − 1)2 −Nλη(l)

λ,λ,i




−1

×
(
ρ(l)

λ,i,j +
Nλρ

(l)

λ,i,jη
(l)

λ,λ,i

(Nλ − 1)2 −Nλη(l)

λ,λ,i

)2

+ (l − 1) ln

(
Nλ − 1

Nλ − 2

)

× ln


∣∣S(l)

λ

∣∣(1− Nλη
(l)

λ,λ,i

(Nλ − 1)2

)
[

S
(l)

−1
λ

]
j∗,j∗

+
Nλ

(
ρ(l)

λ,i,j

)2

(Nλ − 1)2 −Nλη(l)

λ,λ,i






−2 ln(P (ωk)).(3.2)

The score for all other classes is

f (l−1)

k\i,j = η(l)

k,k,i −
ρ(l)

k,i,j

2

[
S

(l)

−1
k

]
j∗,j∗

+ ln

([
S

(l)

−1
k

]
j∗,j∗

∣∣S(l)

k

∣∣)− 2 ln(P (ωk)), k �= λ.(3.3)

Initialization at level d follows:

S(d)

k =
1

Nk − 1

Nk∑
i=1

(x(d)

i − x•
(d)

k )(x(d)

i − x•
(d)

k )T ,(3.4)

η(d)

k,k,i = (x(d)

i − x•
(d)

k )TS
(d)

− 1
k (x(d)

i − x•
(d)

k ),(3.5)

ρ(d)

k,i,j =
[
S

(d)

− 1
k

]
j∗

(x(d)

i − x•
(d)

k ).(3.6)

Having found variable q to be deleted at level l, we see that the quantities needed at
level l − 1 are computed as follows.

Let

S
(l)

−1
k =

[
A cq
cTq bq

]
.(3.7)
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From (2.5),

S
(l−1)

−1
k = A− 1

bq
cqc

T
q ,(3.8)

η(l−1)

k,k,i = η(l)

k,k,i −
1

bq

{
[cq, bq](x

(l)

i − x•
(l)

k )
}2
,(3.9)

∣∣S(l−1)

k

∣∣ = bq
∣∣S(l)

k

∣∣ ,(3.10)

ρ(l−1)

k,i,j = ρ(l)

λ,i,j − cq,j∗(xi,q − x•k,q)−
cq,j∗

bq
cTq (x(l−1)

i − x•
(l−1)

k ).(3.11)

3.2. Summary of the formulas for backward elimination based on LDA.
The following is a summary of the formulas constituting the algorithm for LDA-based
backward elimination of variables.

The classification score for class ωλ of xi with variable j deleted from V (l) follows:

f (l−1)

λ\i,j =
N2
λ(Np −K − 1)

(Nλ − 1)2(Np −K)


η(l)

λ,λ,i +
Nλ

(
η(l)

λ,λ,i

)2

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i




− N2
λ(Np −K − 1)

(Nλ − 1)2(Np −K)


[

S
(l)

−1
p

]
j∗,j∗

+
Nλ

(
ρ(l)

λ,i,j

)2

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i




−1

×
(
ρ(l)

λ,i,j +
Nλρ

(l)

λ,i,jη
(l)

λ,λ,i

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i

)2

− 2 ln(P (ωk)).(3.12)

The score of all other classes is

f (l−1)

k,\i,j=
Np −K − 1

Np −K


η(l)

k,k,i +
Nλ

(
η(l)

λ,k,i

)2

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i




− Np −K − 1

Np −K


[

S
(l)

−1
p

]
j∗,j∗

+
Nλ

(
ρ(l)

λ,i,j

)2

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i




−1

×
(
ρ(l)

k,i,j +
Nλρ

(l)

λ,i,jη
(l)

λ,k,i

(Nλ − 1)(Np −K)−Nλη(l)

λ,λ,i

)2

− 2 ln (P (ωk)) .(3.13)

Initialization at level d (total number of variables):

S(d)

p =
1

Np −K
K∑
k=1

(Nk − 1)S(d)

k ,(3.14)
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η(d)

k,t,i = (x(d)

i − x•
(d)

k )TS
(d)

− 1
p (x(d)

i − x•
(d)

t ),(3.15)

ρ(d)

k,i,j =
[
S

(d)

− 1
p

]
j∗

(x(d)

i − x•
(d)

k ).(3.16)

Having found variable q to be deleted at level l, the quantities needed at level l − 1
are computed as follows.

Let

S
(l)

−1
p =

[
A cq
cTq bq

]
.(3.17)

From (2.5),

S
(l−1)

−1
p = A− 1

bq
cqc

T
q ,(3.18)

η(l−1)

k,t,i = η(l)

k,t,i −
1

bq

(
(x(l−1)

i − x•
(l−1)

k )T cq + bq(xi,q − x•k,q)
)
,

× (cTq (x(l−1)

i − x•
(l−1)

t ) + bq(xi,q − x•t,q)
)
,(3.19)

ρ(l−1)

k,i,j = ρ(l)

λ,i,j − cq,j∗(xi,q − x•k,q)−
cq,j∗

bq
cTq (x(l−1)

i − x•
(l−1)

k ), j ∈ V (l−1) .(3.20)

4. Run-time comparisons on two data sets. To illustrate the relative com-
putational speed of the various alternatives, the new optimal algorithms were com-
pared with their previous implementations and with two measures of class separation.
Note that for the implementations of the previous QDA- and LDA-based variable se-
lection, fast downdating formulas (2.8)–(2.11) were made use of for the evaluation of
the resulting classifier when adding or deleting one variable. The two measures used as
the class separation criteria V (l) are Wilk’s Λ and the Mahalanobis distance between
the two nearest class means (see [8]). The implementations of these also employ fast
down- and updating formulas (2.2) and (2.5), reducing their time complexities from
O(d4) to O(d3).

Two real data sets were used. The first, the wine data set [14], is 13-dimensional
with three classes and 59, 71, and 48 objects per class. The classes correspond to
three different cultivars, and the 13 variables measure the different constituents of
the three resulting wines. The second data set, the sonar data [14], is 60-dimensional
with two classes of size 111 and 97, respectively. The two classes correspond to sonar
signals bounced off a metal cylinder and reflected off a roughly cylindrical rock.

In order to compare the measures of class separation and the classifier perfor-
mance-based algorithms, and also between forward selection and backward elimina-
tion, the time measured was the CPU time taken for half the total number of variables
available for selection to be added (forward selection) or deleted (backward elimina-
tion). All algorithms were implemented in the language C++ on a DEC-Alpha (133
MHz) computer.



FAST ALGORITHMS FOR VARIABLE SELECTION 1051

Table 4.1
CPU times for forward selection and backward elimination for the new “fast” algorithms for

QDA and LDA, their previous “slow” implementations, and two F-test-based heuristics. The time
recorded is the CPU time taken to add or eliminate half of the total number of variables available
for selection.

Wine Sonar

Forward Backward Forward Backward

Fast QDA 5.3 sec 5.3 sec 87.3 sec 70.9 sec

Slow QDA 25.5 sec 62.4 sec 3066 sec 15840 sec

Fast LDA 5.2 sec 8.4 sec 77.0 sec 100.3 sec

Slow LDA 27.5 sec 66.1 sec 3138 sec 15696 sec

Wilk’s Λ 1.2 sec 1.1 sec 17.4 sec 16.7 sec

Mahal. dist. 1.2 sec 1.0 sec 17.8 sec 11.7 sec

Table 4.1 summarizes the results and several interesting points are noted. The
fastest algorithms are the F-test-based measures, by about a factor of five. An impor-
tant point to note is that this factor did not change from the medium-dimensional
wine data to the high-dimensional sonar data, reflecting the similarity of the time
complexities of the two types of algorithms. In contrast, the traditional implementa-
tions of QDA and LDA require very large CPU times in the case of the sonar data.
For LDA in backward elimination, for example, the speed-up provided by the new
algorithm increased from a factor of about 8 to about 160. Hence the speed-up fac-
tor itself increased by a factor of about 20, while the dimensionality increased by a
factor of less than 5. This reflects that the difference in the time complexity of the
algorithms is O(d2); i.e., the speed-up increases quadratically with the dimensionality.
Also note that the F-test and classifier performance-based algorithms are about as fast
for the forward and backward approaches, while the previous algorithms for QDA-
and LDA-based variable selection are significantly slower for backward elimination.

5. Discussion and conclusions. In stepwise variable selection, the aim is to
find the variable to add or delete from the present set of variables such that, in the
context of classification, the performance of a classifier is maximized. Due to the
excessive computational cost of selecting the variables based on the evaluation of
a classifier, measures of the class separation had to be used in the past. We have
presented algorithms for variable selection based on the evaluation of a linear or
quadratic classifier that, to within a constant factor, are as fast as those used with
the measures of class separation. Therefore, because of this dramatic speed-up over
the old algorithms, it is now possible to perform classifier performance-based variable
selection for data that before would have required the use of a class separability
measure.
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Abstract. We present an adaptive algorithm for the solution of the Poisson equation. The
domain is divided into subdomains. The resolution of each subdomain depends on the smoothness of
the right-hand side of the Poisson equation. This determines the adaptivity of the algorithm. In each
subdomain a particular solution is found. These solutions are patched by introducing double/single
layers at the interfaces of the subdomains. The influence of these layers is effectively computed using
multiwavelets. In the wavelet bases kernels of integrals which represent double layers are sparse.
When the number of grid points increases as N , the number of essential wavelet coefficients, which
represent a vector, increases as logN . Hence, using this sparsity reduces the number of operations
from O(N2) to O(N logN). The algorithm was implemented on parallel computers of SP2 and
SGI types while each processor was assigned to each box. The efficiency of the algorithm was
demonstrated.

Key words. adaptive algorithms, multiwavelet bases, double and single layers, sparse data
structures

AMS subject classifications. 65N35, 65D30, 42C15, 45L10

PII. S106482759833694X

1. Introduction. Problems in elasticity, fluid dynamics, material science, semi-
conductor device simulations lead to large-scale initial-boundary value problems for
nonlinear parabolic partial differential equations (PDEs). This paper proposes a nu-
merical solution for evolution equations with parabolic terms like the incompressible
Navier–Stokes equations.

Semi-implicit discretization in time removes the stringent diffusive stability limit
but requires the solution of many elliptic problems. The solution of such equations, at
the high resolution necessary in typical applications, requires considerable computa-
tion resources. This can be achieved on parallel computers if efficient parallelization is
possible. The numerical solution of PDEs has the potential for efficient parallelization
on massively parallel multiprocessors because partial derivatives represent in principle
local behavior. Of course, it is well known that local changes reach all parts of the
computational domain and this dictates global communication. Global communica-
tion can degrade the performance of the achieved parallel speedup. There are cases
(see [10, 12]) where the effect of local changes usually decays quickly with distance in
the time stepping scheme.

In this paper the parallelization of the serial algorithm is achieved by decomposi-
tion of the computational domain into smaller domains, mainly of rectangular (cubic)
shape. The solution in each rectangular domain is fast and accurate, and it is based
on the algorithm that was developed in [3, 4] for the 2-D case and in [8] for the 3-D
case. The particular solutions, which were obtained by this approach, have discon-
tinuities on the domain interfaces. The discontinuities can be removed by adding

∗Received by the editors April 7, 1998; accepted for publication (in revised form) February 24,
2000; published electronically September 27, 2000.

http://www.siam.org/journals/sisc/22-3/33694.html
†School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel (amir@math.

tau.ac.il).
‡Technion—Israel Institute of Technology, Computer Science Department, Haifa 32000, Israel

(maelena@cs.technion.ac.il, israeli@cs.technion.ac.il).

1053



1054 A. AVERBUCH, E. BRAVERMAN, AND M. ISRAELI

singularity layers. The effects of the layers on all the other interfaces are computed.
The number of computations can essentially be reduced if the corresponding operators
are efficiently represented.

An algorithm for a fast solution of the Poisson equation by decomposition of the
domain into square domains and the subsequent matching of these solutions by the
fast multipole method was developed in [9]. We note the following advantages of the
proposed algorithm.

1. The fast implementation of the algorithm in [9] was stipulated by the division
of the global domain into squares with a small number of points in each
subdomain. This is done since O(N3) algorithm is applied for the solution
of the Poisson equation in the subdomains (here N is a number of points
in each direction). Our algorithm has complexity of O(N2 logN) in each
subdomain. The complexity is independent of the size of the subdomain.
The number of subdomains is determined only by the number of processors
in the multiprocessor environment.

2. The algorithm has an inherent parallel structure. Therefore, we do not have
to modify the serial algorithm when it is ported onto a parallel computer.
When the algorithm runs on a parallel computer each subdomain is assigned
to a distinct processor. Therefore, each neighboring subdomain (processor)
has to transfer to each other the information (jumps of the function or its
first derivative represented in wavelet bases) on the common interfaces. Since
we transfer between the processors only the information on the interfaces,
it costs O(N). The representation by multiwavelets reduces the data to be
transmitted to O(logN), even to the nearest neighbors of the processor.

3. We use a very efficient method to compute the solution of Poisson/Laplace
equations inside each domain. The construction of the general solution via
matching of the independent solutions in each subdomain can degrade the
gain of the solutions inside the domains. Since the computations of the match-
ing among the subdomains are based on double/single layer influences which
are not more expensive than the algorithms inside the domain, we are success-
ful in having an efficient solution for the matching step as well. The efficiency
of the matching step is due to the usage of multiwavelets discretization.

A basic problem in the numerical solution of differential and integral equations is
to find an efficient discrete representation of the underlying continuous operators. The
problem with classical methods is that they lead to a dense representation for most
operators. That means that matrices are full whereas sparse representation has the
advantage of minimizing the operation count during the application of the operator.
Dealing with sparse matrices also leads to a decrease of the computational time.
Therefore, an important step in the numerical solution consists of building algorithms
which lead to a better representation of the usual operators. A good representation
means “few coefficients for the same accuracy.”

The method that was described in [5, 6] is based on the wavelet transform which
provides sparse representations of operator kernels. This transform consists of ex-
panding a given function or an operator over a set of wavelet basis functions obtained
by dilations and translations of an elementary function localized in both physical and
Fourier spaces. The wavelet transform leads to less computations than those obtained
with the regular Fourier transform. The reason to have an efficient solution in [5, 6] is
that there is a description for an efficient discretization and adaptive solution of PDEs
which are forced by the right-hand side (RHS) with regions of smooth (nonoscilla-
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tory) behavior and possibly localized regions with nonsmooth structures. In addition,
the wavelet basis allows automatic adaptation (using thresholding) in the sense that
only a few coefficients are needed to describe smooth sections of the RHS while more
coefficients are needed for sharp transitions and singular points. This saving is due to
the vanishing moments property of high-order wavelets. The algorithms are adaptive,
i.e., the number of operations performed is proportional to the number of significant
coefficients in the wavelet expansion of the “inputs” of a given differential equation
problem. The basic tool in this approach is the preconditioned conjugate gradient
iteration in a “constrained” form. In the wavelet basis diagonal preconditioners are
available which render the condition number of elliptic operators to O(1). This means
that a constant number of iterations is required for solution to a prescribed accuracy.
In [5, 6] there is a description of a fast 1-D–3-D adaptive method for solving certain
elliptic equations with periodic boundary conditions using tensor wavelets with sparse
structures.

In this paper we employ a multiwavelet representation of the integral operators
which represent single and double layers. The layers are introduced in order to match
the particular solutions which were obtained separately in the subdomains. A double
layer is introduced on each interface in order to correct the discontinuities of the
solution. We assume that we have Dirichlet conditions on the original boundary
and matching Neumann conditions on the interfaces. Therefore, we assume that the
mixed problems are solved for the nonhomogeneous equation in each subdomain. For
faster communication it is preferable to use double layers on the inner boundaries of
the subdomains interfaces since they decay faster with distance. A basis that was
built in [2] was chosen due to its local character which does not lead to the Gibbs
phenomenon. The obtained sparse representation reduces both the computation and
the communication time required for parallel processing.

The paper is organized as follows. Section 2 describes the problem, the plan for its
solution, and presents a simple 1-D example which illustrates the idea of the solution.
Section 3 is focused on the matching step of the algorithm. It contains relevant
formulas, numerical examples with the associated operation count. In section 4 we
treat the singularities arising from the computation of the influence of the layer at
a line which intersects the layer. Section 5 describes the matching step associated
with the adaptive algorithm. The adaptation is needed because the resolution in each
subdomain is different. Section 6 outlines the parallelization details and illustrates
how the amount of communication is reduced if the multiwavelets coefficients are
transferred among domains instead of the pointwise values. It also contains timing
results for the performance of the parallel algorithm. The appendix contains a brief
description of multiwavelets basis developed in [2].

2. The problem. We solve the Poisson equation

∆u = f(x, y) in Ω(2.1)

in the rectangular domain Ω = [0, L]× [0, 1] with either Dirichlet,

u = Φ(x, y) on ∂Ω,(2.2)

or Neumann,

∂u

∂n
= Φ(x, y) on ∂Ω,(2.3)

boundary conditions where n is the internal normal to ∂Ω. A mixed Dirichlet/Neumann-
type boundary condition can also be considered.
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To have a parallel solution the domain Ω is divided into l rectangular subdomains.
The solution process includes the following steps:

1. In each subdomain a particular solution u
(s)
1 of the nonhomogeneous equation

with arbitrary Neumann (Dirichlet) boundary conditions is found.

2. The collection of particular solutions u
(s)
1 , s = 1, . . . , l, usually have dis-

continuities (or discontinuities in the derivatives) on the boundaries of the
subdomains. We introduce double (single) layers on the boundaries to match
the solutions from different domains to have continuous global solution. The
effect of these layers on other boundaries is calculated.

3. With the boundary conditions that were computed in the previous step, the

solutions u
(s)
1 are patched by adding the solutions u

(s)
2 , s = 1, . . . , l, of the

Laplace equation.
4. An additional solution of the Laplace equation is added to satisfy the bound-

ary conditions on ∂Ω. Namely, for the Dirichlet case the solution u3 of the
homogeneous equation on the boundary ∂Ω is derived by

u3(x, y) = Φ(x, y)− u1(x, y)− u2(x, y).(2.4)

(The case with Neumann boundary conditions is treated similarly.) Thus
u = u1 + u2 + u3 is the solution of the nonhomogeneous equation with the
initial nonhomogeneous boundary conditions.

The following 1-D example illustrates the constructive idea of the algorithm.
Example. We consider the problem

u′′(x) = 2, x ∈ [−1, 2], u(−1) = 1, u(2) = 4.(2.5)

Step 1. The domain [−1, 2] is divided into three equal subsegments,

[−1, 2] = [−1, 0] ∪ [0, 1] ∪ [1, 2],
with arbitrary boundary conditions such that the following three nonhomo-
geneous boundary value problems are being solved:

u′′
1(x) = 2, x ∈ [−1, 0], u1(−1) = 0, u′

1(0) = 0,

u′′
1(x) = 2, x ∈ [0, 1], u′

1(0) = 0, u1(1) = 1,

u′′
1(x) = 2, x ∈ [1, 2], u1(1) = 1, u1(2) = 0.

The obtained solution is

u1(x) =



x2 − 1, x ∈ [−1, 0),
x2, x ∈ (0, 1),
x2 − 4x+ 4, x ∈ (1, 2].

(2.6)

The global solution is unmatched on 0 as we see in Figure 1.
Step 2. However, the obtained solution has discontinuity in the function on x = 0 and

discontinuity in the derivative on x = 1. We can fix both discontinuities by
imposing double and single layers potentials, respectively. In one dimension
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-1 1 2
x

-1

-0.5

0.5

1

y

Fig. 1. Different parts of the solution in each subdomain are unmatched.

Table 1
The influence of double and single layers potential on the boundaries -1,0,1,2.

x -1 0 1 2
Double layer influence 0.5 0.5/-0.5 -0.5 -0.5
Single layer influence 4 2 0 2
Total influence 4.5 2.5/1.5 -0.5 1.5
Initial value 0 -1/0 1 0
Sum 4.5 1.5 0.5 1.5

the double layer influence is equivalent to adding plus/minus half of the jump
to the left/right of the “layer point,” respectively. Here, the jump is 1, so 0.5
has to be added to the values of the function for x < 0 and -0.5 for x > 0. In
addition, the single layer in x = 1 adds the linear function a(x−1)/2 (−a(x−
1)/2 ) to each x < 1 (x > 1), where a = u′

1(1+)− u′
1(1−) = −4. We compute

the influence only on the boundaries at x = −1, 0, 1, 2.
Step 3. In each domain the homogeneous equation

u′′
2 = 0

is solved with the following boundary conditions (using Figure 1):

u2(−1) = 4.5, u2(0) = 2.5, x ∈ (−1, 0),

u2(0) = 1.5, u2(1) = −0.5, x ∈ (0, 1),

u2(1) = −0.5, u2(2) = 1.5, x ∈ (1, 2),
which corresponds to the row total influence in Table 1.
Evidently,

u2(x) =



−2x+ 2.5, x ∈ [−1, 0),
−2x+ 1.5, x ∈ (0, 1),
2x− 2.5, x ∈ (1, 2].

(2.7)

The resulting u1+u2 = x2−2x+1.5 is a continuous function which does not
satisfy the boundary conditions of (2.5) (see Figure 2), but

u1(−1) + u2(−1) = 4.5, u1(2) + u2(2) = 1.5.
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Fig. 2. Matching of the global solution. Still it does not satisfy the boundary conditions.

-2 -1 1 2
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Fig. 3. Global solution which satisfies the boundary conditions.

Step 4. We find and add the solution of the homogeneous equation

u′′
3(x) = 0, u3(−1) = −3.5, u3(2) = 2.5.

Thus, we obtain the solution for the initial problem. Namely, u3 = 2x− 1.5.
Finally, u(x) = u1(x) + u2(x) + u3(x) = x2 (see Figure 3).

The main focus of this paper is how to implement and compute efficiently the
influence of the double (single) layer on the other interfaces and boundaries. This
corresponds to Step 2 of the above algorithm. All the other steps of the algorithm
are discussed in [3, 10, 12].

A double layer is introduced on each interface in order to correct the discontinu-
ities of the solution. From now on we assume that the mixed problems were solved for
nonhomogeneous equation in each subdomain. Mixed problem means that we assume
that we have Dirichlet conditions on the original boundary and matching Neumann
conditions on the interfaces. We use double layers on the inner boundaries of the
subdomains interfaces since they decay faster with distance.

3. Computation of the influence of double layer potential. Let us assume
the geometry of Figure 4.

3.1. The form of the double layer in the current geometry. The potential
of a unit strength dipole which is located at x0 and has orientation in the e ∈ R2

direction is defined by

φx0,e(x) =
∂

∂t
(φx0(x+ te))

∣∣∣∣
t=0

=
e(x− x0)

π‖x− x0‖2 .
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The potential of the double layer which is introduced on the line x = γ(t), t ∈ [0, L]
with a dipole density τ(t) is

Pτ (x) =

∫ L

0

φγ(t),N(t)(x)τ(t) dt.

We consider the case where the domain [0, L]×[0, 1] is decomposed into L squares.
Half of the jump of the solution on the kth boundary, which is denoted by τk, is

τk(y) =
uk(k + 0, y)− uk−1(k − 0, y)

2
, k = 1, . . . , L− 1.(3.1)

The influence of the dipole layer introduced on the segment [0, 1] of the Y axis with
dipole density τ(y) is evaluated by the following equation on the parallel line x = d
and the perpendicular line y = 0, respectively:

P paral
d (y) =

1

π

∫ 1

0

d

d2 + (x− y)2
τ(x)dx, 0 ≤ y ≤ 1,(3.2)

P cross
0 (x) =

1

π

∫ 1

0

x

x2 + y2
τ(y)dy, 0 < x ≤ L.(3.3)

Similarly, the influence of double layers on the other interfaces is computed.
The evaluation of (3.3) and (3.2) is a time consuming step. The representation

of the integral operators is done through matrix-vector multiplication [7, 2]. The
matrix-vector multiplication in this case can be implemented efficiently using wavelet
or multiwavelet methods.

The representation of the kernels of the integral operators in the multiwavelet
bases is precomputed. These kernels depend only on the known geometry of the
domain and the subdomains. The coefficients of the multiwavelet representations of
τk are to be transmitted from processor to processor where the integral of double
layer potential is calculated. However, this vector is expected to be sparse for τk
which is smooth. The sparsity of the coefficient vector also reduces the number of
computations needed for the integration.

We describe now the algorithm that computes the integral

T (x) =
∫ 1

0

T (x, y)τk(y)dx, y ∈ [0, 1],(3.4)

where T is the potential for (x, y) in the mth subdomain, m ≥ k,

T (x, y) =
m− k + x

(m− k + x)2 + y2
, x ∈ [0, 1], y ∈ [0, 1](3.5)

(other integrals are similarly treated). T is smooth everywhere except at the intersec-
tion point of the layer line and the line where the potential is calculated x = 0, y = 0
if m = k.

The integral operator (3.4) is discretized using a simple equispaced quadrature.
Thus we define n equispaced points

xi =
i− 1

n− 1
,(3.6)
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and the elements Tij of the n× n matrix become

Tij =

{
1

n−1T (yi, xj), m− k 
= 0 or i 
= 1 or j 
= 1,

0, otherwise.
(3.7)

This corresponds to a trapezoid-like quadrature discretization of the operator T .
We decompose the matrix {Tij} in a multiwavelet basis of L2(R) that was de-

veloped in [1, 2] which is useful here due the following reasons: 1. Its locality. 2.
The multiwavelets computation in each domain does not need any information from
neighboring domains. 3. Automatic adaptation to smooth and nonsmooth areas via
thresholding. It means that if a function has a mix of singularities and smooth areas,
then the number of significant multiwavelet coefficients in its multiscale decomposi-
tion is determined by the number of singularities and the number of multiwavelet
coefficients that are needed to describe these singularities [5, 6].

We employ here a generalization of this basis which was designed in [2]. The
description of the basis is given in the appendix.

3.2. Numerical examples.

3.2.1. Evaluation of the sparsity of the matrices that represent the
influence of the layer.

Example 1. We solve the nonhomogeneous Laplace equation

∆u = 4

in the rectangle 0 ≤ x ≤ 3, 0 ≤ y ≤ 1 in each of three squares

0 ≤ x ≤ 1, 0 ≤ y ≤ 1,

1 ≤ x ≤ 2, 0 ≤ y ≤ 1,

2 ≤ x ≤ 3, 0 ≤ y ≤ 1,

with Neumann conditions on the boundaries between them:

∂u

∂x
(1−, y) = ∂u

∂x
(1+, y) = 0,

∂u

∂x
(2−, y) = ∂u

∂x
(2+, y) = 4.

Suppose that we solved the three problems and the obtained solution (see Figure 5)

u(x, y) =



2y2 − 2y + 2, 0 ≤ x < 1,

2x2 − 4x+ 4, 1 < x < 2,

x2 + y2 − y, 2 < x < 3,

is discontinuous on the boundaries y = 1, 2:

u(1+, y)− u(1−, y) = 2− 2y2 + 2y − 2 = 2y(1− y), u(2+, y)− u(2−, y)
= 4 + y2 − y − 8 + 8− 4 = y2 − y = y(y − 1).

(One can easily check that the derivative in x is continuous for x = 1, 2.)
To remove these discontinuities we introduce the double layers with τ1(y) = y(1−

y) for x = 1 and τ2(y) = y(y − 1)/2 for x = 2. Evidently, τ1(y) = −2τ2(y), thus for
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Table 2
The number of points on the interface is given by the row called “number of points.” This

number is equal to the number of points on the parallel line at distance 1 where the influence of
the double layer is computed. “Nonzero coefficients” refers to the number of elements above the
threshold in the multiwavelet representation of the matrix 1/(1+(x−y)2). This matrix is the kernel
of the dipole layer potential on the parallel line. The average number of nonzero coefficients per
row is also computed. The multiwavelet basis is chosen with 4 vanishing moments. The accuracy is
given by the maximal absolute error.

Threshold Number of points 64 128 256 512 1024 2048
1e-3 nonzero coef. 7 4 9 26 0 0

per row 0.11 0.03 0.04 0.05 0 0
accuracy 1.1e-3 1.8e-3 1.8e-3 1.8e-3 - -

1e-4 nonzero coef. 17 20 29 49 76 41
per row 0.27 0.16 0.11 0.10 0.07 0.02
accuracy 4.5e-5 6.5e-5 1.3e-4 1.8e-4 3.3e-4 2.6e-4

1e-5 nonzero coef. 29 45 34 81 107 181
per row 0.45 0.35 0.13 0.16 0.10 0.09
accuracy 1.1e-5 8.7e-6 1.0e-5 1.4e-5 1.4e-5 1.7e-5

1e-6 nonzero coef. 65 65 119 144 229 284
per row 1.01 0.51 0.46 0.28 0.22 0.14
accuracy 5.5e-6 1.7e-6 7.9e-7 8.7e-7 1.7e-6 1.8e-6

1e-7 nonzero coef. 137 155 204 340 610 836
per row 2.14 1.21 0.80 0.66 0.60 0.41
accuracy 5.2e-6 1.4e-6 4.0e-7 1.6e-7 1.1e-7 1.5e-7

1e-8 nonzero coef. 316 348 310 402 904 1218
per row 4.93 2.72 1.21 0.79 0.88 0.59
accuracy 5.2e-6 1.3e-6 3.4e-7 9.0e-8 3.4e-8 4.2e-8

precision analysis it is sufficient to estimate the influence f1 (or f2) of the layer with
the dipole density τ1(y). It is antisymmetric for the segments y = 1, 0 < x < 1 and
1 < x < 2. Besides, τ1(y) is symmetric, thus for y = 0, 0 < y < 1 this influence is
antisymmetric to the influence on 1 < x < 2 for y = 1. Furthermore, the influence on
the parallel lines x = 2 and x = 0 is the same with the opposite sign. Thus, for the
precision analysis we consider the effect of the dipole layer on the crossing segment
y = 1, 1 < x < 3 and on two parallel segments x = 2 (see Table 2) and x = 3 (see
Table 3) for 0 < y < 1.

It is natural to assume that the number of essential coefficients decays with the
increase of the distance between two parallel segments: one segment is where the
double layer is introduced, and the second segment is where the influence of this layer
is computed. Table 3 gives the number of essential coefficients in the matrix, and the
achieved accuracy when other coefficients for the parallel line at the distance equal to
2 are ignored.

It is to be emphasized that when the matrix in the multiwavelet basis is decom-
posed all the intermediate results below the threshold are ignored.

We conclude this example with an estimate of how the number of significant
wavelet coefficients decays as the distance from the single layer increases in Table 4.
We assume the geometry of Figure 4 and compute the representation of the kernel of
the single layer potential at a parallel line in a multiwavelet basis with four vanishing
moments. The distance from the single layer is from 1–16. Obviously for a double layer
the decay of the number of significant coefficients is quicker (compare Tables 2, 3).

Example 2. In the previous example we were concerned with a very smooth
function for the density of the double layer. Now we consider the case when the
density of the double layer is exp{−5(y − 0.2)2}+ exp{−50(y − 0.7)2}.
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Table 3
The same computation as in Table 2, but here the influence of the double layer is computed on

the parallel line at distance 2. This corresponds to the kernel 2/(4 + (x− y)2).

Threshold Number of points 64 128 256 512 1024 2048
1e-3 nonzero coef. 2 2 2 0 0 0

per row 0.03 0.02 0.01 0 0 0
accuracy 5.3e-4 5.4e-4 4.6e-4 - - -

1e-4 nonzero coef. 4 8 11 23 15 18
per row 0.06 0.03 0.04 0.04 0.01 0.009
accuracy 8.4e-5 1.3e-5 2.6e-4 2.5e-4 2.5e-4 2.4e-4

1e-5 nonzero coef. 14 12 18 37 41 110
per row 0.22 0.09 0.07 0.07 0.04 0.05
accuracy 3.7e-6 4.7e-6 1.3e-5 1.3e-5 2.0e-5 4.8e-5

1e-6 nonzero coef. 18 26 31 71 77 272
per row 0.28 0.20 0.12 0.14 0.08 0.13
accuracy 3.3e-6 8.6e-7 1.0e-6 6.9e-7 1.3e-6 2.0e-6

1e-7 nonzero coef. 38 46 97 177 290 622
per row 0.59 0.36 0.38 0.35 0.28 0.30
accuracy 3.1e-6 8.1e-7 2.4e-7 9.7e-8 1.1e-7 1.7e-7

1e-8 nonzero coef. 95 79 96 216 327 809
per row 1.48 0.62 0.38 0.42 0.32 0.40
accuracy 3.0e-6 7.6e-7 2.0e-7 5.5e-8 3.7e-8 4.0e-8

Table 4
The number of multiwavelet coefficients above 10−7 for the matrix that describes a single layer

potential at a parallel line at distance d.

Number of coef. Distance d
above 10−7 1 2 4 8 16
128× 128 234 112 25 15 10
256× 256 410 393 62 26 12

It is obvious that the number of essential elements in the matrix, which represents
the kernel in the multiwavelet basis, is the same as in the previous example. Therefore,
we present here only the accuracy results.

It is important to emphasize that the kernel for a double/single layer depends
only on the geometry of the problem. The sparse representation and the structure of
this kernel is computed at the preprocessing step. It is common for all the problems
with the same geometry and domain decomposition.

3.2.2. Evaluation of the sparsity of the wavelet representation of the
density of layers. The complexity of the matching step is determined by the sparsity
of the matrix and the vector that are involved in the matrix-vector multiplication.
The matrix represents the influence of the layer in the wavelet basis, while the vector
represents the density of the layer in the same basis. The number of operations
depends not only on the sparsity of the matrix but also on the sparsity of the vector.
For instance, in Example 2 the vector was a quadratic polynomial, so its multiwavelet
representation had only three nonzero coefficients at the coarsest level if the number
of vanishing moments is not less than three. In the case when the vector is a steep
Gaussian function the accuracy results are given in Table 5 and the sparsity results
are presented in Table 6.

At the matching step first each dipole layer density is represented in the multi-
wavelet basis. In the parallel implementation, then, the multiwavelet coefficients are
transmitted to each processor in order to compute the influence of all double layers on
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Fig. 4. The domain is decomposed into L subdomains. Double layers are introduced on the
L− 1 interfaces.
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Fig. 5. A surface plot and graph of u(0.5, y).

its boundaries. Only the coefficients above the threshold are transmitted. Therefore,
the sparsity of the multiwavelet coefficients vector reduces the volume of the commu-
nication. If the density is constant then only one coefficient has to be transmitted.
Consider the case where the density is in the form of a Gaussian bell

τ(y) = e−α(y−y0)
2

.

Table 6 describes the comparison between the number of essential coefficients in
the original function and in the multiwavelet representation. The number of vanishing
moments is k = 4 and y0 = 0.5.
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Table 5
Accuracy of the computation in the multiwavelet basis with 4 vanishing moments in the case

when the density of the double layer is exp{−5(y − 0.2)2} + exp{−50(y − 0.7)2}. The line where
the effect of the double layer is computed is parallel at distance 1.

Threshold/number of points 64 128 256 512 1024 2048
1e-3 2.1e-3 4.2e-3 6.1e-3 1.9e-2 - -
1e-4 1.1e-4 2.0e-4 4.0e-4 9.1e-4 1.0e-3 5.8e-4
1e-5 2.3e-5 2.5e-5 2.8e-5 4.1e-5 6.4e-5 3.5e-5
1e-6 9.5e-6 3.7e-6 3.5e-6 5.2e-6 7.3e-6 8.4e-6
1e-7 8.1e-6 2.2e-6 7.9e-7 6.3e-7 9.4e-7 8.0e-7
1e-8 7.8e-6 2.0e-6 5.3e-7 1.7e-7 1.0e-7 2.2e-7
1e-9 7.6e-6 2.0e-6 4.8e-7 1.3e-7 4.1e-8 2.0e-8

Table 6
Number of essential multiwavelet coefficients for the representation of Gaussian functions

τ(y) = exp{−α(y − 0.5)2}; number of vanishing moments is k = 4.

α Threshold 512 1024 2048 4096 8192
400 1.e-3 35 41 43 43 47

1.e-4 57 59 63 67 73
1.e-5 77 81 91 93 103
1.e-6 107 129 135 141 151
1.e-7 135 171 199 225 235

1600 1.e-3 43 43 49 51 51
1.e-4 57 65 67 71 75
1.e-5 77 85 92 99 101
1.e-6 91 115 137 143 149
1.e-7 103 143 179 207 233

4000 1.e-3 43 49 53 55 57
1.e-4 61 67 67 69 71
1.e-5 63 81 95 99 105
1.e-6 75 101 127 137 151
1.e-7 81 119 161 195 213

The influence of the dipole layer decays as 1/r, where r is the distance from the
point to the dipole line (in our case, the distance between the parallel lines is an
integer; see Figure 4). This is important to the parallel communication when the
essential elements are transmitted from a subdomain to a subdomain. Small elements
are not transmitted to large distances. It reduces the information stream to remote
processors.

3.2.3. Implementation of the algorithm. The full algorithm was imple-
mented on the configuration depicted in Figure 4. First, the Dirichlet problem for the
Poisson equation was solved in each of the three boxes. The boundary conditions were
chosen to provide the continuity of the solutions. The single layers were introduced
to match the first derivative in the adjacent boxes. The sum of influences of these
layers was computed at all the interfaces. Then, the Laplace equation was solved with
the boundary conditions equal to the sum of influences. Finally, the global Dirichlet
problem was solved in the domain 0 ≤ x ≤ L, 0 ≤ y ≤ 1 to satisfy the original
boundary conditions. All the algorithms were chosen to provide O(h4) convergence.
The algorithm employed for the solution of the Poisson and the Laplace equations
was developed in [3].

Assume that u is the exact solution and u′ is the computed solution. In the
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Table 7
MAX, MSQ, and L2 errors for the Poisson equation with the exact solution u(x, y, z) =

cosx cos y for three boxes.

Nx ×Ny in each box εMAX εMSQ εL2

8× 8 8.2e-5 2.4e-5 4.0e-5
16× 16 5.4e-6 1.6e-6 2.7e-6
32× 32 4.1e-7 1.2e-7 2.1e-7
64× 64 2.9e-8 8.2e-9 1.4e-8
128× 128 2.0e-9 5.4e-10 9.2e-10
256× 256 1.3e-10 3.5e-11 5.9e-11
512× 512 8.5e-12 2.2e-12 3.8e-12

Table 8
MAX, MSQ, and L2 errors for the Poisson equation where the exact solution is u(x, y, z) =

cosx cos y for three boxes, number of points in each box is 128 × 128, and the number of extension
points Nε for the solution of the Poisson equation varies.

Nε εMAX εMSQ εL2

8 6.0e-9 1.8e-9 3.1e-9
11 1.9e-9 5.3e-10 9.0e-10
16 2.0e-9 5.4e-10 9.2e-10
32 2.0e-9 5.4e-10 9.2e-10
64 2.0e-9 5.4e-10 9.2e-10
128 2.0e-9 5.4e-10 9.2e-10

examples we will use the following measures to estimate the errors:

εMAX = max ‖u′
i − ui‖,

εMSQ =

√∑N
i=1(u

′
i−ui)2

n ,

εL2 =

√∑N
i=1(u

′
i−ui)2∑N

i=1 u
2
i

.

Example 3. We solve the Poisson equation ∆u = −2 cosx cos y with the boundary
conditions corresponding to the exact solution u(x, y, z) = cosx cos y in the domain
[0, 3]× [0, 1] divided into three equal boxes (see Table 7).

We recall that for the solution of the Poisson equation the RHS is extended into
a wider domain such that it is periodic in the area including N + 2Nε grid points
in each direction. First, the Poisson equation is solved in the extended domain;
then the solution in the original domain is considered as a partial solution. Table 8
describes the dependency between the accuracy and the length of the extension Nε

when the number of points in each subdomain is equal to 128× 128 and the number
of subdomains is three. We can see that when the extension exceeds 11 grid points
the accuracy does not change.

Example 4. Consider the Poisson equation with the same solution as in Example
3 in the domain [0, 8]× [0, 1] divided into eight equal boxes (see Table 9).

Table 10 presents the accuracy of the numerical solution when the exact solution
is u(x, y, z) = cosx cos y and the number of boxes is varied.

We can see that the error is nearly independent of the number of processors.
Example 5. We solve the Poisson equation with the boundary conditions corre-

sponding to the exact solution

u(x, y) = exp
{
α
(
(x− x0)

2 + (y − y0)
2
)}

,
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Table 9
MAX, MSQ, and L2 errors for the Poisson equation with the exact solution u(x, y, z) =

cosx cos y for the configuration with eight equal boxes.

Nx ×Ny in each box εMAX εMSQ εL2

16× 16 9.6e-6 2.8e-6 4.8e-6
32× 32 7.4e-7 2.1e-7 3.6e-7
64× 64 5.3e-8 1.5e-9 2.5e-8
128× 128 3.6e-9 9.8e-10 1.6e-9

Table 10
MAX, MSQ, and L2 errors for the Poisson equation with the exact solution u(x, y, z) =

cosx cos y. In each box there are 64 points. The number of boxes reflects the number of available
processors.

Number L of boxes εMAX εMSQ εL2

3 2.9e-8 8.2e-9 1.4e-8
4 5.3e-8 1.3e-8 2.1e-8
6 5.3e-8 1.5e-8 2.2e-8
8 5.3e-8 1.5e-8 2.5e-8
12 5.3e-8 1.5e-9 2.5e-8
16 5.3e-8 1.5e-9 2.5e-8

with x0 = 1.5, y0 = 0.5, α = 2 in the domain [0, 3] × [0, 1] divided into three equal
boxes (see Table 11).

In Figure 6 the solution before the matching step is presented. It has discontinu-
ities in the x derivative at the lines x = 1 and x = 2.

After the matching step the solution becomes smooth (see Figure 7).
Table 12 presents the accuracy of the algorithm for a Gaussian function as the

exact solution when the steepness α = 0.5, 2, 8 varies.
Example 6. We solve the Poisson equation with an exact solution in [0, 4]× [0, 1]

being a sum of random Gaussian functions u(x, y) = exp
{
αi

(
(x− xi)

2 + (y − yi)
2
)}

,
centered at the points (0.002,0.4), (1.7,0.8), (1.95,2.5), (2.3,1.1), (1.4,2.3), (3.8,2.9),
(1.5,3.6), (2.05,1.8), (0.4,3.3), (2.8,1.6), (3.5,3.1), (0.6,3.8), with αi = 3, 7, 1, 0.5,
4, 0.7, 2.5, 0.2, 5.5,1.5, 3.2, 0.8, respectively. Some of the centers are close to the
boundaries and interfaces. The domain was divided into four equal squares. Table 13
presents the accuracies obtained.

3.3. Operation count. Consider the case when the domain is divided into L
square subdomains as in Figure 4. We estimate the number of operations while taking
into consideration the influences of the double layers which were introduced on the
interfaces.
Preprocessing. The preprocessing contains a representation of the kernels of the

integrals (3.2) and (3.3) in the multiwavelet basis. We have to treat L ker-
nels which correspond to the influence of double layers on the boundaries
(interfaces) parallel to the y axis with distance of 1, 2, . . . , L from the double
layer. The same number of kernels describes the influences of double layers
on perpendicular boundaries. (It is obvious that the influences on y = 0 and
y = 1 lines lead to the same matrices.) Representation of each kernel requires
O(Nk2) operations [2], where k is the number of vanishing moments and N is
the number of discretization points. Therefore, this requires 2LO(Nk2) op-
erations. This is the most time consuming step in the whole algorithm. How-
ever, this procedure is implemented as a preprocessing step since it depends
only on the geometry of the subdomains. Once this is completed, various
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Table 11
MAX, MSQ, and L2 errors for the Poisson equation with the exact solution u(x, y) = exp{2(x−

1.5)2 + 2(y − 0.5)2}.

Nx ×Ny in each box εMAX εMSQ εL2

8× 8 2.3e-3 7.1e-4 1.6e-3
16× 16 1.3e-4 3.9e-5 8.5e-5
32× 32 6.8e-6 2.0e-6 4.4e-6
64× 64 3.9e-7 1.1e-7 2.4e-7
128× 128 2.3e-8 6.6e-9 1.4e-8
256× 256 1.4e-9 4.0e-10 8.5e-10
512× 512 8.7e-11 2.4e-11 5.2e-11
1024× 1024 6.3e-12 1.9e-12 4.0e-12

’jumps_in_derivative’
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Fig. 6. The global solution as a collection of nonmatched solutions with discontinuities in the
first derivative.

problems with different RHSs and boundary conditions can be treated. For
example, if we solve the Navier–Stokes equation in a certain domain the inte-
gral operators of the type (3.2) and (3.3) are represented in the multiwavelet
basis only once.
The resulting matrices have O(N) essential elements above the threshold.
The matrices which describe the influence of the layer on distant boundaries
and interfaces have only O(1) elements with absolute value above a certain
threshold.

The actual computation. The algorithm incorporates the following steps:
1. We compute the difference between the adjacent solutions which costs

O(N) operations. Double layers for matching solutions are introduced.
The densities of double layers τk, k = 1, . . . , L − 1 are decomposed in
multiwavelet bases. This requires O(Nk) operations for each density
[2]. It is worth mentioning that we used the standard form for the
matrix representation in a multiwavelet base [7]. This leads to a sparse
representation of τk for a smooth dipole density τk.
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Fig. 7. The global solution after the matching step.

Table 12
MAX error for the Poisson equation with the exact solution u(x, y) = exp{α((x−1.5)2 +2(y−

0.5)2)} for α = 0.5, 2, 8.

Nx ×Ny α = 0.5 α = 2 α = 8
24× 8 1.5e-4 2.3e-3 9.7e-3
48× 16 1.1e-5 1.3e-4 1.4e-3
96× 32 8.4e-7 6.8e-6 5.9e-5
192× 64 5.6e-8 3.9e-7 2.1e-6
376× 128 3.7e-9 2.3e-8 8.4e-8
768× 256 2.3e-10 1.4e-9 4.0e-9
1536× 512 1.5e-11 8.7e-11 2.2e-10
3072× 1024 7.5e-13 6.3e-12 1.5e-11

2. Matrix-vector multiplication for a matrix with not more than O(N)
essential elements and a sparse vector with O(1) essential elements can
be implemented in O(N) operations using sparse data structures. Tables
2–6 demonstrate the obtained sparsity of matrices and vectors, even
in the cases when the density is a steep function. In matrices which
represent kernels of integral operators the number of essential elements
per row decreases with the increase of N .

3. The reconstruction of the resulting vector from the multiwavelet coeffi-
cients back to the physical space requires O(Nk) operations.

Therefore, the total number of operations is O(Nk2) for the preprocessing step
and O(Nk) for the actual implementation, where N is the number of discretization
points on the long side of the rectangle and k is the number of vanishing moments.

4. Treatment of singularities on a line intersecting the double layer.
Consider (3.3) for the computation of the influence of the double layer on the inter-
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Table 13
MAX, MSQ, and L2 errors for the Poisson equation with the exact solution being a sum of

random Gaussians.

Nx ×Ny in each box εMAX εMSQ εL2

8× 8 2.4e-2 4.2e-3 1.8e-3
16× 16 2.0e-3 3.2e-4 1.3e-4
32× 32 1.0e-4 1.3e-5 5.6e-6
64× 64 5.1e-6 5.4e-7 2.3e-7
128× 128 2.8e-7 2.6e-8 1.1e-8
256× 256 1.6e-8 1.5e-9 6.2e-10
512× 512 9.7e-10 8.9e-11 3.8e-11

Table 14
The accuracy for computing the influence of the double layer with density τ(y) = y(1 − y) for

parallel lines with distance equal to 1. The sin4 transformation was used.

Number of points 4 8 16 32
Accuracy (maximal error) 5.4e-3 1.1e-5 8.6e-11 6.8e-14

secting line. It contains an improper integral with the kernel

K(y, x) =
x

x2 + y2
,

which is unbounded at the origin (0, 0). Such an integral cannot be efficiently evalu-
ated by the equispaced trapeze method. High accuracy can be achieved if we make
the substitution y = ϕ(t) in the integral

∫ 1

0

K(x, y)τ(y) dy =

∫ 1

0

K(x, ϕ(t))τ(ϕ(t))ϕ′(t) dt.

Here ϕ(t) is an increasing function of t which defines a one-to-one mapping of [0,1]
and has m vanishing derivatives at t = 0 and t = 1. After the substitution the error of
the trapezoidal rule in the variable t becomes O(n−2m−1), where n is a number of the
discretization points [11]. This method corresponds to a nonequispaced discretization
where the grid points are concentrated near the edges. We employed the trigonometric
sinm transformation of [11] with m = 4 vanishing derivatives at the end points

ϕ(t) =
1

12π
(12πt− 8sin2πt+ sin4πt).

The theoretical error in this special case is O(n−2m−2) = O(n−10), i.e., for each
doubling of the number of points the error is reduced 1000 times. Table 14 shows
the influence of the double layer with density τ(y) = y(1 − y) at the parallel line at
distance 1 using the ϕ(t) substitution.

Table 15 shows the influence of the double layer with density τ(y) = y3(1− y) on
the perpendicular line using the sin4 transformation.

This method gives accurate results for a smooth and nonoscillating density func-
tion. However, it fails for both oscillating (for example, τ(y) = cos 6y was checked)
and δ-type functions (such as steep Gaussians). Moreover, it requires nonequispaced
discretization. The densities of the double layers are established as the jumps between
adjacent particular solutions which are found in the equispaced points. These are the
reasons why the above method was not used by us.
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Table 15
The accuracy for computing the influence of the double layer with density τ(y) = y3(1− y) on

the perpendicular line. The sin4 transformation was used.

Number of points 8 16 32
Accuracy (maximal error) 1.4e-5 9.5e-9 7e-12

Table 16
Accuracy for the computation of the influence of the double layer on the intersecting line. The

kernel of the integral representing the influence is equal to xy3/(x2 + y2); the density of the double
layer is τ(y) = 1− y. Middle point integration method was applied.

Number of points 8 16 32 64 128 256
Maximal error 9.3e-5 2.5e-5 6.4e-6 1.62e-6 4.04e-7 1.01e-7
Left point error 6.0e-5 7.8e-6 1e-6 1.3e-7 1.6e-8 2e-9

We use the subtraction technique which allows to keep both accuracy and equis-
paced discretization. Due to the Taylor series in y = 0 each density function τ(y) can
be written as

τ(y) = A+By + Cy2 + y3δ(y),

where δ(y) is a continuous function in y = 0. Therefore, one easily finds that

∫ 1

0

K(x, y)τ(y)dy =

(
−A arctan

x

y
+B

x

2
ln(x2 + y2) + Cxy + Cx2 arctan

x

y

)∣∣∣∣
1

0

+

∫ 1

0

K1(y, x)δ(y)dy,

where the kernel K1(x, y) = xy3/(x2 + y2) is nonsingular. The accuracy results from
the computation of the last integral is presented in Table 16. The following errors
were computed: the error at the closest point to the point of intersection (left point
error), and the maximal absolute value of all the errors at the boundary (maximal,
or l∞, error).

In fact, subtraction of two terms is sufficient in order to reach the same accuracy
as in the case of the parallel lines.

5. Adaptive algorithm. In this section we describe an adaptive implementa-
tion of the algorithm for the solution of the Poisson equation. The main strategy is
similar to that developed in [9]. The domain is divided into subdomains where the
grid is chosen according to the smoothness of the RHS. This allows avoidance of mas-
sive computation in the domains where the solution is smooth, and thus, even a small
number of points is enough to reach a high accuracy. In section 5.1 we illustrate this
idea with some examples which demonstrate high accuracy and quick convergence for
an adaptive grid. In these examples the RHS is such that the exact solution is a steep
Gaussian centered in the middle of the domain. The domain is divided into three sec-
tions, where a denser grid is applied in the central section. Similarly, a hierarchy of
grids can be chosen according to the behavior of the RHS. In section 5.2 the matching
procedure for subdomains with different grids is discussed. The number of operations
in matching procedure is evaluated when the corresponding matrix-vector multiplica-
tions are accomplished in multiwavelet basis. The efficiency of the algorithm depends
on the sparsity of the matrix obtained.
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Fig. 8. The domain is divided into three sections, where the grid in each section depends on
the smoothness of the RHS in the Poisson equation.

Table 17
The errors for the Poisson equation with the exact solution being a steep Gaussian with α = 10.

Nx ×Ny in Nx ×Ny in εMAX εMSQ εL2 εMAX(N/2)

middle section side section εMAX(N)
32× 32 16× 16 1.4e-3 4.6e-4 2.1e-3
64× 64 32× 32 5.9e-5 2.2e-5 9.7e-5 24.7
128× 128 64× 64 2.1e-6 7.4e-7 3.3e-6 28.1
256× 256 128× 128 8.4e-8 2.4e-8 1.0e-7 25.0
512× 512 256× 256 4.0e-9 8.4e-10 3.7e-9 21.0

5.1. Implementation of an adaptive algorithm. Let the domain be a rect-
angular [0, 3]× [0, 1] (see Figure 8). Consider the case when the steepest parts of the
RHS are concentrated near the center of the domain. For example, the exact solution
is a Gaussian (a sum of Gaussians) centered near (1.5,0.5). We divide the domain
into three equal squares. The finest grid is chosen in the middle section to ensure
the necessary resolution of the steep RHS. The grid in the side sections is coarser: it
contains four times fewer points than in the middle section. Examples 7–8 illustrate
the convergence and accuracy of the adaptive algorithm.

Example 7. We solve the Poisson equation with an exact solution in [0, 3]× [0, 1]
being a Gaussian function u(x, y) = exp

{−10 ((x− 1.5)2 + (y − 0.5)2
)}

(see Fig-
ure 8).

The first and the second columns of Tables 17 and 18 present the number of points
in the middle and the side squares, respectively; columns 3–5 give the errors of the
algorithm implementation. The last column computes the decrease of the maximal
error in the global domain when the number of grid points in each direction is doubled.
We recall that the expected accuracy of the algorithm is O(h4), i.e., the error should
be 16 times less when the grid step is twice less than the previous grid step.

Example 8. We solve the Poisson equation with an exact solution in [0, 3]× [0, 1]
being a sum of steep and smooth Gaussian functions

exp
{−12 ((x− 1.3)2 + (y − 0.6)2

)}

+exp
{−25 ((x− 1.5)2 + (y − 0.5)2

)}
+ exp

{−3 ((x− 1.8)2 + (y − 0.3)2
)}
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Table 18
The errors for the Poisson equation with the exact solution being a sum of steep and smooth

Gaussians with α = 18, 25, 3

.
Nx ×Ny in Nx ×Ny in εMAX εMSQ εL2 εMAX(N/2)

middle section side section εMAX(N)
64× 64 32× 32 3.8e-4 7.0e-5 1.2e-4
128× 128 64× 64 1.6e-5 2.7e-6 4.5e-6 23.8
256× 256 128× 128 7.4e-7 9.9e-8 1.6e-7 21.6
512× 512 256× 256 3.7e-8 4.1e-9 6.7e-9 20.0

Fig. 9. The grid in the small box in the middle is two times denser in each direction than in
the remaining domain (each box contains several grid points according to the table.

and with the same Figure 8. Table 18 presents the accuracies obtained.
In this and the previous examples one can observe that the error decays faster

than O(h4) due to the adaptivity of the grid to the behavior of the RHS. The RHS
is very steep; however, high accuracy is obtained for comparatively small number of
grid points.

Example 9. We solve the Poisson equation with an exact solution in [0, 3]× [0, 1]
being a Gaussian function u(x, y) = exp

{−15 ((x− 1.5)2 + (y − 0.5)2
)}

(see Figure 9
and Table 19).

The domain is again divided into three sections, where the grid in each section
may depend on the smoothness of the RHS in the Poisson equation.

The grid in the small box in the middle is two times denser in each direction.
Example 10. We solve the Poisson equation with an exact solution in [0, 3]× [0, 1]

being a Gaussian function u(x, y) = exp
{−25 ((x− 1.5)2 + (y − 0.5)2

)}
(see Fig-

ure 10 and Table 20).
The grid in the small box in the middle is four times denser in each direction.

5.2. The matching step for adaptive algorithms. In this section we consider
the domains’ matching procedure using multiwavelets and evaluate the number of
operations that are necessary for its implementation in the adaptive case. The domain
is divided into subdomains, possibly of different sizes and different resolution in each
subdomain (see Figure 11). In the beginning we will consider the case where the
subdomain is divided into unequal squares of different resolutions. Then we will
consider the case where the domain consists of rectangular subdomains of different
aspect ratios and resolutions.

5.2.1. Matching of square boxes. We compute the effect of the double layer
on the interface between boxes 1 and 2,3 on the left side of box 4 (see Figure 12). We
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Table 19
The errors for the Poisson equation, where the exact solution is a steep Gaussian (α = 15).

Nx ×Ny in Nx ×Ny in εMAX εMSQ εL2 εMAX(N/2)

middle section side section εMAX(N)
1792 32× 32 1.6e-4 5.2e-5 2.8e-4
3584 64× 64 4.9e-6 1.7e-6 9.0e-6 32.7
7168 128× 128 1.5e-7 5.2e-8 2.8e-7 32.7
14336 256× 256 5.2e-9 1.6e-10 8.8e-9 28.8
28672 512× 512 2.2e-10 5.3e-11 2.8e-10 23.6

Fig. 10. The grid in the small box in the middle is four times denser in each direction than in
the remaining domain.

Table 20
The errors for the Poisson equation with the exact solution being a steep Gaussian with α = 25;

the central subdomain is the 16th part of the middle section.

Nx ×Ny in Nx ×Ny in εMAX εMSQ εL2 εMAX(N/2)

middle section side section εMAX(N)
2032 32× 32 4.8e-5 1.3e-5 9.4e-5
4064 64× 64 2.7e-6 7.3e-7 5.1e-6 17.8
8128 128× 128 9.7e-8 2.6e-8 1.8e-7 27.8
16256 256× 256 3.4e-9 8.3e-10 5.7e-9 28.5
32512 256× 256 1.3e-10 2.6e-11 1.8e-10 26.2
65024 512× 512 5.1e-12 7.7e-13 5.3e-12 25.5

Fig. 11. The domain is divided into subdomains appropriate to the sparsity pattern of the RHS.
The domains can be square or of any arbitrary rectangular form.



1074 A. AVERBUCH, E. BRAVERMAN, AND M. ISRAELI

Fig. 12. The domain is divided into square subdomains with different resolutions in each
subdomain. Influence of double layer introduced at the boundary between boxes 1 and 2,3 evaluated
at the left and bottom of the boundaries of box 4.

use the middle point integration. Multiwavelet coefficients of the decomposed matrix
which are below the threshold are ignored.

Tables 21–26 describe cases where the number of points on the interface with the
double layer is not equal to the number of points on the boundary where the effect is
computed. We calculate the effect of the double layer at the closest parallel boundary
of the chosen box.

We compute the effect of the double layer on the interface between boxes 1 and
2,3 on the left side of box 4. We use the middle point integration. The matrix
representing the kernel of the integral∫ 4

0

y − 4

(y − 4)2 + (x− 5)2
τ(x) dx

is decomposed into the multiwavelet bases with four vanishing moments. Elements
with absolute values which are below the threshold are ignored. We first take the
same number of points on both interfaces.

5.2.2. Matching of arbitrary rectangular boxes. In this section we consider
the case when the domain is divided into arbitrary rectangular subdomains (see Figure
13).

Consider a domain which is divided into arbitrary rectangular subdomains and
compute the influence of the double layer introduced at one of the interfaces on a
certain boundary (for example, the boundary of box 4). Consider the influence of
the double layer at the interface between box 1 and 2,3 on the left and the upper
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Table 21
The number of points on the interface is given in the row labeled “number of points.” The

number of points on the interface is equal to the number of points on the boundary where the effect
of the double layer is computed. The boundary is parallel to the interface where the double layer
is introduced (the influence of the double layer between boxes 1 and 2,3 is computed on the left
boundary of box 4). “Nonzero coefficients” refers to the number of elements above the threshold in
the matrix which represents the influence of the double layer. This number is considered the degree
of sparsity of the matrix. The average number of nonzero coefficients per row is also computed. The
multiwavelet basis is chosen with 4 vanishing moments. The accuracy is computed for a density of
the double layer exp{−5(x− 0.2)2}+ exp{−50(x− 0.7)2}.

Threshold Number of points 64 128 256 512 1024 2048
1e-5 nonzero coef. 7 6 7 6 7 18

nonzero coef. per row 0.11 0.05 0.03 0.007 0.01 0.009
accuracy 2.5e-5 7.6e-5 6.5e-5 1.0e-4 2.0e-4 2.2e-4

1e-6 nonzero coef. 13 16 11 26 11 12
nonzero coef. per row 0.20 0.13 0.04 0.05 0.01 0.006
accuracy 4.1e-6 5.2e-6 5.1e-6 1.1e-5 1.2e-5 1.7e-5

1e-7 nonzero coef. 19 20 23 26 68 69
nonzero coef. per row 0.30 0.16 0.09 0.05 0.07 0.03
accuracy 2.5e-6 5.8e-7 3.4e-7 3.4e-7 1.6e-6 5.7e-7

1e-8 nonzero coef. 24 32 45 43 42 67
nonzero coef. per row 0.38 0.36 0.18 0.08 0.04 0.03
accuracy 2.6e-6 6.7e-7 2.1e-7 1.2e-7 4.9e-8 6.7e-8

1e-9 nonzero coef. 37 44 40 118 108 92
nonzero coef. per row 0.58 0.34 0.16 0.23 0.11 0.04
accuracy 2.6e-6 6.4e-7 1.7e-7 4.7e-8 1.8e-8 1.8e-8

Table 22
The same computation as in Table 21, but here the number of points on the interface N1 is

twice the number N2 of points on the boundary where the influence of the double layer is computed.

Threshold N1 128 256 512 1024 2048 4096
N2 64 128 256 512 1024 2048

1e-5 nonzero coef. 6 7 7 8 15 -
accuracy 5.7e-5 8.0e-5 1.4e-4 2.1e-4 2.7e-4 8.0e-3

1e-6 nonzero coef. 13 10 22 10 10 38
accuracy 2.9e-6 4.8e-6 6.8e-6 1.2e-5 1.4e-5 3.6e-5

1e-7 nonzero coef. 19 21 23 56 59 77
accuracy 1.1e-6 6.3e-7 5.3e-7 1.7e-7 1.6e-6 1.6e-6

1e-8 nonzero coef. 28 35 35 32 55 332
accuracy 6.5e-7 2.0e-7 1.0e-7 5.1e-7 6.9e-8 4.5e-7

1e-9 nonzero coef. 37 33 96 97 81 124
accuracy 6.4e-7 1.6e-7 5.0e-8 2.4e-8 2.6e-8 2.5e-8

Table 23
The same computation as in Table 21, but here the number of points on the interface N1 is 4

times greater than the number N2 of points on the boundary where the influence of the double layer
is computed.

Threshold N1 256 512 1024 2048 4096
N2 64 128 256 512 1024

1e-5 nonzero coef. 6 6 6 12 -
accuracy 3.9e-5 1.1e-4 1.9e-4 2.3e-4 7.9e-3

1e-6 nonzero coef. 10 18 10 10 25
accuracy 5.2e-6 6.9e-6 1.3e-5 1.4e-5 3.3e-5

1e-7 nonzero coef. 16 18 39 48 60
accuracy 3.0e-7 3.9e-7 3.1e-7 5.3e-7 1.6e-6

1e-8 nonzero coef. 33 32 28 45 268
accuracy 2.9e-7 2.4e-7 1.6e-7 1.9e-7 2.6e-7

1e-9 nonzero coef. 30 69 75 63 89
accuracy 1.6e-7 4.5e-8 1.5e-8 1.8e-8 1.7e-8



1076 A. AVERBUCH, E. BRAVERMAN, AND M. ISRAELI

Table 24
The same computation as in Table 21, but here the number of points on the interface N1 is two

times less than the number N2 of points on the boundary where the influence of the double layer is
computed.

Threshold N1 32 64 128 256 512 1024
N2 64 128 256 512 1024 2048

1e-5 nonzero coef. 8 9 7 8 7 9
accuracy 1.4e-5 3.5e-5 6.8e-5 8.2e-5 1.0e-4 1.8e-4

1e-6 nonzero coef. 13 17 19 13 36 13
accuracy 1.1e-5 4.4e-6 5.3e-6 1.5e-5 1.6e-5 2.0e-5

1e-7 nonzero coef. 22 20 21 25 28 81
accuracy 1.0e-5 2.4e-6 5.1e-7 2.6e-7 2.6e-7 2.1e-6

1e-8 nonzero coef. 25 27 32 50 49 49
accuracy 1.0e-5 2.6e-6 6.7e-7 1.9e-7 1.1e-7 4.5e-8

1e-9 nonzero coef. 41 41 60 52 147 141
accuracy 1.0e-5 2.6e-6 6.5e-7 1.7e-7 5.3e-8 2.3e-8

Table 25
The same computation as in Table 21, but here the number of points on the interface N1 is four

times less than the number N2 of points on the boundary where the influence of the double layer is
computed.

Threshold N1 16 32 64 128 256 512
N2 64 128 256 512 1024 2048

1e-5 nonzero coef. 8 9 12 9 10 8
accuracy 3.6e-5 3.6e-5 4.0e-5 8.3e-5 6.8e-5 1.2e-4

1e-6 nonzero coef. 12 12 18 19 11 43
accuracy 3.3e-5 1.0e-5 3.8e-6 3.5e-6 4.5e-6 7.7e-6

1e-7 nonzero coef. 25 27 26 26 34 38
accuracy 3.3e-5 1.0e-5 2.4e-6 5.7e-7 7.6e-7 9.2e-7

1e-8 nonzero coef. 31 30 34 37 65 54
accuracy 3.3e-5 1.0e-5 2.6e-6 6.6e-7 1.9e-7 1.0e-7

1e-9 nonzero coef. 36 44 43 50 40 170
accuracy 3.3e-5 1.0e-5 2.6e-6 6.4e-7 1.6e-7 4.3e-8

Table 26
The boundary is perpendicular to the interface where the double layer is introduced. (The

influence of the double layer between boxes 1 and 2,3 is computed on the bottom boundary of box 4.)
Notation and parameters are the same as in Table 21.

Threshold Number of points 64 128 256 512 1024 2048
1e-5 nonzero coef. 23 24 15 18 19 10

per row 0.36 0.19 0.06 0.035 0.02 0.005
accuracy 3.5e-5 2.6e-5 7.7e-5 1.1e-4 4.7e-5 1.9e-4

1e-6 nonzero coef. 19 25 36 22 180 71
per row 0.30 0.20 0.14 0.04 0.18 0.03
accuracy 1.1e-5 6.6e-6 4.3e-6 6.4e-6 3.1e-5 3.4e-5

1e-7 nonzero coef. 35 41 50 106 68 46
per row 0.55 0.32 0.20 0.21 0.07 0.02
accuracy 9.0e-6 2.3e-6 5.9e-7 1.0e-6 1.1e-6 8.3e-7

1e-8 nonzero coef. 55 74 87 114 167 311
per row 0.86 0.58 0.34 0.22 0.16 0.15
accuracy 9.1e-6 2.3e-6 5.9e-7 2.1e-7 1.2e-7 8.3e-7

1e-9 nonzero coef. 100 113 167 160 268 306
per row 1.56 0.88 0.65 0.31 0.26 0.15
accuracy 9.1e-6 2.3e-6 5.7e-7 1.4e-7 4.8e-8 3.4e-8
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Fig. 13. The domain is divided into some subdomains of an arbitrary rectangular form with
different resolution. We compute the influence of the double layer introduced on the boundary
between boxes 1 and 2,3. The influence is evaluated at the left and top boundaries of box 4.

boundaries of box 4. It is expressed by the integral∫ 5

2

1.5

2.25 + (x− y)2
τ(x) dx,(5.1)

at the left boundary of box 4, and∫ 5

2

y − 3

(x− 2)2 + (y − 3)2
τ(x) dx,(5.2)

at the top boundary of box 4, where the density of the double layer was chosen as

τ(x) = exp
{
5(x− 3.2)2

}
+ exp

{
50(x− 2.7)2

}
+ x(x− 1).(5.3)

Table 27 presents the sparsity of matrices representing the kernels in the mul-
tiwavelet bases with four vanishing moments and the computation error for the left
boundary of box 4. Table 28 presents the same data for the top boundary. We note
that in the computations the intermediate results below a certain threshold were omit-
ted. The error is stipulated by the error of the middle point integration (∼ (1/n)2),
which is dominant for a small number of points n and the error of “threshold trunca-
tion,” which is dominant for large n and thresholds. (In the latter case the round-off
error also grows.) Therefore, for each n such a threshold exists for which the error is
minimal.
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Table 27
The boundary is parallel to the interface where the double layer is introduced. (The influence

of the double layer between boxes 1 and 2,3 is computed on the left boundary of box 4.) Notation and
parameters are the same as in Table 21, except for the density of the double layer which was chosen
as τ(x) = exp 5{(x − 3.2)2} + exp{50(x − 2.7)2} + x(x − 1). The number of points is equal on the
interface and the boundary where the effect is computed.

Threshold Number of points 64 128 256 512 1024 2048
1e-5 nonzero coef. 34 40 52 76 104 146

per row 0.53 0.31 0.20 0.15 0.10 0.07
accuracy 1.6e-4 1.2e-4 3.1e-4 8.8e-4 3.8e-3 4.4e-3

1e-6 nonzero coef. 68 98 129 104 158 227
per row 1.1 0.77 0.50 0.20 0.15 0.11
accuracy 1.4e-4 1.5e-4 2.1e-4 2.4e-4 2.2e-4 2.1e-4

1e-7 nonzero coef. 101 113 191 264 237 274
per row 1.57 0.88 0.75 0.52 0.23 0.13
accuracy 6.5e-5 1.7e-5 1.8e-5 2.7e-5 3.2e-5 3.4e-5

1e-8 nonzero coef. 200 243 275 414 717 784
per row 3.13 1.90 1.07 0.81 0.70 0.38
accuracy 6.5e-5 1.7e-5 4.5e-6 3.4e-6 3.6e-6 4.3e-6

1e-9 nonzero coef. 351 397 451 477 865 1881
per row 5.48 3.10 1.76 0.93 0.84 0.91
accuracy 6.5e-5 1.6e-5 4.2e-6 1.2e-6 7.0e-7 6.8e-7

Table 28
The boundary is perpendicular to the interface where the double layer is introduced. (The

influence of the double layer between boxes 1 and 2,3 is computed on the top boundary of box 4.)
Notation and parameters are the same as in Table 27.

Threshold Number of points 64 128 256 512 1024 2048
1e-5 nonzero coef. 43 52 67 88 84 120

per row 0.67 0.41 0.26 0.17 0.08 0.06
accuracy 1.1e-3 1.5e-3 1.6e-3 1.6e-3 2.0e-3 9.2e-3

1e-6 nonzero coef. 81 90 103 126 308 364
per row 1.27 0.70 0.40 0.25 0.30 0.18
accuracy 2.2e-4 2.1e-4 2.2e-4 2.3e-4 3.0e-4 3.3e-4

1e-7 nonzero coef. 146 151 223 282 351 557
per row 2.28 1.18 0.87 0.55 0.34 0.27
accuracy 6.4e-5 3.6e-5 2.8e-5 2.3e-4 2.7e-5 2.7e-5

1e-8 nonzero coef. 263 271 314 626 830 930
per row 4.11 2.12 1.22 1.22 0.81 0.45
accuracy 6.5e-5 1.7e-5 5.3e-6 2.5e-6 4.7e-6 6.9e-6

1e-9 nonzero coef. 447 511 561 685 1637 2292
per row 6.98 4.0 2.19 1.34 1.59 1.11
accuracy 6.4e-5 1.6e-5 4.1e-6 1.1e-6 4.4e-7 6.9e-7

6. Parallel implementation. The multiple domain algorithm was implemented
on MIMD parallel computers with minor modifications. We assume that the topology
of the domain and subdomains is described by Figure 4. Each domain is assigned to
a processor. In the parallel implementations the Dirichlet problem was solved in each
subdomain and single layers were introduced afterwards to match the first derivatives.
The parallel algorithm includes the following steps.

1. Preprocessing step.
Initially, the kernel matrices are downloaded into the memory of each proces-
sor. This step also contains obtaining sparse representation for these matrices
in multiwavelet bases.

2. Solution of the nonhomogeneous equation in each subdomain.
In each subdomain the RHS of the Poisson equation is defined and the smooth
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Processor 1 Processor 2 Processor 3 Processor L

Fig. 14. The domain is decomposed into L subdomains. Each domain is assigned to a cer-
tain processor. Double/single layers are introduced on the L − 1 interfaces. Adjacent processors
communicate to compute the values of the layers.

boundary conditions are determined. Then the particular solution of the
nonhomogeneous equation with the above boundary conditions is found in
each subdomain.

3. Computation and transmission of discontinuities.
In order to remove the discontinuities in the derivatives between the sub-
domains, the differences between the first derivatives on the boundaries are
found. This requires communication between adjacent processors only. Then,
each single layer density is represented in the multiwavelet basis. The mul-
tiwavelet coefficients are transmitted from each processor to each adjacent
processor in order to compute the influence of all the double layers on its
boundaries. In practice this is implemented as follows. Each processor com-
municates only with its neighbors: it obtains the information on the layer
from its left neighbor and passes the information to its right neighbor. After
L− 1 communication steps, all the processors have the complete information
on the layers. Only the sparse data structures that contain the coefficients
above the threshold are transmitted. Thus, the sparsity of the multiwavelet
coefficients vector reduces the amount of the communication.

4. Computation of final boundary conditions in subdomains.
To avoid the communication bottleneck at the last (global) step and reduce
the number of computations, the above algorithm can be improved in the
following way. Two last steps of the original (nonimproved) algorithm are
changed by this and the following ones. Each processor computes the influ-
ence of each double layer on the boundaries of the domain. The correction
at the global boundaries, which is necessary to satisfy the original boundary
conditions, is computed. Each processor then computes the corrections at its
own boundaries, as a consequence of the solution of the global Laplace equa-
tion with the corrected boundary conditions. We combine these boundary
condition corrections with the previously computed corrections due to the
matching step. The accumulation of all the above corrections determines the
final local boundary conditions.

5. Solution of the Laplace equations in subdomains.
The Laplace equation is solved in each subdomain with the boundary con-
ditions which were computed at the previous step. Combining the result
with the solution of the Poisson equation leads to a smooth global solution
satisfying the initial (global) boundary conditions.

The current parallel implementation assumes the geometry of Figure 14.

The rectangular domain is divided into L boxes in a line that correspond to
L processors. The algorithm was performed on the parallel SGI computer of type
Origin 2000 and IBM SP2. The parallel program differs from the serial one only by
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Table 29
Speed-up and efficiency for the parallel implementation of the solution of the Poisson equation

with the Dirichlet boundary conditions on IBM SP2 parallel computer; the domain decomposition
parallel program is compared to the multiple domain serial program.

Number of points Number of Time Time Speed-up Efficiency
in each domain processors Tser, sec Tpar,sec

128× 128 4 20.4 5.2 3.92 0.98
6 31.1 5.6 5.55 0.93
8 45.1 6.3 7.2 0.89

10 56.3 6.5 8.6 0.86
12 68.5 6.7 10.2 0.85
16 93.4 7.0 13.3 0.83

256× 256 4 77.2 19.4 3.98 0.99
6 143.1 24.3 5.9 0.98
8 192.8 26.1 7.4 0.92

10 247.5 26.9 9.2 0.92
12 302.2 27.0 11.2 0.93
16 396.4 27.1 14.6 0.91

Table 30
Speed-up and efficiency for the parallel implementation of the solution of the Poisson equations

with the Dirichlet boundary conditions on SGI parallel computer; the domain decomposition parallel
program is compared to the multiple domain serial program, each subdomain contains 256×256 grid
points.

The number of Time Tser, Time Tpar Speed-up Efficiency
processors L sec sec

4 16.2 4.5 3.6 0.9
6 26.9 5.1 5.3 0.88
8 35.7 5.3 6.7 0.84

10 47.8 5.7 8.4 0.84
12 58.3 6.0 9.7 0.81
16 84.7 6.6 12.8 0.80

the communication constructions from MPI.

Each processor communicates only with its neighbors: it obtains the information
on the layer from its left neighbor and passes the information to its right neighbor.
After L− 1 communication steps all the processors possess the complete information
on the layers. Note that this is not an efficient communication scheme for SP2 and
even one of the worst for the SGI computer which is a shared memory system. In the
future we plan to use the native collective communication like gather, scatter, etc.

Let Tpar be the total computation time for the parallel program. The most impor-
tant measures of performance for a parallel program are the speed-up and efficiency.
The speed-up S is defined as the ratio of the time, Tser, required to run the serial
program for a problem of a given size, to the time, Tpar, required for an equivalent
calculation on a parallel computer. The efficiency is equal to Tser/(TparL), where L
is the number of processors.

First, we investigate the parallel implementation of the multiple domain algorithm
on two computers: IBM SP2 and SGI Origin 2000. The speed-up is computed with
respect to the serial implementation of the same algorithm (see Tables 29, 30).

A question may be raised concerning the serial time used in the definition of speed-
up. Often the speed-up is computed using the best serial algorithm; therefore, we
should investigate the performance of the multiple domain algorithm when compared
to the single domain algorithm. The latter algorithm was described in [4] and uses the
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Table 31
The theoretical ratio of times required for the implementation of the serial programs for the

primary solution of the Poisson equation with and without domain decomposition Tsd/Tmd. Here N
is the number of grid points in subdomains in each direction; Nε is the number of extension points.

N Nε Number of subdomains L
4 6 8 12 16 24 50 100 103 105

128 64 0.68 0.65 0.64 0.63 0.63 0.64 0.66 0.68 0.78 0.99
256 128 0.67 0.64 0.63 0.62 0.62 0.63 0.64 0.66 0.75 0.93
1024 512 0.66 0.63 0.62 0.61 0.61 0.60 0.62 0.63 0.71 0.85
128 10 1.01 1.04 1.05 1.08 1.10 1.14 1.19 1.25 1.45 1.85
256 10 1.06 1.08 1.10 1.13 1.16 1.19 1.24 1.30 1.49 1.87
1024 10 1.08 1.11 1.13 1.16 1.18 1.20 1.26 1.30 1.47 1.79

first two steps of the multiple domain algorithm implemented in one global domain.
Consider the theoretical performance of the first step of the multiple domain

algorithm (solving the Poisson equation in all the subdomains as compared to its
solution in one global domain). For example, let the domain [0, L]× [0, 1] be divided
into L subdomains, N×N points in each, and let the extension beNε in each direction.
Then the solution of the Poisson equation in subdomains requires

O(L(N + 2Nε)
2 log(N + 2Nε)

operations, the solution of the Laplace equation in subdomains requiresO(LN2 logN),
the computation of the influence of layers—O(L2N logN), and the global solution of
the Laplace equation—O(LN2(logN + log(LN))). On the other hand, the primary
solution of the Poisson equation in the global domain requires

O((N + 2Nε)(NL+ 2Nε)(log(NL+ 2Nε) + log(N + 2Nε)))

operations. Let us compare the time Tmd above for the multiple domain algorithm
with the time Tsd for the same step in the single domain. This ratio is equal to

Tsd
Tmd

=
(NL+ 2Nε)(log(NL+ 2Nε) + log(N + 2Nε))

2L(N + 2Nε) log(N + 2Nε)
.(6.1)

In the case Nε = N/2 one gets

Tsd
Tmd

=
(L+ 1)(log(L+ 1) + 2 logN + 1)

4L(logN + 1)
.

Note that the number of points Nε = N/2 chosen for extension is excessive (see
Example 3). Table 31 presents the theoretical efficiency of the local Poisson step for
Nε = N/2, 10 and various values of L and N .

It is to be emphasized that the efficiency of the algorithm (see Table 31) can
exceed one. This means that the multiple domain algorithm becomes more efficient
than the global algorithm. This effect was employed in [9]. In our case the local
algorithm for the solution of the Poisson equation requires O(N2 logN) operations.
The logN factor does not scale in proportion to the area and is the cause of the
deterioration of the one domain case.

Now we investigate the efficiency of the multiple domain algorithm when the
number of extension points is 11 when compared to the single domain algorithm. The
measurements of the running times for two serial programs were implemented on an
SGI computer. The results are summarized in Table 32 and Figure 15.
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Table 32
The comparison of the running times for two serial programs: multiple domain and single

domain. The number of points in each subdomain is 128× 128, Nε = 11.

The number of Time Tmd for Time Tmd for
subdomains L single domain alg. multiple domain alg.

4 1.9 3.6
6 3.0 5.4
8 5.3 7.4

10 6.1 9.2
12 7.2 11.1
16 11.7 14.9
20 16.4 19.3
25 25.9 25.1
30 34.5 30.7
40 53.6 44.1
50 72.3 56.8
60 97.9 73.1
80 138.8 106.5

100 182.9 141.3
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Fig. 15. The comparison of the times necessary for the implementation of two serial programs
on SGI computer: with and without domain decomposition. The number of points in each subdomain
is 128× 128; the number of extension points is 11.

We can see from Table 32 that the domain decomposition algorithm is competitive
as the number of subdomains exceeds 25. This can be achieved either by the choice of
the parallel computer with more than 25 processors or by the additional decomposition
of the domains assigned to a certain processor.

It is to be emphasized that the information transmitted between the processors is
not more than O(N), while the number of grid points is O(N2). Thus the communi-
cation did not degrade the efficiency (see Tables 29 and 30) of the parallel algorithm
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in our implementation. However for large systems the communication and the com-
putation of the influences of the matching layers increases as L2 does (in a naive
implementation) and may affect the efficiency. On the other hand, we have investi-
gated in previous sections the compression effect of the multiwavelet representation.
It results in a reduction of the number of coefficients required for the computation
of the influence of the matching layers. Thus the growth of the effort required for
matching will be considerably reduced. In the present computer implementations this
effect was not utilized in view of the rather modest requirements of the task.

However the present implementation of the parallel does not employ a sparse
data structure. If we use the sparse data structure for computing effect of the layers,
the running time for this part of the algorithm will be considerably reduced. The
evaluation of this effect for double layers was given in the previous sections. For a
single layer, the results were presented in Table 4.

7. Summary and conclusions. We developed an algorithm for fast computa-
tion of the influence of the double/single layer on domain interfaces. This is a part
of a more general algorithm for the solution of elliptic equations in a domain which
is decomposed into subdomains. The computation of the influence of singularity lay-
ers is necessary in the matching step. The present algorithm enjoys the following
properties:

1. The algorithm is adaptive since the resolution in a subdomain depends on the
smoothness of the RHS. Moreover, the domain decomposition can be adaptive
as in [9].

2. The kernels of the integrals which represent singularity layers are sparse in
multiwavelet bases. The sparse matrix-vector multiplication reduces the num-
ber of operations to O(N), where N is the number of grid points on the in-
terface. In fact, the number of operations is even less if the density of the
double layer is smooth and both the double layer and the interface have a
simple geometry. The representation of functions in wavelet/multiwavelet
bases provides an automatic adaptation to its “problematic,” such as non-
smooth, oscillating points. The representation of the kernels of the integrals
in multiwavelet bases is done once during the preprocessing step. This is
possible since they depend only on the geometry of subdomains. These are
the reasons why the algorithm is fast.

3. The accuracy of the algorithm is preserved near the points where the dou-
ble layer intersects the interface due to the subtraction technique which was
applied. Here we used the fact that we know the analytic expression for the
kernel of the integral.

4. The algorithm can be evaluated in parallel. The parallelization is effective
since in the computational process only few coefficients, which are repre-
sentatives of layers densities, have to be transmitted between neighboring
processors.

The method can be extended to 3-D cases when a double layer is introduced on
the plane. This will become a step in the algorithm for fast solution of 3-D elliptic
equations using domain decomposition. The first step for a fast 3-D solution of the
equation in each subdomain is described in [8].

Appendix: Construction and properties of discrete multiwavelet bases.
Let S = {x1, x2, . . . , xn} ⊂ � be an increasing set of n distinct points (discretization).
For simplicity we assume n = k · 2l, where k and l are positive integers. The basis
constructed enjoys the following properties:
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1. All but k basis vectors have k vanishing moments.

A vector b = (b1, b2, . . . , bn) is said to have k vanishing moments if

n∑
i=1

bix
j
i = 0, j = 0, 1, . . . , k − 1.

2. The basis vectors are nonzero on different scales.

These properties of local support and vanishing moments lead to efficient represen-
tation of functions which are smooth except at a finite set of singularities. Besides, the
conditions of “local” support and zero moments determine the basis vectors uniquely
(up to the sign) if, out of the k vectors nonzero on x1, . . . , x2k, we require that one
has k vanishing moments, a second k + 1, a third has k + 1, and so on, and the kth
has 2k − 1 vanishing moments. When constructing such bases we define the 2k × 2k
moment matrices, for i = 1, . . . , n/(2k) by the formula

M1,i =



1 xsi+1 . . . x2k−1

si+1

1 xsi+2 . . . x2k−1
si+2

...
...

1 xsi+2 . . . x2k−1
si+2k


 ,

where si = (i − 1)2k. For a (2k × 2k)-matrix V , we let V U and V L denote two
k × 2k-matrices, V U consisting of the upper k rows and V L the lower k rows of V ,
i.e.,

V =

(
V U

V L

)
.

The first basis matrix U1 is given by the formula

U1 =




UL
1,1

UL
1,2

. . .

UL
1,n/(2k)

UU
1,1

UU
1,2

. . .

UU
1,n/(2k)




,

where the transposed UT
1,i is obtained by the column-by-column Gram–Schmidt or-

thogonalization of M1, i.

Further, the following basis matrices are constructed successively. The jth basis
matrix, j = 2, . . . , log2(n/k), is a product Uj . . . U1, with Uj defined by the formula

Uj =

(
In−n/2j−1

U ′
j

)
,
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where Im is the m×m identity matrix and U ′
j is given by the formula

Uj =




UL
j,1

UL
j,2

. . .

UL
j,n/(2jk)

UU
j,1

UU
j,2

. . .

UU
j,n/(2jk)




,

where UT
j,i is obtained by the orthogonalization of Mj,i, and

Mj,i =

(
UU
j−1,2i−1 Mj−1,2i−1

UU
j−1,2i Mj−1,2i

)
.

The final basis matrix U = Ul . . . U1, where l = log2(n/k), represents the multiwavelet
basis of parameter k on x1, . . . , xn.

It is apparent that the application of the matrix U to an arbitrary vector of length
n may be accomplished in order O(n) operations by the application of U1, . . . , Ul in
turn. Similarly, U−1 = UT may be applied to a vector in order O(n) operations. The
construction and application of discrete multiwavelets is described in detail in [2].

Acknowledgments. The authors are very grateful to Dr. L. Ioffe for her con-
tribution to the parallel implementation of the algorithm and to the referees for their
valuable remarks.
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Abstract. This paper presents several applications of (local) Fourier basis combined with
corrector techniques via the superposition principle to compute solutions of boundary value problems.
Our methodology is inspired by the well-known corrector technique used in asymptotic singular
perturbation theory—see, for example, [W. Eckhaus, Asymptotic Analysis of Singular Perturbations,
North-Holland, Amsterdam, 1979]. We build solvers for time dependent boundary value problems
and/or singular perturbation problems using Fourier expansions combined to additional convenient
set of time independent basis functions to enforce the boundary conditions. The algorithms are
very well suited for parallel computing because they rely mainly on FFTs and basis functions given
analytically or computed (in parallel) once and for all. Our method can be spectral accurate for simple
geometry. We obtain in addition interesting new results for boundary value problems with complex
geometry. We describe in this paper the implementation of the method and the numerical results for
many linear and nonlinear problems: our goal is to test the advantages and the limits of our approach
in order to motivate further theoretical investigations. Our method applied to steady one-dimensional
problems is similar to the work of Israeli, Vozovoi, and Averbuch [J. Sci. Comput., 8 (1993), pp.
135–149] on domain decomposition with local Fourier basis for the Helmotz problem. However our
methodology for time-dependent problem and/or two space dimensions geometry is rather different
in its spirit and complements previous investigations of Israeli, Vozovoi, and Averbuch.

Key words. Fourier expansion, superposition principle, singular perturbation, corrector tech-
nique, spectral method

AMS subject classifications. 65N06, 42A15, 41A05, 41A25
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1. Introduction. Let us consider the linear elliptic problem:

L[u] = f in Ω ⊂ R
n, B[u] = g on ∂Ω,(1)

with Ω such that Ω ⊂ [0 , 2π]n,

L[u] ≡
∑

i,j=1,...,n

ai,j(x)
∂2u

∂xi∂xj
+
∑
i

bi(x)
∂u

∂xi
+ c(x)u,

and all datas a, b, c, f, g in C∞(Ω). We suppose that (1) has a unique smooth
solution. Let us consider the following two problems:

L̄[v] = f̄ in [0 , 2π]n, v 2π periodic,(2)

and

L[w] = 0 in Ω ⊂ R
n, B[w] = g −B[v] on ∂Ω.(3)

In (2), L̄ denotes the operator

L̄[v] ≡
∑

i,j=1,...,n

āi,j(x)
∂2v

∂xi∂xj
+
∑
i

b̄i(x)
∂v

∂xi
+ c̄(x)v
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and f̄ (resp., ā, b̄, c̄) is a smooth periodic extension of f (resp., a, b, c), i.e., f̄ 2π
periodic with respect to each variable and f̄ ≡ f in Ω. Then clearly the superposition
principle gives

u ≡ v + w in Ω.

From the numerical point of view, the decomposition (2)–(3) of (1) seems to
be rather useless at first sight since it increases the complexity of the computation.
However, it might be the best way to approximate numerically the solution of (1) for
the following reasons:

1. One has to compute (1) for many right-hand sides (rhs) f, and w solution of
(3) can be approximated using a set of basis functions wk computed once and
for all.

2. (1) and (3) have solutions with essentially different behaviors, and therefore
one wants to use different discretizations and/or possibly different schemes
to compute v and w. A special case corresponds to problems in which w is
obtained analytically.

3. ∂Ω has some complex geometrical structure, w is stiff and vanishes exponen-
tially inside Ω: in such case one wants to approximate w on a local stretched
coordinate system.

4. In order to obtain a parallel algorithm, we replace (1) with an equivalent
domain decomposition formulation as follows. Let

⋃
i=1,...,N Ωi be a nonover-

lapping domain decomposition of Ω:

L[ui] = f in Ωi, B[ui] = g on ∂Ω
⋂

Ωi, i = 1, . . . , N,(4)

ui = uj on ∂Ωi
⋂

∂Ωj , i, j = 1, . . . , N, i �= j,(5)

∂

∂n
ui =

∂

∂n
uj on ∂Ωi

⋂
∂Ωj , i, j = 1, . . . , N, i �= j.(6)

The analogue of the decomposition (2) + (3) for each subproblem (4), (5),
and (6) is written:

L̄[vi] = f̄i in [0 , 2π]n, v 2π periodic,(7)

and

L[wi] = 0 in Ωi, B[wi] = g −B[vi] on ∂Ω
⋂

Ωi, i = 1, . . . , N,(8)

vi + wi = vj + wj on ∂Ωi
⋂

Ωj , i, j = 1, . . . , N, i �= j,

∂

∂n
(vi + wi) =

∂

∂n
(vj + wj) on ∂Ωi

⋂
Ωj , i, j = 1, . . . , N, i �= j.

Each problem of type (7) can be solved in parallel. To be more precise, each
subdomain Ωi is mapped into a subset of [0 , 2π]n in order to increase the
efficiency of the parallel computation. So (7) is in fact obtained after an
appropriate rescaling and shifting of the subdomain Ωi. Further, we observe
that the problems of type (8) are weakly coupled when the terms wi have a
fast decay property in space. We refer to the pioneer work of Israeli, Vozovoi,
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and Averbuch in [15], [16], [5] and Vozovoi, Israeli, and Averbuch in [25] that
makes intensive use of this approach. Our recent work in [10], [12] gives
an example of the good parallel efficiency of this method for combustion
problems.

Classical examples that fall in one of the above categories are:
• Computation of evolution problems.
Let us consider formally the time-dependent PDE

∂u

∂t
= ∆u+ F (u) in Ω

with some appropriate initial and boundary conditions. A semi-implicit Euler
scheme is written

un+1 − un

dt
= ∆un+1 + F (un).

So one has to solve for each time step:

−dt ∆un+1 + un+1 = un + dtF (un).

Then the arguments (1) and (4) of the previous list may apply to this time-
dependent problem.
• Computation of singular perturbation problems.
Let us consider formally the following abstract linear singular perturbation
problem:

εA[u] + B[u] = f in Ω, u = g on ∂Ω.

It is well known that such problems may have boundary layers when a solution
of the formal limit problem

B[u] = f in Ω

cannot satisfy the Dirichlet boundary condition u = g on ∂Ω. In the mean-
time solutions of (2) may have no boundary layer. So the decomposition
(2) and (3) of problem (1) can be viewed as a numerical application of the
so-called corrector technique well known in singular perturbation theory [3],
[18]. Then the arguments (2) and (3) of the previous list may apply to this
singular perturbation problem.

The goal of this paper is to give some examples of the use of the superposition principle
combined to (local) Fourier expansions in numerical schemes for time dependent prob-
lems as well as singular perturbation problems. The implementation of the method
used well-separated modules: one for FFT to approximate solution of (2), one to
build appropriate periodic extensions of rhs of the equations and coefficients of the
operators, one to approximate the corrector, solution of (3). To be valuable, the cost
of the computation in CPU time should be dominated by the cost of FFT. We will
refer then to this method as the modulefou method. We are mainly interested to find
out how good this method is from the numerical point of view. The benefit of the
method for parallel computing is discussed in [10], [11], [12]. So we have looked for
test cases for which the method works as well as test cases for which the method
does not work. Our conclusion is that the numerical efficiency of the method might
be worthwhile in many situations. In recent works, we have been able to obtain a
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high-order accurate code to simulate a nontrivial two-dimensional (2D) combustion
problem that works for periodic as well nonperiodic boundary conditions with the
same data structure thanks to the modulefou method [8]. The applications that we
consider in this paper are less specific and we hope that this preliminary study will
serve as a motivation for further theoretical investigations. The plan of the paper is
as follows; In section 2, we illustrate the method with the Poisson problem on a disk.
In section 3, we give a rigorous presentation of the method in one space dimension.
In section 4, we give some examples of applications to time-dependent problem as
well as time-dependent singular perturbation problems in one space dimension. We
give in particular some details on the implementation of modulefou on time-dependent
schemes that are critical in order to avoid some Gibbs phenomenon. In section 5 we
apply the modulefou method to a two space dimension classical singular perturbation
problems on a domain with a smooth boundary. We then consider different extensions
of the method to time-dependent problems.

2. Poisson problem on a disk. We consider the Poisson problem on a disk
B(0, R) of radius R < L

2 and center O = (L2 ,
L
2 ) included in(O,L)2

∆u = f in B(O,R) ⊂ (−π, π)2, u = g on ∂Ω.(9)

A classical numerical approach is to write this problem in polar coordinates (ρ, θ).
Then one look for the approximate solution of (9) as

uN,M =
∑

l=−N,N

∑
k=0,M

ak,lTk(ρ) exp(i l θ),

with Tk Chebyshev polynomial of degree k. However, this method has two disad-
vantages: first the grid points are needlessly concentrated at the origin, second the
pseudospectral approximation of the corresponding operator in radial direction,

∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

l2

ρ2
Id,

with Dirichlet boundary condition in ρ = R and homogeneous Neuman boundary
condition in ρ = 0, has a condition number that grows very fast with the degree M of
the Chebyshev polynomial. Matlab, for example, gives an estimation of the condition
number of order 106 for M = 20 and l = 1; of order 109 for M = 100 and l = 1.

On the contrary, it is extremely easy to compute with Fourier an accurate ap-
proximation vN of a solution of the problem

∆v = f̄ in (O,L)2,(10)

as long as f̄ is a smooth periodic given function of (O,L)2. We choose, for example,

vN (x, y) =
∑

l1,l2=−N,N, l1 �=0, l2 �=0

− L2

4 π2

f̂l1,l2
l21 + l22

exp

(
i
2 π

L
(l1 x + l2 y) +

1

4
f̂0,0 (x

2 + y2)

)
,

when

f̄N (x, y) =
∑

l1,l2=−N,N
f̂l1,l2 exp

(
i
2 π

L
(l1 x + l2 y)

)
.
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Let

hN (θ) =
∑

q=−N,N
ĥq exp(i q θ)

be a discrete Fourier approximation of g − vN on ∂B(O,R). The solution of the
homogeneous problem

∆w = 0 in B(O,R), w = hN on ∂B(O,R)(11)

is then given explicitly by the formula

wN (ρ, θ) =
∑

q=−N,N
ĥq ρ

|q| exp(i q θ).

The modulefou method to compute approximation of (9) then follows these three
steps:

1. Construct a smooth periodic extension of f on (O,L)2.
2. Compute vN via FFTs.
3. Add corrector wN .

The sensitive part of this algorithm is the numerical construction of f̄ . We proceed as
follows: we assume for simplicity that f is in C∞(B(O,R)). Let (xl1 , yl2)l1,l2=0,2N−1

be the uniform grid of (O,L)2 used in Fourier approximation. Let d be positive so
that R + d < L

2 . For every grid point of polar coordinates (ρ, θ) located in the ring
B(0, (R,R+ d)) bounded by the circles of radius R and R+ d centered at the origin
O, we compute the value of the polynomial of Hermite interpolation Pθ(ρ) ∈ P

2n+1

that satisfies

∂jPθ
∂ρj

(R) =
∂jf

∂ρj
(R, θ), j = 0, . . . , n,(12)

∂jPθ
∂ρj

(R+ d) = 0, j = 0, . . . , n.

We then let f̄ ≡ f in B(0, R), f̄ ≡ Pθ in B(0, (R,R+ d)), and f̄ ≡ 0 elsewhere.

We have implemented this method and forced the rhs of the Poisson equation to be
such that the formula of some exact infinitely smooth solution is given in B(O,R). In
addition, since f is known only inside B(O,R), we approximate the normal derivatives
of f in (12) with one-side finite differences. Thanks to the coding of Boulin, we have
tested the accuracy of our method on many different solutions. Table 1 that follows
gives a representative example of the accuracy of our method. In this example, the
exact solution is

u(x, y) = 20 (x6 + y5) exp(−(log(6) (x2 + y2)), R = 1,

and the error is given in maximum norm. Nevertheless the space step in radial di-
rection used to obtain numerical approximation of normal derivatives of f = ∆u at
∂B(0, R) is 10−3.
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Table 1
Error with modulefou for the Poisson problem on the disk.

N n = 0 n = 2 n = 4 n = 6

8 2.5 10−2 1.5 10−3 8.3 10−4 2.6 10−3

16 2.7 10−3 2.3 10−5 8.6 10−6 3.8 10−5

24 3.6 10−4 2.2 10−6 8.5 10−7 1.2 10−5

32 2.7 10−4 5.6 10−7 4. 10−7 4.4 10−6

64 2.4 10−5 2.7 10−8 4.4 10−8 1. 10−6

This first set of experiments demonstrates that the modulefou method is worth-
while at least with circular domains.

3. Theoretical basis of the method in one space dimension. In this sec-
tion we are going to estimate the accuracy of the modulefou method on the two-point
boundary value problem

−u′′ + λu = f in I = [0, L], u(0) = 0, u(L) = 0(13)

with λ a positive real number and f an arbitrary smooth function, i.e., f is not neces-
sarily periodic on I and f ∈ C∞(I). We introduce then the following decomposition

−v′′ + λv = f̄ in J = [0, L+ d], v (L+ d) periodic,(14)

and

−w′′ + λw = 0 in I = [0, L], w(0) = −v(0), w(L) = −v(L).(15)

The extension f̄ of f is built in such a way that

f̄(x) = f(x), x ∈ I,

f̄(x) = P (x), P ∈ P
2n+1, x ∈ J \ I,

f̄ (L+ d) periodic, f̄ ∈ Cn(R),

where P
2n+1 is the set of polynomial of degree 2n+1. Let vN be the discrete Fourier

approximation of solution v of (14). Let uN be vN + wN , where wN is the exact
solution of

−w′′ + λw = 0 in I = [0, L], w(0) = −vN (0), w(L) = −vN (L).(16)

We are going to estimate ||u − uN ||∞,I , the error in maximum norm on the interval
I. A classical Fourier estimate is [14]

||v − vN ||∞,J ≤ Ct
|v|q
Nq

{
meas(J )

2π

}q
,

with Ct a positive real number independent of N , |v|q = ||v(q)||∞,J , meas(J ) = L+d,
and v(q) the qieme derivatives of v.

It is easy to obtain from (14) the estimate

|v|q ≤ Ct||f̄ ||q−2,
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where Ct is a positive number independent of q and ||f̄ ||i =
∑
j=0,i |f̄ |j . However, the

key point is to obtain an estimate of the error ||v − vN ||∞,J as a function of some
norm of f on I only. We have

|f̄ |j,J ≤ (|f |j,I + 2 ||f̄ ||Hj+1(J\I)),

and consequently

||v − vN ||∞,J ≤ Ct

Nq

{
meas(J )

2π

}q
(|f |q−2,I + ||f̄ ||Hq−1(J\I)).

Let {h0
i , h

1
i , i = 0..n} be the set of basis functions of P

2n+1 used in Hermite interpo-
lation such that

f̄|J \I =
∑

i=0,...,n

f (i)(L)h0
i (x) + f (i)(0)h1

i (x).

We have for q ≤ n+ 2,

||f̄ ||Hq−1(J\I) ≤
∑

i=0,...,n

(|f (i)(L)|+ |f (i)(0)|)||h0
i ||Hq−1(J\I))

and

||h0
i ||2Hq−1(J\I) = ||h1

i ||2Hq−1(J\I)) =
∑

l=0,...,q−1

d2i+1−2l Cil,n,

where

Cil,n =

∫ 1

0

(
∂lgi
∂ξl

(ξ)

)2

dξ

and gi ∈ P
2n+1(0, 1) such that

∂lgi
∂ξl

(0) = δil ,
∂lgi
∂ξl

(1) = 0, i, l = 0, . . . , n.

Since the corrector wN solution of (16) is given analytically as a function of the trace
vN,|∂I ,

||u− uN ||∞,I ≤ 2 ||v − vN ||∞,J .

We have then finally for q ≤ n+ 2,

(17)

||u− uN ||∞,I ≤ Ct

Nq

{
L+ d

2π

}q|f |q−2,I +


 ∑
i=0,...,n

(|f (i)(L)|+ |f (i)(0)|)2Gni (d)



1
2


,

with

Gni (d) =


 ∑
l=0,...,q−1

d2i+1−2l Cil,n


 .
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Fig. 1. Estimate of the error in maximum norm with L = 1.6 π, d = 0.25.

The method modulefou is consequently of order n+ 2 if f̄ is in Cn(R). In addition a
direct computation of

H(l, d) =

{
L+ d

2π

}q ∑
i=0,...,n

(Gni (d))




1
2

with Maple shows that this quantity is relatively unsensitive to the measure of the
extension d for large N ; see Figures 1 and 2. We have implemented the method
modulefou on problem (13) with f(x) = sin(x). In each run, L+ d and L are chosen
so that f is not a smooth L-periodic function and f̄ is not the sine function on
the extension of the domain. The numerical error in maximum norm that we have
obtained then is compatible with our estimate; see Figures 3 and 4.

4. Applications in one space dimension.

4.1. Singular perturbation problems. Let us consider the following elemen-
tary singular perturbation problems:

L2,0[u] = −εu′′ + γ(x)u = f(x), x ∈ (0, L), u(0) = α, u(L) = β(18)

and

L2,1[u] = −εu′′ + γ(x)u′ = f(x), x ∈ (0, L), u(0) = α, u(L) = β.(19)

Both problems exhibit boundary layers and possibly turning points.
We recall that by using domain decomposition, we could divide the domain into

subdomains so that there is no layer inside the subdomains. Consequently we restrict
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Fig. 3. Numerical error in maximum norm with L = 1.6 π, d = 0.25.
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Fig. 4. Numerical error in maximum norm with L = 1.6 π, d = 1.

ourselves to the case of boundary layers possibly at both ends of the interval. Let us
consider the problems (18) or (19) with periodic boundary conditions

L̄2,k[v] = f̄(x), x ∈ (0, L+ d), v (L+ d) periodic,(20)

with f̄ (resp., γ̄) a smooth (L + d) periodic extension of f (resp., γ) in Cn(R). We
observe that the solutions of (20) have no boundary layer. Although the solution of
(20) with k = 1 is defined up to a constant, the computation of the solution is easy
by Fourier approximation. The solution of the corrector problem

L2,k[w] = 0, x ∈ (0, L), w(0) = α− v(0), w(L) = β − v(L)(21)

belongs to a 2D vector space spanned by (w1,w2) the solutions of

L2,k[w1] = 0, x ∈ (0, L), w1(0) = 1, w1(L) = 0(22)

and

L2,k[w2] = 0, x ∈ (0, L), w2(0) = 0, w2(L) = 1.(23)

The set of basis functions w1,w2 can be computed numerically with a specially-
designed scheme to approximate boundary layers functions on refined grids or sym-
bolically with, for example, Maple. We have implemented the modulefou method for
the basic problems (18) and (19) with constant coefficients. We can estimate the
error as in section 2: we obtain easily an estimate similar to (17) except that the rhs
has a factor ε−1 because of the definition of the operator L2,k. The direct numerical
simulation confirms this result; see Figures 5 and 6 corresponding to the constant
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Fig. 5. Error in maximum norm with k = 0, f ≡ sin(x), L = 1.6 π, d = 1, and ε = 0.1.
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Fig. 6. Error in maximum norm with k = 0, f ≡ sin(x), L = 1.6 π, d = 1, and ε = 0.01.
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coefficient γ = 1 case. In particular, we do not have any Gibbs phenomenon. One
interesting feature of the numerical results of Figure 6 is that the accuracy is better
than expected for small N . The reason for that is that the error is computed at the
grid point and that there is no grid point in the layer for small N .

4.2. Heat equation. Let us consider the heat problem:

∂u

∂t
− ∂2u

∂x2
= f, x ∈ (0, 1), t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ (0, 1),

u(0, t) = g(t), u(1, t) = h(t), t ∈ (0, T ).

We consider the following semidiscrete second-order (resp., second- and third-order)
scheme in time:

un − un−1

dt
=

1

2
(unxx + fn) +

1

2
(un−1
xx + fn−1),(24)

respectively,

3
2u

n − 2un−1 + 1
2u

n−2

dt
− unxx = fn,(25)

respectively,

11
6 u

n − 3un−1 + 3
2u

n−2 − 1
3u

n−3

dt
− unxx = fn.(26)

uxx denotes the second-order derivative with respect to the space variable x. Equa-
tion (24) is the Crank–Nicolson scheme, and (25), (26) are multilevel time-step schemes.
These three schemes are unconditionally stable when uxx is approximated by second-
order centered finite difference formulas. For each time step tn, we have to solve the
two point boundary value problems:

−dt
2

unxx + un = rhsn−1
1 , un(0, tn) = g(tn), un(1, tn) = h(tn),

respectively,

−dt unxx +
3

2
un = rhsn−1

2 , un(0, tn) = g(tn), un(1, tn) = h(tn),

respectively,

−dt unxx +
11

6
un = rhsn−1

3 , un(0, tn) = g(tn), un(1, tn) = h(tn),

with

rhsn−1
1 = un−1 +

dt

2
(un−1
xx + fn−1 + fn),

respectively,

rhsn−1
2 = 2un−1 − 1

2
un−2 + dt fn−1,
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respectively,

rhsn−1
3 = 3un−1 − 3

2
un−2 +

1

3
un−3 + dt fn−1.

The application of modulefou raises three questions: First, the accuracy of modulefou
to solve the singular perturbation problem has been demonstrated in section 3.1, but
the stability of the corresponding time-dependent scheme is not obvious. Second,
rhsn1 in the Crank–Nicolson scheme contains a second-order derivative in space that
needs to be computed numerically. Third, how do we extend the rhs rhsn defined on
(0,1) into a smooth periodic function ¯rhs

n
of period (1+d) on the interval (0, 1+d),

where d is the size of the extension, since rhsn is known only numerically at the grid
points (xi)i=1,...,N of (0,1)?

The second question is the easiest to answer. We have investigated two possibil-
ities: let vn (resp., wn) be the periodic solution on the extended domain, (resp., the
corrector) at time step tn. We can use the splitting unxx = vnxx + wnxx, where unxx is
computed with Fourier expansion and wnxx is given analytically as a function of wn.
Another solution is to derive unxx from the equation of the scheme itself at previous
time steps, i.e.,

un−1
xx =

2

dt
(un−1 − rhsn−2

1 )

in order to avoid the use of differentiation in the construction of the rhs.
The third question is solved in the following way.
Let ¯rhs

n ≡ rhsn on (0, 1); we interpolate numerically ¯rhs
n
on (1, 1 + d), so that

¯rhs
n
(1) = rhsn(1), ¯rhs

n
(1 + d) = rhsn(0),(27)

and

∂j ¯rhs
n

∂xj
(1) =

∂jrhsn

∂xj
(1) + O(hk), j = 1, . . . , q,(28)

∂j ¯rhs
n

∂xj
(1 + d) =

∂jrhsn

∂xj
(0) + O(hk), j = 1, . . . , q.(29)

We proceed by Hermite interpolation based on one side k-order finite difference
approximations of the derivatives of rhsn at the end of the interval of computation
(0, 1) using only discrete values of rhsn at the grid points inside (0, 1).

Finally we have investigated the question of stability of the resulting time-depen-
dent scheme with several numerical experiments. More precisely, we have implemented
these three schemes with the modulefou technique and compared the accuracy of
the solution to finite difference implementations with centered second-order finite
differences in space. In our comparisons, we use the same space step for all methods.

We define f, uo, g, h in the heat equation problem such that u(x, t) = sin(t) cos(x)
is the exact solution. The Hermite interpolation of ¯rhs

n
defined in (27)–(29) satisfies

k = q = 2; we observe that f̄ in the numerical scheme is not close to the periodic
function f in (1, 1 + d).

Figure 7 gives the error in maximum norm for t ≤ π
2 . In each plot, the curves

with a “+” (resp., “o”) correspond to second-order finite differences in space (resp.,
modulefou). The flat part of curves corresponds to the interval of time step where the
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Fig. 7. Numerical error in maximum norm for the heat equation problem.

accuracy is limited by the spatial discretization. This numerical experiment shows a
real advantage of modulefou compared to the classical second-order finite difference in
space. In our experiments, the Crank–Nicolson scheme is slightly less accurate than
the second-order scheme (25) for both types of space discretizations. The third-order
scheme (26) gives effectively the best accuracy with respect to the time step. Although
we had not observed any stability problem with modulefou even for very large time
step, it is interesting to notice that the accuracy of the modulefou method for a fixed
number of modes may deteriorate when the time step becomes too small. As a matter
of fact, the operator −dtuxx + u does correspond to a singular perturbation problem
similar to (18), and we have seen in section 3.1 that the accuracy in space with Fourier
approximation deteriorates when the small perturbation parameter goes to zero.

4.3. Wave equation. We have seen that the modulefou method works quite
well with the heat operator. However, the stability of the numerical method might be
a consequence of the very nice smoothing properties of the heat operator. This should
not be the case with the wave operator that we do consider now. Let us consider the
wave problem

∂2u

∂t2
− c2

∂2u

∂x2
= f, x ∈ (0, 1), t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ (0, 1),

∂u

∂t
(x, 0) = u1(x), x ∈ (0, 1),
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u(0, t) = g(t), u(1, t) = h(t), t ∈ (0, T ).

We consider the following semidiscrete second-order scheme in time:

un+1 − 2un + un−1

dt2
=

c2

2
un+1
xx +

c2

2
un−1
xx + fn.(30)

uxx is the notation for the second-order derivative with respect to the space variable
x. The procedure to implement modulefou for this scheme is entirely analogous to the
procedure used for the heat equation problem. We solve for each time step tn+1 the
two point boundary value problems:

−dt
2c2

2
unxx + un = rhsn−1

2 , un(0, tn) = g(tn), un(1, tn) = h(tn),

with

rhsn2 = c2
dt2

2
un−1
xx + dt2fn + 2un − un−1.

unxx in the rhs can be either derived from the scheme at previous time step as follows

un−1
xx =

2

c2dt2
(un−1 − rhsn−2

2 ),

or computed using the splitting un = vn+wn. We notice that (30) is unconditionally
stable when we use a second-order finite difference in space. We have compared in
our numerical experiments the modulefou technique with this finite difference version
for several test cases. With a second-order Hermite interpolation, we found a better
accuracy with modulefou. The following tables give the error in maximum norm when
the exact solution of the wave problem is u(x, t) = sin(2 π p (x − x0)) cos(2 π p t)
with the wave number p = 3, the size of the extension d = 0.2, and the interval of
time (0, π). We restrict ourselves to use the same number 2 M of discretization points
for each method.

Error with second-order finite differences.

Time step M = 8 M = 16 M = 32 M = 64
0.05 1.12 0.27 0.12 0.076
0.01 1.05 0.21 0.054 0.015
0.005 1.05 0.21 0.052 0.013
0.001 1.05 0.21 0.052 0.012
0.0005 1.05 0.21 0.052 0.012

Error with modulefou.
Time step M = 8 M = 16 M = 32 M = 64
0.05 0.387 0.078 0.067 0.064
0.01 0.322 0.024 0.005 0.0028
0.005 0.320 0.023 0.003 0.0009
0.001 0.320 0.023 0.003 0.0003
0.0005 0.320 0.023 0.003 0.0003

In addition, we found no stability constraint on the time step even for large time
steps. Figure 8 gives the typical evolution in time of the error for both methods. The
thicker line corresponds to modulefou.
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Fig. 8. Numerical error in maximum norm for the wave equation problem.

4.4. Hyperbolic-hyperbolic singular perturbation. Let us consider the fol-
lowing hyperbolic-hyperbolic singular perturbation problem:

ε

(
∂2u

∂t2
− c2

∂2u

∂x2

)
+

(
∂u

∂t
+ b

∂u

∂x

)
= f, x ∈ (0, 1), t ∈ (0, T ),

u(x, 0) = u0(x), x ∈ (0, 1),

∂u

∂t
(x, 0) = u1(x), x ∈ (0, 1),

u(0, t) = g(t), u(1, t) = h(t), t ∈ (0, T ).

This model problem describes the propagation of waves with wave hierarchies [26]
and occurs in many physical problems [24], [2]. We assume for simplicity that b and
c are positive constants. We assume that the operator is time-like, i.e.,

−|c| < b < |c|.

The formal limit of this singular perturbation problem when ε→ 0 is written

∂u0

∂t
+ b

∂u0

∂x
= f, x ∈ (0, 1), t ∈ (0, T ),



APPLICATION OF LOCAL FOURIER BASIS 1103

u0(x, 0) = u0(x), x ∈ (0, 1),

∂u0(x, 0)

∂t
= u1(x), x ∈ (0, 1),

u0(0, t) = g(t), u0(1, t) = h(t), t ∈ (0, T ).

Both initial conditions cannot be satisfied at the same time, and u exhibits an initial
layer of ε thickness in time. Both boundary conditions cannot be satisfied as well,
and u exhibits a boundary layer of ε thickness in space, at one end of the interval
depending on the sign of the convection factor b. At first order, for b positive and for
time of order one, u is approximated outside the initial layer in time and boundary
layer in the neighborhood of 1 by

∂u0

∂t
+ b

∂u0

∂x
= f, x ∈ (0, 1), t ∈ (0, T ),

u0(x, 0) = u0(x), x ∈ (0, 1),

u0(0, t) = g(t).

In addition, there are some other singular perturbation effects for large time, if the
domain is large in space variable or unbounded: the second-order hyperbolic pertur-
bation has then a diffusive effect. We refer to [4], [13] for the detailed analysis of
the singular perturbation problem. We have tested the modulefou approach on this
nontrivial singular perturbation problem with the following second-order scheme in
time:

ε

[
un+1 − 2un + un−1

dt2
− c2

2
(un+1
xx + un−1

xx )

]
+

un+1 − un−1

2dt

+
b

2
(un+1
x + un−1

x ) = 0.(31)

A Fourier analysis shows that this time-dependent scheme combined with second-order
finite differences in space for second-order spatial derivative and one side appropriate
first-order derivative for the convective term is stable for our test case. The implemen-
tation of the modulefou technique is straightforward. In particular all derivatives that
have to be computed in the rhs of (31) use the splitting un+1 = vn+1 + wn+1 at pre-
vious time steps. vn+1 is the solution of the periodic solution of the nonhomogeneous
problem on an extension of the domain, wn+1 is the corrector.

We can make few observations:
• If one is not interested in having an accurate representation of the solution in
the initial layer, it is convenient to start the computation with a scheme that
is unconditionally stable. As a matter of fact, the effect of the initial layer
decreases asymptotically as exp(− t

ε ).• The corrector wn+1 in the modulefou schemes does not capture the phe-
nomenon of boundary layer because the rhs in the time-dependent scheme
for the periodic problem is stiff. With no filtering, we need experimentally at
least two grid points in the layer to avoid spurious oscillations. Otherwise,
the scheme becomes numerically unstable.
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Fig. 9. Variation in time of the amplitude of the wave for ε = 0.05.

Let us consider the following test case:

f ≡ 0, u0(x) = exp

(
−5
(
x− 1

2

)2
)
, u1 ≡ 0, g ≡ 0, h ≡ 0, b = 0.5, c = 1, ε = 0.05.

Our numerical experiment shows that the modulefou method can give inaccurate solu-
tions when the space step in the layer is not small enough compared to the thickness of
the layer. Figure 9 shows the evolution of the numerical value of log10(maxx∈(0,1)u(x, t))
as a function of the space step for various discretization parameters in space and time.
We observe an artificial wave that goes back and forth in time into the interval (0, 1):
this signal is damped every time it hits the right boundary x = 1. The height of the
second step strongly depends on the number of modes as well as the time step; it is
also a lower bound on the numerical accuracy of the method. Our validation of this
result has included comparison with second-order finite differences solutions as well
as piecewise Chebyshev polynomials for which this phenomenon does not occur.

4.5. Burgers’s equation and other nonlinear examples. Let us consider
the initial boundary value problem with the Burgers equation

∂u

∂t
= ε

∂2u

∂x2
+ u

∂u

∂x
, x ∈ (−1, 1), t ∈ (0, T ),(32)

u(x, 0) = u0(x), x ∈ (0, 1);u(−1, t) = g(t), u(1, t) = h(t), t ∈ (0, T ).(33)

This simple model problem has a number of interesting properties that can make the
numerical computation rather challenging [19], [20]. Let us illustrate these difficulties
with some examples.

We suppose that we have balanced boundary conditions with g(t) ≡ 1 and h(t) ≡
−1; we assume also that u0 is linear and continuous on (−1, 1) and satisfies the symetry
u0(−x) = u0(x). Then the solution u(x, t) has the symmetry property u(x, t) =
−u(−x, t) for all time. After some evolution of the solution during a period of time
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of order one, u(x, t) will be exponentially close to the steady state solution [19]:

u(x,∞) = δ(ε)tanh

(
δ(ε)

2ε
x

)
,

with δ solution of the transcendental equation

δ = 1 + (δ + 1)exp

(−δ
ε

)
.

Asymptotically we have

δ(ε) = 1 + 2exp

(
−1
ε

)
− 2

ε
(2− ε)exp

(
−2
ε

)
+O

(
exp

(
−3
ε

))
.

u(x, t) is then stiff with a so-called shock layer of order ε thickness. This shock layer is
formed at some time t0 depending on the initial condition [21]. The fast variation of
the solution in the shock layer is the first type of difficulty that the numerical method
should overcome.

A second difficulty that should not be ignored in numerical tests with problem
(32) is that the solution is supersensitive to boundary conditions.

As a matter of fact, let us change slightly the boundary conditions with, for
example,

g(t) ≡ 1 + 2 exp

(−b
ε

)
.

Then the steady state changes dramatically, more precisely [19],

u(x,∞) ∼ tanh

(
x− 1 + b

2ε

)
.

This phenomenon is not limited to the steady solution; let us consider, for ex-
ample, the balanced boundary conditions case defined above but with a new initial
condition that is

u0(x) = tanh

(
x− x0

2ε

)
.

Then u(x, t) will stay asymptotically close to the travelling wave u0(x
∗(t)) with d

dt (x
∗)

exponentially small. In particular, the zero of u(x, t) will move exponentially slowly
in time.

We have implemented the modulefou method to compute the solution of the initial
boundary value problem (32) written in conservative form in a straightforward way
with the Euler semi-implicit scheme

un − un−1

dt
= ε

∂2un

∂x2
+

1

2

∂(un−1)2

∂x
.

The problem is splitted at each iteration into a nonhomogeneous problem with periodic
boundary conditions

−ε dt∂
2vn

∂x2
+ vn = ¯rhs

n−1
, x ∈ (0, 2π),
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with

rhsn−1 = un−1 +
dt

2

∂(un−1)2

∂x

and a homogeneous problem for the corrector with Dirichlet boundary conditions

−ε dt∂
2wn

∂x2
+ wn = 0, w(−1) = g(tn)− vn(−1), w(1) = h(tn)− vn(1).

We first observe that rhsn is stiff as soon as a shock is formed. So the solution vn of
the periodic problem is somewhat stiff as well. The results of section 3.1 in terms of
accuracy therefore do not apply. We observe in addition that the layer for the corrector
problem has a thickness of order

√
εdt, but the thickness of the shock layer is of order

ε. In conclusion we cannot expect any smoothing process from modulefou since we
do not approach the real corrector of Burgers’s equation with this straightforward
implementation.

In addition, in order to approximate ∂(un−1)2

∂x , we first extend the flux into a
periodic function and then apply Fourier differentiation. This process somehow de-
teriorates the accuracy of the scheme. An alternative approach is to implement a

nonconservative scheme with modulefou and decompose ∂un−1

∂x into ∂vn−1

∂x + ∂wn−1

∂x ,
where the first term is computed via Fourier expansion and the second term is de-
rived analytically from the representation of wn−1. However, our experiment with a
nonconservative scheme did not give good numerical accuracy.

We have summarized in the following tables our comparison of our implementation
of modulefou with a classic second-order finite difference scheme. Since we want
to investigate the spatial accuracy of our discretization and its stability, we have
computed the steady solution of the symetric solution of Burgers’s equation in the case
of balanced boundary conditions. We found that the computation with the modulefou
method is then accurate and does not show serious spurious oscillations when the space
step is less than ε. On the contrary, if ε is too small compared to the space step, the
modulefou scheme becomes unstable because of the Gibbs phenomenon. Because the
theory of filtering with Fourier expansion is well known, we can work eventually with
larger space step using some filters to remove the spurious oscillations.

Error with modulefou.

ε M = 8 M = 16 M = 32 M = 64

0.1 10−3 5. 10−4 6. 10−6 6. 10−7

0.05 diverge 8. 10−4 10−5 9. 10−7

0.01 diverge diverge diverge 3. 10−3

Error with second-order finite differences.

ε M = 8 M = 16 M = 32 M = 64

0.1 1.8 10−2 5. 10−3 1.2 10−3 3. 10−4

0.05 8. 10−2 1.7 10−2 5. 10−3 10−3

0.01 1.5 10−1 1.8 10−1 10−1 2.8 10−2

We have also investigated the accuracy of our scheme with respect to the bound-
ary conditions. This computation is far more difficult and requires exponentially large
T time to reach the steady solution as demonstrated in the following table. There-
fore, a straightforward integration in time of the Burgers equation is by no means an
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efficient way of solving the problem [23]. However, it is a good test on the stability of
a numerical computation. We have compared modulefou to second-order finite differ-
ences computation with 32 discretization points, as well as adaptive pseudospectral
Chebyshev with two subdomains and 39 Chebyshef points per subdomain. Our cri-
terion is to compare the zero of our solution u with its asymptotic prediction. Since
the computation was done with only 16 Fourier modes, modulefou seems to perform
very well.

Test with supersensitivity.

δ Modulefou Finite differences Chebysheff Asymptotic T

500 exp(−1
ε
) 0.5608 0.5668 0.5610 0.5521 300

100 exp(−1
ε
) 0.3933 0.4046 0.3937 0.3912 600

20 exp(−1
ε
) 0.2315 0.2483 0.23184 0.23025 1800

In order to improve the accuracy of the computation with respect to the stiffness
of the solution, we have introduced an adaptive domain decomposition of (32) [6].
Let us consider the case of balanced boundary conditions with a continuous linear
initial condition. We use three subdomains as in [7, p. 1191] except that there is no
overlapping between the subdomains. In particular, there is a large ratio between the
space step in the subdomain centered on the shock layer and the two other subdomains
(see Figure 10) in such a way that the space step in the inner domain is of the order of
ε. The interesting and somewhat surprising conclusion of our numerical experiment
is that the adaptive domain decomposition allows us to effectively avoid oscillations
in the zone where the solution is stiff, although very small spurious oscillations in
the two subdomains where the solution is regular induce a shifting of the solution in
the inner domains. This is a direct consequence of the supersensitivity of the inner
solution on the interface conditions with the left and right regular domains. This
unfortunate circumstance makes the solution inaccurate after all! Figure 10 gives
some picture of the three subdomain computation. The shift of the solution in the
shock layer compared to the exact steady state (“o” plots) is increasing very slowly
in time as expected from the asymptotic theory.

Now we consider the simplified model of reacting flow of Majda [22], that is,

∂u

∂t
+

∂

∂x

[
1

2
u2 −Q0Z

]
= ε

∂2u

∂x2
,

Zx = ε−1φ(u)Z,

where φ(u) = 1 if u > 0 and 0 elsewhere. We refer to [22] and its references for
the derivation of this model and its precise statement. This problem admits various
travelling wave solutions with sharp transition layers of ε thickness. These travelling
waves are written u(x−s tε ) with the asymptotic behavior ux → ul/r when x → ∓∞.
We report here on the computation of this model problem with modulefou and a
first-order semi-implicit Euler time stepping. We consider two cases: first a strong
detonation wave that corresponds to ul = 1, ur = −1.5, s = 0.7, Q0 = 2.375, second a
weak detonation wave that corresponds to ul = 1, ur = −0.407, s = 0.7, Q0 = 0.568.
Strong detonations are very difficult to compute because the viscous terms and the
reaction terms are of the same asymptotic order in the sharp reacting layer. Figure 11
shows the profile of the solutions for ε = 0.03 after 2 units of time. The initial
condition is ul−ur

2 (1− tanh(x−1
0.1 )) + ur. With a space step h = 0.0236 a time step as
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Fig. 10. Adaptive domain decomposition for Burgers’s problem.

0 1 2 3
-2

-1

0

1

2

x

strong detonation with Q=2.375

0 0.5 1 1.5 2
0.5

1

1.5

2

2.5

time

reactive shock location for Q=2.375

0 1 2 3
-0.5

0

0.5

1

1.5

x

weak detonation with Q=0.568

0 0.5 1 1.5 2
1

1.5

2

2.5

time

reactive shock location for Q=0.568

Fig. 11. Majda’s simplified model of reacting flow.
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small as 2.5 10−3 and 82 Fourier modes, the error on the speed velocity is about 10
percent in the first case and 5 percent in the second case. This accuracy is satisfactory
considering the fact that we do not use any adaptivity in space. As a matter of fact,
when one doubles the viscosity coefficient in the previous numerical experiment, i.e.,
ε = 0.06, the observed numerical error on the front velocity is divided by two in each
previous test case.

5. Extension to two-space dimension problems. We consider the singular
perturbation problem

−ε∆u+ u = f in Ω ⊂ (0, 2π)2, u = g on ∂Ω,(34)

where ∆ is the Laplace operator, Ω is a regular domain of R
2, f ∈ C∞(Ω), and

g ∈ C∞(∂Ω). The solution of this singular perturbation problem has a boundary layer
of
√
ε thickness. Let f̄ be a smooth 2π periodic extension of f, with f̄ ∈ Cn(R2).

Then the 2π periodic solution of the following problem:

−ε∆v + v = f̄ in (0, 2π)2(35)

has no boundary layer. On the other hand, the solution of the corrector problem

−ε∆w + w = 0 in Ω ⊂ (0, 2π)2, w = g − v on ∂Ω

can either be approximated by an asymptotic expansion [3] or computed numerically
on an adapted stretched local coordinate system. We retrieve the solution of the
original singular perturbation problem (34) using the superposition principle. We are
first going to show using the arguments (2) and (3) of the introduction that modulefou
is an attractive way to solve the singular perturbation problem (34). However, our
real goal is to design solvers of (34) that are useful to compute the time-dependent
problem. So second we are going to see how in practice one can implement the
modulefou method on domain with smooth but relatively complex shape to serve this
purpose.

5.1. Combined numerical-symbolical solution. We first construct numer-
ically f̄ an appropriate periodic extension of f , in a similar manner to section 2.
Let (ρ, θ) be a local coordinate system valid in a ring Ωe defined below, with θ a
parametrization of ∂Ω and ρ the distance to ∂Ω. We assume that f|∂Ω and its normal

derivatives ∂if
∂ρi |∂Ω

up to order i are given on ∂Ω. We assume that it exists ρ0 > 0 such

that

Ωe = {M(x, y) ∈ R
2 \ Ω, dist(M,∂Ω) ≤ ρ0} ⊂ (0, 2π)2

and the local coordinates system (ρ, θ) are well defined in Ωe. Then we construct f̄
as follows:

f̄(x, y) = Pθ(ρ), Pθ ∈ P
2n+1, M(x, y) ∈ Ωe,

∂iP

∂ρi
(0) =

∂if

∂ρi
on ∂Ω, i = 0, . . . , n,

∂iP

∂ρi
(ρ0) = 0, i = 0, . . . , n,
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f̄ ≡ 0 in (0, 2π)2 \
(
Ω
⋃

Ωe

)
,

f̄ ≡ f in Ω.

Second we approximate v solution of (35) by a discrete Fourier expansion vN as in
section 2 except that the solution is unique. The last step is the computation of w
the solution of the corrector problem

−ε∆w + u = f in Ω ⊂ (0, 2π)2, w = g − v on ∂Ω,(36)

based on an asymptotic expansion of w and the Fourier approximation g − vN of
the boundary condition. Let us review briefly the construction of the asymptotic
expansion of the corrector. The ρ coordinate is stretched according to the thickness
of the boundary layer, i.e., ξ = ρ√

ε
. In these coordinates, the Laplace operator is

written

ε∆ =
∂2

∂ξ2
+ ε q1

0

∂2

∂θ2
+
√
ε q−1

0 q1
∂

∂ξ
− ε q−2

0 q2
∂

∂θ
,

with q0 = 1 + 2
√
εξφ + εξ2ψ, q1 =

√
εξψ + φ, q2 =

√
εξφ′ + 1

2εξ
2ψ′, φ = 〈n′, x̂′〉,

ψ = 〈n′, n′〉. “ ′ ” denotes the differentiation with respect to θ, n the outward normal
direction to ∂Ω, and 〈., .〉 the scalar product.

It is known [3] that w solution of (36) admits an asymptotic expansion of the
following type:

w(ξ, θ) = w0(ξ, θ) +
√
εw1(ξ, θ) + εw2(ξ, θ) + · · ·+ ε

m
2 wm(ξ, θ) +O(ε

m+1
2 ),

with arbitrary large order m. The validity of this expansion in maximum norm is
proved using the maximum principle. The effective construction of this expansion
can be done with a symbolic manipulation language as Maple. wi, i = 0, . . . , 2, for
example, are solutions of the following ODE problems parametrized by θ:

−∂
2w0

∂ξ2
(ξ, θ) + w0(ξ, θ) = 0,

w0(0, θ) = h(θ), w0(+∞, θ) = 0,

with h(θ) = g − v, on ∂Ω,

−∂
2w1

∂ξ2
(ξ, θ) + w1(ξ, θ) = φ(θ)

∂w0

∂ξ
(ξ, θ),

w1(0, θ) = 0, w1(+∞, θ) = 0,

−∂
2w2

∂ξ2
(ξ, θ) + w2(ξ, θ)

= φ(θ)
∂w1

∂ξ
(ξ, θ) +

∂2w0

∂θ2
(ξ, θ) + (2ξφ2(θ)ξψ(θ))

∂w0

∂ξ
(ξ, θ),

w2(0, θ) = 0, w2(+∞, θ) = 0.

We obtain the explicit formula of the corrector at order ε
3
2 ,

w0(ξ, θ) = h(θ)e−ξ,



APPLICATION OF LOCAL FOURIER BASIS 1111

w1(ξ, θ) = h1
1(θ)ξ)e

−ξ,

w2(ξ, θ) = (h1
2(θ)ξ + h2

2(θ)ξ
2)e−ξ,

with

h1
1(θ) = −

1

2
φ(θ)h(θ), h1

2(θ) =
1

8
ψ(θ)h(θ) +

1

2
h′′(θ), h2

2(θ) =
3

8
ψ(θ)h(θ).

It can be proved by induction that

wi =
∑

j=1,...,m

hji (θ)ξ
je−ξ,

and that hji depends on derivatives of h(θ) up to order i at most.
We can generate with Maple, the fortran code to compute the explicit formula of

the asymptotic expansion of the corrector at any fixed orderm.However, these formula
require the computation of derivatives of h(θ) up to order m. In order to approximate
these derivatives, we introduce the discretization in θ variable: θk = 2 k π

2M+1 , k =
1, . . . , 2 M. Let vN be the Fourier expansion of v solution of (35). We interpolate vN
on ∂Ω for θ = θk, k = 1, . . . , 2 M, and derive a discrete Fourier expansion hM of h(θ).
The derivatives of h(θ) are then approximated with the corresponding derivatives of
hM . Since the ieme term of the asymptotic expansion of the corrector depends on the
ieme derivative at most of hM , the relative accuracy on wi compared to the accuracy
on w0 is of order M−i. The contribution of this term to the error in the asymptotic
corrector formula is then of order ε

i
2M−i times the error on w0.

Therefore, the numerical approximation of the asymptotic expansion of the cor-
rector

∑
i=0,...,m ε

i
2wi will not deteriorate (in theory) when m increases as long as

√
ε

is of order M−1 at most.
This symbolic computation of the corrector w combined to the Fourier approxi-

mation of v seems to be quite natural to specifically solve the singular perturbation
problem (34). However, we have to recall that the asymptotic expansion of w does
not converge as the number of terms in the asymptotic expansion grows. For every
ε and boundary condition h, there is an optimum value of the number of term of
the asymptotic expansion that gives the best accurate solution. This does not sound
like a practical solution to implement the modulefou method for the time-dependent
problem.

We have checked for example that the solver obtained with the first-order asymp-
totic correction w0 applied to the heat equation is numerically stable in our experi-
ments. However, for the time being, we have not been able to obtain any convincing
numerical convergence of this scheme to some exact specific steady solution of the heat
equation problem when the number of Fourier modes grows and the time step goes to
zero. Higher-order asymptotic corrections did not improve the situation significantly
either.

5.2. A numerical solver for the time-dependent problem. The goal of
this section is to generalize our approach for the time-dependent problem in one
space dimension to two space dimensions. We are now going to compute the correc-
tor of problem (34) numerically instead of asymptotically for the reasons mentioned
above. So we focus our attention to the numerical solution of the following Dirichlet
homogeneous problem:

−ε ∆w + w = 0 in Ω, w = h on ∂Ω.(37)
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For simplicity, we assume that the boundary ∂Ω of Ω can be defined in polar coordi-
nates as follows:

ρ = S(θ), θ ∈ (0, 2 π),

with S 2π periodic and S(θ) ∈ C∞[0, 2 π]. It is clear that when Ω is a disc and h
is a finite discrete Fourier expansion, we just get analytically w using some Bessel
functions. We could then reproduce the algorithm of section 2. In this paper, we
would like to tackle the case of complex geometry. We introduce the change of variable
ρ̂ = S(θ)− ρ, θ̂ = θ and rewrite (37) in this new coordinate system:

−ε
(
α(ρ̂, θ̂)

∂2ŵ

∂ρ̂2
+ β(ρ̂, θ̂)

∂ŵ

∂ρ̂
+ γ(ρ̂, θ̂)

∂2ŵ

∂ρ̂
∂θ̂ + δ(ρ̂, θ̂)

∂2ŵ

∂θ̂2

)
+ w = 0(38)

for ρ̂ ∈ (0, S(θ̂)), θ̂ ∈ [0, 2 π],

ŵ(0, θ̂) = h(θ̂), θ̂ ∈ [0, 2π],(39)

with

α(ρ̂, θ̂) = 1 +
S′2(θ̂)

(S(θ̂)− ρ̂)2
,

β(ρ̂, θ̂) =
S′′(θ̂)

(S(θ̂)− ρ̂)2
− 1

S(θ̂)− ρ̂
,

γ(ρ̂, θ̂) = 2
S′(θ̂)

(S(θ̂)− ρ̂)2
,

δ(ρ̂, θ̂) =
1

(S(θ̂)− ρ̂)2
.

Because of the required asymptotic behavior of the corrector, we can close the
problem with the following approximate boundary condition:

ŵ(L∞, θ̂) = 0, θ̂ ∈ [0, 2π],(40)

where L∞ is a positive constant such that the local coordinate system (ρ̂, θ̂) is well
defined in Ω. In theory, for ε small enough, we make an exponentially small error
because we know that the true corrector w is exponentially small outside a boundary
layer of

√
ε thickness. But since ε is a given number in our numerical computations,

we have to choose carefully L∞ large enough in such a way that the computation of
the corrector becomes independent of L for L > L∞ within truncation error.

A more consistent approach is to use the stretched local coordinate system de-
scribed in section 5.1. But the strip for which this local coordinate system is properly
defined can be so narrow that a boundary condition similar to (40) does not work.
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We have chosen therefore to approximate numerically the corrector on a structured
regular grid in ρ̂ = S(θ)− ρ, θ̂ = θ variables.

We restrict ourselves to moderately small values of ε, let’s say, in (0.001, 0.1);
we compute the solution of (38), (39), (40) by means of second-order central finite
differences with a space step that is smaller than

√
ε in radial direction. If the space

step in θ variable is significantly larger than the space step in radial direction, we
can apply a fast (parallel) iterative solver of the discretized linear system [9] with
appropriate relaxations.

In addition, we can compute once and for all a set of basis functions for the
corrector ŵ as follows: Let hM be a discrete cosine expansion of h,

hM =
∑

j=0,...,M

aj cos(j θ̂).

Let ŵj be a solution of (38) with boundary conditions

ŵj(0, θ̂) = cos(j θ̂), θ̂ ∈ [0, 2π]

and (40) computed once for all. Then ŵ is approximated by

ŵM =
∑

j=0,...,M

ajŵj .

We illustrate now the modulefou technique to approximate the solution of the 2D
heat equation in Ω with Dirichlet boundary equations

∂u

∂t
= ∆u + F in Ω, u = g on ∂Ω.

Let us consider an implicit first-order Euler scheme in time. For each time step, we
have to solve

−dt ∆un+1 + un+1 = un + dt Fn+1 in Ω, un+1 = gn+1 on ∂Ω.

We use the modulefou technique exactly as in the one space dimension case, except that
v is computed by 2D Fourier transform, and w the corrector is computed numerically.
In addition, one needs at each time step to extend un into a 2π periodic function ūn

on (0, 2π)2. To get the continuity of this extension is easy by linear interpolation.
We obtain a better accuracy by using C2 Hermite interpolation, based on decentered
finite difference approximation of the normal derivatives of ∂vn

∂ρ2 and ∂wn

∂ρ2 . It is not
wise to compute second-order normal derivatives of vn at ∂Ω by means of Fourier
expansion because of the Gibbs phenomenon. Small oscillations are then amplified
by the Hermite interpolation and the scheme becomes unstable.

Let us denote by N the number of Fourier modes used in each direction to approx-
imate vn+1 and by M the number of Fourier mode used to approximate the boundary
condition h = gn+1 − v̄n+1 on ∂Ω for the corrector problem.

We have tested the spatial accuracy of our method against an exact steady solution
of the heat problem defined as

U(x, y) = α exp(−β(x2 + y2)) + ζ,

with α, β, ζ some real numbers. In addition the boundary of the domain is defined
in this test case as S(θ) = 1 + γ cos(pΘ) + δ exp(−sin2(θ)).
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We have tried many different parameters: the following table gives a representa-
tive example of the error in maximum norm on the Cartesian grid inside the domain
Ω with α = −0.5, β = 2, ζ = 0.2, γ = 0.15, p = 3, δ = 0.1. We fix M = 4 N
and 88 discretization points in radial direction for the computation of the corrector.
The time step is 0.01. A smaller time step deteriorates the numerical accuracy for the
steady solution. In order to have a rough idea of the efficiency of the method, we have
included in the following table a comparison with second-order finite difference meth-
ods that use fitted grids at the boundary and the same regular grid as the modulefou
method inside the domain.

Error with modulefou for S(θ) = 1 + 0.15cos(3θ) + 0.15exp(−sin2(θ)).
N n = 0 n = 2 n = 4 2nd order finite differences

8 1.3 10−3 1.4 10−3 1.6 10−3 1.4 10−2

16 5.2 10−4 8.3 10−4 6.1 10−4 3.5 10−3

24 2.7 10−4 6.4 10−4 3.9 10−4 1.5 10−3

32 3.0 10−4 2.0 10−4 1.7 10−4 8.6 10−4

64 2.5 10−4 1.7 10−4 1.9 10−4 2.2 10−4

We observe that the numerical error stays almost the same when the number of
modes is larger than 24. We speculate that our lower-order numerical approximation
of the stiff corrector problem limits the accuracy of our method. This should be
investigated further and improved with, for example, a pseudospectral discretization
of (38). In particular, the same test case but for the disk geometry gives better results,
but not as good as for the Poisson problem in section 2, for which the corrector is
given by an analytical formula.

Error with modulefou for the disk.

N n = 0 n = 2 n = 4

8 2.6 10−3 7.2 10−4 1.6 10−3

16 4.9 10−4 3.5 10−5 2.9 10−5

24 1. 10−4 2.0 10−5 1.7 10−5

32 1.1 10−4 1.8 10−5 1.6 10−5

64 3.5 10−5 1.3 10−5 1.1 10−5

Similar results can be obtained with the Crank–Nicolson scheme instead of the
implicit first-order Euler scheme.

Our second test is the computation of the wave equation in Ω with homogeneous
Dirichlet boundary conditions and the second-order implicit scheme in time:

un+1 − 2un + un−1

dt2
− ∆un+1 + ∆un−1

2
= Fn in Ω.

As mentioned before, this test case is of particular interest to investigate the eventual
numerical unstability problems. The principle is the same except that we have to
compute the Laplacian of u at each time step to get the rhs. Once again, we use
the splitting ∆un = ∆vn + ∆wn. The equation satisfied by the corrector give us
∆wn = 2 wn

dt2 , and therefore the scheme is written

−dt
2

2
∆un+1 + un+1 = 2un − un−1 +

dt2

2
∆vn−1 + wn−1.
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This can be written as

−dt
2

2
∆un+1 + un+1 = 2un − vn−1 +

dt2

2
∆vn−1.

We finally obtain ∆vn−1 either from its Fourier expansion or from the equation sat-
isfied by vn−1. Our numerous numerical experiments suggest the following heuristic:
the modulefou scheme is numerically stable as long as the number of Fourier modes is
large enough to represent the underline boundary layer of dt thickness in the periodic
problem satisfied by vN . For example, when dt = 0.1 and the diameter of Ω is two, we
need 64 Fourier modes at least. The accuracy of our solution of the wave equation is
therefore rather limited by the time discretization and the modulefou method is not
a good method.

Finally, we observe that the arithmetic complexity of our algorithm for our two
previous examples is dominated by the complexity of the 2D FFTs, once the set of
basis function wj defined above is computed. In particular, the linear combination of
the wj and the interpolation technique to extend the rhs into a periodic smooth rhs
should concern only a small fraction of the grid points close to the boundary of the
domain. In addition, our algorithm seems to be suitable for parallel computing for
mainly two reasons: first FFT [17] has been very well optimized and standardized on
parallel computers. Alternatively, one can avoid use of global FFT by using wavelet
transforms [1]. Second, all extra operations as interpolation to smooth out the rhs
and linear combination of the basis function wj to correct vn are local operators in
the neighborhood of ∂Ω.

6. Conclusion. The goal of this paper was to explore the implementation of
various iterative schemes with the modulefou technique. This technique combines FFT
and a solution of local problems via analytical or asymptotical or numerical technique.
Numerical accuracy and stability of the methods has been tested against a large
number of linear and nonlinear test cases. The results of our numerical experiments
are quite encouraging and should motivate further analysis. More recent works show
that these methods can be extended successfully to parallel computing by combined
use of filtering and domain decomposition [10], [11], [12].

REFERENCES

[1] A. Averbuch, G. Beylkin, R. Coifman, and M. Israeli, Multiscale inversion of elliptic
operators, the Samuel Neamen Workshop on Signal and Image Representation in Combined
Space, Y. Zeevi and R. Coifman, eds., Academic Press, New York, 1998, pp. 341–359.

[2] E. M. De Jager, Singular perturbation of hyperbolic type, Nieuw Arch. Wisk. (3), 23 (1975),
pp. 145–172.

[3] W. Eckhaus, Asymptotic Analysis of Singular Perturbations, North-Holland, Amsterdam,
1979.

[4] W. Eckhaus and M. Garbey, Asymptotic analysis on large timescales for singular perturba-
tion problems of hyperbolic type, SIAM J. Math Anal., 21 (1990), pp. 867–883.

[5] A. Averbuch, M. Israeli, and L. Vozovoi, Parallel implementation of non-linear evolu-
tion problems using parabolic domain decomposition method, Parallel Comput., 21 (1995),
pp. 1151–1183.

[6] M. Garbey, Domain decomposition to solve layers and asymptotics, SIAM J. Sci. Comput.,
15 (1994), pp. 866–891.

[7] M. Garbey, A Schwarz alternating procedure for singular perturbation problems, SIAM J. Sci.
Comput., 17 (1996), pp. 1175–1201.

[8] M. Garbey and D. Tromeur-Dervout, A new parallel solver for the nonperiodic incompress-
ible Navier-Stokes equations with a Fourier method: Application to frontal polymerization,
J. Comput. Phys., 145 (1998), pp. 316–331.



1116 MARC GARBEY

[9] M. Garbey and H. G. Kaper, Heterogeneous domain decomposition for singularly perturbed
elliptic boundary value problems, SIAM J. Numer. Anal., 34 (1997), pp. 1513–1544.

[10] M. Garbey and D. Tromeur-Dervout, Domain decomposition with local Fourier basis applied
to combustion problems, Parallel CFD Taiwan 98, A. Ecer et al., eds., North-Holland,
Amsterdam, 1999, pp. 199–206.

[11] M. Garbey and D. Tromeur-Dervout, Adaptive coupling codes: Application to combustion
problems, Parallel CFD Taiwan 98, A. Ecer et al., eds., North-Holland, Amsterdam, 1999,
pp. 93–100.

[12] M. Garbey and D. Tromeur-Dervout, Domain decomposition with local Fourier bases ap-
plied to frontal polymerisation problems, in Proceedings DD11, Ch.-L. Lai et al., eds.,
DDM, Manchester, UK, 1998, pp. 242–250.

[13] R. Geel, Singular Perturbation of Hyperbolic Type, Thesis, University of Amsterdam, 1979.
[14] D. Gottlieb, M. Y. Hussaini, and S. A. Orzag, Theory and applications of spectral methods,

in Spectral Methods for Partial Differential Equations, SIAM, Philadelphia, 1984, pp. 1–54.
[15] M. Israeli, L. Vozovoi, and A. Averbuch, Domain decomposition methods with local Fourier

basis for parabolic problems, Contemp. Math., 157 (1994), pp. 223–230.
[16] M. Israeli, L. Vozovoi, and A. Averbuch, Spectral multidomain technique with local Fourier

basis, J. Sci. Comput., 8 (1993), pp. 135–149.
[17] D. Keyes, A. Sameh, and V. Venkatakrishnan, eds., Parallel Numerical Algorithms, Kluwer

Academic Publishers, 1997.
[18] J.-L. Lions, Perturbations singulières dans les problèmes aux limites et en contrôle optimal,
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Monte Carlo methods. However, they have the disadvantage of being of fixed size. This article
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1. Introduction. Multidimensional integrals appear in a wide variety of appli-
cations in finance [4, 50, 52], physics and engineering [30, 43, 51, 60], and statistics
[8, 12, 13]. The integration domain may often be assumed, after some appropriate
transformation, to be the unit cube, in which case the integral takes the form

I(f) ≡
∫

[0,1)s
f(x) dx

for some known integrand, f .
Adaptive methods, such as [2], have been developed for approximating multidi-

mensional integrals, but their performance deteriorates as the dimension increases.
For finance problems the dimension can be in the hundreds or even thousands. An
alternative to adaptive quadrature is Monte Carlo methods, where the integral is
approximated by the sample mean of the integrand evaluated on a set, P , of N inde-
pendent random points drawn from a uniform distribution on [0, 1)s:

Q(f) ≡ 1

N

∑
z∈P

f(z).(1.1)

The quadrature error for Monte Carlo methods is typically O(N−1/2). One reason for
this relatively low accuracy is that the points in P are chosen independently of each
other. Thus, some parts of the integration domain contain clumps of points, while
other parts are empty of points.
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Succ. Centre-Ville, Montréal, QB, Canada, H3C 3J7 (lecuyer@iro.umontreal.ca, lemieux@iro.
umontreal.ca).

1117



1118 HICKERNELL, HONG, L’ÉCUYER, AND LEMIEUX

To obtain greater accuracy one may replace the random set P by a carefully
chosen deterministic set that is more uniformly distributed on [0, 1)s. As is explained
in section 3, one may define a discrepancy that measures how much the empirical
distribution function of P differs from the continuous uniform distribution. Then
one chooses P in quadrature rule (1.1) to have as small a discrepancy as possible.
The quadrature methods based on low discrepancy sets are called quasi-Monte Carlo
methods. They are discussed in several review articles [3, 16, 41, 61] and monographs
[28, 45, 55].

Two important families of low discrepancy sets are
i. integration lattices [45, Chap. 5] and [55], and
ii. digital nets and sequences [45, Chap. 4].

These two families are introduced in section 2. One advantage of the second family
is that any number of consecutive points from a good digital sequence has low dis-
crepancy. If one needs more points, one may use additional terms from the digital
sequence without discarding the original ones. On the other hand, until now the
number of points in an integration lattice has had to be specified in advance. So far,
there has been no systematic way of adding points to an integration lattice while still
retaining its lattice structure.

The purpose of this article is to provide a method for constructing infinite lattice
sequences, thereby eliminating the need to know N , the number of points, in advance.
Although the emphasis is on rank-1 lattices, the method may be applied to integration
lattices of arbitrary rank. Given an infinite lattice sequence one may approximate a
multidimensional integrand with a quadrature rule of the form (1.1) for a moderate
number of points N0. If the error estimate is unacceptably high, then one may choose
an additional N1 − N0 points from the lattice sequence to obtain a quadrature rule
with N1 points and so on.

The following section describes the new method for obtaining infinite lattice se-
quences. Section 3 briefly reviews some results on discrepancy and quadrature error
analysis for quasi-Monte Carlo methods. These are used to find the generating vectors
for the new lattice sequences in section 4. The issue of error estimation is addressed
in section 5. Two practical examples are explored in section 6, where the new lattice
sequences are compared with existing quadrature methods. The last section contains
some concluding remarks.

2. Integration lattices and digital sequences. This section begins by intro-
ducing integration lattices. Next, digital sequences and (t, s)-sequences are described.
Finally, the idea underlying digital sequences is used to produce infinite lattice se-
quences.

2.1. Integration lattices. Rank-1 lattices, also known as good lattice point
(GLP) sets, were introduced by Korobov [32] and have been widely studied since
then (see [28, 45, 55] and the references therein). The formula for a shifted rank-1
lattice set is simply

P = {{ih/N +∆} : i = 0, . . . , N − 1} ,(2.1)

where N is the number of points, h is an s-dimensional generating vector of integers
(a GLP) that depends on N , ∆ is an s-dimensional shift vector in [0, 1)s, and {x}
denotes the fractional part of a vector x, i.e., {x} = x mod 1. Sloan [54] and Sloan
and Kachoyan [56] later generalized GLP sets by introducing more than one generating
vector. A shifted integration lattice with N = N1 . . . Np points based on generating
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vectors h(1), . . . , h(p) is

P =
{
{i1h(1)/N1 + · · ·+ iph(p)/Np +∆} : ik = 0, . . . , Nk − 1, k = 1, . . . , p

}
.

Integration lattices and their use for quadrature are discussed in the monograph [55].
For a given N there is the problem of choosing good generating vectors. Although

theoretical constructions exist for s = 1 and 2, in higher dimensions one typically finds
generating vectors by minimizing a discrepancy or measure of nonuniformity of the
lattice. Several examples of discrepancies are given in section 3.

2.2. Digital nets and sequences. Digital nets and sequences are another
method of constructing low discrepancy sets (see [33] and [45, Chapter 4]). Let b
denote a positive integer greater than one. For any nonnegative integer one may ex-
tract the digits of its base b representation, i1, i2, . . . ∈ {0, . . . , b − 1}, only finitely
many of which are nonzero:

i = . . . i3i2i1 (base b) = i1 + i2b+ i3b
2 + · · · .(2.2a)

The ith term of a digital net or sequence is given by

z(i) = (z
(i)
1 , . . . , z

(i)
s ),(2.2b)

z
(i)
j = 0.ζ

(i)
j1 ζ

(i)
j2 . . . (base b) = ζ

(i)
j1 b

−1 + ζ
(i)
j2 b

−2 + · · · ,(2.2c)

where 

ζ
(i)
j1

ζ
(i)
j2
...


 = Cj



i1
i2
...


 mod b, j = 1, . . . , s.(2.2d)

If the generating matrices C1, . . . ,Cs arem×m, then this construction yields a digital
net {z(i) : i = 0, . . . , bm − 1} with bm points. If the generating matrices are ∞×∞,
i.e., each Cj has entries cjkl defined for k, l = 1, 2, . . . , then one has a digital sequence
{z(i) : i = 0, 1, . . . }.

The prototype digital sequence is the one-dimensional Van der Corput sequence,
{φb(i) : i = 0, 1, . . . }. This is defined by taking s = 1 and C1 equal to the identity
matrix:

φb(i) = 0.i1i2 . . . (base b) = i1b
−1 + i2b

−2 + · · · .(2.3)

In essence, the Van der Corput sequence takes the b-ary representation of an integer
and reflects it about the decimal point.

2.3. (t,m, s)-nets and (t, s)-sequences. Similar to integration lattices one
has the problem of how to choose the generating matrices Cj in (2.2). Usually this
is done to optimize the quality factor of the net or sequence. For any nonnegative
s-vector k of integers, and for a base b, consider the following set of disjoint boxes
whose union is the unit cube:

(2.4) Bk = {[n1b
−k1 , (n1 + 1)b−k1)× · · · × [nsb

−ks , (ns + 1)b−ks)

: nj = 0, . . . , bkj − 1}.
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Each such box in Bk has volume b−k1−···−ks . A (t,m, s)-net in base b is a set of
N = bm points in [0, 1)s such that every box in Bk contains bm−k1−···−ks of these
points for any k satisfying m− k1− · · · − ks ≥ t. Thus, any function that is piecewise
constant on the boxes in Bk will be integrated exactly according to quadrature rule
(1.1) if

k1 + · · ·+ ks ≤ m− t.(2.5)

The integer parameter t is called the quality parameter of the net and it takes values
between 0 and m. A smaller value of t means a better net.

A (t, s)-sequence is an infinite sequence of points in [0, 1)s such that the bm points
numbered lbm to (l+1)bm−1 always form a (t,m, s)-net for any nonnegative integer l
for all integersm ≥ t. By using a (t, s)-sequence to do quasi-Monte Carlo calculations,
one need not know the number of points required in advance. If the first bm1 points
do not give sufficient accuracy, then one may add the next bm2 − bm1 points in the
sequence to get a net with bm2 points, without throwing away the first bm1 points.

There is a connection between digital nets and sequences as defined above and

(t,m, s)-nets and (t, s)-sequences [33]. Let c
(m)
ji• denote the vector containing the first

m elements of the ith row of the generating matrix Cj . Given a nonnegative integer
s-vector k, let C(m, k) be the following set of the first kj rows of the jth generating
matrix for j = 1, . . . , s:

C(m, k) =
{
c
(m)
ji• : i = 1, . . . , kj , j = 1, . . . , s

}
.

Furthermore, let

T (m, s) = min
t
{t : C(m, k) is a linearly independent set of vectors

for all k with k1 + · · ·+ ks = m− t},
T (s) = max

m
T (m, s).

The following theorem (see [33]) gives the condition for which a digital net is a (t,m, s)-
net and a digital sequence is a (t, s)-sequence.

Theorem 2.1. For prime bases b the digital net defined above in (2.2) is a
(T (m, s),m, s)-net. If, in addition, T (s) is finite, then the digital sequence defined in
(2.2) is a (T (s), s)-sequence.

Finding good generating matrices for digital nets and sequences is an active area
of research. Virtually all generators found so far have been based on number theoretic
arguments. Early sequences include those of Sobol’ [58], Faure [9], and Niederreiter
[44]. Algorithms for these sequences can be found in the ACM Transactions on Mathe-
matical Software collection. The FINDER software developed at Columbia University
by Traub and Papageorgiou implements generalized Sobol’ and generalized Faure se-
quences. New constructions with smaller t values are given by Niederreiter and Xing
[48].

2.4. Infinite lattice sequences. The idea underlying digital sequences may be
extended to integration lattices to obtain infinite lattice sequences. The ith term of
a rank-1 lattice, which is {ih/N}, depends inherently on the number of points, N .
Thus, the formula for a lattice must be rewritten in a way that does not involve N
explicitly. A way to do this was first suggested in [24].
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Suppose that the number of points, N , is some integer power of a base b ≥ 2, i.e.,
N = bm. This is the same assumption as for a digital or (t,m, s)-net. The first N
values of the Van der Corput sequence, defined in (2.3), are

0

bm
, . . . ,

bm − 1

bm
,

although in a different order. Therefore, the term i/N = i/bm, i = 0, . . . , N − 1, that
appears in the definition of the rank-1 lattice may be replaced by φb(i), a term that
does not depend on N .

The s-dimensional generating vector h in (2.1) typically depends on N also. It
may be expressed in b-ary form as

h = (h1m . . . h11, h2m . . . h21, . . . , hsm . . . hs1) (base b),

where hjk ∈ {0, . . . , b − 1} are digits. For k > m the digits hjk do not affect the
definition of the rank-1 lattice set with N = bm points since they contribute only
integers to the product φb(i)h. Therefore, each component of h may be written (in
principle) as an infinite string of digits:

h = (. . . h12h11, . . . h22h21, . . . , . . . hs2hs1) (base b).(2.6)

This single “infinite” generating vector may serve for all possible values of m.
The preceding paragraphs provide the basis for defining an infinite rank-1 lattice

sequence. Altering the original definition in (2.1) leads to the following definition.
Definition 2.2. An infinite rank-1 lattice sequence in base b with generating

vector h of the form (2.6) and shift ∆ is defined as

{{φb(i)h+∆} : i = 0, 1, 2, . . . } .(2.7)

The first bm terms of the infinite rank-1 lattice sequence (2.7) are rank-1 lattices.
Moreover, just as certain subsets of a (t, s)-sequence are (t,m, s)-nets, so subsets of
an infinite rank-1 lattice sequence are shifted rank-1 lattices.

Theorem 2.3. Suppose that P is the set consisting of the (l + 1)st run of bm

terms of the infinite lattice rank-1 sequence defined in (2.7).

P = {{φb(lbm + i)h+∆} : i = 0, . . . , bm − 1} , l = 0, 1, . . . .

Then, P is a rank-1 lattice with shift φb(l)b
−m−1h+∆, i.e.,

P =
{{φb(i)h+ φb(l)b−m−1h+∆} : i = 0, . . . , bm − 1

}
.

Proof. The proof follows directly from the definition of the Van der Corput
sequence. For all i = 0, . . . , bm − 1, note that

φb(lb
m + i) = φb(i) + φb(lb

m) = φb(i) + φb(l)b
−m−1.

Substituting the right-hand side into the definition of P completes the proof.
The definition of an infinite rank-1 lattice sequence may be extended to integration

lattices of arbitrary rank.
Definition 2.4. An infinite lattice sequence (of arbitrary rank) with bases

b1, . . . , bp and generating vectors h
(1), . . . , h(p) of the form (2.6) and shift ∆ is de-

fined as {
{φb1(i1)h(1) + · · ·+ φbp(ip)h(p) +∆} : i1, . . . , ip = 0, 1, 2, . . .

}
(2.8)
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A practical complication for an integration lattice of rank greater than 1 is that there
are multiple indices, ik, each of which may or may not tend to infinity, and each at its
own rate. Because of this complication we will focus on rank-1 lattices in the sections
that follow. Theorem 2.3 also has a natural extension to infinite lattice sequences of
arbitrary rank, and its proof is similar.

3. Discrepancy. Unlike (t,m, s)-nets for which there exist explicit constructions
of the generating matrices Cj , there are no such explicit constructions of generating
vectors h for rank-1 lattices for arbitrary s. Tables of generating vectors for lattices
that do exist (see [8, 14, 28]) are usually obtained by minimizing some measure of
nonuniformity, or discrepancy, of the lattice. This section describes several useful
discrepancy measures.

Let Err(f ;P ) denote the quadrature error for a rule of the form (1.1) for an
arbitrary set P . Worst-case error analysis of the quadrature error leads to a Koksma–
Hlawka-type inequality of the form [23]

|Err(f ;P )| ≡ |I(f)−Q(f)| ≤ D(P )V (f),(3.1)

where D(P ) is the discrepancy or measure of nonuniformity of the point set defining
the quadrature rule, and V (f) is the variation or fluctuation of the integrand, f . The
precise definitions of the discrepancy and the variation depend on the particular space
of integrands.

In the traditional Koksma–Hlawka inequality (see [27] and [45, Thm. 2.11]), the
variation is the variation in the sense of Hardy and Krause, and the discrepancy is
the L∞-star discrepancy:

D∗(P ) = ‖Funif(x)− FP (x)‖∞ =

∥∥∥∥x1 . . . xs − |P ∩ [0, x]|
N

∥∥∥∥
∞
.(3.2)

Here Funif is the uniform distribution on the unit cube, FP is the empirical distribution
function for the sample P , and |·| denotes the number of points in a set. The notation
‖·‖p denotes the Lp-norm or the �p-norm, depending on the context. Error bounds of
the form (3.1) involving the Lp-star discrepancy have been derived by [59, 64]. Error
bounds involving generalizations of the star discrepancy appear in [21, 22, 23, 57].

When the integrands belong to a reproducing kernel Hilbert space, error bound
(3.1) may be easily obtained [21, 23]. The discrepancy may be written in terms of the
reproducing kernel

D(P ) =

{∫
[0,1)2s

K(x, y) d(Funif − FP )(x) d(Funif − FP )(y)
}1/2

(3.3)

=



∫

[0,1)2s
K(x, y) dx dy − 2

N

∑
z∈P

∫
[0,1)s

K(z, y) dy +
1

N2

∑
z,t∈P

K(z, t)




1/2

.

For example, the L2-star discrepancy, whose formula was originally derived in [62], is a
special case of the above formula with K(x, y) =

∏s
j=1[1−max(xj , yj)]. An advantage

of considering reproducing kernel Hilbert spaces of integrands is that the computa-
tional complexity of the discrepancy is relatively small (at worst O(N2) operations).
By contrast the L∞-star discrepancy requires O(Ns) operations to evaluate.
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The discrepancy of type (3.3) can also be interpreted as an average-case quadra-
ture error [25, 42, 63]. Suppose that the integrand is a random function lying in the
sample space A, and suppose that the integrand has zero mean and covariance kernel,
K(x, y), i.e.,

Ef∈A[f(x)] = 0 and Ef∈A[f(x)f(y)] = K(x, y) ∀x, y ∈ [0, 1)s.

Then the root mean square quadrature error over A is the discrepancy as defined in
(3.3): √

Ef∈A[Err(f ;P )]2 =

√
Ef∈A |I(f)−Q(f)|2 = D(P ).(3.4)

If P is a simple random sample, then the mean square discrepancy is [25]

EP {[D(P )]2} = 1

N

{∫
[0,1)s

K(x, x) dx−
∫

[0,1)s×[0,1)s
K(x, y) dy dx

}
.(3.5)

This formula serves as a benchmark for other (presumably superior) low discrepancy
sets. Since the mean square discrepancy is O(N−1), the discrepancy itself is typically
O(N−1/2) for a simple random sample. The variance of a function, f , may be defined
as

Var(f) ≡
∫

[0,1)s
f2 dx−

(∫
[0,1)s

f dx

)2

.

The mean value of the variance over the space of average-case integrands can be shown
to be [25]

Ef∈A[Var(f)] =
∫

[0,1)s
K(x, x) dx−

∫
[0,1)2s

K(x, y) dy dx,(3.6)

which is just the term in braces in (3.5).
It may seem odd at first that the discrepancy can serve both as an average-case

and worst-case quadrature error. The explanation is that the space of integrands, A,
in the average-case analysis is much larger than the space of integrands, W, in the
worst-case analysis. See [21, 25] and the references therein for the proofs of the above
results as well as further details.

There are some known asymptotic results for the discrepancies of (t,m, s)-nets.
The L∞-star discrepancy of any (t,m, s)-net is O(N−1[logN ]s−1) [45, Thm. 4.10].
Moreover, the typical (in the sense of an average taken over all possible nets) L2-star
discrepancy of (t,m, s)-nets is O(N−1[logN ](s−1)/2) [19, 26]—the best possible for
any set. For discrepancies of the form (3.3) with sufficiently smooth kernels, typical
(t,m, s)-nets have O(N−3/2[logN ](s−1)/2) discrepancy [25, 26].

Lattice rules, the topic of this article, are known to be particularly effective for in-
tegrating periodic functions. Suppose that the integrand has an absolutely convergent
Fourier series with Fourier coefficients f̂(k):

f(x) =
∑
k∈Zs

f̂(k)e2πik
′x, f̂(k) =

∫
[0,1)s

f(x)e−2πik′x dx.(3.7)

Here k′x denotes the dot product of the s-dimensional wavenumber vector k with x.
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The quadrature error for a particular integrand with an absolutely convergent
Fourier series is simply the sum of the quadrature errors of each term:

Err(f ;P ) = −
∑
k∈Zs

k �=0

f̂(k)

[
1

N

∑
z∈P

e2πik
′z

]
,

where the term corresponding to k = 0 does not enter because constants are integrated
exactly. One can multiply and divide by arbitrary weights w(k) inside this sum. Then
by applying Hölder’s inequality one has the following error bound of the form (3.1)
[23]:

|Err(f ;P )| ≤ DF,p(P )VF,q(f),
1

p
+

1

q
= 1,(3.8a)

DF,p(P ) =

∥∥∥∥∥∥
(
1{k �=0}
w(k)

[
1

N

∑
z∈P

e2πik
′z

])
k∈Zs

∥∥∥∥∥∥
p

,(3.8b)

VF,q(f) =
∥∥∥(1{k �=0}w(k)f̂(k)

)
k∈Zs

∥∥∥
q
.(3.8c)

Here 1{·} denotes the indicator function. In order to insure that the discrepancy is
finite we assume that the weights increase sufficiently fast as k tends to infinity:∥∥∥∥

(
1

w(k)

)
k∈Zs

∥∥∥∥
p

<∞.

If P is the node set of an integration lattice, then it is known that trigonometric
polynomials are integrated exactly for all nonzero wavenumbers not in the dual lattice,
L⊥ (see [55, Lem. 2.7]):

1

N

∑
z∈P

e2πik
′z = 1{k∈L⊥}.

The dual lattice is the set of all k satisfying k′z = 0 (mod 1) ∀z ∈ P . Thus, for node
sets of lattices the definition of discrepancy above may be simplified to

DF,p(P ) =
∥∥∥∥
(
1{0 �=k∈L⊥}
w(k)

)
k∈Zs

∥∥∥∥
p

.

Certain explicit choices of w(k) have appeared in the literature. For example, one
may choose

w(k) =
[
(β−1

1 k1) · · · (β−1
s ks)

]α
, α > 0,(3.9)

where the over-bar notation is defined as

k̄j =

{
|kj | for kj �= 0,

1 for kj = 0,
(3.10)

β1, . . . , βs are arbitrary positive weights, and α is a measure of the assumed smooth-
ness of the integrand. If β1 = · · · = βs = 1 and P is the node set of a lattice, then
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DF,p(P ) = [Pαp(L)]
1/p for 1 ≤ p <∞, where Pγ(L) is a traditional figure of merit for

lattices [55]. Furthermore, for p =∞ the discrepancy is DF,∞(P ) = [ρ(L)]−α, where
ρ(L) is the Zaremba figure of merit for lattice rules [45, Def. 5.31]. The more general
case of P that is not a lattice is considered in [20], and the case of unequal weights
βj is discussed in [22].

If the weight function w(k) takes the form (3.9) for positive integer α, then for
p = q = 2 the infinite sum defining the discrepancy in (3.8b) may be written as a
finite sum:

DF,2(P ) =


−1 + 1

N2

∑
z,t∈P

s∏
j=1

[
1− (−4π2β2

j )
α

(2α)!
B2α({zj − tj})

]


1/2

,(3.11a)

for general sets P , where B2α denotes the Bernoulli polynomial of degree 2α [1, Chap.
23]. When P is the node set of an integration lattice, the double sum can be simplified
to a single sum:

DF,2(P ) =


−1 + 1

N

∑
z∈P

s∏
j=1

[
1− (−4π2β2

j )
α

(2α)!
B2α(zj)

]


1/2

.(3.11b)

Another choice for w(k) is a weighted �r-norm of the vector k to some power:

w(k) =

[(
k1
β1

)r
+ · · ·+

(
ks
βs

)r]α/r
, α > 0,

again for arbitrary positive weights β1, . . . , βs. When these weights are unity, P is
the node set of a lattice, and p =∞, then

DF,∞(P ) = max
0 �=k∈L⊥

‖k‖−αr =

{
min

0 �=k∈L⊥
‖k‖r

}−α
.(3.12)

For r = 2 this discrepancy is equivalent to the spectral test, commonly employed to
measure the quality of linear congruential pseudorandom number generators [31, 34].
The spectral test has been used to select lattices for quasi-Monte Carlo quadrature
in [7, 35, 36, 37]. The case r = 1, which one might call an �1-spectral test, is also
interesting. We will return to these two cases in the next section.

4. Good generating vectors for lattice sequences. As mentioned at the
beginning of the previous section, finding good generating vectors for lattices typically
requires optimizing some discrepancy measure. In this subsection we propose some
loss functions and optimization algorithms for choosing good generating vectors for
extensible rank-1 lattice sequences.

In principle one would like to have an ∞ × ∞ array of digits hjk. However,
in practice it is only necessary to have an smax × mmax array of digits hjk, where
Nmax = bmmax is the maximum number of points and smax is the maximum dimension
to be considered. In finance calculations, for example, the necessity of timely forecasts
may constrain one to a budget of 103 − 104 points [49].

For simplicity we consider generating vectors h that are of the form originally
proposed by Korobov, i.e.,

h = (1, η, η2, . . . , ηs−1).(4.1)
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This means that only the digits η1, η2, . . . , ηmmax
need to be chosen, for which there

are bmmax = Nmax choices. The generating vector is tested for dimensions up to smax,
but in fact it can be extended to any dimension.

The number η defining the generating vector is chosen by minimizing a loss func-
tion, G, of the form

G(η) = max
m,s

G̃(η,m, s).(4.2)

Here the function G̃(η,m, s) is related to one of the measures of discrepancy introduced
in section 3, and the maximum over some range of values of m and s insures that the
resulting generating vector is good for a range of numbers of points and dimensions.
However, since the discrepancy itself depends significantly on the number of points
and the dimension, it must be appropriately scaled to arrive at the function G̃. The
details of this scaling are given below.

4.1. Generating vectors based on minimizing Pα. The discrepancy defined
in (3.11), which is a generalization of the Pα figure of merit for lattice rules, has the
advantage of requiring only O(sN) operations to evaluate for lattices. To remove some
of the dimension dependence of this discrepancy it is divided by the square root of
right-hand side of (3.6). The root mean square of this scaled discrepancy for a random
sample is then N−1/2, independent of s. The formula for the scaled discrepancy of
the node set of a lattice with α = 1 and 4π2β2

j = 6 is

D(P ) =

[(
3

2

)s
− 1

]−1/2

−1 + 1

N

∑
z∈P

s∏
j=1

[1 + 3B2(zj)]




1/2

.

The specific choice of the value of βj here is not crucial but seems to give good results.
For one-dimensional lattices, i.e., evenly spaced points on the interval [0, 1), this

discrepancy is N−1, and one would expect that as the dimension increases this scaled
discrepancy would tend to (or at least do no worse than) N−1/2. Therefore, to remove
this remaining dimension dependence the above scaled discrepancy is divided by the
function

Dasy(m, s) = b
−m

(
1 +

m log b

s− 1

)(s−1)/2

= N−1

(
1 +

logN

s− 1

)(s−1)/2

.

For a fixed s, Dasy(m,s) is asymptotically O(b−mm(s−1)/2) = O(N−1[logN ](s−1)/2)
as N tends to infinity. This is the asymptotic order for (0,m, s)-nets [25], and what
we hope to achieve for lattice sequences. Furthermore, N−1 = b−m ≤ Dasy(m, s) ≤
b−m/2 = N−1/2 for any m and s. In summary, the resulting loss function is

(4.3) G̃1(η,m, s) =
D(P )

Dasy(m, s)
= bm

(
1 +

m log b

s− 1

)−(s−1)/2 [(
3

2

)s
− 1

]−1/2

×

−1 + 1

bm

bm−1∑
i=0

s∏
j=1

[
1 + 3B2({φb(i)ηj−1})]




1/2

.

The optimal values of η found by minimizing G1(η) for b = 2 and for different
ranges of m and s are given in Table 4.1. The algorithm for optimizing G1(η) may
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be described as an intelligent exhaustive search. One need not compute G1(η) for all
possible values of η. Suppose at any stage of the optimization η∗ is the best known
value of η, and one finds that G̃1(η̃,m, s) > G1(η∗) for some η̃. Since G̃1(η,m, s)
depends only on the first m − 1 digits of η, one can immediately eliminate from
consideration all η that have the same first m − 1 digits as η̃. This same search
strategy is also used for the other loss functions described below.

Table 4.1
Values of η defining generating vectors of the form (4.1) for rank-1 lattice sequences with base

b = 2, and minimizing (4.9).

i m0 m1 s1 η Gi(η,m0,m1, s1) Gi,min(η,m0,m1, s1)

1 0 17 32 17797 4.11 0.78
1 0 12 32 203 2.33 0.78
1 0 16 32 17797 3.57 0.78
1 13 20 32 407641 5.86 0.97

2 0 17 25 1267 2.05 1.00
2 1 16 34 12915 1.90 1.00
2 6 12 33 1571 1.88 1.10
2 8 17 32 11335 1.83 1.03
2 14 20 37 156487 1.76 1.05
2 15 24 32 4450341 1.79 1.07

3 6 16 12 237 2.25 1.07
3 6 12 10 53 2.25 1.14
3 10 16 11 173 2.25 1.15
3 14 21 11 391485 2.00 1.01
3 16 24 10 1459305 2.10 1.11

4.2. Generating vectors based on the spectral test. The use of the spectral
test to analyze the lattice structure of linear congruential generators is described in
[31], and tables of good integration lattices are given in [35]. The difference here is
that nearly all smaller lattices imbedded in the largest lattice considered must have
low discrepancy. In [35], only the full lattice was examined.

The length of the shortest nonzero vector in the dual lattice L⊥ is

d2(η,m, s) = min{‖k‖2 : k �= 0, k′(1, η, . . . , ηs−1) = 0 mod bm},(4.4)

which is related to the discrepancy (3.12) with r = 2. This length has the absolute
upper bound

d∗2(m, s) =

{
γsb

m/s, 1 ≤ s ≤ 8,

ρsb
m/s, 8 < s,

(4.5)

where the constants γs and ρs depend only on s (see [35] and the references therein).
The bound for s ≤ 8 is the least upper bound for a general s-dimensional lattice with
real-valued coordinates and with b−m points per unit of volume. The bound for s > 8
is not the least upper bound, but it is still reasonably tight, as our numerical results
will show. We define the normalized �2-spectral test discrepancy as

G̃2(η,m, s) =
d∗2(m, s)
d2(η,m, s)

,(4.6)
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which is larger than 1 and is the inverse of the quantity St defined in [35]. (The
different notation here is to be consistent with the rest of this article.) The loss
function to be minimized is of the form (4.2) with G̃ = G̃2.

We note that 1/d2(η,m, s) can be interpreted as the (Euclidean) distance between
the successive hyperplanes that contain all the points of the primal lattice L for the
family of hyperplanes for which this distance is the largest. The problem of comput-
ing a shortest vector in (4.4) can be formulated as a quadratic optimization problem
with s integer decision variables, because k can be written as a linear combination
of the s vectors of a basis of the dual lattice, with integer coefficients. The decision
variables are these coefficients. (See [31] for details.) We solved this problem by using
the branch-and-bound algorithm of Fincke and Pohst [10], with a few heuristic mod-
ifications to improve the speed. The worst-case time complexity of this algorithm is
exponential in d2(η,m, s), and polynomial in s for d2(η,m, s) fixed [10]. In practice, it
(typically) works nicely even when d2(η,m, s) is large. For example, one can compute
d2(η, 30, s) for b = 2, an arbitrary η and s = 2, . . . , 30 in less than 1 second on a
Pentium-II computer.

4.3. Generating vectors based on the �1-spectral test. With the �1 norm,
the length of the shortest nonzero vector in L⊥ is

d1(η,m, s) = min{‖k‖1 : k �= 0, k′(1, η, . . . , ηs−1) = 0 mod bm},(4.7)

which is related to the discrepancy (3.12) with r = 1. One has the upper bound

d1(η,m, s) ≤ d∗1(m, s) def
= (s!bm)1/s,

which was established by Marsaglia [38] by applying the general convex body theorem
of Minkowski. This suggests the normalized �1-spectral test quantity:

G̃3(η,m, s) =
d∗1(m, s)
d1(η,m, s)

.(4.8)

Here, we want to minimize the loss function (4.2) with G̃ = G̃3.
One can interpret d1(η,m, s) (or d1(η,m, s) − 1 in certain cases; see [31]) as

the minimal number of hyperplanes that cover all the points of P . We computed
d1(η,m, s) via the algorithm of Dieter [6], which works fine for s up to about 10
(independently of m), but becomes very slow for larger s (the time is exponential in
s).

The �1-spectral test quantity in (4.8) has an interpretation similar to that of the
quality parameter t for (t,m, s)-nets. Define

T (η,m, s) = logb(G̃3(η,m, s)) =
m+ logb(s!)

s
− logb(d1(η,m, s)).

Since G̃3 ≥ 1 and d1(η,m, s) ≥ 1, it follows that 0 ≤ T (η,m, s) ≤ [m + logb(s!)]/s.
Thus, the rank-1 lattice defined by η integrates exactly all trigonometric polynomials
of wavenumber k when

log(|k1|+ · · ·+ |ks|) ≤ m+ logb(s!)

s
− T (η,m, s).

If one considers T (η,m, s) as the quality parameter of the lattice, then this condition
is similar to that in (2.5). There, t determines the resolution at which piecewise
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constant functions are exactly integrated by a net. Here, T (η,m, s) determines the
resolution at which trigonometric polynomials are integrated exactly by a lattice.

The discrepancy for the node set of this lattice as defined in (3.12) with r = 1 is

DF,∞(P ) = d1(η,m, s)
−α = (s!)−α/sbαT (η,m,s)N−α/s.

If one can construct an infinite sequence of digits, η, for which

T (η, s) = max
m
T (η,m, s) <∞,

then the above discrepancy decays like N−α/s. Again, the parameter α indicates the
assumed smoothness of the integrands.

4.4. Tables of coefficients. We made computer searches to find the best η’s,
based on minimizing the worst-case loss function

Gi(η,m0,m1, s1) = max
m0≤m≤m1

1≤s≤s1
G̃i(η,m, s)(4.9)

for i = 1, 2, 3 and selected values of m0, m1, and s1. The bounds m0, m1, and s1
define a range of number of points in the lattice, and maximal number of dimensions,
in which we are interested. Selecting different parameters η for different ranges of
values of m and s is a convenient compromise between the extreme cases of choosing
a different η for each pair (m, s) and choosing the same η for all pairs (m, s). In
practice one typically has a general idea of how many points one is going to take. By
selecting an η specialized for that range, one can obtain a lattice with a better figure
of merit for this particular range.

Table 4.1 gives the optimal η’s and the corresponding figures of merit (4.9) for i =
1, 2, 3 and certain triples (m0,m1, s1). Because of computational efficiency constraints,
for the searches, we limited ourselves to m1 ≤ 20 for i = 1 and to s1 ≤ 10 for i = 3.
Then, for the best η that we found, we verified the performance when m0 was reduced
or when m1 or s1 was increased and retained the smallest m0 and largest m1 and s1
for which Gi was unchanged. The table also gives the value of Gi,min(η,m0,m1, s1),
defined by replacing max by min in (4.9). This best-case figure tells us the range of
values taken by G̃i(η,m, s) over the given region. We made exhaustive searches also
with s1 = 15 for all the entries where i = 1 or 2 in the table, and we obtained the
same values of η and Gi(η,m0,m1, s1) in all cases.

5. Estimating quadrature error. The advantage of an extensible lattice se-
quence is that N need not be specified in advance. Therefore, in practice one would
estimate the quadrature error for an initial lattice and continue to increase the lattice
size until the quadrature error meets the desired tolerance. Although the discrepancy,
D(P ), is a good measure for the quality of a set P , it cannot be used directly for error
estimation. The worst-case error bounds (3.1) are often quite conservative, and there
is no easy way to estimate the variation of the integrand. The average case error
given, (3.4), is sensitive to how one defines the kernel—multiplying the kernel by a
factor of c2 changes the average case error by a factor of c.

Quadrature error estimates for lattice rules have been investigated by [5, 29, 55].
Two different kinds of quadrature rules and error estimates have been proposed. Both
involve estimating the error forQ(f ;P ) in terms ofQ(f ;P ) andQ(f ;Pl), l = 1, . . . ,M ,
where the Pl are node sets of lattices and P = P1 ∪ · · · ∪ PM .
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The method proposed in [55] takes P to be composed of 2s shifted copies of a
rank-1 lattice. Rather than considering copy rules, we take Pl to be the node sets of
shifted lattices of size bm1 imbedded in the extensible lattice described in section 2.4:

Pl = {{φb((l − 1)bm1 + i)h+∆} : i = 0, . . . , bm1 − 1} , l = 1, . . . ,M,(5.1a)

P = {{φb(i)h+∆} : i = 0, . . . ,Mbm1 − 1} .(5.1b)

Another quadrature rule and error estimate takes the Pl to be independent ran-
dom shifts of a lattice. This can be done by taking

Pl = {{φb(i)h+∆l} : i = 0, . . . , bm1 − 1} , l = 1, . . . ,M,(5.2a)

P = {{φb(i)h+∆l} : i = 0, . . . , bm1 − 1, l = 1, . . . ,M} ,(5.2b)

where the ∆l are independent, uniformly distributed random vectors in [0, 1]s.
Note that for both (5.1) and (5.2) the set P can be extended in size as necessary

by increasing m1. The theory behind the error estimates for cases (5.1) and (5.2) are
given in the following theorem.

Theorem 5.1. Suppose that a quadrature rule Q(·;P ) based on some arbitrary
P , as given in (1.1), is the average value of the quadrature rules based on the sets
P1, . . . , PM , i.e.,

Q(·;P ) = 1

M

M∑
l=1

Q(·;Pl).(5.3)

First, consider the case where the integrands are random functions from a sample
space A as described in the paragraph preceding (3.4). Then it follows that

(5.4) Ef∈A[I(f)−Q(f ;P )]2

=

{
−1 + 1

M

M∑
l=1

[
D(Pl)

D(P )

]2
}−1

1

M

M∑
l=1

Ef∈A[Q(f ;Pl)−Q(f ;P )]2,

where D is the discrepancy based on the covariance kernel for A.
Second, consider the case of a fixed integrand, f , but where the Pl are random

shifts of a set P0, i.e.,

P = P1 ∪ · · · ∪ PM , Pl = {{z +∆l} : z ∈ P0},(5.5)

for independent, uniformly distributed ∆1, . . . ,∆M . Then

E∆l
{[I(f)−Q(f ;P )]2} = 1

M(M − 1)

M∑
l=1

E∆l
[Q(f ;Pl)−Q(f ;P )]2.(5.6)

Proof. Assuming that the quadrature rules satisfy (5.3), it follows that the mean
square deviation of the Q(f ;Pl) from Q(f ;P ) may be written as

(5.7)
1

M

M∑
l=1

[Q(f ;Pl)−Q(f ;P )]2 =
1

M

M∑
l=1

{[I(f)−Q(f ;P )]− [I(f)−Q(f ;Pl)]}2

= −[I(f)−Q(f ;P )]2 + 1

M

M∑
l=1

[I(f)−Q(f ;Pl)]2.
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If the integrand is a random function from a sample space A with covariance kernel
K, then average case error analysis in (3.4) plus (5.7) leads to the following equations:

Ef∈A[I(f)−Q(f ;P )]2 = [D(P )]2,

Ef∈A[I(f)−Q(f ;Pl)]2 = [D(Pl)]
2,

Ef∈A

{
1

M

M∑
l=1

[Q(f ;Pl)−Q(f ;P )]2
}

= −[D(P )]2 +
1

M

M∑
l=1

[D(Pl)]
2.

The equations above may be rearranged to give (5.4).
The quadrature error for rule Q(f ;P ) may also be written as

[I(f)−Q(f ;P )]2 =

{
1

M

M∑
l=1

[I(f)−Q(f ;Pl)]
}2

=
1

M2

M∑
l=1

[I(f)−Q(f ;Pl)]2

+
2

M2

∑
1≤k<l≤M

[I(f)−Q(f ;Pi)][I(f)−Q(f ;Pl)].

Substituting the sum of the [I(f)−Q(f ;Pl)]2 by (5.7) gives

(5.8) [I(f)−Q(f ;P )]2 =
1

M(M − 1)

M∑
l=1

[Q(f ;Pl)−Q(f ;P )]2

+
2

M(M − 1)

∑
1≤k<l≤M

[I(f)−Q(f ;Pk)][I(f)−Q(f ;Pl)].

If the Pl are random shifts as in (5.5), then the expected value of the term [I(f) −
Q(f ;Pk)][I(f)−Q(f ;Pl)] vanishes for all k �= l and taking the expected value of (5.8)
yields (5.6).

Some remarks are in order to explain the assumptions and conclusions of the
above theorem. These are given below.

Assumption (5.3), and thus conclusion (5.4), holds for both the cases (5.1) and
(5.2) above. In fact, this part of the theorem holds for any imbedded rule or any rule
where the Pl all contain the same number of points, and their union is P or multiple
copies of P . For example, (5.4) would apply to the case where P is a (t,m, s)-net
made up of a union of subnets Pl.

Assumption (5.5), and therefore conclusion (5.6), holds for (5.2). There is a
difficulty if one tries to derive a result like (5.6) for an imbedded rule of the form (5.1),
where ∆ is a random shift. The argument leading to (5.6) assumes that the points in
different Pl are uncorrelated, which is not true for (5.1). However, if the extensible
lattice is a good one, it is expected that the terms [I(f)−Q(f ;Pk)][I(f)−Q(f ;Pl)]
in (5.8) are on average negative. Under this assumption one may then conclude that
the right-hand side of (5.6) is a conservative (too large) upper bound on the expected
square quadrature error.

The factor in (5.4) above involving the discrepancies of P and the Pl does not
depend strongly on the particular choice of discrepancy but on the asymptotic rate



1132 HICKERNELL, HONG, L’ÉCUYER, AND LEMIEUX

of decay only. If, for example, D(P ) ≈ CN−α for some unknown C, but known α,
where N is the number of points in P , then

Ef∈A[I(f)−Q(f ;P )]2 ≈ 1

M(M2α − 1)

M∑
l=1

Ef∈A[Q(f ;Pl)−Q(f ;P )]2.(5.9)

Although conclusions (5.6) and (5.9) are derived under different assumptions,
they both suggest error estimates of the form

[I(f)−Q(f ;P )]2 � c2

M(M2α − 1)

M∑
l=1

[Q(f ;Pl)−Q(f ;P )]2,(5.10)

where α = 1/2 for (5.6) and α indicates the rate of decay of the discrepancy for (5.9).
The factor c > 1 depends on how conservative one wishes to be. The Chebyshev
inequality implies that the above inequality will hold “at least” 100(1− c−2)% of the
time. Error estimate (5.10) leads to the stopping criteria:

c2

M(M − 1)

M∑
l=1

[Q(f ;Pl)−Q(f ;P )]2 < ε2,(5.11)

where ε is the absolute error tolerance. Note that if the stopping criteria is not met,
one would normally increase the size of the Pl by increasingm1, rather than increasing
the number of the Pl by increasing M .

For some high-dimensional problems the discrepancy of a lattice (or other low
discrepancy set) may decay as slowly as the Monte Carlo rate of O(N−1/2) for small
N (see [18, 42]). Therefore, even when using (5.9), it may be advisable to make a
conservative choice of α = 1/2. This choice makes the approach of error estimate
(5.9), based on random integrands, equivalent to that of (5.6), based on randomly
shifted Pl.

Sloan and Joe [55, Sect. 10.3] suggest an error estimate of the form

[I(f)−Q(f ;P )]2 � c2

s

s∑
l=1

[Q(f ;Pl)−Q(f ;P )]2,

where P is formed from 2s copies of a rank-1 lattice, and each Q(f ;Pl) is an imbedded
rule based on half of the points in P . Although this case does not exactly fit Theorem
5.1, the arguments in the proof can be modified to obtain a result similar to (5.4):

Ef∈A[I(f)−Q(f ;P )]2

=

{
−1 + 1

s

s∑
l=1

[
D(Pl)

D(P )

]2
}−1

1

s

s∑
l=1

Ef∈A[Q(f ;Pl)−Q(f ;P )]2.

This would suggest that the error estimation formula of Sloan and Joe is reasonable
when D(Pl) ≥

√
2D(P ) on average. The disadvantage of 2s-copy rules is that they

require at least 2s points, which may be unmanageable for large s.
To summarize, both imbedded lattice rules, (5.1), and independent random shifts

of lattices, (5.2), have similar error estimates, (5.10), and stopping criteria, (5.11).
The advantage of the independent random shifts approach is that the theory holds
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for any integrand, not the average over a space of integrands. One advantage of the
imbedded rules approach is that one need generate only a single extensible lattice.
Furthermore, the set P for the imbedded rule is the node set of a lattice (if M is a
power of b), which is never the case for the independent random shifts approach. Thus,
the accuracy of the imbedded rule approach is likely to be better. In the examples in
the next section, the imbedded lattice rules based on (5.1) are used.

6. Examples of multidimensional quadrature. Two example problems are
chosen to demonstrate the performance of the new rank-1 lattice sequences proposed in
section 2.4. The first example is the computation of multivariate normal probabilities,
and the second is the evaluation of a multidimensional integral arising in physics
problems.

6.1. Multivariate normal probabilities. Consider the following multivariate
normal probability:

1√|Σ|(2π)s
∫ b1

a1

· · ·
∫ bs

as

e−
1
2 θ

′Σ−1θ dθ,(6.1a)

where a and b are known s-dimensional vectors, and Σ is a given s×s positive definite
covariance matrix. Some aj and/or bj may be infinite.

Unfortunately, the original form is not well suited for numerical quadrature.
Therefore, Alan Genz [12] proposed a transformation of variables that results in an
integral over an (s − 1)-dimensional unit cube. See [12, 13] for the details of the
transformation, and see [13, 15] for comparisons of different methods for calculating
multivariate normal probabilities.

The particular test problem is one considered by [13, 24] and may be described
as follows:

a1 = · · · = as = −∞,(6.1b)

bj i.i.d. uniformly on [0,
√
s],(6.1c)

Σ generated randomly according to [13, 39].(6.1d)

Numerical comparisons were made using three types of algorithms:
i. the adaptive algorithm DCHURE [2],
ii. an older Korobov rank-1 lattice rule with a different generating vector for

each N and s—this algorithm is a part of NAG and is used in [5, 12]—and
iii. the new rank-1 lattice sequences proposed in section 2.4 with generating vec-

tors given in Table 4.1.
For the second and third algorithms we applied the periodizing transformation x′j =
|2xj − 1| to the integrand over the unit cube. This appears to increase the accuracy
of the lattice rule methods. The computations were carried out in FORTRAN on a
Unix work station in double precision. The absolute error tolerance was chosen to be
ε = 10−4, and this was compared with the actual error E. Since the true value of the
integral is unknown for this test problem, the value given by the Korobov algorithm
with a tolerance of ε = 10−8 was used as the “exact” value for computing the error.
For the new rank-1 lattice sequences the stopping criterion (5.11) was used with M
between 4 and 7 and c = 3.

For each dimension, 50 random test problems were generated and solved by the
various quadrature methods. The scaled absolute errors E/ε and the computation
times in seconds are given in the box and whisker plots of Figure 6.1. The boxes con-
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3 6 9 12 15
10

−3

10
−2

10
−1

10
0

10
1

S
ca

le
d 

E
rr

or
ε = 0.0001

s

3 6 9 12 15
10

−2

10
−1

10
0

10
1

10
2

10
3

C
om

pu
ta

tio
n 

T
im

e

ε = 0.0001

s

Fig. 6.1. Box and whisker plots of scaled errors, E/ε, and the computation times in seconds for
50 randomly chosen test problems (6.1). For each dimension s results from left to right correspond to
the DCHURE algorithm, Korobov rank-1 lattice rules used in NAG, and the new, extensible rank-1
lattice rules for η = 17797 and 1267 from Table 4.1.
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Fig. 6.2. Plots of the relative error obtained in approximating (6.2) for s = 25 for the McNamee
and Stenger (�), Genz and Patterson (�), generalized Faure (◦) quadrature rules. The box and
whisker plots show the performance of the extensible lattice sequence rules for η = 17797 and 1267
from Table 4.1 for N = 4, 8, . . . , 217.

tain the middle half of the values, and the whiskers give the range of most values
except the outliers (denoted by ∗).

Ideally, the scaled error should nearly always be less than one, otherwise the error
estimate is not conservative enough. On the other hand, if the scaled error is too small,
then the error estimate is too conservative. Figure 6.1 shows that the adaptive rule
performs well for smaller dimensions but underestimates the error and is quite slow
in higher dimensions. The lattice rules do well even in higher dimensions, and the
new rank-1 lattice sequences appear to be faster than the older Korobov-type rule.
This is likely due to the fact that the lattice sequences proposed here can reuse the
old points when N must be increased.

6.2. A multidimensional integral from physics. Keister [30] considered the
following multidimensional integral that has applications in physics:

∫
Rs

cos(‖x‖2)e−‖x‖2
2 dx = πs/2

∫
[0,1)s

cos



√√√√ s∑

j=1

[Φ−1(yj)]2

2


 dy,(6.2)

where Φ denotes the standard Gaussian distribution function. Keister gave an ex-
act formula for the answer and compared the quadrature methods of McNamee and
Stenger [40], Genz [11], and Patterson [53] for evaluating this integral. Later, Papa-
georgiou and Traub [51] applied the generalized Faure sequence from FINDER to this
problem.

The results of numerical experiments for the above integral for dimension 25 are
shown in Figure 6.2. The exact value of the integral is reported in [51]. To be
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consistent with the numerical results reported in [30, 51], we did not perform error
estimation but just computed the actual error for each kind of numerical method as
a function of N , the number of points. Because Φ−1(0) = −∞, there is a techni-
cal difficulty with using an unshifted lattice rule, so when performing the numerical
experiments, the lattice sequences were given random shifts (modulo 1). Box and
whisker plots show how well the new rank-1 lattice sequences perform for 50 random
shifts.

According to Figure 6.2, the generalized Faure sequence (in base 29) and the
lattice sequence perform much better than the other two rules. In some cases the
lattice sequences perform better than the generalized Faure sequence.

7. Conclusion. Lattice rules are simpler to code than digital nets. Given the
construction in section 2.4, it is now possible to have extensible lattice sequences in
the same way that one has (t, s)-sequences. Good generating vectors for these lattice
sequences may be found by using the spectral test or minimizing other discrepancy
measures, as shown in section 4. The performance of these lattice rules is in many cases
comparable to other multidimensional quadrature rules and in some cases superior.

Acknowledgments. Thanks to Alan Genz for making his software for com-
puting multivariate normal distributions available. Thanks also to Joe Traub and
Anargyros Papageorgiou for making the FINDER software available.
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Abstract. The use of approximate projection methods for modeling low Mach number flows
avoids many of the numerical complications associated with exact projection methods, but introduces
additional design choices in developing a robust algorithm. In this paper we first explore these
design choices in the setting of inviscid incompressible flow using several computational examples.
We then develop a framework for analyzing the behavior of the different design variations and use
that analysis to explain the features observed in the computations. As part of this work we introduce
a new variation of the approximate projection algorithm that combines the advantages of several of
the previous versions.
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1. Introduction. The term “projection methods” refers to a class of fractional
step algorithms for modeling unsteady low Mach number flows characterized by a
divergence constraint on the velocity field. In these methods an intermediate velocity
field is constructed by advancing the momentum equations in time without enforcing
the constraint. In the next step of the algorithm this field is projected back onto the
constraint.

Projection methods have been used for incompressible flow modeling for several
decades, but approximate projection methods have appeared only in the past few
years. They have been numerically tested on a number of flows in two and three spatial
dimensions, but adequate analysis of their properties has been lacking to date. In this
paper we provide an analytical basis for understanding the behavior of approximate
projection methods and some of the design decisions that accompany their use.

For the purposes of this paper we will focus on inviscid, constant density flows,
with numerical examples in two dimensions. In the second paper in this series we
will extend the analysis to the modeling of viscous flows. The extension to variable
density flows, and adaptive projection methods with subcycling in time, will follow.

In the original projection method developed by Chorin [5] the projection step
of the algorithm is specified by defining discrete operators D and G, approximating
divergence and gradient, respectively, which are skew-adjoint; i.e., D = −GT . With
this definition the discrete projection, P = I−G(DG)−1D (with boundary conditions
implicitly defined by the flow problem), is a discrete orthogonal projection on the
finite-dimensional space of vector fields defined on the mesh. In Chorin’s formulation
both pressure and velocity are specified at nodes and central differences are used for
the definition of D and G. This results in an expanded five-point stencil for the
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discrete Laplacian, L = DG, which must be inverted to apply the projection. This
expanded stencil produces a local decoupling of the mesh points and leads to a 2d-
dimensional kernel for G where d is the dimension of the problem. Bell, Colella, and
Glaz [3] use a discretization of the projection based on a finite element method due
to Fortin [7] which uses pressure defined on cell centers with velocities given at nodes.
This approach produces a more compact stencil but also generates a local decoupling
of the grid and dim ker G > 1. (For two-dimensional problems dim ker G = 2.) Bell,
Colella, and Howell [4] use a fully cell-centered analogue of Chorin’s algorithm. This
scheme exhibits a local decoupling; however, in the presence of Dirichlet boundary
conditions, the cell-centered approximation eliminates the nonconstant elements in
ker G. (For periodic problems dim ker G = 2d as in the original Chorin algorithm.)

In the absence of boundaries the additional elements in kerG are not a problem for
incompressible flow modeling because the operator (DG)−1 is applied to a vector field
that lies in the range of D. In the presence of boundaries, however, the nonconstant
elements in the kernel introduce additional, artificial compatibility constraints on the
boundary of the physical domain. In addition, for more complex low Mach number
models, such as low Mach number combustion, a term that is not in the range of
the divergence operator is often added to the divergence constraint to represent the
expansion or contraction of the fluid due to additional physics. The presence of this
additional source term can result in marked oscillations in the solution, as noted by Lai
[10] and Lai, Bell, and Colella [11]. An additional difficulty associated with the local
decoupling is that the nonstandard discretizations of DG require specialized solution
methods that properly respect the stencil that is used. (See [4, 8] for a discussion of
such a procedure.)

Almgren, Bell, and Szymczak [2] first introduced the notion of an approximate
projection to circumvent the numerical difficulties with exact discrete projections.
Approximate projections are defined by replacing the projection operator P by an
approximation P̃ = I−G(L)−1D, where L is an approximation to, but not identically,
DG. The approximate projection methods discussed here were designed to operate
on cell-centered colocated velocities, to avoid any local decoupling of the stencils, to
provide a symmetric discretization of the potential flow inherent in inhomogeneous
boundary conditions, and to generate a linear system that fits the framework of con-
ventional fast iterative techniques (e.g., multigrid) for second-order elliptic equations.
(See [2] for further discussion of the motivation for approximate projections.)

The approximate projection introduced by Almgren, Bell, and Szymczak [2] de-
fines pressure on nodes and uses a finite element formulation with bilinear basis func-
tions to derive a nine-point (in two dimensions) stencil for the Laplacian operator.
The finite element derivation gives a characterization of this projection as an exact
discrete projection onto an enriched space followed by an L2 projection onto a sub-
space corresponding to piecewise constant velocity fields. This derivation provides an
analytic characterization of the effect of the “approximateness” and proves stability
of the approximation. A standard five-point nodal approximation to the Laplacian
can also be used. This approximation can be constructed in a similar manner by spec-
ifying pressure to be piecewise linear on the standard triangularization of a square
mesh. The analogous three-dimensional seven-point nodal discretization has been
successfully used by Almgren et al. in [1], but lacks the finite element derivation.

Lai [10] introduced a cell-centered approximate projection where pressure is de-
fined at cell centers and which uses a standard five-point centered-difference stencil
for the Laplacian. The stability of such a scheme was shown in [10]; this approximate
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projection has been used by Martin [12] in an adaptive projection algorithm, and a
variation of this (with the same L but a higher-orderD) by Minion [14] in an adaptive
scheme.

Approximate projections have been successfully used in the modeling of more
general low Mach number flows such as those arising in combustion (e.g., [17, 18]).
However, in spite of these successful applications, approximate projection algorithms
are not without their own problems. Adopting an approximate projection approach
introduces a number of design choices that are not relevant for an exact discrete
projection. When applied to “difficult” problems or to long-time integrations, ap-
proximate projection algorithms can produce poor results. Rider discusses some of
these design choices for the five-point cell-centered scheme [19] and describes a col-
lection of filtering techniques to deal with artifacts he observes in numerical tests
[20].

The goal of this paper is to develop an analytical framework to explain the perfor-
mance of different variations of approximate projection methods and to explore meth-
ods for improving their behavior. In the next section we will give a brief overview of
projection methods using an exact projection; in section 3 we introduce several differ-
ent formulations of approximate projection schemes. In the following two sections we
present a temporal analysis of approximate projections, then a spatial analysis of the
three specific approximate projections discussed here. In section 6 we discuss issues
related to the coupling between the advection scheme and the choice of approximate
projection, and in section 7 we present our conclusions and discussion.

2. Overview of exact projection methods. In this paper we will consider
constant density, inviscid, incompressible flow, governed by

Ut + (U · ∇)U+∇p = 0,(2.1)

∇ ·U = 0,(2.2)

where (in two dimensions) U = (u, v) and p represent the velocity and pressure,
respectively.

The projection method is a fractional step scheme for solving (2.1)–(2.2). In the
advection step we solve (2.1) without enforcing the constraint. In the projection step,
we then apply a projection to the intermediate velocity field to enforce the constraint.
For the advection step we solve

U∗,n+1 −Un

∆t
+ [(U · ∇)U]n+1/2 = −Gpn−

1/2(2.3)

for the intermediate velocity U∗,n+1. The pressure gradient is evaluated at tn−1/2 and
is treated as a source term. For the computations presented here, the advection term,
Nn+1/2 = [(U · ∇)U]n+1/2, is approximated at time tn+1/2 to second-order in space and
time using an explicit predictor-corrector scheme described in Appendix A. (We note
that the analysis presented later in the paper is applicable when other approaches are
used to computeNn+1/2. Experiments with different options in the predictor-corrector
scheme presented in section 6 are suggestive of the degree to which the conclusions
reached here are applicable to other methods.)

The velocity field U∗,n+1 is not, in general, divergence-free. In the projection
step of the algorithm the intermediate velocity field can be decomposed into a dis-
crete gradient of a scalar potential and a discretely divergence-free vector field which
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correspond, respectively, to the new pressure gradient and the new velocity, i.e.,

Un+1 = PU∗,n+1,

∆t Gpn+1/2 = ∆t Gpn−
1/2 + (I−P)U∗,n+1.

To apply the projection operator we solve DGφ = DV for a scalar field φ, where,
in this case, V = U∗,n+1. We then define the divergence-free part of V, in this case
Un+1, by Vd = V −Gφ. By construction DVd = 0; thus, Un+1 exactly satisfies the
discrete form of divergence constraint.

3. Approximate projections. For an exact projection,V can take many forms,
all of which lead to exactly the same solution (assuming an exact solution of the re-
sulting Poisson equation). Two natural candidates for V are the velocity itself or the
update to velocity. One could also modify each of these by removing the pressure
gradient component of the update. Specifically, one might choose any of the following
(with the ∆t scaling for convenience):

(1) V =
U∗,n+1

∆t
,

(2) V =
U∗,n+1

∆t
+Gpn−

1/2,

(3) V =
U∗,n+1 −Un

∆t
,

(4) V =
U∗,n+1 −Un

∆t
+Gpn−

1/2.

Then, after solving DGφ = DV (or Lφ = DV for an approximate projection) and
setting Vd = V −Gφ, the new velocity and pressure would be defined, respectively,
by

(1) Un+1 = ∆t Vd, pn+1/2 = pn−
1/2 + φ,

(2) Un+1 = ∆t Vd, pn+1/2 = φ,

(3) Un+1 = Un +∆t Vd, pn+1/2 = pn−
1/2 + φ,

(4) Un+1 = Un +∆t Vd, pn+1/2 = φ.

For approximate projections the choice ofV has a nontrivial effect on the solution.
Because the approximate projection operators are second-order accurate approxima-
tions to an exact projection, the methods which result from each choice of V are all
second-order accurate for smooth problems, but not identical.

For the sake of clarity, we here introduce some notation for the different spatial
and temporal discretizations. We will refer to the approximate projection with the
nine-point nodal discretization of L as N9, that with the five-point nodal discretiza-
tion of L as N5, and that with the five-point cell-centered discretization of L as C5.
In addition, for all results we will specify which version of V is being projected; e.g.,
N9 3 will indicate the nine-point nodal scheme, version (3) of V. In the published
literature, Almgren et al. [1, 2] have presented results using N5 3 and N9 3; Martin
[12] used C5 2, and Minion [14] has used C5 4. Rider [19] presents extensive testing
of C5 1-4 in conjunction with the development of filters to reduce numerical artifacts.

We also note here that for each of the approximate projection operators P̃, there
is a corresponding exact discrete projection P = I −G(DG)−1D defined using the
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same D and G used to define P̃. We will refer to the exact nodal projection as N EX
and the exact cell-centered projection as C EX.

To demonstrate the second-order accuracy of the different versions of the approx-
imate projections, we present results from a time-periodic test case with diagonally
translating vortices. The initial data are

u(x, y) = 1− 2 cos(x) sin(y),

v(x, y) = 1 + 2 sin(x) cos(y)

on a square domain, 2π x 2π. The exact solution to the Euler equations with this
initial data is

uex(x, y, t) = 1− 2 cos(x− t) sin(y − t),

vex(x, y, t) = 1 + 2 sin(x− t) cos(y − t),

pex(x, y, t) = − cos(2(x− t))− sin(2(y − t)).

For each version of V and each approximate projection we present results at three
different resolutions: 322, 642, and 1282. The L2 norms of the error in u and px are
shown in Figure 1. It is clear that each method is second-order accurate; in addition, it
is evident that there are differences between the solutions resulting from the different
forms of the projections, most noticeably C5 4. We will explain these differences in
the next two sections.

Fig. 1. L2 norms of error in u (a,c) and px (b,d) for the translating vortices problem.

As demonstrated above, the difficulty with using approximate projections is not
a question of formal accuracy on smooth problems. Instead, problems tend to appear
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as a buildup of “noise” during longer time integrations of more complex problems. To
illustrate this behavior we present results from each of the approximate projections
run on on a more complex problem, namely the inviscid dynamics of a random initial
distribution of vorticity. A key feature of this problem is that it contains substantially
more high frequency content than the previous test case. The initial data for this
problem are given by specifying a random stream function with spectral characteristics
defined by

ψ̂(k) =
ω

|k|(1 + (|k|/6)4) ,

where ω is a normally distributed random variable mapped into the complex domain
with the appropriate symmetries so that the inverse Fourier transform of ψ̂ is a real
function, ψ. We then define U0 as the discrete curl of ψ. The initial data for this
problem are similar to the initial data used to test the decay at high Reynolds num-
ber of the two-dimensional Navier–Stokes equations to the sinh-Poisson mean field
equations derived by Joyce and Montgomery [9]. This type of problem has been
studied extensively by a number of authors. (See the early work by McWilliams [13]
and other studies such as Montgomery, Shan, and Matthaeus [15] and the references
cited therein.) We note that the key difference between the initial data we have con-
structed and the data used in the above studies is that in those studies the kinetic
energy scales like k−3 for large k, but here we are imposing a more rapid decay for
large k. This more rapid decay reduces the very high frequency components of the
solution so that the computations are less sensitive to the behavior of the advection
scheme. (Results similar to those presented here are also obtained with the richer
spectrum but the anomalies occur at higher resolution and longer time integrations,
which are prohibitive for extensive testing.)

We examine the evolution of the solution from time t = 0 to 10, over which time
the initial random vorticity essentially coalesces into two smooth patches of counter-
rotating vorticity. In Figure 2(a) and 2(e) we show raster plots of the vorticity and
px at t = 10 on a 642 grid calculated with N9 2. The domain is the unit square
with doubly periodic boundary conditions, and all calculations are run with CFL =
0.9 (i.e., ∆t = 0.9 h / max(max(i,j)|u|,max(i,j)|v|), where max(i,j)| · | is the maximum
over all grid cells, and h is the mesh spacing).

Several variations of the approximate projection produce poor results for this
problem. In particular, in Figure 2(b)–(d), (f)–(h) we show the vorticity and px at
t = 10 as calculated using N9 1, C5 3, and N5 4. For the N9 1 case, checker-
boarding (high frequency error in the solution) is evident in px (Figure 2(f)) and to
a lesser extent in the vorticity (Figure 2(b)). Similarly, for C5 3, high frequency er-
ror is visible, though due to the cell-centered discretization the error appears more as
“striping” than checkerboarding in the vorticity (Figure 2(c)). More coherently struc-
tured but equally unphysical features are evident in both the vorticity (Figure 2(d))
and pressure gradient (Figure 2(h)) for N5 4.

In Figure 3 we plot the numerical divergence of velocity (calculated in each case
with the same D as the approximate projection used) as a function of time for all 12
cases (C5 1-4, N9 1-4, N5 1-4), at resolutions 642 and 1282. While the divergence
does decrease with increased resolution, the differences between the variations of the
projection persist. (In fact N5 1 becomes more unstable at higher resolution.) An
examination of all 12 cases indicates that for solutions with relatively small divergence,
the plots of vorticity and pressure gradient are similar to Figure 2(a) and Figure 2(e),
respectively. Similarly, for solutions with relatively larger divergence, the plots of
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 2. Vorticity (a)–(d) and px (e)–(h) at t = 10 for the random initial vorticity calculation
at resolution 642. (a), (e) N9 2; (b), (f) N9 1; (c), (g) C5 3; (d), (h) N5 4.

vorticity and pressure gradient more closely resemble Figure 2(b)–(d) and Figure 2(f)–
(h), respectively. It is evident that the divergence is a useful indicator of solution
quality for problems such as this one for which an exact solution is not known.

Fig. 3. L2 norms of DU from t = 0 to 10 for the random initial vorticity problem at two
different resolutions.

For the random initial vorticity problem, it appears that the only acceptable
formulation of the approximate projection across all three discretizations is version
(2). Version (2), however, is not without its drawbacks. As we will see analytically in
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the next section, the divergence of the solution found with version (2) is typically larger
than when version (1) is used, provided version (1) remains stable. To demonstrate
this, we consider a very simple steady problem for which we know the exact solution.
The initial data (and steady solution) are uex = sin(y), vex = cos(x).

To eliminate issues of predictor-projection coupling which will be discussed in
section 7, here we use the exact analytic solution to define the advective terms at

each time step, i.e., we set N
n+1/2
i,j = (cos(xi) cos(yj),− sin(xi)sin(yj)), where xi =

ih, yj = jh with h the mesh spacing. All calculations are run with CFL = 0.9 and
resolution 322.

Figure 4 shows the L2 error in u from time t = 0 to 150 for versions (1) and (2) with
each approximate projection. The solid curves using version (1) are indistinguishable
in this figure from the x-axis; the three remaining curves were computed with version
(2). Clearly the error grows steadily for version (2), while remaining essentially zero
for version (1).

While the difference between versions (1) and (2) is especially noticeable for a
steady problem, analogous behavior is seen in the initial iteration of the algorithm
which is used to define the initial pressure field. At the beginning of a calculation,
the initial velocity field is projected once to enforce the divergence constraint. Then
an iteration is performed to compute Gp−1/2. In each step of this iteration a full time
step is taken; after the projection step the pressure field is updated, but the velocity
is reset to its previous value.

If version (1) or (3) of the approximate projection is used, then in the limit as
the number of iterations becomes infinite, the initial pressure converges to the correct
value (that which would be found with infinitely many iterations of an exact projec-
tion). With versions (2) or (4), however, because these versions are nonincremental
in pressure, the pressure does not converge, regardless of the number of iterations.

Fig. 4. L2 norms of the error in u from t = 0 to t = 150 from calculations of the steady problem
for versions (a) CC 1-2, (b) N9 1-2, (c) N5 1-2. Curves using projection version (1) overlay the
x-axis.

4. Temporal analysis of approximate projections. The goal of this and
the next section is to develop an analytical framework to explain the results of the
computations presented in the previous section. The expressions presented by Rider
[19] for the divergence of velocity suggest that version (1) should produce the lowest
divergence, that versions (2) and (3) should produce similar results, and that version
(4) should generate the highest divergence. These predictions hold true in some
cases but do not fully explain the computations presented in the previous section or
the computations in [19], specifically the lack of robustness of version (1) and the
differences in behavior between versions (2) and (3).
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In order to understand the behavior of the different variations of approximate
projections, in Tables 1 and 2 we express the velocity and pressure gradient after n
time steps, Un and Gpn−1/2, in terms of the initial data, U0 and Gp−1/2, the advective
updates at each time step, Ni+1/2, and the approximate projection operator, P̃. These
expressions are derived by substituting the expression for U∗,n+1 from (2.3) into the
definitions of Un+1 for each version of the approximate projection defined in section
3. Successive substitution provides the desired characterization of each version of the
algorithm.

Table 1
Un in terms of U0, Gp−1/2, and N. All sums are from i = 1 to n unless otherwise noted.

Version Un =

Exact U0 −
∑

P(∆t Nn+1/2−i)

(1) Un = Qn
ρU

0 −Qn
β(∆t Gp

−1/2)−
∑

Qi
α(∆t N

n+1/2−i)

(2) P̃nU0 −
∑

P̃i(∆t Nn+1/2−i)

(3) U0 −
∑

P̃i(∆t Nn+1/2−i)−
∑

P̃i(∆t Gp−1/2)

(4) U0 −
∑

P̃(∆t Nn+1/2−i)

Table 2
∆t Gpn−1/2 in terms of U0, Gp−1/2, and N. All sums are from i = 1 to n unless otherwise noted.

Version ∆t Gpn−1/2 =

Exact −(I−P)(∆t Nn−1/2)

(1) −∆t
∑

Qi
γN

n+1/2−i −∆t Qn
δGp

−1/2

(2) −(I− P̃)(∆t Nn−1/2)

+ (I− P̃)P̃n−1U0 −
∑n

i=2
(P̃i−1 − P̃i)(∆t Nn+1/2−i))

(3) P̃nGp−1/2 − (I− P̃)
∑

P̃i−1∆t Nn+1/2−i

(4) −(I− P̃)(∆t Nn−1/2)
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The coefficients in the formula forUn using version (1) are defined by the recursion
relations

Qn
α = P̃(Qn−1

α )− (I− P̃)(Qn−1
β ), Qn

β = P̃(Qn−1
α +Qn−1

β ),

with starting valuesQ1
α = Q1

β = P̃,Q2
α = 2P̃2−P̃, Q2

β = 2P̃2, Q3
α = 4P̃3−3P̃2, and

Q3
β = 4P̃3 − P̃2. Note that Qn

α and Qn
β are polynomials in P̃ and that the coefficient

of P̃n in each is 2n−1. Note also that the sum of the coefficients in Qn
α is one, and

the sum of the coefficients in Qn
β is n.

The coefficients in the formula for Gpn−1/2 using version (1) are defined by the
recursion relations

Qn
γ = P̃(Qn−1

γ )− (I− P̃)(Qn−1
δ ), Qn

δ = P̃(Qn−1
γ +Qn−1

δ ),

with starting values Q1
δ = −P̃ and Q1

γ = (I− P̃).
It is clear there is a trade-off in choosing any one form of V. In the numerical

results of the previous section, version (1) gives the smallest divergence of velocity
when it remains stable; however, it suffers from a lack of robustness. Version (4), by
contrast, defines the pressure gradient using only the most recent advection terms,
as does an exact discrete projection, but produces very poor computational results.
Version (2) appears to be robust and reliable but the velocity field, as seen in the
steady example, can accumulate the imprint of the pressure gradient from previous
times.

To date, approximate projection methods have followed the lead of exact projec-
tion methods in using a single projection to define both the new velocity and pressure.
Here, however, motivated by the problems with each form, we introduce the concept
of separate projections for the velocity and pressure. We propose an approximate
projection method in which a version (1) projection is used to define the new velocity
field, and a version (4) projection is then used to define the new pressure gradient.
We will call this version (5). If the second projection is solved to full precision, this
doubles the computational work of the projection step. However, in our numerical
tests we have found that because the pressure from the first projection using version
(1) is a good first guess for the pressure which would result from version (4), an al-
gebraic reformulation of the second projection allows one to solve for the difference
between these two pressures rather than for the new pressure itself. It is then only
necessary to approximately solve the second equation (e.g., to require that the iter-
ative solver reduce the residual by only one order of magnitude), resulting in little
additional computational work. Note that the scalar being solved for is the difference
in pressure due to the difference in formulation, not the pressure update in time. We
will use this strategy for the results presented in this paper. This new version (5) has
been successfully used to model incompressible axisymmetric flow with swirl in [16].

We comment here that computational cost is not a relevant factor in deciding
between versions. The cost of solving DGφ = DV for φ, given D and G, using
an iterative solver, is a function of the smoothness of V, the boundary conditions,
and the desired reduction in residual. These factors vary between problems, and
do not uniquely determine a “cheapest” version. Version (5) requires slightly more
computational work than the others because of the need for a second solve, but using
the approximation described above, the additional work is typically less than 10% of
the total work of the projection step.



APPROX. PROJECTION METHODS: I. INVISCID ANALYSIS 1149

The expressions for projection (5) corresponding to those in Tables 1 and 2 are

Un = P̃nU0 − P̃n(∆t Gp−
1/2)− P̃(∆t Nn−1/2)−

n−1∑
i=1

P̃i(2P̃− I)(∆t Nn−1/2−i),

Gpn−
1/2 = (I− P̃)(∆t Nn−1/2).

We note here that version (5) is fully second-order accurate for smooth problems;
on the translating vortices problem the results are almost indistinguishable from those
with version (2). For the random initial vorticity problem, the magnitude of the
divergence with version (5) remains low in all cases; it is in fact always lower than
that with version (2), typically by 20–40%, and it lacks the instability of version (1).
For the simple steady problem, the curves for version (5) are indistinguishable from
those for version (1).

Before performing a more detailed analysis of the projection version, we note that
the results for each version can be expressed in a general form as

Un = ρn(P̃)U
0 −∆t

n∑
i=1

αi(P̃)N
n+1/2−i − βn(P̃)Gp−

1/2,(4.1)

∆t Gpn−
1/2 = −∆t (I−P̃)Nn−1/2−∆t

n∑
i=2

γi(P̃)N
n+1/2−i+γn(P̃)U0−∆t δn(P̃)Gp−

1/2,

(4.2)
with the polynomial coefficients for each version and for an exact projection given in
Table 3.

Table 3
Coefficients for each version of the approximate projection and for an exact projection.

Version ρn αi βn γi δn

Exact 1 P 0 0 0

(1) Qn
α Qi

α Qn
β Qi

γ Qn
δ

(2) P̃n P̃i 0 P̃i−1 − P̃i 0

(3) 1 P̃i
∑n

i=1
P̃i P̃i−1 − P̃i P̃n

(4) 1 P̃ 0 0 0

(5) P̃n 2P̃i+1 − P̃i P̃n 0 0

Performing a complete error analysis for each of these approximate schemes is
not tractable. Instead, to characterize the effect of the “approximateness” of the
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approximate projection in greater detail, we will use the formulae in (4.1)–(4.2) to
compare the solution found using the approximate projection to the solution of the
same problem found using the corresponding exact discrete projection P. If we denote
by (Un,Gpn−1/2) the solution with P̃ and (Vn,Gqn−1/2) the solution with P, then

Un−Vn = (ρn(P̃)−P)U0+∆t

(
−

n∑
i=1

αi(P̃)N
n+1/2−i
U +

n∑
i=1

PN
n+1/2−i
V − βn(P̃)Gp−

1/2

)

and

∆t (Gpn−
1/2 −Gqn−

1/2) = −∆t (I− P̃)Nn−1/2
U +∆t (I−P)Nn−1/2

V

−∆t
n∑
i=2

γi(P̃)N
n+1/2−i
U + γn(P̃)U

0 −∆t δn(P̃)Gp−
1/2,

where NU and NV denote evaluation of the advective terms with (Un,Gpn−1/2) and
(Vn,Gqn−1/2), respectively.

If we rewrite these expressions, adding and subtracting terms involving PN
n+1/2−i
U

to the equations, we obtain

Un −Vn = (ρn(P̃)−P)U0 −∆t

n∑
i=1

(αi(P̃)−P)Nn+1/2−i
U

−∆t
n∑
i=1

P(N
n+1/2−i
U −Nn+1/2−i

V )−∆t βn(P̃)Gp−
1/2

and

∆t (Gpn−
1/2 −Gqn−

1/2) = −∆t (P− P̃)Nn−1/2
U −∆t (I−P)(Nn−1/2

U −Nn−1/2
V )

−∆t
n∑
i=2

γi(P̃)N
n+1/2−i
U + γn(P̃)U

0 −∆t δn(P̃)Gp−
1/2.

If we now take norms and use the fact that ||P|| = 1 and ||I−P|| = 1, we obtain

||Un −Vn|| ≤ ||(ρn(P̃)−P)U0||+∆t

n∑
i=1

||(αi(P̃)−P)Nn+1/2−i
U ||

+∆t

n∑
i=1

||Nn+1/2−i
U −Nn+1/2−i

V ||+∆t ||βn(P̃)Gp−
1/2||(4.3)

and

∆t ||Gpn−
1/2 −Gqn−

1/2|| ≤ ∆t ||(P− P̃)Nn−1/2
U ||+∆t ||Nn−1/2

U −Nn−1/2
V ||

+∆t

n∑
i=2

||γi(P̃)|Nn+1/2−i
U ||+ ||γn(P̃)|U0||+∆t ||δn(P̃)Gp−

1/2||.(4.4)

For the methods considered here NU depends on U and Gp smoothly, likewise
NV depends on V and Gq smoothly, so we can assume ||NU −NV || terms are small
and can be absorbed into the left-hand side of the equation with the introduction of a
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constant multiplier C on the right-hand side. With that assumption, summing (4.3)
and (4.4) over n yields

N∑
n=1

{||Un −Vn||+∆t ||Gpn−
1/2 −Gqn−

1/2||} ≤ C

N∑
n=1

{
||ρn(P̃)−P)U0||

+∆t

n∑
i=1

||(αi(P̃)−P)Nn+1/2−i
U ||+∆t ||βn(P̃)Gp−

1/2||+ ||γn(P̃)U0||(4.5)

+∆t ||δn(P̃)Gp−
1/2||+∆t ||(P− P̃)Nn−1/2

U ||+∆t

n∑
i=2

||γi(P̃)Nn+1/2−i
U ||

}
.

From (4.5) we can exactly identify the polynomial expressions which contribute to
the error due to the approximateness of the projection; these terms will be examined
further in the next section.

Before examining the spatial structure of the different approximate projection
schemes, we note that the derivation presented here also provides a characterization
of the divergence of the solution of the approximate projection solution. If we apply
D to (4.1) we obtain

DUn = Dρn(P̃)U0 −∆t

n∑
i=1

Dαi(P̃)N
n+1/2−i
U −∆t Dβn(P̃)Gp−

1/2.

Thus, the structure of the spatial operators described below also provides a charac-
terization of the divergence. Furthermore, since P̃ and P do not change discretely
divergence-free fields, the error terms in the estimate (4.5) are discrete gradients. This
explains the correspondence between the quality of the computational results and the
behavior of the discrete divergence of the solution.

5. Spatial analysis of the projection. The temporal analysis of the previous
section provides a basic framework for understanding the behavior of approximate
projection schemes. The details of this behavior depend on the details of the spatial
structure of the approximate projections. In this section we will analyze that behavior
for the N5, N9, and C5 approximate projections. In particular, we will look at how
well the polynomials of P̃ that characterize the approximate projections approximate
the corresponding exact discrete projection.

Before looking at the behavior of the approximate projections, however, we first
need to characterize the structure of the corresponding exact discrete projection,
I −G(DG)−1D. As noted earlier, the difficulties associated with using these exact
discrete projections arise from the (locally) decoupled stencils associated with DG.
This local decoupling is related to the presence of elements in the kernel of G other
than constants. In two dimensions, for the nodal scheme dim ker G = 2 and for the
cell-centered scheme dim ker G = 4. For each of these methods one of these elements
corresponds to constants and the other modes are spurious. For the nodal scheme this
additional mode corresponds to the Nyquist frequency in both directions. This mode
is also in kerG for the cell-centered scheme, as well as vertical and horizontal “stripe”
modes corresponding to the Nyquist frequency in one component and constant in the
other. These modes can be seen in Figure 2(c), (g).

To characterize the projections we will look at their Fourier behavior. After
the Fourier transform, the projection has the form of a 2 × 2 matrix for each wave
number. As noted above, discretely divergence-free vector fields are unchanged by
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both the exact discrete and the approximate projections, thus both the exact discrete
and approximate versions share an eigenvalue of 1 with a common eigenvector. To
characterize the behavior we can then focus on the other eigenvalue, λmin. For P,
λmin = 0 except for wave numbers corresponding to elements in kerG. In Figure 5 we
show λmin for the N9, N5, and C5 approximate projection operators, P̃. The plots
of λmin for N EX would have a single spike to value 1 at the center, corresponding
to the checkerboard mode; the plots for C EX would have spikes at the center and
the midpoints of each side, corresponding to the checkerboard and “stripe” modes.
In Figures 5–9 the center of each plot corresponds to the Nyquist frequency in both
directions with constants at the corner. (The peak at constants has been suppressed.)
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Fig. 5. Smallest eigenvalue λmin of the approximate projections (a) C5, (b) N9, and (c) N5.

In each case we see that λmin for the approximate projection operator has a
smooth peak near the elements of ker G for the corresponding exact discrete projec-
tion. Thus, because of additional elements in ker G the cell-centered discretization
broadens the range over which the approximation is a poor one. We also note that
the eigenvalue structure of the five-point nodal projection is similar to that of the
nine-point nodal only with a slightly wider distribution. A key property of each
discretization is that P̃n → P as n→∞.

From the characterization of the approximate projection in Figure 5 we can al-
ready explain the poor performance of versions (3) and (4) of the approximate pro-

jection method. In version (4), αi(P̃) = P̃ and so, recalling (4.1), we see that at each
time step U accumulates a portion of the discrete gradient component of N, resulting
in an error that builds over time. By contrast, for version (2), αi(P̃) = P̃i, so that the
contributions from any fixed time converge to the correct contribution as n increases,
because P̃n → P.

The difficulty with version (3), on the other hand, is caused by a residual imprint

of pressure as characterized by the βn. Recall that for version (3), βn =
∑
i P̃

i. For
each eigenvalue we can write

P̃(Gφ(ξ)) = λ(ξ)Gφ(ξ), 0 < λ < 1;

then for version (3)

βn(P̃)G(ξ) ≡ (P̃+ P̃2 + · · ·+ P̃n)Gφ(ξ)→ λ

λ− 1
Gφ(ξ),

so that the pressure gradient terms in U that are annihilated by the exact discrete
projection asymptote to a nonnegligible error in U with an approximate projection.
By contrast, we note that this type of term is absent for version (2) (i.e., βn = 0)
which is otherwise similar in structure to version (3).
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To characterize the other versions of the approximate projection we look at the
αi in more detail. For each of the other three versions ((1), (2), and (5)) of the

approximate projection, the lowest power of P̃ in αi increases with i. Furthermore,
the coefficients in αi sum to 1. Therefore, for each version αi(P̃)→ P as i→∞. To
obtain a more detailed comparison we need to look at the behavior of the αi for small
i.

For each version α1(P̃) = P̃ which is described above and illustrated in Figure 5.

For the next two terms in the expressions, for version (1), α2 = 2P̃2 − P̃, α3 =

4P̃3−3P̃2; for version (2), α2 = P̃2, α3 = P̃3; and for version (5), α2 = 2P̃2−P̃, α3 =

2P̃3 − P̃2. In Figures 6 and 7 we plot α2 and α3, respectively, for C5 1, C5 2, and
C5 5, and N9 1, N9 2, and N9 5. (The N5 results are similar to the N9 results,
only somewhat wider.)
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Fig. 6. α2 for (a) C5 1, C5 5, (b) C5 2, (c) N9 1, N9 5, (d) N9 2.

For α2, we note that for versions (1) and (5) there is a narrower peak than for
version (2) near the frequencies that are in ker G, with some small negative values
at intermediate frequencies. Overall it is smaller in an L2 integral sense. A similar
pattern is observed for the α3’s. For version (2), the peak is fairly broad but the
values are between 0 and 1. For version (5), the peak is narrow and there is a small
region where the values are slightly negative (λmin > −.04). For version (1), the
peak near the ker G elements is sharpest but there are fairly large negative values
(λmin = −.25). Although version (1) is the smallest in an integral sense, the negative
values can introduce perturbations into the solution which may be a contributing
factor to the nonrobustness of version (1).

There are two other potential sources for the behavior of version (1). As with
version (3), version (1) contains a residual contribution from the pressure gradient
(i.e., βn �= 0). For version (2) there is no such term; for version (5) this term is

P̃n which goes to zero on the range of G as n → ∞. For version (1), this behavior
is characterized by the behavior of the Qβ ’s defined in section 5. In Figure 8 we
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Fig. 7. α3 for (a) C5 1, (b) C5 2, (c) C5 5, (d) N9 1, (e) N9 2, (f) N9 5.

plot the functions β2, β3, and β4 for N9 1. Unlike the operators for version (3)
which asymptotically converge to nonzero values, the operators described here do not
converge to zero for any fixed frequency except those near elements in ker G. However,
the peak value near elements in ker G is n for the βn for version (1), just as in version
(3) but with a narrower peak. This growth in residual influence of Gp−1/2 also has
the potential for contribution to the nonrobust behavior of version (1).
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Fig. 8. (a) β2, (b) β3, and (c) β4 for the N9 1 approximate projection.

The final issue regarding the spatial structure associated with the approximate
projection versions concerns the error in Gpn−1/2 associated with the N’s (recall equa-

tion (4.2)). For all versions the leading error term looks like P − P̃, which we have
already examined. For versions (4) and (5) there are no other terms. In Figure 9 we
show γ2, γ3, and γ4 for N9 1. The functions γi for N9 2 and N9 3 are similar to
those shown but have smaller overall magnitudes (0.2 v. 0.4 for γ2, 0.15 v. 0.3 for γ3,
and 0.1 v. 0.3 for γ4) and, unlike for version (1), remain positive at all frequencies.

To summarize the findings, we first note that the unacceptable performance of
versions (3) and (4) can be related to an imprint of the old pressure gradients and a
failure to damp the gradient components of the advection terms, respectively. We have
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Fig. 9. (a) γ2, (b) γ3, and (c) γ4 for the N9 1 approximate projection.

identified three features of version (1) which may contribute to its lack of robustness.
The first is the oscillatory nature of the αi; however, this is a relatively small effect
and probably plays a negligible role in determining the overall behavior. The other
two features, a growing imprint of the old pressure gradient on U given by the βi’s
combined with the errors introduced into Gp from the advection terms specified by
the γi’s, provide a mechanism for feeding back oscillatory behavior into the solution.

6. Advection-projection coupling. As we can see from the numerical results
and the analysis, the nature of the difficulties for versions (3) and (4) differs from that
of version (1). This is evident as well in further numerical testing. Here we perform two
additional numerical experiments with the random initial vorticity problem. In the
first we halve the time step in each calculation by reducing the CFL number from 0.9
to 0.45 to examine the effect on the solution. In the top row of Figure 10, for resolution
642, we see that the results from versions (3) and (4) are essentially unchanged but
the results from version (1) are markedly improved (i.e., lower divergence) relative to
the results shown in Figure 3. Version (1) has also been rerun for resolution 1282,
with the same improvement.

Our second experiment is to modify the predictor so that the coupling between the
pressure gradient Gpn−1/2 and the advective update term Nn+1/2 is reduced, by MAC-
projecting the advected velocities as well as the advection velocities in the predictor
step. This modification is described in more detail in Appendix A. The results for
the same cases as above are shown in the bottom row of Figure 10; here the results
of versions (3) and (4) are worsened (in the sense that the divergence is larger) but
the divergence from version (1) is again noticeably lower, again compared to Figure 3.
This experiment was run with CFL = 0.9.

The results in this section suggest that the poor results obtained with versions
(3) and (4), and the acceptable results of versions (2) and (5), are independent of the
choice of advection scheme. By contrast, the behavior of version (1) for inviscid flow
is intimately coupled to the details of the particular advection method.

7. Conclusions and future work. When adopting an approximate projection
formulation in which the projection operator does not exactly enforce a discrete di-
vergence condition on the velocity field, there are several options for choosing which
vector field to project. In this paper we have explored these options computationally
and developed an analytical framework that explains the computational results. The
results show that projecting the velocity field rather than the velocity increment is

necessary to produce acceptable results. We also find that projecting U∗,n+1

∆t (ver-
sion (1)) can produce a lower divergence in the computed solution than projecting
U∗,n+1

∆t +Gpn−1/2 (version (2)); however, it is not as robust as version (2) which always
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Fig. 10. L2 norms of DU from t = 0 to 10 for the random initial vorticity problem with CFL
= 0.45 (top row), or the alternate predictor (bottom row).

produces acceptable results.
We have also introduced a new approximate projection formulation based on

projecting U∗,n+1

∆t to updateUn+1 while projecting U∗,n+1−Un

∆t +Gpn−1/2 as an iterative
correction to update p. The new formulation produces results similar to version (1)
when version (1) is successful and exhibits the same robustness as version (2).

In Part II we will present the extension of the analysis to viscous flows, in the
context of a Crank–Nicolson discretization of the viscous terms. This discretization
requires the application of the inverse diffusion operator before the projection step.
As a consequence, the expressions for Un and Gpn−1/2, presented in Tables 1 and 2
of this paper, and the analysis of these expressions, become much more complicated.
One interesting consequence is that while minor variations in the advection step can
be exploited to obtain better results with version (1) in the case of inviscid flow, when
viscosity is introduced the poor behavior of version (1) cannot be salvaged.

Further issues and future work will include the extension of the analysis for vari-
able density flows, adaptive mesh calculations with subcycling in time, and low Mach
number flows with nonzero divergence constraints.

Appendix A. The predictor/corrector step. In this section we first describe
the construction of the advective update Nn+1/2 used in our original tests; then we
discuss the modifications as discussed in section 6.

In the predictor we first extrapolate the normal velocities to cell faces at tn+1/2.
For face (i+ 1/2, j) this gives

ũ
L,n+1/2
i+1/2,j

= uni,j +

(
∆x

2
− uni,j

∆t

2

)
(un,limx )i,j +

∆t

2
(−(v̂uy)i,j − (Gxp)

n−1/2
i,j )

extrapolated from (i, j), and

ũ
R,n+1/2
i+1/2,j

= uni+1,j −
(
∆x

2
+ uni+1,j

∆t

2

)
(un,limx )i+1,j +

∆t

2
(−(v̂uy)i+1,j − (Gxp)

n−1/2
i+1,j)
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extrapolated from (i+1, j). Here the first derivatives normal to the face (in this case
un,limx ) are evaluated using a monotonicity-limited fourth-order slope approximation
[6] (except in the translating vortices problem, where unlimited fourth-order slopes
are used), and the transverse derivative terms (v̂uy in this case) are evaluated exactly
as in [1]. G = (Gx, Gy) is a discretization of the gradient operator. For a nodal
pressure field,

(Gxp)i,j =
1

4∆x
(pi+1/2,j+1/2 + pi+1/2,j−1/2 − pi−1/2,j+1/2 − pi−1/2,j−1/2),

(Gyp)i,j =
1

4∆y
(pi+1/2,j+1/2 + pi−1/2,j+1/2 − pi+1/2,j−1/2 − pi−1/2,j−1/2).

For a cell-centered pressure field,

(Gxp)i,j =
1

2∆x
(pi+1,j − pi−1,j),

(Gyp)i,j =
1

2∆x
(pi,j+1 − pi,j−1).

Analogous formulae are used to predict values for ũ
L/R,n+1/2
i−1/2,j

, ṽ
F/B,n+1/2
i,j+1/2

, and ṽ
F/B,n+1/2
i,j−1/2

.

The normal velocity at each face is then determined by an upwinding procedure
based on the states predicted from the cell centers on either side.

ũ
n+1/2
i+1/2,j

=




ũL,n+1/2 if ũL,n+1/2 > 0 and ũL,n+1/2 + ũR,n+1/2 > 0,

0 if ũL,n+1/2 ≤ 0, ũR,n+1/2 ≥ 0 or ũL,n+1/2 + ũR,n+1/2 = 0,

ũR,n+1/2 if ũR,n+1/2 < 0 and ũL,n+1/2 + ũR,n+1/2 < 0.

We follow a similar procedure to construct ṽ
n+1/2
i,j+1/2

.

In order to enforce the divergence-free condition on these edge-based velocities
we now impose the MAC projection (see [4]). The equation

DMAC(GMACφMAC) = DMAC(Ũn+1/2)

is solved for φMAC , with homogeneous Neumann boundary conditions on all physical
boundaries except for outflow, where φMAC is set to zero to enforce the “no tangential
acceleration” criterion. Here

DMAC(Ũn+1/2) =
ũ
n+1/2
i+1/2,j

− ũ
n+1/2
i−1/2,j

∆x
+
ṽ
n+1/2
i,j+1/2

− ṽ
n+1/2
i,j−1/2

∆y

and GMAC = −(DMAC)T so that

(GMAC
x φMAC)i+1/2,j =

(φMAC
i+1,j − φMAC

i,j )

∆x
, (GMAC

y φMAC)i,j+1/2 =
(φMAC
i,j+1 − φMAC

i,j )

∆x
.

The advection velocity UADV is then defined by

uADVi+1/2,j
= ũ

n+1/2
i+1/2,j

− (GMAC
x φMAC),

vADVi,j+1/2
= ṽ

n+1/2
i,j+1/2

− (GMAC
y φMAC).
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At this point the tracing step from cell centers to edges is performed for both
the normal and tangential velocity components exactly as above, except that the
upwinding now depends on the MAC-projected advection velocity, i.e.,

Ũi+1/2,j =




ŨL if uADVi+1/2,j
> 0,

1/2(ŨL + ŨR) if uADVi+1/2,j
= 0,

ŨR if uADVi+1/2,j
< 0.

For the original advective term, we now define

Ni,j =
(uADVi+1/2,j

Ũi+1/2,j − uADVi−1/2,j
Ũi−1/2,j)

∆x
+

(vADVi,j+1/2
Ũi,j+1/2 − vADVi,j−1/2

Ũi,j−1/2)

∆y
.

The modification of the predictor as described in section 6 is the replacement of

Ũ by
˜̃
U = (ũ, ṽ) in the above expression, where

˜̃ui+1/2,j = uADVi,j+1/2
,

˜̃ui,j+1/2 = ũi,j+1/2 −
1

4∆x
(φMAC
i+1,j + φMAC

i+1,j−1 − φMAC
i−1,j − φMAC

i−1,j−1),

˜̃vi+1/2,j = ṽi+1/2,j −
1

4∆x
(φMAC
i,j+1 + φMAC

i−1,j+1 − φMAC
i,j−1 − φMAC

i−1,j−1),

˜̃vi,j+1/2 = vADVi+1/2,j
.

Then

Ni,j =
(uADVi+1/2,j

˜̃
U i+1/2,j − uADVi−1/2,j

˜̃
U i−1/2,j)

∆x
+

(vADVi,j+1/2

˜̃
U i,j+1/2 − vADVi,j−1/2

˜̃
U i,j−1/2)

∆y
.

Appendix B. Approximate projection operators in three dimensions.
In this appendix we provide a characterization of the extension of the three different
spatial approximate projections considered above to three space dimensions. We
will refer to the seven-point cell-centered discretization as C7, the 21-point nodal
discretization as N21, and the seven-point nodal discretization as N7. As before,
the approximate projections do not alter discretely divergence-free vector fields. In
three dimensions this means that the discrete projection operator is a 3×3 matrix for
each frequency with two eigenvalues of 1. The other eigenvalue, λmin, represents the
degree to which gradients are damped by the projection. For C7 there are 8 elements
in ker G while for N7 and N21 there is a one-dimensional family of elements. As
a further characterization of these schemes, we can expand the smallest eigenvalue
about the constant mode to obtain the behavior of the different approximations for
low frequencies. In particular, for C7 we obtain

λmin(k1, k2, k3) =
(k4

1 + k4
1 + k42)

2(k2
1 + k2

2 + k2
3)
,

for N21 we obtain

λmin(k1, k2, k3) =
(k2

1k
2
2 + k2

1k
2
3 + k2

2k
2
3)

6(k2
1 + k2

2 + k2
3)

,
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and for N7 we obtain

λmin(k1, k2, k3) =
(k2

1k
2
2 + k2

1k
2
3 + k2

2k
2
3)

2(k2
1 + k2

2 + k2
3)

.
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Abstract. Trigonometric polynomials are widely used for the approximation of a smooth func-
tion from a set of nonuniformly spaced samples. If the samples are perturbed by noise, a good choice
for the polynomial degree of the trigonometric approximation becomes an essential issue to avoid
overfitting and underfitting of the data. Standard methods for trigonometric least squares approxi-
mation assume that the degree for the approximating polynomial is known a priori, which is usually
not the case in practice. We derive a multilevel algorithm that recursively adapts to the least squares
solution of suitable degree. We analyze under which conditions this multilevel approach yields the
optimal solution. The proposed algorithm computes the solution in at most O(rM +M2) opera-
tions (M being the polynomial degree of the approximation and r being the number of samples) by
solving a family of nested Toeplitz systems. It is shown how the presented method can be extended
to multivariate trigonometric approximation. We demonstrate the performance of the algorithm by
applying it in echocardiography to the recovery of the boundary of the left ventricle of the heart.

Key words. trigonometric approximation, Toeplitz matrix, Levinson algorithm, multilevel
method
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1. Introduction. The necessity of recovering a function from a finite set of
nonuniformly spaced measurements arises in areas as diverse as digital signal pro-
cessing, geophysics, spectroscopy, and medical imaging. The measurements {sj}rj=1

are often distorted by several kinds of errors. Hence a complete reconstruction of the
function from the perturbed data sεj = sj + νj is not possible. Often the function
to be reconstructed is smooth, in which case a trigonometric polynomial of relatively
low degree (compared with the possibly huge number of samples) can provide a good
approximation to the function. This trigonometric approximation may be found by
solving the least squares problem

min
p∈PM

r∑
j=1

|p(xj)− sεj |2wj ,(1.1)

where wj > 0 are weights and PM is the space of trigonometric polynomials of degree
less than or equal to M .

Many efficient algorithms have been developed to solve (1.1); e.g., see the articles
[22, 7, 25, 11, 10]. But surprisingly little attention has been paid to the problem of
how to control the smoothness of the approximation in order to avoid overfitting and
underfitting of the data. An adaptation of the smoothness of the approximation can
be achieved, for instance, by providing a suitable upper bound for the degree M of the
space PM in (1.1). In most of the aforementioned algorithms a necessary requirement
to get useful results in applications is that a good a priori guess of the degree of the
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trigonometric approximation is available. However, a priori it is not clear what is a
suitable degree for the solution, in terms of how to choose a reasonable degree M
when solving (1.1). Determining M by “trial and error” is certainly not a satisfactory
alternative.

It is the goal of this paper to derive an efficient algorithm that computes the
trigonometric approximation that provides the “optimal” balance between fitting the
given data and preserving smoothness of the solution. Here optimality is meant in
the sense that the solution has minimal degree among all trigonometric polynomials
that satisfy a certain least squares criterion. The algorithm recursively adapts to the
least squares approximation of optimal degree by solving a family of nested Toeplitz
systems in at most O(Mr +M2) operations.

If the data {sεj}rj=1 (i) were unperturbed and (ii) stem from sampling a trigono-
metric polynomial (with degree less than r/2), then the solution of (1.1) would auto-
matically have the appropriate degree, since the original function could be completely
recovered in this case. However, the assumptions (i) and (ii) are rarely met in ap-
plications, and controlling the smoothness of the solution becomes essential to avoid
overfitting and underfitting of the data. If we choose the upper bound for the degree
in (1.1) too large, the solution will almost always take on the maximal possible degree;
hence it will be too wiggly and pick up too much noise (overfit); see also Figure 1.1(a)–
(b). In the extreme case 2M + 1 = r we will get an interpolating polynomial, mostly
with strong oscillations and far away from approximating the function between the
given samples. On the other hand, if we choose M too small, then the approximation
will be very smooth but will poorly fit the given data (underfit). Figure 1.1(c) illus-
trates this behavior. The “regularized” trigonometric approximation obtained by the
algorithm proposed in this paper—which we will refer to as the Levinson–Galerkin
algorithm—is shown in Figure 1.1(d).

The paper is organized as follows. In sections 2 and 4 we present the main
results, including the Levinson–Galerkin algorithm and a theoretical analysis that
clarifies under which conditions this algorithm provides optimal results. In section 3
we show how properly chosen weights can be used as a simple but efficient tool to
precondition the least squares problem. Some aspects of extending the algorithm to
multivariate trigonometric polynomials are discussed in section 5. In section 6 we
apply the proposed algorithm to a problem in echocardiography.

Before we proceed we introduce some notation and conventions. The inner prod-
uct is denoted by 〈·, ·〉, and the conjugate transpose of a matrix A by A∗. The space
of trigonometric polynomial of degree equal to or less than M is defined as

PM =

{
p : p(x) =

M∑
k=−M

cke
2πikx

}
.(1.2)

The norm of p(x) =
∑M
k=−M cke

2πikx ∈ PM is given by

‖p‖ =

(∫ 1

0

|p(x)|2 dx
) 1

2

=

(
M∑

k=−M
|ck|2

) 1
2

= ‖c‖ ,(1.3)

where c = {ck}Mk=−M . In some applications it is advantageous to deal with complex-
valued polynomials (see also section 6); hence we do not restrict ourselves to the case
of real-valued trigonometric approximation.
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too small upper bound for the degree of
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(d) Regularized approximation by pro-
posed Levinson–Galerkin algorithm

Fig. 1.1. Controlling the smoothness of the solution is essential for trigonometric approxima-
tion from perturbed data in order to avoid overfitting and underfitting of the data. The proposed
Levinson–Galerkin algorithm automatically adapts to the least squares solution of optimal degree.

For a = [a−M , a−M+1, . . . , aM−1, aM ] ∈ C
2M+1 we define the orthogonal projec-

tions PN by

PNa = [0, . . . , 0, a−N , a−N+1, . . . , aN−1, aN , 0, . . . , 0](1.4)

for N = 1, 2, . . . ,M and identify the image of PN with the 2N + 1-dimensional space
C

2N+1.
Let pM and pN be trigonometric polynomials of degree M and N , respectively,

with coefficient vectors cM ∈ C
2M+1, cN ∈ C

2N+1. If N < M , then we can always
interpret pN as a polynomial of degree M by adding an appropriate number of zero
coefficients, and by doing so we are embedding the vector cN into a zero-padded vector
of length 2M+1. We will henceforth tacitly assume that such an embedding has been
made, when we compute expressions such as ‖cM − cN‖.
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2. Multilevel least squares approximation. A standard method in numeri-
cal analysis to find the optimal balance between fitting the given data and preserving
smoothness of the solution is to introduce a regularization parameter. The best value
of this regularization parameter is then determined, for instance, by generalized cross
validation [15] or via the L-curve [20]. Here we understand regularization not as a way
to stabilize ill-conditioned problems, but in a broader context as a means of finding
the best compromise between fitting a given set of data and preserving smoothness
of the solution. As we will see, in our case it is not necessary to introduce an addi-
tional parameter, since we can regularize the smoothness of the solution by varying
the parameter M of the space PM in which we are searching for the solution of (1.1).

For the derivation of the algorithm we consider first the following situation. As-
sume p∗(x) =

∑N∗
k=−N∗(c∗)ke

2πikx ∈ PN∗ , and let sε = {sεj}rj=1, 2M + 1 ≤ r with
sεj = sj + νj = p∗(xj) + νj be given noisy samples satisfying

‖sε − s‖2 ≤ ε‖sε‖2.(2.1)

For convenience we assume that r, the number of samples, is odd.

The aim is to approximate p∗ from the data {sεj}rj=1. Let us first assume that we
already know that we are searching for our least squares solution in the space PN∗ . In
this case the coefficient vector of the polynomial that solves (1.1) is the least squares
solution of

WVN∗c = Wsε ,(2.2)

where VN∗ is an r × (2N∗ + 1) Vandermonde matrix with entries

(VM )j,k = e2πikxj , j = 1, . . . , r, k = −N∗, . . . , N∗,(2.3)

and W = diag({√wj}).
We will discuss the role and specific choice of the weights in more detail in sec-

tion 3. To reduce the notational burden we absorb the weight matrix W in the
Vandermonde matrix and in the sampling values. Thus for given degree, M , say, we
consider the linear system of equations

VMc = sε,(2.4)

where VM is now the r× (2M + 1) “weighted Vandermonde” matrix. We will denote

the least squares solution of (2.4) by c(M) = {c(M)
k }Mk=−M , and the corresponding

polynomial is p(M)(x) =
∑M
k=−M c

(M)
k e2πikx.

Since in general we do not know the optimal degree or level M of the space PM in
which we should solve the least squares problem, the situation becomes considerably
more complicated. If we want to solve (1.1) under the information (2.1) without
knowing the degree of the polynomial, one may argue that we have to accept any
trigonometric polynomial p(x) =

∑N
k=−N cke

2πikx with ‖VNc − sε‖ ≤ ε‖sε‖ as an
approximate solution to p∗, since it is compatible with the only knowledge we have
on the data.

In general there may be infinitely many such polynomials, which raises the ques-
tions of how to find a polynomial p that yields a small approximation error ‖p∗ − p‖
and at the same time can be computed efficiently.
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2.1. A multilevel algorithm and an efficient stopping criterion. The
heuristic considerations above suggest the following approach.

Algorithm 1. Set N = 0 and solve V0c
(0) = sε. If c(0) satisfies the condition

‖V0c
(0) − sε‖ ≤ ε‖sε‖, take c(0) as the solution. Otherwise set N = N + 1 and solve

VNc
(N) = sε ,(2.5)

until c(N) satisfies for the first time the stopping criterion

‖VNc(N) − sε‖ ≤ ε‖sε‖(2.6)

at some level N = N0. Set c(N0) = c(N). The approximation to p∗ is then p(N0)(x) =∑M
k=−M c

(N0)
k e2πikx.

The stopping criterion (2.6) is well defined, since it is definitely satisfied for N =
(r−1)/2, in which case the left side of (2.6) equals 0. Thus Algorithm 1 selects among
all least squares solutions p(N) with degree N = 0, . . . , (r−1)/2, that polynomial with
minimal degree N0.

Algorithm 1 and stopping criterion (2.6) can be justified by the following theo-
retical considerations.

One readily verifies that the matrices VN , N = 0, . . . , (r−1)/2, satisfy the follow-
ing relations:

(i) There exists a left inverse V +
N such that

V +
N VN = IN with V +

N = (V ∗
NVN )−1V ∗

N ,(2.7)

where IN is the identity matrix on C
2N+1.

(ii) Let a ∈ C
2M+1 be the coefficient vector of some p ∈ PM . Then

VNa = VMa for all N > M, a ∈ C
2M+1.(2.8)

In (ii) we have made use of the fact that the coefficient vector a can be interpreted as
a coefficient vector of a polynomial of degree N by extending it to a vector of length
2N + 1 via zero padding. The matrix–vector multiplication VMa and (2.8) should be
understood in this sense.

Lemma 2.1. If N ≥ N∗, then c(N) satisfies ‖VNc(N) − sε‖ ≤ ε‖sε‖; hence the
stopping criterion (2.6) always becomes active at some level N0 ≤ N∗.

Proof. Note that VNV
+
N is the orthogonal projection into range(VN ) and s ∈

range(VN∗) ⊆ range(VN ) for N∗ ≤ N ; hence VNV
+
N s = s. Therefore

‖VNc(N) − sε‖2 =‖VNV +
N (s+ ν)− (s+ ν)‖2 = ‖ν − VNV

+
N ν‖2(2.9)

=‖ν‖2 − ‖VNV +
N ν‖2 ≤ ε2‖sε‖2,(2.10)

where we have used condition (2.1) in the last step. It follows from (2.10) that
Algorithm 1 terminates at some level N0 ≤ N∗.

The following lemma shows that from the viewpoint of numerical stability it is
advisable to keep the level N of the space PN in which we search for our solution as
small as possible.

Lemma 2.2. cond(V ∗
NVN ) ≥ cond(V ∗

MVM ) for N ≥M .
Proof. Since

PM (V ∗
NVN )PM = V ∗

MVM for M ≤ N,
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Cauchy’s interlace theorem [16] implies that cond(V ∗
NVN ) ≥ cond(V ∗

MVM ) for N ≥
M .

In what follows we demonstrate that the fact that Algorithm 1 terminates at some
level ≤ N∗ is a desired property in many cases. We show that stopping criterion (2.6)
is even optimum in a number of cases.

Let us first consider two special cases: (i) noisefree samples and (ii) uniformly
spaced samples.

2.1.1. Noisefree samples. Any reasonable stopping criterion has to satisfy the
following lemma.

Lemma 2.3. For noisefree data the stopping criterion (2.6) yields the exact so-
lution.

Proof. One readily verifies that Algorithm 1 terminates at level N∗. Hence for
N = N∗,

‖p(N) − p∗‖ = ‖c(N) − c∗‖ = ‖V +
N sε − c∗‖ = ‖V +

N VNc∗ − c∗‖ = 0,(2.11)

since V +
N VNc∗ = c∗ for N ≥ N∗.

Lemmas 2.2 and 2.3 together show that stopping criterion (2.6) yields the opti-
mum solution for noisefree data while providing maximum numerical stability.

2.1.2. Uniformly spaced samples. If the sampling points xj , j = 1, . . . , r, are
uniformly spaced and we choose wj = 1/r as weights, then a simple calculation shows
that VN is unitary on C

2N+1, i.e., V ∗
NVN = IN for N = 0, 1, . . . , (r − 1)/2.

In this case

‖c∗ − c(N)‖ = ‖c∗ − V ∗
Ns

ε‖ = ‖c∗ − V ∗
NVN∗c∗ − V ∗

Nν‖.(2.12)

N ≥ N∗ implies V ∗
NVN∗ = IN and hence

‖c∗ − c(N)‖ = ‖V ∗
Nν‖.(2.13)

Note that

‖V ∗
Nν‖ = 〈V ∗

Nν, V
∗
Nν〉 = 〈VNV ∗

Nν, ν〉 = ‖VNV ∗
Nν‖,(2.14)

since VNV
∗
N is an orthogonal projection. Equation (2.14) yields

‖V ∗
Mν‖ ≤ ‖V ∗

Nν‖ for M ≤ N.(2.15)

Consequently

‖c∗ − c(M)‖ ≤ ‖c∗ − c(N)‖ if N∗ ≤M ≤ N.(2.16)

Thus for uniformly spaced samples any stopping criterion should terminate Algo-
rithm 1 at the latest at N = N∗. Under a mild condition on the coefficients c∗ we
can show that the proposed stopping criterion provides the optimal solution among
all least squares solutions.

Proposition 2.4. Assume that the samples are regularly spaced. Then the solu-
tion p(N0) computed via Algorithm 1 satisfies

‖p∗ − p(N0)‖ ≤ ‖p∗ − p(N)‖ for all N ≥ N∗.(2.17)
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If, furthermore, p∗ satisfies

‖(IN∗ − PN )c∗‖ ≥ ‖(IN∗ − PN )V ∗
N∗ν‖,(2.18)

then

‖p∗ − p(N0)‖ ≤ ‖p∗ − p(N)‖ for all N.(2.19)

Condition (2.18) is satisfied, e.g., if all coefficients of p∗ are larger than the relative
noise level, i.e., |ck| ≥ ε‖sε‖.

Proof. Lemma 2.1 yields that N0 ≤ N∗; thus (2.16) implies (2.17).
To prove assertion (2.19) we have only to show that

‖c∗ − c(N0)‖ ≤ ‖c∗ − c(N)‖ for all N < N∗.

For N < N∗ note that (c∗ − V ∗
NVN∗c∗) is orthogonal to V ∗

Nν, since

〈c∗, V ∗
Nν〉 =〈V ∗

N∗VN∗c∗, V
∗
Nν〉(2.20)

=〈VN∗c∗, V
∗
N∗V

∗
Nν〉 = 〈VN∗c∗, VNV

∗
Nν〉;(2.21)

hence

〈c∗ − V ∗
NVN∗c∗, V

∗
Nν〉 = 0.

Therefore

‖c∗ − c(N)‖2 = ‖c∗ − V +
N VN∗c∗ + V ∗

Nν‖2 = ‖c∗ − V +
N VN∗c∗‖2 + ‖V ∗

Nν‖2 .

In order to prove ‖c∗ − c(N0)‖ ≤ ‖c∗ − c(N)‖ for all N < N∗ we need to verify
‖c∗ − V +

N VN∗c∗‖2 + ‖V ∗
Nν‖2 ≥ ‖V ∗

N∗ν‖2. Since

‖c∗ − V +
N VN∗c∗‖2 =

N∗∑
|k|=N+1

|(c∗)k|2 = ‖(IN − PN )c∗‖2

and

‖(VN∗)
∗ν‖2 − ‖V ∗

Nν‖2 =

N∗∑
|k|=N+1

|(V ∗
N∗ν)k|2 = ‖(IN − PN )V ∗

N∗ν‖2,

the result follows now from the assumption (2.18).
Remark. Proposition 2.4 shows that the least squares polynomial that gives the

best approximation to p∗ is not necessarily of degree N∗.

2.1.3. Noisy nonuniform samples. For noisy nonuniformly spaced data we
observe that

‖p∗ − p(N)‖ = ‖c∗ − c(N)‖ ≤ ‖c∗ − V +
N VN∗c∗‖+ ‖V +

N ν‖,

and for N ≥ N∗,

‖p∗ − p(N)‖ ≤ ‖V +
N ν‖,(2.22)
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since ‖c∗ − V +
N VN∗c∗‖ = 0 in this case.

If VN is not unitary then ‖V +
N ν‖ is not necessarily monotonically increasing with

increasing level N . One can argue heuristically that since ‖V +
N ‖ is increasing with

increasing level N due to Lemma 2.2, we may fairly assume that ‖V +
N ν‖ will also

increase (although not strictly monotonically). Also from the viewpoint of numerical
stability it is reasonable to keep the level N small, since by Lemma 2.2 we know that
cond(V ∗

NVN ) ≥ cond(V ∗
MVM ) for N ≥M . This together with (2.22) suggests that we

choose a stopping criterion that terminates at or before level N∗, which is guaranteed
for stopping criterion (2.6) by Lemma 2.1.

We can conclude that the stopping criterion will provide excellent results if the
noise level ε is small or if the condition number of V ∗

NVN is small (which implies that
VN is approximately unitary). In order to verify the latter it is useful to have estimates
for the condition number of V ∗

NVN . We will address this issue in Proposition 3.1.

2.2. A Toeplitz system and trigonometric approximation. Instead of di-
rectly solving VMc(M) = sε it is more efficient in our case to consider the normal
equations

V ∗
MV ∗

Mc(M) = V ∗
Msε.(2.23)

The reason is that from a numerical point of view the structural properties of the
matrix V ∗

MVM are much more attractive than those of VM , which in turn leads to
faster numerical algorithms; see also section 4.

Set TM = V ∗
MVM ; then a simple calculation shows that the entries of the hermitian

matrix TM are

(TM )k,l =

r∑
j=1

wje
2πi(k−l)xj , k, l = −M, . . . ,M.(2.24)

TM is a Toeplitz matrix, since the entries (TM )k,l depend only on the difference k− l.
Obviously TM is invertible if 2M + 1 ≤ r.

The following result is just a reformulation of (2.23) together with relation (2.8),
but since it plays a key role in section 4 it is helpful to state it in detail (cf. also [18]).

Theorem 2.5. Given the sampling points 0 ≤ x1 < · · · < xr < 1, the samples
{sεj}Nj=1, positive weights {wj}rj=1, and the degree M with 2M+1 ≤ r. The polynomial

p(M) ∈ PM that solves (1.1) is given by

p(M)(x) =

M∑
k=−M

c(M)
m e2πikx ∈ PM ,(2.25)

where its coefficients c
(M)
k satisfy

TMc(M) = b(M) ∈ C
(2M+1)2 ,(2.26)

with

b
(M)
k =

r∑
j=1

sεjwje
2πikxj for |k| ≤M,(2.27)

and TM as defined in (2.24).
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3. Weights as simple preconditioner. Vandermonde matrices are known to
be ill conditioned if the nodes xj are clustered [13]. To improve the stability of
systems (2.4) and (2.26) we can use the weights as a simple diagonal preconditioner.
This leads to the problem of how to choose the weights wj .

We propose to use the size of the area of the Voronoi region [23] associated with
the sampling point xj as weight wj . In one dimension this reduces to

wj =
xj+1 − xj−1

2
.(3.1)

This choice is motivated by the following observations.
In this section we let VN denote the Vandermonde matrix defined in (2.3) without

weights. Let p ∈ PM with coefficient vector c. Since

〈TMc, c〉 = 〈WVMc,WVMc〉 = ‖WVMc‖2 =

r∑
j=1

|p(xj)|2wj ,(3.2)

the inequality

C1‖c‖2 ≤
r∑
j=1

|p(xj)|2wj ≤ C2‖c‖2(3.3)

holds for all c ∈ C
2M+1 with constants C1 = λmin and C2 = λmax, where λmin and

λmax denote the minimal and maximal eigenvalues, respectively, of TM .
(i) The lower bound of TM is mainly determined by the large gaps in the sam-

pling set. Suppose there is a large gap in the sampling set and denote the interval
corresponding to this gap by Γ (hence xj /∈ Γ). Choose a trigonometric polynomial
p ∈ PM , which, like the prolate spheroidal functions, concentrates most of its energy
in the interval Γ. Then the sampling values of p will not pick up any information
about the main concentration of the polynomial energy. Consequently, if we use no
weights (or set wj = 1), we get∑

j /∈Γ

|p(xj)|2 � ‖p‖2 = ‖c‖2.

For such a sampling set the lower frame bound C1 in the inequality (3.3) must be
small. Generically, large gaps and the ensuing lack of information always result in
bad condition numbers. This problem cannot be fixed by preconditioning.

(ii) On the other hand, we can choose a trigonometric polynomial that is mainly
concentrated in the region where the sampling points are located. In this case the
same local information is counted and added several times. Thus∑

j /∈Γ

|p(xj)|2 � ‖p‖2 = ‖c‖2

and the upper constant C2 in (3.3) will be large. Yet, as mentioned in (i), a cluster
will not contribute much to the lower bound and to the uniqueness of the problem. In
this case the condition number is large, because too much local information is given
in certain areas of the polynomial.

Problem (ii) can be addressed by introducing properly chosen weights. The idea
is to compensate for the local variation of the sampling density by using weights in
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inequality (3.3). Suppose that 0 ≤ x1 ≤ x2 ≤ · · · ≤ xr < 1 is a sampling set in [0, 1].
Then a natural choice for the weights is wj = (xj+1−xj−1)/2. Thus if many samples
are clustered near a point xj , then the weight wj is small. If xj is the only sampling
point in a large neighborhood, then the corresponding weight is large. This choice
has not only been confirmed by extensive numerical experiments [11] but also by the
following optimization approach.

A standard approach for the construction of preconditioners for a matrix A is the
following. One attempts to find the matrix P in a given class M of matrices (e.g.,
the class of all circulant matrices or the class of all diagonal matrices) that solves

min
P∈M

‖I − PA‖F ,(3.4)

where ‖.‖F denotes the Frobenius norm.
In our setting this translates into the optimization problem

min
W∈D

‖I − (WV )∗WV ‖F ,(3.5)

where D is the class of all r × r diagonal matrices and I is the (2M + 1)× (2M + 1)
identity matrix.

Note that we require that wj > 0, whereas (3.5) could in principle yield weights
that violate this condition. However, since we will make use of (3.5) in our actual
algorithm, we are somewhat sloppy here.

An alternative approach is to consider the solution of

min{cond[(WV )∗WV ]}
subject to W ∈ D.(3.6)

This optimization problem can be transformed to a general eigenvalue problem (see [4]),
which can be solved by convex optimization algorithms.

In the simple case of regular sampling it is easy to check that the solution of both
optimization problems is given by W = diag({√wj}) with wj = (xj+1 − xj−1)/2 =
1/r. However, in the more interesting case of nonuniform sampling neither prob-
lem (3.5) nor (3.6) in general has an analytic solution. Thus, using these approaches
for the actual construction of a preconditioner would be ridiculous, since the computa-
tional costs to solve these optimization problems are considerably larger than solving
the trigonometric approximation problem. Nevertheless, solving (3.5) and (3.6) nu-
merically for a variety of different examples is useful to gain insight into the type of
weights obtained by these approaches.

The numerical results confirm the choice of the Voronoi-type weights defined
in (3.1). Sampling points in densely sampled areas are assigned a small weight,
whereas sampling points in sparse sampled regions are assigned a large weight. Two
typical comparisons of the weights obtained via optimization and the Voronoi weights
are illustrated in Figure 3.1. In the first case we consider a sampling set with high
density at the endpoints and strongly decreasing density toward the center. The
weights obtained by solving (3.5) and (3.6) are almost identical and are very close to
the Voronoi weights, as can be seen in Figure 3.1(a). The difference at the endpoints
is probably due to boundary effects.

In the second example we consider a random sampling set with several areas with
high sampling density and relatively few samples between these clusters. Again all
three approaches give weights that show a similar behavior; see Figure 3.1(b). The
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Fig. 3.1. Comparison of weights obtained by different approaches.

condition number of the nonweighted Toeplitz matrix in this example is 33, compared
with the significantly smaller condition number 3.3 when using Voronoi-type weights.
Using the weights obtained via (3.5) gives cond(TM ) = 3.1, and for the weights
resulting from (3.6) we get cond(TM ) = 2.9, which is only a slight improvement
compared with the Voronoi-type weights.

Obtaining good estimates for the condition number of a Toeplitz matrix is a
difficult problem. It is gratifying that by using the weights defined in (3.1) it is
possible to get an upper bound for the condition number.

Proposition 3.1 (Gröchenig [18]). Assume that the sampling set {xj}rj=1 sat-
isfies

max(xj+1 − xj) := γ <
1

2M

and set wj = (xj+1 − xj−1)/2. Then the condition number of the Toeplitz matrix TM
defined in (2.24) is bounded by

κ(TM ) ≤
(

1 + γ

1− γ

)2

.(3.7)

4. A Levinson–Galerkin algorithm for trigonometric approximation.
The method described in Algorithm 1 can be seen as a Galerkin-type approach,
since we try to determine an approximation by searching for a solution in a finite-
dimensional space spanned by orthogonal polynomials, and by increasing the dimen-
sion of the space we increase the resolution of our approximation by adding more and
more details.

When we use Levinson’s algorithm [16] to solve (2.26) for M = 0, 1, . . . , N0 the
total computational effort would be of O(N3

0 ), since the solution of each system
TMc(M) = b(M) requires O(M2) operations. Using one of the fast Toeplitz algo-
rithms [2, 5] reduces this effort to O(kM logM) for each level M , where k is the
number of iterations, thus leading to a total of O(kN2

0 logN0) operations. In this
section we show that the systems TMc(M) = b(M),M = 0, 1, . . . , N0 can be solved in
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O(N2
0 ) operations and the total effort (including the calculation of the entries of TM

and the evaluation of the stopping criterion (2.6)) for computing p(N0) is O(rN0+N2
0 )

operations.
The following observation is crucial for the derivation of the proposed Levinson–

Galerkin algorithm.
Lemma 4.1. For fixed degree M and M +1 let TM , b(M) and TM+1, b

(M+1) be the
Toeplitz matrices and right-hand sides as defined in (2.24) and (2.27), respectively.
Then TM and b(M) are embedded in TM+1 and b(M+1) in the following way:

TM+1 =




t0 . . . t2(M+1)

... TM
...

t2(M+1) . . . t0


 , b(M+1) =


b−(M+1)

b(M)

bM+1


 .(4.1)

Proof. Equation (4.1) follows immediately from the definition of TM and b(M)

and (2.8).
Unfortunately the solutions c(M) and c(M+1) of the systems TMc(M) = b(M) and

TM+1c
(M+1) = b(M+1) are not related in such a simple manner. But we can exploit

the nested structure of the family {TM}N0

M=1 by solving the systems TMc(M) = b(M)

recursively via a modified Levinson algorithm. The standard Levinson algorithm can-
not be applied directly, since it only addresses Toeplitz systems, where the principal
leading submatrix and the principal leading subvector of the right-hand side stay un-
changed during the recursion, which is not the case here. For TM+1 it does not matter
if we enlarge TM by appending new entries below or above, whereas the right-hand
side b(M) cannot be rearranged in such a way that the principal leading subvector of
the right-hand side will be changed if we switch from b(M) at level M to b(M+1) at
level M + 1.

To adapt Levinson’s algorithm to our situation, we have to split up the change
from the system TMc(M) = b(M) at level M to the system TM+1c

(M+1) = b(M+1) at
level M+1 into two separate steps. Instead of indexing the matrix TM and the vectors
b(M), c(M) by the degree M , it is therefore advantageous to index them according to
their dimension. For clarity of presentation we reserve the subscript (M) for the
degree of the polynomial and its coefficient vector, respectively, and use the subscript
(") when we refer to the dimension of the corresponding coefficient vector in C

�. Thus
for even ", b(�) = [b− �

2+1, . . . , b �
2
]T ∈ C

�, and for odd " we set b(�) = [b− �−1
2
, . . . , b �−1

2
]T

(whence b(1) = b0), analogously for c(�). Further, it is useful in what follows to denote
t(�) = [t1, . . . , t�]

T . Then the Toeplitz matrix T� of size "×" is generated by the vector
[t0, (t

(�−1))T ]T with tk =
∑r
j=1 wje

2πikxj according to (2.24).

Assume we have already solved the system TMc(M) = b(M) at level M (with
" = 2M +1) and now we want to switch to the next level M +1. As we have agreed,
we do this in two steps. In the first step (" → " + 1) the Toeplitz system can be
written as [

T� E�t(�)

(t(�))TE� t0

] [
v(�)

v �+1
2

]
=

[
b(�)

b �+1
2

]
,(4.2)

where E� is the rotated identity matrix on C
�, i.e.,

E� =


0 1

. .
.

1 0


 .
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System (4.2) can be solved recursively by the standard Levinson algorithm [21, 16].
To be more precise, we assume that we have already solved the system T�c

(�) = b(�) for
" = 2M+1 and assume further that the solution of the "th-order Yule–Walker system
T�y

(�) = −t(�) is available. Then the solution of (4.2) can be computed recursively by

v �+1
2

= (b �+1
2
− [t(�)]TE�c

(�))/β�,

v(�) = c(�) + v �+1
2
E�y(�),

where

β� = t0 + [t(�)]T y(�) = (1− α�−1α�−1)β�−1,

α� = −(t�+1 + [t(�)]TE�y
(�))/β�,

z(�) = y(�) + α�E�y(�),

y(�+1) =

[
z(�)

α�

]
.

Now we can proceed to the second step (" + 1 → " + 2 = 2(M + 1) + 1), where
the Toeplitz system can be expressed as[

t0 (t(�+1))∗

t(�+1) T�+1

] [
v− �+1

2

v(�+1)

]
=

[
b− �+1

2

b(�+1)

]
(4.3)

with c(�+2) = [v− �+1
2
, (v(�+1))T ]T = c(M+1). Observe that (4.3) cannot be transformed

to a system of the form (4.2) by simple permutations, i.e., just by interchanging rows
and columns. Since we have already solved the systems T�+1c

(�+1) = b(�+1) and
T�+1y

(�+1) = −t(�+1) we can write

v(�+1) = (T�+1)
−1(b(�+1) − t(�+1)v− �+1

2
) = c(�+1) + v− �+1

2
y(�+1)

and

v− �+1
2

=(b− �+1
2
− [t(�+1)]∗v(�+1))/t0

=(b− �+1
2
− [t(�+1)]∗c(�+1) − [t(�+1)]∗v− �+1

2
y(�+1))/t0

=(b− �+1
2
− [t(�+1)]∗c(�+1))/β�+1 ,

where we have used in the last step that T� = [T�]
∗, which implies that (t(�+1))∗y(�+1)

is real and therefore t0 + (t(�+1))∗y(�+1) = t0 + (t(�+1))T y(�+1) = β�+1.
Note that at each level M we have to check if the stopping criterion (2.6) is

satisfied. The evaluation of the expression

r∑
j=1

|p(M)(xj)− sεj |2wj(4.4)

can be considerably simplified and by avoiding the evaluation of p(M) at the nonuni-
formly spaced points xj we can reduce the computational effort from O(Mr) to O(M)
operations.

To do this we define the subspace R =
{{p(xj)}rj=1 : p ∈ PM

} ⊆ C
r with the

weighted inner product 〈y, z〉R =
∑r
j=1 yj z̄jwj for y, z ∈ C

r. The solution of the least
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squares problem (1.1) is the orthogonal projection of the vector {sεj}rj=1 ∈ C
r onto R

and therefore must satisfy

〈{p(M)(xj)} − {sεj}, {p(M)(xj)}〉R =

r∑
j=1

(p(M)(xj)− sεj)p
(M)(xj)wj = 0,

which implies

〈{p(M)(xj)}, {sεj}〉R = 〈{p(M)(xj)}, {p(M)(xj)}〉R .(4.5)

Since

r∑
j=1

|sεj − p(M)(xj)|2wj =

r∑
j=1

|sεj |2wj − 2Re 〈sε, {p(M)(xj)}〉R +

r∑
j=1

|p(M)(xj)|2wj

=

r∑
j=1

|sεj |2wj −
r∑
j=1

|p(M)(xj)|2wj

by (4.5), and because

r∑
j=1

|p(M)(xj)|2wj =

r∑
j=1

wj

(
M∑

m=−M
c(M)
m e2πimxj

)(
M∑

n=−M
c
(M)
n e2πinxj

)

=

M∑
m=−M

M∑
n=−M

c(M)
m c

(M)
n


 r∑
j=1

wje
2πi(m−n)xj




= 〈TMc(M), c(M)〉 = 〈b(M), c(M)〉 ,(4.6)

it follows that

r∑
j=1

|sεj − p(M)(xj)|2wj =

r∑
j=1

|sεj |2wj − 〈b(M), c(M)〉 .(4.7)

Since
∑r
j=1 |sεj |2wj has to be computed only once at the beginning of the algorithm,

the evaluation of (4.4) can be carried out in O(M) operations.

Summing up we have arrived at the following algorithm to compute p(N0).

Algorithm 2 (Levinson–Galerkin algorithm for trigonometric polynomials). Let
the sampling points {xj}rj=1, sampling values {sεj}rj=1, weights wj > 0, and the data

error estimate ε be given. Then the trigonometric polynomial p(N0) determined in
Algorithm 1 can be computed in O(rN0 +N2

0 ) operations by the following algorithm:
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Initialize: t0 =
∑r
j=1 wj , t1 =

∑r
j=1 wje

2πixj , b0 =
∑r
j=1 s

ε
jwj , σ =

∑r
j=1 |sεj |2wj,

y(1) = −t1/t0, c(1) = b0/t0, β0 = t0, α0 = −t1/t0, ε1 = (σ − b20/t0)/σ, " = 1.

while ε� > ε

β� = (1− α�−1α�−1)β�−1

if " ≡ 1 mod 2

b �+1
2

=

r∑
j=1

sεjwje
πi(�+1)xj

v �+1
2

=
b �+1

2
− 〈E�c(�), t(�)〉

β�

v(�) = c(�) + v �+1
2
E�y(�)

c(�+1) =

[
v(�)

v �+1
2

]

b(�+1) =

[
b(�)

b �+1
2

]
elseif " ≡ 0 mod 2

b− �
2

=

r∑
j=1

sεjwje
−πi�xj

v− �
2

=
b− �

2
− 〈c(�), t(�)〉
β�

v(�) = c(�) + v− �
2
y(�)

c(�+1) =

[
v− �

2

v(�)

]

b(�+1) =

[
b− �

2

b(�)

]

ε�+1 = |σ − 〈b(�+1), c(�+1)〉|/σ
end

t(�+1) =

r∑
j=1

wje
2πi(�+1)xj

α� = − t
(�+1) + 〈E�y(�), t(�)〉

β�

z(�) = y(�) + α�E�y(�)

y(�+1) =

[
z(�)

α�

]

t(�+1) =

[
t(�)

t�+1

]
" = "+ 1

end

N0 = "/2
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p(N0)(x) =

N0∑
k=−N0

c
(N0)
k e2πikx

Remark. Usually one evaluates the final approximation on regularly spaced grid-
points; hence the last step of the algorithm can be realized by a fast Fourier transform
(FFT). The most costly steps are the computation of the entries of t(�) and b(�). Ac-
cording to Corollary 1 in [11] the entries of TM and b(M) can also be computed via
FFT by embedding the xj into a regular grid (since the xj can be stored only in finite
precision). In this case one automatically gets all entries t0, . . . , tr at once. However,
this trick is useful only if the number of points of the regular grid is of the same
magnitude as the number of sampling points. Alternatively one may use the numeri-
cal attractive formulas of Dutt and Rokhlin [9] or Beylkin [3] for a fast evaluation of
trigonometric sums at unequally spaced nodes.

Algorithm 2 can be simplified for real-valued data; this modification is left to the
reader.

Fast Vandermonde solvers require O(Mr) operations for the solution of VMc(M) =
sε; cf. [25]. It is not clear, however, if these algorithms can utilize the nested structure
of the sequence of matrices {VM}M in order to give rise to an efficient implementation
of Algorithm 1. Moreover, it is an open problem if the Vandermonde solvers can be
extended to multivariate trigonometric approximation. We will see in the next section
that the extension of Algorithm 2 to higher dimensions is straightforward.

5. Multivariate trigonometric approximation. An advantage of the pro-
posed approach, besides its numerical efficiency, is the fact that it can be easily ex-
tended to multivariate trigonometric approximation. In this section we briefly discuss
some results for the 2-D case.

We define the space of 2-D trigonometric polynomials P 2
M by

P 2
M =


p : p(x, y) =

M∑
j,k=−M

cj,ke
2πi(jx+ky)


 .(5.1)

To reduce the notational burden, we have assumed in (5.1) that p has degree equal
to M in each coordinate; the extension to polynomials with different degree in each
coordinate is straightforward.

For an arbitrary sampling set {(xj , yj)}rj=1 ∈ [0, 1)2 and given degree M the
system matrix according to the 2-D version of Theorem 2.5 is [28]

(TM )k,l =

r∑
j=1

wje
2πi(k−l)(xj+yj) , k, l = 0, . . . , 2M .(5.2)

One can easily verify that TM is a hermitian block Toeplitz matrix with 2M + 1
different Toeplitz blocks of size (2M + 1) × 2M + 1; cf. [28]. For a given sampling
set let TM be the block Toeplitz matrix for degree M and TM+1 the block Toeplitz
matrix for degree M + 1. There is a similar relationship between TM and TM+1

as in the 1-D case. More precisely, denote the Toeplitz blocks of TM and TM+1 by
(BM )k, k = 0, . . . , 2M , and (BM+1)k, k = 0, . . . , 2M + 2, respectively. Then one
readily verifies the following embedding:

TM+1 =




(BM+1)0 . . . (BM+1)
∗
2(M+1)

... TM
...

(BM+1)2(M+1) . . . (BM+1)0


 ,(5.3)
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BM+1 =




t0 . . . t2(M+1)

... BM
...

t2(M+1) . . . t0


 .(5.4)

In [1] Levinson’s algorithm has been extended to general block Toeplitz systems.
With this extension and relation (5.3) at hand, we can easily generalize Algorithm 2
to 2-D (and along the same lines to multivariate) trigonometric approximation.

The analysis of the stopping criterion (2.6) in section 2 can be applied line by line
to the 2-D (actually to the n-D) setting. The only difficulty arises in the search for
simple criteria for the invertibility of the block Toeplitz matrix TM . The condition

(2M + 1)d ≤ r

is necessary in dimension d > 1, but is no longer sufficient, since the fundamental
theorem of algebra does not hold in dimensions larger than one. In [19] Gröchenig
has derived estimates for the condition number of TM in higher dimensions. In two
dimensions these estimates can be stated as follows.

Let Dδ(a, b) = {(x, y) ∈ R
2 : (x − a)2 + (y − b)2 < δ2} be the disc of radius δ

centered at (a, b). We say that a set {(xj , yj), j = 1, . . . , r} is δ-dense in [0, 1]× [0, 1],
if
⋃r
j=1 Dδ(xj , yj) ⊇ [0, 1] × [0, 1]. In other words, the distance of a given sample

(xj , yj) to its nearest neighbor (xk, yk), k �= j is at most 2δ.
Analogously to section 3 we choose the size of the Voronoi region Vj associated

with xj as weight wj in the computation of the block Toeplitz matrix TM in (5.2).
Suppose that the sampling set {(xj , yj), j = 1, . . . , r} ⊆ [0, 1]× [0, 1] is δ-dense and

δ <
log 2

4πM
.(5.5)

Gröchenig [19] has shown that under these conditions

cond(TM ) ≤ 4

(2− e4πMδ)2
.(5.6)

In particular, for arbitrary δ-dense sampling sets, the block Toeplitz matrix TM is
invertible and the 2-D version of Algorithm 2 is applicable.

5.1. Line-type nonuniform sampling in two dimensions. In the following
we consider a special case of trigonometric approximation in two dimensions. This
case arises when a function is irregularly sampled along lines. A typical example is
illustrated in Figure 5.1. Such sampling patterns are encountered, for instance, in
geophysics and medical imaging; see also section 6.2.

Corollary 5.1. Let p ∈ P 2
M and let {xj , yj,k}, j = 1, . . . , r, k = 1, . . . , rj, be a

sampling set in [0, 1)2 such that

A1‖p‖2 ≤
rj∑
k=1

|p(yj,k)|2 ≤ B1‖p‖2, A1, B1 > 0,(5.7)

for every p ∈ PM and for all j. Further assume that {xj}j∈Z is a sampling set such
that

A2‖p‖2 ≤
r∑
j=1

|p(xj)|2 ≤ B2‖p‖2, A2, B2 > 0,(5.8)
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Fig. 5.1. Line-type nonuniform sampling set.

for every p ∈ PM . Then

A1A2‖p‖2 ≤
r∑
j=1

rj∑
k=1

|p(xj , yj,k)|2 ≤ B1B2‖p‖2(5.9)

for every p ∈ P 2
M .

If {xj} and {yj,,k} are sampling sets with supk(xk+1 − xk) = δ2 < 1
2M and

supj,k(yj,k+1 − yj,k) = δ1 <
1

2M , then Al = (1− δl)
2, Bl = (1 + δl)

2, l = 1, 2, and the
condition number of the block Toeplitz matrix TM is bounded by

κ(TM ) ≤ (1 + δ1)
2(1 + δ2)

2

(1− δ1)2(1− δ2)2
.(5.10)

Proof. Let x be fixed. Then y → p(x, y) ∈ PM and hence for all j,

A1

∫ 1

0

|p(xj , y)|2 dy ≤
rj∑
k=1

|p(xj , yj,k)|2 ≤ B1

∫ 1

0

|p(xj , y)|2 dy(5.11)

by assumption (5.7). It follows that

A1

r∑
j=1

∫ 1

0

|p(xj , y)|2 dy ≤
∑
j,k

|p(xj , yj,k)|2 ≤ B1

r∑
j=1

∫ 1

0

|p(xj , y)|2 dy.(5.12)

Now let y be fixed. Then x→ p(x, y) ∈ PM and

A2

∫ 1

0

|p(x, y)|2 dx ≤
r∑
j=1

|p(xj , y)|2 ≤ B2

∫ 1

0

|p(x, y)|2 dx .(5.13)

Since

r∑
j=1

∫ 1

0

|p(xj , y)|2 dy =

∫ 1

0

r∑
j=1

|p(xj , y)|2 dy ,(5.14)
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assertion (5.9) follows by combining (5.12) and (5.13) with (5.14). The estimate of
the constants Al, Bl and of the condition number of the block Toeplitz matrix TM
follows from Theorem 2.5.

The proof of Corollary 5.1 is due to Gröchenig [17]. Corollary 5.1 not only guar-
antees that p ∈ P 2

M can be recovered from its samples p(xj , yj,k), it provides more.
An immediate consequence is that it can be reconstructed by an efficient algorithm
relying on a successive application of Algorithm 2 and the Gohberg–Semencul repre-
sentation of the inverse of a Toeplitz matrix. See section 6.2 for more details and an
application in medical imaging.

6. Curve and surface approximation by trigonometric polynomials.
Trigonometric polynomials can be used to model the boundary or the surface of
smooth objects. Let us consider a 2-D object, obtained, e.g., by a planar cross section
from a 3-D object and assume that the boundary of this 2-D object is a closed curve in
R

2. We denote this curve by f and parameterize it by f(u) = (xu, yu), where xu and
yu are the coordinates of f at “time” u in the x- and y-direction, respectively. Obvi-
ously we can interpret f as a 1-D continuous, complex, and periodic function, where xu
represents the real part and yu represents the imaginary part of f(u). It follows from
the theorem of Weierstrass (and from the theorem of Stone–Weierstrass [26] for higher
dimensions) that a continuous periodic function can be approximated uniformly by
trigonometric polynomials. If f is smooth, we can fairly assume that trigonometric
polynomials of low degree provide an approximation of sufficient precision.

Assume that we know only some arbitrary, perturbed points sj = (xuj , yuj ) =
f(uj) + δj , j = 1, . . . , r of f , and we want to recover f from these points. By a slight
abuse of notation we interpret sj as a complex number and write

sj = xj + iyj .(6.1)

We relate the curve parameter u to the boundary points sj by computing the distance
between two successive points sj−1, sj via

u1 = 0,(6.2)

uj = uj−1 + dj ,(6.3)

dj =
√

(xj − xj−1)2 + (yj − yj−1)2(6.4)

for j = 2, . . . , r. Via the normalization tj = tj/L with L = ur + dN we force all
sampling points to be in [0, 1). Other choices for dj in (6.1) can be found in [8] in
conjunction with curve approximation using splines.

Having carried out the transformations (6.1)–(6.4), we can solve the problem of
recovering the curve f from its perturbed points sj by Algorithm 2.

6.1. Object boundary recovery in echocardiography. Trigonometric poly-
nomials are certainly not suitable to model the shape of arbitrary objects. However,
they are often useful in cases where an underlying (stationary) physical process im-
plies smoothness conditions of the object. Typical examples arise in medical imaging,
for instance in clinical cardiac studies, where the evaluation of cardiac function using
parameters of left ventricular contractibility is an important constituent of an echocar-
diographic examination [30]. These parameters are derived using boundary tracing
of endocardial borders of the left ventricle (LV). The extraction of the boundary of
the LV comprises two steps, once the ultrasound image of a cross section of the LV
is given; see Figure 6.1(a)–(d). First, an edge detection is applied to the ultrasound
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(a) 2-D echocardiography (b) Cross section of LV

(c) Detected boundary points
(d) Recovered boundary of LV computed
by Algorithm 2

Fig. 6.1. The recovery of the boundary of the left ventricle (LV) from 2-D ultrasound images
is a basic step in echocardiography to extract relevant parameters of cardiac function.

image to detect the boundary of the LV; cf. Figure 6.1(c). However, this procedure
may be hampered by the presence of interfering biological structures (such as papillar
muscles), the unevenness of boundary contrast, and various kinds of noise [29]. Thus
edge detection often provides only a set of nonuniformly spaced, perturbed bound-
ary points rather than a connected boundary. Therefore a second step is required to
recover the original boundary from the detected edgepoints; cf. Figure 6.1(d). Since
the shape of the LV is definitely smooth, trigonometric polynomials are particularly
well suited to model its boundary.

After having transformed the detected boundary points as described in (6.1)–(6.4)
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(a) Underfitted solution (b) Overfitted solution

Fig. 6.2. The approximation in the left image results from using a too small polynomial degree,
the approximation in the right image from a too large degree for the trigonometric approximation.

we can use Algorithm 2 to recover the boundary. The noise level δ depends on the
technical equipment being used; it can be determined from experimental experience.
Figure 6.2(a)–(b) demonstrates the importance of determining a proper degree for the
approximating polynomial. The approximation displayed in Figure 6.2(a) has been
computed by solving (1.1), where M has been chosen too small; obviously we have
underfitted the data. The overfitted approximation obtained by solving (1.1) using
a too large M is shown in Figure 6.2(b). The approximation shown in Figure 6.1(d)
has been computed by Algorithm 2; it provides the optimal balance between fitting
the data and smoothness of the solution.

6.2. Boundary recovery from a sequence of images. In cardiac clinical
studies one is more interested in the behavior of the LV over a period of time rather
than in a single “snapshot.” Thus for a fixed cross section we are given a sequence of
ultrasound images (usually regularly spaced in time) describing the variation of the
shape of the LV with time. One cycle from diastole (the state of maximal contraction
of the LV), passing systole (the state of maximal expansion) to the next diastole
consists typically of about 30 image frames. Since the behavior of the LV is (at least
for a short period of time) almost periodic, one can model the varying shape of a fixed
cross section of the LV as a distorted 2-D torus, which in turn can be interpreted as a
2-D trigonometric polynomial. Clearly, we have to use a different degree for the time
coordinate τ and for the spatial coordinate u.

Due to interfering biological structures and other distortions it sometimes hap-
pens that some of the image frames cannot be used to extract any reliable boundary
information. Thus we have to approximate these missing boundaries from the infor-
mation of the other image frames. To be more precise, assume that an echocardio-
graphic examination provides a sequence of ultrasound images Iτ taken at timepoints
τ = 0, 1, . . . , T − 1, where T is approximately the length of one diastolic cycle (the
timepoints could also be nonuniformly spaced). Assume that some of the images Iτ
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provide no useful information, so that we can only detect boundary points {sj,k}rjk=1

from the images Iτj , where {τj}rj=1 is a subset of 0, 1, . . . , T − 1. In order to get a
complete description of the LV for the time interval [0, T ], we have not only to ap-
proximate the boundaries fj from each Ij , but we also have to recover the boundaries
corresponding to the missing images. In other words we look for a 2-D trigonometric
polynomial p∗ ∈ P 2

M of appropriate degree M that satisfies p(τj , uj,k) ≡ (xj,k, yj,k),
where the parameter u is related to sj,k = xj,k + iyj,k by formulas (6.2)–(6.4). This
approximation can be computed by the 2-D version of Algorithm 2, as indicated in
the beginning of section 5.

Under certain conditions we can use the 1-D version of Algorithm 2 instead of
its 2-D version. As long as the assumptions of Corollary 5.1 are satisfied, we can
compute p∗ ∈ P 2

M by a successive application of Algorithm 2. We first approximate
the boundaries fj for each j separately from its samples {sj,k}rjk=1, which yields j
different polynomials p(Mj) ∈ PMj . Having done this, the next step is to recover the
missing boundaries at those timepoints where no information is available. We proceed
by approximating successively the missing information “line by line.” We choose
u = 0, say, and approximate the missing information from the samples p(Mj)(u) taken
at the time points τj , j = 1, . . . , r.

Note that the Toeplitz matrices of the systems (TM )uc
(M)
u = b

(M)
u coincide for all

u, since the sampling geometry is constant along the u-coordinate (because we have
recovered all samples at each τj). Thus, we have to solve multiple Toeplitz systems
with the same system matrix but a different right-hand side. It is well known that
this can be done efficiently by exploiting the Gohberg–Semencul representation of the
inverse of the Toeplitz matrix [14]. In our context this reads as follows. We solve

(TM )uc
(M)
u = b(M)

u(6.5)

for one u by Algorithm 2. We can solve now all other systems efficiently by establishing
(TM )−1 in the Gohberg–Semencul form

(TM )−1 =
(
[L(M)]∗L(M) − U (M)[U (M)]∗

)
/z0,(6.6)

where L(M) is a lower triangular Toeplitz matrix with z = [z0, z1, . . . , z2M ]T as its first
column and U (M) is an upper triangular Toeplitz matrix with [0, z1, . . . , z2M ]T as its
last column (z being the first column of (TM )−1). The matrix–vector multiplications

to compute c
(M)
u = (TM )−1

u b
(M)
u can now be carried out quickly using the FFT by

embedding L(M) and U (M) into circulant matrices.

7. Miscellaneous remarks. For sampling sets with large gaps it can happen
that the system TMc(M) = b(M) becomes ill conditioned with increasing degree M
and therefore Algorithm 2 may become unstable [6]. In this case one can use a
different, more robust, approach, which comes at higher computational cost [27]. We
solve the system TMc(M) = b(M) iteratively, e.g., by the conjugate gradient method
until a certain stopping criterion is satisfied at iteration k, say, yielding the solution

c
(M)
k . We use this solution as an initial guess at the next level M + 1 by setting

c
(M+1)
0 = [0 (c

(M)
k )T 0]T . The crucial point in this procedure is to find a stopping

criterion that guarantees convergence of the iterates; see [27, 24] for more details.
The computation of the entries of the Toeplitz matrix in section 6 involves the

nodes uj , which in this particular case depend on the (perturbed) samples sj . There-
fore not only the right-hand side b(M), but also TM is subject to perturbations. Hence,
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in principle one might use the concept of total least squares (see [12]) instead of a
least squares approach. A detailed discussion of this modification is beyond the scope
of this paper.
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Abstract. The performance of the MUSCL–Hancock upwind scheme is examined on problems
of two-dimensional advection. It is found that when the advection direction is skewed relative to
the mesh, most discrete total variation (TVD) limiters give rise to large spurious oscillations near
discontinuities. The cause of these oscillations is traced to reconstructions that are not bounded
by neighboring cell averages. It is proved that if the reconstruction in each cell is bounded by the
cell averages of first order neighbors, then the MUSCL–Hancock scheme is positivity preserving. A
simple limiter that achieves such bounded reconstructions is presented next along with a variant that
is uniformly second order accurate. Numerical experiments show that the new schemes are accurate
and efficient and compare favorably with other schemes.

Key words. advection, positivity preserving, upwind
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PII. S1064827599360443

1. Introduction. Upwind methods [1], [2], [3], [4] for solving partial differential
equations in general and the Euler equations of fluid flow in particular have gained
popularity in the last decade due to their ability to capture discontinuities without
the spurious oscillations incurred by other methods. Since their inception, upwind
methods have been incorporated into a number of academic as well as commercial
flow solvers.

Most upwind methods are first developed for the one-dimensional advection equa-
tion, where theoretical properties of the numerical scheme, such as the decrease of
the discrete total variation (TVD), or monotonicity preservation, can be proved. The
extension of these methods to multidimensions is typically carried out on a dimension-
by-dimension basis where the one-dimensional algorithm is applied separately in each
dimension. Although not much can be said about their nonoscillatory properties,
these schemes have been quite successful in resolving complex patterns of interacting
shocks and smooth waves [5].

For two-dimensional advection, where exact solutions are known, these schemes
do not perform so well. In fact, this paper is motivated by the poor performance of one
such scheme on these problems. The base scheme we choose is the MUSCL–Hancock
scheme [6] which uses a midpoint rule in time and a linear reconstruction in each cell.
The linear reconstruction is obtained by TVD limiters, like Superbee, Minmod, etc.
acting on one-dimensional slivers of data. We find that when the advection direction
is skewed relative to the mesh, all limiters except for the most dissipative Minmod
limiter give rise to large spurious overshoots and undershoots near discontinuities.
Indeed, some of these solutions are no better than the base scheme without any
limiting at all (see Figures 1 and 2).

The reasons for these oscillations are traced to reconstructions that are not
bounded by the initial data and lead us to another class of schemes proposed in
recent years, namely, positivity-preserving (PP) schemes [7], [8], [9], [10], [11], [12].

∗Received by the editors August 26, 1999; accepted for publication (in revised form) March 17,
2000; published electronically October 18, 2000.
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For positive initial data, these schemes have the property that the solution at any
future time is also positive. These schemes are also called positive definite, shape
preserving, and bounded schemes in the literature. We show that if the reconstruc-
tion is bounded by the data, then the MUSCL–Hancock scheme can be proved to
be PP. An efficient limiter that achieves such bounded reconstructions is presented
next along with a fix for uniform second order accuracy. Finally, we present some
numerical experiments to assess the performance of PP schemes and compare them
to a few existing schemes.

2. TVD schemes on two-dimensional advection problems. Let us con-
sider the two-dimensional advection equation given by

ut + aux + buy = 0(2.1)

The numerical scheme we use is the MUSCL–Hancock scheme, which employs a mid-
point rule in time and linear reconstructions in each cell, a combination widely used in
many commercial codes for the Euler equations. We assume a uniform grid of spacing
∆x and ∆y and a ≥ 0 and b ≥ 0. If we denote by ui,j the approximations to the cell
averages at time level n, the scheme can be written as

un+1
i,j = uni,j − λx(u

n+1/2
i+1/2,j − u

n+1/2
i−1/2,j)− λy(u

n+1/2
i,j+1/2 − u

n+1/2
i,j−1/2),(2.2)

where λx = a∆t/∆x, λy = b∆t/∆y. The interface values are obtained by a Taylor
series expansion inside the upwind cell, i.e.,

u
n+1/2
i+1/2,j = uni,j +

1

2
∆x (ux)i,j +

1

2
∆t (ut)i,j .(2.3)

Substituting for ut from (2.1) and denoting the normalized values of (ux)i,j and (uy)i,j
by Sxi,j and Syi,j , the interface values can be derived as

u
n+1/2
i+1/2,j = uni,j +

1
2 (1− λx)S

x
i,j − 1

2λyS
y
i,j ,

u
n+1/2
i,j+1/2 = uni,j +

1
2 (1− λy)S

y
i,j − 1

2λxS
x
i,j .

(2.4)

If Sxi,j and Syi,j are given by their central difference estimates, i.e.,

Sxi,j = 1
2 (ui+1,j − ui−1,j),

Syi,j = 1
2 (ui,j+1 − ui,j−1),

(2.5)

then (2.2) is second order accurate in time and space and stable in the region λx ≥ 0,
λy ≥ 0, λx + λy ≤ 1. Thus, the time step can be defined in terms of a CFL number
σ = λx + λy by

∆t = σ/(a/∆x+ b/∆y).(2.6)

The slopes Sxi,j and Syi,j are obtained by one-dimensional TVD limiters acting on
slivers of one-dimensional data. For the x direction, if we define

s+ = (ui+1,j − ui,j),
s− = (ui,j − ui−1,j),

(2.7)



1186 AMBADY SURESH

then the Minmod, Average, and Superbee limiters can be written as

Sxi,j = 1
2 [sgn(s+) + sgn(s−)]Min(|s−|, |s+|),

Sxi,j = 1
2 [sgn(s+) + sgn(s−)]Min(|s+ + s−|/2, 2|s−|, 2|s+|),

Sxi,j = 1
2 [sgn(s+) + sgn(s−)]Min(Max(|s+|, |s−|), 2|s−|, 2|s+|).

(2.8)

Note that in one dimension, all these schemes give updates bounded by the initial
data; i.e., it can be shown that (see the appendix) if b = 0 and a > 0, then

un+1
i,j ∈ [Min(uni,j , u

n
i−1,j),Max(uni,j , u

n
i−1,j)](2.9)

so that if uni,j > 0, for all i, j, then so is un+1
i,j . Such schemes are called PP schemes.

However, this property does not carry over to two dimensions as we shall see below.
The results of a typical calculation with these schemes on a grid of 120×120 cells

over the domain of [−1, 1] × [−1, 1], with a = 1.0, b = 0.1, σ = 0.8 at the final time
t = 20 (1650 time steps), are shown in Figures 1 and 2. The initial condition is

u(x, y, 0) = 1 for (x2 + y2)1/2 < 0.4
= 0 otherwise.

(2.10)

Figure 1 actually shows the numerical solutions obtained on the line y = −0.258,
while Figure 2 shows solutions on the line y = 0.392. As can be seen, both the Super-
bee and the Average limiters show large overshoots and undershoots. The Minmod
limiter gives acceptable but diffused results.

Our numerical experiments over a wide range of initial conditions, propagation
directions, and Courant numbers indicate that most TVD limiters give oscillatory
solutions when the convection angle is not aligned with either axis or the diagonal.
The worst oscillations are observed with the Superbee limiter while none are observed
with the Minmod limiter.

3. PP schemes in two dimensions. To understand why these oscillations
occur it is instructive to rewrite (2.2) and (2.4) as

un+1
i,j = (1− λx − λy)(ui,j − 1

2λx S
x
i,j − 1

2λy S
y
i,j)

+λx(ui−1,j +
1
2 (1− λx)S

x
i−1,j − 1

2λy S
y
i−1,j)

+λy(ui,j−1 − 1
2λx S

x
i,j−1 +

1
2 (1− λy)S

y
i,j−1)

(3.1)

If the reconstruction assumed in each cell is written in normalized coordinates as

Ri,j(ξ, η) = ui,j + Sxi,jξ + Syi,jη,(3.2)

with |ξ|, |η| ≤ 1/2, then the above equation can be written as

un+1
i,j = (1− λx − λy)Ri,j(−λx/ 2,−λy/ 2)

+λxRi−1,j((1− λx)/ 2,−λy/ 2)
+λy Ri,j−1(−λx/ 2, (1− λy)/ 2).

(3.3)

This shows that the value of ui,j at the next time step is a convex combination
of sampled reconstructed values from the three cells (i, j), (i − 1, j), and (i, j − 1).
Moreover, under the stability limit, λx ≥ 0, λy ≥ 0, λx + λy ≤ 1, the points where



POSITIVITY-PRESERVING SCHEMES IN MULTIDIMENSIONS 1187

0.6 0.6
0.1

1.5

Minmod  63.38 sec

0.6 0.6
0.1

1.5

Superbee   68.08 sec

0.6 0.6
0.1

1.5

PP2DU  76.41 sec

0.6 0.6
0.1

1.5

Average  64.59 sec

Fig. 1. Advection of (2.10) with a = 1.0, b = 0.1, CFL = 0.8, and t = 20.120 × 120 uniform
grid. Results are shown on the line y = −0.258.

the reconstructions are sampled lie inside their respective cells. Thus, a simple way
of keeping un+1

i,j bounded is to bound the reconstructions Ri,j .
To this end, let us define Ni,j to be the set of cell averages of the immediate first

order neighbors of the cell (i, j) and ui,j ,

Ni,j =


 ui−1,j+1, ui,j+1, ui+1,j+1,

ui−1,j , ui,j , ui+1,j ,
ui−1,j−1, ui,j−1, ui+1,j−1


 .(3.4)

Let Ui,j be the range of variation of u on Ni,j ,

Ui,j = [Min[Ni,j ],Max[Ni,j ]].(3.5)

The following result is then obvious from (3.3).
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0.6 0.6
0.5

1.2

Minmod  63.38 sec

0.6 0.6
0.5

1.2

Superbee   68.08 sec

0.6 0.6
0.5

1.2

PP2DU  76.41 sec

0.6 0.6
0.5

1.2

Average  64.59 sec

Fig. 2. Advection of (2.10) with a=1.0, b = 0.1, CFL = 0.8, and t = 20.120×120 uniform grid.
Results are shown on the line y = 0.392.

Theorem 3.1. Assume that for the scheme (2.2)–(2.4) the reconstruction in each
cell is bounded by its immediate neighbors; i.e., for all (i, j),

Ri,j ∈ Ui,j .(3.6)

Then, for λx + λy ≤ 1,

un+1
i,j ∈ Ui,j ∪ Ui−1,j ∪ Ui,j−1,(3.7)

i.e., the cell average at the next time step lies inside the union of the averages in the
neighborhoods of (i, j), (i− 1, j), and (i, j − 1).

Thus, if (3.6) is satisfied in each cell, the scheme becomes PP. As a counter
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example to this theorem, consider positive data given by

u−1,1 = 1, u0,1 = 0,
u−2,0 = 100, u−1,0 = 1, u0,0 = 0, u1,0 = 0,

u−1,−1 = 1, u0,−1 = 10, u1,−1 = 100,
u0,−2 = 100.

(3.8)

With the Superbee and Average limiters the reconstruction R0,−1 has large negative
values and does not satisfy (3.6). Not surprisingly, for λx = 0.6, λy = 0.2, both
theses schemes give un+1

0,0 = −8/25, which shows that these schemes do not preserve
positivity. On the other hand, the Minmod limiter gives reconstructions that are
bounded by first order neighbors and gives ūn+1

0,0 = 57/50, which is acceptable. This
explains the large undershoots/overshoots observed in Figures 1 and 2.

It is easily verified that Theorem 3.1 holds true for all propagation directions
provided the interface values (2.4) are defined from upwind cells. The general CFL
limit is then |λx|+ |λy| ≤ 1.

Results similar to Theorem 3.1 have been proved in the literature in related con-
texts. Batten, Lambert, and Causon [11] prove a PP condition for multidimensional
advection on unstructured meshes. Perthame and Shu [9] and Linde and Roe [12]
prove PP conditions on unstructured meshes for the two-dimensional Euler equa-
tions. However, both of these are for convex time Runge–Kutta time stepping, for
which the TVD limiters applied dimension-by-dimension can be shown to be PP under
a reduced CFL limit.

We note that the only thing positivity preservation guarantees is that the cell
averages at all future times will lie in a certain range governed by the initial conditions.
It does not rule out spurious oscillations in this range. However, in practice, in
numerical experiments, we see that the PP constraint goes a long way toward getting
rid of all spurious oscillations.

The condition that the reconstruction be bounded over the whole cell by all
its immediate neighbors (including corner neighbors) was introduced by Barth and
Jesperson [13] in the context of unstructured grids. The above result shows that this
condition is useful for constructing PP schemes on structured meshes as well. It is
also similar in spirit to the earlier work of Spekreijse [14], although the details are
different.

In the next section, we derive an efficient limiter that enforces (3.6) but is not as
dissipative as the Minmod limiter. We remark that the choice of stencil, i.e., (3.4) used
above, is somewhat arbitrary. In fact, for the Minmod scheme, the reconstruction is
so tightly constrained that Ri,j actually lies inside the range of ui,j and two linearly
independent cells from ui±1,j and ui,j±1. From this it follows that un+1

i,j is bounded
by the four values ui,j , ui−1,j , ui,j−1, and ui−1,j−1, a much smaller stencil than (3.7).

4. A PP limiter. The procedure for modifying the slopes to satisfy (3.6) is far
from unique. The approach described here is similar to the approach of Barth and
Jesperson [13], adapted to structured grids and modified so as to depend continuously
on the data.

To satisfy (3.6) within a cell, the idea is to restrict the slopes so that the recon-
structed values at the four corners of the cell lie inside the required interval, i.e., (3.5).
Without loss of generality, we can adjust the value of ui,j to zero and define

Vmin = Min


 ui−1,j+1 − ui,j , ui,j+1 − ui,j , ui+1,j+1 − ui,j ,

ui−1,j − ui,j , 0, ui+1,j − ui,j ,
ui−1,j−1 − ui,j , ui,j−1 − ui,j , ui+1,j−1 − ui,j


 ,(4.1)
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Vmax = Max


 ui−1,j+1 − ui,j , ui,j+1 − ui,j , ui+1,j+1 − ui,j ,

ui−1,j − ui,j , 0, ui+1,j − ui,j ,
ui−1,j−1 − ui,j , ui,j−1 − ui,j , ui+1,j−1 − ui,j


 .(4.2)

Then, for the north-east corner, we compute (with the slopes given by (2.5))

uNE =
1

2
Sxi,j +

1

2
Syi,j(4.3)

and a φNE as follows:

if uNE > Vmax, φNE = Vmax/uNE ,
if uNE < Vmin, φNE = Vmin/uNE ,
else φNE = 1.

(4.4)

We repeat these calculations for all corners, and the final slopes are given by

Sxi,j ← Min(φNE , φNW , φSE , φSW )Sxi,j ,

Syi,j ← Min(φNE , φNW , φSE , φSW )Syi,j ,
(4.5)

where the arrow notation stands for replacement or overwriting.
One problem with the above algorithm is the value of φNE does not depend

continuously on the data. For example, if Vmax = 0 such as near an extrema, and
uNE approaches zero through positive values, the value of φNE jumps from zero to
one. This can be fixed by redefining Vmax and Vmin as

Vmin = Min


 ui−1,j+1 − ui,j , ui,j+1 − ui,j , ui+1,j+1 − ui,j ,

ui−1,j − ui,j , −ε, ui+1,j − ui,j ,
ui−1,j−1 − ui,j , ui,j−1 − ui,j , ui+1,j−1 − ui,j


 ,(4.6)

Vmax = Max


 ui−1,j+1 − ui,j , ui,j+1 − ui,j , ui+1,j+1 − ui,j ,

ui−1,j − ui,j , +ε, ui+1,j − ui,j ,
ui−1,j−1 − ui,j , ui,j−1 − ui,j , ui+1,j−1 − ui,j


 ,(4.7)

where ε is a small positive number (10−20 in all our computations).
Further simplifications to the algorithm defined by (2.5), (4.3)–(4.7), are possible

due to the symmetry of the grid. It turns out that restricting all the corner values
to lie inside [Vmin, Vmax] is equivalent to restricting |Sxi,j |+ |Syi,j | to lie inside another
interval. We skip the details and give the result in algorithm form.

Let the slopes be defined initially by their centered difference values, namely,
(2.5), and let Vmin and Vmax be defined by (4.6) and (4.7). Then we define

V = 2
Min(|Vmin|, |Vmax|)

(|Sxi,j |+ |Syi,j |)
.(4.8)

The final slopes are then

Sxi,j ← Min(1 , V )Sxi,j ,

Syi,j ← Min(1 , V )Syi,j .
(4.9)

It can be verified that after limiting, the reconstructed values in the cell (i, j) lie inside
the interval Ui,j and that the reconstruction depends continuously on the data.
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The main problem with this limiter is the loss of accuracy near critical points (a
critical point is where the gradient of a function vanishes) which makes these schemes
only first order accurate in the Max. norm. If a scheme is required to be second
order accurate everywhere (i.e., in the Max. norm), such a scheme will advect second
order polynomials exactly. It follows that while advecting smooth extrema such a
scheme will give updates not bounded by the data. It thus appears that second order
accuracy in the Max. norm and positivity preservation are mutually exclusive, even
in one dimension.

In the next section we present a compromise that relaxes the PP constraint near
critical points so that uniform second order accuracy can be achieved.

5. Uniform second order accuracy. The essential idea behind this fix is to
redefine the interval [Vmin, Vmax] so that near discontinuities it is the same as above
but near a smooth critical point, such as an extremum, it is strictly larger so that the
limiting process leaves the original values of the slopes unaltered. We are able to do
this with some success only on a corner by corner basis and not for the whole cell.
Thus, we focus on the limiting process defined by (4.3), (4.4), and (4.5), with Vmin
and Vmax defined by (4.6), (4.7).

When uNE falls outside [Vmin, Vmax], there are two possibilities: (1) we are near
a discontinuity so that the above limiting process is appropriate; (2) we are near a
smooth critical point where no limiting is appropriate. We distinguish between these
two situations by looking at the data along the diagonal ui+p,j+p, p = −1, 2. If the
interval [ui,j , ui+1,j+1] falls outside the interval [ui−1,j−1, ui+2,j+2], we conclude that
we are near a smooth critical point; otherwise we conclude we are near a discontinuity.
Thus, we define

tmax = Max(ui,j , ui+1,j+1),
tmin = Min(ui,j , ui+1,j+1),
wmax = Max(ui−1,j−1, ui+2,j+2),
wmin = Min(ui−1,j−1, ui+2,j+2),
d1 = Max(tmax − wmax, wmin − tmin, 0.0),

(5.1)

so that d1 is positive near a critical point and zero otherwise. Then we define new
values of Vmin and Vmax as

V̂min = Vmin − ε2 d1,

V̂max = Vmax + ε2 d1,
(5.2)

where ε2 is a positive constant. Since d1 is positive, the new interval [V̂min, V̂max] is
strictly larger than the old interval and depends continuously on the data. The value
of φNE is then calculated as

if uNE > Vmax, φNE = Min(1, V̂max/uNE),

if uNE < Vmin, φNE = Min(1, V̂min/uNE),
else φNE = 1.

(5.3)

These calculations are repeated for all corners and the final slopes calculated from
(4.5).

Let us describe how this algorithm works in words so that its inherent limita-
tions are clear. On fine enough meshes, when one of the corner values falls outside
[Vmin, Vmax], it means we are either near a discontinuity or a smooth critical point
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(maxima, minima, saddle point, etc.). If we are near a discontinuity, we hope the data
will be monotone on the diagonal line going through the corner and so d1 will be zero
and the slopes are limited just as in the original PP scheme. If we are near a critical
point, however, data along the diagonal will not be monotone. Then d1 > 0 and gives
enough room so that the uNE will be swallowed inside the new interval [V̂min, V̂max],
yielding φNE = 1.

Since the two types of data, i.e., data near discontinuities and data near a critical
point, are not easily characterized in two dimensions, not much can be theoretically
proved about this algorithm. If ui,j is independent of j and b = 0, the corresponding
one-dimensional scheme can be proved to be monotonicity-preserving and uniformly
second order accurate for ε2 > 0.25. Thus we use ε2 = 0.275 in all our computations.
In one dimension, this fix for uniform accuracy is a simplified version of the fix for
uniform accuracy presented in Suresh and Huynh [15], in the context of higher order
Runge–Kutta schemes.

For coding purposes, we summarize the final algorithm. In each cell, we first
calculate the slopes by (2.5). Then for the north-east corner, we calculate uNE by
(4.3) and Vmin and Vmax by (4.6) and (4.7). Then we calculate φNE from (5.3). Note
that the modified interval (i.e., (5.1), (5.2)) needs to be computed only when uNE falls
outside the original interval, which happens for relatively few cells. This is repeated
for all the corner cells and the final slopes obtained from (4.5).

6. Two-dimensional Euler equations. The two schemes presented above are
easily extended to the Euler equations. Following the usual approach, the primitive
variables V = (ρ, u, v, p) (where ρ is the density, (u, v) are the x and y components of
the velocity, and p is the pressure), are reconstructed in each cell using the reconstruc-
tion procedure presented above. This yields the gradient of the primitive variables in
each cell, which is used to march to the half time step. The values of V at the half
time step on each side of a face are used to compute the flux via the Roe approximate
Riemann solver modified with an entropy fix. Since the extension is fairly standard,
we omit the details, which can be found in [16].

This scheme requires only one Riemann solver call per face per time step, while
those using Runge–Kutta time stepping require at least two for second order accuracy.
The time step is defined in terms of the CFL number σ by

∆t = Min

(
σ

(|u|+ c)/∆x+ (|v|+ c)/∆y

)
,(6.1)

where the minimum is over all cells and c is the speed of sound given by (γp/ρ)1/2,
with γ = 1.4.

7. Numerical experiments. We present some numerical experiments to assess
the accuracy, efficiency, and nonoscillatory properties of the two schemes presented
above. We refer to the strictly PP scheme (i.e., (4.8), (4.9)) as PP2D and the scheme
with the fix for uniform accuracy as PP2DU. We are particularly interested in the
following: (1) Does the fix for uniform accuracy in PP2DU give rise to spurious
oscillations near discontinuities? (2) How bad is the loss of accuracy at critical points
for PP2D? (3) How do these schemes compare in accuracy and efficiency with other
schemes like MPDATA [18] or UTOPIA [10]?

All computations were performed on an isolated IRIS 100-MHZ R4000 SGI Indigo
workstation. The execution times were obtained by using the timex utility.

We solved (2.1) on rectangular domains with periodic boundary conditions at
the boundaries. A number of initial conditions, advection directions, and time steps
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Table 1
Advection of (7.1) with a = 0.2, b = 1.0, σ = 0.8, t = 10.0, ∆x = ∆y = 2/N .

Scheme N Max. error Max. order L1 error L1 order CPU time - sec.
60 1.72(-1) - 3.02(-2) -

PP2D 120 5.68(-2) 1.60 6.97(-3) 2.11
240 1.88(-2) 1.60 1.65(-3) 2.08 306.77
60 9.16(-2) - 3.01(-2) -

PP2DU 120 2.03(-2) 2.17 6.80(-3) 2.15
240 4.79(-3) 2.08 1.60(-3) 2.09 347.25
60 9.16(-2) - 3.08(-2) -

Unlim. 120 2.03(-2) 2.17 6.81(-3) 2.18
240 4.79(-3) 2.08 1.60(-3) 2.09 228.99

were explored, but only a few cases are reported here. For initial conditions with
discontinuities, we scanned the computed solution for overshoots, undershoots, and
spurious oscillations, and we present line plots through these regions. These represent
the worst-case results. In all these cases, PP2DU performed well without spurious
oscillations.

Example 1. We return to the example already cited above. Here the domain of
[−1, 1]× [−1, 1] is covered by a uniform grid of 120× 120 cells, with a = 1.0, b = 0.1,
σ = 0.8, and final time t = 20 (1650 time steps). This corresponds to 10 periods in
x and one period in y. The initial condition is (2.10). The minimum and maximum
values over the whole domain for Minmod, Average, Superbee, PP2D, and PP2DU are,
respectively, [0, 0.997], [−0.093, 1.108], [−0.400, 1.380], [0, 1], and [0, 1]. The results
of PP2DU, on the line y = −0.258, are also shown in Figure 1, which is less diffuse
than the Minmod scheme and is nonoscillatory with no overshoots or undershoots.
However, shock resolution is still quite poor for all schemes except perhaps Superbee.
The result from PP2D is identical and is not shown. In terms of efficiency, PP2DU is
about 20% more expensive than the Minmod scheme.

Figure 2 shows results from the same computation but this time on the line
y = 0.392. Although the discontinuity is rather narrow, the Minmod and PP2DU
schemes give acceptable results, while both the Superbee and Average limiters show
large undershoots.

Example 2. The next problem involves smooth periodic initial conditions on the
domain [−1, 1]× [−1, 1], which are given by

u(x, y, 0) = sin4(π(x+ 1)) + sin4(π(y + 1))(7.1)

along with a = 0.2, b = 1.0, σ = 0.8, and final time t = 10. In this case we solve
on three meshes and estimate the order of accuracy of the scheme. We compare the
results with the unlimited scheme.

The results are presented in Table 1. As can be seen, there is little difference
between PP2DU and the unlimited scheme, especially on the finer meshes. This
indicates that the fix for uniform accuracy is working well and is not too expensive
(about 12% more than PP2D). As expected, the results from PP2D show much higher
Max. errors due to the loss of accuracy at extrema and less than second order accuracy
in this norm.

Example 3. In this example, we compare with the scheme of Thuburn [10] for
multidimensional advection. This scheme (TH1) (see Table 2) is a limited form of the
UTOPIA scheme of Leonard, MacVean, and Lock [8]. Unlike the approach presented
here, the limiting is performed directly on the interface fluxes at the half time step,
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Table 2
Advection of (7.2) with σ = 0.5, ∆x = ∆y = 1/31. Problem 1: a = 1, b = 0, 62 time steps;

Problem 2: a = 1, b = 1, 124 time steps.

Problem 1 Problem 2
Scheme Min. value Max. value Min. value Max. value
TH1 0.000 0.927 0.000 0.847

PP2DU 0.000 0.958 0.000 0.877
PP2D 0.000 0.891 0.000 0.760

i,e. on u
n+1/2
i+1/2,j .

The domain here is [0, 1] × [0, 1] which is covered by a uniform grid of 31 × 31
cells and the initial condition is

u(x, y, 0) = exp(−β((x− x0)
2 + (y − y0)

2))(7.2)

with β = 312/18, x0 = y0 = 1/2. For the first problem the velocities are a = 1 and
b = 0, σ = 0.5 and the results studied after 62 timesteps. In the second problem,
a = 1 and b = 1, σ = 0.5 and the number of time steps is 124.

The results are shown in Table 2 and Figure 3. The peak values obtained with
PP2DU are slightly better than that of Thuburn’s scheme. However, for Problem-2,
both PP2D and PP2DU indicate slightly more distortion in the contours than TH1.
This distortion can perhaps be reduced further by a more accurate choice of the initial
slopes in (2.5).

Table 3
Advection of (7.4) with velocity field (7.3). σmax = 0.99, 628 time steps, ∆x = ∆y = 1.

Scheme Min. value Max. value
MPDATA #4 0.000 3.263
MPDATA #3 0.000 3.261

PP2DU 0.000 3.463
PP2D 0.000 3.257

Superbee -0.027 3.439
Average -0.003 3.271
Minmod 0.000 2.770
Unlim. -0.065 3.464

Example 4. In this example, we compare our results with the scheme of MPDATA
[18] and its many recent enhancements. The initial condition here is a conical initial
function that is in solid-body rotation. The domain is [0, 100] × [0, 100], which is
covered by a uniform grid of 100× 100 cells. The velocities are given by

a(x, y) = −w (y − y0),
b(x, y) = +w (x− x0),(7.3)

with (x0, y0) = (50, 50) and w = 0.1. The initial condition can be written as

r = ((x− xc)
2 + (y − yc)

2)1/2,
u(x, y, 0) = 4 (1− r/15) for r < 15,
u(x, y, 0) = 0 for r ≥ 15,

(7.4)

with xc = 75 and yc = 50. The time step is chosen so that the maximum Courant
number is 0.99. The results are studied after 628 time steps and are shown in Table
3. Contour plots of the solution after 3768 time steps are shown in Figure 4.
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Fig. 3. Advection of (7.2) on a 31 × 31 grid. Problem 1: a = 1, b = 0, σ = 0.5, 62 time
steps; Problem 2: a = 1, b = 1, σ = 0.5, 124 time steps. The contours are from (0.1, 1.0) with an
increment of 0.1. Max. and Min. values are given in Table 2.

From Table 3, the peak values of both PP2D and PP2DU are comparable to
MPDATA. However, from Figure 4, both seem to have slightly larger distortion than
the results of MPDATA.

Example 5. Our last problem is the well known double Mach reflection problem
in two-dimensional gas dynamics. The computational domain is [0, 4] × [0, 1]. The
reflecting wall is from (1/6, 0) to (4, 0). Initially, a Mach 10 shock is incident on this
wall at (1/6, 0) making an angle of 60 degrees with the x-axis. To the right of the
shock is undisturbed fluid of uniform pressure 1 and density 1.4. To the left of the
shock, the conditions are

(ρ, u, v, p) = (8.0, 7.1447,−4.125, 116.5).
As the shock reflects off the wall, a diffraction pattern is formed. The final time is
t = 0.2. A detailed description of the problem and various solutions can be found in
[5]. The problem is solved on a uniform grid of 120× 30 cells with σ = 0.8.

The boundary conditions are as follows: at the bottom, from (0, 0) to (1/6, 0), lin-
ear extrapolation; from (1/6, 0) to (4, 0), solid boundary; at the right, linear extrapo-
lation; at the left, supersonic inflow; at the top, time-dependent conditions determined
by the exact motion of the Mach 10 shock.
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Fig. 4. Advection of (7.4) on a 100× 100 grid with velocity field (7.3). σmax = 0.99, 3768 time
steps. The contours are from (−0.25, 3.5) with an increment of 0.25.

The PP2DU, PP2D solutions are compared with the solution from the TVD
scheme using the Average limiter in Figure 5, which shows contour plots of density.
In this problem, there does not seem to be much difference between the three solutions.

8. Conclusions. In this paper, we have considered the problem of why the
MUSCL–Hancock scheme with one-dimensional TVD limiters applied on a dimension-
by-dimension basis gives rise to spurious oscillations near discontinuities on problems
of two-dimensional advection. We have shown that if the reconstruction over the
whole cell is bounded by its first order neighbors, then the MUSCL–Hancock scheme
can be proved to be positivity preserving. An efficient limiter that achieves this and
depends continuously on the data is also presented along with a fix for the loss of
accuracy near extrema. Numerical experiments reveal that the new schemes perform
well and are competitive with other methods for multidimensional advection.

Appendix. In this appendix, we recall a quick proof which states that in one
dimension, the MUSCL–Hancock scheme with the slopes given by any of the one-
dimensional TVD limiters of (2.8) does indeed satisfy (2.9) for 0 ≤ λx ≤ 1. Using
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Fig. 5. The double Mach reflection problem on a 120 × 30 grid with σ = 0.8, t = 0.2. The
density contours are from (0.17, 21) with an increment of 0.6423.

(2.2) and (2.4) with b = 0 and a > 0, the update can be written as

(A.1) un+1
i = (1− λx)

(
ui − 1

2
λx S

x
i

)
+ λx

(
ui−1 +

1

2
(1− λx)S

x
i−1

)
.

If ui = ui−1, then both the slopes Sxi and Sxi−1 are zero and the result follows. If not,
by subtraction and division of the data, we need only consider the case where ui−1 = 0
and ui = 1. In this case, for all limiters, both slopes are positive and bounded above
by 2. This implies that ui− 1

2λx S
x
i lies in [0, 1] and ui−1 +

1
2 (1− λx)S

x
i−1 also lies in

[0, 1]. From the above update equation, the result follows.
It is worth noting that (2.9) can be proved in a more general setting, including

reconstructions that are arbitrary functions. For a discussion, see Suresh [17].

Acknowledgments. The author would like to thank H. T. Huynh and D. Pax-
son for reviewing this paper. The author is also grateful to the Computing and
Interdisciplinary Systems Office at Glenn Research Center for permission to publish
this work.



1198 AMBADY SURESH

REFERENCES

[1] A. Harten, B. Engquist, S. Osher, and S. R. Chakravarthy, Uniformly high-order accurate
essentially nonoscillatory schemes. III, J. Comput. Phys., 71 (1987), pp. 231–303.

[2] P. L. Roe, Characteristic-based schemes for the Euler equations, Ann. Rev. Fluid Mech., 18
(1986), pp. 337–365.

[3] C. Hirsch, Numerical Computation of Internal and External Flows, John Wiley & Sons, New
York, 1990.

[4] R. J. LeVeque, Numerical Methods for Conservation Laws, Birkhäuser-Verlag, Basel, 1990.
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Abstract. A new domain decomposition method with Lagrange multipliers for elliptic problems
is introduced. It is based on a reformulation of the well-known finite element tearing and intercon-
necting (FETI) method as a saddle point problem with both primal and dual variables as unknowns.
The resulting linear system is solved with block-structured preconditioners combined with a suitable
Krylov subspace method. This approach allows the use of inexact subdomain solvers for the positive
definite subproblems. It is shown that the condition number of the preconditioned saddle point prob-
lem is bounded independently of the number of subregions and depends only polylogarithmically on
the number of degrees of freedom of individual local subproblems. Numerical results are presented
for a plane stress cantilever membrane problem.
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1. Introduction. In the past decade a great deal of research has been carried
out on nonoverlapping domain decomposition methods using Lagrange multipliers. In
these methods the original domain is decomposed into nonoverlapping subdomains.
The continuity is then enforced by using Lagrange multipliers across the interface
defined by the subdomain boundaries. A computationally quite efficient member
of this class of domain decomposition algorithms is the finite element tearing and
interconnecting (FETI) method introduced by Farhat and Roux [7]. In its original
version, a Neumann problem is solved on each subdomain and the method is known
to be scalable in the sense that its rate of convergence is independent of the number
of subproblems. In a variant of the FETI method introduced in Farhat, Mandel, and
Roux [6] an additional Dirichlet problem is solved exactly on each subdomain, in each
iteration. This makes the rate of convergence of the iteration even less sensitive to
the number of unknowns of the local problems. The use of inexact Dirichlet solvers is
possible without a radical change of the FETI method. However, the use of inexact
Neumann solvers does require a redesign of these algorithms; this is the topic of the
present work.

In this paper, a new domain decomposition method with Lagrange multipliers is
introduced by first reformulating the system of the FETI algorithm as a saddle point
problem with both primal and dual variables. The resulting system is then solved
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using block-structured preconditioners and a suitable Krylov subspace method. We
can then avoid potentially quite costly direct solvers relying instead on any of a number
of well-tested preconditioners for positive definite subproblems, such as incomplete LU
methods, (algebraic) multigrid, etc. The good features of the FETI method such as
scalability and efficiency are preserved. Essentially, the storage and factorization costs
related to use of exact solvers in the FETI algorithm are eliminated while the new
method will incur new costs for the preconditioners on the subdomains and additional
storage of primal variable components in the iteration; we also have to expect that
the iteration count will increase in comparison to when exact subdomain solvers are
employed. A complete theory, based quite directly on the pioneering work of Mandel
and Tezaur [16], and on earlier work by Klawonn [11], is also developed in this paper;
see Theorems 9 and 15. In addition, we show how these results can be improved for
a different family of preconditioners developed in [14]; see Theorems 10 and 16.

The remainder of this article is organized as follows. In section 2, we present the
equations of linear elasticity and a finite element discretization thereof. In section
3, we review the FETI method and we develop our new method in section 4. In
subsection 5.1, the convergence analysis of Mandel and Tezaur [16] is extended from
scalar, second order elliptic equations to the system of equations of linear elasticity.
A convergence analysis and condition number estimates for the block-diagonal pre-
conditioner are given in subsection 5.2. The paper concludes with section 6, in which
we report on some of our numerical experiments.

We note that a short conference paper [13] prepared previously describes and
discusses a slightly different version of our main algorithm.

2. The elliptic problem. In this section, we introduce our model problem,
the elliptic system arising from the displacement formulation of compressible, linear
elasticity and its discretization by conforming finite elements.

2.1. The equations of linear elasticity. The equations of linear elasticity
model the displacement of a linear elastic material under the action of external and
internal forces. We denote the elastic body by Ω ⊂ Rd, d = 2, 3, and its boundary by
∂Ω and assume that one part of the boundary, Γ0, is clamped, i.e., with homogeneous
Dirichlet boundary conditions, and that the rest, Γ1 := ∂Ω\Γ0, is subject to a surface
force g, i.e., a natural boundary condition. We can also introduce a body force f , e.g.,
gravity. The appropriate space for a variational formulation is the Sobolev space
H1

Γ0
(Ω) := {v ∈ H1(Ω)d : v|Γ0

= 0}. The linear elasticity problem consists of

finding the displacement u ∈ H1
Γ0

(Ω) of the elastic body Ω, such that

G

∫
Ω

ε(u) : ε(v)dx + Gβ

∫
Ω

divu divv dx = 〈F,v〉 ∀ v ∈ H1
Γ0

(Ω).(1)

Here G and β are material parameters depending on the Poisson ratio ν and Young’s
modulus E with ν ∈ (0, 1/2] and E > 0. In the case of plane stress, we have G =
E/(1+ν), β = ν/(1−ν), and for plane strain and three-dimensional elasticity we have

G = E/(1 + ν), β = ν/(1− 2ν). Furthermore, εij(u) := 1
2 (
∂ui

∂xj
+

∂uj

∂xi
) is the linearized

strain tensor, and

ε(u) : ε(v) =

d∑
i,j=1

εij(u)εij(v), 〈F,v〉 :=
d∑
i=1

∫
Ω

fivi dx +

d∑
i=1

∫
Γ1

gividσ.
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The associated bilinear form of linear elasticity is

a(u,v) = G

∫
Ω

ε(u) : ε(v)dx + Gβ

∫
Ω

divu divv dx.

In this article, we consider only the case of compressible elasticity. This means
that the Poisson ratio ν is bounded away from 1/2. We will also focus on the case of
d = 2 in order to simplify our notation. We note that all our work extends easily to
the case of d = 3 and to many other elliptic problems.

We will also use the standard Sobolev space norm

‖u‖H1(Ω) :=
(
|u|2H1(Ω) + ‖u‖2L2(Ω)

)1/2

with ‖u‖2L2(Ω) :=
∫
Ω
|u|2dx, and |u|2H1(Ω) := ‖∇u‖2L2(Ω). It is obvious that the bilinear

form a(·, ·) is continuous with respect to ‖ · ‖H1(Ω). However, proving ellipticity is far
less trivial but it can be established from Korn’s first inequality; see, e.g., Ciarlet [3].

Lemma 1 (Korn’s first inequality). Let Ω ⊂ Rd, d ≥ 2, be a Lipschitz domain.
Then, there exists a positive constant c = c(Ω,Γ0), such that∫

Ω

ε(u) : ε(u)dx ≥ c |u|2H1(Ω) ∀ u ∈ H1
Γ0

(Ω).

The well-posedness of the linear system (1) follows immediately from the conti-
nuity and ellipticity of the bilinear form a(·, ·).

It follows from Korn’s first inequality that ‖ε(u)‖L2(Ω) is equivalent to ‖u‖H1(Ω)

on H1
Γ0

(Ω). This result is not directly valid for the case of pure natural boundary

conditions when we are working with the space (H1(Ω))d. This case is of interest
when considering interior subregions, i.e., those that do not touch Γ0. However, a
G̊arding inequality is provided by Korn’s second inequality

Lemma 2 (Korn’s second inequality). Let Ω ⊂ Rd, d ≥ 2, be a Lipschitz domain
with diameter one. Then, there exists a positive constant c = c(Ω), such that∫

Ω

ε(u) : ε(u)dx+ ‖u‖2L2(Ω) ≥ c ‖u‖2H1(Ω) ∀ u ∈ (H1(Ω))d.

There are several proofs; see, e.g., Nitsche [19].
We can now derive a Korn inequality on the space {u ∈ (H1(Ω))d : u ⊥ ker (ε)}.

The null space ker (ε) is the space of rigid body motions. Thus, for d = 2, the
linearized strain tensor of u and its divergence vanish only for the elements of the
space spanned by the two translations

r1 :=

[
1
0

]
, r2 :=

[
0
1

]

and the single rotation

r3 :=

[
x2

−x1

]
.

In three dimensions the corresponding space is spanned by three translations and
three rotations.
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For convenience, we also introduce the notation

(ε(u), ε(v))L2(Ω) :=

∫
Ω

ε(u) : ε(v)dx

and introduce two inner products on (H1(Ω))2, for a region Ω with diameter one,

(u,v)E1
:= (ε(u), ε(v))L2(Ω) + (u,v)L2(Ω)

and

(u,v)E2 := (ε(u), ε(v))L2(Ω) +

3∑
i=1

li(u)li(v),

where the li(·) are defined by

li(u) :=

∫
Ω

(ri)
tudx.

By using Lemma 2, ‖ · ‖E1 , given by the inner product (·, ·)E1 , is a norm and not just
a seminorm, and so, by construction, is ‖ · ‖E2

.
The norms, just introduced, are equivalent.
Lemma 3. There exist constants 0 < c ≤ C <∞, such that

c ‖u‖E1 ≤ ‖u‖E2 ≤ C ‖u‖E1 ∀ u ∈ (H1(Ω))2.

Proof. The proof of the right inequality follows immediately from the Cauchy–
Schwarz inequality. The left inequality is proven by contradiction and by using Rel-
lich’s theorem as in a proof of generalized Poincaré–Friedrichs inequalities, cf., e.g.,
Nečas [18, Chap. 2.7].

We obviously have

‖ε(u)‖L2(Ω) ≤ ‖∇u‖L2(Ω) ∀ u ∈ (H1(Ω))2.(2)

Using (2) and Lemmas 2 and 3, we obtain the following.
Lemma 4. There exists a constant 0 < c, such that

c ‖∇u‖L2(Ω) ≤ ‖ε(u)‖L2(Ω) ≤ ‖∇u‖L2(Ω) ∀ u ∈ (H1(Ω))2,u ⊥ ker (ε).

2.2. Finite elements and the discrete problem. Since we consider only
compressible elastic materials, it follows from Lemma 1 that the bilinear form a(·, ·)
is uniformly elliptic. We can therefore successfully discretize the system (1) with
low-order, conforming finite elements, such as linear or bilinear elements.

We assume that a triangulation τh of Ω is given which is shape regular and has
a typical element diameter of h. We denote by Wh(Ω) ⊂ H1

Γ0
(Ω) the corresponding

conforming space of finite element functions, e.g., piecewise linear or bilinear contin-
uous functions. Thus, it is our goal to solve the discrete problem

a(uh,vh) = 〈F,vh〉 ∀ vh ∈Wh(Ω).(3)

In what follows, we work exclusively with the discrete problem and we drop the
subscript h from now on.
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3. A review of the FETI method. In this section, we give a brief review of
the original FETI method introduced in Farhat and Roux [7] and the variant with
a Dirichlet preconditioner introduced in Farhat, Mandel, and Roux [6]. For more
detailed descriptions and proofs, we refer to [4, 5, 17, 22] and the references therein.

Let the domain Ω ⊂ R2 be decomposed into N nonoverlapping subdomains
Ωi, i = 1, . . . , N, each of which is the union of elements and such that the finite
element nodes on the boundaries of neighboring subdomains match across the inter-
face Γ := (

⋃N
i=1 ∂Ωi) \ ∂Ω. Let the corresponding conforming finite element spaces

be Wi = Wh(Ωi), i = 1, . . . , N, and let W :=
∏N
i=1 Wi be the associated product

space. When it is necessary to use vectors of nodal values, which define the elements
of a finite element space, we underline; e.g., W is the product space that corresponds
to W. Analogously, we denote the vector of nodal values associated with the finite
element function u by u.

For each subdomain Ωi, i = 1, . . . , N , we assemble the local stiffness matrices Ki
and local load vectors f i by integrating the appropriate expressions over individual
subdomains. We denote the local vectors of nodal values by ui.

We can now formulate a minimization problem with constraints given by the
intersubdomain continuity conditions.

Find u ∈W, such that

J(u) := 1
2u

tKu− f tu→ min
Bu = 0

}
,(4)

where

u =




u1
...
uN


 , f =




f1
...
fN


 , and K =



K1 O · · · O

O K2
. . .

...
...

. . .
. . . O

O · · · O KN


 .

The matrix B = [B1, . . . , BN ] is constructed from {0, 1,−1} such that the values of
the solution u, associated with more than one subdomain, coincide when Bu = 0.
The local stiffness matrices Ki are positive semidefinite. The problem (4) is uniquely
solvable if and only if ker (K) ∩ ker (B) = {0}, i.e., K is invertible on the null space
of B. This condition holds since the original finite element model is elliptic.

By introducing a vector of Lagrange multipliers λ to enforce the constraint Bu =
0, we obtain a saddle point formulation of (4):

Find (u, λ) ∈W ×U, such that

Ku + Btλ = f
Bu = 0

}
.(5)

We note that the solution λ of (5) is in general only unique up to an additive vec-
tor from ker (Bt). The space of Lagrange multipliers U is therefore chosen as the
range (B); see also discussion below.

We will also use a full rank matrix, built from the rigid body motions of the
subdomains

R =



R1 O · · · O

O R2
. . .

...
...

. . .
. . . O

O · · · O RN


 ,



1204 AXEL KLAWONN AND OLOF B. WIDLUND

such that range (R) = ker (K); the subdomains with nonsingular stiffness matrices do
not contribute any columns to R.

The solution of the first equation in (5) exists if and only if f −Btλ ∈ range (K);
this constraint will lead to the introduction of a projection P . We obtain

u = K†(f −Btλ) +Rα if f −Btλ ⊥ ker (K),(6)

where K† is a pseudoinverse of K and α has to be determined; see the discussion
below.

We assume, for the time being, that B has full rank; i.e., the constraints are
linearly independent. Substituting u into the second equation of (5) gives

BK†Btλ = BK†f +BRα.

By considering the component orthogonal to BR, we find that

PFλ = Pd
Gtλ = e

}
(7)

with G := BR,F := BK†Bt,d := BK†f , P := I −G(GtG)−1Gt, and e := Rtf . The
second equation in (7) is a consequence of the orthogonality condition of (6). We note
that P is an orthogonal projection from U onto ker (Gt).

Any solution λ of (5) and (7) yields the same solution u of (4) and (5) if α :=
−(GtG)−1Gt(d− Fλ) is chosen; see Mandel, Tezaur, and Farhat [17, Thm. 2.4].

We define the space of admissible increments by

V := {µ ∈ U : µ ⊥ Bw ∀ w ∈ ker (K)} = ker (Gt).

The original FETI method is a conjugate gradient method in the space V applied to

PFλ = Pd, λ ∈ λ0 +V(8)

with an initial approximation λ0 chosen such that Gtλ0 = e. To introduce pre-
conditioned variants, let D be a diagonal matrix. Then, the preconditioner M−1,
introduced in Farhat, Mandel, and Roux [6], is of the form

M−1 = B

[
O O
O D−1SD−1

]
Bt

with

S =



S1 O · · · O

O S2
. . .

...
...

. . .
. . . O

O · · · O SN


 .

The matrix S is the Schur complement of K obtained by eliminating the interior
degrees of freedom of each of the subdomains. This computation clearly can be
carried out in parallel and results in the block-diagonal matrix S which operates only
on the degrees of freedom on the subdomain boundaries. In the application ofM−1 to
a vector, N independent Dirichlet problems have to be solved in each iteration step;
M−1 is therefore often called the Dirichlet preconditioner. The simplest choice for D
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is the identity matrix; this choice is made for the original Dirichlet preconditioner as
introduced in Farhat, Mandel, and Roux [6]. Another possibility, which leads to faster
convergence, is to choose D as a diagonal matrix, where the diagonal elements equal
the number of subdomains to which the interface node belongs. This multiplicity
scaling (MS) is discussed in Rixen and Farhat [22, 23]; see also further discussion in
[14].

To keep the search directions of this preconditioned conjugate gradient method in
the space V, the application of the preconditionerM−1 has to be followed by another
application of the projection P . Hence, the Dirichlet variant of the FETI method is
the conjugate gradient algorithm applied to the preconditioned system

PM−1PF λ = PM−1P d, λ ∈ λ0 +V,(9)

with an initial approximation λ0 chosen such that Gλ0 = e. We note that, for λ ∈ V,
PM−1PF λ = PM−1P tP tFP λ and that we can therefore view the operator on the
left-hand side of the preconditioned FETI system as the product of two symmetric
matrices as required for the conjugate gradient algorithm.

4. The block-diagonal preconditioner. Using the decomposition λ = λ0 +µ,
with µ ∈ V , we can rewrite (8) as

PBK†Btµ = PBK†(f −Btλ0).(10)

Since u = K†(f −Btλ) +Rα and Bu = 0, we see that the solution of (10) satisfies

[
K Bt

PB O

] [
u
µ

]
=

[
f −Btλ0

0

]
.

We note that the elimination of the displacement variables of this system, by applying
K† to the first equation, gives us (10). Using that µ ∈ V, i.e., Pµ = µ, and that
P t = P, we can make the system matrix symmetric such that[

K (PB)t

PB O

] [
u
µ

]
=

[
f −Btλ0

0

]
.(11)

The displacement variable is not uniquely defined by this system; we are enforcing
PBu = 0 but not Bu = 0. Given any solution u of (11), we obtain a solution that
satisfies all the requirements by computing u−R(GtG)−1GtBu; this is quite similar
to the choice of the null space component of (6).

For the solution of the saddle point problem (11), we propose a preconditioned
conjugate residual method with a block-diagonal preconditioner. For a detailed de-
scription of this algorithm, see Hackbusch [9] or Klawonn [11, 12]. We note that this
algorithm will be designed such that the first component of each iterate belongs to
range (K).

Our preconditioner has the form

B =

[
K̂ O

O M̂

]
.

Here K̂ is assumed to be symmetric and a good preconditioner for K + DH Q,
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where

Q =



Q1 O · · · O

O Q2
. . .

...
...

. . .
. . . O

O · · · O QN


 ,

with Qi the mass matrices associated with the mesh on Ωi and DH = diagNi=1(H
−2
i Ii)

is a diagonal matrix. Here Hi denotes the diameter of the subdomain Ωi. We further
assume that M̂ is symmetric and a good preconditioner for M ; i.e., we assume there
exist constants k0, k1,m0,m1 with 0 < c ≤ m0 ≤ m1 ≤ C < ∞ and 0 < c ≤ k0 ≤
k1 ≤ C <∞, such that

k0 u
t(K +DHQ)u ≤ utK̂u ≤ k1 u

t(K +DHQ)u ∀u ∈W,

m0 λ
tMλ ≤ λtM̂λ ≤ m1 λ

tMλ ∀λ ∈ V.(12)

Here c and C are generic constants independent of, or only weakly dependent on, the
mesh size. Because of the block-diagonal structure of K andM and the precondition-
ers, c and C do not depend on the number of subdomains.

A preconditioner is often said to be optimal when the constants c and C can
be chosen to be independent of the mesh size and the number of subdomains. We
also note that all that is required here are preconditioners for quite benign positive
definite problems on individual subregions and that the bounds are independent of
the number of subdomains.

From these assumptions it is clear that our preconditioner B is symmetric positive
definite and thus it can be used with the preconditioned conjugate residual method.
In order to have a computationally efficient preconditioner, we must also assume that
K̂−1 and M̂−1 can be applied to a vector at a low cost.

To guarantee that the iterates belong to range (K), we make use of the orthogonal
projection PR onto range (K) which is given by

PR := I −R(RtR)−1Rt.

Consequently, we have that range (R) = ker (K) and we note that PR is a block matrix
with a 3×3 block for each interior subdomain; the expense of applying PR to a vector
is therefore very modest.

Our domain decomposition method is now the conjugate residual algorithm ap-
plied to the preconditioned system

B−1Ax = B−1F

with

A =

[
K (PB)t

PB O

]
, B−1 =

[
PRK̂

−1P tR O

O PM̂−1P t

]
,(13)

x =

[
u
µ

]
, F =

[
f −Btλ0

0

]
.

We note that it is easy to see that only two matrix-vector products with the projection
P and one with the projection PR are required in each step. We note that the iterates
of the conjugate residual method belong to WR ×V with WR := range (K).
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5. Analysis. In this section, we will work with both finite element functions
and vectors of nodal values representing them. We will make no distinction between
operators and their matrix representation.

We will use the spaces W, U, and V, and we begin by defining a norm ‖ · ‖W
and a seminorm | · |W on W by

‖v‖2W :=

N∑
i=1

‖vi‖2H1(Ωi)
, |v|2W :=

N∑
i=1

|vi|2H1(Ωi)
,

where ‖vi‖2H1(Ωi)
:= |vi|2H1(Ωi)

+ 1
H2

i

‖vi‖2L2(Ωi)
for v = [v1, . . . ,vN ] ∈ W. We also

need the orthogonal decomposition of W into WR := range (K) and its orthogonal
complement W⊥

R := ker (K), i.e.,

W = WR ⊕W⊥
R .

For the analysis we need to consider the trace space WΓ of W. We equip the
space WΓ with the seminorm and norm

|wΓ|2WΓ
:=

N∑
i=1

|wΓ,i|2H1/2(∂Ωi)
, ‖wΓ‖2WΓ

:= |wΓ|2WΓ
+

N∑
i=1

1

Hi
‖wΓ,i‖2L2(∂Ωi)

.

We also define

BΓ : WΓ → U BΓ := B|WΓ
.

From the construction of the jump operator B it is clear that

Bw = BΓwΓ for w ∈W where wΓ = w|Γ ,

since continuity is enforced only across the interface. As a consequence, we obtain
ker (Bt) = ker (BtΓ). A direct computation yields

F = BK†Bt = BΓS
†BtΓ.

Let us now introduce a norm on V by ‖λ‖V := |BtΓλ|WΓ
. This defines a norm,

and not only a seminorm, since range (BtΓ) ⊥ ker (S). We will also use the dual space

V
′
with a norm defined by ‖λ‖V ′ := supµ∈V

(λ,µ)
‖µ‖V

. For the sake of simplicity, we will

identify the space V
′
with V, but we will use both norms. The above definitions are

essentially the same as in [16].
Let us also define the product space X := W×V which we equip with the graph

norm ‖x‖X :=
√
‖v‖2W + ‖λ‖2

V ′ for x = (v, λ) ∈ X. We also need the subspace

XR := WR ×V with the same norm as X.

5.1. FETI for linear elasticity. For scalar, second order elliptic equations, it
has been shown by Mandel and Tezaur [16] that the condition number of the FETI
method with the original Dirichlet preconditioner (D = I) satisfies

κ(PM−1PF ) ≤ C (1 + log(H/h))3.

We note that (H/h)2 is proportional to the number of degrees of freedom of a subdo-
main. An improved result for a family of Dirichlet preconditioners using multiplicity
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scaling, which leads to a C (1+log(H/h))2 estimate, is given in Klawonn and Widlund
[14]; this work is also extended to problems with discontinuous coefficients.

In this section, we extend the results of Mandel and Tezaur [16] from scalar elliptic
equations to the system of linear elasticity. To be able to use the results of [16], we
now introduce the vector-valued Laplacian to be used only in our analysis. We denote
by

K∆ :=



K∆,1 O · · · O

O K∆,2
. . .

...
...

. . .
. . . O

O · · · O K∆,N




a block-diagonal matrix, where the local stiffness matrices K∆,i, i = 1, . . . , N, are
obtained from the discretization of the inner product (∇u,∇u)H1(Ωi) using the same
finite element space as for a(·, ·). We denote by S∆ the Schur complement of K∆

obtained by eliminating the interior variables of each Ωi, just as in the case of K and
S.

It is well known that

(S∆uΓ,uΓ) = min
v∈W

v|Γ=uΓ

(K∆v,v) = (K∆vharm,vharm)

for uΓ ∈ WΓ. Here vharm ∈ W is the discrete harmonic extension of uΓ ∈ WΓ

defined as the unique solution of

(K∆vharm,v) = 0 ∀ v ∈W0 with vharm|Γ = uΓ,

where W0 is the subspace of W with elements that vanish on the interface Γ.
Returning to the elasticity case, it can also easily be seen that

(SuΓ,uΓ) = min
v∈W

v|Γ=uΓ

(Kv,v) = (Kvelast,velast)

for uΓ ∈WΓ. Here velast ∈W is the extension of uΓ ∈WΓ with the smallest elastic
energy defined as the unique solution of

(Kvelast,v) = 0 ∀ v ∈W0 with velast|Γ = uΓ.

Using these formulas and the continuity of a(·, ·), we find that for uΓ ∈WΓ,

(SuΓ,uΓ) = min
v∈W

v|Γ=uΓ

(Kv,v)

≤ (Kvharm,vharm)

≤ C (K∆vharm,vharm)

= C min
v∈W

v|Γ=uΓ

(K∆v,v)

= C(S∆uΓ,uΓ).

To bound (SuΓ,uΓ) from below, we restrict ourselves to a subspace. Using the
left inequality in Lemma 4, we obtain for uΓ ∈ range (S),
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(S∆uΓ,uΓ) = min
v∈W

v|Γ=uΓ

(K∆v,v)

≤ (K∆velast,velast)

≤ C (Kvelast,velast)

= C min
v∈range (K)
v|Γ=uΓ

(Kv,v)

= C(SuΓ,uΓ).

Since (S∆uΓ,uΓ) and |uΓ|2WΓ
are equivalent for uΓ ∈ range (S), we have proven

the following.
Lemma 5. There exist constants 0 < c ≤ C < ∞, independent of the mesh size

and the subdomain diameters, such that

c |uΓ|2WΓ
≤ (SuΓ,uΓ) ≤ C |uΓ|2WΓ

∀ uΓ ∈ range (S).

The next lemma follows from Mandel and Tezaur [16, proof of Lem. 3.11].
Lemma 6.

inf
λ∈V

sup
wΓ∈WΓ

(λ,BΓwΓ)

‖λ‖V ′‖wΓ‖WΓ

≥ C (1 + log(H/h))−1/2,

sup
λ∈V

sup
wΓ∈WΓ

(λ,BΓwΓ)

‖λ‖V ′‖wΓ‖WΓ

≤ C (1 + log(H/h)).

The next result is essentially an extension of that lemma to the system of equations
of linear elasticity.

Lemma 7. There exist constants 0 < c ≤ C < ∞, independent of the mesh size
and the number of subdomains, such that

c(1 + log(H/h))−1‖λ‖2
V ′ ≤ (Fλ, λ) ≤ C(1 + log(H/h))2‖λ‖2

V ′ ∀ λ ∈ V.
Proof. As shown in [16, proof of Lem. 3.11], we have for λ ∈ V

(Fλ, λ) = sup
wΓ∈range (S)

(λ,BΓwΓ)
2

(SwΓ,wΓ)
.

Using Lemma 5 and that BtΓλ ⊥ ker (S) for λ ∈ V, we obtain

(Fλ, λ) ≤ C sup
wΓ∈range (S)

(λ,BΓwΓ)
2

|wΓ|2WΓ

≤ C sup
wΓ∈range (S)

(λ,BΓwΓ)

inf
zΓ∈ker (S)

‖wΓ + zΓ‖2WΓ

= C sup
w̃Γ=wΓ+zΓ∈WΓ

wΓ∈range (S),zΓ∈ker (S)

(λ,BΓwΓ)

‖wΓ + zΓ‖2WΓ

= C sup
w̃Γ∈WΓ

(λ,BΓw̃Γ)
2

‖w̃Γ‖2WΓ

.

Analogously, we obtain

(Fλ, λ) ≥ c sup
wΓ∈WΓ

(λ,BΓwΓ)
2

‖wΓ‖2WΓ

.

The bounds of (Fλ, λ) now follow from Lemma 6.
Combining the definitions of the (exact) Dirichlet preconditioner M−1 and of the

norm ‖ · ‖V with Lemma 5, we obtain the next lemma.



1210 AXEL KLAWONN AND OLOF B. WIDLUND

Lemma 8. There exist constants 0 < c ≤ C < ∞, independent of the mesh size
and the number of subdomains, such that

c ‖λ‖2V ≤ (M−1λ, λ) ≤ C ‖λ‖2V ∀ λ ∈ V.
A condition number estimate of PM−1PF follows easily from these estimates;

cf. also [16]. The proof for the algorithm using an inexact Dirichlet solver proceeds
along very similar lines.

Theorem 9. There exists a positive constant C, independent of the mesh size
and the number of subdomains, such that

κ(PM−1PF ) ≤ C (1 + log(H/h))3,

where κ(PM−1PF ) := σmax/σmin is the spectral condition number defined by the
ratio of the largest and the smallest eigenvalue σmax and σmin of PM

−1PF .
Similarly, there exists a positive constant C, independent of the mesh size and the

number of subdomains, such that

κ(PM̂−1PF ) ≤ C (1 + log(H/h))3,

for any preconditioner M̂−1 that is spectrally equivalent to the exact Dirichlet precon-
ditioner.

We note that Tezaur [27] established a condition number estimate of the form
C(1 + log(H/h))2 for an algebraic FETI method developed by Park and Felippa [20]
and Park, Justino, and Felippa [21]; see also the discussion in Rixen et al. [24].

Recently, a modified family of Dirichlet preconditioners, which includes the one
with multiplicity scaling for both redundant and nonredundant Lagrange multipliers
was introduced and analyzed by the authors in [14]. Using redundant Lagrange multi-
pliers amounts to choosing the maximal number of constraints, pairwise connecting all
degrees of freedom which belong to the same point x, and using a Lagrange multiplier
for each possible pair. In contrast, nonredundant Lagrange multipliers are obtained
by choosing the minimal number which ensures continuity of the displacements at
each point on the interface.

For the case of nonredundant Lagrange multipliers, our preconditioner is of the
form

M̂−1
nr := (BBt)−1B

[
O O
O S

]
Bt(BBt)−1 = (BΓB

t
Γ)

−1BΓSB
t
Γ(BΓB

t
Γ)

−1

and for the redundant case, we have

M̂−1
r :=M−1 = B

[
O O
O D−1SD−1

]
Bt = BΓD

−1SD−1BtΓ,

where D is defined by multiplicity scaling; cf. section 3. We note that in the case
of discontinuous coefficients, the preconditioners M̂nr and M̂r have to be enhanced
using a more elaborate scaling; we refer to [14] for a more detailed discussion.

In [14], condition number estimates of C (1 + log(H/h))2 are given for second

order scalar elliptic equations for both the preconditioners M̂nr and M̂r. We note
that the construction and analysis in [14] also hold for problems with discontinuous
coefficients. In [14, proof of Thm. 1], we show in the nonredundant case

sup
wΓ∈range (S)

〈λ,BΓwΓ〉
|wΓ|2S

≥ 〈M̂nrλ, λ〉,

sup
wΓ∈range (S)

〈λ,BΓwΓ〉
|wΓ|2S

≤ C (1 + log(H/h))2 〈M̂nrλ, λ〉.
(14)
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Similar inequalities can be obtained using M̂r. In that paper, [14, Lem. 3], we define

a norm on V in terms of the preconditioner M̂nr, i.e., ‖λ‖V := 〈M̂−1
nr λ, λ〉; the roles

of ‖λ‖V and ‖λ‖V ′ are reversed in [14] compared to this paper. The dual norm ‖λ‖V ′

can now be defined, as before, using the new V -norm. A simple computation gives
λ‖2

V ′ = 〈M̂nrλ, λ〉. The same arguments are equally valid for M̂r in the redundant
case.

Using the inf-sup and sup-sup estimates (14), Lemma 5, and the definition of
‖λ‖V ′ , we obtain a condition number estimate for the FETI preconditioners for linear
elasticity, using the same arguments as in the proof of Theorem 9. We note that
the improved condition number estimate is a result of the optimality of the inf-sup
constant in the first inequality in (14).

Theorem 10. There exists a positive constant C, independent of the mesh size
and the number of subdomains, such that

κ(PM̂−1PF ) ≤ C (1 + log(H/h))2,

where M̂ is either M̂r or M̂nr.

5.2. Analysis of the block-diagonal preconditioner. In this section, we give
a condition number estimate for the block-diagonal preconditioner for the systems of
equations arising from linear elasticity. This results in a convergence estimate for the
preconditioned conjugate residual method.

As shown in section 4, the system of equations (11) involves an operator from
W×V onto itself. The component of u in ker(K) is determined after the completion
of the iteration. It is therefore appropriate to consider the restriction of the operator
A to the subspace XR = WR ×V. Similarly, we can view the preconditioner B−1 as
a mapping from XR onto itself; see (13).

An upper bound for the convergence rate of the conjugate residual method can
be given in terms of the condition number κ(B−1A) of the preconditioned system. A
theory of block-diagonal preconditioners for saddle point problems of different origins
has been developed by several authors; see Rusten and Winther [25], Silvester and
Wathen [26], Kuznetsov [15], and Klawonn [12]. To the best of our knowledge, the
first proof for block-preconditioners applied to saddle point problems with a singular
block K is given in Klawonn [10, 11] and independently in Arnold, Falk, and Winther
[1]. In order to obtain a condition number estimate for B−1A, we follow the short
argument given in [1] which is in the same spirit as that given by Mandel and Tezaur
[16, Lem. 3.1] for the positive definite case. For completeness, we include the short
proof here using our notation and the norms of XR and its dual. Denoting by ρ(·)
the spectral radius of a matrix, we find

κ(B−1A) = ρ(B−1A)ρ((B−1A)−1)

≤ ‖B−1A‖XR→XR
‖(B−1A)−1‖XR→XR

≤ ‖B−1‖X′
R
→XR

‖A‖XR→X
′
R
‖B‖XR→X

′
R
‖A−1‖X′

R
→XR

.

Hence, we need estimates of the norms of the operators B,A, and their inverses.
The next lemma is due to Brezzi [2] and is given here in our notation.
Lemma 11. Let B : WR → V satisfy an inf-sup and a sup-sup condition, i.e.,

inf
λ∈V

sup
w∈WR

(λ,Bw)

‖λ‖V ′‖w‖W ≥ β0,

sup
λ∈V

sup
w∈WR

(λ,Bw)

‖λ‖V ′‖w‖W ≤ β1,
(15)
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where β0, β1 > 0.
Furthermore, let K : WR →WR be a symmetric operator satisfying

|(Kw,v)| ≤ α1‖w‖W ‖v‖W ∀ w,v ∈WR,
(Kw,w) ≥ α0‖w‖2W ∀ w ∈WR,

(16)

where α0, α1 > 0.
Then, A : XR → XR is an isomorphism with ‖A‖XR→X

′
R
≤ C̄(α1, β1) and

‖A−1‖X′
R
→XR

≤ C(α0, α1, β0), where C̄(α1, β1) := α1 + β1 and C(α0, α1, β0) :=

max{(α−1
0 + β−1

0 (1 + α1/α0)), (β
−1
0 + α1β

−2
0 )(1 + α1/α0)}.

The uniform boundedness and ellipticity of K on WR follow directly from the
definition of the norm ‖ · ‖W . Thus, we obtain constants α0, α1 > 0 which are
independent of h,H.

We are left with showing the inf-sup and sup-sup conditions for B.
Lemma 12.

inf
λ∈V

sup
w∈WR

(λ,Bw)

‖λ‖V ′‖w‖W ≥ C (1 + log(H/h))−1/2 =: β0,

sup
λ∈V

sup
w∈WR

(λ,Bw)

‖λ‖V ′‖w‖W ≤ C (1 + log(H/h)) =: β1.

Proof. For λ ∈ V, let us now consider

sup
w∈WR

(λ,Bw)

‖w‖W ≤ sup
w∈WR

(λ,Bw)

|w|W
≤ C sup

w∈WR

(λ,Bw)

(Kw,w)1/2

= C sup
w∈WR

(λ,BΓwΓ)

inf
v ∈W

v|Γ=wΓ

(Kv,v)1/2

= C sup
wΓ∈range (S)

(λ,BΓwΓ)

(SwΓ,wΓ)1/2

≤ C sup
wΓ∈WΓ

(λ,BΓwΓ)

‖wΓ‖WΓ

≤ β1 ‖λ‖V ′

with β1 := C (1+log(H/h)). The last inequality follows from Lemma 6. Analogously,
we obtain

sup
w∈WR

(λ,Bw)

‖w‖W ≥ β0 ‖λ‖V ′

with β0 := C (1 + log(H/h))−1/2.
Combining these results with Lemma 11, we obtain estimates of the norm of A

and A−1 as follows.
Lemma 13. The operator A : XR → XR is an isomorphism and satisfies

‖A‖XR→X
′
R
≤ C (1 + log(H/h)),

‖A−1‖X′
R
→XR

≤ C (1 + log(H/h)),
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where C > 0 is a generic constant independent of the mesh size and the subdomain
diameters.

The next lemma provides bounds for ‖B‖XR→X
′
R

and ‖B−1‖X′
R
→XR

.

Lemma 14. There exist constants 0 < c ≤ C < ∞, which depend only on
k0, k1,m0, and m1, such that

‖B‖XR→X
′
R
≤ C, ‖B−1‖X′

R
→XR

≤ 1

c
.

These bounds are uniform with respect to the mesh size and the number of subdomains
if B is an optimal preconditioner, i.e., if the constants k0, k1,m0,m1 are uniformly
bounded.

Proof. From the first inequalities of (12) and Korn’s second inequality (Lemma

2), we obtain by a standard scaling argument that (K̂u,u) and ‖u‖2W are spectrally
equivalent u ∈ WR. From the second inequalities in (12) and Lemma 5, it follows
that for µ ∈ V

(M̂−1µ, µ) ≤ C (M−1µ, µ) = C (BΓSB
t
Γµ, µ) ≤ C |BtΓµ|2WΓ

= C ‖µ‖2V .

In the last inequality, we have used that µ ∈ V implies BtΓµ ∈ range (S). Analogously,
we obtain

(M̂−1µ, µ) ≥ c ‖µ‖2V .

By using these inequalities, we get for λ ∈ V

‖λ‖2
V ′ = sup

µ∈V
(λ, µ)2

‖µ‖2V
≤ C sup

µ∈V
(λ, µ)2

(M̂−1µ, µ)
= C sup

ν∈V
(λ, M̂1/2ν)2

(ν, ν)
= C (M̂λ, λ)

and analogously

‖λ‖2
V ′ ≥ c (M̂λ, λ).

From the definition of B follows

(Bx,x) = (K̂u,u) + (M̂λ, λ) ≤ C(‖u‖2W + ‖λ‖2
V ′ ) = C ‖x‖2X

with x = (u, λ) ∈ XR and

(Bx,x) ≥ c ‖x‖2X .

The boundedness of B and B−1 follows by using the following formulas:

‖B‖XR→X
′
R

= sup
x∈XR

(Bx,x)
‖x‖2X

,

‖B−1‖−1

X
′
R
→XR

= inf
x∈XR

(Bx,x)
‖x‖2X

.

From Lemmas 13 and 14 the next theorem follows.
Theorem 15.

κ(B−1A) ≤ C (1 + log(H/h))2
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Fig. 1. Sample domain decomposition of the cantilever with 16 subdomains.

with a constant C independent of H,h.
We can also improve the results of Theorem 15 by using the results of [14], just

as Theorem 10 represents an improvement of Theorem 9. We see that the inf-sup
estimate used in the proof of Lemma 12 can be replaced with the improved constant
bound given by the first inequality of (14). Revising the arguments in the proof of
Theorem 15 in this respect, we obtain the following.

Theorem 16. There exists a constant C > 0 independent of H,h such that

κ(B−1A) ≤ C (1 + log(H/h)).

It is known that the convergence rate of the conjugate residual method depends
linearly on the condition number, whereas that of the conjugate gradient algorithm
does depend on its square root. Thus, from the improved estimates in Theorems 10
and 16, we see that both methods have an asymptotic convergence rate on the order
of (1 + log(H/h)). This is also reflected in the numerical experiments in section 6.

6. Numerical results. We have applied our domain decomposition method to
a plane stress problem described in section 2. The Poisson ratio is ν = 0.3 and the
elasticity modulus E = 2.1 ·1011N/m2, which models steel. The domain Ω is the unit
square fixed on the left-hand side and free on the remainder of the boundary except
for the upper-right corner element. The only nonzero components of the load vector
are associated with the node at that corner; cf. Figure 1.

All our computations have been performed in MATLAB 5.3. Our Krylov subspace
method is the preconditioned conjugate residual method with a zero initial guess. The
stopping criterion is ‖rn‖2/‖r0‖2 < 10−6, where rn and r0 are the nth and initial
residuals.

Our domain Ω is decomposed into N × N square subdomains with H := 1/N ;
see Figure 1. In our implementation, we use redundant Lagrange multipliers; see the
end of subsection 5.1 for a definition. This is known to yield a smaller number of
iterations. An explanation from a mechanical viewpoint is given in Rixen and Farhat
[23]; see also Klawonn and Widlund [14] for an analysis and connections between the
cases of redundant and nonredundant Lagrange multipliers.
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Table 1
Iteration counts for an increasing number of subdomains of constant size. (I) K̂ = K+1/H2MQ

and M̂ = M ; (II) K̂ = K+1/H2MQ and M̂ using ILU(0); (III) K̂ ILU(10−3) of K+1/H2MQ and

M̂ = M ; (IV) K̂ using ILU(10−3) of K+ 1/H2MQ and M̂ using ILU(0); (V) FETI using Dirichlet
preconditioner. MS : D = multiplicity scaling, Id : D = Identity.

H/h = 8 Iter (I) Iter (II) Iter (III) Iter (IV) Iter (V)
1/h 1/H MS Id MS Id MS Id MS Id MS Id
16 2 11 19 11 19 23 36 24 37 9 14
32 4 17 27 17 27 33 67 33 70 13 24
64 8 21 33 23 33 41 84 41 85 17 29
96 12 21 39 23 39 47 89 49 93 20 32
128 16 21 39 25 41 51 91 55 96 21 35

Table 2
Iteration counts for a constant number of subdomains of increasing size. (I) K̂ = K+1/H2MQ

and M̂ = M ; (II) K̂ = K+1/H2MQ and M̂ using ILU(0); (III) K̂ ILU(10−3) of K+1/H2MQ and

M̂ = M ; (IV) K̂ using ILU(10−3) of K+ 1/H2MQ and M̂ using ILU(0); (V) FETI using Dirichlet
preconditioner. MS : D = multiplicity scaling, Id : D = Identity.

H=1/4 Iter (I) Iter (II) Iter (III) Iter (IV) Iter (V)
1/h H/h MS Id MS Id MS Id MS Id MS Id
16 4 15 25 15 25 28 61 28 60 12 22
32 8 17 27 17 27 33 67 33 70 13 24
64 16 19 29 19 29 51 99 58 102 15 27
128 32 19 33 23 47 69 140 79 145 18 31

We report on two different series of experiments for different combinations of
preconditioners K̂ and M̂ in order to analyze the numerical scalability of the method.
In our first set of runs, we keep the dimension of the subproblems, and H/h, fixed and
increase the number of subdomains and thus the overall problem size. In a second
series, we keep a fixed number of subdomains and increase the value of H/h resulting
in a smaller h.

In order to see how our method behaves in the best possible case, we first report
on results for K̂ = K + 1

H2Q and M̂ = M ; cf. Tables 1 and 2 and Figures 2 and

3. For both cases, we present results for M̂ constructed using D = I as well as
with the multiplicity scaling D = MS; cf. section 3. We also compare the iteration
counts of our new method with those of the original FETI method using the Dirichlet
preconditioner M ; see Tables 1 and 2 and Figures 2 and 3. In the experiments with
the FETI algorithm, we stop the iteration when the preconditioned projected residual
is smaller than 10−6‖f‖2; see Farhat and Roux [8]. In all cases, the convergence is
considerably faster with MS; using this scaling the asymptotic convergence rate is
also reached much earlier than for D = I. For both choices of D, we obtain scalable
domain decomposition methods in both series of experiments.

To gain insight into the convergence behavior with inexact blocks K̂ and M̂ ,
we use preconditioners based on an incomplete Cholesky factorization (ILU). In the
following, ILU(0) stands for an incomplete Cholesky factorization with no fill in while
ILU(tol) is a threshold ILU factorization, with a threshold of tol, as provided in
MATLAB 5.3; any entry in a column of the Cholesky factor L is dropped if its
magnitude is smaller than the drop tolerance tol times the norm of its column. We
denote by Ŝ the matrix that replaces S when ILU(0) is used to solve the Dirichlet

problems in each subdomain. Three different combinations are considered: 1. K̂ =
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Fig. 2. Iteration counts for an increasing number of subdomains of constant size. H/h = 8.

Upper left: K̂ = K + 1
H2Q, M̂ = M . Upper right: K̂ = K + 1/H2MQ and M̂ using ILU(0). Lower

left: K̂ ILU(10−3) of K+1/H2MQ and M̂ = M . Lower right: K̂ using ILU(10−3) of K+1/H2MQ

and M̂ using ILU(0).

K + 1
H2Q and

M̂−1 = B

[
O O

O D−1ŜD−1

]
Bt;

2. K̂ is built with ILU(10−3) applied to K + 1
H2Q and M̂−1 = M−1; 3. K̂ is built

with ILU(10−3) applied to K + 1
H2Q and M̂−1, as in combination 1., by using the

inexact Schur complement Ŝ. The computational results are given in Tables 1 and 2;
cf. also Figures 2 and 3.

We also present results with a more accurate ILU decomposition based on a
threshold tolerance tol = 10−6 in Table 3. We see that a more accurate preconditioner
K̂ improves the overall rate of convergence significantly. Comparing these results and
the number of iterations obtained for the new method and the original FETI algo-
rithm, both with the exact Dirichlet preconditioner, there is a strong indication that
the increase in the iteration counts, which results when using the ILU(10−3) precon-
ditioner, would be largely eliminated if a better block-preconditioner, e.g., (algebraic)

multigrid, were used as K̂.
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Fig. 3. Iteration counts for a constant number of subdomains of increasing size. H = 1/4.

Upper left: K̂ = K + 1
H2Q, M̂ = M . Upper right: K̂ = K + 1/H2MQ and M̂ using ILU(0). Lower

left: K̂ ILU(10−3) of K+1/H2MQ and M̂ = M . Lower right: K̂ using ILU(10−3) of K+1/H2MQ

and M̂ using ILU(0).

Table 3
Iteration counts. (I) K̂ based on ILU(10−6) of K + 1/H2MQ and M̂ = M ; (II) K̂ based on

ILU(10−6) of K+1/H2MQ and M̂ using ILU(0). MS : D = multiplicity scaling, Id : D = Identity.

H/h = 8 Iter (I) Iter (II)
1/h 1/H MS Id MS Id
16 2 18 30 20 30
32 4 17 27 17 27
64 8 21 33 23 35
128 16 21 39 25 41
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Abstract. An elliptic, quasi-orthogonal grid generation system is formulated based on
quasi-conformal mapping for arbitrary anisotropic (long and skinny) regions. The resulting sys-
tem is a generalization of the well-known elliptic grid generation system derived from conformal
mapping. Coupled with the grid generation system, the impedance-matching principle describes a
methodology for preserving the discrete accuracy of the simulation, both internal to the domain and
near internal geometric interfaces. Empirically, satisfying the impedance principle tends to minimize
mesh effects on the solution results; meshes that are impedance-matched tend to reduce or eliminate
spurious wave reflection and/or attenuation at internal interfaces. The resulting grid generation sys-
tem is used to construct impedance-matched quasi-orthogonal grids on domains containing internal
geometric constraints given an algebraic grid and a grid impedance function as initial conditions.
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matching
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1. Introduction. In computational modeling using discrete methods, such as
the solution of the Navier–Stokes equations on a domain discretized with a grid, the
term “grid quality” is often used to describe how a particular grid lends itself to ac-
curate solutions of the governing equations of interest. Indeed, the accuracy of the
simulation is a strong function of how the grid matches the problem domain, domain
boundaries, and the discretization technique employed. Ideally, one would choose a
grid that preserves the accuracy of the discrete equations being solved on the domain,
that provides the ability to capture the geometrical complexity and detail present,
and that possesses sufficient resolution to capture the smallest length scale of interest
to the simulation. Several grid quality metrics are in common use. A “good” grid
may possess the following: orthogonality at the boundaries and quasi- orthogonality
within critical regions, smoothness, bounded aspect ratios, solution adaptive behav-
ior, etc. While traditional grid generation (and/or relaxation) techniques designed
to optimize one or more of the above are used often very effectively, the desire to
provide a stronger relationship between observed simulation anomalies and the grid
generation/relaxation process remains.

Impedance is classically defined as the ratio of “pressure” to “displacement” (or
voltage to current), in describing the response of a physical system. Examples include
electrical impedance, acoustic impedance, and mechanical impedance. For the case
of grid generation, one could consider the impedance of the grid to wave propagation
in terms of establishing a mesh that provides a constant impedance for a chosen wave
propagation force per unit area and wave displacement; a desirable grid is one that
does not induce aphysical resistance to the wave. In general, the approach of selecting
a grid whose characteristics provide the desired response to the physical system could
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also be described as selecting a grid whose “impedance” matches the “impedance”
of the equations to be solved on the mesh. Thus, in this context, the concept of
“impedance matching” will be defined as the use of terms or constraints that arise
from the discretization of the governing equations to generate the grid.

Experience shows that impedance mismatches local to internal mesh boundaries
(e.g., in the neighborhood of internal geometric boundaries between objects of differ-
ent material properties) may result in spurious solution behavior, particularly when
solution discontinuities are present. Study of this phenomena is warranted, as appli-
cations in computational field simulation frequently involve wave propagation as in,
for example, the modeling of shock waves moving through solid materials. In this ex-
ample, physical artifacts may take the form of spurious shock reflections or artificially
occluded shocks at an interface. Experimentally, it is possible to reduce these effects
with the placement of particular constraints on the mesh near internal interfaces.
Global impedance mismatches, where the grid induces errors in a continuous manner
within bulk regions, may result in wave diffusion that is not as easily identified in the
simulation result.

This paper builds on published work by first presenting a general elliptic grid gen-
eration system based on quasi-conformal mapping for arbitrary anisotropic regions.
This system may be used to construct quasi-orthogonal smooth grids with an exter-
nally specified spacing normal to the boundaries of the domain. Second, this system
is improved with the use of the impedance-matching principle, applied to satisfy the
above external constraint in the neighborhood of internal geometric interfaces.

2. Quasi-conformal grid generation. The preservation of the discrete accu-
racy of a simulation does not mandate absolute grid cell orthogonality. If this were
a requirement, the types of geometry that could be accurately modeled would be
very limited. This paper approaches orthogonality from a global perspective, where
orthogonality is “encouraged” within the mesh, but not mandated. A robust grid gen-
erator is desired that provides boundary grid orthogonality, and some control over grid
aspect ratio and skew angles within the mesh, while preserving simulation accuracy
across internal interfaces. This section develops a quasi-elliptic grid generation system
that addresses these criteria; this system is derived using quasi-conformal mapping.

Quasi-conformal mapping is viewed often as a generalization of conformal map-
ping (Ahlfors [1] and Krushkal [2]). Renelt [3] based his treatment of general elliptic
systems of first-order partial differential equations entirely on quasi-conformal map-
ping. Likewise, Bers [4] used quasi-conformal mapping in the study of gas dynamics
on the plane. Additionally, there are other classical applications of the conformal
transformation of a surface onto a planar region and the reduction of elliptic partial
differential equations to canonical form, proposed by Khamayseh and Mastin [5] and
Mastin and Thompson [6], respectively.

The primary motivation for the use of quasi-conformal mapping in grid gener-
ation is the ease of expressing orthogonal curvilinear coordinate systems on simply
connected two-dimensional regions (Godunov and Prokopov [7] and Arina [8]). The
function x(ζ) = x(ξ, η) + iy(ξ, η) describes a quasi-conformal mapping of a simply
connected region R contained in the extended complex plane C∞, provided that x
maps R homeomorphically onto a region Ω, and x is a solution to Beltrami’s equation

xζ̄ = νxζ ,

where ζ̄ = ξ−iη and ζ = ξ+iη. The complex dilation ν(ξ, η) is a measurable function
in R that satisfies the condition ||ν||∞ < 1. By definition, the real and imaginary
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parts of x are solutions to Beltrami’s equations

xξ = γyη + βyξ,

−xη = αyξ + βyη,

where α, β, γ are functions of (ξ, η), α > 0, γ > 0, and satisfy αγ − β2 = 1 in R.
This result is regarded as being a generalization to the Cauchy–Riemann equations.
In this application, the Beltrami system may be further simplified. If β = 0, then
ν = µ−1

µ+1 , where µ = α = 1
γ . This system then reduces to

µxξ = yη,

xη = −µyξ.
(2.1)

In this result, let µ =
√

g22

g11
, given the metrics g11 = xξ · xξ = x2

ξ + y2
ξ and g22 =

xη · xη = x2
η + y2

η. From (2.1), it follows that the coordinate functions x(ξ, η) and
y(ξ, η) are solutions of the second-order quasi-linear elliptic system

µ2

(
xξξ +

µξ
µ
xξ

)
+

(
xηη − µη

µ
xη

)
= 0,

µ2

(
yξξ +

µξ
µ
yξ

)
+

(
yηη − µη

µ
yη

)
= 0.

(2.2)

The quantities µξ and µη may be derived from (2.1), yielding

µξ =
−µ2xξ · xξξ − xξ · xηη

µg11
,

µη =
xη · xηη + µ2xη · xξξ

µg11
.

(2.3)

Combining equations (2.1), (2.2), and (2.3) forms the basis for the quasi-orthogonal
grid generation method. In this case, the coordinates x and y are solutions of the
quasi-linear elliptic system

g22(xξξ + Pxξ) + g11(xηη +Qxη) = 0,(2.4)

where

P =
µξ
µ

= −xξ · xξξ
g11

− xξ · xηη
g22

,

Q = −µη
µ

= −xη · xηη
g22

− xη · xξξ
g11

.
(2.5)

The source terms P and Q are called control functions in the grid generation
literature. These control functions are often used to concentrate grid points in certain
areas of the grid, such as along particular boundary segments. In this case, the control
functions (2.5) will be used to provide additional control over the orthogonality of the
mesh. This system is similar to the Thompson et al. quasi-elliptic method [9], given
the condition xξ · xη = 0.

To complete the mathematical specification of the system (2.4), it is necessary to
address the boundary conditions. Orthogonality of the grid lines at the boundary is
desired, leading to the condition

g12 = xξ · xη = 0 on ∂R.(2.6)
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3. Implementation of the grid generation system. In this section, the nu-
merical procedures for implementing the quasi-elliptic grid generator (2.4) and the
corresponding boundary conditions are detailed. The solution of this system con-
stitutes an elliptic smoothing scheme for planar grids. This result is followed by a
presentation of the effects and the methodologies of computing control functions in
elliptic grid generation.

Standard central differencing in the ξ and η directions was used as the dis-
cretization technique of the system. An iterative method was used as a relaxation
procedure to obtain xi,j = (xi,j , yi,j) for the interior nodes. An initial mapping
x(ξ, η) =

(
x(ξ, η), y(ξ, η)

)
from computational spaceR = [0,m]×[0, n] to the bounded

physical domain Ω ⊂ R
2 was assumed. In this case, m and n are positive integers

and grid lines are defined as the lines ξ = i or η = j, with 0 ≤ i ≤ m or 0 ≤ j ≤ n.
The initial mapping x was obtained using transfinite interpolation, an algebraic grid
generation method.

Thompson et al. [9] describes a general method for the construction of curvilinear
structured grids that involve the solution of partial differential equations. In this work,
given an initial mapping, the coordinate functions x and y are iteratively relaxed until
they become solutions of the governing quasi-linear elliptic system. In this paper,
successive overrelaxation (SOR) is used to solve the elliptic generation system (2.4).

To implement the SOR method first requires a formulation of the relaxation
statement, which isolates the update quantity. In this case, given the discretized
version of (2.4) and solving for xi,j results in

xi,j =
1

4(g11 + g22)i,j
{2 (g22)i,j(xi+1,j + xi−1,j)

+ (g22)i,jPi,j(xi+1,j − xi−1,j)

+ 2(g11)i,j(xi,j+1 + xi,j−1)

+ (g11)i,jQi,j(xi,j+1 − xi,j−1)}.

(3.1)

To update the solution through the iterative method, the values of the physical coor-
dinates given by (3.1) are applied through an acceleration process

xk+1
i,j = ωi,jx

k+1
i,j + (1− ωi,j)x

k
i,j ,

where ωi,j is the acceleration parameter. In practice, for most geometries, the choice
of ωi,j = 1 leads to effective convergence. For certain highly curved geometries,
the system (2.4) becomes progressively stiffer, requiring underrelaxation (choosing
0 < ωi,j < 1) to attain convergence.

Prior to the relaxation process, boundary conditions must be specified. It is
necessary to develop a discrete version of the orthogonality condition (2.6) on ξ = 0,m,
and η = 0, n.

It is possible to impose orthogonality by adjusting the control functions near the
boundary of the domain while holding the coordinates of the boundary points con-
stant. In this case, the control functions (2.5) are evaluated at the boundaries then
subsequently interpolated to the interior using linear transfinite interpolation. As
described, these functions must be refreshed every iteration for the method to be ef-
fective. This approach was originally developed by Sorenson [10] for the imposition of
boundary orthogonality on two-dimensional domains. The need for user specification
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Fig. 3.1. Projection of interior algebraic grid point to the orthogonal position.

of grid spacing normal to the boundary in this method is a limitation. It is possible,
however, to automatically derive normal grid spacing information from a sufficiently
high quality initial algebraic grid.

A convenient way to infer the normal boundary spacing from the initial alge-
braic grid is to assume that the position of the first interior grid line adjacent to
the boundary is acceptable. In practice, one usually desires that the relaxation pro-
cedure simply “swing” the boundary intersecting grid lines normal (orthogonal) to
the boundary, without adjusting the positions of the grid lines parallel to the bound-
ary (Figure 3.1). Clearly, this approach will provide boundary orthogonality without
moving the actual boundary points or the boundary-adjacent grid lines established
by the algebraic method.

Unfortunately, this approach also directly prescribes the positions of the first in-
terior layer of grid points on the algebraic grid line adjacent to the boundary. This in-
flexibility directly leads to two areas of difficulty. First, the points x1,1,xm−1,1,x1,n−1,
and xm−1,n−1 are directly adjacent to two boundaries, leading to contradictory defini-
tions for their placement. Second, the direct specification of the first layer of interior
boundary points while elliptically relaxing the remaining interior mesh points usually
results in a distinct discontinuity in mesh properties near the grid boundaries (i.e.,
a very “nonsmooth” transition between the algebraic boundaries and the elliptically
smooth interior). Typically, one transitions from an orthogonal mesh at the bound-
ary to a slightly skewed mesh, within the space of a grid line. Nevertheless, these
difficulties are generally easily mitigated with simple modifications.

An alternative approach for obtaining grid spacing information from the alge-
braic initial condition is depicted in Figure 3.2. Here, the orthogonally placed interior
point is reflected an equal distance opposite the boundary curve to form a “ghost
point.” When repeated along the boundary, this procedure forms an “exterior curve”
of ghost points adjacent to the boundary creating an image of the first algebraic grid
line within the domain. The ghost points are computed prior to mesh relaxation and
are not refreshed during the relaxation process. This boundary triad of points (the
“ghost,” boundary, and interior point) are employed in the calculation of the usual
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Fig. 3.2. Reflection of orthogonalized interior grid point to form an external ghost point.

second derivative (xξξ) at the boundary and the normal spacing (
√

g11) off the bound-
ary. Constraining the ghost point assures that the normal spacing is not lost during
the course of iteration, as occasionally occurs in the sliding orthogonality approach.
Conversely, all of the interior grid points are mobile throughout the relaxation process,
so smoothness of the grid is not compromised.

To quantify this approach, at the ξ = 0 boundary, let (xη)0,j denote the centrally
differenced derivative 1

2

(
x0,j+1 − x0,j−1

)
. Let (xoξ)0,j denote the one-sided derivative

x1,j − x0,j that is evaluated on the initial algebraic grid. Furthermore, let a be the
unit vector normal to the boundary, which is defined with the use of the orthogonality
condition (2.6):

a ≡ xξ
||xξ|| =

(yη,−xη)√
x2
η + y2

η

=
(yη,−xη)√

g22
.

Quantitatively, xξ in Figure 3.2 is given by

xξ = Pa(x
o
ξ),(3.2)

where Pa = aaT is the orthogonal projection onto the one-dimensional subspace
spanned by the unit vector a. Thus we obtain

xξ = a(a · xoξ) =
(yη,−xη)

g22
(yηx

o
ξ − xηy

o
ξ).(3.3)

The reflection operation depicted in the diagram implies that the constrained ghost
point location is

x−1,j = x0,j − (xξ)0,j .

Alternatively, this can be viewed as a first-order Taylor expansion involving the or-
thogonal derivative (xξ)0,j :

x−1,j = x0,j + ∆ξ(xξ)0,j ,
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with ∆ξ = −1. The orthogonal derivative (xξ)0,j is computed in (3.3) using data from
the boundary and the algebraic grid. To evaluate the control functions (2.5) at the
boundary, the second derivative xξξ is computed using a central difference approxima-
tion involving the ghost point, boundary point, and the iteratively updated interior
point. The metric coefficient g11 describing the spacing normal to the boundary is
computed using (3.3),

(g11)0,j = (xξ)0,j · (xξ)0,j .
Finally, note that the value for (xξ)0,j used in (2.5) is not the fixed value given by
(3.3), but the iteratively updated one-sided difference formula given by

(xξ)0,j = x1,j − x0,j .

Evaluation of the boundary conditions for the ξ = m boundary is a similar process,
with the ghost point locations given by

xm+1,j = xm,j + (xξ)m,j .

(xξ)m,j is evaluated using (3.3), which is also valid for this boundary.
At the η = 0 and η = n boundaries, the derivatives xη and xηη, along with the

spacing g11, are evaluated using the fixed boundary data using central differences.
For the η = 0 boundary, the ghost point location is

xi,−1 = xi,0 − (xη)i,0,

where

xη =
(−yξ, xξ)

g11
(−yξxoη + xξy

o
η).(3.4)

In this case, (−yη, xη) and g11 are evaluated using central differencing of the boundary
data, and (xoη, y

o
η) represents a one-sided derivative xi,1−xi,0, again evaluated on the

initial algebraic grid. The metric coefficient (g22)i,0 = (xη)i,0 · (xη)i,0 is computed
using (3.4), and xηη is computed using the ghost point, boundary point, and iteratively
updated interior point. Similarly, the value of (xη)i,0 used in (2.5) is not the fixed
value given in (3.4) but is iteratively obtained from

(xη)i,0 = xi,1 − xi,0.

Finally, the η = n boundary is similar, with the ghost point locations given by

xi,n+1 = xi,n + (xη)i,n,

and (xη)i,n is evaluated using (3.4).
Quantities for the four corner points, x0,0, xm,0, x0,n, and xm,n are computed in

a different manner. The values for xξ, xξξ, xη, xηη, g11, and g22 are evaluated using
one-sided difference formulas employing the requisite boundary values and are not
refreshed during the course of iteration. Near the corners of the domain, conformality
is usually more important than orthogonality. Precisely, orthogonality at the corners
should be sacrificed in order to insure that the resulting grid does not “spill” over the
physical boundaries. For the case of highly obtuse or highly acute corners, it is often
necessary to relax orthogonality at boundary points extending some distance from the
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Ω1

Fig. 3.3. An algebraic planar grid on a multimaterial domain consisting of regions Ω1 and Ω2.

true corner. To implement this case, the relevant ghost points are defined by a smooth
blend beginning with the omission of the orthogonal projection operation (3.2) (i.e.,
definition by simple extrapolation) at the corners. This placement is modified through
a transition to a weighted combination of extrapolation and orthogonal placement,
then finally to the described orthogonality method some distance from the corner.

To demonstrate the effectiveness of the global technique, consider the initial al-
gebraic planar grid spanning the bicubic geometry detailed in Figure 3.3. This mesh
is created on a two material domain, with the material discontinuity located at the
transition between the “pie” grid emanating from the singularity at the center of the
bottom boundary (Ω1) and the background mesh (Ω2). The global mesh is highly
skewed at certain points along the boundaries and possesses an undesirable concen-
tration of points in the interior of the grid. Additionally, close inspection reveals
folding of the algebraic grid in the central region.

Figure 3.4 shows the effectiveness of the grid generation system. The grid is
smooth and boundary orthogonal, and folding at the interior has been removed. Close
inspection reveals the use of the described orthogonality technique at the boundaries,
as the grid point distribution (both along the boundary and normal to the boundary)
remains unchanged. The concept of preservation of the initial grid information at
the boundaries is essential to the derivation of the boundary impedance mechanism,
which follows immediately.

4. Grid impedance matching. As outlined in the introduction, the impedance
matching principle is a quantitative method aimed at reducing the errors of a simula-
tion on a particular grid spanning the domain Ω. If possible, one desires a grid that
preserves the physical discontinuities present in the domain without the introduction
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Ω2

Ω1

Fig. 3.4. An elliptic planar grid on a multimaterial domain consisting of regions Ω1 and Ω2.

of solution artifacts and one that also accommodates the assumptions of accuracy of
the discrete system to be solved on the grid. These requirements are further com-
plicated in cases of multimaterial simulations, where the domain contains dissimilar
materials separated by geometric interfaces, Ω = ∪Ni=1Ωi. This work seeks to present
impedance matching in the general, multimaterial case.

Given a mesh spanning a domain consisting of more than one material, three
considerations describe the impedance matching principle. First, the mesh must be
constructed such that, for an nth-order discretization, n > 1, the actual solution
“displays” nth-order accuracy on the mesh. Second, one must insure solution accuracy
in the neighborhood of internal material interfaces. Given the desire that the solution
display an expected level of accuracy at the boundaries of regions leads to a necessary
requirement on the mesh in the neighborhood of material interfaces. Last, this mesh
must also be constructed such that the magnitude of the “ignored” higher-order terms
(truncation error terms) in the discretization of the governing equations solved on the
mesh are “small.” The following sections discuss each of these topics and lead to the
development of constraint expressions that govern the resulting impedance-matched
grid generation process.

4.1. Effects of mesh spacing on truncation error. Nonuniform meshes are
commonplace in numerical simulation, both due to the desire to generate boundary-
fitted grids on domains defined by complex geometric boundaries and due to the desire
to economize solution time by adaptively concentrating grid refinement in areas where
small length scales are present in the solution. However, Hirt and Ramshaw [11] show
that, for the general case, finite-difference approximations on a nonuniform mesh
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may result in lower-order formal accuracy than finite-difference approximations on a
uniform mesh.

To explore this concept, a truncation error analysis suggested by Hoffman [12] is
employed. Let φ ≡ φ(x) define the conservation quantity of interest on the domain Ω.
Furthermore, consider the case that the discrete governing equations contain terms
that require the evaluation of the first spatial derivative of φ that may be expressed
as the central difference

φx =
φi+1 − φi−1

xi+1 − xi−1
.(4.1)

To study the truncation error of this approximation, a Taylor series expansion of φ
about the arbitrary point xi is developed,

φi±1 = φ
∣∣
i
± φx

∣∣
i
∆x± +

1

2
φxx
∣∣
i
∆x2

± + O(∆x3
±),

where ∆x± is a forward/backward spatial difference about i. The numerator of (4.1)
can be written in terms of the expansion as

φi+1 − φi−1 = φx
∣∣
i
(∆x+ + ∆x−) +

1

2
φxx
∣∣
i
(∆x2

+ −∆x2
−) + O(∆x3

±).

The denominator of (4.1) may be written in terms of ∆x on the mesh:

xi+1 − xi−1 = (xi+1 − xi) + (xi − xi−1) = (∆x+ + ∆x−).

Finally, substitution into (4.1) reveals the expression for the first derivative of φ:

φx = φx
∣∣
i
+

1

2
φxx
∣∣
i
(∆x+ −∆x−) + O(∆x2

±).(4.2)

Clearly, this statement suggests that the discretization is second-order accurate only
when ∆x+ = ∆x−. This result appears to paint a bleak picture of the prospect of
accurate solutions on nonuniform meshes spanning complex geometries. Fortunately,
it is possible to address this apparent limitation effectively with the use of logical
mapping and the interface impedance condition.

4.2. Impedance matching at grid interfaces. Material interfaces within the
computational domain may be treated as region boundaries between meshes within
the multimaterial domain. Given a point distribution on the boundaries and internal
interfaces, it is possible to use an algebraic technique to construct a mesh within each
subregion of the domain such that the algebraic mesh conforms to the interface geom-
etry. The first step toward the generation of an impedance-matched mesh amenable
to simulation is the examination of the algebraic mesh near these internal interfaces.
It is first necessary to insure that the algebraic mesh near these interfaces provides
second-order accuracy in the discretization of φ.

Consider a second-order discretization across the interface discontinuity, where

lim
∆x+→0

φ+ �= lim
∆x−→0

φ−.

In this expression, assume that the mesh point i lies on the interface boundary, i + 1
is the point immediately to the“right” or + side of the interface, and i−1 is the point
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immediately to the “left” or − side of the interface. Furthermore, a first derivative
expression of the form

φr =
(φi+1 − φi) + (φi − φi−1)

ri+1 − ri−1

is desired across the interface discontinuity, where r is the coordinate normal to the
interface curve. Again, it is possible to expand the components of the numerator on
each side of the interface using a Taylor series, resulting in the expressions

φi+1 − φi = φ+
r

∣∣
i
∆r+ +

1

2
φ+
rr

∣∣
i
∆r2

+ + O(∆r3
+)

and

φi − φi−1 = −φ−
r

∣∣
i
∆r− − 1

2
φ−
rr

∣∣
i
∆r2

− + O(∆r3
−).

This result may be combined to provide

(φi+1−φi)+(φi−φi−1) =
(
φ+
r

∣∣
i
∆r+ − φ−

r

∣∣
i
∆r−

)
+

1

2

[
φ+
rr

∣∣
i
∆r2

+ − φ−
rr

∣∣
i
∆r2

−
]
+O(∆r3

±).

The desired derivative of φ then takes the form

φr =
φ+
r

∣∣
i
∆r+ − φ−

r

∣∣
i
∆r−

∆r+ + ∆r−
+

1

2

φ+
rr

∣∣
i
∆r2

+ − φ−
rr

∣∣
i
∆r2

−
∆r+ + ∆r−

+ O(∆r2
±).(4.3)

At this point, one desires the grid at the interface have the property that the
first-order term in (4.3) is “small.” If the numerator of this term is unconditionally
zero,

φ+
rr

∣∣
i
∆r2

+ − φ−
rr

∣∣
i
∆r2

− = 0,

the magnitude of the first-order term is zero. Rearranging this result provides the
impedance condition on the grid at the interface:√

φ+
rr

∣∣
i
∆r+ =

√
φ−
rr

∣∣
i
∆r−.

Let ρ(r) ≡ φrr define the impedance quantity of interest, in the direction r normal to
the interface. The condition that provides impedance matching across the interface
reduces to √

ρ+
∣∣
i
∆r+ =

√
ρ−
∣∣
i
∆r−.(4.4)

The initial algebraic mesh on the domain is effectively arbitrary; it serves only
as an initial “guess” for the quasi-orthogonal grid generation system and allows the
evaluation of the boundary conditions for the elliptic method. Recall, however, that
the evaluation of these boundary conditions employs the first algebraically determined
grid line internal to the boundary. Clearly, the position of this grid line can be
evaluated using the impedance match condition (4.4), in lieu of using data from the
algebraic grid, with no loss of generality. Via this mechanism, the interface impedance
condition is coupled to the quasi-orthogonal grid generation system.
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4.3. Impedance matching in the grid interior. A similar approach may be
used within the grid interior, away from discontinuities. As seen in (4.2), this yields
the requirement of a uniform mesh. This is certainly one possible impedance-matched
mesh. However, using a functional mapping from a computational space in which the
discrete nodal points are uniformly distributed to a physical space with nonuniformly
distributed nodes also results in a mesh that displays second-order accuracy.

Let x = x(ξ) and φ = φ(x(ξ)) = φ(ξ). The desired first derivative statement
becomes

φx = φξ ξx = ξx
∣∣
i

φi+1 − φi−1

ξi+1 − ξi−1
.

The numerator is again evaluated using a Taylor expansion:

φi±1 = φ
∣∣
i
± φξ

∣∣
i
∆ξ +

1

2
φξξ
∣∣
i
∆ξ2 + O(∆ξ3)

or

φi+1 − φi−1 = 2φξ
∣∣
i
∆ξ + O(∆ξ3).

For the uniform computational ξ mesh,

ξi+1 − ξi−1 = (ξi + ∆ξ)− (ξi −∆ξ) = 2∆ξ.

Combining the above leads to

φx = ξx
∣∣
i
φξ
∣∣
i
+ O(∆ξ2)

or

φx =
φξ
∣∣
i

xξ
+ O(∆ξ2).(4.5)

This result verifies that, given the mapping x(ξ) and φ = φ(ξ), a second-order
solution in ξ results. Clearly, the quasi-orthogonal grid generation system (equa-
tions (2.4) and (2.5)) provides this mapping; the system was derived based on this
transformation.

The effectiveness of this result is only damped by the apparent requirement that
the simulation code must now operate in the computational space used to generate
the grid, significantly increasing its complexity and run-time due to the required
transformations. Hoffman [12] concludes, however, that solving in computational
space is not a requirement, as merely the existence of the transformation is sufficient
to provide second-order behavior on a nonuniform physical mesh. If the values of
∆x±,

∆x+ −∆x− = xξξ ∆ξ2 + O(∆ξ4),

are chosen such that ∆x+ − ∆x− quarters when ∆ξ is halved, the truncation error
φx quarters (see (4.2)). This behavior of the transformation is independent of the
fact that, considering the discretized physical space equations alone, the solution is
formally only first-order accurate. This result allows decoupling of the transformation
process employed in the grid generator from the solution process.
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5. Implementation of impedance matching. Several important details re-
main in order to fully implement the second-order quasi-orthogonal impedance system.
Section 3 developed an implementation of the quasi-conformal grid generation system
and posed a set of boundary conditions necessary to enforce grid orthogonality at
region interfaces (and the domain boundary). To summarize this result, to solve the
quasi-elliptic grid generation system requires

1. a discretization of the boundary or interface curves,
2. use of the impedance condition to locate the first off-boundary row of grid

points with the calculated normal spacing to the boundary, and
3. an initial algebraic grid to serve as an initial “guess” for the smoother on the

interior of the region.
It was earlier proposed that the initial algebraic grid could be used to supply

the boundary discretization. However, it is more useful to explore the use of the
impedance condition, in an iterative setting, to place the points on the boundary
to satisfy local impedance constraints. Using this concept, the impedance condition
specifies grid point location both “along” (tangentially to) the boundary and “across”
(normal to) the boundary, at least for the nearest row of grid points to the boundary.
The quasi-elliptic system will then decay this off-boundary spacing to the geometric
constraints and level of grid refinement in the interior of the region.

To implement the impedance-based grid generation system requires a definition
of the geometrical basis of the domain. A general approach uses the assumption
that domain boundaries and interfaces are defined by parametric curves (e.g., B-
spline curves). As such, the curve geometry definition is in the form of a mapping
(x(u), y(u), z(u)) from a parametric u-domain to a physical (x, y, z)-domain. This
mapping is assumed differentiable and is denoted by x(u), where x = (x, y, z).

Discretization of these curves entails the placement of node points upon the curve;
the actual distribution process is described by the generation of a mapping from
the discrete computational ξ-domain to the parametric u-domain, resulting in the
composite map x(ξ) = (x(ξ), y(ξ), z(ξ)).

Physical space is a subset of R
3, and the parametric space is a subset of R,

specifically the [0, 1] unit interval. Technically, the computational space is a discrete
linear set of points ξ ∈ {0, 1, . . . ,m}. However, to apply the concept of differentiable
mappings between spaces, computational space is extended to become a continuum
and is represented as the line [0,m].

Let ρ ≡ ρ(s) represent the impedance function of arclength s on the boundary
curve in R

3. This function is defined as the analogue of the one-dimensional case
(4.4), or ρ±(s)

∣∣
i
= φ±

ss

∣∣
i
. Similarly, the impedance condition at the boundary curves

reduces to √
ρ+s+

ξ =
√
ρ−s−ξ .

As an overview of the method employed, the impedance condition above is used to
position the first free point at each end of the boundary curve. The remaining points
on the boundary are subsequently interpolated given these end points to provide an
initial guess for an elliptic relaxation procedure defined in terms of arclength s of the
curve. This relaxation procedure preserves the required accuracy on the curve as it
represents a variant of (4.5). Given the discrete boundaries, the initial mesh for the
region is calculated using transfinite interpolation. The first row of off-boundary grid
points is then adjusted using the orthogonality condition to define the local boundary
normal r, with the impedance condition (4.4) used to calculate the local spacing of the
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off-boundary point from the boundary. Finally, application of the quasi-orthogonal
grid generation system results in an impedance-matched mesh in the interior of the
region of interest.

To develop the impedance-matched point spacing on the boundary curve, consider
the elliptic differential equation

ξss = Φ(s),(5.1)

with boundary conditions

1√
ρ+

ξ+
s =

1√
ρ−

ξ−s for s = s0, sm.

The impedance spacing function Φ is a function of arclength s of the boundary curve
via the governing logical transformation. The change in arclength of the parametric
curve is given by ds = du||xu||. Therefore, ξs = 1

sξ
, where

sξ = suuξ = ||xu||uξ.
Additionally,

ξss = −sξξ
s3
ξ

,

where

sξξ =
xu · xuuu2

ξ + xu · xuuξξ
||xu|| .

The inverse transformation of (5.1) results in

uξξ + Φguξ = −u2
ξ

xu · xuu
xu · xu ,(5.2)

where

g = xξ · xξ = xu · xuu2
ξ .

The boundary conditions are represented by

uξ =

√
ρ−

ρ+

||∆x−||
||x+

u ||
for ξ = 0,

uξ =

√
ρ+

ρ−
||∆x+||
||x−

u ||
for ξ = m.

(5.3)

Equations (5.2) and (5.3) are applied to the boundary (or interface) nodes to itera-
tively obtain xi = (xi, yi, zi).

To implement the above on a given parametric boundary curve, u0 and um are
obtained from the algebraic curve grid. The ghost points u−1 and um+1 are provided
from opposite curves. Placement of the first two points interior of the curve end points
is governed by the boundary conditions

u1 = u0 +

√
ρ−1

ρ1

||x0 − x−1||
||xu0 ||

,

um−1 = um −
√

ρm+1

ρm

||xm+1 − xm||
||xum

|| .
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The user-specified point density on the remainder of the curve is provided by the
parametric values ui for i = 2, . . . ,m− 2. Linear interpolation,

ui = tium−1 + (1− ti)u1, ti =
i− 1

m− 1
for i = 2, . . . ,m− 2,

is an effective mechanism that may be used to provide the initial locations of these
points. Impedance on these interpolated points is imposed by adjusting the impedance
spacing function Φ near the boundary while holding the coordinates of the boundary
points constant. To accomplish this, the impedance spacing function is evaluated at
i = 1 and i = m− 1 using

Φi = − uξξ
guξ

∣∣∣∣
i

− uξ
g

xu · xuu
xu · xu

∣∣∣∣
i

for i = 1 and m− 1.

Φ is distributed to the remaining points on the curve, again using linear interpolation,

Φi = tiΦm−1 + (1− ti)Φ1, ti =
i− 1

m− 1
for i = 2, . . . ,m− 2.

Let (uξ)i,j denote the central difference 1
2 (ui+1−ui−1), and (uξξ)i,j ≈ ui+1−2ui+ui−1.

In the relaxation process, the old parameter value u0 is used in the discrete version of
(5.2) to obtain ui. This result allows the refresh of xi = x(ui) along the curve. Let ui
denote u(ξ) evaluated at the ξ = i grid point. A central difference approach is used
to approximate the solution of (5.2), to provide the boundary impedance condition

ui =
1

2
(ui+1 + ui−1)

+
1

4
(ui+1 − ui−1)

(
Φigi

)
+

1

8
(ui+1 − ui−1)

2

(
xu · xuu
xu · xu

)
i

for i = 2, . . . ,m− 2.

This impedance equation is evaluated for ui each iterative cycle.
Clearly, for the method just described to be effective, the impedance spacing

function Φi must be refreshed every iteration prior to the computation of ui. However,
the curve boundary points u0, u1, um−1, and um only need to be initialized at the
beginning of the relaxation cycle for each curve. This relaxation procedure is applied
to all interface curves, in turn, until convergence is achieved.

To complete the grid generation process, the interior regions are discretized based
on the bounding curves. Transfinite interpolation is used to provide an initial mesh
for the quasi-orthogonal grid generation system detailed in section 3.

The boundary conditions for the system are specified by the direct application of
the orthogonality condition (3.3) or (3.4), which places the off-boundary and ghost
point on the vector ri normal to the boundary at the interface point in question. The
ratio of the distances of these two points from boundary point i along r is established
by the direct application of the impedance condition (4.4). The magnitude of the
separation distance between the off-boundary point is relaxed by the interior smoother
while the ghost point separation distance is relaxed by the smoothing operation in the
adjacent region. As such, the boundary condition treatment enforces orthogonality of
these points with the boundary and a ratio spacing to satisfy the impedance condition
at each iteration of the global smoother.



QUASI-ORTHOGONAL GRID GENERATION 1235

Fig. 5.1. A multimaterial algebraic grid.

Ω1

Ω2 Ω3 Ω4

Figure 5.1 depicts a four-material region with an algebraic grid spanning Ω =
∪4
i=1Ωi. Ω1 is the region along the left side of the domain, Ω3 is the “pie-slice” region

emanating from the singularity toward the lower-right side of the figure, Ω4 is the
rectangle at the lower-right side of the figure, and Ω2 is the remainder of the mesh.
This particular figure was chosen to provide a simple example that would show the
outcome of the impedance matching principle while illustrating how the coupling be-
tween impedance and the smoothing algorithm results in a “globally smooth” mesh.
This example contains several interfaces separating materials of different density, with
one interface simply spanning the domain and with the remaining interfaces being self
intersecting in the area of the “pie slice.” This topology, along with the selection of
the domain geometry, results in a nontrivial test case sufficiently complex to moti-
vate the effectiveness of the method. With a density difference in the regions of the
mesh, one would expect to see a nonuniform spacing at the interface that satisfies the
second-order impedance condition

√
ρ+s+

ξ =
√
ρ−s−ξ , with a smooth decay from this

condition as one moves away from the interface.

Figure 5.2 details the result of the impedance-coupled quasi-orthogonal grid gen-
eration applied to the algebraic mesh, where the impedance quantities were specified
as constants in each of the regions, ρ1 = 3.0, ρ2 = 30.0, ρ3 = 2.0, and ρ4 = 1.0. In this
result, the effect of the interface impedance condition is clearly evident. For example,
consider the interface between regions Ω1 and Ω2, where the internal boundary is
vertical. The impedance condition may be expressed as

√
ρΩ1s

Ω1

ξ =
√
ρΩ2s

Ω2

ξ , which
specifies an off-interface discontinuous spacing as a function of the ρ-discontinuity at
the interface.

Let the ξ coordinate describe a horizontal grid line at this interface, and ρ1 =
3.0 with ρ2 = 30.0. Given a distance δs+ (the distance from the interface to the
first vertical grid line left of it) equal to some constant C, the impedance condition
mandates that

δs− =

√
ρ+

ρ−
s+
ξ =

√
ρ+

ρ−
C,
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Fig. 5.2. A quasi-orthogonal, impedance-matched multimaterial grid.

Ω1

Ω2 Ω3 Ω4

or δs− = C/
√

10. For this example, satisfying the impedance condition is equivalent
to a local grid spacing roughly three times finer to the right of the interface than to
the left. Clearly, the impedance condition has the effect of “packing” grid lines toward
the lower-ρ region at material discontinuities. Additionally, the overall smoothness
and orthogonality provided by the base system is apparent in the example.

The impedance principle can clearly be extended to higher-order terms in the
approximation. Several authors have explored the reduction in magnitude of higher-
order terms in a second-order approximation. Mastin [13] suggests sufficient condi-
tions that arise from an examination of truncation error. This work provides intuitive
bounds on the grid’s departure from orthogonality, along with the rate of change of
grid spacing, that are derived from a truncation analysis. Further work remains to
couple the reduction of higher-order terms to a grid generation system. The results ob-
tained here are qualitatively “smooth” and “orthogonal.” However, the desire remains
to guarantee that the constraints developed by Mastin et al. will be unconditionally
satisfied within the grid generation system.

6. Summary. In this development of a system for the generation of quasi-
orthogonal, impedance-matched meshes, an elliptic system was derived and shown
to be effective in the generation of quasi-conformal mappings. Boundary conditions
were imposed on general parametrically defined boundary curves. These conditions
were a function of both geometric and impedance constraints.

The grid generation process begins with the user specifying the number of points
desired on each boundary. The first and last points are placed using the impedance
condition at the end points of each curve, with the remainder placed based on a
transformation using the impedance condition as a boundary condition. The “line”
of ghost points and the first line of interior grid points surrounding each region of
the grid are placed using the impedance condition to specify the ratio spacing normal
to the boundary, with the orthogonality condition used to specify point placement
tangentially to the boundary. Transfinite interpolation is used to provide an algebraic
spacing interior to each region for the purpose of providing an initial condition for the
quasi-orthogonal method.

Given the algebraic mesh with impedance-matched boundaries, the quasi-orthogonal
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grid generation system is used to relax the mesh to satisfy the quasi-orthogonal trans-
formation in the interior region. As this relaxation proceeds toward convergence, an
impedance-matched mesh with second-order error behavior results across the compu-
tational domain.

This approach to grid generation adds generality to grid generation methods
based on elliptic systems and explores the mechanics of coupling quantitative quality
measures to the grid generation process. Future challenges would include the extension
of these techniques to more complex mesh topologies and a detailed examination of
the effect and incorporation of higher-order terms into the grid generation system to
further refine the simulation qualities of the resulting mesh.
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Abstract. The Haar wavelets can represent exactly any piecewise constant function. The
motivation for the present development is Alpert’s family of compact orthogonal multiwavelets that
can represent exactly any piecewise polynomial function. We choose to derive the algorithm in the
style and notation of Harten’s multiresolution analysis as extended to multiwavelets by the authors.
We begin with a description of the nested grid hierarchy. Next comes the decomposition, which is
the heart of the algorithm, and finally the reconstruction. The basis functions (which are nonfractal)
retain the spatial compactness of the Haar basis functions, which enhances the algorithm application
to nonperiodic and piecewise continuous data.
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1. Introduction. Strang [6] has observed that the Haar wavelets have almost
all the right stuff. They are compact, piecewise analytic (nonfractal), and orthogonal;
however, they are lacking in approximation (only first-order or one vanishing moment).
Daubechies [2] extended the order of approximation and retained the orthogonality,
but the Daubechies wavelets are fractal and less compact than the Haar wavelets.
Geronimo, Hardin, and Massopust [4] used multiwavelets to obtain wavelets which
are second-order in approximation, symmetric, and orthogonal but have the same
compactness as Daubechies and are not analytic. Strang and Strela [7] extended
the multiwavelet work of Geronimo, Hardin, and Massopust [4] to retain the general
order of approximation of Daubechies with more compactness. The Strang–Strela
multiwavelets are more compact than the Daubechies wavelets but less compact than
Haar wavelets, and they are fractal. Recently, Donovan, Geronimo, and Hardin [3]
used multiresolution analyses for the construction of multiwavelets that have arbitrary
regularity and orthogonality and are also symmetric and piecewise polynomial. Their
wavelets have compact support but not the compactness of Haar. In this paper we
present multiwavelets that retain the compactness of Haar wavelets, are piecewise
polynomial and orthogonal, and can have arbitrary order of approximation.

In Harten’s multiresolution analysis [5] one needs a scalar interpolation formula
to transfer information between scales. The present authors extended Harten’s mul-
tiresolution in [8] to include Hermite interpolation that leads to vector interpolation
and multiwavelets. These wavelets are nonfractal and accurate; however, they are not
orthogonal (but biorthogonal) and are less compact than Haar wavelets. Our search
for the orthogonal basis with the compactness of Haar (which we call supercompact)
led to the present paper. The supercompact multiwavelets of this paper are closely
related to the multiwavelet basis of Alpert [1]. Alpert constructs the multiwavelet
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Fig. 1. Piecewise continuous functions: (a) piecewise constant function, (b) piecewise polyno-
mial function.

basis (with vanishing moments) directly, whereas the multiwavelet basis in our devel-
opment is a byproduct of the polynomial interpolation and the vanishing moments
are assured by the order of the interpolation. In fact, neither the development nor
the application of our multiresolution algorithm requires an explicit knowledge of the
multiwavelet basis.

The advantages of the multiresolution algorithm with supercompact support of
the basis are twofold. First, the application to functions defined on a finite interval
does not require any special treatment at the boundaries of the interval. Second, the
application to functions that are only piecewise continuous (internal boundaries) can
be efficiently implemented.

The paper is divided as follows: In section 2 we present the multiresolution al-
gorithm development that uses orthogonal polynomial interpolation. In section 3 we
evaluate the coefficients of the multiresolution algorithm that are dependent on the
choice of interpolation polynomials and give examples for Legendre polynomials. In
section 4 we consider the implementation of the multiresolution algorithm for various
types of initial data: analytical, discrete function values, discrete derivative values,
and/or discrete integral (cell average) values. Section 5 is devoted to an exposition of
the multiwavelet basis. In section 6 we give some application examples that highlight
the virtues of the algorithm. We conclude the main paper with some brief concluding
remarks in section 7. Details that detract from the continuity of the presentation are
relegated to appendices.

2. Algorithm development. The Haar wavelets can represent exactly any
piecewise constant function (Figure 1(a)). The motivation for the present develop-
ment is a family of wavelets (multiwavelets) that can represent exactly any piecewise
polynomial function (Figure 1(b)). We choose to derive the algorithm in the style
and notation of Harten’s multiresolution analysis as extended to multiwavelets by the
authors in [8]. We begin with a description of the nested grid hierarchy. Next comes
the interpolation, then the decomposition (which is the heart of the algorithm), and
finally the reconstruction.
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Fig. 2. Nested grids: (a) nested sequence of grids, (b) two generic grid levels.

2.1. Nested grid hierarchy. Let m > n be positive integers and let
{Xk}k=m,m−1,... ,n denote a nested sequence of uniform grids on the unit interval
[0, 1] defined by

Xk = {xkj }Jkj=0, xkj = jhk, hk = 2−k, Jk = 2k,(2.1)

where k denotes the grid level index (see, e.g., Figure 2(a)). The level index k = m
corresponds to the finest grid in the hierarchy where the number of subintervals is
Jm = 2m and the subinterval (grid spacing) is hm = 2−m. The level index k = n
corresponds to the coarsest grid where the number of subintervals is Jn = 2n and the
subinterval is hn = 2−n. Note that Xk−1 is formed from Xk by removing grid points
of Xk with odd indices:

xk−1
j = xk2j , j = 0, 1, 2, . . . , Jk−1(2.2)

(see Figure 2(b)).

In the multiresolution algorithm development we assume that the discrete data
on the finest grid comes from a piecewise continuous function u(x) on the unit interval
[0, 1]. A preprocessing procedure uses a polynomial interpolation to transform u(x)
into a matrix Am of discrete values on the finest level k = m with grid Xm:

Am = [αm1 ,α
m
2 , . . . ,α

m
Jm ], Jm = 2m.(2.3)
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For multiwavelets the vectors αmj are column vectors whose length is determined by
the order of polynomial approximation. The matrix Am is the input to the multires-
olution algorithm. For each grid Xk at each level k there is an associated matrix
Ak:

Ak = [αk1 ,α
k
2 , . . . ,α

k
Jk

], Jk = 2k.(2.4)

The matrixAk−1 has half the number of columns ofAk and is formed by a prescription
given in the multiresolution algorithm developed below. Specific examples of the
matrix Am are given in section 4.

2.2. Interpolation. The next step of the multiresolution development is an
algorithm to project the discrete data Ak, matrix (2.4), from grid Xk to grid Xk−1

(fine to coarse) and conversely from grid Xk−1 to grid Xk (coarse to fine). The fine
to coarse projection is a decomposition or decimation (less data) and the coarse to
fine projection is a reconstruction or fill-in (more data). In this section we begin the
development of the projection algorithms by considering the special case where u(x)
is a polynomial function of degree 
. On each interval of the coarse grid Xk−1 we
expand u(x) in a family of orthogonal polynomials (degree 
) with coefficients Ak−1,
the discrete data (2.4). This choice of a compact (one grid interval) expansion with
orthogonal polynomials of degree 
 will produce supercompact orthogonal projections
with order of accuracy 
 + 1, i.e., exact reconstruction (fill-in) for polynomials of
degree 
. In the next section we consider the practical case where u(x) is a general
piecewise continuous function and the polynomial expansion is only an approximation.
In section 4 we consider a specific example of a family of orthogonal polynomials, e.g.,
Legendre polynomials.

First we introduce some notation. Let φi(ξ) be a polynomial of degree 
 or less
with support on the interval −1 < ξ ≤ 1:

φi(ξ) =

{∑	
p=0 ap,iξ

p, −1 < ξ ≤ 1,

0, otherwise.
(2.5)

We will assume that the family of polynomials (2.5) i = 0, 1, . . . , 
 is orthonormal,
i.e.,

∫ 1

−1

φi(ξ)φj(ξ)dξ = δij .(2.6)

We assume that 
 is sufficiently small so the Runge phenomenon for polynomial in-
terpolation is not an issue. The contracted form of φi(ξ) with support on the jth
subinterval of the level k grid is

(φi(x))
k
j =

{
φi

(
1 + 2

hk

(
x− xkj

))
, xkj−1 < x ≤ xkj ,

0, otherwise,
(2.7)

where we use the subscript j on the function φi(x) to denote the subinterval of support
on the grid level indicated by the superscript k.

We denote the family of 
+ 1 polynomials of degree 
 by the vector

φkj = (φ(x))kj =
[
(φ0(x))

k
j , (φ1(x))

k
j , . . . , (φ	(x))

k
j

]′
.(2.8)



1242 RICHARD M. BEAM AND ROBERT F. WARMING

In (2.8) and throughout the remainder of this paper we use the prime (′) to denote
a vector or matrix transpose. (The general family of polynomials (2.8) is considered
in section 3 and Appendix D.) The polynomials in the family are orthogonal on the
interval xkj−1 < x ≤ xkj . For notational simplicity we will not explicitly indicate the
dependency of φ on x, except where necessary for clarity. If we properly select a set
of 
+ 1 coefficients

αkj =
[
(α0)

k
j , (α1)

k
j , . . . , (α	)

k
j

]′
,(2.9)

then any polynomial function, denoted by u(x), of degree 
 can be represented exactly
on the jth subinterval of the level k − 1 grid by

(u(x))k−1
j =

	∑
i=0

(αi)
k−1
j (φi(x))

k−1
j = αk−1

j

′
φk−1
j .(2.10)

We can represent the same function on two subintervals of grid level k:

(u(x))k−1
j = αk2j−1

′
φk2j−1 +αk2j

′
φk2j(2.11)

(see the relation between grid indexing at level k − 1 and at level k given by (2.2)).
Since each component of φk−1

j is a polynomial, it can also be represented exactly
on two subintervals of grid level k, i.e.,

φk−1
j = C0φ

k
2j−1 +C1φ

k
2j ,(2.12)

whereC0 andC1 are (
+1)×(
+1) matrices whose elements depend on the coefficients
(ap,i’s) of the family of polynomials φ given by (2.5).

If we use the identity (2.12) in (2.10), we obtain

(u(x))k−1
j = αk−1

j

′
(C0φ

k
2j−1 +C1φ

k
2j).(2.13)

The two families of polynomials φk2j−1 and φk2j have nonoverlapping support, and the
φi’s are orthogonal; therefore, we can equate their coefficients from (2.11) and (2.13):

αk−1
j

′
C0 = αk2j−1

′
,(2.14a)

αk−1
j

′
C1 = αk2j

′
.(2.14b)

Taking the transpose of (2.14a), (2.14b), one obtains

αk2j−1 = C0
′αk−1
j ,(2.15a)

αk2j = C1
′αk−1
j .(2.15b)

If we multiply (2.15a) by C0 and multiply (2.15b) by C1 and add the results, we
have

C0α
k
2j−1 +C1α

k
2j = (C0C0

′ +C1C1
′)αk−1

j .(2.16)
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Since φ(ξ)’s (2.5) are assumed to form an orthonormal basis, it can be shown (Ap-
pendix A) that

1

2
(C0C0

′ +C1C1
′) = I.(2.17)

If we use identity (2.17) in (2.16) we obtain

αk−1
j =

1

2
(C0α

k
2j−1 +C1α

k
2j).(2.18)

Let’s summarize. If u(x) is a polynomial of degree 
 on the interval xk−1
j−1 < x <

xk−1
j , then (2.15a), (2.15b), and (2.18) provide the necessary equations for manipu-

lating the α’s between level k and k − 1. We will use the terminology that (2.18)
provides the “decomposition” from the finer level k to the coarser level k − 1 and
(2.15a), (2.15b) provide the “reconstruction” from the coarser level k− 1 to the finer
level k.

2.3. Decomposition. In general the special case where u(x) is a single low
degree polynomial on the unit interval is not of interest. The interesting case is for
any piecewise continuous function u(x). In this case (2.15a), (2.15b), and (2.18) will
not be identities but only approximations. Therefore, in the general case we must
save additional information from the decomposition if we want exact reconstruction
of αk. The Harten multiresolution approach is to compute and save the interpolation
error or, equivalently, a residual. For the decomposition, in the general case, we will
use a weighted form of (2.18), i.e.,

αk−1
j =

1√
2
(C0α

k
2j−1 +C1α

k
2j),(2.19a)

where the weighting is chosen to achieve an orthogonal transformation and an or-
thonormal wavelet basis.

For the residual we choose

rk−1
j =

1√
2
(D0α

k
2j−1 +D1α

k
2j),(2.19b)

where the matrices D0 and D1 are not yet defined. For future reference we write
(2.19a), (2.19b), in matrix form:[

αk−1
j

rk−1
j

]
=

1√
2

[
C0 C1

D0 D1

] [
αk2j−1

αk2j

]
.(2.19c)

2.4. Reconstruction. For the reconstruction we use weighted forms of (2.15a),
(2.15b), as approximations to which must be added the error ε:

αk2j−1 =
1√
2
C0

′αk−1
j + εk2j−1,(2.20a)

αk2j =
1√
2
C1

′αk−1
j + εk2j .(2.20b)

We want the decomposition and reconstruction to be an orthogonal transforma-
tion (and the wavelet basis to be orthonormal). Therefore, the reconstruction must
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be the transpose of the decomposition, i.e., the matrix in the decomposition (2.19c)
must be an orthogonal matrix:(

1√
2

[
C0 C1

D0 D1

])−1

=

(
1√
2

[
C0 C1

D0 D1

])′
=

1√
2

[
C0

′ D0
′

C1
′ D1

′

]
.

Consequently, the reconstruction step is

αk2j−1 =
1√
2
(C0

′αk−1
j +D0

′rk−1
j ),(2.21a)

αk2j =
1√
2
(C1

′αk−1
j +D1

′rk−1
j ).(2.21b)

For (2.20a), (2.20b) and (2.21a), (2.21b), to be equivalent we must find matrices D0

and D1 such that

εk2j−1 =
1√
2
D0

′rk−1
j(2.22a)

and

εk2j =
1√
2
D1

′rk−1
j .(2.22b)

In Appendix B we show that the requirements are met by the following choices:

D0 =
√

2B

(
−I+ 1

2
C0

′C0 − 1

2
C1

′C0

)
,(2.23a)

D1 =
√

2B

(
I− 1

2
C1

′C1 +
1

2
C0

′C1

)
,(2.23b)

where

B =
1√
2

{[
I− 1

4
(C0 −C1)

′(C0 −C1)

]−1
} 1

2

.(2.23c)

It should be noted that this choice is not unique.

2.5. Multiresolution algorithm (pseudocode). In summary, the decompo-
sition from grid level m to grid level n is

For k = m,m− 1, . . . , n+ 1
For j = 1, 2, . . . , Jk−1

αk−1
j =

1√
2
(C0α

k
2j−1 +C1α

k
2j)(2.24a)

rk−1
j =

1√
2
(D0α

k
2j−1 +D1α

k
2j)(2.24b)

End
End



SUPERCOMPACT MULTIWAVELETS 1245

and the reconstruction from grid level n to grid level m is

For k = n+ 1, n+ 2, · · · ,m
For j = 1, 2, · · · , Jk−1

αk2j−1 =
1√
2
(C0

′αk−1
j +D0

′rk−1
j )(2.25a)

αk2j =
1√
2
(C1

′αk−1
j +D1

′rk−1
j )(2.25b)

End

End

2.6. Multiresolution code. The multiresolution algorithm (2.24) and (2.25) is
easily implemented as we demonstrate with a Matlab code. A compact and efficient
way to code the algorithm is to start with the input matrix Am (2.3) and to over-
write at every step of the decomposition algorithm (2.24) to obtain the decomposed
matrix stored in Am. Likewise, this decomposed matrix is the input matrix of the
reconstruction algorithm that is again overwritten at every step of the reconstruction
algorithm to obtain the reconstructed matrix stored in Am.

Decomposition algorithm.

function [A]=decom(A,C0,C1,D0,D1)

%multiresolution decomposition using supercompact wavelet basis

% A is the l+1 by J_m matrix of alpha column vectors (2.3)

%C0,C1,D0,D1 are multiresolution matrices (e.g., section 3)

n=0; %complete decomposition

[l1,J_m]=size(A); %l+1,J_m

m=log2(J_m);

s=1/sqrt(2);

for k=m:-1:n+1

jk=2^k; %J_k

Ao=s*A(:,1:2:jk-1); %odd alpha columns

Ae=s*A(:,2:2:jk); %even alpha columns

A(:,1:jk/2)=C0*Ao+C1*Ae; %decimated alpha columns (2.24a)

A(:,jk/2+1:jk)=D0*Ao+D1*Ae; %residual columns r (2.24b)

end

Reconstruction algorithm.

function [A]=recon(A,C0,C1,D0,D1)

%multiresolution reconstruction using supercompact wavelet basis

% A is the l+1 by J_m decomposition matrix from decom

%C0,C1,D0,D1 are multiresolution matrices (e.g., section 3)

n=0; %complete reconstruction

[l1,J_m]=size(A); %l+1,J_m
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m=log2(J_m);

s=1/sqrt(2);

for k=n+1:m

jk=2^k; %J_k

Ao=s*A(:,1:jk/2); %decimated alpha columns

Ae=s*A(:,jk/2+1:jk); %residual columns

A(:,1:2:jk-1)=C0’*Ao+D0’*Ae %reconstructed odd columns (2.25a)

A(:,2:2:jk)=C1’*Ao+D1’*Ae; % reconstructed even columns (2.25b)

end

2.7. Matrix notation. For comparison with the Strang and Strela [7] notation
for multiwavelets, it is useful to have the decomposition and reconstruction algorithms
in matrix notation. Let L and H be the rectangular matrices

L =
1√
2



C0 C1 0 0 . . . 0 0
0 0 C0 C1 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . C0 C1


(2.26a)

and

H =
1√
2



D0 D1 0 0 . . . 0 0
0 0 D0 D1 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . D0 D1


 .(2.26b)

NOTE: The matrices are block diagonal (with rectangular blocks on the diagonal),
which contrasts with the nonsupercompact case where the matrices are not block
diagonal.

If we rewrite the αkj ’s (2.4) as a single column vector

Ak = [αk1
′
,αk2

′
, . . . ,αkJk

′
]′, Jk = 2k(2.27)

(and similarly for the residual), then the decomposition steps (2.24) can be written
(in pseudocode)

For k = m,m− 1, . . . , n+ 1

Ak−1 = LAk(2.28a)

Rk−1 = HAk(2.28b)

End
Likewise the reconstruction steps (2.25) become

For k = n+ 1, n+ 2, . . . ,m

Ak = L′Ak−1 +H′Rk−1(2.29)

End
where the size of the matrices L, H, A, and R is implied from the index k. Because of
the block diagonal property, the matrices (2.26a), (2.26b), satisfy the same identities
as the matrices L and H of Appendix B, i.e., (B.6), (B.8), (B.9), (B.10), and (B.11).
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3. Evaluation of multiresolution matrices. The application of the multires-
olution algorithm (2.24) and (2.25) requires the matrices C0, C1, D0, and D1. The
C matrices are defined by (2.12). If we denote the elements of C0 and C1 by c0r,s and
c1r,s, respectively, they can be evaluated from the expansions (see Appendix C)

φi(ξ) =

	∑
p=0

c0i+1,p+1φp(2ξ + 1), −1 < ξ ≤ 0, i = 0, 1, . . . , 
(3.1a)

and

φi(ξ) =

	∑
p=0

c1i+1,p+1φp(2ξ − 1), 0 < ξ ≤ 1, i = 0, 1, . . . , 
.(3.1b)

If we use the assumed orthogonality of the φ’s, we can write

c0i+1,j+1 = 2

∫ 0

−1

φj(2ξ + 1)φi(ξ)dξ, i = 0, 1, . . . , 
, j = 0, 1, . . . , 
(3.2a)

and

c1i+1,j+1 = 2

∫ 1

0

φj(2ξ − 1)φi(ξ)dξ, i = 0, 1, . . . , 
, j = 0, 1, . . . , 
.(3.2b)

The corresponding D’s are given by (2.23a), (2.23b), and (2.23c).
The general family of orthonormal polynomials (2.8) is considered in Appendix

D. In the examples we use a particular family, i.e., the Legendre polynomials.
Example 3.1. As an example, consider Legendre polynomials which are a special

case of (2.5). The first five Legendre polynomials are

P0(ξ) = 1, P1(ξ) = ξ, P2(ξ) =
3

2
ξ2 − 1

2
,

P3(ξ) =
5

2
ξ3 − 3

2
ξ, P4(ξ) =

35

8
ξ4 − 15

4
ξ2 +

3

8
.

(3.3)

The orthonormal basis polynomials (2.5) are

φi(ξ) =



√
i+

1

2
Pi(ξ), −1 < ξ ≤ 1,

0, otherwise.

(3.4)

The matrices C0 and C1 for 
 = 2 are, from (3.2a), (3.2b), and (3.4),

C0 =




1 0 0

−
√

3
2

1
2 0

0 −
√

15
4

1
4


 ,(3.5a)

C1 =




1 0 0√
3

2
1
2 0

0
√

15
4

1
4


 .(3.5b)
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The corresponding matrices D0 and D1 are obtained from (2.23a), (2.23b), and
(2.23c)

D0 =


−

1
2 −

√
3

2 0

0 − 1
4 −

√
15
4

0 0 −1


 ,(3.6a)

D1 =




1
2 −

√
3

2 0

0 1
4 −

√
15
4

0 0 1


 ,(3.6b)

and for reference the matrix B defined by (2.23c) is given by

B =
1√
2


2 0 0
0 4 0
0 0 1


 .(3.6c)

In Appendix E we give the Mathematica code for generating the matrices for any 

(within the limits of Mathematica) and Legendre polynomials. We also give the C
and D matrices for 
 = 4.

For completeness we give the C and D matrices for 
 = 0 and 
 = 1. The C’s are
submatrices of (3.5); however, the D’s are not submatrices of (3.6).

For 
 = 0, i.e., Haar,

C0 = [1], C1 = [1], D0 = [−1], D1 = [1],(3.7)

and for 
 = 1

C0 =

[
1 0

−
√

3
2

1
2

]
,C1 =

[
1 0√
3

2
1
2

]
,D0 =

[
− 1

2 −
√

3
2

0 −1

]
,D1 =

[
1
2 −

√
3

2
0 1

]
.(3.8)

4. Multiresolution implementation. It is highly unlikely that the informa-
tion available for multiresolution analysis corresponds to the input array Am (2.3).
In this section we consider several transformations (or preprocessing procedures) that
provide the required algorithm input.

4.1. Analytical function. If u(x) is a piecewise continuous function on 0 <
x ≤ 1, then we have a simple transformation. On the finest grid Xm we choose a
polynomial degree 
 that adequately represents the function u(x):

(u(x))mj ≈
	∑
i=0

(αi)
m
j (φi(x))

m
j , j = 1, 2, . . . , Jm.(4.1)

Since the basis functions are orthogonal, the coefficients are simply

(αi)
m
j =

2

hm

∫ xm
j

xm
j−1

(u(x))mj (φi(x))
m
j dx, j = 1, 2, . . . , Jm, i = 0, 1, . . . , 
.(4.2)
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4.2. Discrete function values. One of the most useful applications of a mul-
tiresolution algorithm is the analysis of a vector of discrete function values. In this
section we consider the preprocessing transformation from the function values to the
input array (2.3).

Let’s begin with the case where u(x) on 0 < x ≤ 1 is piecewise polynomial of
degree 
 and where (function and/or derivative) discontinuities, if any, lie only on the
grid points of the finest grid Xm (see, e.g., Figure 1(b)). Clearly on each interval
xmj−1 < x ≤ xmj of the grid Xm we can represent u(x) exactly by

(u(x))mj =

	∑
i=0

(αi)
m
j (φi(x))

m
j , xmj−1 < x ≤ xmj ,(4.3)

where (φi(x))
m
j is defined by (2.7). Since, in this ideal case, we have the luxury of an

analytic representation on each interval, the α’s can be determined by choosing 
+ 1
values of u(x) on the interval. Let’s select values at uniformly spaced subintervals:

xmj =

{
[xmj ], 
 = 0,
[xmj−1, x

m
j−1+ 1

�

, xm
j−1+ 2

�

, . . . , xmj ]′, 
 > 0.(4.4)

The α’s are the solution of the system of algebraic equations

(u(xmj ))mj =

	∑
i=0

(αi)
m
j (φi(x

m
j ))mj , j = 1, 2, . . . , Jm.(4.5)

The notation implied by (4.5) is clarified if we write out the expansion for a specific
case, say 
 = 2:


(u(xmj−1))

m
j

(u(xm
j− 1

2

))mj
(u(xmj ))mj


 =


(φ0(x

m
j−1))

m
j (φ1(x

m
j−1))

m
j (φ2(x

m
j−1))

m
j

(φ0(x
m
j− 1

2

))mj (φ1(x
m
j− 1

2

))mj (φ2(x
m
j− 1

2

))mj
(φ0(x

m
j ))mj (φ1(x

m
j ))mj (φ2(x

m
j ))mj




(α0)

m
j

(α1)
m
j

(α2)
m
j


,

j = 1, 2, . . . , Jm.(4.6a)

Equation (4.6a) requires data at the midpoints of the finest level subinterval
(u(xm

j− 1
2

))mj which appears to be information on a grid finer than the given data.

However, in practice we obtain the additional values by using a smaller number of
subintervals with more points per subinterval (for higher order methods or larger 
).
For example, see case (c) in section 6 for 
 = 2.

The piecewise polynomial u(x) is assumed to be everywhere continuous from the
left. If u(x) has a discontinuity at the left end point, xj−1, of the interval, (xj−1, xj ],
then the value of (u(x))mj at the left end point is defined by

(u(xj−1))
m
j = u+(xj−1) = lim

x→x+
j−1

u(x).

In the implementation of a supercompact multiresolution scheme it will be convenient
to write the postprocessing transformation (4.6) from αmj to umj in matrix notation:

umj = Tαmj , j = 1, 2, . . . , Jm,(4.6b)
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where

umj = (u(xmj ))mj(4.7)

and the matrix T is the matrix on the right-hand side of (4.6). For the demonstration
code we rewrite (4.6a) as

Um = TAm,(4.8)

where

Um = [um1 ,u
m
2 , . . . ,u

m
Jm ].(4.9)

Um and Am are 
 + 1 by Jm matrices, and T is the 
 + 1 by 
 + 1 postprocessing
transformation matrix. Note that T is independent of j. Similarly, the preprocessing
transformation from u to α is

Am = T−1Um.(4.10)

Example 4.1. If we continue the example of the previous section and choose the
Legendre polynomials (3.4) and use (2.7), (4.6) becomes


(u(xmj−1))

m
j

(u(xm
j− 1

2

))mj
(u(xmj ))mj


 =



√

1
2 −

√
3
2

√
5
2√

1
2 0 −

√
10
4√

1
2

√
3
2

√
5
2




(α0)

m
j

(α1)
m
j

(α2)
m
j


, j = 1, 2, . . . , Jm(4.11a)

or

Um = TAm,(4.11b)

and, after solving (4.11) for αmj ,

(α0)
m
j =

√
2

6
[(u(xmj−1))

m
j + 4(u(xmj− 1

2
))mj + (u(xmj ))mj ],

(α1)
m
j =

1√
6
[−(u(xmj−1))

m
j + (u(xmj ))mj ],

(α2)
m
j =

√
10

15
[(u(xmj−1))

m
j − 2(u(xmj− 1

2
))mj + (u(xmj ))mj ],

j =1, 2, . . . , Jm,(4.12a)

or

Am = T−1Um.(4.12b)

Equation (4.12a) has been taken out of matrix form to indicate that α0, α1, and α2

are (weighted) undivided discrete approximations to the cell average, first derivative,
and second derivative, respectively.

Equation (4.10), e.g., (4.12a), provides the preprocessing transformation from
the piecewise continuous function to the discrete input matrix A required in the
multiresolution algorithm. If the piecewise continuous function u(x) is not polynomial
of degree 
 we can still use (4.5) for an approximate representation.
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For completeness we give the postprocessing transformations for 
 = 0 and 
 = 1
corresponding to the C and D matrices (3.7) and (3.8):

[
(u(xmj ))mj

]
=
[√

1
2

][
(α0)

m
j

]
,
[
(α0)

m
j

]
=
[√

2
][

(u(xmj ))mj
]
,(4.13)

[
(u(xmj−1))

m
j

(u(xmj ))mj

]
=



√

1
2 −

√
3
2√

1
2

√
3
2


[(α0)

m
j

(α1)
m
j

]
,

[
(α0)

m
j

(α1)
m
j

]
=



√

1
2

√
1
2

−
√

1
6

√
1
6


[(u(xmj−1))

m
j

(u(xmj ))mj

]
.

(4.14)

Return now to the case where only the vector of discrete function values (with
multiple values for discontinuities) is given. An obvious preprocessing transformation
to the α’s is to require point values at grid spacing hm/
 (for 
 > 1) rather than hm
on the interval 0 < x ≤ 1. Now we can use the postprocessing transformation (4.5)
for a vector of discrete function values.

4.3. Discrete cell average values and derivative values. In some appli-
cations it is convenient to represent a function by discrete function values, discrete
function derivative values, and/or discrete integral values. We could also include mul-
tiple values of each, i.e., choose multiple locations for interpolation as we did in the
previous section. For demonstration we choose discrete cell average values and the
first p derivatives evaluated at a single interpolation point, e.g., the midpoint of the
interval:

xmj =
[
xmj− 1

2

]
.(4.15)

The cell average is defined by

(ū)mj =
1

hm

∫ xm
j

xm
j−1

(u(η))mj dη.(4.16)

We choose 
 = p. The α’s are the solution to the system of 
+ 1 algebraic equations:

(ū)mj =
1

hm

	∑
i=0

(αi)
m
j

∫ xm
j

xm
j−1

(φi(η))
m
j dη,

d
dx

(
u
(
xm
j− 1

2

))m
j

=

	∑
i=0

(αi)
m
j

d

dx

(
φi

(
xmj− 1

2

))m
j
,

...

dp

dxp

(
u
(
xmj− 1

2

))m
j

=

	∑
i=0

(αi)
m
j

dp

dxp

(
φi

(
xmj− 1

2

))m
j
, j = 1, 2, . . . , Jm.

(4.17)

Example 4.2. If we choose the Legendre polynomials with 
 = 2, the solution
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of (4.17) produces

(α0)
m
j =

√
2(ū)mj ,

(α1)
m
j =

1√
6
hm

d

dx

(
u
(
xmj− 1

2

))m
j
,

(α2)
m
j =

√
10

15

(
hm
2

)2
d2

dx2

(
u
(
xmj− 1

2

))m
j
, j = 1, 2, . . . , Jm.

(4.18)

For this choice of variables (cell averages and derivatives) and polynomials (Leg-
endre) there is a one-to-one correspondence (T is a diagonal matrix) between the
α’s and the variables. Note that (4.12) is a difference approximation to (4.18). This
example can be included in the notation (4.8) if the vector umj (4.7) is redefined:

umj =

[
(ū)mj ,

d

dx

(
u
(
xmj− 1

2

))m
j
,
d2

dx2

(
u
(
xmj− 1

2

))m
j

]′
.(4.19)

4.4. Accuracy of a multiwavelet analysis. From section 2.2 it is clear that
if we expand a polynomial function of degree 
 in a family of orthogonal polynomials
of degree 
, the expansion will be exact and the interpolation error or residual defined
by (2.19b) will be zero. In terms of a multiresolution algorithm, the order of accuracy,
or number of vanishing moments, can be defined as follows.

Let the function u(x) be the polynomial

u(x) = xq, 0 ≤ x ≤ 1,(4.20)

where q is a nonnegative integer. From the decomposition step (2.24b), the residual
vector for k = m is

rm−1
j =

1√
2
(D0α

m
2j−1 +D1α

m
2j), j = 1, . . . , Jm−1.(4.21)

The number p of vanishing residuals (moments) of a multiwavelet algorithm is defined
by [

rm−1
j = 0, j = 1, 2, . . . , Jm−1

]
, q = 0, 1, . . . , p− 1(4.22a)

and [
rm−1
j �= 0, j = 1, 2, . . . , Jm−1

]
, q = p.(4.22b)

The order of accuracy is defined to be p which is equal to 
+ 1.
As a consistency check on the programming of the preprocessing step yielding

the input matrix Am and the decomposition algorithm (2.24), one should verify the
accuracy numerically by checking for the proper number of vanishing moments. After
one step of the decomposition algorithm of section 2.6, the right half of the matrix A
should be zero for q ≤ p− 1 = 
 since it contains the residual vectors rm−1

j .
As an example, for the discrete function values of section 4.2 with 
 = 2, one

obtains for the polynomial (4.20) the vector (4.8):

umj =




((xq)mj−1)
m
j(

(xq)m
j− 1

2

)m
j

((xq)mj )mj


 .



SUPERCOMPACT MULTIWAVELETS 1253

-1 -0.5 0.5 1

0.25

0.5

0.75

1

1.25

1.5

-1 -0.5 0.5 1

-0.6

-0.4

-0.2

0.2

0.4

0.6

Fig. 3(a). Scaling functions (left-hand column) and wavelets (right-hand column), � = 0.
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Fig. 3(b). Scaling functions (left-hand column) and wavelets (right-hand column), � = 1.

One finds that the number of vanishing residuals is p = 
 + 1 = 3 and the order of
accuracy is 3.

5. Scaling functions and wavelets. Neither the development nor the applica-
tion of the multiresolution algorithm (2.24) and (2.25) requires an explicit knowledge
of the multiwavelets. (The multiscaling functions are the orthonormal polynomials
(2.5), which must be known in order to compute the C and D matrices.) However,
curiosity alone is sufficient to warrant an exposition of the wavelet basis functions.

The decomposition (2.11), i.e.,

(u(x))k−1
j = αk2j−1

′
φk2j−1 +αk2j

′
φk2j(5.1)
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Fig. 3(c). Scaling functions (left-hand column) and wavelets (right-hand column), � = 2.

is exact if u(x) is a polynomial of degree 
. In the general (nonexact) case we must
replace the α’s with unweighted (2.20a), (2.20b):

(u(x))k−1
j = [C0

′αk−1
j + εk2j−1]

′φk2j−1 + [C1
′αk−1
j + εk2j ]

′φk2j .(5.2)

The error in the decomposition of (u(x))k−1
j is denoted by εu:

(εu)
k−1
j = (εk2j−1)

′φk2j−1 + (εk2j)
′φk2j .(5.3)

If we now use unweighted (2.22a), (2.22b) in (5.3) and rearrange terms we obtain

(εu)
k−1
j = rk−1

j

′
ψk−1
j ,(5.4)

where ψk−1
j is defined by

ψk−1
j = D0φ

k
2j−1 +D1φ

k
2j(5.5)

and

ψkj = (ψ(x))kj =
[
(ψ0(x))

k
j , (ψ1(x))

k
j , . . . , (ψ	(x))

k
j

]′
.
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Fig. 3(d). Scaling functions (left-hand column) and wavelets (right-hand column), � = 3.

The orthonormal polynomials ψ are the multiwavelets that form the basis for the
expansion of the error (with coefficients r). In the following example, we display
wavelets transformed to the ξ-space.

Example 5.1. We continue our example with Legendre polynomials (3.4). It is
easier to evaluate the multiwavelets defined by (5.5) by transforming the components
of the vectors φk2j−1 and φk2j to a form where the φi(ξ)’s appear explicitly (see the
transformations (C.3) of Appendix C). The resulting analytical multiwavelets given
below are defined on the interval (−1, 1].
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Fig. 3(e). Scaling functions (left-hand column) and wavelets (right-hand column), � = 4.


 = 0:

ψ0(ξ) =



−
√

1
2 , −1 < ξ ≤ 0,√

1
2 , 0 < ξ ≤ 1;

(5.6)
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 = 1:

ψ0(ξ) =



−
√

1
2 (2 + 3ξ), −1 < ξ ≤ 0,√

1
2 (2− 3ξ), 0 < ξ ≤ 1,

(5.7a)

ψ1(ξ) =



−
√

3
2 (1 + 2ξ), −1 < ξ ≤ 0,√

3
2 (−1 + 2ξ), 0 < ξ ≤ 1;

(5.7b)


 = 2:

ψ0(ξ) =



− 1

2

√
3
2 (3 + 16ξ + 15ξ2), −1 < ξ ≤ 0,

1
2

√
3
2 (−3 + 16ξ − 15ξ2), 0 < ξ ≤ 1,

(5.8a)

ψ1(ξ) =



−
√

1
2 (2 + 3ξ), −1 < ξ ≤ 0,√

1
2 (2− 3ξ), 0 < ξ ≤ 1,

(5.8b)

ψ2(ξ) =



−
√

5
2 (1 + 6ξ + 6ξ2), −1 < ξ ≤ 0,√

5
2 (1− 6ξ + 6ξ2), 0 < ξ ≤ 1.

(5.8c)

Plots of the multiscaling functions and multiwavelets for the Legendre polynomials
and 
 = 0, 1, 2, 3, 4 are shown in Figures 3(a)–3(e). Discrete multiscaling functions
and multiwavelets are obtained by evaluating φi(x) and ψi(x) on the grid Xk.

6. Applications. Two typical applications for multiresolution algorithms are
the analysis of data by decomposition into scales and the compression of data after
decomposition. In this section we give some simple examples that demonstrate the
attributes of multiresolution using supercompact multiwavelets. We choose the dis-
crete value examples of sections 4.2 and 4.3. The preprocessing transformations for
these examples fall within the general notation (4.8), i.e.,

Um = TAm.

The examples are best presented in the context of a multiresolution analysis demon-
stration code. As an example we use the following Matlab code.
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function [dA,rU]=mranal(U,C0,C1,D0,D1,T)

%MATLAB Multiresolution Analysis Demonstration Code

% INPUT

%U is an l+1 by J_m matrix defined in section 4

%C0,C1,D0,D1 are l+1 by l+1 matrices, section 3

%T is the postprocessing transformation matrix U=TA (alpha to u) (4.8)

% OUTPUT

%dA is the decomposition of alpha (A) (2.24)

%rU is the reconstructed U matrix section 4

%preprocessing transform U to A (u to alpha)

A=T^(-1)*U;

%decomposition of alpha (dA) (2.24) section 2.6 for decom code

dA=decom(A,C0,C1,D0,D1);

%truncate data (dA)

%normally at this step the decomposition would

%be truncated ("small" elements set to zero) if data compression

% is desired, for this example code no compression is done

%so the reconstruction will be exact (rU=U)

%reconstruction (rA) (2.25) section 2.6 for recon code

rA=recon(dA,C0,C1,D0,D1);

%postprocessing transform reconstructed alpha (rA) to reconstructed u (rU)

rU=T*rA;

Example 6.1. We have selected a simple example which is presented in sufficient
detail to illustrate (1) the most intimate features of the algorithm implementation,
(2) the improved “compressibility” of the decomposition with increasing order of
approximation, (3) the supercompact multiwavelet resolution of discontinuities, and
(4) the “filled-in” function or subinterval function representation (discussed in detail
at the end of this section). For u(x) on 0 < x ≤ 1 we choose

u(x) =




1 + 256x2, 0 < x ≤ 1

4
,

17− 512(x− 1
4 )

2,
1

4
< x ≤ 1

2
,

16− 256(x− 1
2 )

2,
1

2
< x ≤ 1,

(6.1)

which is plotted in Figure 4(d).
For the fine grid we choose m = 4 (Jm = 16 and hm = 1/16) and evaluate u(x)

and u+(x) on the fine grid:

j
xj
uj
u+j

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 1

16
2
16

3
16

4
16

5
16

6
16

7
16

8
16

9
16

10
16

11
16

12
16

13
16

14
16

15
16

16
16∗ 2 5 10 17 15 9 −1 −15 15 12 7 0 −9 −20 −33 −48

1 2 5 10 17 15 9 −1 16 15 12 7 0 −9 −20 −33 ∗
,

(6.2)

where the * indicates that the value is not defined.
For the numerical example we assume that the given data are the discrete values uj

and u+
j , and we will use the discrete function value implementation of section 4.2. For
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Fig. 4. Filled-in functions for the discrete data (6.2).

each of three multiresolution algorithms (
 = 0, 1, 2) we computeUm, the decomposed
values of A (i.e., dA), and the filled-in function. First we present the numerical input
and results for each of the cases, and then we follow with the discussion.
(a) 
 = 0, constant interpolation (Haar). For 
 = 0 we need the discrete function

value at the right-hand end of each interval, and we use the given values of uj ; i.e.,
Um, (4.8), is

Um =
[

2 5 10 17 15 9 −1 −15 15 12 7 0 −9 −20 −33 −48
]
.

(6.3)

The decomposed (residual) values dA (from the demonstration code) are plotted in
Figure 5(a) with the symbol ◦. The filled-in function is plotted in Figure 4(a) where
the dots are the filled-in function and the ◦’s are the discrete uj input values (6.3).
(b) 
 = 1, linear interpolation. For 
 = 1 we need the discrete function values

at each end of each interval. For the left-hand end we use the u+
j values, and for the

right-hand end we use the uj values, i.e.,

Um =

[
1 2 5 10 17 15 9 −1 16 15 12 7 0 −9 −20 −33
2 5 10 17 15 9 −1 −15 15 12 7 0 −9 −20 −33 −48

]
.

(6.4)

Note the repetition of values between rows except at the boundaries and the function
discontinuity. The decomposed values ofA (from the demonstration code) are plotted
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Fig. 5. Decomposed A values, dA, from the demonstration code applied to the discrete data (6.2).

in Figure 5(b). The first row matrix values are plotted with the symbol ×, and the
second row matrix values are plotted with the symbol ◦. The filled-in function is
plotted in Figure 4(b), where the dots are the filled-in function, the ×’s are the
discrete u+

j input values, and the ◦’s are the discrete uj values (6.4).
(c) 
 = 2, quadratic interpolation. For 
 = 2 we need interval midpoint values in

addition to the end point values. For this case we use only 8 intervals instead of 16
and use the “extra” function values as the midpoint values, i.e.,

Um =


 1 5 17 9 16 12 0 −20

2 10 15 −1 15 7 −9 −33
5 17 9 −15 12 0 −20 −48


 .(6.5)

The decomposed (residual) values dA (from the demonstration code) are plotted in
Figure 5(c). The first row matrix values are plotted with the symbol ×, the second
row matrix values are plotted with the + symbol, and the third row matrix values are
plotted with the symbol ◦. The filled-in function is plotted in Figure 4(c), where the
dots are the filled-in function, the ×’s are the discrete u+

j input values, the +’s are
the discrete uj “midpoint” values, and the ◦’s are the discrete uj “end-point” values
(6.5).

The decomposed (residual) values dA, Figure 5, provide a measure of the com-
pressibility of the data; the more “small” values, the more the data can be truncated
or compressed without significant loss of information. Note that as the order of
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approximation increases, 
 increases, and the number of relatively small dA values
increases. Since the original function is piecewise quadratic, the case 
 = 2 has only
nine nonzero dA values—the minimum number of values necessary to represent the
three quadratic segments of u(x). Note also that most of the × symbols of Figure
5(b) (
 = 1) are zero. This is a result of having only one function discontinuity while
the algorithm has the capability to support a discontinuity at each fine grid point.

The filled-in function (Figure 4) is the subinterval function representation (or
subgrid resolution) of the particular interpolation approximation, i.e., 
 = 0, 1, 2. The
case 
 = 0, or Haar, is “constant” interpolation, 
 = 1 is linear interpolation, and 
 = 2
is quadratic interpolation, which for the present example is an exact representation
of the original function u(x). There are several methods to numerically compute
the filled-in functions (in addition to the analytical option). The filled-in functions
plotted in Figure 4 were obtained by “padding” the decomposedAmatrices (dA) with
zeros, multiplying by the appropriate power (which depends on the number of filled-in
points) of the weighting factor (

√
2), applying the reconstruction code (recon), and

multiplying the result by the postprocessing transformation matrix (T). In Matlab
speak this process is

Uf=T*recon([dA zeros(l+1,2^nf-2^ni)]*sqrt(2)^(nf-ni),C0,C1,D0,D1),

where Uf is the filled-in U, nf is the log2 of the number of columns in the filled-in
matrix Uf, and ni is the log2 of the number of columns in the matrix dA.

In many (perhaps most) applications of multiresolution algorithms, the given
data are a discrete sampling of a function, e.g., in time or space. Therefore, rarely
would multiple values, i.e., the u+ values (or jump values) be available. For optimum
performance of the supercompact algorithms, these additional values are required. We
are currently testing algorithms that insert the multiple values (u+) in the original
sampled data. One strategy inserts discontinuities when the difference of one-sided
(left and right) finite differences exceeds a local average value of the finite differences.
These results, as well as those for data compression, will be presented elsewhere.

7. Concluding remarks. The multiresolution analysis with supercompact mul-
tiscaling functions (and wavelets) is simple to implement and has special appeal in
applications on a finite interval and/or for analysis of functions that are piecewise con-
tinuous (internal boundaries). Thus the simplicity of the Haar wavelets is preserved
while increased accuracy (more vanishing moments) is achieved.

Appendix A. The φ(ξ)’s (2.5) are assumed to form an orthonormal basis. The
φ(x)’s (2.7) are orthogonal:∫ xk−1

j

xk−1
j−1

φk−1
j φk−1

j

′
dx =

hk−1

2
I(A.1)

where I is the identity matrix of order 
+ 1. Using (2.12), one obtains∫ xk−1
j

xk−1
j−1

(C0φ
k
2j−1 +C1φ

k
2j)(C0φ

k
2j−1 +C1φ

k
2j)

′dx =
hk−1

2
I.(A.2)

If we expand the integrand of (A.2)

∫ xk−1
j

xk−1
j−1

(C0φ
k
2j−1φ

k
2j−1

′
C0

′ +C0φ
k
2j−1φ

k
2j

′
C1

′ +C1φ
k
2jφ

k
2j−1

′
C0

′ +C1φ
k
2jφ

k
2j

′
C1

′)dx

(A.3)
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and use the identities

∫ xk−1
j

xk−1
j−1

φk2j−1φ
k
2j−1

′
dx =

hk−1

4
I,

∫ xk−1
j

xk−1
j−1

φk2j−1φ
k
2j

′
dx = 0,

∫ xk−1
j

xk−1
j−1

φk2jφ
k
2j−1

′
dx = 0,

∫ xk−1
j

xk−1
j−1

φk2jφ
k
2j

′
dx =

hk−1

4
I,(A.4)

then we have

1

2
(C0C0

′ +C1C1
′) = I.(A.5)

Appendix B. In this appendix we derive (2.23). First we offer some notation to
simplify the algebra. Let

L =
1√
2

[
C0 C1

]
,(B.1)

H =
1√
2

[
D0 D1

]
.(B.2)

The objective is to find D0 and D1 if we are given C0, C1 and relations (2.19a),
(2.19b), (2.20a), (2.20b), (2.22a), (2.22b), and identity (2.17). In the notation of
(B.1) and (B.2) we are given L and

αk−1 = Lαk,(B.3)

rk−1 = Hαk,(B.4)

αk = L′αk−1 +H′rk−1,(B.5)

LL′ = I.(B.6)

For simplicity of notation we have used

rk−1
j → rk−1,αk−1

j → αk−1,

[
αk2j−1

αk2j

]
→ αk.(B.7)

B.1. Useful identities. In the following derivation it will be useful to have
some identities that can be derived from (B.3), (B.4), (B.5), and (B.6). If we use
(B.5) in (B.3), then

αk−1 = LL′αk−1 + LH′rk−1.

But if we use (B.6) and simplify,

LH′rk−1 = 0
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or

LH′ = 0(B.8)

since rk−1 is arbitrary. The transpose of (B.8) is

HL′ = 0.(B.9)

If we use (B.3) and (B.4) in (B.5), then

αk = L′Lαk +H′Hαk

or

I = L′L+H′H.(B.10)

Finally, if we use (B.5) in (B.4)

rk−1 = HL′αk−1 +HH′rk−1,

and if we now use (B.9), the result is

I = HH′.(B.11)

B.2. Finding H. Now let’s return to the objective of finding H, given L. Start
with (B.4)

rk−1 = Hαk,

then premultiply by H′ to obtain

H′rk−1 = H′Hαk,

and use (B.10) to obtain

H′rk−1 = (I− L′L)αk.(B.12)

Let the left-hand side of (B.12) be the error vector, i.e. (see (2.22a), (2.22b)),

εk =

[
εk2j−1

εk2j

]
= H′rk−1(B.13)

and [
εk2j−1

εk2j

]
= (I− L′L)αk.(B.14)

If we substitute L from (B.1) into (B.14) we obtain[
εk2j−1

εk2j

]
=

[
(I− 1

2C
′
0C0) (− 1

2C
′
0C1)

(− 1
2C

′
1C0) (I− 1

2C
′
1C1)

]
αk.(B.15)

Next we define the vector dk−1, which is the difference of the error vector components,
i.e.,

dk−1 = εk2j − εk2j−1,(B.16)
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or if we use (B.15)

dk−1 = Dαk,(B.17)

where

D =
[
(−I+ 1

2C
′
0C0 − 1

2C
′
1C0) (I− 1

2C
′
1C1 + 1

2C
′
0C1)

]
.(B.18)

If we now substitute αk from (B.5) into (B.17)

dk−1 = D(L′αk−1 +H′rk−1),

but it can easily be shown, using (B.18), (B.1), and (B.6), that

DL′ = 0;(B.19)

therefore,

dk−1 = DH′rk−1.(B.20)

It is clear from (B.20) that the vectors dk−1 and rk−1 are related by a square matrix
which we denote by B, i.e.,

rk−1 = Bdk−1(B.21)

or, from (B.20),

dk−1 = DH′Bdk−1

or

I = DH′B.(B.22)

NOTE: From (B.20) the residual vector rk−1 is seen to be the weighted difference of
the interpolation errors.

If we postmultiply (B.22) by B−1H, then use (B.10) and (B.19), and premultiply
the result by B, we have

H = BD,(B.23)

and we have found H, except for the scaling matrix B. The matrix B is determined
as follows: eliminate H from (B.11) using (B.23), i.e.,

BD(BD)′ = I,

or

BDD′B′ = I

and

DD′ = B−1(B′)−1,

and finally,

B′B = (DD′)−1.(B.24)



SUPERCOMPACT MULTIWAVELETS 1265

The choice of B is not unique. We choose a symmetric B and (B.24) becomes

B2 = (DD′)−1

or

B = ((DD′)−1)
1
2 .(B.25)

After some algebra one can show, using (B.18) and (B.6), that

DD′ = 2I− 1

2
(C0 −C1)

′(C0 −C1).(B.26)

If we use (B.18) in (B.23) we obtain (2.23a), (2.23b). If we substitute (B.26) in (B.25)
we obtain (2.23c).

Appendix C. The vector-matrix equation (2.12) can be written in component
form as

(φi(x))
k−1
j =

	∑
p=0

c0i+1,p+1(φp(x))
k
2j−1 +

	∑
p=0

c1i+1,p+1(φp(x))
k
2j , i = 0, 1, . . . , 
.

(C.1)

Since the orthonormal polynomials φi(ξ) are supported on the interval (−1 < ξ ≤ 1],
it is easier to evaluate the matrix coefficients c0r,s and c1r,s by transforming (C.1) to a
form where the φi(ξ)’s appear explicitly.

To scale x back to ξ, one uses

(xk−1
j−1 < x ≤ xk−1

j ] −→ (−1 < ξ ≤ 1],

(xk2j−2 < x ≤ xk2j−1] −→ (−1 < ξ ≤ 0], (xk2j−1 < x ≤ xk2j ] −→ (0 < ξ ≤ 1].

(C.2)

The functions map as

(φi(x))
k−1
j −→ φi(ξ), −1 < ξ ≤ 1,

(φi(x))
k
2j−1 −→ φi(2ξ + 1), (φi(x))

k
2j −→ φi(2ξ − 1), −1 < ξ ≤ 1.(C.3)

Here we have used the compact support of the polynomials, i.e., φi(ξ) = 0 for ξ �∈
[−1, 1].

Using (C.3), one can rewrite (C.1) as

φi(ξ) =

	∑
p=0

c0i+1,p+1φp(2ξ + 1) +

	∑
p=0

c1i+1,p+1φp(2ξ − 1).(C.4)

Since φp(2ξ− 1) and φp(2ξ+1) have nonoverlapping support, we can split (C.4) into
two equations, i.e., (3.1).

Appendix D. In this appendix we consider the family of orthonormal polyno-
mials (2.8). The family consists of 
+1 polynomials of degree 
. For convenience, we
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will choose the ξ-space representation (2.5) so that the polynomials are orthonormal
on the interval −1 < ξ ≤ 1 (see Appendix C).

For 
 = 0 there is only one member of the family, i.e., φ0(ξ) = a0,0, and the
coefficient a0,0 from the orthonormal condition (A.1) is a0,0 = 1/

√
2, i.e.,

φ0(ξ) =
1√
2
.(D.1)

The elements of the C0 and C1 matrices are defined by (3.2a), (3.2b), i.e.,

C0 = [1], C1 = [1],(D.2)

which corresponds to the Haar case.

For 
 > 0 the families of polynomials have one or more free parameters. For
example, if we choose 
 = 1 the family has one free parameter, which we denote by b.
The two orthonormal polynomials are

φ0(ξ) =

√
1

3
(
3

2
− b2) + b ξ,(D.3a)

φ1(ξ) = − b√
3

+

√
3

2
− b2 ξ; −

√
3

2
≤ b ≤

√
3

2
,(D.3b)

and the corresponding C matrices are (from (3.2))

C0 =


 1− 1

3b
2 − b

√
1
3 (

3
2 − b2) 1√

3
b2 − 1√

3
b
√

1
3 (

3
2 − b2)

− 1√
3
( 3
2 − b2)− 1√

3
b
√

1
3 (

3
2 − b2) 1

2 + 1
3b

2 + b
√

1
3 (

3
2 − b2)


 ,

C1 =


 1− 1

3b
2 + b

√
1
3 (

3
2 − b2) − 1√

3
b2 − 1√

3
b
√

1
3 (

3
2 − b2)

1√
3
( 3
2 − b2)− 1√

3
b
√

1
3 (

3
2 − b2) 1

2 + 1
3b

2 − b
√

1
3 (

3
2 − b2)


 .

(D.4)

If we choose b = 0, the polynomials (D.3) reduce to the first two orthonormal Legendre
polynomials (3.4) and the corresponding C matrices are given by (3.8).

The Legendre polynomials produce relatively sparse C and D matrices and are
used in the examples of sections 3 and 4. The advantages, if any, of other families of
polynomials (e.g., b �= 0 for 
 = 1) have not been determined.

Appendix E. In this appendix we give the Mathematica code for generating
the matrices C0, C1 for any 
 and Legendre polynomials. We also give the code for
generating D0, D1 for the general case if C0 and C1 are given.
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(*Mathematica Code*)

(*Compute C0 and C1 matrices for Legendre polynomials*)

phi[i_,x_] :=Sqrt[i+1/2] LegendreP[i,x]

c0[i_,j_] :=2 Integrate[phi[j-1,2x+1] phi[i-1,x], {x, -1, 0}]

C0m[l_] :=Array[c0,{l+1,l+1}]

c1[i_,j_] :=2 Integrate[phi[j-1,2x-1] phi[i-1,x], {x, 0, 1}]

C1m[l_] :=Array[c1,{l+1,l+1}]

(*Compute D0 and D1 matrices -Assumes C0 and C1 are input*)

Mat[m0_,m1_] :=(l=Length[m0]-1;

im=IdentityMatrix[l+1];

m0t=Transpose[m0];

m1t=Transpose[m1];

bs=Inverse[im-1/4 (m0t-m1t) .(m0-m1)];

{e,m}=Eigensystem[bs];

mt=Transpose[m];

de=DiagonalMatrix[e];

b=(1/Sqrt[2]) mt.Sqrt[de].Inverse[mt] ;

d0m=Sqrt[2] b. (-im+(1/2)(m0t.m0-m1t.m0)) ;

d1m=Sqrt[2] b. (im-(1/2)(m1t.m1-m0t.m1)) ;

(*output C0,C1,D0,D1 matrices*)

{m0,m1,d0m,d1m} )

(*EXAMPLE {C0,C1,D0,D1}=Mat[C0m[2],C1m[2]] produces (3.5) and (3.6)*)

The Mathematica statement {C0, C1, D0, D1} =Mat[C0m[4], C1m[4]] generates
the array form of the matrices for the first five (
 = 4) Legendre polynomials (3.3),
i.e.,

C0 =




1 0 0 0 0
−√

3
2

1
2 0 0 0

0 −√
15

4
1
4 0 0√

7
8

√
21
8

−√
35

8
1
8 0

0
√

3
8

3
√

5
8

−3
√

7
16

1
16


 ,(E.1)

C1 =




1 0 0 0 0√
3

2
1
2 0 0 0

0
√

15
4

1
4 0 0

−√
7

8

√
21
8

√
35
8

1
8 0

0 −√
3

8
3
√

5
8

3
√

7
16

1
16


 .(E.2)

The exact expressions for the D matrices are quite complex and we give only the
approximate numerical values:

D0 =



−0.239593 −0.414988 −0.288479 0.828951 0

0 −0.0349215 −0.13525 −0.120023 0.982895
−0.288479 −0.49966 −0.608198 −0.545174 0

0 −0.120023 −0.464847 −0.859942 −0.173238
0 0 0 0 −1


 ,(E.3)
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D1 =



0.239593 −0.414988 0.288479 0.828951 0

0 0.0349215 −0.13525 0.120023 0.982895
0.288479 −0.49966 0.608198 −0.545174 0

0 0.120023 −0.464847 0.859942 −0.173238
0 0 0 0 1


 .(E.4)

For completeness we give the corresponding approximate B matrix:

B =




6.88098 0 −3.26377 0 0
0 38.9165 0 −5.43161 0

−3.26377 0 2.71069 0 0
0 −5.43161 0 1.58037 0
0 0 0 0 0.707107


 .(E.5)
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Abstract. We generalize Harten’s interpolatory multiresolution representation to include Her-
mite interpolation. Compact Hermite interpolation with optimal order accuracy is used in both the
decomposition and reconstruction algorithm. The resulting multiple basis functions (biorthogonal
multiwavelets) are symmetric or skew-symmetric, compact, and analytic. Harten’s approach has sev-
eral advantages: the multiresolution scheme is inherently discrete, nonperiodic boundary conditions
are easy to implement, and the representation can be extended to nonuniform grids in bounded do-
mains. We demonstrate the compression features of the new multiple basis functions by application
to several examples.

Key words. wavelets, multiwavelets, multiresolution
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1. Introduction. A multiresolution analysis is the decomposition of a function,
e.g., u(x), into scales. A discrete multiresolution analysis is a decomposition of a
vector array u representing a point value discretization of u(x) on a uniform partition
of [0, 1]. (In practice, the input array may come from a finite difference or finite
element approximation to the underlying function u(x).) A discrete multiresolution
algorithm consists of a decomposition (analysis) which generates the scale coefficients
from the input array and a reconstruction (synthesis) which recovers the input array
from the scale coefficients. The reconstruction is conservative in the sense that it
reproduces exactly the input array.

An interpolatory multiresolution algorithm due to Harten [Ha93, Ha94, Ha95] can
be briefly described as follows. At each step of the decomposition there is a dyadic
coarsening of the grid. The grid level index, denoted by the integer k, decreases with
grid coarsening. In going from level k to k−1, the even-point values are projected and
the odd-point values are decimated, i.e., discarded. At level k−1 of the reconstruction
step, interpolation is used to predict the missing odd-point values at the finer level
k. Of course the interpolated values are not, in general, exact since there is an
interpolation error. However, in each decomposition step the interpolation errors are
computed and saved before the odd-point values are decimated. Consequently, in
each step of the reconstruction algorithm the interpolation errors are added to the
interpolated values to obtain exact reconstruction. In an interpolatory multiresolution
analysis, the interpolation errors at each level k are the scale coefficients. It should be
noted that the input array for an interpolatory multiresolution algorithm may consist
of cell-averaged values rather than point values. In this case the even-point values are
not simply projected from level k to k − 1 [Ha95].

Harten’s interpolatory multiresolution analysis has a beautiful simplicity. The
multiresolution algorithm for a uniform grid and periodic boundary conditions can
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the SIAM Annual Meeting, Charlotte, North Carolina, 1995 and in NASA TM 110434, 1997.
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easily be extended to nonuniform grids and nonperiodic boundary conditions since
the requisite interpolation formula does not depend on uniform spacing and can be
modified at or near a boundary. This is in contrast to the classical theory of discrete
wavelets where it is not possible to expand a function by translates and dilates of a
single function on a nonuniform grid and nonperiodic boundary conditions are difficult
to implement.

The scalar version of Harten’s algorithm is closely related to the work of Donoho
[Do92], Sweldens [Sw95], and Sweldens and Schroder [Sw96]. Donoho developed inter-
polating wavelet transforms where the coefficients are obtained by linear combinations
of samples rather than integration. The resulting coefficients have decay properties
comparable to the decay properties of smooth orthogonal wavelet decompositions.
Sweldens introduced the terminology second generation wavelets to describe wavelets
that are not necessarily translates and dilates of a single scalar function. Harten’s
interpolatory wavelets and their generalization to multiwavelets have this property
when applied on nonuniform grids and/or finite domains. Sweldens [Sw95] describes
a lifting scheme for constructing biorthogonal wavelets by generalization of a basic
interpolatory multiresolution algorithm. The lifting scheme imposes an additional
global property such as the conservation of some scalar quantity; however, the sup-
port of the wavelet is increased while the order of accuracy remains the same as the
basic algorithm. Cai and Wang [Ca96] have developed a spline wavelet-like decom-
position for a Sobolev space. The resulting wavelet expansion interpolates function
values by using cubic splines.

In an interpolatory multiresolution algorithm the interpolation process plays a
crucial role. For the scalar algorithm on a uniform grid, the interpolation process
is equivalent to a scheme proposed by Dubuc [Du86] with extensions by Deslauriers
and Dubuc [De89]. One assumes that discrete function values are given on a uniform
partition of an interval. The question is how to extend these discrete values smoothly
by interpolation to a nested sequence of uniformly refined dyadic grids. Dubuc defines
a method of interpolation generated through a symmetric iterative process on the
refined dyadic grids. The Dubuc iterative process is an interpolation scheme, i.e., a
fill-in scheme, but not a multiresolution scheme.

In this paper we consider compact Hermite interpolation not considered by Harten
or Dubuc. An interpolation is said to be compact Hermite if it interpolates function
values on a subinterval using function values and derivative values at the subinterval
end points, i.e., the interpolation points. The advantage of using compact interpola-
tion is that for a multiresolution analysis the support of the basis functions is only
two subintervals and the basis functions are piecewise polynomials (nonfractal). In
contrast, the cubic interpolation used by Dubuc [Du86] and Harten [Ha93] leads to a
basis function which is not analytic and has three times the support of a basis func-
tion resulting from compact Hermite interpolation. In Harten’s scalar interpolatory
multiresolution analysis a single variable (scalar) is required at each grid point. In
our extension to compact Hermite interpolation, multiple variables are required at
each grid point and we use the notation vector multiresolution analysis. Compact
Hermite interpolation leads to multiple basis functions or, for brevity, multiwavelets.
In this paper we restrict our attention to one spatial dimension. A two-dimensional
multiwavelet version in nonstandard form will be described elsewhere. This work was
motivated by a paper on multiwavelets by Strang and Strela [St94]. Their wavelets
are orthogonal but piecewise linear and fractal. The basis vectors in this paper are
biorthogonal but of arbitrary order and smooth. The biorthogonal Hermite multi-
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wavelets developed in this paper can be viewed (for uniform spacing) as a particular
class coming from the general theory of oblique multiwavelet transforms developed
by Aldroubi [Al97]. For oblique multiwavelets there are no constraints about orthog-
onality or even biorthogonality.

In general, a wavelet comes from the scaling function by taking “differences”
[St89], i.e., the wavelet is a linear combination of translates of the scaling function
at the next finer level. In the case of a uniform grid, periodic boundary conditions,
compact interpolation, and projection of the even-point values, Harten’s interpolatory
multiresolution approach leads to a wavelet which is a translate of the scaling function
at the next finer level. Consequently, the scaling function and the wavelet have the
same functional form, i.e., they are similar functions. This same property extends to
multiwavelets where there are several scaling functions and the corresponding wavelets
have the same functional form as the scaling functions. The resulting multiwavelets
are biorthogonal. In the finite element approach of Strela and Strang [Stre95] each
vector multiwavelet is a linear combination of the vector scaling functions translated
at the next finer level. This leads to multiwavelets with a larger support (three inter-
vals) as compared with our multiwavelets (two intervals). Strela and Strang achieve
semiorthogonality, which is more than biorthogonality and less than orthogonality.
The procedure for determining the coefficient matrices of their wavelet equation is
rather complicated, and the matrices are not given in analytical form.

This paper is organized as follows. In the next section we define a nested sequence
of uniform dyadic grids for a multiresolution analysis. Since our vector multiresolution
analysis is a generalization of Harten’s scalar analysis, we outline the development of
scalar multiresolution analysis in section 3. The definition of accuracy is reviewed in
section 4. Compact Hermite interpolation is presented in section 5. In section 6 we
generalize Harten’s scalar multiresolution analysis to a vector multiresolution analysis
with point values and first derivative values specified on a given mesh. A general
vector multiresolution algorithm is then developed (section 7) for any combination
of function values and one or more derivative values. If only grid-point function
values are given in the input array, then the requisite derivative values are computed
in a preprocessing step using finite differences (section 8). Accuracy for a vector
multiresolution algorithm is defined in section 9. The data compression features of
the multiwavelet algorithm are illustrated in section 10. Some concluding remarks are
in the final section.

Neither the development nor the application of an interpolatory multiresolution
algorithm requires a knowledge of the basis vectors, the scaling functions, or the
wavelets. Additionally, implementation of the algorithm does not require explicit
knowledge of the dilation (scaling) equation or wavelet equation. However, one needs
to select an algorithm with basis functions (which are derived from the scaling func-
tions) appropriate for the particular application, and naturally, one would like to know
what scaling functions the multiresolution algorithm generates. Analysis related to
the scaling equation, the scaling function, the wavelets, and the discrete basis vec-
tors are relegated to several appendices. In a compact interpolatory multiresolution
algorithm the unit interpolation function plays the role of the scaling function. In
Appendix A we define the unit interpolation function and derive the dilation equa-
tion which it satisfies. In Appendix B we examine the discrete basis vectors which
can easily be computed numerically from the reconstruction algorithm or analyti-
cally from the scaling function. The fill-in algorithm, which is an iterative method
of interpolating between the specified function values on a discrete grid, is described
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in Appendix C. The filled-in function is the subinterval function representation (or
subgrid resolution). The fill-in algorithm for vector multiresolution is described in
Appendix D. Analytical formulas for the unit interpolation functions for particular
cases are derived in Appendix E.

2. Nested grid hierarchy. Let m > n be positive integers, and let
{Xk}k=m,m−1, ... ,n denote a nested sequence of uniform dyadic grids on the unit in-
terval [0, 1] defined by

Xk = {xkj }Jkj=0, xkj = jhk, hk = 1/2k, Jk = 2k,(2.1)

where the positive integer k denotes the grid level index. The level index k = m
corresponds to the finest grid in the hierarchy where the number of subintervals is
Jm = 2m and the subinterval (grid spacing) is hm = 2−m. The level index k = n
corresponds to the coarsest grid where the number of subintervals is Jn = 2n and the
increment is hn = 2−n. Note that Xk−1 is formed from Xk by removing grid points
of Xk with odd indices:

xk−1
j = xk2j , j = 0, 1, 2, . . . , Jk−1.(2.2)

A nested sequence of uniform grids is illustrated in Figure 2.1 for m = 4 and n = 0.
At each level k a grid vector is defined by

xk = [xk1 , x
k
2 , . . . , 1]

T xkj = j/2k.(2.3)

The grid points xkj are sometimes called dyadic points. At each level k a vector u
k of

point values is associated with the grid vector xk:

uk = [uk1 , u
k
2 , . . . , u

k
Jk
]T , Jk = 2k.(2.4)

The vector uk−1 is half the length of uk and is formed by a prescription given in the
multiresolution algorithm developed in section 3.

Implicit in this paper is the assumption of a periodic input array with a unit
period. For discrete data, periodicity with a unit period is expressed as

ukj+	Jk = ukj(2.5)

for every integer �. Note that the assumption of periodicity implies uk0 = ukJk . Other
boundary conditions are easy to implement and will be described in a subsequent
paper.

At the finest level k = m, the vector of point values associated with the grid xm

is

um = [um1 , u
m
2 , . . . , u

m
Jm ]

T , Jm = 2m.(2.6)

Discrete data on the finest grid may come from a continuous periodic function u(x)
sampled on the unit interval [0, 1], i.e.,

u(x) ε C[0, 1],(2.7)

where C[0, 1] is the space of continuous periodic functions on [0, 1]. The discrete
values u(xmj ) are obtained from a point discretization on the finest grid:

umj = u(xmj ), j = 1, 2, . . . , Jm.(2.8)

In the following development of a multiresolution scheme, the vector um can be an
arbitrary vector, and there is no assumption that it represents a point discretization
of the form (2.8). However, if one considers the issue of accuracy (section 4), then an
appropriate assumption on the number of continuous derivatives must be made.
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Fig. 2.1. Nested sequence of grids.

3. Scalar multiresolution algorithm. In this section we describe a scalar
interpolatory multiresolution algorithm due to Harten [Ha93, Ha94, Ha95]. We start
at an arbitrary grid level k and go down one level to k − 1 and then go back to level
k. Two generic grids at levels k and k − 1 are shown pictorially in Figure 3.1. The
goal is to achieve scale decomposition and perfect reconstruction of the original data
at level k.

3.1. Algorithm development. To go down one level we project the even-point
values from level k to k − 1:

uk−1
j = uk2j , j = 1, 2, . . . , Jk−1.(3.1)

(See Figure 3.1 and (2.2).) Note that uk−1 is formed from uk by decimation, i.e.,
discarding values of uk with odd indices. Some authors refer to this step as subsam-
pling.

Next, we want to go back up to level k. The even-point values at level k are
determined by simply reversing the projection (3.1):

uk2j = uk−1
j , j = 1, 2, . . . , Jk−1.(3.2)

But how can one get the odd-point values uk2j−1 at level k from data at level k − 1?
Harten [Ha93, Ha95] used interpolation, and we use linear interpolation as an example.
(Interpolation formulas are discussed in detail in section 5.) Let xk−1

j−1/2 be a fictitious
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Fig. 3.1. Two generic grid levels.

grid point in the middle of the subinterval [xk−1
j−1 , x

k−1
j ]. The point is called fictitious

because it is not a point of the grid Xk−1; however, it is clear that

xk−1
j−1/2 = xk2j−1.(3.3)

(See Figure 3.1.) By linear interpolation at level k − 1, one obtains

ũk−1
j−1/2 =

1

2
(uk−1
j + uk−1

j−1 ), j = 1, 2, . . . , Jk−1,(3.4)

where ũk−1
j−1/2 is the (linearly) interpolated value at the fictitious point xk−1

j−1/2. The

projection (3.1) and (3.3) are used to rewrite (3.4) as

ũk2j−1 =
1

2
(uk2j + uk2j−2), j = 1, 2, . . . , Jk−1,(3.5)

where ũk2j−1 denotes a linearly interpolated value of u
k
2j−1. However, in general, (3.5)

is not exact and will not have perfect reconstruction.
An obvious way to fix this deficiency is the following. While we are still at level k

(in the decomposition), we have the exact odd-point values uk2j−1. Before we decimate
the odd-point values at level k we compute interpolation errors or residuals at the
odd grid points of Xk and denote the result by rk−1

j :

rk−1
j = uk2j−1 − ũk2j−1, j = 1, 2, . . . , Jk−1.(3.6)

For linear interpolation ũk2j−1 is given by (3.5). If we save the rk−1
j ’s, then when we

go up from level k − 1 to k (in the reconstruction), we can compute the exact value
at the odd points by

uk2j−1 = ũk2j−1 + rk−1
j j = 1, 2, . . . , Jk−1.(3.7)

The superscript k−1 of rk−1
j indicates that the interpolation error or residual is stored

at level k− 1. It is used to reconstruct the exact values at the odd-point values when
going from level k − 1 to level k (see the next algorithm given below). The rkj ’s are
sometimes referred to as the scale coefficients at the kth level of resolution.

Before writing down the multiresolution algorithm we introduce notation for the
interpolation function. For polynomial interpolation of arbitrary order, the function
Ik(xk2j−1;u

k
2j) interpolates odd-point values u

k
2j−1 (at odd grid points xk2j−1) using

even-point values uk2j . For linear interpolation (3.5) we write

ũk2j−1 = Ik(xk2j−1;u
k
2j) =

1

2
(uk2j + uk2j−2), j = 1, 2, . . . , Jk−1.(3.8)
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As a higher order accurate example, cubic interpolation is given by

ũk2j−1 = Ik(xk2j−1;u
k
2j) =

9

16
(uk2j + uk2j−2)−

1

16
(uk2j+2 + uk2j−4).(3.9)

Finally, using (3.1), (3.6) and (3.2), (3.7) together with the interpolation function,
e.g., (3.8), one can write an interpolatory multiresolution algorithm in pseudocode:

decomposition
For k = m,m− 1, . . . , n+ 1

For j = 1, 2, . . . , Jk−1

uk−1
j = uk2j ,

rk−1
j = uk2j−1 − Ik(xk2j−1;u

k
2j),

(3.10a)

End

End
reconstruction

For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

uk2j = uk−1
j ,

uk2j−1 = Ik(xk2j−1;u
k
2j) + rk−1

j ,
(3.10b)

End

End

Note that the reconstruction step (3.10b) is an obvious reversal or inverse of the
decomposition step (3.10a). The number of levels we go down in the decomposition
step is m−n. The minimum value of the index n is determined by the support of the
interpolation formula. For linear interpolation it is n ≥ 1, and for cubic interpolation
it is n ≥ 3. If for cubic interpolation one picks n < 3, then there is a periodic
wraparound of the basis function.

In the reconstruction algorithm (3.10b) the interpolation is done at level k. One
could also do the interpolation at level k − 1 as given, for example, by (3.4). The
choice is determined by ease of coding or notational convenience as in the vector-
matrix form given below. The function Ik−1(xk−1

j−1/2;u
k−1
j ) interpolates half-integer-

point values uk−1
j−1/2 (at half-integer grid points x

k−1
j−1/2) using integer point values u

k−1
j .

For example, linear interpolation (3.4) is denoted by

ũk−1
j−1/2 = Ik−1(xk−1

j−1/2;u
k−1
j ) =

1

2
(uk−1
j + uk−1

j−1 ), j = 1, 2, . . . , Jk−1.(3.11)

The fact that

Ik(xk2j−1;u
k
2j) = Ik−1(xk−1

j−1/2;u
k−1
j )

follows directly from the projection (3.1) and the identity (3.3). Consequently, one
can write the reconstruction algorithm (3.10b) as
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reconstruction
For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

uk2j = uk−1
j ,

uk2j−1 = Ik−1(xk−1
j−1/2;u

k−1
j ) + rk−1

j ,
(3.12)

End

End

3.2. Biorthogonality and perfect reconstruction. For analysis and exposi-
tion purposes we follow the notation of Strang [St89] and rewrite the multiresolution
algorithm (3.10a), (3.12) in vector-matrix form as

decomposition
For k = m,m− 1, . . . , n+ 1

uk−1 = Luk

rk−1 = Huk
(3.13a)

End
reconstruction

For k = n+ 1, n+ 2, . . . ,m

uk = Lsuk−1 +Hsrk−1(3.13b)

End

The length (dimension) of the column vectors uk and rk is 2k (see (2.4)). The di-
mensions of the rectangular matrices L and H are 2k−1 × 2k, and the dimensions of
the matrices Ls and Hs are 2k × 2k−1. For the case of linear interpolation, the form
of the matrices L, H, Ls, and Hs is given at the end of section 7 as a special case
of a vector multiresolution algorithm. The vector-matrix form (3.13) is not generally
the recommended computational form, but it is useful for analytical exposition. A
multiresolution algorithm must possess the perfect reconstruction property, i.e., if one
starts at an arbitrary level k and goes down one level to k − 1 and goes back to level
k, then the original k-level data must be reproduced exactly. Using (3.13), one can
write the perfect reconstruction property in matrix form as[

L
H

] [
Ls Hs

]
=

[
I 0
0 I

]
,(3.14)

and one obtains the following identities:

LLs = I,(3.15a)

LHs = 0,(3.15b)

HLs = 0,(3.15c)

HHs = I.(3.15d)
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Note that (3.14) has the form AA−1 = I, where A is a square matrix, and conse-
quently, we can rewrite (3.14) as

[
Ls Hs

] [L
H

]
= I.(3.16)

From this equation we obtain an additional identity

LsL+HsH = I,(3.17)

which is not an identity independent from (3.15).
Perfect reconstruction requires that identities (3.15) be satisfied. A discrete mul-

tiresolution analysis is said to be biorthogonal if identities (3.15) are satisfied. For
example, (3.15a) and (3.15b) impose the condition that the ith row of L is orthog-
onal to the jth column of Ls (i �= j) and all columns of Hs. If Ls and Hs are
transposes of L and H, then the multiresolution analysis is said to be orthogonal (see
Strang [St89]). The interpolatory multiresolution analysis of this paper leads to a
biorthogonal multiresolution analysis.

3.3. Pyramid scheme and scale decomposition. In the following discussion
it is convenient to write vectors as row vectors. To avoid awkward superscripts such
as (uk)T , we use an accent prime to indicate a vector transpose:

úk = (uk)T .

From (3.13) it is clear that a knowledge of [úk−1, ŕk−1] is equivalent to a knowledge
of [úk]:

[úk] � [úk−1, ŕk−1].(3.18)

Hence one can represent the multiresolution algorithm as a pyramid scheme

[úm] � [úm−1, ŕm−1] � [úm−2, ŕm−2, ŕm−1] � · · ·� [ún, ŕn, . . . , ŕk, . . . , ŕm−2, ŕm−1]

= [d́m].(3.19)

The rightmost vector of (3.19) is defined to be the decomposition vector

[d́m] = [ún, ŕn, . . . , ŕk, . . . , ŕm−2, ŕm−1],(3.20)

where dm is the multiresolution representation of um. In (3.19) sequencing left to
right ⇀ is the decomposition and sequencing to right to left ↽ is the reconstruction.
It is important to note that every vector [ · ] of (3.19) has the same length, namely
2m. Consequently, the most convenient and compact way to code an interpolatory
multiresolution algorithm is to start with an input vector um and overwrite um at
every step of the decomposition (or reconstruction) as indicated in (3.19). Note that
only the left two subvectors of the vector are changed from step to step in this pyramid
scheme.

Relation (3.19) shows there is a one-to-one transformation between um and dm

which we denote by

dm =W−1um,(3.21a)
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um =Wdm,(3.21b)

where W is a 2m × 2m matrix. In component form (3.21b) is

um =

2m∑
	=1

dm	 w	,(3.22)

where the dm	 ’s are the elements of d
m. The basis vector w	 denotes the �th column

of W.
By using the decomposition vector dm defined by (3.20), one can rewrite (3.21b)

as

um = û(n) + u(n) + u(n+1) + · · ·+ u(k) + · · ·+ u(m−1),(3.23a)

where

û(n) =

2n∑
	=1

un	w	,(3.23b)

u(k) =

2k∑
	=1

rk	w2k+	.(3.23c)

(The notation u(k) should not be confused with uk.) In (3.23c) the rk	 ’s are the
elements of the subvector rk of the decomposition vector dm given by (3.20). For
n ≤ k ≤ m − 1 the detail u(k) is a linear combination of 2k multiresolution basis
vectors of scale 2−k. For compact interpolation (section 5), the basis vectors of scale
2−k are nonoverlapping (see Appendix B.2.a.). It is apparent that a multiresolution
decomposition splits um into components at different scales indexed by k. The vector
û(n) is a linear combination of overlapping multiresolution basis vectors (see (B.2b)).
The un	 ’s are the elements of the subvector u

n of the decomposition vector dm.
For any multiresolution scheme it is instructive to plot the discrete basis vectors

w	 of the expansion (3.22) for particular values of n and m. This can easily be done
as described in Appendix B. The basis vectors corresponding to linear interpolation
are plotted in Figure B.1 for m = 3. In Appendix B.2 we also examine the discrete
basis vectors as determined by the dilation and translation of a piecewise polynomial
basis function evaluated on a discrete grid.

In a compact interpolatory multiresolution algorithm the unit interpolation func-
tion plays the role of the scaling function. In Appendix A we define the unit interpola-
tion function and derive the dilation equation which it satisfies for linear interpolation.

An auxiliary question relates to subinterval function representation. Given the
vector of discrete function values (2.6) and an interpolating polynomial (not necessar-
ily compact), how does one fill in between the discrete function values by an iterative
interpolation method? A “filled-in” function is the subinterval function representa-
tion (or subgrid resolution) resulting from a particular interpolation formula. The
fill-in algorithm for scalar multiresolution analysis is given in Appendix C, and the
generalization for a vector multiresolution analysis is given in Appendix D.

4. Accuracy of a scalar multiresolution algorithm. Let the function (2.7)
be a polynomial, i.e.,

u(x) = xq, 0 ≤ x ≤ 1,(4.1)
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where q is a nonnegative integer. On the grid points corresponding to the grid vector

xm = [x1, x2, . . . , 1]
T , xj = j/2m,(4.2)

discrete values of the polynomial (4.1) are given by

um = [xq1, x
q
2, . . . , 1]

T .(4.3)

From decomposition step (3.10a) the interpolation error or residual for k = m is

rm−1
j = um2j−1 − Im(xm2j−1;u

m
2j), j = 1, 2, . . . , Jm−1,(4.4)

where um2j is the 2jth component of (4.3). The number p of vanishing residuals of a
multiresolution algorithm is defined by

[
rm−1
j = 0, j = 1, 2, . . . , Jm−1

]
, q = 0, 1, . . . , p− 1(4.5a)

and

[
rm−1
j �= 0, j = 1, 2, . . . , Jm−1

]
, q = p.(4.5b)

The order of accuracy is defined to be p. As an example, for linear interpolation
(3.8) the number of vanishing residuals is p = 2 and the order of accuracy is 2. For
cubic interpolation (3.9) the number of vanishing residuals is p = 4 and the order of
accuracy is 4.

It is often convenient to define accuracy using vector-matrix notation. Denote
the vector (4.3) by

[x]q = [xq1, x
q
2, . . . , 1]

T .(4.6)

The order of accuracy of a multiresolution algorithm is the number of vanishing mo-
ments of the error or residual operator H of (3.13a), i.e., if

H[x]q = 0, q = 0, 1, . . . , p− 1,(4.7a)

and

H[x]p �= 0,(4.7b)

then the order of accuracy is p. For periodic boundary conditions (2.5), the vectors
H[x]q, q < p, will have nonzero elements near the ends of the vector arrays since peri-
odicity forces a jump in the function (4.1), except for q = 0. After proper adjustment
of the scalar interpolation formula near the ends of the unit interval to account for
nonperiodic boundary conditions, (4.7) will be satisfied exactly.

For an interpolatory multiresolution algorithm it is easy to analytically check the
accuracy since the truncation error of the interpolation formula is the residual in the
decomposition step. The truncation error for linear interpolation is given by (5.3) in
the next section, and it is obvious that the error is zero if u(x) is a linear function,
and consequently, p = 2.
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5. Compact interpolation formulas. Let u(x) be a continuous periodic func-
tion on the interval [0, 1], i.e., u(x) ∈ C[0, 1]. The discrete mesh or grid Xm defined
by (2.1) is a uniform partition of [0, 1] by the points 0 = x0 < x1 < · · · < xj <
· · · < xJm = 1. Let ũ(x) be a piecewise polynomial which coincides with u(x) at
the grid points Xm called the interpolation points. The function ũ(x) is a piecewise
polynomial of degree 2�−1 if in each subinterval [xj−1, xj ] it is a polynomial of degree
2�− 1.

In this paper a piecewise interpolating polynomial is said to be compact if it
interpolates function values on the subinterval [xj−1, xj ] using only point values and
(possibly) one or more derivatives of u(x) at the end points xj−1 and xj . If only
point values are used, we use the terminology scalar compact interpolation. If point
values and one or more derivative values are used, we use the terminology vector
compact interpolation since more than one variable must be assigned to each grid
point. Although in the multiresolution algorithms of this paper we assume uniform
grid spacing, compact interpolation formulas are applicable for arbitrary spacing hj =
xj − xj−1.

To summarize, in the construction of a vector compact interpolation formula the
function value and (� − 1) derivatives are given at each end point of the subinterval
[xj−1, xj ]. Consequently, we match 2� conditions, and the interpolating piecewise
polynomial has odd degree 2�− 1 with �− 1 continuous derivatives.

The simplest example of a compact formula is (scalar) linear interpolation:

ũj(x) = aj(x− xj−1) + bj , xj−1 ≤ x ≤ xj , j = 0, 1, . . . , Jm − 1,(5.1a)

where

bj = u(xj−1),(5.1b)

aj =
1

h
[u(xj)− u(xj−1)],(5.1c)

h = xj − xj−1.(5.1d)

In this case, ũ(x) is a polynomial of degree 1 and is a straight line defined by (5.1).
Evaluation of (5.1) at the midpoint of the subinterval xj − h/2 yields

ũj(xj − h/2) = 1

2
[u(xj) + u(xj−1)].(5.2)

If u(x) ∈ C(2)[0, 1], the truncation error of the midpoint interpolation (5.2) is found
by a Taylor series expansion:

u(xj − h/2)− ũj(xj − h/2) = −1
8

d2u

dx2

∣∣∣∣
xj−h/2

h2 +O(h3).(5.3)

The interpolation formula (5.1) is exact if u(x) is a first degree (linear) polynomial.
An example of a noncompact interpolation formula is Newton’s cubic interpola-

tion formula

ũj(x) = dj + cj(x− xj−2) + bj(x− xj−2)(x− xj−1)

+ aj(x− xj−2)(x− xj−1)(x− xj), xj−1 ≤ x ≤ xj .(5.4)
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Here function values u(xj−2) and u(xj+1) are required in addition to the local values
u(xj−1) and u(xj) to evaluate the coefficients aj , bj , cj , and dj . We also note that
cubic spline interpolation is not compact since it requires nonlocal data.

Linear interpolation (5.1) is the only compact formula using only function values,
i.e., the only scalar compact formula. In addition to low order approximation, it has
the drawback of discontinuous derivatives at the interpolation points. We can obtain
higher order accurate compact formulas and at the same time obtain smoother ap-
proximations by using Hermite (vector) interpolation where one matches derivatives
as well as function values at the interpolation points. If u(x) ∈ C(2	)[0, 1], the trunca-
tion error is of the order 2�, i.e., O(h2	), and the interpolating polynomial converges
to u(x) with order 2� as h→ 0. Note that Hermite interpolation is exact if u(x) is a
polynomial of degree 2�− 1 or less.

As an example, we consider compact Hermite interpolation which matches func-
tion values and first derivative values at the ends of the subinterval [xj−1, xj ]. In
the following, the first derivative of u(x) is denoted by u′(x). Here we assume that
u(x) ∈ C(1)[0, 1]. Since there are four conditions u(xj−1), u

′(xj−1), u(xj), and u
′(xj)

to match, it is clear that the interpolating polynomial is a cubic on each subinterval
[xj−1, xj ]:

ũj(x) = aj(x− xj−1)
3 + bj(x− xj−1)

2 + cj(x− xj−1) + dj , xj−1 ≤ x ≤ xj .(5.5)

The first derivative is

ũ′j(x) = 3aj(x− xj−1)
2 + 2bj(x− xj−1) + cj , xj−1 ≤ x ≤ xj .(5.6)

We enforce the conditions that the function ũj(x) and its derivative ũ
′
j(x) agree with

the exact values of u(x) and its derivative at the ends of the subinterval [xj−1, xj ]:

u(xj−1) = dj ,(5.7a)

u(xj) = ajh
3 + bjh

2 + cjh+ dj ,(5.7b)

u′(xj−1) = cj ,(5.7c)

u′(xj) = 3ajh
2 + 2bjh+ cj .(5.7d)

By solving the above equations for the coefficients, one obtains

dj = u(xj−1),(5.8a)

cj = u′(xj−1),(5.8b)

bj =
3

h2
[u(xj)− u(xj−1)]− 1

h
[u′(xj) + 2u′(xj−1)],(5.8c)

aj = − 2

h3
[u(xj)− u(xj−1)] +

1

h2
[u′(xj) + u′(xj−1)].(5.8d)

Evaluation of (5.5) at the midpoint of the subinterval xj − h/2 yields

ũj(xj − h/2) = 1

2
[u(xj) + u(xj−1)]− h

8
[u′(xj)− u′(xj−1)],(5.9a)

and evaluation of (5.6) at the midpoint of the subinterval xj − h/2 yields

ũ′j(xj − h/2) =
3

2h
[u(xj)− u(xj−1)]− 1

4
[u′(xj) + u′(xj−1)].(5.9b)
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If u(x) ∈ C(4)[0, 1], the truncation error of the midpoint interpolation (5.9a) is found
by Taylor series expansion:

u(xj − h/2)− ũj(xj − h/2) = 1

384

d4u

dx4

∣∣∣∣
xj−h/2

h4 +O(h5).(5.10a)

Furthermore, if u(x) ∈ C(5)[0, 1], the truncation error of the midpoint interpolation
(5.9b) is found by Taylor series expansion:

u′(xj − h/2)− ũ′j(xj − h/2) =
1

1920

d5u

dx5

∣∣∣∣
xj−h/2

h4 +O(h5).(5.10b)

The error terms shown above are consistent with the fact that Hermite interpolation
formulas (5.5) and (5.6) are exact if u(x) is a polynomial of degree 3 or less.

In Appendix E of [Wa97] we give two additional compact Hermite interpolation
formulas. In particular, we derive compact interpolation formulas which match func-
tion values and first and second derivatives at the ends of the subinterval [xj−1, xj ].
In addition, we derive compact interpolation formulas which match function values
and second derivatives at the ends of the subinterval [xj−1, xj ].

In the multiresolution algorithm one only needs the interpolation formulas (5.9)
at the subinterval midpoints (see section 6). However, if one wants to derive analytic
formulas for the multiresolution analysis basis functions, then the Hermite interpo-
lating polynomials (5.5) and (5.6) are required. If a compact interpolation formula is
used in an interpolatory multiresolution scheme, the resulting multiple basis functions
are piecewise polynomials (two pieces) of odd degree 2� − 1 with � − 1 derivatives.
Analytical formulas for the basis functions for several cases are given in Appendix E.
(In Appendix E the basis functions are referred to as unit interpolation functions. See
also the first paragraph of Appendix A.)

6. Vector multiresolution algorithm. In this section we generalize the scalar
multiresolution algorithm of section 3 to vector multiresolution for the special case
where a function u and its derivative u′ are given on the mesh Xm. In many ap-
plications, only point values are given and the requisite derivatives may need to be
computed by finite difference formulas. We consider this topic in section 8.

Point values and derivative values at even-numbered grid points are projected
from level k to k − 1:

uk−1
j = uk2j , j = 1, 2, . . . , Jk−1(6.1a)

u
′k−1
j = u′k2j , j = 1, 2, . . . , Jk−1.(6.1b)

Recalling the interpolation formulas (5.9) it is convenient to remove the explicit de-
pendence on the spacing hm by defining v(xmj ):

v(xmj ) = hmu
′(xmj ).(6.2)

From (2.1) the spacings on two successive levels are related by hk−1 = 2hk, and hence
one can rewrite (6.1b) as

vk−1
j = 2vk2j , j = 1, 2, . . . , Jk−1.(6.3)
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On the uniform grid Xk−1 defined by (2.1), the midpoint interpolation formulas (5.9)
are

ũk−1
j−1/2 = Ik−1

u (xk−1
j−1/2; [u

k−1
j , vk−1

j ]) =
1

2
(uk−1
j + uk−1

j−1 )−
1

8
(vk−1
j − vk−1

j−1 ),(6.4a)

ṽk−1
j−1/2 = Ik−1

v (xk−1
j−1/2; [u

k−1
j , vk−1

j ]) =
3

2
(uk−1
j − uk−1

j−1 )−
1

4
(vk−1
j + vk−1

j−1 ).(6.4b)

The projections (6.1a) and (6.3) are used to rewrite (6.4) on grid Xk:

ũk2j−1 = Iku(x
k
2j−1; [u

k
2j , v

k
2j ]) =

1

2
(uk2j + uk2j−2)−

1

4
(vk2j − vk2j−2),(6.5a)

ṽk2j−1 = Ikv (x
k
2j−1; [u

k
2j , v

k
2j ]) =

3

4
(uk2j − uk2j−2)−

1

4
(vk2j + vk2j−2).(6.5b)

Here the function Iku(x
k
2j−1; [u

k
2j , v

k
2j ]) interpolates odd-point values uk2j−1 (at odd

grid points xk2j−1) using even-point values [uk2j , v
k
2j ]. Likewise Ikv (x

k
2j−1; [u

k
2j , v

k
2j ])

interpolates odd derivative values vk2j−1 (at odd grid points xk2j−1) using even-point

values [uk2j , v
k
2j ]. An obvious generalization of the scalar multiresolution algorithm

(3.10) is
decomposition

For k = m,m− 1, . . . , n+ 1

For j = 1, 2, . . . , Jk−1

uk−1
j = uk2j ,

vk−1
j = 2vk2j ,

(ru)
k−1
j = uk2j−1 − Iku(xk2j−1; [u

k
2j , v

k
2j ]),

(rv)
k−1
j = vk2j−1 − Ikv (xk2j−1; [u

k
2j , v

k
2j ]),

(6.6a)

End

End

reconstruction

For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

uk2j = uk−1
j ,

vk2j =
1

2
vk−1
j ,

uk2j−1 = Iku(x
k
2j−1; [u

k
2j , v

k
2j ]) + (ru)

k−1
j ,

vk2j−1 = Ikv (x
k
2j−1; [u

k
2j , v

k
2j ]) + (rv)

k−1
j ,

(6.6b)

End

End
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Alternatively, the reconstruction algorithm (6.6b) can be written as

reconstruction

For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

uk2j = uk−1
j ,

vk2j =
1

2
vk−1
j ,

uk2j−1 = Ik−1
u (xk−1

j−1/2; [u
k−1
j , vk−1

j ]) + (ru)
k−1
j ,

vk2j−1 =
1

2
Ik−1
v (xk−1

j−1/2; [u
k−1
j , vk−1

j ]) + (rv)
k−1
j ,

(6.6c)

End

End

In the generalization of the next section it will be convenient to introduce vector-
matrix notation. The vector of point values at the finest level k = m is defined by
(2.6):

um = [um1 , u
m
2 , . . . , u

m
Jm ]

T , Jm = 2m,(6.7a)

where

umj = u(xmj ), j = 1, 2, . . . Jm.(6.7b)

The vector of scaled derivatives at the finest level is denoted by

vm = hm[u
′m
1 , u

′m
2 , . . . , u

′m
Jm ]

T = [vm1 , v
m
2 , . . . , v

m
Jm ]

T , Jm = 2m,(6.8a)

where

vmj = hm
d

dx
u(xmj ) = hmu

′m
j .(6.8b)

The input array is represented in matrix form as

Um = [um,vm],(6.9)

where Um is a Jm × 2 matrix. The vector multiresolution algorithm can be repre-
sented as a pyramid scheme analogous to (3.19). The output array at the end of the
decomposition is

Dm = [dmu ,d
m
v ].(6.10)

Here Dm is the multiresolution decomposition of Um. As in the scalar case, a
compact way to code the multiresolution pyramid algorithm is to start with the input
matrix Um (or Dm) and overwrite Um (or Dm) at every step of the decomposition
(or reconstruction) to obtain Dm (or Um).

In a vector compact interpolatory multiresolution algorithm, the unit interpola-
tion functions play the role of the scaling functions. In Appendix A we define the unit
interpolation functions and derive the vector dilation equation which they satisfy.
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7. General vector multiresolution algorithm. We now want to generalize
the algorithm of the previous section to a vector multiresolution algorithm for any
combination of u and one or more derivatives of u. For example, one could have u,
u′, and u′′, or u and u′′.

7.1. Notation and pyramid scheme. At the finest level k = m let

Um = [um1 ,u
m
2 , . . . ,u

m
ι ](7.1)

denote a Jm × ι matrix. The dimension of each column vector umi is Jm. For the
multiresolution of the previous section ι = 2 and

um1 = um and um2 = vm,(7.2)

where um and vm are defined by (6.7) and (6.8).
The multiresolution decomposition of Um is denoted by

Dm = [dm1 ,d
m
2 , . . . ,d

m
ι ].(7.3)

At level k the matrices

Uk = [uk1 ,u
k
2 , . . . ,u

k
ι ],(7.4a)

Rk = [rk1 , r
k
2 , . . . , r

k
ι ](7.4b)

have dimension Jk × ι. The matrix Rk is the array of residual values at the kth level
of resolution. For a vector multiresolution algorithm, the analogue of (3.18) is

[ Úk
] � [ Úk−1

, Ŕk−1
](7.5)

with an obvious generalization of the pyramid scheme (3.19).

[ Úm
] � [ Úm−1

, Ŕm−1
] � [ Úm−2

, Ŕm−2
, Ŕm−1

] � · · ·

� [ Ún
, Ŕn

, . . . , Ŕk
, . . . , Ŕm−2

, Ŕm−1
] = [ D́m

].(7.6)

In (7.5) and (7.6) the accent prime denotes a matrix transpose.
The jth rows of Uk and Rk are denoted by

Uk
j = [uk1,j , u

k
2,j , . . . , u

k
ι,j ],(7.7a)

Rk
j = [rk1,j , r

k
2,j , . . . , r

k
ι,j ],(7.7b)

and hence

Uk =




Uk
1

Uk
2

·
·
·
Uk
Jk−1

Uk
Jk



,(7.8a)
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Rk =




Rk
1

Rk
2

·
·
·
Rk
Jk−1

Rk
Jk



.(7.8b)

We also need a symbolic notation for the requisite interpolation formulas. A row
vector of interpolated values is

Ik[xk2j−1;Uk
2j ] = [Ik1 (x

k
2j−1;Uk

2j), I
k
2 (x

k
2j−1;Uk

2j), . . . , I
k
ι (x

k
2j−1;Uk

2j)].(7.9)

Here Ik[xk2j−1;Uk
2j ] interpolates odd-point values Uk

2j−1 (at odd grid points xk2j−1)

using even-point values Uk
2j . For example, from the previous section, (6.5) is written

as

Ik[xk2j−1;Uk
2j ] = [Ik1 (x

k
2j−1;Uk

2j), I
k
2 (x

k
2j−1;Uk

2j)]

=
[1
2
(uk2j + uk2j−2)−

1

4
(vk2j − vk2j−2),

3

4
(uk2j − uk2j−2)−

1

4
(vk2j + vk2j−2)

]
.(7.10)

Finally, in the projection step we need to allow for the possibility of multiplying (or
dividing) each column of Uk by a different constant value. Let

α = [α1, α2, . . . , αι](7.11)

and define

P∗α(Uk
2j) = [α1u

k
1,2j , α2u

k
2,2j , . . . , αιu

k
ι,2j ](7.12a)

P/α(Uk−1
j ) = [uk−1

1,j /α1, u
k−1
2,j /α2, . . . , u

k−1
ι,j /αι].(7.12b)

In MATLAB notation

P∗α(Uk
2j) = Uk

2j .∗α, P/α(Uk
j ) = Uk

j ./α.(7.13)

7.2. Computational algorithm. Using the above vector-matrix notation, the
decomposition and reconstruction algorithms are written as

decomposition

For k = m,m− 1, . . . , n+ 1

For j = 1, 2, . . . , Jk−1

Uk−1
j = P∗α( Uk

2j),

Rk−1
j = Uk

2j−1 − Ik[xk2j−1;Uk
2j ],

(7.14a)

End

End
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reconstruction

For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

Uk
2j = P/α(Uk−1

j ),

Uk
2j−1 = Ik[xk2j−1;Uk

2j ] +Rk−1
j ,

(7.14b)

End

End

Alternatively, the reconstruction algorithm can be rewritten as

reconstruction

For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

Uk
2j = P/α(Uk−1

j ),

Uk
2j−1 = P/α(Ik−1[xk−1

j−1/2;Uk−1
j ]) +Rk−1

j ,
(7.14c)

End

End

7.3. Vector-matrix form of algorithm. For analysis and exposition purposes
the decomposition and reconstruction algorithms (7.14a) and (7.14c) can also be writ-
ten in vector-matrix form as

decomposition

For k = m,m− 1, . . . , n+ 1

For j = 1, 2, . . . , Jk−1

Úk−1

j = C0 Úk

2j ,

Ŕk−1

j = D0 Úk

2j−2 +D1 Úk

2j−1 +D2 Úk

2j ,
(7.15a)

End

End

reconstruction

For k = n+ 1, n+ 2, . . . ,m

For j = 1, 2, . . . , Jk−1

Úk

2j = F1 Úk−1

j ,

Úk

2j−1 = F2 Úk−1

j−1 + F0 Úk−1

j +E0 Ŕk−1

j ,
(7.15b)

End

End,



1288 ROBERT F. WARMING AND RICHARD M. BEAM

where

Úk

j =



uk1,j
uk2,j
...
ukι,j


 ,(7.16a)

Ŕk

j =



rk1,j
rk2,j
...
rkι,j


(7.16b)

are column vectors (see (7.7)). The square matrices C0, Dj , Fj , and E0 have di-
mension ι× ι. For an interpolatory multiresolution algorithm, the reconstruction step
(7.15b) is an obvious reversal or inverse of the decomposition step, and hence

F0 = −D2C
−1
0 , F1 = C−1

0 , F2 = −D0C
−1
0 .(7.17)

For the special case of section 6 where a function and its derivative are given on
the mesh Xm, the matrices are given by

C0 =

[
1 0
0 2

]
,(7.18a)

D0 =

[−1/2 −1/4
3/4 1/4

]
,(7.18b)

D1 =

[
1 0
0 1

]
,(7.18c)

D2 =

[−1/2 1/4
−3/4 1/4

]
,(7.18d)

F1 = C−1
0 =

[
1 0
0 1/2

]
,(7.18e)

E0 =

[
1 0
0 1

]
,(7.18f)

F0 = −D2C
−1
0 =

[
1/2 −1/8
3/4 −1/8

]
,(7.18g)

F2 = −D0C
−1
0 =

[
1/2 1/8
−3/4 −1/8

]
.(7.18h)

For comparison with the notation for multiwavelets used by Strang and Strela
[St94] it is convenient to have the decomposition and reconstruction algorithms in
matrix notation:
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decomposition

For k = m,m− 1, . . . , n+ 1

Uk−1 = LUk,

Rk−1 = HUk,
(7.19a)

End

reconstruction

For k = n+ 1, n+ 2, . . . ,m

Uk = LsUk−1 +HsRk−1(7.19b)

End,

where

Uk =



Úk

1

Úk

2
...

Úk

2k


 ; Rk =



Ŕk

1

Ŕk

2
...

Ŕk

2k


 .(7.20)

The length (dimension) of the column vectors Uk and Rk is ι × 2k. The block
rectangular matrices L and H have block dimension 2k−1 × 2k with subblock size
ι× ι, and block matrices Ls and Hs have block dimension 2k × 2k−1. To indicate the
form of the block matrices we write out the matrices for the special case k = 3 with
periodic boundary conditions:

L =



0 C0 0 0 0 0 0 0
0 0 0 C0 0 0 0 0
0 0 0 0 0 C0 0 0
0 0 0 0 0 0 0 C0


 ,(7.21a)

H =



D1 D2 0 0 0 0 0 D0

0 D0 D1 D2 0 0 0 0
0 0 0 D0 D1 D2 0 0
0 0 0 0 0 D0 D1 D2


 ,(7.21b)

Ls =




F0 0 0 F2

F1 0 0 0
F2 F0 0 0
0 F1 0 0
0 F2 F0 0
0 0 F1 0
0 0 F2 F0

0 0 0 F1



,(7.21c)
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Hs =




E0 0 0 0
0 0 0 0
0 E0 0 0
0 0 0 0
0 0 E0 0
0 0 0 0
0 0 0 E0

0 0 0 0



.(7.21d)

The rectangular matrices satisfy the identities (3.15). For orthogonal multiwavelets,
one has Ls = L′ and Hs = H′, which is clearly not the case for the biorthogonal
multiwavelets of this paper.

For the compact scalar algorithm (linear interpolation) of section 3, the subma-
trices appearing in the above matrices are scalar entries. The appropriate entry is the
first element of each of the matrices (7.18):

C0 = 1, D0 = −1/2, D1 = 1, D2 = −1/2,(7.22a)

F0 = 1/2, F1 = 1, F2 = 1/2, E0 = 1.(7.22b)

7.4. Vector interpolation formulas and basis functions. To implement a
vector multiresolution algorithm for any particular case, one needs the appropriate
compact Hermite interpolation formulas. In Appendix F of [Wa97] we consider the
case of function values and first and second derivative values and the case of function
values and second derivative values.

Analytical formulas for the basis functions corresponding to several vector mul-
tiresolution algorithms based on compact Hermite interpolation are given in Appendix
E of [Wa97].

The fill-in algorithm for vector multiresolution is described in Appendix D of the
present paper. A “filled-in” function and one or more derivatives is the subinterval
function representation (or subgrid resolution) resulting from a particular compact
Hermite interpolation formula.

8. Point value implementation of a vector multiresolution algorithm.
In this section we consider an implementation of a vector multiresolution algorithm
if only point values are given. If the point values and first derivative values are both
given on the finest grid Xm, then one can apply the algorithm of section 7 directly
and form Jm × 2 array

Um = [um,vm](8.1)

defined by (6.9). In the notation of section 7, we rewrite (8.1) as

Um = [um1 ,u
m
2 ].(8.2)

8.1. Preprocessing. If only point values are given on the finest grid, i.e.,

um = um1 = [um1 , u
m
2 , . . . , u

m
Jm ]

T , Jm = 2m,(8.3)

we require a preprocessing step. The requisite derivatives at each point on the finest
grid are computed using the point values (8.3) and a numerical differentiation formula.
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A difference quotient consistent with the accuracy and compactness of the compact
Hermite interpolation formulas (5.9) is the Hermite or Padé formula

u′(xj−1) + 4u′(xj) + u′(xj+1) = − 3
h
[u(xj−1)− u(xj+1)]

+
1

30
u(5)(η) h4, xj−1 < η < xj+1,(8.4)

where h = xj+1−xj for uniform spacing. In writing (8.4) we assume u(x) ∈ C(5)[0, 1].
A Hermite or Padé difference approximation is obtained from (8.4) by dropping the
error term and replacing u(xj) and u

′(xj) by the discrete values uj and u′j , i.e.,

u′j−1 + 4u′j + u′j+1 = −
3

h
[uj−1 − uj+1].(8.5)

Note that (8.5) is consistent with (5.9b) rewritten to coincide with the grid points.
Following this procedure would introduce a derivative value for each point value

and double the size of the input array, but it would add no additional information. To
retain the size of the input vector array (8.3) we keep point values at even grid points
and compute the derivatives numerically at the even grid points by using odd-point
values. The Hermite formula (8.4) is modified to obtain

u′(xj−2) + 22u′(xj) + u′(xj+2) = −12
h
[u(xj−1)− u(xj+1)]

−17
15
u(5)(η) h4, xj−2 < η < xj+2,(8.6)

where h = xj+1−xj . It is obvious that derivatives computed from the above formula
are exact if u(x) is a quartic polynomial. On the even grid points of the discrete grid
Xm, the formula (8.6) becomes the approximation

vj−2 + 22vj + vj+2 = −24[uj−1 − uj+1], j = 2, 4, 6, . . . , Jm,(8.7)

where vj = 2hu′j . In the definition of vj the factor 2h appears rather than h since
the derivatives are only computed on the even grid points and the equivalent spacing
is 2h. The right-hand side of (8.7) is evaluated using odd-point values because if
only even points appear on the right-hand side, one cannot recover the odd-point
values at the completion of the reconstruction step of the multiresolution algorithm
(see below). For periodic boundary conditions, (8.7) leads to a circulant tridiagonal
Toeplitz matrix that must be “inverted” to solve for the even-point values vj . The
transformed input array is given by (8.2), where

um1 = [um2 , u
m
4 , . . . , u

m
Jm ]

T , Jm = 2m(8.8a)

um2 = [vm2 , v
m
4 , . . . , v

m
Jm ]

T , Jm = 2m(8.8b)

and vj = 2hmu
′
j . The modified input array size is Jm−1×2 and has the same number

of elements as the input array (8.3).
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8.2. Postprocessing. At the completion of the reconstruction step of the mul-
tiresolution algorithm, a postprocessing step is required to recover point values at the
odd grid points by rewriting (8.7):

[uj−1 − uj+1] = − 1

24
[vj−2 + 22vj + vj+2], j = 2, 4, 6, . . . , Jm.(8.9)

For periodic boundary conditions, one cannot solve the inverse transformation (8.9)
to find the odd-point values because the resulting circulant bidiagonal Toeplitz matrix
is singular. This problem always occurs with centered difference approximations and
periodic boundary conditions. The singularity can be avoided by the artifice of saving
the odd-point value u1 and using it in the postprocessing step. The matrix is then
a pure bidiagonal Toeplitz matrix, and the linear system is easily solved by a sweep
across the grid.

By choosing an uncentered difference approximation, one avoids the singular ma-
trix problem resulting from periodic boundary conditions. As an example, derivatives
at the even grid points (as in the preprocessing step) can be computed from an explicit
unsymmetric fourth-order difference approximation:

vj = 2hu′j =
1

6
[−uj−3 + 6uj−2 − 18uj−1 + 10uj + 3uj+1], j = 2, 4, 6, . . . , Jm.

(8.10)

Derivatives computed from this difference approximation are exact if u(x) is a quartic
polynomial. The transformed input array is (8.2) with (8.8b) computed using (8.10).
To recover the odd-point values from (8.8b), one rewrites (8.10) as

uj−2 + 18uj − 3uj+2 = −6vj+1 + 6uj−1 + 10uj+1, j = 1, 3, . . . , Jm − 1.(8.11)

For periodic boundary conditions, (8.11) leads to a nonsingular circulant tridiagonal
Toeplitz matrix that must be “inverted” to solve for the odd-point values.

9. Accuracy of a vector multiresolution algorithm. The definition of ac-
curacy for a vector multiresolution algorithm is an obvious generalization of the scalar
case of section 4. For example, the input array for point values and derivatives of the
polynomial (4.1) of section 4 is

Um = [um1 ,u
m
2 ],(9.1a)

where

um1 = [xq1, x
q
2, . . . , 1]

T , hm = 1/2m,(9.1b)

um2 = hm[qx
q−1
1 , qxq−1

2 , . . . , q]T , hm = 1/2m.(9.1c)

If the point value input vector is the polynomial array (9.1b), then clearly the scaled
(by h) derivative input vector is (9.1c).

From the decomposition step (7.14a) the residual vector for k = m is

Rm−1
j = Um

2j−1 − Im(xm2j−1;Um
2j), j = 1, . . . , Jm−1,(9.2)

where Um
2j is the 2jth row of (9.1a). The number p of vanishing residuals of a multi-

wavelet algorithm is defined by[Rm−1
j = 0, j = 1, 2, . . . , Jm−1

]
, q = 0, 1, . . . , p− 1(9.3a)
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and [Rm−1
j �= 0, j = 1, 2, . . . , Jm−1

]
, q = p.(9.3b)

The order of accuracy is defined to be p. Recall from section 5 that for compact
interpolation, the interpolating polynomial has odd degree 2�− 1. Hence the number
of vanishing residuals is p = 2�. As an example, for point values and derivatives using
Hermite interpolation (5.9), the number of vanishing residuals is p = 2� = 4 and the
order of accuracy is 4.

For a vector interpolatory multiresolution algorithm one can easily check the
accuracy since the truncation errors of the interpolation formulas are the residuals in
the decomposition step. The truncation error for Hermite interpolation (5.9) is given
by (5.10). It is obvious that the error is zero if u(x) is a cubic polynomial and is not
zero if u(x) is a quartic polynomial, and consequently, p = 4.

As a consistency check on the programming of the decomposition step (7.14a), one
can verify the accuracy numerically by checking for the proper number of vanishing
moments. After one decomposition step (7.6) one has

[ Úm
]⇀ [ Úm−1

, Ŕm−1
].(9.4)

The arrayRm−1 is the bottom half of the transpose of array (9.4). The second column
of Rm−1 has an extra vanishing moment since the Hermite derivative interpolation
formula (5.9b) is exact for a quartic polynomial (see (5.10b)). One can also verify
the accuracy of the preprocessing step of section 8 by computing (8.8b) numerically
using the Padé approximation (8.7) with umj = xqj and checking again for the proper
number of vanishing moments.

10. Data compression. One of the primary applications of a multiresolution
analysis is lossy data compression. In many data analysis problems, most of the
residual coefficients of the decomposition are negligible and can be set to zero, and
upon reconstruction an accurate approximation of the original data will be retained.
First, we consider a scalar multiresolution algorithm.

10.1. Scalar compression. For the residuals rkj , we define the following trun-
cation operator for 1 ≤ j ≤ Jk and n ≤ k ≤ m− 1:

r̂kj =

{
rkj if |rkj | > εk,

0 if |rkj | ≤ εk,
(10.1)

where εk is the cutoff tolerance. The decomposition vector is defined by (3.20):

[d́m] = [ún, ŕn, . . . , ŕk, . . . , ŕm−2, ŕm−1].(10.2)

On applying the truncation operator (10.1) to each subvector rk of (10.2), one obtains
the truncated decomposition vector

d̂m =




un

r̂n

...
r̂k

...
r̂m−2

r̂m−1



,(10.3)
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where the truncated subvectors r̂k are given by (10.1). Note that the subvector un

is not truncated. Let the number of nonzero elements of d̂m be denoted by Tm. The
compression ratio is defined by

Cr = compression ratio =
Jm
Tm

.(10.4)

The cutoff tolerance εk is scaled according to the level k by the formula [Ha95]

εk = 2(k−m)ε,(10.5)

where ε is a constant. This scaling formula results in a smaller cutoff tolerance at the
coarser scales as compared to the finer scales. If the compression ratio is specified,
then ε can be determined so that (10.3) has the desired number of nonzero elements.

In this section we assume the compression ratio is specified. A procedure for
truncating the decomposition vector when the cutoff tolerance depends on k is as
follows. We first replace each subvector rk of the decomposition vector dm by 2(m−k)rk

and let the scaled decomposition vector be denoted by dms . Now the cutoff tolerance
for each subvector rks will be the same, namely ε (see (10.5)). Next we take the
absolute value of each entry dms (j) of d

m
s and sort the array in ascending order (the

top vector un is excluded during this process). Let

jmax = [Jm(1− 1/Cr)] + length(un),(10.6)

where [ · ] denotes the largest integer function. Then ε is given by the element

dms (jmax) = ε.(10.7)

Now we go back to the array dms and set every element of each subvector rks to

zero if it is below the above tolerance ε. Finally, we form the truncated vector d̂m

by multiplying each subvector r̂ks by 2(k−m) to obtain r̂k. In practical applications
the scaling and rescaling by 2k−m is avoided by including a scaling factor in the
multiresolution algorithm.

Let ûm denote the reconstructed vector corresponding to truncated decomposition
vector d̂m. Harten [Ha95] has shown that one achieves a given error tolerance in the
L1 norm

||um − ûm||1 = O(ε)(10.8)

by truncating the residual vectors rk with truncation levels εk determined by (10.1)
and (10.5).

10.2. Vector compression. Next we consider the general multiwavelet case.
The multiresolution decomposition of the matrix Um is given by (7.6).

[ D́m
] = [ Ún

, Ŕn
, . . . , Ŕk

, . . . , Ŕm−2
, Ŕm−1

].(10.9)

The jth row of the residual matrix Rk is

Rk
j = [rk1,j , r

k
2,j , . . . , r

k
ι,j ].(10.10)
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Fig. 10.1. Compression of a periodic chirp for m = 7, n = 1 (scalar algorithm). The top figures
show reconstructed compressed data, and the bottom figures show nonzero values of compressed
decomposition vectors: (a) compression ratio of 5 : 1, (b) compression ratio of 16 : 1.

For the residual Rk
j row (10.10) we define the following truncation operator for 1 ≤

j ≤ Jk and n ≤ k ≤ m− 1:

r̂ki,j =

{
rki,j if |rki,j | > εk for any i, 1 ≤ i ≤ ι,

0 if |rki,j | ≤ εk, for every i, 1 ≤ i ≤ ι.
(10.11)

On applying the truncation operator (10.11) to each submatrix Rk, one obtains
the truncated decomposition matrix

D̂m
=




Un

R̂n

...

R̂k

...

R̂m−2

R̂m−1



,(10.12)

where the truncated subvectors R̂k
are given by (10.11).
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Fig. 10.2. Compression of a periodic chirp for m = 7, n = 1, and a compression ratio of 16 : 1
(vector algorithm): (a) function and its derivative are given on the mesh, (b) function and its first
and second derivatives are given on the mesh.

According to the truncation operator (10.11), at a given scale k for fixed j, if any
one of the residual components rki,j satisfies the inequality |rki,j | > ε, then r̂ki,j = rki,j
for 1 ≤ i ≤ ι, i.e., the entire row is retained. Let the number of nontruncated rows of
decomposition matrix (10.12) be denoted by Tm. The compression ratio is defined by
(10.4).

10.3. Computational examples. For our first computational example, we
choose a periodic chirp with quadratically increasing frequency

u(x) = sin(απ(x− 1/2)3), 0 ≤ x ≤ 1,(10.13)

where α is a specified parameter. The function (10.13) for α = 32 is plotted as a solid
curve in the upper part of Figure 10.1(a).

We apply the discrete scalar multiresolution algorithm (3.10) using linear inter-
polation (3.8) to the input data vector defined by (2.6):

um = [um1 , u
m
2 , . . . , u

m
Jm ]

T , Jm = 2m.(10.14)

We pick m = 7, n = 1, and a compression ratio of 5:1. Hence the number of subin-
tervals on the finest grid is Jm = 2m = 128. The reconstructed (compressed) discrete
data are shown in the upper plot of Figure 10.1(a) by dots. The bottom part of Figure
10.1(a) is a plot in the (space-scale) x−k plane. The open circles plotted in the figure
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Fig. 10.3. (a) Compression of a periodic chirp for m = 10, n = 1, and a compression ratio of
16 : 1 (vector algorithm). (b) Compression of a function with a jump discontinuity for m = 8, n = 1,
and a compression ratio of 16 : 1 (scalar algorithm).

indicate the nonzero values of each truncated subvector r̂k plotted as a function of
grid Xk defined by (2.1). The scale or level index k is indicated by the integers on
the left vertical axis. For example, at level k = 5 there are six nonzero residual values
in the truncated subvector r̂5. The open circles form a spike at the right end x = 1
where the function (10.13) has its steepest gradient. Circles do not appear at the left
end x = 0 because of the assumption of periodicity.

All of the subsequent figures in this section have the same form as Figure 10.1(a).
The upper part of each figure compares the reconstructed compressed data with the
exact function, and the lower part of each figure is an x− k plane plot indicating the
location of the nonzero values of each truncated subvector r̂k. For a vector multiresolu-
tion algorithm the lower part of each figure indicates the location of the nontruncated

rows of each truncated subvector R̂k
.

We next compare the compression properties of the scalar multiresolution algo-
rithm with two vector multiresolution algorithms using Hermite interpolation. Again
we pick m = 7, n = 1, but with a compression ratio of 16:1. The reconstructed
compressed data shown in Figure 10.1(b) for the scalar algorithm (3.10) using linear
interpolation are clearly inaccurate for this higher compression ratio. Figure 10.2(a)
shows the reconstructed compressed data obtained by applying the vector multiresolu-
tion algorithm (7.14) or (6.6) for the case where the function (10.13) and its derivative
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Fig. 10.4. Compression of a function with a jump discontinuity with a compression ratio of
16 : 1 (vector algorithm): (a) m = 8 and n = 1, (b) m = 9 and n = 1.

are given on the mesh Xm. In Figure 10.2(b) we plot the reconstructed compressed
data obtained by applying the vector multiresolution algorithm (7.14) for the case
where the function and its first and second derivatives are given on the mesh Xm.

It should be noted that accuracy of the compressed data for any particular case,
i.e., the linear case shown in Figure 10.1(b), can be improved by either increasing m
or decreasing the compression ratio. Furthermore, for smooth data the number of
nonnegligible residual coefficients decreases as the order of the Hermite interpolation
formula increases. On comparing Figure 10.1(b) with Figure 10.2(b) the superiority
of the vector multiresolution algorithm is apparent. Although not shown in Figure
10.2(b), first and second derivative data are also compressed. On the other hand,
three times as much data is retained in the vector algorithm as compared to the
scalar algorithm used in Figure 10.1(b). The amount of compressed data retained is
comparable in Figure 10.1(a) and Figure 10.2(b).

By increasing the α parameter of the function (10.13) to 256, one obtains the curve
shown by the solid curve in Figure 10.3(a). Again we apply the vector multiresolution
algorithm for the case where the function and its first and second derivatives are
specified. The compression results for m = 10 are illustrated in Figure 10.3(a). If one
increases the frequency parameter α for a fixed compression ratio, the size of the grid
Jm must be increased proportionately to maintain a specified accuracy level.

In our second example, we consider a periodic function with a discontinuous
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derivative and two jump discontinuities:

u(x) =




sin(3πx)/2 for 0 ≤ x ≤ 1/3,
| sin(2π(2x− 1))| for 1/3 < x < 2/3,
− sin(3πx)/2 for 2/3 ≤ x ≤ 1.

(10.15)

This function is plotted as a solid curve in the upper part of Figure 10.3(b). We
choose m = 8, n = 1, and a compression ratio of 16:1. The compression results for
the scalar multiresolution algorithm are shown in Figure 10.3(b). In Figure 10.4(a) the
compression results for a vector multiresolution algorithm (function and derivative)
are shown. On the basis of numerical tests (not shown), we conclude that the accuracy
of the Hermite interpolation formulas is severely degraded by the presence of the
discontinuities. Higher order interpolation formulas using function values and its first
and second derivatives yield reconstructed compressed data that are virtually identical
to compression results of Figure 10.4(a).

In Figure 10.4(b) we repeat the computation of Figure 10.4(a) but with m =
9, i.e., twice as many points. The reconstructed compressed data now resolve the
discontinuous derivative and the two jump discontinuities. At the finest scales there
is a spike at x = 1/3 and x = 2/3 in the x − k plane indicating the presence of
the discontinuities. At the coarser scales, there is a spike at x = 1/2 indicating the
presence of a discontinuous derivative. This example illustrates the feature recognition
properties of a multiresolution analysis.

11. Concluding remarks. A vector interpolatory multiresolution algorithm
using Hermite interpolation has been developed. These biorthogonal bases (multi-
wavelets) have several advantages. The basis functions have the same compactness
(two subintervals) regardless of the order of accuracy. For a uniform grid the basis
functions are symmetric or skew-symmetric piecewise polynomials (which can easily
be derived analytically). Although this paper has been restricted to uniform grids
and periodic data, compact interpolation formulas do not depend on uniform spac-
ing, so the multiwavelets can be extended to nonperiodic nonuniform grids on a finite
domain. The multiwavelets considered in this paper are well suited for lossy data
compression of relatively smooth data and for feature recognition. For data with
jump discontinuities, supercompact multiwavelets [Be96] are more suitable.

Appendix A. Dilation equation for a multiresolution analysis. Neither
the development nor the application of an interpolatory multiresolution algorithm
requires a knowledge of the basis vectors or functions—they are implicitly generated
in the multiresolution algorithm. Likewise, implementation of an interpolatory mul-
tiresolution algorithm does not require explicit knowledge of the dilation (scaling)
equation or wavelet equation. However, in practice one needs to select basis functions
(which are derived from the scaling functions) appropriate for the particular applica-
tion, and naturally, one would like to know what the scaling functions look like. In a
compact interpolatory multiresolution algorithm the unit interpolation function plays
the role of the scaling function. In this appendix we define the unit interpolation
function and derive the dilation equation which it satisfies. Analytic formulas for the
unit interpolation functions for particular cases are derived in Appendix E. The unit
interpolation functions can also be computed numerically as described in Appendix C.

A.1. Unit interpolation function. The multiresolution algorithms of this pa-
per are discrete, i.e., they operate on vectors and return vectors. Given an input
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vector, the decomposition algorithm finds the coefficients of the basis vectors de-
scribed in Appendix B. There is, however, a natural extension of the basis vectors
to functions, i.e., a “continuous approximation” to the basis vectors. The extension
to basis functions is intimately related to the unit interpolation function which we
denote by φki (x). For a scalar multiresolution analysis the unit interpolation function
is defined by the following construction: (1) place a grid Xk on the unit interval, (2)
choose the value of φki (x) to be unity at x

k
j and zero at all other grid points, and (3)

determine the values of φki (x) between the grid points from the compact interpola-
tion polynomial. For periodic boundary conditions, φki (x) is determined by a single
(scaling) function w(x) by dilation and translation.

In the case of Hermite interpolation (where the interpolation polynomial requires
more than one value at each grid point), there will be multiple unit interpolation func-
tions, one for each required value. For example, if function values and first derivatives
are used, there will be two unit interpolation functions which we denote by φ1

k
i (x)

and φ2
k
i (x). Examples of unit interpolation functions are given in Appendix E. The

unit interpolation functions for compact interpolation are equivalent to the scaling
functions for finite element multiwavelets [Stre95].

For compact interpolation the unit interpolation functions have special impor-
tance since, as we shall see, they are the scaling functions (continuous approximation
to the basis vectors) for the multiresolution analysis. This equivalence between the
unit interpolation functions and the scaling functions is not valid for noncompact
interpolation (e.g., the cubic interpolation (5.4)). Scaling functions satisfy a dila-
tion equation and generate the wavelets. In the following section we show that for
scalar compact interpolation, the unit interpolation function is the scaling function.
In section A.4 we show that for compact Hermite interpolation the multiple unit
interpolation functions are the multiple scaling functions.

A.2. Scalar dilation equation. In this section we derive the dilation equation
from the discrete compact (linear interpolation) multiresolution algorithm (3.10a) and
(3.12):
decomposition

uk−1
j = uk2j ,(A.1a)

rk−1
j = uk2j−1 −

1

2
(uk2j + uk2j−2),(A.1b)

reconstruction

uk2j = uk−1
j ,(A.2a)

uk2j−1 =
1

2
(uk−1
j + uk−1

j−1 ) + rk−1
j .(A.2b)

We begin by expressing a piecewise linear function u(x) on the unit interval (with
periodic boundary conditions) as a series of unit interpolation functions on grid Xk−1

u(x) =

Jk−1∑
i=1,2,...

uk−1
i φk−1

i (x).(A.3)
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Since u(x) is piecewise linear on grid Xk−1, it can be represented exactly as a series of
unit interpolation functions on gridXk, i.e., the residual is zero (rk−1

j = 0). Therefore,

u(x) on grid Xk is

u(x) =

Jk∑
i=1,2,...

uki φ
k
i (x)

=

Jk−1∑
i=1,3,...

uki φ
k
i (x) +

Jk∑
i=2,4,...

uki φ
k
i (x)

=

Jk−1∑
i=1,2,...

uk2i−1φ
k
2i−1(x) +

Jk−1∑
i=1,2,...

uk2iφ
k
2i(x).

(A.4)

From (A.2b) (with the residual set to zero) we obtain

uk2j−1 =
1

2
(uk−1
j + uk−1

j−1 ).(A.5)

Next we use (A.2a) and (A.5) to rewrite (A.4), i.e.,

u(x) =

Jk−1∑
i=1,2,...

1

2
(uk−1
i + uk−1

i−1 )φ
k
2i−1(x) +

Jk−1∑
i=1,2,...

uk−1
i φk2i(x)

=

Jk−1∑
1=1,2,...

1

2
uk−1
i φk2i−1(x) +

Jk−1−1∑
i=0,1,...

1

2
uk−1
i φk2i+1(x) +

Jk−1∑
i=1,2,...

uk−1
i φk2i(x)

=

Jk−1∑
i=1,2,...

uk−1
i

[
1

2
φk2i−1(x) +

1

2
φk2i(x) + φk2i+1(x)

]
,

(A.6)

where in the last line of (A.6) we have used the assumed periodicity of the ukj ’s.
Finally, from a comparison of (A.3) and (A.6) we conclude

φk−1
i (x) =

1

2
φk2i−1(x) + φk2i(x) +

1

2
φk2i+1(x),(A.7)

which is the dilation equation for the multiresolution analysis scaling function.
For linear interpolation the unit interpolation function is derived by following the

three steps of section A.1 above. For simplicity we pick k = 1, the grid on the unit
interval is X1 with h1 = 1/2, and the unit perturbation is at the midpoint x1

1 = 1/2.
From Appendix E.1 one finds

φ1
1(x) = w(x) = 1− |2x− 1|, 0 ≤ x ≤ 1,(A.8)

where w(x) is the hat function plotted in Figure A.1.
For periodic boundary conditions, φki (x) is determined from a single scaling func-

tion w(x) by dilation and translation:

φki (x) = w(2k−1x− (i− 1)/2).(A.9)

To obtain the dilation equation in a more conventional form, we set k = 2, i = 1 in
(A.7) and use (A.9) to obtain

w(x) =
1

2
w(2x) + w(2x− 1/2) +

1

2
w(2x− 1), 0 ≤ x ≤ 1.(A.10)

By construction the solution is the hat function (A.8).
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Fig. A.1. Hat function.

A.3. Scalar wavelets. In the previous section we assumed that there was no
error in the decomposition, i.e., u(x) is represented exactly on both grids Xk and
Xk−1. If this is not the case and u(x) is represented exactly only on the finer grid,
then the reconstruction from the coarser grid to the finer grid results in an error, i.e.,
instead of (A.4) we write

u(x) =

Jk∑
i=1,2,...

(uki + εki )φ
k
i (x)

=

Jk−1∑
i=1,2,...

(uk2i + εk2i)φ
k
2i(x) +

Jk−1∑
i=1,2,...

(uk2i−1 + εk2i−1)φ
k
2i−1(x).

(A.11)

The error in u(x), denoted by εku(x), is

εku(x) =

Jk−1∑
i=1,2,...

εk2iφ
k
2i(x) +

Jk−1∑
i=1,2,...

εk2i−1φ
k
2i−1(x).(A.12)

From (A.1a) we see that the even-numbered u’s are projected and the error is zero.
The error in the odd-numbered u’s is rk−1

j , i.e.,

εku(x) =

Jk−1∑
i=1,2,...

rk−1
i φk2i−1(x).(A.13)

The functions for the expansion of the error (or detail) are the wavelets, ψki ,

εku(x) =

Jk−1∑
i=1,2,...

rk−1
i ψk−1

i (x).(A.14)

Therefore, for the compact linear algorithm the wavelet is simply the dilated and
translated scaling function

ψk−1
i (x) = φk2i−1(x).(A.15)
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The wavelet is given by inserting (A.9) into (A.15):

ψk−1
i (x) = w(2k−1x− (i− 1)).(A.16)

A.4. Vector dilation equation. In the derivation of the scalar dilation and
wavelet equations we took advantage of the fact that (with the compact unit in-
terpolation functions) a piecewise linear function on grid Xk−1 can be represented
exactly on grid Xk. That is, (A.3) and (A.4) are both valid when w(x) is the unit
interpolation function. For higher order (than linear) polynomials u(x), we could try
the noncompact cubic interpolation (5.4). We would find, however, that expansions
(A.3) and (A.4) with φ(x) the unit interpolation function are not valid, i.e., they do
not produce the same function u(x) and the unit interpolation functions are not the
scaling functions.

If we use the higher order compact (vector) interpolation, we can, with slight
modification, repeat the analysis of sections A.2 and A.3 and show that the unit
interpolation functions (there are more than one in the vector case) are the scaling
functions. We demonstrate matching function values and first derivatives for the
special case of Hermite interpolation, but the analysis is easily generalized to higher
order compact interpolation.

We follow the notation of section 6, i.e., the weighted first derivative is denoted
by v (see (6.2)). On the grid Xk−1 we expand the piecewise cubic polynomial u(x) in
a double series of unit interpolation functions

u(x) =

Jk−1∑
i=1,2,...

uk−1
i φ1

k−1
i (x) +

Jk−1∑
i=1,2,...

vk−1
i φ2

k−1
i (x),(A.17)

where φ1
k
i (x) and φ2

k
i (x) correspond to the unit interpolation functions for point value

and for derivative, respectively. On the grid Xk we can write the same piecewise cubic
polynomial u(x)

u(x) =

Jk∑
i=1,2,...

uki φ1
k
i (x) +

Jk∑
i=1,2,...

vki φ2
k
i (x).(A.18)

For notational simplicity we will use the vector notation (7.7a)

Uk
j = [ukj v

k
j ](A.19)

and introduce the vector form of the unit interpolation functions, i.e.,

φki =

[
φ1
k
i (x)

φ2
k
i (x)

]
.(A.20)

Note that U is a row vector and φ is a column vector. Equations (A.17) and (A.18)
become

u(x) =

Jk−1∑
i=1,2,...

Uk−1
i φk−1

i (x)(A.21)
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and

u(x) =

Jk∑
i=1,2,...

Uk
iφ

k
i (x)

=

Jk−1∑
i=1,3,...

Uk
iφ

k
i (x) +

Jk∑
i=2,4,...

Uk
i (x)φ

k
i (x)

=

Jk−1∑
i=1,2,...

Uk
2i−1φ

k
2i−1(x) +

Jk−1∑
i=1,2,...

Uk
2iφ

k
2i(x).

(A.22)

From the reconstruction algorithm (7.15b) (with the residual set to zero)

Uk
2i = Uk−1

i F1
′,(A.23)

Uk
2i−1 = Uk−1

i−1F2
′ + Uk−1

i F0
′.(A.24)

If we substitute from (A.23) and (A.24) into (A.22), rearrange terms as we did in
(A.6), and use the assumed periodicity of the Uk

i ’s, then (A.22) can be rewritten as

u(x) =

Jk−1∑
i=1,2,...

Uk−1
i [F0

′φk2i−1(x) + F1
′φk2i(x) + F2

′φk2i+1(x)].(A.25)

A comparison of (A.21) and (A.25) leads to the vector dilation equation

φk−1
i = F0

′φk2i−1(x) + F1
′φk2i(x) + F2

′φk2i+1(x).(A.26)

The vector analog of (A.8) is obtained from (A.20):

φ1
1(x) =

[
φ1

1
1(x)

φ2
1
1(x)

]
=

[
w1(x)
w2(x)

]
,(A.27)

where w1(x) is the unit interpolation function (E.8) and w2(x) is the unit interpolation
function (E.11) (see Appendix E). The vector unit interpolation function (A.20) is
given explicitly by

φki (x) =

[
φ1
k
i (x)

φ2
k
i (x)

]
=

[
w1(2

k−1x− (i− 1)/2)
w2(2

k−1x− (i− 1)/2)

]
.(A.28)

A.5. Vector wavelets. The vector wavelet equation for the compact vector
interpolation is completely analogous to the compact scalar wavelet equation. The
error equation is the vector form of (A.14), i.e.,

εku(x) =

Jk−1∑
i=1,2,...

Rk−1
i ψk−1

i (x),(A.29)

where the wavelet is the dilated and translated scaling function

ψk−1
i (x) = φk2i−1(x) =

[
w1(2

k−1x− (i− 1))
w2(2

k−1x− (i− 1))

]
.(A.30)

Appendix B. Basis vectors for a scalar multiresolution algorithm. For
any interpolatory multiresolution scheme it is instructive to plot the discrete basis
vectors w	 of the expansion (3.22) for particular values of n and m. The basis vectors
can easily be computed numerically from the reconstruction algorithm or analytically
from the scaling function for compact interpolation.
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Fig. B.1. Discrete and continuous basis functions.

B.1. Numerical method. We first consider a direct numerical calculation. Let
εm	 denote a unit vector, i.e., the �th column of the 2m×2m identity matrix. (The �th
component of εm	 is unity and all other components are zero.) To numerically compute
the discrete basis vector w	, set the decomposition vector d

m defined by (3.20) to εm	
in the reconstruction pyramid algorithm (3.19) with the ↽ symbol. Recall that the
pseudocode for reconstruction is given by (3.10b). The output vector um is w	.

As an example, consider linear interpolation (3.11) on a uniform grid with periodic
boundary conditions. The discrete basis vectors w	 are computed by setting d

m = εm	
and applying the reconstruction algorithm (3.10b). For n = 1 and m = 3 the elements
of the vectors w	 versus the points of the grid vector (2.3) are plotted as open circles
in Figure B.1 for 1 ≤ � ≤ 8. The elements of the vector w1 fall on the hat function
plotted in Figure A.1.

An alternative numerical method of computing the basis vectors using the fill-in
algorithm is discussed in Appendix C.

B.2. Analytical method. In the following discussion the unit interpolation
function (scaling function) is the hat function defined by (A.8). Although w(x) is a
continuous function, the discrete basis vector w1 is obtained by evaluating w(x) on
the discrete grid

xm = [xm1 , x
m
2 , . . . , 1]

T , where xmj = j/2m.(B.1)
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Under dilation and translation, the scaling function w(x) evaluated on the discrete
grid (B.1) forms the basis vectors at all scales indicated by (3.23). In the following
we assume w(x) = 0 for x �⊂ [0, 1], i.e., the basis function w(x) has compact support.

B.2.a. Basis vectors of u(k). In this section we consider the special case of the
vectors w	 in expansion (3.23c) of u(k). In general, a wavelet comes from the scaling
function by taking “differences” [St89], i.e., the wavelet is a linear combination of
translates of the scaling function at the next finer level. In the case of a uniform grid,
periodic boundary conditions, compact interpolation, and projection of the even-point
values, an interpolatory multiresolution approach leads to a wavelet which is a single
translate of the scaling function at the next finer level. Consequently, the scaling
function and the wavelet have the same functional form (see (A.16)). Hence the
family of wavelets is determined from the single unit interpolation function (scaling
function) by the operations of dilation and translation:

w	(x) = w(2kx− i), 0 ≤ x ≤ 1,(B.2a)

where the dilation index k and the translation index i are nonnegative integers satis-
fying:

n ≤ k ≤ m− 1,(B.2b)

0 ≤ i < 2k,(B.2c)

� = 2k + i+ 1.(B.2d)

If � is specified, the indices k and i are unique. The smallest value of � in (B.2d) is
� = 2n + 1. For w(x) given by the hat function (A.8), continuous wavelets w	(x) are
plotted in Figure B.1 for 3 ≤ � ≤ 8. Smaller values of �, which are treated as a special
case in section B.2.b, define w	(x) in terms of a family of scaling functions.

The wavelet scale (or width) is given by

1/2k, where k is the dilation index,(B.3)

and the wavelet location (left end) is

i/2k, where i is the translation index.(B.4)

For compact interpolation, the support of the family of wavelets (B.2) is the interval

I	 = [i/2k, (i+ 1)/2k].(B.5)

For a fixed value of k, the intervals are disjoint if the left end point is omitted.
For 2n + 1 ≤ � ≤ 2m, the components w	j , 1 ≤ j ≤ 2m of the discrete wavelet

vector w	 are found by evaluating (B.2) on the grid xm:

w	j =




w(2kxmj − i) for
i

2k
≤ xmj ≤

i+ 1

2k
,

0 otherwise,

(B.6)
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Fig. B.2. Overlapping scaling functions for n = 2.

where the relations between the indices k, i, � are given by (B.2b), (B.2c), and (B.2d).

B.2.b. Basis vectors of û(n). The smallest value of � in (B.2d) is � = 2n + 1.
For 1 ≤ � ≤ 2n, the family of scaling functions w	(x) is given by

w	(x) = w(2n−1x− i/2), 0 ≤ x ≤ 1, i = �− 1.(B.7)

(See (A.9).) For w(x) given by the hat function (A.8), continuous scaling functions
w	(x) are plotted in Figure B.1 for 1 ≤ � ≤ 2. The support of the family of scaling
functions (B.7) is the interval

I	 = [i/2n, (i+ 2)/2n].(B.8)

It is clear that the intervals are not disjoint, i.e., the intervals overlap.
For 1 ≤ � ≤ 2n, the components w	j , 1 ≤ j ≤ 2m of the discrete scaling vector

w	 are found by evaluating (B.7) on the grid xm:

w	j =




w(2n−1xmj − i/2) for
i

2n
≤ xmj ≤

i+ 2

2n
,

0 otherwise,

(B.9)

where i = �− 1.
Recall that we are considering the special case of the vectors w	 in the expansion

(3.23b) of û(n). This corresponds to the lowest level of a discrete multiresolution algo-
rithm and, as noted above, the scaling functions for an interpolatory multiresolution
algorithm overlap at the lowest level k = n. For example, if we choose n = 2, then
the four functions given by (B.7)

w	(x) = w(2x− i/2), i = 0, 1, 2, 3, 0 ≤ x ≤ 1(B.10)

overlap as illustrated in Figure B.2. In writing (B.10) we have assumed that w(x) is
the hat function (A.8) with w(x) = 0 for |x| > 1 and that w(2x), 0 ≤ x ≤ 1 has been
periodically extended to all x.
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For the family of basis functions plotted in Figure B.1 the integer n is unity and
the first two basis functions are scaling functions:

w1(x) = w(x), w2(x) = w(x− 1/2), 0 ≤ x ≤ 1.(B.11)

It should be mentioned that the vector multiresolution algorithms of sections
6 and 7 have several piecewise polynomial scaling functions with compact support.
Analytical formulas for particular multiple scaling functions are given in Appendix E.

Appendix C. Fill-in algorithm for scalar multiresolution. In the nested
sequence of uniform grids (2.1) we assumed that k = m corresponds to the finest
grid for which a discrete vector um is defined. In this section we assume that k = n
corresponds to the finest grid for which a discrete vector un is defined, i.e.,

xn = [xn1 , x
n
2 , . . . , 1]

T , where xnj = j/2n(C.1)

on which an input vector

un = [un1 , u
n
2 , . . . , u

n
Jn ]

T , Jn = 2n(C.2)

is defined. Hence the nested sequence of uniform grids is {Xk}k=n,n+1,..., where X
k is

defined by (2.1). If one starts on the grid Xn and applies the reconstruction algorithm
(3.12) with the error or residual term set to zero and with increasing values of k, then
one obtains an iterative method of interpolation or fill-in between function values
(C.2) on the grid Xn. The filled-in function is the subinterval function representation
(or subgrid resolution).

For the scalar multiresolution algorithm of section 3 the fill-in algorithm is

fillin

For k = n+ 1, n+ 2, . . . ,max

For j = 1, 2, . . . , Jk−1

uk2j = uk−1
j ,

uk2j−1 = Ik−1(xk−1
j−1/2;u

k−1
j ),

(C.3)

End

End

At each level k, additional function values, denoted by ũ(xk2j−1), are generated at
the dyadic grid points

Xk −Xk−1 = {xk2j−1}Jk−1

j=1 .(C.4)

In numerical computations, there is a truncated upper limit to the index k of (C.3),
which is denoted by max. The number of grid points in the filled-in function is
2max. The fill-in between the point values (C.2) is accomplished by the iterative
interpolation process (C.3). This method of interpolation is due to Dubuc [Du86] and
has been extended by Deslauriers and Dubuc [De89]. In the limmax→∞ the iterative
process converges to a uniformly continuous function ũ(x) [Du86].

The fill-in algorithm (C.3) can be recast in vector-matrix form as
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Fig. C.1. Fill-in function for sin(2πx).

fillin

For k = n+ 1, n+ 2, . . . ,max

uk = Lsuk−1(C.5)

End

The accuracy of the filled-in function ũ(x) when compared to the function u(x),
whose point values were prescribed on the grid Xn, is determined by the interpolation
formula used in the multiresolution algorithm. For example, the scalar algorithm (C.3)
using linear interpolation (3.11) yields a piecewise linear function ũ(x) between the
original grid points Xn. The filled-in function for sin(2πx), 0 ≤ x ≤ 1 with n = 4 is
shown in Figure C.1. The open circles are the exact values of sin(2πx) on the grid
(C.1).

The scaling function for a scalar interpolatory multiresolution algorithm, which we
denote by w(x), is easily computed numerically from the iterative fill-in algorithm.
The scaling function is equivalent to the fundamental function defined by Dubuc
[Du86]. For compact interpolation the support of scaling function is two intervals of
the grid Xn. On the unit interval with n = 1 we write [0, 1] = [0, 1/2] ∪ [1/2, 1]. We
assume that the scaling function w(x) is zero at both ends of the unit interval [0, 1]
and there is a unit perturbation at the center point x = 1/2:

w(0) = w(1) = 0, w(1/2) = 1.(C.6)

Since the scaling function is zero on both ends of the unit interval, it is convenient to
assume periodic boundary conditions when applying the fill-in algorithm. For (C.3)
with n = 1, the input array corresponding to (C.2) is

w1 = [1, 0]T with x1 = [1/2, 1]T ,(C.7)
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Fig. C.2. Scaling function for noncompact cubic interpolation: (a) w(4x− 1), (b) w(x).

and the output array of the fill-in algorithm is a table of numerical values of w(x)
expressed in vector form

wmax = tab(w) = [w(xmax1 ), w(xmax2 ), . . . , w(1)]T(C.8)

on the grid

xmax = tab(x) = [xmax1 , xmax2 , . . . , 1]T , xmaxj = j/2max.(C.9)

(The column vector notation tab(w) can be found, for example, in Dahlquist and
Björck [Da74].) The dimensions of tab(w) and tab(x) are both 2max. If one chooses
the integer max large enough, then a point plot of the elements of tab(w) versus
the points of the mesh tab(x) is so dense as to appear continuous. For any integer
max ≥ n+ 1, one has tab(w) ∈ Rm, m = 2max, and in the limmax→∞ the iterative
fill-in process converges to a continuous function w(x) ∈ C[0, 1].

For a scalar interpolatory multiresolution algorithm, linear interpolation is the
only compact interpolation. If max = 3, then 2max = 8 and tab(w) has 8 values
shown as open circles in the top plot of Figure B.1. For 2max very large, a plot of
tab(w) gives the hat function (Figure A.1). Since the interpolation is compact, the
scaling function is the unit interpolation function.

For noncompact interpolation, the numerical computation of the scaling function
is slightly more complicated since the support of the scaling function is larger than
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two intervals. Furthermore, the scaling function is not a piecewise polynomial; in fact,
it is not piecewise analytic (and it is not the unit interpolation function).

For noncompact cubic interpolation

ũk−1
j−1/2 = Ik−1(xk−1

j−1/2;u
k−1
j ) =

9

16
(uk−1
j + uk−1

j−1 )−
1

16
(uk−1
j+1 + uk−1

j−2 )(C.10)

the support of the interpolation formula is three increments:

[xj−2, xj−1] ∪ [xj−1, xj ] ∪ [xj , xj+1].(C.11)

Consequently, the support of the scaling function for cubic interpolation is six inter-
vals. On the interval [0, 1] with periodic boundary conditions, the index n must be
at least 3 in the input vector (C.2) for the scaling function to fit in the unit interval
with no periodic wraparound. For n = 3, we pick the input vector

w3 = [0, 0, 1, 0, 0, 0, 0, 0]T , on the grid x3 = [1/8, 2/8, 3/8, . . . , 1]T .(C.12)

There is a unit perturbation at x = 3/8, and there are three intervals of length 1/8 to
the left of x = 3/8 and five intervals to the right. Application of the fill-in algorithm
(C.3) with the input vector (C.12) yields the scaling function (B.2a):

w6(x) = w(4x− 1), 0 ≤ x ≤ 1.(C.13)

This function is plotted in Figure C.2(a). On the unit interval the function (C.13)
vanishes outside the interval (0, 3/4) since the support is six intervals of length 1/8. In
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Figure C.2(b) we plot the scaling function w(x) on the interval (−1, 2). In the absence
of any finite boundary effects, the function w(x) vanishes outside the interval (−1, 2).
Note that the support of the scaling function for cubic interpolation is three times the
support of the (hat) scaling function for linear interpolation plotted in Figure A.1.

For a noncompact scheme such as cubic interpolation (3.9), the scaling func-
tion (see, e.g., Figure C.2(b)) looks smooth but in fact is not even locally analytic.
The noncompact scaling function w(x) is continuously differentiable, and the function
w′(x) is close to being differentiable (see [Du86] for details). For cubic interpolation
the scaling function computed by the fill-in algorithm and the first two derivatives
computed by finite differences are shown in Figure C.3. At the end of his paper Dubuc
[Du86] lists some open problems related to the scaling (or fundamental) function plot-
ted in Figure C.2(b), e.g., “Is it possible that w′′(x) does not exist at any point x of
(−1, 2)?”.

Finally, one should note that, in the special case where the input function (C.2)
is the point discretization of a polynomial of degree 3 or less, then the filled-in func-
tion ũ(x) for cubic interpolation will be exact for appropriately modified nonperiodic
boundary conditions.

Appendix D. Fill-in algorithm for vector multiresolution. The fill-in al-
gorithm for vector multiresolution is an obvious generalization of the scalar algorithm
given in Appendix C. If one starts at the finest grid Xn and applies the reconstruction
algorithm (7.14b) with the error or residual term set to zero and with increasing val-
ues of k, then one obtains an iterative method of interpolation or the fill-in between
function values and derivatives defined on the grid Xn. For the vector multiresolution
algorithm (7.14) the fill-in algorithm is

fillin

For k = n+ 1, n+ 2, . . . ,max

For j = 1, 2, . . . , Jk−1

Uk
2j = P/α(Uk−1

j ),

Uk
2j−1 = Ik[xk2j−1;Uk

2j ],
(D.1)

End

End

At each level k, additional values Ũ(xk2j−1) are generated at the dyadic grid
points

Xk −Xk−1 = {xk2j−1}Jk−1

j=1 .(D.2)

The number of grid points in the filled-in function is 2max.
The accuracy of the filled-in function is determined by the interpolation formula

used in a vector multiresolution algorithm. Consider the vector multiresolution of
section 6 where function values and derivatives are used. The cubic Hermite interpo-
lation formula (6.4) yields a (cubic) filled-in function ũ(x) between the original grid
points Xn. As an example, we compute the filled-in function for sin(2πx), 0 ≤ x ≤ 1
with n = 2. There are only four grid points and four function values (and four
derivative values) on the given grid as indicated by the open circles of Figure D.1. In
regards to plotting accuracy, there is no discernible difference between the exact and
filled-in sine wave as illustrated in Figure D.1. One also obtains the filled-in derivative
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Fig. D.1. Fill-in function for sin(2πx).
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Fig. D.2. Fill-in function for sin′(2πx).

shown in Figure D.2. The filled-in derivative ũ′(x) is plotted as a solid line, and the
exact derivative is plotted as a dash-dot line. The filled-in derivative is a quadratic
polynomial on each subinterval of the original grid.
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Appendix E. Analytic formulas for the unit interpolation functions.
The support of an interpolation formula is defined to be the number of subintervals
spanned by the interpolation formula. Recall that in deriving a vector compact inter-
polation formula, the function value and (�−1) derivatives are given at each end point
of the subinterval [xj−1, xj ]. Consequently, the support of a compact interpolation
formula is one interval. The support of a unit interpolation function for an inter-
polatory multiresolution algorithm is equal to twice the support of the interpolation
formula. Consequently, since we are utilizing compact interpolation, the support of
the vector multiresolution unit interpolation functions is two intervals. The result-
ing unit interpolation functions are piecewise polynomials (two pieces) of odd degree
2�− 1 with �− 1 continuous derivatives.

As previously noted, neither the development nor the implementation of an inter-
polatory multiresolution algorithm requires an explicit knowledge of the unit interpo-
lation functions. However, in practice one needs to select unit interpolation functions
appropriate for the particular application, and naturally, one would like to know what
unit interpolation functions the multiresolution algorithm is producing. In this ap-
pendix we derive analytical formulas for the unit interpolation functions for several
cases. The derivation follows the construction outlined in the first paragraph of sec-
tion A.1. The unit interpolation functions of this appendix are called finite elements
by Strela and Strang [Stre95]. They note that local interpolation distinguishes finite
elements.

E.1. Linear interpolation. We divide the unit interval into two equal subin-
tervals, write [0, 1] = [0, 1/2] ∪ [1/2, 1], and construct the unit interpolation function
for linear interpolation (5.1). We assume that the unit interpolation function w(x)
is zero at both ends of the interval [0, 1] and that there is a unit perturbation at the
center point w(1/2):

w(0) = 0,(E.1a)

w(1) = 0,(E.1b)

w(1/2) = 1.(E.1c)

Using (E.1b) and (E.1c) evaluating the coefficients (5.1b) and (5.1c), and applying
(5.1a) on the interval [1/2, 1], one obtains the linear function

w(x) = −2(x− 1) for 1/2 ≤ x ≤ 1.

An analogous computation for the interval [0, 1/2] yields the other half of a symmetric
(about x = 1/2) piecewise linear unit interpolation function

w(x) =

{
2x for 0 ≤ x ≤ 1/2
−2(x− 1) for 1/2 ≤ x ≤ 1.

(E.2)

The hat function (E.2) can also be written as (A.8) and is plotted in Figure A.1.

E.2. Hermite interpolation matching function values and first deriva-
tives. Again the unit interval is divided into two equal subintervals. From the Her-
mite interpolation formula (5.5) we construct two independent unit interpolation func-
tions. We assume that a unit interpolation function w(x) and its derivative w′(x) are
zero at the ends of the interval [0, 1]:

w(0) = w′(0) = 0,(E.3a)
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Fig. E.1. Unit interpolation functions (and derivatives) for Hermite interpolation matching
function values and first derivatives.

w(1) = w′(1) = 0.(E.3b)

For the center point x = 1/2 there are two cases:

case a: w(1/2) �= 0, and w′(1/2) = 0(E.4)

and

case b: w(1/2) = 0, and w′(1/2) �= 0.(E.5)

For case (a) we assume there is a unit perturbation at the center point x = 1/2,

w(1/2) = 1,(E.6)

and interpolate on the interval [1/2, 1]. Using the conditions (E.3b), (E.4), and (E.6),
evaluating the coefficients (5.8), and applying (5.5), one obtains the cubic polynomial

w1(x) = 4(x− 1)2(4x− 1) for 1/2 ≤ x ≤ 1.(E.7)

An analogous computation for the interval [0, 1/2] yields the other half of a symmetric
Hermite unit interpolation function

w1(x) =

{ −4x2(4x− 3) for 0 ≤ x ≤ 1/2
4(x− 1)2(4x− 1) for 1/2 ≤ x ≤ 1.

(E.8)
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The unit interpolation function (E.8) is plotted in Figure E.1(a). The derivative
interpolation function corresponding to case (a) is the derivative of w1(x):

w′
1(x) =

{ −24x(2x− 1) for 0 ≤ x ≤ 1/2
24(x− 1)(2x− 1) for 1/2 ≤ x ≤ 1.

(E.9)

This function is plotted in Figure E.1(b).
For case (b) we recall from section 6 that in defining an interpolatory multireso-

lution algorithm it was convenient to remove the explicit dependence on the spacing
h and we let v(x) = hu′(x) on the mesh points. Hence we assume a unit perturbation
for hw′(x) at the center point x = 1/2:

hw′(1/2) = 1 or w′(1/2) = 2(E.10)

since h = 1/2. There follows a skew-symmetric Hermite unit interpolation function

w2(x) =

{
4x2(2x− 1) for 0 ≤ x ≤ 1/2
4(x− 1)2(2x− 1) for 1/2 ≤ x ≤ 1.

(E.11)

The function (E.11) is plotted in Figure E.1(c). The derivative interpolation function
corresponding to case (b) is the derivative of w2(x):

w′
2(x) =

{
8x(3x− 1) for 0 ≤ x ≤ 1/2
8(x− 1)(3x− 2) for 1/2 ≤ x ≤ 1.

(E.12)

The function (E.12) is plotted in Figure E.1(d). In the discrete multiresolution algo-
rithm, the actual derivative interpolation functions are hw′

1(x) and hw
′
2(x). Analytical

formulas and plots of the unit interpolation functions for the case of Hermite inter-
polation matching function values, first derivatives, and second derivatives are given
in Appendix G.3 of [Wa97]. In addition, analytical formulas and plots of the unit
interpolation functions for the case of Hermite interpolation matching function values
and second derivatives are given in Appendix G.4 of [Wa97].

Acknowledgment. We are grateful to Dennis Jesperson for comments and sug-
gestions that improved our manuscript.
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Abstract. We present a variant of the AINV factorized sparse approximate inverse algorithm
which is applicable to any symmetric positive definite matrix. The new preconditioner is breakdown-
free and, when used in conjunction with the conjugate gradient method, results in a reliable solver
for highly ill-conditioned linear systems. We also investigate an alternative approach to a stable
approximate inverse algorithm, based on the idea of diagonally compensated reduction of matrix
entries. The results of numerical tests on challenging linear systems arising from finite element
modeling of elasticity and diffusion problems are presented.
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1. Introduction. We consider the solution of sparse linear systems Ax = b,
where A is a symmetric and positive definite (SPD) matrix, by the preconditioned
conjugate gradient method. In the last few years there has been considerable inter-
est in explicit preconditioning techniques based on directly approximating A−1 with
a sparse matrix M ; see, e.g., [7], [8], [16], [18], [23], [24], [27], [31], and the recent
survey [10]. Sparse approximate inverses have been shown to result in good rates of
convergence of the preconditioned iteration (comparable to those obtained with in-
complete factorization methods) while being well suited for implementation on vector
and parallel architectures; see, e.g., [6], [9], [12], [21].

Although the main motivation for the development of sparse approximate inverse
preconditioners comes from parallel processing, it is becoming clear that these tech-
niques are also of interest because of their robustness. Sparse approximate inverses
are often applicable to difficult problems where other preconditioners may break down
[4]. For instance, incomplete factorization preconditioners, while widely popular and
fairly robust, are not always reliable, in that the incomplete factorization process may
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suffer from various types of instability [17], [20]. Even in the SPD case, existence of
the standard incomplete Cholesky (IC) factorization [34] is guaranteed only for special
classes of matrices, such as H-matrices [33]. For general SPD matrices, breakdown
in the IC process may occur due to exceedingly small or negative pivots. For this
reason, variants of IC have been developed which are applicable to any SPD matrix
without breakdowns; see [1], [25], [28], [37], [38]. However, some of these modifications
are expensive, while others require diagonal perturbations which introduce additional
parameters in the algorithm.

We are interested in parallel preconditioners that are widely applicable, reliable,
and effective at reducing the number of iterations. The factorized sparse approximate
inverse (FSAI) method developed by Kolotilina and Yeremin in [31] is one of the very
few naturally parallel techniques that are also quite effective and highly stable for
arbitrary SPD matrices. In this method, a lower triangular matrix G is computed as
a sparse approximation to L−1, where A = LLT is the Cholesky factorization of A.
The algorithm does not require any information about L and works exclusively with A.
Entries of G are computed as solutions of small “local” linear systems having principal
submatrices of A as coefficient matrices. These are SPD and can be solved in a stable
way by standard direct methods. Hence, no breakdowns are possible in computing
G. Also, G is necessarily nonsingular, and the preconditioner M := GTG ≈ A−1 is
SPD and can be used with the conjugate gradient method. The standard form of this
algorithm requires a prescribed sparsity pattern for G. Some ideas for determining
sparsity patterns can be found in [16] and [26], but the effectiveness of these heuristics
for factorized approximate inverses remains to be investigated.

A different factorized sparse approximate inverse preconditioner, based on in-
complete conjugation (A-orthogonalization) of the unit basis vectors, is the AINV
preconditioner [7], [8]. This method does not require the sparsity pattern of the ap-
proximate inverse factors to be specified in advance; rather, a good sparsity pattern
is determined dynamically as the preconditioner is being computed. This is done by
applying a drop tolerance to the computed entries of the inverse factors. As shown in
[6], the calculation of the preconditioner can be parallelized using graph partitioning.
However, the preconditioner may not be well defined for a general SPD matrix, due
to breakdowns—see the next section for the definition of breakdown in the context of
AINV. A sufficient condition for AINV to be breakdown-free is that A be an H-matrix
[7]. We recall that M -matrices and diagonally dominant matrices are examples of H-
matrices. If A is far from being an M -matrix or diagonally dominant, for example,
if A has large positive off-diagonal entries, the preconditioner may not be defined or
may fail to be positive definite. This is indeed the case for many problems arising
from finite element modeling of structures and thin shells [5] and for certain diffusion
problems involving highly distorted meshes [35].

In this paper we present a variant of the AINV preconditioner which is well de-
fined (in exact arithmetic) for an arbitrary SPD matrix. We refer to the resulting
preconditioner as the stabilized AINV, or SAINV, preconditioner. It is mathemati-
cally equivalent to the standard AINV algorithm when no dropping is applied.

The price to pay for the added robustness is the slightly higher cost of computing
the preconditioner with respect to the standard AINV algorithm. However, for most
problems the cost of forming the preconditioner is still reasonable. As we will see,
matrix reorderings and scalings can be used to reduce costs.

We mention that breakdown-free variants of AINV have also been developed,
independently, by Bridson [14] and by Kharchenko et al. [29]. Bridson’s scheme is
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different from ours. The variant of Kharchenko et al., on the other hand, is identical
to ours. Their paper offers independent further evidence of the reliability of this
approach.

Together with SAINV, we explore another approach to preventing breakdowns
in the AINV process, based on the notion of diagonally compensated reduction of
positive off-diagonal entries. This technique, introduced and analyzed by Axelsson
and Kolotilina in [3], associates with any SPD matrix a Stieltjes matrix (that is, a
symmetric and necessarily positive definiteM -matrix) in a natural way. The standard
AINV process can be applied to this new matrix, without breakdowns, resulting in
an approximate inverse that can be used as a preconditioner for the original system.

The remainder of the paper is organized as follows. In section 2 we recall the
standard AINV algorithm and review the techniques that have been used so far to
handle breakdowns. In section 3 we introduce the stabilized AINV algorithm for SPD
matrices, and in section 4 we describe the alternative approach based on diagonally
compensated reduction. Section 5 is devoted to numerical experiments using chal-
lenging matrices from finite element modeling, including some experiments with other
methods. Finally, in section 6 we make some concluding remarks and suggestions for
further work.

2. The AINV algorithm. From now on, A ∈ R
n×n is assumed to be SPD.

The AINV algorithm [7] builds a factorized sparse approximate inverse of the form

M = ZD−1ZT ≈ A−1,(2.1)

where Z is a unit upper triangular matrix and D is diagonal. The approximate
inverse factor Z is a sparse approximation of the inverse of the LT factor in the
LDLT decomposition of A. When the inverse factorization is performed exactly, the
diagonal matrix D is the same in the two decompositions and contains the pivots
down the main diagonal.

The AINV algorithm computes Z and D directly from A by means of an incom-
plete A-orthogonalization process applied to the unit basis vectors. In this process,
small elements are dropped to preserve sparsity. The underlying assumption is that
most entries in L−1 are small in magnitude. This is true for many problems of practical
interest, particularly for discretizations of partial differential equations of elliptic type.
Sparsity can also be achieved by combining the dropping of small entries with suit-
able sparse matrix orderings, such as nested dissection and minimum degree. These
orderings are beneficial in that they result in smaller time and space requirements for
forming and storing the preconditioner, while at the same time improving the quality
of the preconditioner in a significant number of cases; see [11], [15], [22].

In order to describe the procedure, let aTi denote the ith row of A. Also, let ei
denote the ith unit basis vector. The basic A-orthogonalization procedure can be
written as follows.

Algorithm 2.1.
(1) Let z

(0)
i = ei (1 ≤ i ≤ n)

(2) For i = 1, 2, . . . , n do
(3) For j = i, i+ 1, . . . , n do

(4) p
(i−1)
j := aTi z

(i−1)
j

(5) End do
(6) if i = n go to (11)
(7) For j = i+ 1, . . . , n do



ROBUST APPROXIMATE INVERSE PRECONDITIONING 1321

(8) z
(i)
j := z

(i−1)
j −

(
p
(i−1)
j

p
(i−1)
i

)
z
(i−1)
i

(9) End do
(10) End do

(11) Let zi := z
(i−1)
i and pi := p

(i−1)
i , for 1 ≤ i ≤ n. Return

Z = [z1, z2, . . . , zn] and D = diag(p1, p2, . . . , pn).
Sparsity is preserved by dropping off-diagonal entries in the z-vectors after the

updates at step (8). The resulting (incomplete) algorithm is sometimes referred to
as the right-looking AINV process. A left-looking variant also exists [9], which is
sometimes advantageous. These algorithms can be extended in a straightforward
manner to the nonsymmetric case [8].

A breakdown is defined as a negative or zero value of a pivot pi. When no drop-
ping is applied, pi = zTi Azi > 0. The incomplete procedure is well defined, i.e., no
breakdown can occur, if A is an H-matrix (in the absence of round-off). When no
breakdown occurs, the resulting sparse approximate inverse preconditioner is usually
quite effective; see [9], [10] for comparisons between AINV and other preconditioners.
In the general case, breakdowns can occur. Breakdowns have a crippling effect on the
quality of the preconditioner. A negative pi would result in an approximate inverse
which is not positive definite; a zero pivot would force termination of the procedure,
since step (8) cannot be carried out. In practice, exactly zero pivots are very unlikely
to occur, but exceedingly small pivots can happen, resulting in uncontrolled growth
of the entries of Z and extremely high fill-in.

In [7], a dynamic strategy to shift negative or numerically small pivots away from
zero was proposed. Unfortunately, in the vast majority of cases the resulting sparse
approximate inverse is not a good preconditioner. A somewhat better strategy is to
adapt to AINV the a priori diagonal shift technique introduced by Manteuffel [33] for
the IC factorization. Whenever a negative or exceedingly small pivot is encountered,
the AINV process is terminated and reattempted on a new matrix A′ := A+αdiag(A).
Here diag(A) denotes the main diagonal of A, and α > 0 denotes a parameter such
that A′ has a stable approximate inverse factorization, to be determined by trial and
error. That such an α must exist is clear, since the AINV process cannot break
down on a diagonally dominant matrix, and α can be chosen so large as to make
A′ diagonally dominant. However, the optimal value of α is usually much smaller
than the one that makes A′ diagonally dominant. Although this shifting strategy has
proved successful in handling some difficult problems, it is expensive and frequently
produces preconditioners of poor quality.

In the next section we propose a reformulation of the AINV algorithm that is
applicable, without breakdowns, to any SPD matrix.

3. Stabilized AINV. First we need to take a close look at the mechanism of
breakdown. We begin by writing down the explicit formula for the pj ’s:

p
(i−1)
j = aTi z

(i−1)
j =

i−1∑
l=1

ailz
(i−1)
lj + aij (i ≤ j ≤ n).(3.1)

Here aij is the (i, j) entry of A, and z
(i−1)
lj denotes the lth entry of vector z

(i−1)
j .

Suppose now that a dropping rule is applied in the calculation of the z-vectors. The

modified z-vectors will be denoted by z̄
(i−1)
j , and the corresponding pivots are given



1322 MICHELE BENZI, JANE K. CULLUM, AND MIROSLAV TŮMA

by

p̄
(i−1)
i =

i−1∑
l=1

ailz̄
(i−1)
li + aii (1 ≤ i ≤ n).(3.2)

(We explicitly stipulate that no dropping is applied to the diagonal entries of Z or to
the diagonal pivots.) When A is an M -matrix, it is easily seen by induction that all

the z̄
(i−1)
lj are nonnegative [7]. Because the off-diagonal entries of A are nonpositive,

the action of dropping one entry in the z-vector cannot cause the (inexact) pivot

p̄
(i−1)
i to decrease; it either remains unchanged, or it increases, depending on whether

the corresponding coefficient ail is zero or not. Because the exact pivots are positive,
the AINV process cannot break down. Indeed, dropping has the effect of stabilizing
the AINV process even further. This is in perfect analogy with the IC factorization
for M -matrices [34].

Dropping an entry at step (i−1) of the AINV process amounts to setting z̄
(i−1)
lj = 0

for some l. Therefore, if either

ail > 0 and z
(i−1)
li > 0

or

ail < 0 and z
(i−1)
li < 0,

then the inexact pivot will be smaller than the exact pivot. In particular, if either

one of ail or z
(i−1)
li is positive and large and the other is positive and not small, the

inexact pivot can be significantly smaller than the exact one and can even become

negative. In reality, the dropping rule will cause many of the z̄
(i−1)
lj to be zero, and

the net change in the ith pivot will be the result of cumulative effects, some of which

tend to increase and others to decrease the value of p̄
(i−1)
i . Such effects may cancel

each other out. Nevertheless, we have observed in numerical experiments performed
on matrices with relatively large positive off-diagonal entries that the inexact pivots
can become negative and, in fact, rather large in absolute value. The matrices for
which this behavior has been observed were not artificial examples but came from real
applications in structural analysis. It is no surprise that just setting these negative
pivots equal to some arbitrary positive quantity resulted in preconditioners of very
poor quality.

The way to avoid nonpositive pivots is simply to recall that in the exact A-
orthogonalization process, the pi’s are the diagonal entries of matrix D which satisfies
the matrix equation

ZTAZ = D;

hence for 1 ≤ i ≤ n

pi = zTi Azi > 0

since A is SPD and zi �= 0. (Recall that the ith entry of zi is equal to 1.) In the exact
process, the following equality holds:

pi = zTi Azi = aTi zi.(3.3)
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This identity follows immediately from the fact that Z is unit upper triangular and
AZ is lower triangular. Clearly, it is more economical to compute the pivots using
the expression on the right-hand side of (3.3) rather than that in the middle. The
same goes for the pj ’s:

pj = zTi Azj = aTi zj .(3.4)

(For brevity, we have omitted the (i−1) superscripts in the above formulas.) However,
because of dropping and the resulting loss of A-orthogonality in the z̄-vectors, such
identities no longer hold in the inexact process, and for some matrices one can have

aTi z̄i � z̄Ti Az̄i

with the concomitant possibility of breakdowns.
These simple observations point to several reformulations of the AINV algorithm

that are breakdown-free in exact arithmetic. The simplest thing to do is to use the
standard AINV process (Algorithm 2.1 with dropping) as far as possible, and to
switch to formula p̄i = z̄Ti Az̄i whenever a negative or exceedingly small pivot shows
up. Unfortunately, this simple fix is not good enough. It typically results in slow
convergence of the PCG iteration, and for really hard problems there may be no
convergence within a reasonable number of steps. The reason is that by the time a
negative pivot occurs, the loss of information about the true inverse due to dropping
has already been so great that no “local” trick can succeed in recovering a good
preconditioner. A more global strategy is needed.

We found that a robust algorithm requires that the p̄i’s be computed using the
quadratic form z̄Ti Az̄i throughout the entire AINV process, for i = 1, . . . , n. This still
leaves the question of how to compute the p̄j ’s with i+ 1 ≤ j ≤ n. One could either
use the inexpensive formula (3.1) or the more expensive bilinear form (3.4). In the
latter case, we have

p̄j = v̄Ti z̄j , where v̄Ti := z̄Ti A.

Because the vector v̄i has already been computed as part of the calculation of p̄i,
this approach is only slightly more expensive than using formula (3.1). The difference
depends on how much more dense v̄Ti is compared to aTi . It turns out that using the
bilinear form (3.4) results in a preconditioner of much higher quality for nearly the
same cost, so it definitely pays off to use the more expensive approach.

Hence, we obtain a reliable version of the AINV algorithm based on the following
reformulation of Algorithm 2.1.

Algorithm 3.1.
(1) Let z

(0)
i = ei (1 ≤ i ≤ n)

(2) For i = 1, 2, . . . , n do

(3) vi := Az
(i−1)
i

(4) For j = i, i+ 1, . . . , n do

(5) p
(i−1)
j := vTi z

(i−1)
j

(6) End do
(7) if i = n go to (12)
(8) For j = i+ 1, . . . , n do

(9) z
(i)
j := z

(i−1)
j −

(
p
(i−1)
j

p
(i−1)
i

)
z
(i−1)
i
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(10) End do
(11) End do

(12) Let zi := z
(i−1)
i and pi := p

(i−1)
i , for 1 ≤ i ≤ n. Return

Z = [z1, z2, . . . , zn] and D = diag(p1, p2, . . . , pn).
Obviously, Algorithms 2.1 and 3.1 are mathematically equivalent. However, the

incomplete process obtained by dropping in the z-vectors after step (9) of Algorithm
3.1 leads to a reliable approximate inverse procedure. This algorithm, in exact arith-
metic, is applicable to any SPD matrix without breakdowns. Of course, instabilities
due to positive but extremely small pivots may occur in finite precision, and a thresh-
olding technique may still be necessary to guard against such possibility. However,
we have not met this situation in our tests, and the resulting preconditioner appears
to be reliable in practice. This new preconditioner will be hereafter referred to as the
SAINV (for stabilized AINV) preconditioner.

What about the cost of SAINV? At first sight it might look very expensive to
compute the preconditioner on the basis of Algorithm 3.1, which requires the compu-
tation of nmatrix-vector products vi = Azi. To see that this is not nearly as expensive
as it looks, it should be noticed that in the incomplete process the z̄i vectors are kept
sparse through the use of dropping (and possibly through reorderings). Hence, the n
matrix-vector products can be performed in sparse-sparse mode, to borrow the term
used in [18]. Hence, computing v̄i amounts to forming a linear combination of a few
columns of A, namely, those that correspond to nonzero entries in z̄i. Also, because z̄i
is the ith column of an upper triangular matrix, it is clear that at step i only the first
i columns of A enter the matrix-vector product. Assuming that the drop tolerance is
chosen so that the final Z contains O(n) nonzeros, and assuming an even distribution
of nonzeros across the columns of Z, the cost of computing all the p̄j ’s in the form of
sparse bilinear expressions involving A is linear in the dimension n of the problem. As
we shall see in the section on numerical experiments, the run time for computing the
SAINV preconditioner is only slightly higher than that for the standard AINV algo-
rithm when the latter does not break down, and the run time tends to be dominated
by the time required to perform the iteration phase.

In the next section we briefly describe an alternative, inexpensive approach to
systematically avoid breakdowns in the AINV process, based on the diagonally com-
pensated reduction of positive off-diagonal matrix entries.

4. Diagonally compensated reduction approximate inverse. The method
of diagonally compensated reduction of positive off-diagonal entries, due to Axelsson
[2] and Axelsson and Kolotilina [3], associates with any SPD matrix A an SPD M -
matrix Â. In the simplest variant of this technique, Â is obtained by setting to zero
the positive off-diagonal entries aij of A (reduction), which are subsequently added
to the corresponding diagonal entry aii (diagonal compensation). Formally, the idea
is to split A as

A = B +R,

where R contains the off-diagonal positive entries of A, and to let

Â = B +∆,

where ∆ is the diagonal matrix satisfying

∆e = Re,
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where e denotes the vector of all ones. Thus,

Â = A+ (∆−R).
Notice that the symmetric matrix ∆−R is a singularM -matrix, since it has nonposi-
tive off-diagonal entries and zero row sums; see [13], page 147. In particular, ∆−R is
symmetric positive semidefinite. In turn, this shows that Â is SPD, because it is the
sum of an SPD matrix and a positive semidefinite one. Because Â has nonpositive
off-diagonal entries, it must be an M -matrix [13].

The standard AINV process can be applied to Â without breakdowns, and the
corresponding approximate inverse M ≈ Â−1 can be used as a preconditioner for the
original linear system Ax = b. It is hoped that M will be a good preconditioner for
A, provided that A is not too far from being an M -matrix. A rough way to estimate
how much a given A deviates from being an M -matrix is to compute the Frobenius
norm ‖R‖F of the matrix R which contains the positive off-diagonal entries of A. To
make this quantity invariant under global scalings, we divide it by ‖A‖F . That is, we
let

η =
‖R‖F
‖A‖F .

Notice that 0 ≤ η < 1, with η = 0 if and only if A is an M -matrix. In the next
section we will try to ascertain whether there is a correlation between the size of η
and the quality of the preconditioner M obtained by applying the standard AINV
approximate inverse algorithm to Â. See [25] for results on the use of diagonally
compensated reduction in the context of IC factorizations.

5. Numerical experiments. The standard AINV preconditioner is often ap-
plicable, with good results, to matrices that do not satisfy the H-matrix condition
[7]. There are, however, applications that lead to matrices for which the standard
AINV approach is unstable and produces unreliable preconditioners. This is typically
the case for matrices from structural engineering, including finite element modeling
of elasticity and thin shell problems [5].

Another class of problems for which the standard AINV method fails due to
breakdowns consists of diffusion equations discretized on highly distorted finite ele-
ment meshes (e.g., Kershaw meshes). Such meshes arise frequently in codes developed
at Los Alamos and elsewhere for the modeling of phenomena with complex physics,
e.g., radiation diffusion [35].

In this section we present the results of a number of numerical tests performed
on a selection of 16 matrices from the 2 areas mentioned above. Of these, 14 are from
structural analysis and the remaining 2 are diffusion problems. Most of the matrices
from structural analysis can be downloaded from the Matrix Market website [36]. The
exceptions are the NASA examples, extracted from the University of Florida Sparse
Matrix Collection [19], and the SMT matrix, which was provided by R. Kouhia of the
Helsinki University of Technology. The two diffusion problems were extracted from
a Los Alamos diffusion package, AUGUSTUS, developed by Mike Hall. These are
three-dimensional, steady-state problems defined on the unit cube discretized on a
highly skewed Kershaw mesh using the scheme described in [35].

Some basic information about the tests problems is provided in Table 1. For each
matrix we provide the problem size n, the number of nonzeros in the lower triangular
part nnz, the value of η as defined in the previous section, and the application area. In
the last column we give the number of iterations and time (in seconds) required to solve
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Table 1
Test problem information.

Matrix n nnz η Application JCG (Its/Time)

BCSSTK13 2003 42943 0.474 Fluid flow 1406/20.4
BCSSTK14 1806 32630 0.325 Roof of Coliseum 409/4.79
BCSSTK15 3948 60882 0.096 Offshore platform 518/16.4
BCSSTK16 4884 147631 0.221 Dam 191/11.4
BCSSTK17 10974 219812 0.472 Pressure vessel 2522/287.
BCSSTK18 11948 80519 0.202 Power plant 1120/47.0
BCSSTK21 3600 15100 0.248 Clamped plate 559/4.81
BCSSTK25 15439 133840 0.003 Skyscraper >10000/–
S1RMQ4M1 5489 143300 0.203 Cylindrical shell 692/37.1
S2RMQ4M1 5489 143300 0.293 Cylindrical shell 1529/80.0
S3RMQ4M1 5489 143300 0.302 Cylindrical shell 6884/359.
NASA2910 2910 88603 0.213 NASA structure 1350/51.1
NASA4704 4704 54730 0.248 NASA structure 4866/145.3
SMT 25710 1889447 0.423 Mounted transistor 1984/492.
AUGUSTUS5 134144 645028 0.235 Diffusion 842/136.
AUGUSTUS7 1060864 5187320 0.233 Diffusion 1540/2970.

the linear system using the conjugate gradient method with Jacobi preconditioning
(JCG). The iteration was terminated when the 2-norm of the initial residual was
reduced by at least 8 orders of magnitude, or when a maximum of 10,000 iterations
was reached. The initial guess was the zero vector, and the right-hand side was
constructed as b = Ax, where x is a vector with random entries, uniformly distributed
in (0, 1). Similar results were obtained for other choices of the right-hand side. All the
runs were performed on a SUN Ultra 5 workstation, except for those with SMT and
the AUGUSTUS diffusion problems, for which one processor of an SGI Origin 2000
was used. The codes were written in standard Fortran77 and compiled with the -O3
optimization option. As can be seen, several of these problems are rather difficult to
solve and have substantial positive off-diagonal part R. The standard AINV algorithm
is unstable on all these problems, except BCSSTK16, which is the easiest in our data
set. The most challenging problems are BCSSTK25 and the thin shell S3RMQ4M1.

In the following tables we present a number of results obtained with various pre-
conditioners. We provide the time for computing the preconditioner (P-time), the
number of PCG iterations (Its), the time to perform the PCG iterations (It-time),
the total time (Tot-time), and the density ρ of the preconditioner. This is defined as
the ratio between the number of nonzeros in the approximate inverse factor and the
number of nonzeros in the lower triangular part of A. The preconditioners considered
are FSAI [31] and variants of the standard AINV algorithm and of SAINV. The vari-
ants correspond to various preliminary transformations operated on the coefficient
matrix. These are symmetric diagonal scaling (J), reordering with the multiple min-
imum degree (MMD) algorithm [32], diagonally compensated reduction of positive
off-diagonal entries (DCR), and combinations of these. Thus, for instance, J-DCR-
MMD-AINV stands for the standard AINV algorithm applied to the matrix obtained
from the diagonally compensated reduction of the original matrix after diagonal scal-
ing and MMD reordering. For AINV and SAINV, the value τ = 10−1 of the drop
tolerance is used throughout.

In Table 2 we present results obtained with the FSAI preconditioner [31]. This
algorithm already incorporates a sophisticated scaling strategy; therefore, no diagonal
scaling was applied. We found that MMD reordering had a beneficial effect on the
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Table 2
Test results for MMD-FSAI preconditioner.

Matrix P-time Its It-time Tot-time

BCSSTK13 0.71 440 15.2 15.9
BCSSTK14 0.35 80 2.35 2.70
BCSSTK15 0.54 201 10.6 11.1
BCSSTK16 2.67 72 7.78 10.5
BCSSTK17 2.70 472 82.4 85.1
BCSSTK18 0.63 322 27.0 27.6
BCSSTK21 0.09 260 5.39 5.48
BCSSTK25 1.25 1136 145. 146.
S1RMQ4M1 1.99 233 24.1 26.1
S2RMQ4M1 2.01 293 30.5 32.5
S3RMQ4M1 2.03 446 48.0 50.0
NASA2910 2.51 230 15.6 18.1
NASA4704 0.42 1068 52.6 56.0
SMT 53.4 403 193. 246.
AUGUSTUS5 3.60 363 95.2 98.8
AUGUSTUS7 30.6 705 2042. 2073.

Table 3
Test results for BCSSTK16.

Preconditioner P-time Its It-time Tot-time ρ

JCG – 191 11.4 11.4 0.00

MMD-FSAI 2.67 72 7.78 10.5 1.00

AINV 0.79 105 6.33 7.12 0.12
MMD-AINV 1.01 99 5.93 6.94 0.13
J-AINV 0.89 101 6.09 6.98 0.12
J-MMD-AINV 0.99 102 6.02 7.01 0.12

DCR-AINV 0.49 150 8.76 9.25 0.05
DCR-MMD-AINV 0.54 147 8.39 8.93 0.06
J-DCR-AINV 0.51 149 8.63 9.14 0.05
J-DCR-MMD-AINV 0.54 149 8.46 9.00 0.05

SAINV 1.00 101 6.12 7.12 0.12
MMD-SAINV 1.36 96 5.68 7.04 0.13
J-SAINV 0.88 98 5.82 6.70 0.12
J-MMD-SAINV 1.05 98 5.72 6.77 0.12

quality of FSAI preconditioning for most problems, especially the larger ones, and
this ordering was used in the experiments. The sparsity pattern for the approximate
inverse factor G was the same as that of the lower triangular part of PTAP , where
P is the permutation matrix corresponding to the MMD ordering.

These results clearly demonstrate the robustness of FSAI. This algorithm is gen-
erally more reliable and efficient than JCG. Note, however, the relatively poor perfor-
mance on BCSSTK21. We mention that the performance of FSAI can be significantly
improved using a better choice for the sparsity pattern and by postprocessing the pre-
conditioner; see, e.g., the suggestions in [30].

In Table 3 we present results for BCSSTK16 using a variety of preconditioners.
We show these results because the standard AINV is stable for this matrix and we
wish to compare it with the new variants. The fastest total timing is in boldface.

There are several observations worth making. We note that AINV and SAINV
both produce very sparse and yet quite effective preconditioners. Because of such
sparsity, the cost of SAINV is not much higher than that of AINV, particularly with
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Table 4
Test results for BCSSTK18.

Preconditioner P-time Its It-time Tot-time ρ

JCG – 1120 47.0 47.0 0.00

MMD-FSAI 0.63 322 27.0 27.6 1.00

AINV unst. – – – –
MMD-AINV 1.78 7068 501. 503. 1.15
J-AINV 0.47 743 46.6 47.1 0.73
J-MMD-AINV 0.96 1925 118. 119. 0.69

DCR-AINV 0.50 924 49.5 50.0 0.34
DCR-MMD-AINV 0.58 1006 53.3 53.9 0.34
J-DCR-AINV 0.49 663 36.3 36.8 0.35
J-DCR-MMD-AINV 0.56 613 32.2 32.8 0.34

SAINV 3.37 257 18.9 22.3 1.32
MMD-SAINV 2.83 354 24.6 27.4 0.99
J-SAINV 0.89 278 17.1 18.0 0.65
J-MMD-SAINV 1.05 261 15.5 16.6 0.58

symmetric scaling. On the other hand, diagonally compensated reduction (which is
not needed here since AINV is stable), which also produces very sparse precondi-
tioners, results in slower convergence and higher overall timings. These experiments
suggest that SAINV can be superior to AINV even when AINV is stable, provided
that the preconditioner is sufficiently sparse.

In Table 4 we show the results for a more difficult problem, BCSSTK18. These
results are fairly typical, and this is why we discuss them in some detail. For this
example, AINV is unstable. Applying symmetric scaling and reordering for sparsity
improves the situation only slightly: convergence is extremely slow. Using diagonally
compensated reduction with AINV is somewhat more effective, but worse than MMD-
FSAI. We performed some experiments with a smaller value of the drop tolerance to
see if a denser preconditioner would help, but this was not the case. The number
of iterations was somewhat reduced but not the timings. Better results are obtained
with SAINV, particularly in combination with scaling and MMD reordering. Notice
that SAINV results in preconditioners which are fairly sparse, although not as much
as for the previous example. The time for computing the approximate inverse with
SAINV and its variants is still quite small.

In Table 5 we show the results of using AINV with diagonally compensated re-
duction. We see that this method is reliable but generally not very effective. On
difficult matrices, such as BCSSTK18 and S3RMQ4M1, the performance is poor. In
some cases, improved results can be obtained in combination with symmetric scalings
and MMD reordering, but no clear trend emerges and it is difficult to make specific
recommendations.

Table 6 contains results for the SAINV preconditioner. For most problems, the
performance is better than that of DCR-AINV and comparable with that of MMD-
FSAI. Note that MMD-FSAI performs better on the shell problems.

Finally, in Table 7 we show the results for SAINV used in conjunction with sym-
metric scaling and MMD reordering. While this combination is not always optimal,
it was the best or nearly so in a majority of cases. Therefore we feel comfortable
recommending to use this combination in practice. Note in particular that J-MMD-
SAINV is on average a factor of three faster than Jacobi preconditioning. Also notice
that this approach is better than using AINV with diagonally compensated reduc-
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Table 5
Test results for DCR-AINV preconditioner.

Matrix P-time Its It-time Tot-time ρ

BCSSTK13 0.11 1185 19.8 19.9 0.13
BCSSTK14 0.06 353 4.69 4.75 0.12
BCSSTK15 0.11 676 18.6 18.7 0.15
BCSSTK16 0.49 150 8.76 9.25 0.05
BCSSTK17 0.41 1531 150. 150. 0.12
BCSSTK18 0.50 924 49.5 50.0 0.34
BCSSTK21 0.03 285 3.39 3.42 0.66
BCSSTK25 33.8 1853 256. 290. 2.10
S1RMQ4M1 0.30 539 30.5 30.8 0.10
S2RMQ4M1 0.30 1619 92.4 92.7 0.10
S3RMQ4M1 0.30 7675 440. 440. 0.10
NASA2910 0.18 689 22.6 22.8 0.08
NASA4704 0.11 2935 79.4 79.5 0.26
SMT 5.55 1380 353. 358. 0.02
AUGUSTUS5 3.11 331 82.7 85.8 0.82
AUGUSTUS7 35.2 605 2733. 2761. 0.81

Table 6
Test results for SAINV preconditioner.

Matrix P-time Its It-time Tot-time ρ

BCSSTK13 5.27 368 11.2 16.5 1.41
BCSSTK14 1.05 78 1.41 2.46 0.73
BCSSTK15 1.66 219 7.79 9.45 0.61
BCSSTK16 1.00 101 6.12 7.12 0.12
BCSSTK17 4.87 919 112. 117. 0.54
BCSSTK18 3.37 257 18.9 22.3 1.32
BCSSTK21 0.24 169 2.70 2.94 1.83
BCSSTK25 15.4 1848 286. 302. 2.20
S1RMQ4M1 8.04 267 23.8 31.8 1.06
S2RMQ4M1 13.8 521 60.4 74.2 1.91
S3RMQ4M1 36.4 4239 679. 715. 3.24
NASA2910 1.80 372 15.4 17.4 0.49
NASA4704 1.98 831 30.0 32.0 0.91
SMT 25.2 597 162. 188. 0.12
AUGUSTUS5 19.0 273 77.8 96.8 1.28
AUGUSTUS7 222. 515 1706. 1928. 1.28

tion in all cases, except AUGUSTUS5, where the results are comparable. We should
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Table 7
Test results for J-MMD-SAINV preconditioner.

Matrix P-time Its It-time Tot-time ρ

BCSSTK13 0.82 349 6.53 7.35 0.39
BCSSTK14 0.46 73 1.07 1.53 0.27
BCSSTK15 0.81 167 5.05 5.86 0.33
BCSSTK16 1.05 98 5.72 6.77 0.12
BCSSTK17 3.13 711 79.8 82.9 0.40
BCSSTK18 1.05 261 15.5 16.5 0.58
BCSSTK21 0.39 191 2.88 3.27 1.51
BCSSTK25 1.99 1512 151. 153. 0.57
S1RMQ4M1 1.26 248 15.0 16.3 0.20
S2RMQ4M1 1.42 528 32.7 34.1 0.25
S3RMQ4M1 1.43 1140 70.3 71.7 0.24
NASA2910 0.95 341 12.7 13.6 0.28
NASA4704 0.91 1176 38.3 39.2 0.62
SMT 10.3 546 148. 159. 0.11
AUGUSTUS5 12.0 281 75.6 87.6 1.10
AUGUSTUS7 220. 516 1551. 1771. 1.06

mention that for the matrices from structural analysis, which are fairly dense, the
right-looking version of the SAINV code was found to be faster and it was the one
used in the experiments. For the diffusion problems, which are comparatively sparse,
the left-looking version is faster and was used for the runs presented here.

The experiments in this section suggest that SAINV is a robust and effective
general purpose preconditioner for the conjugate gradient method, especially when
used in combination with symmetric scalings and MMD ordering. The standard AINV
preconditioner can be used in connection with diagonally compensated reduction,
resulting in a preconditioner which is also reliable but not nearly as effective, with the
possible exception of diffusion problems. Concerning this approach, we note that it is
difficult to predict the performance on the basis of η. Some correlation is present, e.g.,
in the three shell problems, for which η increases with the difficulty of the problem.
However, η is too coarse an indicator of performance to be useful in deciding when to
use diagonally compensated reduction.

The SAINV preconditioner is also easy to use. As already mentioned, we have
used the standard value τ = 10−1 for the drop tolerance in all the tests with AINV
and SAINV. Much better results can be obtained in some cases with a different value
of τ , but we deliberately avoided fine-tuning because we wanted to show that this is
a good choice in general. Also, the performance of the algorithm is only moderately
affected by the choice of τ , provided that it is not chosen too small or too large; see
[12].

6. Conclusions. We have developed SAINV, a reliable version of the AINV
factorized approximate inverse preconditioner for the conjugate gradient method. The
algorithm is applicable to general SPD matrices, is easily parallelized, and performs
well on challenging linear systems arising in finite element modeling of elasticity and
diffusion problems. The new preconditioner is easy to use, as it does not require the
user to specify a sparsity pattern for the approximate inverse but only the value of
the drop tolerance τ . Typically, setting τ = 10−1 gives good results. While the setup
phase is slightly more expensive than for the standard AINV preconditioner, the cost
of computing the preconditioner is still reasonable and the overall algorithm is cost
effective.
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Our experiments indicate that the performance of SAINV can be significantly
improved by applying some preliminary transformations to the matrix A, namely,
symmetric diagonal scaling and MMD reordering. With these transformations the
storage required for the SAINV preconditioner is often significantly less than that
for the coefficient matrix A itself. We stress that the cost of these preprocessings is
negligible compared to that of solving the linear system, and we recommend using
them as the default options in practice.

We have also investigated the use of diagonally compensated reduction of positive
off-diagonal matrix entries as an alternative, inexpensive means to stabilize the AINV
preconditioner. While this approach gave good results on some of our test problems,
it proved to be generally less effective than SAINV applied to the original matrix.
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[8] M. Benzi and M. Tůma, A sparse approximate inverse preconditioner for nonsymmetric linear
systems, SIAM J. Sci. Comput., 19 (1998), pp. 968–994.
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SIAM J. SCI. COMPUT. c© 2000 Society for Industrial and Applied Mathematics
Vol. 22, No. 4, pp. 1333–1353

Abstract. Standard preconditioners, like incomplete factorizations, perform well when the
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1. Introduction.

1.1. Motivation and focus. We consider the solution of sparse linear systems
Ax = b, where A is a general sparse n × n nonsingular matrix, by preconditioned
Krylov subspace methods [25], [39]. For a general sparse matrix we mean a matrix that
has no special properties, such as symmetry, positive definiteness, diagonal dominance,
etc. In particular, we focus on matrices that are highly unstructured, nonsymmetric
(structurally as well as numerically), and indefinite; i.e., the eigenvalues of A can
lie anywhere in the complex plane. Such matrices arise frequently in the simulation
of chemical engineering processes, in economic modeling, in management science, in
the analysis of circuits and power system networks, and elsewhere. These problems
are very different from the ones arising from the numerical solution of elliptic partial
differential equations (PDEs) and can cause serious difficulties for standard iterative
methods and preconditioners.

There have been a few attempts to use preconditioned Krylov subspace methods
in these contexts, but in general the results have been far from satisfactory. For
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example, in [11], various incomplete factorization (ILU) preconditioners and iterative
solvers were tested on a set of standard problems from chemical engineering. The
main conclusions of that study were that such linear systems are difficult to solve
with iterative methods (as indicated by the large number of reported failures) and that
realizing the potential of iterative solvers will require improvements in the reordering
and/or preconditioning schemes. Similar conclusions were reached in [33] for the use
of iterative methods in circuit simulations. The use of preconditioned Krylov subspace
methods for the solution of sparse linear systems arising in economic modeling has
been investigated in [37] and [24]. There the conclusion was that iterative solvers are
often superior to direct ones. However, some of the problems could not be solved by
iterative methods; see [37].

Preconditioned iterative methods work especially well when the coefficient matrix
is, at least to some degree, diagonally dominant. Reliable methods also exist to
handle matrices that are symmetric positive definite, or M -matrices. Matrices with
these properties arise frequently from the discretization of second-order, elliptic PDEs.
Standard preconditioners, such as those based on incomplete factorizations of the
coefficient matrix, are usually reliable under these circumstances and typically deliver
good rates of convergence. In contrast, such preconditioners are often unstable or may
not even be defined when the coefficient matrix has zeros on the main diagonal and/or
is highly nonsymmetric (see the discussion in section 2). Furthermore, the presence of
many eigenvalues with arbitrary real part (positive, negative, and zero) causes serious
difficulties for many Krylov subspace solvers. Matrices of this kind are loosely referred
to as highly indefinite, regardless of whether or not they are symmetric. Coefficient
matrices from chemical engineering, circuits, economics, etc., often exhibit a large
number of zero diagonal entries and poor spectral distributions, and they represent a
challenge for preconditioned Krylov subspace solvers.

1.2. Contributions of the paper. In [36], Olschowka and Neumaier introduce
new permutations and scaling strategies for Gaussian elimination. The goal is to pre-
process the coefficient matrix so as to obtain an equivalent system with a matrix that
is more diagonally dominant. This preprocessing reduces the need for partial pivoting,
thereby speeding up the solution process, and has a beneficial effect on the accuracy
of the computed solution. Although the focus in [36] is on dense systems, the sparse
case and the case of incomplete factorizations are also briefly discussed. These and
other heuristics have been further developed and efficiently implemented by Duff and
Koster; see [18] and [19]. Some evidence of the usefulness of these preprocessings in
connection with sparse direct solvers and for ILU preconditioning has been provided
in [18] and [19]; see also [30]. Our contribution is to carry out a systematic experi-
mental study of the use of these permutation and scaling algorithms in the context of
preconditioned iterative methods applied to challenging linear systems. We consider
a number of different preconditioners (diagonal, ILU, sparse approximate inverses)
and the combined use of nonsymmetric permutations aimed at improving numerical
stability with symmetric ones aimed at reducing fill-in in the preconditioner. Our
experiments indicate that this preprocessing, and particularly the use of maximum
product transversals, enables the stable computation of the preconditioners, resulting
in an overall solution strategy that is both reliable and cost effective.

While we do not claim that this approach to preconditioning general sparse ma-
trices will always work, we do hope that the results in this paper will contribute to
a reassessment of the role of iterative solvers in areas where these methods had been
almost written off as unreliable, such as chemical engineering. We also hope that
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one-sided permutations (and related scalings) will find widespread use in the arena of
preconditioned iterative solvers for highly indefinite and nonsymmetric linear systems.

The paper is organized as follows. In section 2 we briefly discuss the precondi-
tioners used in the paper. In section 3, which is based on [19], we recall the one-sided
permutations and scalings used to preprocess the matrices. The test problems used for
the numerical experiments are described in section 4, and the numerical experiments
themselves in section 5. Finally, in section 6 we present our conclusions.

2. ILU and approximate inverse preconditioners. In this section we briefly
discuss the preconditioners used in the numerical experiments. We focus our attention
on ILU-type techniques and on a sparse approximate inverse preconditioner in fac-
torized form, AINV. These are general-purpose, algebraic preconditioners that have
been used successfully to solve a wide range of problems, particularly from PDEs. For
a detailed treatment of ILU preconditioning we refer the reader to [39]. For a recent
survey of sparse approximate inverse preconditioners, see [6].

ILU methods compute sparse approximations to the triangular factors L and U of
A. The incomplete factors are obtained by dropping nonzero entries generated in the
course of the factorization process (fill-ins) according to some rule. Different dropping
rules give rise to different ILU preconditioners. When all fill-ins are discarded and
only nonzeros in positions corresponding to the nonzero entries of A are retained, the
ILU(0) preconditioner [34] is obtained. This preconditioner is easy to implement and
inexpensive to compute, but it is often not good enough, particularly for the kind
of challenging problems considered in this paper. More powerful preconditioners can
be obtained by allowing more fill-in in the incomplete factors, or by dropping fill-ins
based on their value rather than position. These techniques include level-of-fills ILU,
denoted ILU(k), and dual threshold ILU, denoted ILUT(tol, p). Here k ≥ 1 is the
fill level, tol ≥ 0 is a drop tolerance, and p ≥ 0 denotes the number of off-diagonal
nonzeros that are retained in each row of the incomplete factor (usually the p largest
ones among those nonzeros that are greater than tol in absolute value).

Although fairly robust in practice, ILU preconditioners often fail on general sparse
matrices because of instabilities (see below). In fact, the incomplete factors may
not even exist. One way to improve their robustness is by incorporating partial
(column) pivoting in the incomplete factorization. In the case of ILUT, this leads to
a variant, called ILUTP [39], which is sometimes successful when ILUT fails. However,
even this approach often fails when applied to general sparse matrices; see [10] and
subsection 5.4 below.

There are two types of instability that ILU preconditioners may suffer from. These
instabilities have been discussed in detail in [10]; here we give a brief discussion only.
Let L̄ and Ū denote the incomplete factors, and let

R := L̄Ū −A

denote the residual matrix. Also, let

E := I −A(L̄Ū)−1

denote the error matrix, assuming that preconditioning is being applied on the right.
Notice that E = R(L̄Ū)−1. Let ‖ · ‖F denote the Frobenius matrix norm. In the
symmetric positive definite case, there is a good correlation between the size of ‖R‖F
and the rate of convergence of the preconditioned conjugate gradient method [20]. On
the other hand, in the case of general sparse matrices, ‖R‖F alone is not a reliable
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indicator of the quality of the preconditioner; instead, both ‖R‖F and ‖E‖F should be
taken into account. Note that ‖R‖F can be interpreted as a measure of the accuracy of
the preconditioner, regarded as an approximation ofA, while ‖E‖F gauges the stability
of the approximation. In general, a large value of ‖R‖F means a poor approximation
and hence a poor preconditioner. This can be caused, for instance, by very small
pivots encountered in the course of the incomplete factorization, and accounts for a
first kind of instability. However, even if ‖R‖F is small, it can happen that L̄−1 and/or
Ū−1 have very large entries. Therefore ‖E‖F = ‖R(L̄Ū)−1‖F could be large, in which
case the preconditioned matrix will be far from the identity, and the preconditioned
iteration will either stagnate or diverge, leading to a second kind of instability. We
stress that the instability here is not in the incomplete factorization process, but in
the incomplete factors. Unstable (more accurately, ill-conditioned) ILU factors occur
frequently for matrices that are far from symmetric and lack diagonal dominance; see
[22], [10], [4].

For general sparse matrices, it is frequently the case that both kinds of instability
occur simultaneously, with a crippling effect on the quality of the preconditioner. In
general, the complete LU factorization of A may not even be defined without pivoting,
or it may be unstable. This can happen, for example, when there are zero or small
entries on the main diagonal. As long as A is nonsingular it has (in exact arithmetic)
an LU factorization with pivoting, but this is not true for incomplete factorizations
[38]. On the other hand, ILU factorizations that are both accurate and stable are
possible for diagonally dominant matrices.

Because of these and other limitations of ILU-type preconditioners, alternative
preconditioning techniques based on sparse approximate inverses have been intensively
developed in the past few years. The AINV algorithm [3], [5], based on an incomplete
biconjugation process, has been shown to be one of the most effective techniques in
this class. Here the preconditioner is the product of two triangular matrices, which are
sparse approximations to the inverses of the L and U factors of A. Sparsity is preserved
by using a drop tolerance. The approximate inverse factors are computed directly from
A; no knowledge of the factors L or U is needed. Factorized approximate inverse pre-
conditioners share one drawback with ILU-type techniques: The construction phase
is guaranteed to be breakdown-free only for special classes of matrices. Sufficient
conditions are that A be symmetric positive definite or an H-matrix; see [29], [3],
[28], [2]. For general sparse matrices, instabilities due to very small or zero pivots can
occur during the construction of the preconditioner, with disastrous effects. This is
perfectly analogous to the instability of the first kind for ILU. Notice that, in contrast
to ILU, the instability of the second kind—unstable ILU solves—is not an issue here.

Like for ILU, the performance of approximate inverse preconditioners in factorized
form is sensitive to the ordering of the matrix. For structurally symmetric (or nearly
so) matrices having a stable AINV preconditioner, it was shown in [9] and [7] that
symmetric reorderings that reduce fill-in in the inverse factors, like minimum degree or
(generalized) nested dissection, can be used to improve the performance of the precon-
ditioner. However, these symmetric reorderings alone are of little use for general sparse
matrices, as in this case the AINV preconditioner may not even be defined. As we shall
see, the stability and effectiveness of AINV can be dramatically improved by nonsym-
metric permutations and scalings aimed at placing large entries on the main diagonal.

3. Overview of algorithms for finding maximum transversals. In this
section we give a summary of algorithms for determining permutations of a matrix
that place entries of large absolute value on the main diagonal. The codes used to
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perform the permutations were taken from MC64, a set of Fortran routines that will be
included in a forthcoming release of the Harwell Subroutine Library. Further details
on the algorithms and implementations are provided in [19].

We examine three approaches for permuting large entries to the diagonal of matri-
ces. First, we discuss methods for permuting a matrix so that the diagonal contains
a maximum number of nonzeros; this method is referred to as finding a maximum
transversal or maximum matching. Second, we discuss a method that permutes a
matrix so that the product of the absolute value of the entries on the diagonal is
maximized. Third, we discuss a variant of the second method, where the matrix is
permuted so that the absolute value of the smallest entry on the diagonal is maximized.

Finally, we include a discussion on how to scale the entries of a matrix so that its
diagonal entries are 1 in absolute value, and its off-diagonal entries are all less than
or equal to 1 in absolute value.

In our experiments we found that, in general, the best results in terms of both
preconditioner fill and convergence rates were obtained when matrices were permuted
so as to maximize the product of the absolute value of the entries on the diagonal,
and scaled so that the diagonal entries are 1 in absolute value, and off-diagonal entries
are all less than or equal to 1 in absolute value. Also note that the timing behaviors
mentioned in the discussions of the algorithms below are worst-case scenarios. The
implementations in MC64 are efficient and the preprocessing phase is very fast, even
for relatively dense matrices.

3.1. Finding a maximum transversal. Let A = (aij) be a general n × n
matrix. Let M denote a set of at most n ordered index pairs (i, j), 1 ≤ i, j ≤ n, in
which each row index i and each column index j appears at most once. M is called
a transversal or matching. When M has maximum cardinality (n for structurally
nonsingular matrices),M is called a maximum transversal or maximum matching.

In the case where |M| = n, thenM defines an n×n permutation matrixQ = (qij),
where {

qji = 1 for (i, j) ∈M,

qji = 0 otherwise,

and thus AQ and QA are matrices with the transversal entries on the diagonal. Be-
cause our code is row oriented, we limit our discussion to row permutations, i.e.,
permutations of the form QA.

One of the options in MC64 uses the algorithm MC21 implemented by Duff [14],
[15]. MC21 is a depth-first search algorithm with look-ahead; for a sparse matrix with
τ nonzero entries, the algorithm has worst-case complexity of O(nτ) but in practice
exhibits O(n+ τ) behavior.

The use of such a reordering strategy is fundamental as the first step of permuting
sparse reducible matrices to block triangular form. We mention that permuting to a
zero-free diagonal has been examined before as a reordering strategy for precondition-
ing; see, for instance, [11] and [5]. Clearly, such a permutation will prove beneficial
when, under the original ordering, there are zeros lying on the diagonal. However,
in our experiments, we encountered few cases where finding a maximum transversal
provided more benefit than finding a maximum product transversal.

3.2. Finding a maximum product transversal. In this subsection, we dis-
cuss permuting a matrix so that the product of the absolute value of the entries along
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the diagonal is maximized. That is, we look for a permutation σ that maximizes

n∏
i=1

|aσ(i)i|.(3.1)

This strategy, combined with the scalings mentioned below, was introduced in [36] for
pivoting in dense Gaussian elimination.

First, this maximization problem is translated into a minimization problem. Let
ai = maxj |aij | denote the maximum value in row i of the matrix A. Define the matrix
C = (cij) by

cij =

{
log ai − log |aij | for aij �= 0,

∞ otherwise.

Then maximizing (3.1) is equivalent to minimizing

n∑
i=1

cσ(i)i.(3.2)

Minimizing the sum (3.2) is equivalent to finding a minimum weight perfect
matching. In combinatorial optimization, this is known as the bipartite weighted
matching problem, or linear assignment problem. MC64 uses a sparse variant of the
bipartite weighted matching algorithm introduced in [36]. Fundamental to finding a
minimum weight perfect matching is finding a shortest augmenting path, which in
turn relies on a sparse variant of Dijkstra’s algorithm [13]. For a full n×n matrix, the
assignment problem can be solved in O(n3) time; for a sparse matrix, the problem
can be solved in O(nτ log n) time.

An important aspect of applying the bipartite weighted matching algorithm to
the matrix C is the following result [21]: A perfect matchingM has minimum weight
if and only if there exist vectors u = (ui) and v = (vi), each of length n, such that{

ui + vj = cij for (i, j) ∈M,

ui + vj ≤ cij for (i, j) �∈ M.
(3.3)

These vectors u and v are used in scaling the permuted matrix (see below).

3.3. Algorithm for finding a bottleneck transversal. In this subsection we
consider a simple variation of the method discussed in the previous subsection. Here
we are interested in finding a permutation of A such that the smallest absolute value
on the diagonal is maximized. That is, we look for a permutation σ that maximizes

min
1≤i≤n

|aσ(i)i|,(3.4)

and define the matrix C = (cij) by

cij =

{
ai − |aij | for aij �= 0,

∞ otherwise.

Then maximizing (3.4) is equivalent to minimizing

max
1≤i≤n

cσ(i)i.(3.5)
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Thus the maximum product transversal algorithm can be applied here, with only
minor modifications, such as to replace the sum operation (3.2) by the max opera-
tion (3.5).

Note that this method regards only the smallest entry on the diagonal of the
permuted matrix. For example, as mentioned in [19], consider a matrix having a row
containing only one nonzero entry whose absolute value is the smallest in the matrix.
Then the bottleneck transversal algorithm may return a transversal with small values
on the diagonal. MC64 takes a somewhat different approach to avoid this problem;
see [18], [19] for details.

Scaling the matrix prior to finding a bottleneck transversal also alleviates this
problem. Ultimately, though, we note that we found few examples where bottleneck
transversal permutations proved superior to maximum product transversal permuta-
tions.

3.4. Scaling. It is often beneficial to scale the matrices using the parameters ui
and vj from (3.3) obtained in the weighted matching algorithm. To this end, define
diagonal matrices D1 and D2 by

D1 = diag(d1
1, d

1
2, . . . , d

1
n), d1

j = exp(vj)/aj ,

D2 = diag(d2
1, d

2
2, . . . , d

2
n), d2

i = exp(ui).
(3.6)

Then QD1AD2 is a matrix whose diagonal entries are 1 in absolute value, and whose
off-diagonal entries are all less than or equal to 1, in absolute value. Such a matrix is
referred to as an I -matrix in [36]. By simply changing the sign of rows (or columns)
having a diagonal entry equal to −1 we obtain a matrix with unit diagonal. The
eigenvalues of such a matrix lie in discs centered at 1, with radii equal to the sum of
the absolute values of the off-diagonal entries in the corresponding row. Therefore,
the less the matrix deviates from a diagonally dominant matrix, the more clustered
the eigenvalues will be, around 1. In the ideal case, all the discs of such a matrix will
have radii less than 1, and the matrix will be strictly rowwise diagonally dominant.
In turn, this guarantees that ILU and AINV preconditioners will be well defined. It
is also a favorable situation for Krylov subspace methods since, in particular, all the
eigenvalues will have positive real part.

4. Description of test problems. In this section we describe the matrices that
were used in the numerical experiments. Most of these matrices are available in the
public domain [17], [12], [35]. They are representative of problems from a variety of
applications, but they have in common the fact that they are difficult to solve with
iterative methods. The matrices are listed in Table 1 below, together with some basic
information. In Table 9 we report the estimate for the condition number returned by
MATLAB (except for the last three problems, which are too large).

The first eight matrices are from chemical engineering and represent simulations
of different chemical processes. While they are not large, these matrices are interesting
because of the challenge they pose to iterative solvers. They are highly unstructured,
very far from being structurally symmetric, with most of the diagonal entries equal
to zero. In addition, they are highly indefinite and tend to be very ill conditioned.
Matrices similar to these have been used to test ILU-type preconditioners in [11]. In
that paper, MC21 was used to obtain a zero-free diagonal: The results were poor.
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Table 1
Test problem information.

Application area: Chemical engineering

Matrix Description Order Nonzeros

WEST0655 Sixteen stage column section 655 2854

WEST0989 Seven stage column section 989 3537

WEST1505 Eleven stage column section 1505 5445

WEST2021 Fifteen stage column section 2021 7353

LHR01 Light hydrocarbon recovery 1477 18592

LHR02 Light hydrocarbon recovery 2954 37206

BAYER09 Chemical process simulation 3083 21216

BAYER10 Chemical process simulation 13436 94926

Application area: Economic models and linear programming

Matrix Description Order Nonzeros

MAHINDAS Economic model of Victoria 1258 7682

ORANI678 Economic model of Australia 2529 90158

BP200 Simplex method basis matrix 822 3802

GEMAT11 Power flow in 2400 bus system 4929 33185

—initial simplex method basis

GEMAT12 Power flow in 2400 bus system 4929 33111

—basis after 100 iterations

Application area: Circuit modeling

Matrix Description Order Nonzeros

WATSON4a Jacobian at step 4, 1 row added 468 2870

WATSON5a Jacobian at step 4, 1 row added 1854 10848

CIRCUIT3 Jacobian from nonlinear DAE system 12127 48137

Application area: PDE problems

Matrix Description Order Nonzeros

SHERMAN2 Thermal simulation with steam injection 1080 23094

LNS3937 Linearized Navier–Stokes equations 3937 25407

UTM5940 Plasma physics, tokamak modeling 5940 83842

SLIDE Solid deformation model (ALE3D) 20191 1192535

TWO-DOM Solid deformation model (ALE3D) 22200 1188152

VENKAT25 2D unstructured Euler solver, time step=25 62424 1717792

The next five matrices come from the general area of mathematical economics and
management. These matrices are also highly unstructured, nonsymmetric, indefinite
with most diagonal entries equal to zero, and cause difficulties for preconditioned
iterative methods.

The next three matrices arise in circuit design. The first two problems are de-
scribed in [33] and are available from the Matrix Market [35]. The original matrices
WATSON4 and WATSON5 are rectangular; as in [33], we appended one row at the
bottom of these matrices to make them square (and we changed the names to WAT-
SON4a and WATSON5a). The row vector used was eTn = (0, . . . , 0, 1). All diagonal
entries are nonzero. The third circuit matrix was kindly provided by Wim Bomhof
of Utrecht University; see [8]. This matrix has some zero diagonal entries. All three
matrices are very sparse, and they exhibit a good deal of structural symmetry.

Finally, we included six matrices from the discretization of PDEs. Of these,
SHERMAN2 does not present any difficulty for ILU preconditioning, but it has been
reported by several researchers as being quite challenging for sparse approximate in-
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verse preconditioners; see, e.g., [1], [6], [26], and [27]. Matrix LNS3937 has a zero diag-
onal block corresponding to the divergence constraint in the Navier–Stokes equations
and is challenging for both ILU and approximate inverse techniques; see, respectively,
[10] and [1]. Zero diagonal blocks induced by constraints also occur in the unstruc-
tured finite element matrices SLIDE and TWO-DOM, which were kindly provided by
Ivan Otero (Lawrence Livermore National Laboratory). Matrix UTM5940 is fairly
difficult to solve with ILU-type methods [10] and is even more so by sparse approxi-
mate inverse techniques. Matrix VENKAT25 was included because it is difficult for
AINV. These last two matrices have no zero diagonal entries.

These matrices are just a selection from a larger set that was used for the tests;
the chosen problems are representative of the results observed. As we will see, prepro-
cessing makes all these problems solvable by iterative methods preconditioned with
ILUT and AINV, and many of them even with ILU(0) or ILU(1) preconditioning. We
found, however, several problems that could not be solved by the techniques employed
in this paper. In these cases, the preconditioned iteration usually converged, but to a
seriously inaccurate solution. Among these matrices we mention SHYY41 (also dis-
cussed in [10]), NNC666 and NNC1374, GRAHAM1, several of the FIDAP matrices,
and some of the LHR0∗c matrices from chemical engineering, all available in [12] or
[35]. We tried to solve these problems by a direct method, namely, Gaussian elimi-
nation with partial pivoting, but again the computed solution was affected by large
errors. The same happened when we used the complete factors computed with the
direct method as preconditioners for Krylov subspace methods—a form of iterative
refinement. Not surprisingly, these matrices are severely ill conditioned. One cannot
blame an algorithm for being unable to produce accurate solutions to extremely ill
conditioned problems. In this paper, we only present results for problems that could
be solved with some accuracy.

5. Numerical experiments. In this section we report on numerical experi-
ments aimed at assessing the impact of the MC64 permutation and scaling routines
on the robustness and performance of preconditioned Krylov subspace methods. All
algorithms were implemented in Fortran77 using double precision arithmetic. The
codes were compiled by f77 with the -O3 optimization option. Test runs were per-
formed on a Sun Ultra 5 workstation for all test problems except the last three, for
which one 250 MHz processor of an SGI Origin 2000 computer was used.

Three different Krylov subspace solvers were tried: BiCGSTAB [41], GMRES [40],
and TFQMR [23]. While the three algorithms performed similarly on most problems,
BiCGSTAB was found to be somewhat better than the others overall. Therefore,
we will present results for BiCGSTAB only. The preconditioners used are diagonal
(Jacobi) scaling, ILU(0), ILU(1), ILUT, and AINV. Besides these, we performed
experiments also with ILUTP [39] and SPAI [26]. In all cases, right preconditioning
was used. An artificial right-hand side b was used in the runs, so that the system
Ax = b had the known solution x = (xi) with xi = i, 1 ≤ i ≤ n. Runs were
performed also with other choices of b, with similar results. The initial guess was
always the zero vector, x0 = 0. The iteration was stopped when the "2-norm of the
initial residual was reduced by at least eight orders of magnitude, or when a maximum
number of iterations maxit = min{n, 2000} was reached.

Some comments on the accuracy of the approximate solutions corresponding to
this stopping criterion are in order. As reported in Table 9, many of the test ma-
trices are very ill conditioned, and a small residual does not necessarily guarantee a
small error. Nevertheless, the stopping criterion adopted was sufficient to produce
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solutions with good relative accuracy except in a few cases (BAYER09, GEMAT12,
CIRCUIT3), where some of the components of the solution were affected by large er-
rors. For these cases, reducing the stopping tolerance from 10−8 to 10−12 resulted in
accurate solutions, at the expense of an increase in the number of iterations of roughly
30%. However, all the results presented in the subsequent sections correspond to the
stopping tolerance 10−8.

5.1. Testing reliability. Here we present results aimed at assessing the impact
of the preprocessing on the reliability of preconditioned BiCGSTAB. Only iteration
counts are reported. In Table 2 we report the results of runs using diagonal (Jacobi)
preconditioning for the original matrix (under “orig”) and for different preprocessings:
the basic maximum transversal (under “mc21”), the bottleneck transversal (under
“bt”), the maximum product transversal without scalings (under “mpd”), and with
scalings (under “mps”).

Table 2
Iteration count, Jacobi preconditioning.

Matrix orig. mc21 bt mpd mps

WEST0655 ‡ † † † †
WEST0989 ‡ † † 239 171

WEST1505 ‡ † † 536 570

WEST2021 ‡ † † 342 455

LHR01 ‡ † † 421 238

LHR02 ‡ † † 1195 1109

BAYER09 ‡ † † † 244

BAYER10 ‡ † † † †
MAHINDAS ‡ † † 348 137

ORANI678 ‡ † 1133 217 196

BP200 ‡ † † † †
GEMAT11 ‡ † † † †
GEMAT12 ‡ † bd † †
WATSON4a 467 467 467 222 183

WATSON5a † † † † †
CIRCUIT3 ‡ † † † †
SHERMAN2 † † † 466 †
LNS3937 ‡ † † † †
UTM5940 † † † † †
SLIDE ‡ † † † †
TWO-DOM ‡ † † † †
VENKAT25 † † † † †

A “‡” means that the preconditioner was not defined, due to zeros on the main
diagonal. A “†” means failure to converge within the maximum number of allowed
iterations. A “bd” denotes a breakdown in the BiCGSTAB acceleration. Notice
that mc21 leaves matrices WATSON4a, WATSON5a, SHERMAN2, UTM5940, and
VENKAT25 unchanged, since these matrices have no zero diagonal entries.

The only problem that can be solved without any preprocessing is the small circuit
matrix WATSON4a, which requires a number of iterations almost equal to the order
of the matrix. While the maximum and bottleneck transversals lead to virtually
no improvements, the maximum product transversals result in convergence in nine
cases. In particular, six out of the eight chemical engineering problems and both
economics problems can be solved using Jacobi preconditioning in connection with
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the maximum product transversal and associated scalings. Notice that with mps,
Jacobi preconditioning simply has the effect of changing the sign of those matrix
columns for which the corresponding diagonal entry is −1.

The next three tables report the results obtained for various ILU-type precondi-
tioners. As is well known, these preconditioners are sensitive to the ordering of the
equations and unknowns. Therefore, after applying the various preprocessings, we
also reorder the matrix with a symmetric permutation. Consider for instance mps
preprocessing. Indicated with D1 and D2, respectively, the row and column scal-
ings associated with the maximum product transversal and with Q the corresponding
row permutation that permutes the scaled matrix to a zero-free diagonal form, the
symmetric permutations are based on the adjacency graph of the symmetric matrix
Â+ ÂT , where Â = QD1AD2. Once the permutation matrix P has been determined,
one solves the following linear system:

(PTQD1AD2P )y = PTQD1b.

The solution of the original linear system is then x = D2Py. The preconditioner
calculation is carried out on the scaled and reordered matrix

Ã = PTQD1AD2P.

While the purpose of the scalings D1, D2 and of the one-sided permutation Q is to
improve stability, the main effect of the symmetric permutation P is to increase the
effectiveness of the preconditioner by making it more accurate. For structurally sym-
metric matrices that are numerically unsymmetric and far from diagonally dominant,
it was found in [4] that the performance and robustness of ILU-type preconditioners
was generally improved by the reverse Cuthill–McKee ordering [16], denoted “rcm”
in the tables (see column “SO”). Thus, we used rcm as the default ordering for ILU
preconditioners. Although it is not always the best ordering, rcm gave good results
in a majority of cases, in good agreement with the conclusions in [4]. Whenever rcm
performed poorly we switched to another symmetric ordering, like multiple minimum
degree [32] (denoted “mmd”) or generalized nested dissection [31] (denoted “gnd”).
Occasionally, we found that no symmetric reordering was the best option (denoted
“no” in the tables). In these tables, a “‡” indicates a failure due to pivot breakdown;
i.e., a zero or exceedingly small pivot was encountered in the course of the incomplete
factorization.

The results for ILU(0) preconditioning are reported in Table 3. Again, using
just mc21 is ineffective, with the only exception of matrix ORANI678. Results for
the bottleneck transversal are not much better. However, the robustness of ILU(0) is
greatly improved when the maximum product transversal is used. No pivot breakdown
occurs, and all but five problems can be solved. The five failures are due to very slow
convergence except for CIRCUIT3, for which the ILU(0) factors are unstable. Using
different symmetric reorderings for these problems did not help.

We notice that there are two matrices, SHERMAN2 and VENKAT25, which
can be easily solved with ILU(0) preconditioning without any preprocessing. Indeed,
using mps results in a slight deterioration in the rate of convergence. Clearly, if a
given combination of preconditioner and Krylov subspace solver gives good results,
the use of preprocessing is not necessary and should not be used. We further observe
that in several cases, mpd (without scalings) gives better results than mps. The same
phenomenon occurs also for Jacobi and ILU(1) preconditioning (see Tables 2 and 4).
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Table 3
Iteration count, ILU(0) preconditioning.

Matrix SO orig. mc21 bt mpd mps

WEST0655 gnd ‡ ‡ ‡ 157 144

WEST0989 gnd ‡ ‡ ‡ 51 60

WEST1505 mmd ‡ ‡ ‡ 1498 903

WEST2021 mmd ‡ ‡ ‡ 136 162

LHR01 rcm ‡ † † 52 49

LHR02 rcm ‡ ‡ ‡ 210 62

BAYER09 rcm ‡ ‡ ‡ 32 42

BAYER10 rcm ‡ ‡ ‡ † †
MAHINDAS rcm ‡ ‡ 167 34 32

ORANI678 rcm ‡ 83 50 28 21

BP200 mmd ‡ ‡ 126 510 603

GEMAT11 rcm ‡ † † 153 140

GEMAT12 rcm ‡ † † 702 838

WATSON4a rcm 131 131 127 60 89

WATSON5a rcm † † † † †
CIRCUIT3 rcm ‡ ‡ † † †
SHERMAN2 no 8 8 † 12 11

LNS3937 rcm ‡ † † † †
UTM5940 no † † † † †
SLIDE rcm ‡ † 628 335 335

TWO-DOM rcm ‡ † † 419 513

VENKAT25 rcm 90 90 † 88 117

Table 4
Iteration count, ILU(1) preconditioning.

Matrix SO orig. mc21 bt mpd mps

WEST0655 gnd ‡ ‡ ‡ ‡ †
WEST0989 rcm ‡ ‡ ‡ 32 38

WEST1505 rcm ‡ ‡ ‡ 37 45

WEST2021 rcm ‡ ‡ ‡ 68 74

LHR01 rcm ‡ ‡ † 64 58

LHR02 rcm ‡ ‡ ‡ 143 104

BAYER09 rcm ‡ ‡ ‡ 10 14

BAYER10 rcm ‡ ‡ ‡ 1176 1707

MAHINDAS rcm ‡ ‡ 108 9 16

ORANI678 rcm ‡ ‡ 69 14 13

BP200 mmd ‡ 58 36 94 †
GEMAT11 rcm ‡ ‡ 107 43 46

GEMAT12 rcm ‡ ‡ † 183 55

WATSON4a rcm 126 126 92 27 26

WATSON5a no † † † † 932

CIRCUIT3 rcm ‡ ‡ † † †
SHERMAN2 rcm 8 8 † 4 4

LNS3937 gnd 379 bd † 264 355

UTM5940 no 151 151 † 168 119

SLIDE mmd ‡ ‡ † 226 259

TWO-DOM mmd ‡ ‡ † 151 155

VENKAT25 rcm 56 56 † 57 81
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In Table 4 we report the results obtained with ILU(1) preconditioning. Again,
mc21 and bt offer little benefit, whereas the use of mpd or mps allows all but
three problems to be solved. With mpd we had one failure due to pivot breakdown
(WEST0655), one due to slow convergence (WATSON5a), and one due to unstable
ILU factors (CIRCUIT3). For mps, unstable ILU solves were the cause of all three
failures. Notice that in a few cases, ILU(1) performs worse than ILU(0). However,
all PDE problems can be solved with ILU(1) when either mpd or mps is used, with
mpd giving somewhat better results on average.

Table 5
Iteration count, ILUT preconditioning.

Matrix SO tol, p orig. mc21 bt mpd mps

WEST0655 gnd 10−1, 5 ‡ ‡ ‡ 65 37

WEST0989 rcm 10−1, 5 ‡ ‡ 470 21 9

WEST1505 mmd 10−1, 5 ‡ ‡ † 513 53

WEST2021 rcm 10−1, 5 ‡ ‡ ‡ 110 34

LHR01 rcm 10−1, 5 ‡ ‡ ‡ 252 41

LHR02 rcm 10−1, 5 ‡ ‡ ‡ ‡ 78

BAYER09 rcm 10−1, 5 ‡ ‡ † † 14

BAYER10 mmd 10−4, 20 ‡ ‡ ‡ ‡ 65

MAHINDAS rcm 10−1, 5 ‡ † 959 8 9

ORANI678 rcm 10−1, 5 ‡ † 62 12 14

BP200 mmd 10−1, 5 ‡ † 28 17 11

GEMAT11 rcm 10−1, 5 ‡ ‡ † 1471 303

GEMAT12 rcm 10−1, 5 ‡ ‡ † 354 306

WATSON4a rcm 10−1, 5 457 457 457 208 31

WATSON5a rcm 10−5, 25 6 6 6 6 6

CIRCUIT3 rcm 10−4, 20 80 ‡ 516 36 90

SHERMAN2 rcm 10−1, 5 37 37 † 8 10

LNS3937 rcm 10−3, 10 ‡ ‡ † 776 24

UTM5940 no 10−4, 20 164 164 † 302 141

SLIDE rcm 10−1, 5 ‡ † † † 491

TWO-DOM rcm 10−1, 5 ‡ † † † 494

VENKAT25 rcm 10−2, 5 † † ‡ † 98

It is already clear from these results that the reliability of preconditioned iterative
solvers is greatly enhanced by the use of one-sided permutations aimed at placing
large entries on the main diagonal, even when simple preconditioners like ILU(0) and
ILU(1) are used. There are, however, a few hard problems for which this approach
does not work. Additional robustness can be achieved by using a drop tolerance.

In Table 5 we present results for the popular dual-threshold ILUT(tol, p) precon-
ditioner. Our strategy for the experiments was the following. We used the default
parameters tol = 10−1, p = 5 with rcm as the basic symmetric reordering. Whenever
we found that this combination produced poor results, we switched to a different sym-
metric reordering until a good one was found (in the following order: mmd, gnd, no
reordering). When this didn’t work we changed the ILUT parameters by decreasing
tol and, if necessary, increasing p. We do not claim that this leads to an optimal,
or even good preconditioning strategy: Rather, the purpose of these experiments is
to demonstrate that iterative solvers can be made reliable without much need for
fine-tuning. We emphasize that the values tol = 10−1 and p = 5 are not typical for
ILUT. Usually, a much smaller drop tolerance and a much larger value of p are used,



1346 MICHELE BENZI, JOHN C. HAWS, AND MIROSLAV TŮMA

particularly for hard problems: see, e.g., [10]. In other words, we chose to use a very
sparse preconditioner, in many cases even sparser than the original matrix. We made
this choice deliberately, with the intent to show that most problems become very easy
to solve once the preprocessing phase is applied. In general, better results can be
obtained with a different choice of the parameters.

The results in Table 5 show that with mps, all problems can be solved with ILUT
preconditioning. In a majority of cases the basic combination of rcm reordering with
tol = 10−1 and p = 5 was sufficient to solve the problem. In some cases, an al-
ternative symmetric reordering and/or additional fill-in had to be used in order to
achieve convergence. The hardest problems for ILUT appear to be BAYER10, CIR-
CUIT3, and UTM5940. Notice that complementing the maximum product transversal
with scalings has the effect of improving the reliability and performance of ILUT-
preconditioned BiCGSTAB in nearly all cases. The only serious exception to this rule
occurs for CIRCUIT3, for which the number of iterations increases from 36 to 90.

Table 6
Iteration count, AINV preconditioning.

Matrix SO tol orig. mc21 bt mpd mps

WEST0655 no 10−1 ‡ ‡ ‡ † 176

WEST0989 mmd 10−1 ‡ ‡ ‡ 141 32

WEST1505 mmd 10−2 ‡ ‡ † 1693 37

WEST2021 mmd 10−2 ‡ ‡ † 148 8

LHR01 mmd 10−1 ‡ † ‡ 251 74

LHR02 mmd 10−1 ‡ ‡ ‡ 385 127

BAYER09 mmd 10−1 ‡ ‡ † 15 8

BAYER10 no 3.5× 10−2 ‡ ‡ ‡ 781 43

MAHINDAS mmd 10−1 ‡ ‡ 29 15 7

ORANI678 no 10−1 ‡ † 251 10 9

BP200 mmd 5× 10−2 ‡ ‡ 20 ‡ 5

GEMAT11 mmd 10−1 ‡ ‡ † 802 230

GEMAT12 mmd 10−1 ‡ ‡ † † 389

WATSON4a mmd 10−1 21 21 21 14 20

WATSON5a mmd 10−3 51 51 51 51 114

CIRCUIT3 no 10−2 † ‡ † 268 43

SHERMAN2 mmd 10−1 † † † 50 14

LNS3937 gnd 10−1 ‡ † † † 112

UTM5940 gnd 10−1 1268 1268 † 1388 406

SLIDE mmd 10−1 † † † 603 306

TWO-DOM mmd 10−1 † † 965 491 224

VENKAT25 mmd 10−1 † † ‡ 385 411

In Table 6 we present results for the drop-tolerance-based sparse approximate
inverse AINV preconditioner. Like ILU-type preconditioners, AINV is sensitive to the
ordering. In [9] and [7] it was shown that mmd is generally a good ordering for AINV,
with gnd a close second. On the other hand, rcm cannot be recommended in general.
Thus, the default parameters used were mmd reordering and tol = 10−1. For a few
hard problems, it was necessary to switch to gnd reordering (or no reordering) and to
reduce the drop tolerance. However, no effort was made to tune the parameters for
optimal performance. As for the ILU preconditioner, failures due to pivot breakdowns
are denoted by “‡” and failures due to slow convergence by “†.”
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Table 7
Test results for ILUT preconditioning.

Matrix NSO-time SO-time P-time ρ Its It-time Tot-time

WEST0655 0.009 0.006 0.005 1.22 37 0.110 0.130

WEST0989 0.011 0.004 0.004 0.967 9 0.056 0.075

WEST1505 0.018 0.017 0.007 0.916 53 0.323 0.365

WEST2021 0.024 0.009 0.011 0.997 34 0.333 0.378

LHR01 0.091 0.019 0.013 0.349 41 0.369 0.494

LHR02 0.214 0.042 0.026 0.346 78 1.54 1.82

BAYER09 0.113 0.025 0.017 0.401 14 0.280 0.440

BAYER10 0.799 0.556 0.189 1.22 65 6.63 8.19

MAHINDAS 0.019 0.009 0.009 0.613 9 0.080 0.117

ORANI678 0.185 0.132 0.077 0.087 14 0.452 0.850

BP200 0.009 0.016 0.004 0.856 11 0.049 0.078

GEMAT11 0.079 0.038 0.038 0.632 303 8.05 8.21

GEMAT12 0.097 0.038 0.039 0.662 306 8.26 8.43

WATSON4a 0.006 0.004 0.004 0.799 31 0.063 0.078

WATSON5a 0.015 0.031 0.031 1.85 6 0.128 0.211

CIRCUIT3 0.127 0.106 0.610 2.02 90 7.08 7.88

SHERMAN2 0.053 0.021 0.020 0.228 10 0.111 0.206

LNS3937 0.131 0.030 0.129 2.59 24 0.973 1.27

UTM5940 0.223 — 1.50 3.13 141 14.5 16.2

SLIDE 0.977 0.938 0.588 0.090 491 67.1 69.6

TWO-DOM 0.976 0.956 0.595 0.100 494 69.5 72.0

VENKAT25 1.43 1.28 2.59 1.05 98 48.5 53.8

As for ILUT, we see that mps preprocessing enables BiCGSTAB preconditioned
with AINV to solve all our test problems. For instance, problem SHERMAN2, which
is notoriously difficult for approximate inverse methods, becomes very easy to solve.
We also see that in most cases scalings improve the performance of the maximum
product transversal. More importantly, scalings improve reliability, as shown by the
fact that there are four problems that cannot be solved with mpd alone.

5.2. Timing results. From the experiments performed so far it appears that
mps preprocessing dramatically increases the reliability and performance of Krylov
subspace methods preconditioned with drop-tolerance-based preconditioners, like
ILUT and AINV. The question remains to be addressed of how expensive the prepro-
cessing phase is in practice. This is an important question because this preprocessing
phase, dependent as it is on the numerical values of the matrix coefficients, is not
easy to amortize, except for the situation where a sequence of linear systems with the
same coefficient matrix and different right-hand sides must be solved. If the coefficient
matrix changes, the preprocessing has to be applied anew.

Timing results relative to ILUT and AINV are presented in Tables 7 and 8,
respectively. We report the time to perform the mps preprocessing (under NSO-
time), the time for the symmetric reordering (under SO-time), the time for computing
the preconditioner (under P-time), the time to perform the iterative solve phase (It-
time), and, in the last column, the total solution time (under Tot-time). Timings are
in seconds, and were measured with the dtime function. We also report the density
ρ of the preconditioner, defined as the ratio between the number of nonzeros in the
preconditioner over the number of nonzeros in the original coefficient matrix A. The
number of iterations to converge (Its) is also included. The parameters and symmetric
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Table 8
Test results for AINV preconditioning.

Matrix NSO-time SO-time P-time ρ Its It-time Tot-time

WEST0655 0.009 — 0.122 10.2 176 1.54 1.67

WEST0989 0.011 0.010 0.018 2.36 32 0.175 0.214

WEST1505 0.018 0.017 0.094 5.92 37 0.499 0.628

WEST2021 0.024 0.023 0.203 7.87 8 0.228 0.478

LHR01 0.091 0.108 0.499 2.67 74 1.56 2.26

LHR02 0.214 0.231 1.10 3.00 127 5.94 7.49

BAYER09 0.113 0.128 0.228 1.73 8 0.270 0.739

BAYER10 0.799 — 4.67 5.96 43 11.2 16.7

MAHINDAS 0.019 0.139 0.061 1.27 7 0.082 0.301

ORANI678 0.185 — 0.776 0.146 9 0.332 1.29

BP200 0.009 0.016 0.026 2.46 5 0.046 0.097

GEMAT11 0.079 0.057 0.172 1.62 230 8.57 8.88

GEMAT12 0.097 0.058 0.224 2.04 389 15.8 16.2

WATSON4a 0.006 0.014 0.011 1.01 20 0.049 0.080

WATSON5a 0.015 0.072 0.167 1.77 114 1.34 1.59

CIRCUIT3 0.127 — 3.82 1.89 43 3.43 7.38

SHERMAN2 0.053 0.071 0.094 0.352 14 0.148 0.366

LNS3937 0.131 0.059 0.971 5.89 112 7.05 8.22

UTM5940 0.223 0.158 2.80 2.77 406 45.0 48.2

SLIDE 0.977 1.39 12.0 0.273 306 50.4 64.8

TWO-DOM 0.976 1.68 11.8 0.254 224 36.1 50.6

VENKAT25 1.43 1.40 20.1 0.838 411 184. 207.

reorderings are the same as those used for the runs in Tables 5 and 6.

Concerning the cost of the preprocessing, we see that it is usually small compared
with the overall solution costs. For the larger problems the cost of preprocessing,
including the time to apply the symmetric reordering, is negligible compared with the
total solve time. We also see that in most cases the time for the nonsymmetric permu-
tation and scaling is comparable to the time required for the symmetric permutations,
which are based on the (unweighted) graph of the matrix only.

The performance of ILUT preconditioning is impressive: In most cases, rapid
convergence is obtained with a very sparse preconditioner. For the few cases where a
high number of iterations is required to achieve convergence (GEMAT11, GEMAT12,
SLIDE, and TWO-DOM) we found that much faster convergence and smaller timings
result if more fill-in is allowed. For instance, using ILUT(10−3, 10) on GEMAT11
results in convergence in 40 iterations with preconditioner density ρ = 1.46, and the
total solution time becomes 1.81 seconds.

It is our opinion that when used with mps preprocessing, ILUT preconditioning
has the potential to become a useful tool for solving linear equations from chemi-
cal engineering applications. Because rapid convergence can be achieved with very
sparse incomplete factorization preconditioners, this approach may be competitive
with sparse direct methods. This approach also has considerable potential for matri-
ces arising from economic modeling and management science, although we have less
experience with such problems.

On the other hand, it is unclear whether this approach is really useful for ma-
trices arising in circuit simulations. Sparse direct solvers suffer very little fill-in on
such problems when a good ordering is adopted. Hence, for iterative solvers to be
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competitive with direct methods they must converge extremely fast with very sparse
preconditioners. From our test runs, this seems to be difficult to achieve unless the
incomplete factorization closely approaches a complete one. We note that in [8] a
combined direct/iterative method is described in which the preconditioned iteration
is applied to a relatively small Schur complement matrix. This algorithm appears to
be competitive with sparse direct solvers, so there is a role for iterative methods in
this area.

In terms of timings and storage requirements, AINV (Table 8) is generally more
expensive than ILUT, but it should be kept in mind that an important advantage of
AINV, its parallelizability, is not captured by these one-processor experiments. There
are a few cases where the density of the preconditioner is rather high. Sparser pre-
conditioners can be obtained by using a larger value of tol, but this may slow down
convergence considerably. This is especially true for the chemical engineering prob-
lems. On the other hand, we found that for the PDE problems faster convergence
and smaller overall timings can be obtained by allowing more fill in the precondi-
tioner. The same applies to the GEMAT∗ problems. Notice the good performance
of AINV on the matrices from economics, MAHINDAS and ORANI678. As for the
circuit matrices, similar remarks as for ILUT apply. The main point here is that mps
preprocessing dramatically increases the reliability of both ILUT and AINV precondi-
tioning, therefore considerably widening the range of applicability of such techniques.

5.3. Further analysis of the results. In order to have a better understanding
of the effect of the MC64 permutations and scalings used for preprocessing, we col-
lected the statistics presented in Table 9. Under “condest” we report the condition
number (estimated with the MATLAB function condest) for the original matrix and
for the matrix scaled by the row and column scalings associated with mps preprocess-
ing. The condition number could not be estimated for the three largest matrices.

Under “d.d. rows” we report the number of (weakly) diagonally dominant rows
in the original matrix, in the matrix permuted with the maximum product transver-
sal (mpd), and in the matrix scaled and permuted with mps. Under “d.d. cols”
similar statistics are reported relative to the number of (weakly) diagonally domi-
nant columns.

The statistics show that the chemical engineering matrices greatly benefit from
the permutations and scalings: The number of diagonally dominant rows and columns
is greatly increased, and ill conditioning is drastically reduced. Analogous remarks
apply to problems MAHINDAS, ORANI678, BP200, and GEMAT11. Hence, it is
not surprising that preconditioned iterative methods perform well on these problems
when mps preprocessing is used.

For problems GEMAT12 and CIRCUIT3, the scalings have the effect of increasing
the condition number. However, for GEMAT12 the number of weakly diagonally dom-
inant rows and columns is greatly increased by the mpd preprocessing. The increase
is somewhat smaller when scalings are used, but it is still a significant improvement.
This makes the preconditioner computation stable, and therefore the net effect is pos-
itive. Matrices WATSON4a and WATSON5a are better conditioned after scaling and
have a greater fraction of diagonally dominant rows after mpd. However, the scalings
have the effect of reducing the number of diagonally dominant rows as compared with
using mpd alone. Perhaps this explains why using mps often gives worse results than
using mpd alone for these matrices (see Tables 3, 5, and 6).
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Table 9
Conditioning and diagonal dominance statistics.

condest d.d. rows d.d. cols

Matrix orig. scaled orig. mpd mps orig. mpd mps

WEST0655 1.6E+12 2.0E+04 4 321 355 3 260 340

WEST0989 5.7E+12 1.9E+04 2 638 666 0 412 641

WEST1505 9.0E+12 2.5E+04 2 957 1004 0 619 969

WEST2021 7.5E+12 2.4E+04 2 1256 1340 0 808 1309

LHR01 5.4E+06 4.4E+04 20 323 438 0 766 710

LHR02 8.2E+06 5.5E+04 40 626 856 0 1532 1409

BAYER09 2.3E+21 1.1E+04 1 1610 1733 1 1737 2168

BAYER10 3.8E+15 1.5E+05 2 4653 7048 0 7081 7501

MAHINDAS 1.0E+13 5.0E+03 2 910 896 0 635 762

ORANI678 1.0E+07 1.1E+06 72 1866 1826 0 1653 1692

BP200 8.9E+08 3.8E+03 0 317 317 1 368 480

GEMAT11 3.7E+08 6.8E+06 2 1508 1536 2 1409 1238

GEMAT12 3.7E+08 1.2E+13 1 1465 1213 1 1398 1298

WATSON4a 8.8E+10 8.9E+07 161 374 270 377 161 261

WATSON5a 5.5E+07 3.2E+06 187 1264 1099 1268 187 332

CIRCUIT3 3.6E+07 3.0E+08 7865 7503 8245 7354 7650 8227

SHERMAN2 1.4E+12 3.3E+03 634 204 292 74 560 460

LNS3937 1.0E+17 1.9E+04 509 1283 689 307 892 701

UTM5940 1.9E+09 7.6E+08 762 915 882 925 766 926

SLIDE n/a n/a 1330 1203 1885 1201 1277 1274

TWO-DOM n/a n/a 2917 4627 4727 2917 4627 4700

VENKAT25 n/a n/a 0 0 0 0 0 0

For the matrices arising from PDE problems, the permutations and scalings are
generally beneficial. For VENKAT25, it is not clear from the results reported in
Table 9 whether the preprocessing does any good. However, we know that ILUT and
AINV benefit from the preprocessing. Although no row or column became diagonally
dominant after the permutations and scalings, we found that the Gerschgorin bounds
on the real and imaginary parts of the eigenvalues were one order of magnitude smaller
after mps preprocessing, suggesting that the scaled and permuted matrix is not as
far from diagonally dominant and has a more clustered spectrum than the original
matrix.

5.4. Experiments with ILUTP and SPAI. We also experimented with the
ILUTP preconditioner [39], which is generally more reliable than ILUT. However, we
found that ILUTP preconditioning applied to the original matrices, or even to those
permuted with mc21, is hardly better than ILUT, unless very large amounts of fill
are allowed. Moreover, we found several problems that could not be solved by ILUTP
even with very large amounts of fill (tol = 0, p = 30). These are WEST0655, LHR01,
LHR02, BAYER09, BAYER10, BP200, and LNS3937. The failure of ILUTP was
due to pivot breakdowns in all cases, except for LNS3937, where it appeared to be
due to unstable ILU factors. It is mentioned in [10] that ILUTP with row pivoting
(rather than column pivoting) is able to solve LHR01, but it took 134 iterations of
GMRES(50) and a rather dense preconditioner. Using ILUT with mps, we can solve
LHR01 in 41 iterations with a very sparse preconditioner (see Table 7). On the other
hand, none of the techniques used in [10] succeeded in solving problem LNS3937, which
is easily solved by ILUT with mps preprocessing. Hence, based on our experiments,
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using standard ILUT with mps preprocessing is a more robust approach than using
ILUTP alone on the original problem.

When ILUTP is used in combination with mps it gives good results, sometimes
better than those obtained with ILUT for the same choice of the parameters. However,
the use of column pivoting makes ILUTP slightly more expensive than ILUT, and it
is unclear whether ILUTP is worth using with mps preprocessing.

Additional experiments were performed with the sparse approximate inverse pre-
conditioner SPAI [26]. This technique is based on adaptive Frobenius norm mini-
mization. Because the SPAI preconditioner is not factorized, it is insensitive to the
ordering of the equations and unknowns. However, it is sensitive to scalings. We
tested SPAI on the original matrices and with mps preprocessing. We found that
overall, the use of scalings improves the reliability and performance of SPAI. This was
especially true for the chemical engineering matrices; none of these matrices could be
solved with SPAI, even with generous amounts of fill, but all of them could be solved
after applying mps preprocessing. The same happened with MAHINDAS, BP200,
SHERMAN2, LNS3937, and UTM5940.

In [1, p. 112], the authors give results for LNS3937 using a parallel implemen-
tation of BiCGSTAB preconditioned with SPAI. This took 1942 iterations with an
approximate inverse containing 1588045 nonzeros, corresponding to ρ = 61.3! The
total solution time was 567.3 seconds using 16 processors of a Cray T3E. Using SPAI
with mps preprocessing, we can solve LNS3937 in 660 iterations with a precondi-
tioner containing 150270 nonzeros, corresponding to ρ = 5.9, for a total solution time
of 88.5 seconds on a Sun Ultra 5 workstation. Nevertheless, SPAI is outperformed by
ILU(1), ILUT, and AINV used in combination with mps. Furthermore, SPAI failed
on GEMAT12 and CIRCUIT3 (with or without mps). Finally, we found that mps had
a detrimental effect on the convergence rate obtained with SPAI applied to matrices
SLIDE, TWO-DOM, and VENKAT25.

6. Conclusions. The experiments presented in this paper indicate that the re-
liability and performance of Krylov subspace methods preconditioned with standard
incomplete factorizations can be dramatically enhanced by means of nonsymmetric
permutations and scalings aimed at placing large entries on the main diagonal. A sim-
ilar effect is observed for other preconditioning techniques, such as factorized sparse
approximate inverses. This preprocessing phase is inexpensive, both in absolute terms
and relative to the total solution costs.

Of the heuristics considered in this paper, the maximum product transversal al-
gorithm gave the best results. With this preprocessing, many of the diagonal entries
are large relative to the off-diagonal ones, and the matrix is closer to being diagonally
dominant. This not only has a stabilizing effect on the computation of the precondi-
tioner, but also results in preconditioners of high quality in terms of convergence rates
in many cases. When used in combination with scalings, which in most cases improve
the conditioning of the problem, preconditioners based on drop tolerances (like ILUT
and AINV) become quite reliable.

Much work remains to be done before preconditioned iterative methods can be-
come a viable alternative to direct methods in areas such as chemical engineering,
economics and management, circuit design, etc. Nevertheless, it is now at least con-
ceivable to use iterative methods in such areas, and fair comparisons with direct
solvers can be established. In addition to this, our experiments suggest that nonsym-
metric permutations and scalings can be useful to improve the performance of iterative
solvers even in areas where these are already widely used, such as PDE problems.
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Abstract. We study numerical approximations of bifurcating solution curves of the von Kármán
equations with simply supported and clamped boundary conditions, respectively. Of special interest
here is the splitting of a double bifurcation point into two simple bifurcation points, and the tracing of
the associated secondary solution branches, which corresponds to the phenomenon of mode jumping
in the buckling of a rectangular plate. A continuation-unsymmetric Lanczos algorithm is utilized for
curve-tracking. Our numerical results verify the theoretical prediction of Schaeffer and Golubitsky,
namely, mode jumping occurs when the boundary is partially clamped, but not if it is merely simply
supported.

Key words. von Kármán equations, mode jumping, bifurcation, continuation methods, unsym-
metric Lanczos method

AMS subject classifications. 73H05, 35B32, 65N06, 65F10
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1. Introduction. We consider a long rectangular plate P in compression. The
Airy stress function f(x, y) produced in P and the deformation w(x, y) of P from its
flat state are described by the von Kármán equations [4, 5, 6, 7, 14, 15, 24]

∆2f + 1
2 [w,w] = 0

∆2w − [w, f ] + λwxx = 0
in Ω = [0, l]× [0, 1].(1.1)

Here λ is the external load, ∆2 is the biharmonic operator in the plane, Ω is the shape
of the plate, and the bracket operator [·, ·] is defined by

[u, v] = uxxvyy − 2uxyvxy + uyyvxx.

As is well known, a rectangular plate can support a number of different buckled
configurations, which may be distinguished by the number of buckles or wave numbers,
respectively. A plate has zero deflection along its nodal lines. Bauer, Keller, and
Reiss [3] observed that a double bifurcation can be split into two simple bifurcations
by perturbation. Let λ1 and λ2 with λ1 < λ2 be the load corresponding to these two
simple bifurcations. Suppose that the load λ is gradually increased from zero. For
λ < λ1 there is no deflection of the plate and we proceed along the trivial solution. If
λ1 < λ < λ2, the plate is deformed and we follow the first bifurcating solution branch.
When the load λ is increased far beyond λ2, the plate jumps suddenly and violently
to a new configuration, the number of buckles (or wave numbers) increasing by one.
This phenomenon is called “mode jumping.” For example, if there are k buckles in
the solution branch bifurcating from (0, λ1) and (k + 1) buckles in the next solution
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branch, and these two branches are connected by another solution curve, then we say
that “mode jumping” occurs in this system.

Mode jumping is perhaps one of the most noteworthy features of experimental
studies of the postbuckling behavior of plates. Bauer, Keller, and Reiss indicated
in [3] that perturbation of a multiple eigenvalue often causes secondary bifurcation,
which in turn leads to mode jumping if it connects two adjacent bifurcating solution
branches. It was Schaeffer and Golubitsky [24], and then Holder and Schaeffer [15],
who showed that mode jumping depends on the boundary conditions of the plate.
More precisely, Holder and Schaeffer considered two sets of boundary conditions for
w,

(1) simply supported on all four edges;
(2) simply supported on unloaded sides, clamped on loaded ends,

and two sets of boundary conditions for f ,
(a) homogeneous Dirichlet conditions f = ∆f = 0;
(b) homogeneous Neumann conditions fn = (∆f)n = 0.

Here and in what follows fn = ∂f
∂n represents the partial derivatives of f in the outer

normal directions on the boundary ∂Ω. We refer to the four cases as (1a), (1b), etc.
Golubitsky, Holder, and Schaeffer found that mode jumping can occur in the cases
(2a) and (2b) as a result of unfolding or imperfection of double bifurcations, but
not in (1a) or (1b). To pursue a more detailed study of the influence of boundary
conditions in the bifurcation scenario of the von Kármán equations, one may consider
the following Robin boundary conditions:

f = (1− α)∆f + αfn = 0
w = (1− β)∆w + βwn = 0

on x = 0 and x = l, α, β ∈ [0, 1],(1.2)

and

f = ∆f = 0, w = ∆w = 0 on y = 0 and y = 1.

For α = β = 0 we obtain simply supported boundary conditions for f and w, while
for α = β = 1 we have the partially clamped boundary conditions for both f and
w. We remark here that the Robin-type boundary conditions with the homotopy
parameters α, β is a natural extension of classical boundary conditions, aiming for
more accurate approximations of the real physical systems; see, e.g., [26, 21], and the
further references cited therein. While in the context of mixed finite element schemes,
the totally clamped boundary conditions

f = fn = 0, w = wn = 0 on ∂Ω

are imposed normally; see, e.g., [5, 6, 7].
Our aim here is to study mode jumping of a plate through numerical approxima-

tions, in particular, continuation methods [1, 2, 18]. According to the experiments of
Stein [25] and the results of Schaeffer and Golubitsky [24], and Holder and Schaeffer
[15], varying the length l of the plate P and the load λ can make the first bifurca-
tion double. On the other hand, numerical discretizations and perturbations of the
domain split the double bifurcation into two simple bifurcations. Moreover, pertur-
bation of the domain is unavoidable if the length l of the domain is an irrational
number. Hence, we will follow the solution curves branching from the two simple
bifurcations, investigate secondary bifurcation points along the two solution curves,
and calculate the secondary solution branch. If the secondary bifurcation points on
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each of the two primary solution curves is connected by a secondary solution branch,
we say that mode jumping occurs in this system. Otherwise there is no mode jumping
at this double bifurcation. Our numerical results are consistent with the prediction
of Holder and Schaeffer [15] and Schaeffer and Golubitsky [24].

This paper is organized as follows. In section 2 we follow the discussion in [24]
and show how to derive the eigenfunctions of the linearized von Kármán equation.
Section 3 describes some properties of the central difference discretization of the von
Kármán equations. A continuation-unsymmetric Lanczos algorithm for bifurcation
problems is proposed in section 4. Here the unsymmetric Lanczos method is used to
solve the linear systems associated to the discrete von Kármán equations, to detect
bifurcation points along the solution curves, and to compute the Ritz vector at the
bifurcation point for branch-switching. Numerical results are presented in section 5.

2. Some basic results for the linearized problems. In this section we will
show how double bifurcations of the von Kármán equations are generated for a rect-
angular domain Ω = [0, l] × [0, 1], where the length l is considered as the second
bifurcation parameter in the problem. We will restrict the discussion to the simply
supported and partially clamped boundary conditions, respectively, as in [15, 24]. The
more general Robin boundary conditions will be discussed elsewhere.

2.1. Simply supported boundary conditions. Let us consider the linearized
von Kármán equation with simply supported boundary conditions

∆2w + λwxx = 0 in Ω = [0, l]× [0.1],

w = ∆w = 0 on ∂Ω.(2.1)

It has nontrivial solutions

w = wm,n(x, y) = sin
mπx

l
· sin nπy, m, n = 1, 2, . . . ,(2.2)

if and only if

λ = λm,n =
(π

l

)2
(

m +
n2l2

m

)2

, m, n = 1, 2, . . . .(2.3)

Here m,n are called the wave numbers of wm,n(x, y). For fixed length l elementary
calculations show that the smallest eigenvalue

min
m,n

λm,n = min
m

λm,1 = π2 min
m

(
m

l
+

l

m

)2

is achieved at one of the integers m = [l], [l] + 1. If we consider λ as a function of the
length l in (2.3), then any two simple eigenvalues of (2.1) can be coupled to generate
a double eigenvalue by varying m or n. For example, the equality λm,n = λm+1,n

holds if and only if

l =

√
m(m + 1)

n
.(2.4)

Generally, if we require λm,n = λm+k,n for some k ∈ N, then the length l should be
modified as

l =

√
m(m + k)

n
.(2.5)
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For m = n = 1 and k = 1, 3, we obtain l =
√

2 and l = 2, respectively. Figure 1 shows
how the eigenvalues of (2.1) vary with respect to the length l, where the λ1,1-eigenpath
intersects the λ2,1-, λ3,1-, and λ4,1-eigenpath at l =

√
2,
√

3, and 2, respectively. For
large m we have

l = m +
k

2
+ O(m−1), m� k.

Taking this into account and substituting (2.5) into (2.3), we obtain

λm,n = n2π2

(√
m

m + k
+

√
m + k

m

)2

.

Therefore, the smallest eigenvalue is double and

min
m,n,k

λm,n = min
m,k

λm,1

= π2min
m

(√
m

m + 1
+

√
m + 1

m

)2

= 4π2 + O

(
1

m

)
.

The corresponding eigenfunctions are

wm,1(x, y) = sin
mπx

l
· sin πy,

wm+1,1(x, y) = sin
(m + 1)πx

l
· sin πy.

In particular, for l =
√

2 the smallest eigenvalue of (2.1) is double and occurs at

λ1,1 = λ2,1 =
9

2
π2.

2.2. Partially clamped boundary conditions. The linearized von Kármán
equation with partially clamped boundary conditions is

∆2w + λwxx = 0 in Ω = [0, l]× [0, 1],

w = wn = 0 on x = 0 and x = l,(2.6)

w = ∆w = 0 on y = 0 and y = 1.

Following the discussion in [24] we consider separation of variables, i.e., let

w(x, y) = u(x) v(y) �= 0.

From (2.6) we derive

u(4) + λu′′

u
+ 2

u′′v′′

uv
+

v(4)

v
= 0(2.7)
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Fig. 1. Eigenvalues of the von Kármán equations as functions of the parameter l in the domain
Ω := [0, l]× [0, 1].

with the boundary conditions

u(0) = u(l) = u′(0) = u′(l) = 0,(2.8a)

v(0) = v(1) = v′′(0) = v′′(1) = 0.(2.8b)

The conditions in (2.8b) are satisfied by functions of the form

v(y) = sin nπy, n = 1, 2, . . . .

Note that for any n ∈ N the subspace {u(x) sin nπy; u(x) ∈ C4,s[0, 1]} is invariant

under the operator ∆2 + λ ∂2

∂x2 . Thus in this subspace (2.7) reduces to

u(4) + (λ− 2 n2π2)u′′ + n4π4u = 0.(2.9)

Its characteristic equation is

a4 + [λ− 2 (nπ)2]a2 + (nπ)4 = 0

and has four solutions

a1 :=

{
(nπ)2 − λ

2
+

[
λ

(
λ

4
− n2π2

) ] 1
2

} 1
2

, a2 := −a1,

(2.10)

a3 :=

{
(nπ)2 − λ

2
−
[
λ

(
λ

4
− n2π2

) ] 1
2

} 1
2

, a4 := −a3.
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The general solution of (2.9) is of the form

u(x) =

4∑
i=1

cie
aix,(2.11)

where the constants ci ∈ C will be determined by the boundary conditions (2.8a). We
are interested in real solutions of (2.9). To this end, we consider the following three
cases in (2.10): (a) λ

4 − (nπ)2 < 0; (b) λ
4 − (nπ)2 = 0; (c) λ

4 − (nπ)2 > 0. In the case
(a) there is no real solution for λ, while (b) implies that u ≡ 0, the trivial solution.
For λ

4 > (nπ)2 the solutions of (2.9) have the form

u(x) = c1 cos ω1x + c2 sin ω1x + c3 cos ω2x + c4 sin ω2x,

where

ω1 =
√

α1 − α2 > 0, ω2 =
√

α1 + α2 > 0,

α1 :=
λ

2
− (nπ)2, α2 :=

[
λ

(
λ

4
− n2π2

) ] 1
2

.

By elementary calculations we obtain

ω2
1 + ω2

2 = λ− 2(nπ)2, ω2
2 − ω2

1 =
√

λ2 − 4λ (nπ)2.(2.12)

Elimination of λ in these equations yields

ω1ω2 = (nπ)2.

The boundary conditions u(0) = 0 and u′(0) = 0 imply that c3 = −c1 and c4 =
−c2ω1/ω2 in (2.11). Thus,

u(x) = c1(cos ω1x− cos ω2x) + c2(ω2 sin ω1x− ω1 sin ω2x)

:= c1φ(x) + c2ψ(x),

where

φ(x) = cos ω1x− cos ω2x, ψ(x) = ω2 sin ω1x− ω1 sin ω2x.(2.13)

Since we are interested in double eigenvalues, both φ(x) and ψ(x) can be chosen
as eigenfunctions of (2.9). Note that ψ′(x) = ω1ω2φ(x). Therefore, the boundary
conditions (2.8a) are equivalent to

φ(l) = φ′(l) = ψ(l) = 0,(2.14)

which implies that

ω1 =
k

l
π, ω2 =

k + 2m

l
π

for some positive integers k and m. Together with (2.12) we derive

l =
[k(k + 2m) ]

1
2

n
, λ = 4n2π2 (k + m)2

k(k + 2m)
.(2.15)
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The first double bifurcation corresponds to m = 1 in (2.15) and

l =
√

k(k + 2).(2.16)

The eigenfunctions for (2.6) are

w1(x, y) =

[
cos

(
k

l
πx

)
− cos

(
k + 2

l
πx

) ]
sin nπy,

(2.17)

w2(x, y) = π

[
k + 2

l
sin

(
k

l
πx

)
− k

l
sin

(
k + 2

l
πx

) ]
sin nπy.

The structure of w1, w2 indicates that the concept of wave numbers for (2.2) is
actually no more suitable for (2.17), though it is used frequently in the literature.

In our numerical experiments we assume that k = 1 and n = 1 in (2.16) and
(2.17), respectively. Then l =

√
3 and a mode jumping is observed; see section 5.

3. Discretization for the von Kármán equations.

3.1. Linearized problem with simply supported boundary conditions.
We discretize (2.1) by the standard thirteen-point centered difference approximations
with uniform meshsize h = 1/(N + 1) on the x- and y-axis, respectively. We have to
assume that l is divisible by h, say, l/h = L+1 for some positive integer. The domain
Ω is covered by a net of discrete points S, where

S = {(xi, yj) : xi = ih, yj = jh, i = 0, 1, . . . , L, L + 1, j = 0, 1, . . . , N,N + 1}.
At the discrete points the function w(x, y) is to be approximated by a net function
W (xi, yj) := Wi,j . If l is an irrational number, the domain must be perturbed in the
numerical computations.

Let D, A, B ∈ RLN×LN be the discretization matrices corresponding to the

differential operators ∂2

∂x2 , ∆, and ∆2 defined in [0, l]× [0, 1], respectively. Then

D = diag (AL, . . . , AL)(3.1)

with

AL =
1

h2




−2 1 01 −2 1
. . .

. . .
. . .

. . .
. . . 1

0 1 −2


 ∈ RL×L and

A =
1

h2




ĀL IL 0
IL ĀL

. . .
. . .

. . .
. . .

. . .
. . . IL

0 IL ĀL




(3.2)

with

ĀL = AL − 2IL
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and

B =
1

h4




BL1 CL IL 0CL BL2 CL IL
IL CL BL3 TL IL

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . IL
. . .

. . . BLN−1
CL

0 IL CL BLN



∈ RLN×LN(3.3)

with

BL1
= BLN

=




18 −8 1 0−8 19 −8 1
1 −8 19 −8 1

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . 1
. . .

. . . 19 −8
0 1 −8 18



∈ RL×L,

BLj
=




19 −8 1 0−8 20 −8 1
1 −8 20 −8 1

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . . 1
. . .

. . . 20 −8
0 1 −8 19



∈ RL×L, j = 2, 3, . . . , N − 1,

and

CL =




−8 2 02 −8 2
. . .

. . .
. . .

. . .
. . . 2

0 2 −8


 ∈ RL×L.

It follows from [10] that A2 = B. The centered difference analogue of (2.1) is

H(W,λ) = BW + λDW = 0,(3.4)

where B and D are defined as above. Let (µhp,q, Up,q) be an eigenpair of A. We have
(see [17])

µhp,q = −4

[
(L + 1)2

l2
sin2

(
π

2

p

L + 1

)
+ (N + 1)2 sin2

(
π

2

q

N + 1

) ]
:= µhp + νhq , 1 ≤ p ≤ L, 1 ≤ q ≤ N ;(3.5)
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(3.6)

Up,q(xi, yj) = Up(xi) · Uq(yj) =

(
sin

(
ipπ

L + 1

)
· sin

(
jqπ

N + 1

))
, 1≤i, p≤L, 1≤j, q≤N.

Here (µhp , Up) and (νhq , Uq) are the eigenpairs of the discretization matrices AL and

AN corresponding to − d2

dx2 defined on [0, l] and [0, 1], respectively, with homogeneous
Dirichlet boundary conditions. Actually, we have Up,q = Uq ⊗ Up, where ⊗ denotes
the matrix tensor product; see subsection 3.3.

The result in [10] can be generalized as follows.
Theorem 3.1. The eigenpairs of (3.4) are (λhp,q, Up,q) with

λhp,q = − (µhp,q)
2

µhp
, p = 1, 2, . . . , L, q = 1, 2, . . . , N ;(3.7)

Up,q(xi, yj) = Up(xi) · Uq(yj), 1 ≤ i ≤ L, 1 ≤ j ≤ N.(3.8)

Proof. Let (λhp,q, Up,q) be any eigenpairs of (3.4). Since B = A2, we have

A2Up,q = −λhp,qDUp,q

= −λhp,qD(Uq ⊗ Up) (see [10])

= −λhp,qµ
h
p(Uq ⊗ Up).

On the other hand,

A2Up,q = (µhp,q)
2Up,q = (µhp,q)

2(Uq ⊗ Up).

Hence,

λhp,q = − (µhp,q)
2

µhp
.

In general, a double bifurcation of (2.1) will be split into two simple bifurcations
by using central difference discretizations. Detailed discussions for second order dif-
ferential equations can be found in [20]. We are interested in how to maintain the
bifurcation scenario of the von Kármán equations at a double bifurcation point in the
discrete problems. To this end, the first step is to preserve the double bifurcation of
the continuous problem. Let

µ̄hp = −4(L + 1)2 sin2

(
π

2

p

L + 1

)
,(3.9)

then µhp = l−2µ̄hp and (3.7) can be expressed as

λhp,q = − (l−2µ̄hp + νhq )2

l−2 · µ̄hp

= −
[

l−2 · µ̄hp + 2νhq + l2
(νhq )2

µ̄hp

]
.
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In particular, the equality

λhp,1 = λhp+1,1

holds if and only if

l = lh =

[
(µ̄hp · µ̄hp+1)

(νh1 )2

] 1
4

.(3.10)

For example, if we choose l =
√

2 ≈ 1.4142136, then the double bifurcation is preserved
in the discrete problem by setting lh = 1.4126064 for h = 0.1.

In order to study mode jumping of the von Kármán equations, we take the length l
as the second bifurcation parameter and make the coordinate transformation (x, y)↔
(lx̃, y). The equation (2.1) can be rewritten as

(
1

l2
∂2

∂x2
+

∂2

∂y2

)2

w + λ
1

l2
∂2w

∂x2
= 0 in Ω̃ := [0, 1]2,

w =

(
1

l2
∂2

∂x2
+

∂2

∂y2

)
w = 0 on ∂Ω̃.(3.11)

Note that (3.11) has the same eigenpairs as (2.1). We discretize (3.11) with the
thirteen-point centered difference approximations as before. Let

S̃ := {(x̃i, yj) : x̃i = ih, yj = jh, i, j = 1, 2, . . . , N}

be a net of discrete points which covers the domain Ω̃ = [0, 1]2, D̃ = diag(AN , . . . , AN )

and Ẽ ∈ RN2×N2

be the discretization matrices corresponding ∂2

∂x2 and ∂2

∂y2 defined

in Ω̃ = [0, 1]2 with homogeneous Dirichlet boundary conditions. Here AN ∈ RN×N

has the same form as AL defined in (3.1), and Ẽ is given by (see [10])

Ẽ =




−2IN IN 0
IN −2IN

. . .
. . .

. . .
. . .

. . .
. . . IN

0 IN −2IN




.(3.12)

We have D̃ = IN ⊗ AN and Ẽ = AN ⊗ IN . The centered difference analogue of
(3.11) corresponds to the fact that we choose the same number of discrete points in
Ω = [0, /]× [0, 1]. If / �= 1, the meshsizes in the x- and y-axis are different.

Lemma 3.2. The matrices D̃, Ẽ ∈ RN2×N2

, defined as above, are similar to each
other.

Proof. It is easy to verify that the eigenpairs of D̃ are (µhp , Up ⊗ ei), while the

eigenpairs of Ẽ are (µhp , ei ⊗ Up), p = 1, 2, . . . , N . Here ei is the ith standard unit

vector in RN , the multiplicity of µhp is N , and µhp and Up are defined as in (3.5) and
(3.6), respectively. This completes the proof.

The centered difference analogue of (3.11) is(
1

l2
D̃ + Ẽ

)2

W + λ
1

l2
D̃W = 0.(3.13)
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Let (µ̃hp,q, Up,q) be any eigenpair of (3.13), 1 ≤ p, q ≤ N . We have

(
1

l2
D̃ + Ẽ

)2

Up,q = −µ̃hp,q
1

l2
D̃Up,q,

or (
1

l2
µhp + νhq

)2

Up,q = −µ̃hp,q
1

l2
µhpUp,q,

where µhp , νhq , and Up,q are defined as in (3.5) and (3.6), respectively, 1 ≤ p, q ≤ N .
This implies

µ̃hp,q = − (l−2µhp + νhq )2

l−2µhp
.(3.14)

Concluding the discussions above, we have the following.
Theorem 3.3. The eigenpairs of (3.13) are (µ̃hp,q, Up,q), p, q = 1, . . . , N .
In comparison to (3.10), the first eigenvalue of (3.13) is double if and only if

l = lh =

[
(µhp · µhp+1)

(νh1 )2

] 1
4

.(3.15)

3.2. Linearized problem with partially clamped boundary conditions.
For convenience we rewrite (2.6) as

(
1

l2
∂2

∂x2
+

∂2

∂y2

)2

w + λ
1

l2
∂2w

∂x2
= 0 in Ω̃ = [0, 1]2,

w = − 1

l

∂

∂x
w = 0 on x = 0,(3.16)

w =
1

l

∂

∂x
w = 0 on x = 1,

w = ∆w = 0 on y = 0 and y = 1.

Let D̄ = diag (ĀN , . . . , ĀN ) ∈ RN2×N2

be the discretization matrix corresponding to
∂2

∂x2 defined in (3.16), where

ĀN =
1

h2



−2 2 01 −2 1

. . .
. . .

. . .

1 −2 1
0 2 −2


 ∈ RN×N , h =

1

(N + 1)
.(3.17)

It is well known that the eigenpairs of ĀN are

νp = −2(N + 1)2
(

1− cos
pπ

N − 1

)
, p = 0, 1, . . . , N − 1,

Ūp(xi) = cos
ipπ

N − 1
, 1 ≤ i ≤ N, p = 0, 1, . . . , N − 1.(3.18)
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Thus, the centered difference analogue of (3.16) is

(
1

l2
D̄ + Ẽ

)2

W + λ
1

l2
D̄W = 0,(3.19)

where Ẽ is defined as in (3.12).
It seems that an explicit formula for the eigenpairs of (3.16) is no more available.

3.3. Discretization for the von Kármán equations. We recall the following
definition given in [10].

Definition 3.4. For any x = (x1, x2, . . . , xN )T , y = (y1, y2, . . . , yN )T ∈ RN ,
the vector product z = x ∗ y ∈ RN of x and y is defined by zi = xiyi, i = 1, . . . , N .
Similarly, for any A ∈ RN×N with aTi as the ith row, we define the convolution of A
and x as

A ∗ x =




x1a
T
1

...
xNaTN


 ∈ RN×N .

For Ω = [0, l]×[0, 1] we will discretize the von Kármán equations (1.1) with simply
supported boundary conditions. Let D ∈ RLN×LN be defined as in (3.1), which can
be expressed as D = IN ⊗ AL. Similarly, let E ∈ RLN×LN be the discretization

matrix corresponding to ∂2

∂y2 . It has the same form as Ẽ defined in (3.12), which can

be written as E = AL ⊗ IN . The discretization matrix associated to ∂2

∂x∂y is

V =




0 VL 0−VL 0 VL
. . .

. . .
. . .

. . .
. . . VL

0 −VL 0


 ∈ RLN×LN ,(3.20)

where

VL =
1

h2




0 1 0−1 0 1
. . .

. . .
. . .

. . .
. . . 1

0 −1 0


 ∈ RL×L.

We have V = VN ⊗ VL.
With Z = (F,W )T ∈ RLN , the discrete nonlinear system of equations associated

to (1.1) with simply supported boundary conditions is

H(Z, λ) = (H1(Z, λ), H2(Z, λ))
T

= 0(3.21)

with

H1(Z, λ) := BF + (DW ) ∗ (EW )− 1

16
(V W ) ∗ (V W ),

H2(Z, λ) := BW − (DW ) ∗ (EF )− (EW ) ∗ (DF ) +
1

8
(V W ) ∗ (V F ) + λDW,
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where B is defined as in (3.3), and D, E, V are defined as above. The Jacobian
matrix corresponding to (3.21) is

DH = (DZH, DλH) =




B M 0

−M B̃ DW


 ∈ R2LN×(2LN+1),(3.22)

where

M := D ∗ (EW ) + E ∗ (DW )− 1

8
V ∗ (V W ),

B̃ := B −D ∗ (EF )− E ∗ (DF ) +
1

8
V ∗ (V F ) + λD.

Lemma 3.5. The discrete nonlinear system (3.21) has the same bifurcation points
as the discrete linearized von Kármán equation (3.4) along the trivial solution F =
W = 0, λ ∈ R.

Proof. On the trivial solution of (3.21) we have F = W = 0. Thus, the Jacobian
matrix DH in (3.22) reduces to

DH =


B 0 0

0 B + λD 0


 .(3.23)

Since B is symmetric and positive definite, the singularity of B + λD, which is just
the coefficient matrix in (3.4), reveals rank-deficiency of DH, and in turn, bifurcation
point of (3.21).

In [5, 6] Brezzi, Rappaz, and Raviart have discussed error estimates for the mixed
finite element approximations of the von Kármán equations. In the context of centered
difference approximations one may adapt the techniques in [17] to give error analysis
for the discrete solution branches of (3.21); see [10] for details.

4. Linear solvers and branch-switching techniques. Recently various con-
jugate gradient methods have been exploited as linear and nonlinear solvers for con-
tinuation problems; see, e.g., [9, 11, 12, 16]. Specifically, in [11] the symmetric Lanczos
method was used to solve linear systems and to detect simple bifurcation points by
solving the associated linear eigenvalue problems, while the band Lanczos method
with reorthoganalization [22] was utilized to handle multiple bifurcations. If the dis-
cretization matrices associated to the continuation problem are nonsymmetric, the
continuation-Arnoldi algorithm proposed in [12] can handle bifurcation problems as
well.

It is well known that the unsymmetric Lanczos method [19] is unstable for solv-
ing unsymmetric eigenvalue problems [13]. Furthermore, a serious breakdown of this
method could happen. In spite of this, the unsymmetric Lanczos algorithm can ef-
fectively handle many unsymmetric bifurcation problems for the following reasons.
First, it is an efficient solver for the unsymmetric linear systems in the context of
continuation methods. Next, it can reveal bifurcation points along the solution curve.
Finally, it can be exploited to compute the tangent vector at a bifurcation point for
branch-switching.

Let us consider the unsymmetric linear system Ax = b, where A ∈ RN×N is
nonsingular and b ∈ RN . For j = 1, 2, . . . , N the unsymmetric Lanczos method
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generates two biorthogonal systems Vj = [v1, v2, . . . , vj ] and Wj = [w1, w2, . . . , wj ]
such that WjAVj = Tj is tridiagonal. Let x0 be the initial guess and r0 = b − Ax0

the initial residual. We seek an approximate solution xj by requiring

(b−Axj , wi) = 0, i = 1, 2, . . . , j,(4.1)

and

xj = x0 + zj ,(4.2)

where zj = Vjyj ∈ span {v1, v2, . . . , vj} =: Kj for some yj ∈ Rj and (·, ·) denotes the
inner product in RN . It follows from (4.1) that

(r0 −Azj , wi) = 0, i = 1, 2, . . . , j.(4.3)

Assume that det (Tj) �= 0. Then (4.3) implies that

WT
j (r0 −Azj) = 0.(4.4)

Replacing zj by Vjyj in (4.4) yields an equation for yj ,

Tjyj = WT
j r0,(4.5)

where

Tj = WT
j AVj =




α1 β2 0
δ2 α2

. . .
. . .

. . .
. . .

. . .
. . . βj

0 δj αj




.

The entries αj , βj , and δj will be determined later. If we set w1 = v1 = r0/‖r0‖2 and
β = ‖r0‖2, then it follows from the biorthogonality that the equalities

WT
j r0 = βWT

j w1 = βe1

hold, where e1 = [1, 0, . . . , 0]T ∈ Rj is the first standard unit vector. Thereafter, via
(4.5) the approximate solution xj in (4.2) is calculated as

xj = x0 + Vjyj = x0 + βVjT
−1
j e1.(4.6)

The unsymmetric Lanczos algorithm for solving the linear system Ax = b is summa-
rized as follows.

Algorithm 4.1. Lanczos algorithm for solving unsymmetric linear system Ax =
b.

1. Input

x0 = v0 = w0 = 0; r0 = b; v1 = w1 = r0/β with β = ‖r0‖2; β1 = δ1 = 0.

2. For i = 1, 2, . . . , j do

αi = (Avi, wi);

v̂i+1 = Avi − αivi − βivi−1;

ŵi+1 = ATwi − αiwi − δiwi−1;
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furthermore, choose δi+1 = |(v̂i+1, ŵi+1)| 12 ; βi+1 = δi+1 sign (v̂i+1, ŵi+1);
and define

vi+1 =
v̂i+1

δi+1
; wi+1 =

ŵi+1

βi+1
.

3. Form the approximate solution via

xj = x0 + βVjT
−1
j e1(4.7)

and check the accuracy by

ρj := ‖b−Axj‖ = ‖v̂j+1‖ · |eTj yj |.(4.8)

If ρj < ε, the given error tolerance, then stop; otherwise set j = j + 1 and go
back to 2.

The approximate solution in (4.7) is easily obtained by solving the tridiagonal
linear system

Tjy = βe1(4.9)

via Crout’s algorithm [13].
In continuation problems such as the von Kármán equations we are concerned with

the bifurcation scenario at the first few bifurcation points. The discretization matrix A
associated to the continuation problem with arclength as the curve parameter becomes
singular at the bifurcation points. In particular, 0 is an extremal eigenvalue of A when
it is evaluated at the first bifurcation point.

Suppose that at the kth continuation step we have obtained the approximating
solution yk. Let Tj be the tridiagonal matrix generated by Algorithm 4.1 and θ1, . . . , θj
be the eigenvalues of Tj such that |θ1| < |θ2| < · · · < |θj |. If |θ1| < ε∗ for some
ε∗ > 0 which is small enough, then a bifurcation point y∗ is signaled on the solution
curve, and we may use yk as a rough approximation of y∗. Next, we compute the
eigenvector v corresponding to the minimum eigenvalue θ1, and choose u = Vjv as
an approximation to the tangent vector at the bifurcation point. As a summary we
obtain the following continuation-unsymmetric Lanczos algorithm.

Algorithm 4.2. A continuation-unsymmetric Lanczos algorithm.
Input :

y ∈ RN+1 such that H(y) = 0; {an approximate point on H−1(0)}
δ > 0; {initial stepsize}
u > 0; {initial tangent vector}
ε∗ > 0; {tolerance of the zero eigenvalue}

Step 1. v := y + δu {predictor step}
Step 2. (i) Use Algorithm 4.1 to solve the linear systems

and then calculate y; {Newton corrector}
(ii) Adapt stepsize; {stepsize control}

Step 3. Test for bifurcation point and compute tangent vector:
(i) Compute the minimum eigenvalue θ1 of Tj.
(ii) If |θ1| < ε∗, then

compute the Ritz vector u1 for branch-switching;
else

compute tangent vector by the predictor-corrector continuation methods;
goto Step 1.

until traversing is stopped.
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Remarks. 1. It is possible to accelerate the rate of convergence of the unsymmetric
Lanczos method by using the preconditioning techniques. Here we describe only a
robust unsymmetric Lanczos algorithm.

2. From the computational point of view it seems to us that Algorithm 4.2 is
superior to the continuation-Arnoldi algorithm if the unsymmetric Lanczos method
does not break down. Since in Algorithm 4.2 one deals with tridiagonal matrices,
while the matrices generated by the Arnoldi method are of the upper Hessenberg
form.

3. In Step 3 the minimum eigenvalue of Tj can be replaced by the minimum
singular value or the condition number of Tj for detecting bifurcation points along
the solution branch. Our numerical experience shows that the minimum singular
value of Tj and the associated singular vector gives in many cases even more accurate
approximations of the bifurcation point and null vectors of the linearized operator;
see section 5 and [11] for details.

At last we discuss how local perturbation may be incorporated in the context of
continuation methods for branch-switching. Suppose that y∗ = (z∗, λ∗) is a detected
bifurcation point on the curve c ⊂ H−1(0). Let V ⊂ RN+1 be a small neighborhood
of y∗ and f : RN+1 → R be a smooth mapping such that f(y) = 0 for y = (z, λ) /∈ V
and f(y) > 0 for y ∈ V . Instead of solving H(y) = 0, we solve

Hd(y) = H(y) + f(y)d

in the neighborhood V of y∗; see [1, 10] for details and for other branch-switching
techniques.

5. Numerical results. We use the numerical methods described in the previous
sections to investigate mode jumping of the von Kármán equations. All computations
were performed on a VAX 9210 machine with double precision arithmetic at National
Chung-Hsing University.

Example 1. We consider the von Kármán equations defined in Ω = [0,
√

2]× [0, 1]
with simply supported boundary conditions. The first bifurcation point is double and
located at (0, λ1,1) = (0, λ2,1) = (0, 9

2π2).
To study whether mode jumping occurs in this example, we perform local per-

turbation and domain perturbation simultaneously with l = 1.3, 1.4, and 1.5, respec-
tively. Figure 2 depicts the solution curves at the first two simple bifurcation points
for l = 1.3, while Figures 3–4 show the first three solution curves for l = 1.4, 1.5,
respectively. Specifically, one sees in Figures 3–4 that the double bifurcation of the
continuous problem is split into two simple bifurcations, and the solution curves bi-
furcating from (0, µ1,1) and (0, µ3,1) connects each other. That is, the former may
be viewed as the secondary solution branch of the latter, and vice versa. Note that
there is no other secondary bifurcation point on the solution curve branching from
(0, µ1,1). Figures 5–8 show how the contours of the solution curve branching from
(0, µ1,1) vary with respect to different µ, and the wave number changes gradually
from one to three. Figure 9 depicts the contour of the solution curve branching from
(0, µ2,1) at µ = 55.4358.

Example 2. We repeat the numerical experiments in [10], i.e., the von Kármán
equations defined in Ω = [0, 2]×[0, 1] and examine the double bifurcation at (0, λ1,1) =
(0, λ4,1) = (0, 25

4 π2).
First, we follow the solution curve branching from (0, µ4,1) by choosing d with

‖d‖∞ = 5 ·10−5. Figure 10 shows that this solution curve has a secondary bifurcation
at (0, 88.3397). Figures 11–14 show the contours of this solution curve at different
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values of µ. We observe variation of nodal lines of this solution curve with respect
to µ. In particular, Figure 14 shows that the contour at λ ≈ 72.769 already has the
same nodal line as the solution curve bifurcating at (0, µ2,1). On the other hand, if
we follow the solution curve bifurcating at (0, µ2,1), where ‖ d ‖∞= 5 · 10−5, we find
that this solution curve coincides with the secondary solution branch of the solution
curve branching from (0, µ4,1). Thus the solution can be regarded as the secondary
solution branch of the solution curve branching from (0, µ2,1), and vice versa.

Next, we follow the solution curve bifurcating at (0, µ1,1) by choosing d with
‖d‖∞ = 5 ·10−6. We observe that the the solution curves branching from (0, µ1,1) and
(0, µ5,1) approach each other and meet at the secondary bifurcation point (0, 96.5475);
see Figure 10. The contours of this solution curve at different values of µ are shown
in Figures 15–18. Figure 19 shows the solution curves bifurcating at (0, µ1,1) and
(0, µ4,1), respectively, where the domain Ω is perturbed to Ω1 = [0, 1.9] × [0, 1]. We
remark here that part of the solution curves given in Figures 10 and 19 have the same
shapes as the one given in [10].

Example 3. We consider the von Kármán equations with partially clamped
boundary conditions,

∆2f +
1

2
[w,w] = 0,

∆2w − [w, f ] + λwxx = 0 in Ω = [0,
√

3]× [0, 1],

w = wn = 0 on x = 0 and x =
√

3,(5.1)

w = ∆w = 0 on y = 0 and y = 1,

f = ∆f = 0 on ∂Ω;

see section 2. To investigate mode jumping of (5.1), we perform local perturbation
and domain perturbation with l = 1.6, 1.7, and 1.8, respectively. The first bifurcation
is double and is split into two simple bifurcations via perturbations.

Figures 20–22 show the first two solution curves of (5.1) with l = 1.6, 1.7, and
1.8, respectively. Here W1 and W2 are the discrete solutions of (5.1). In Figure 20
we observe that a secondary bifurcation point is detected at µ ≈ 59.3393 and µ ≈
57.4876 on the W2- and W1-solution branches, respectively. These two secondary
bifurcation points are connected by a secondary solution branch, which corresponds
to the phenomenon of mode jumping in this system. Figure 23 shows the contour of
the W1-solution branch at µ ≈ 57.4876, while Figure 24 depicts the contour of the
secondary solution branch at λ ≈ 58.0849. Similarly, Figures 25–27 show the contours
of the W2-solution branches at µ ≈ 59.3373, 53.2187, and 82.3688, respectively. We
remark here that the contour of the W2-solution branch varies with respect to µ, while
the contour of the W1-solution branch is invariant with respect to µ.

For l = 1.7 and l = 1.8 the contours of the W1- and W2-solution branches are
similar to those for l = 1.6.

Example 4. Choosing Ω := [0, 1]× [0, 1], we discretize the von Kármán equations
with simply supported boundary conditions by the central difference approximation.
We use the uniform meshsize h = 0.0625 on the x- and y-axis, respectively. First, we
take Bi-CGSTAB and the preconditioned Bi-CGSTAB in [27] to trace the solution
curve bifurcating from (0, µ1,1), where the diagonal of the discretization matrix is
used as the preconditioner. Next, Algorithm 4.2 is implemented to trace the same
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Fig. 2. The first two solution curves of the von Kármán equations, Example 1, l = 1.3.
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Fig. 3. The first three solution curves of the von Kármán equations, Example 1, l = 1.4.
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Fig. 4. The first three solution curves of the von Kármán equations, Example 1, l = 1.5.

Fig. 5. Contour of the solution curve bifurcating at (0, µ1,1), λ = 46.7431, Example 1, l = 1.5.



MODE JUMPING IN THE VON KÁRMÁN EQUATIONS 1373

Fig. 6. Contour of the solution curve bifurcating at (0, µ1,1), λ = 53.5272, Example 1, l = 1.5.

Fig. 7. Contour of the solution curve bifurcating at (0, µ1,1), λ = 61.5244, Example 1, l = 1.5.
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Fig. 8. Contour of the solution curve bifurcating at (0, µ3,1), λ = 63.2113, Example 1, l = 1.5.

Fig. 9. Contour of the solution curve bifurcating at (0, µ2,1), λ = 55.4358, Example 1, l = 1.5.
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Fig. 10. The first four solution branches of the von Kármán equations, Example 2.

Fig. 11. Contour of the solution curve bifurcating at (0, µ4,1), λ = 66.2729, Example 2.
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Fig. 12. Contour of the solution curve bifurcating at (0, µ4,1), λ = 71.2353, Example 2.

Fig. 13. Contour of the solution curve bifurcating at (0, µ4,1), λ = 78.8257, Example 2.
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Fig. 14. Contour of the solution curve bifurcating at (0, µ2,1), λ = 72.7690, Example 2.

Fig. 15. Contour of the solution curve bifurcating at (0, µ1,1), λ = 63.3935, Example 2.
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Fig. 16. Contour of the solution curve bifurcating at (0, µ1,1), λ = 92.0174, Example 2.

Fig. 17. Contour of the solution curve bifurcating at (0, µ5,1), λ = 96.1390, Example 2.
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Fig. 18. Contour of the solution curve bifurcating at (0, µ5,1), λ = 84.0867, Example 2.
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Fig. 19. Solution curves bifurcating at (0, µ1,1) and (0, µ4,1), Ω = [0, 1.9]× [0, 1], Example 2.
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Fig. 20. The first two solution curves of the von Kármán equations, Example 3, l = 1.6.

50 55 60 65 70 75 80
0

0.5

1

1.5

2
W

1

W
2

µ

max. norm

Fig. 21. The first two solution curves of the von Kármán equations, Example 3, l = 1.7.
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Fig. 22. The first two solution curves of the von Kármán equations, Example 3, l = 1.8.

Fig. 23. Contour of the W1 solution branch at µ ≈ 57.4876, Example 3.
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Fig. 24. Contour of the secondary solution branch at µ ≈ 58.0849, Example 3.

Fig. 25. Contour of the W2 solution branch at µ ≈ 59.3373, Example 3.
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Fig. 26. Contour of the W2 solution branch at µ ≈ 53.2187, Example 3.

Fig. 27. Contour of the W1 solution branch at µ ≈ 82.3688, Example 3.
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solution curve. A comparison of these methods and some information of the solution
curve are described in Tables 1–2 with the following notation:

MAXNORM : maximal norm of W along the solution curve.
x0 : initial guess for the Bi-CGSTAB.
r̃0 : an arbitrary vector such that (r̃0, r0) �= 0, e.g., r̃0 = r0 = b−Ax0.
NCS : order of the continuation steps.
ε : tolerance in Newton corrector.
θ1 : minimum eigenvalue of Tj .
σ1 : minimum singular value of Tj .
κ2 : the two-norm condition number of Tj .
tol : stopping criterion for the unsymmetric Lanczos method.
η : number of negative eigenvalues of Tj .

Table 1
Sample result for Example 4, h = 0.0625, ε = 5 · 10−4, ‖d‖∞ = 5 · 10−6, tol = 5 · 10−9, µ1,1 =

39.351783.

Parameter Total Average

Method x
(i)
0 r̃

(i)
0 NCS interval iterations iterations

Bi-CGSTAB 1.0E-3 1.0E-2 52 (0,89.678) 26419 145.159
Preconditioned
Bi-CGSTAB 1.0E-3 1.0E-2 52 (0,89.678) 24778 136.143
unsymmetric

Lanczos 1.0E-7 * 51 (0,89.681) 29006 162.045

Table 2
Sample result for Example 4, h = 0.0625, ε = 5 · 10−4, ‖d‖∞ = 5 · 10−6, tol = 5 · 10−9, µ1,1 =

39.351783, using unsymmetric Lanczos method, x
(i)
0 = 10−7.

µ MAXNORM NCS η dim(Tj ) θ1 σ1 κ2

19.0000 1.51E-7 2 0 36 1.322E-1 1.322E-1 4.743E+2
38.4717 5.96E-2 7 10 159 1.679E-4 1.673E-4 8.324E+6
38.5584 6.58E-2 8 2 127 1.658E-4 1.652E-4 8.324E+6
38.6403 7.30E-2 9 0 130 1.686E-4 1.680E-4 3.496E+6
39.1444 1.92E-1 20 12 179 9.054E-4 1.441E-5 2.372E+9
39.1683 2.05E-1 21 16 152 1.032E-3 9.993E-4 1.813E+6
39.2919 2.78E-1 27 16 165 1.798E-3 9.792E-4 3.698E+6
39.3108 2.90E-1 28 16 173 1.914E-3 1.196E-3 1.958E+6
39.4596 3.88E-1 36 22 164 2.652E-3 5.436E-4 5.317E+6
39.8913 5.91E-1 42 24 138 4.87E-3+5.85E-4i 3.044E-4 2.926E+6
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Kármán’s equations, SIAM J. Math. Anal., 15 (1984), pp. 446–458.

[16] J. Huitfeldt and A. Ruhe, A new algorithm for numerical path following applied to an
example from hydrodynamical flow, SIAM J. Sci. Comput., 11 (1990), pp. 1181–1192.

[17] E. Isaacson and H. B. Keller, Analysis of Numerical Methods, John Wiley, New York,
1965.

[18] H. B. Keller, Lectures on Numerical Methods in Bifurcation Problems, Springer-Verlag,
Berlin, New York, 1987.

[19] C. Lanczos, Solution of systems of linear equations by minimized iteration, J. Research Nat.
Bur. Standards, 49 (1952), pp. 33–53.

[20] Z. Mei, Bifurcations of a simplified buckling problem and the effect of discretizations,
Manuscripta Math., 71 (1991), pp. 225–252.

[21] Z. Mei and F. Theil, Variation of bifurcations along a homotopy from Neumann to Dirichlet
problems, Nonlinear Anal., 27 (1996), pp. 1381–1395.

[22] B. N. Parlett, The Symmetric Eigenvalue Problems, Prentice-Hall, Englewood Cliffs, NJ,
1980.

[23] Y. Saad, The Lanczos biorthogonalization algorithm and other oblique projection methods
for solving large unsymmetric systems, SIAM J. Numer. Anal., 19 (1982), pp. 485–506.

[24] D. G. Schaeffer and M. Golubitsky, Boundary conditions and mode jumping in the buck-
ling of a rectangular plate, Commun. Math. Phys., 69 (1979), pp. 209–236.

[25] M. Stein, Loads and Deformations of Buckled Rectangular Plates, NASA Technical report
R-40, 1959.

[26] R. Szilard, Theory and Analysis of Plates—Classical and Numerical Methods, Civil Engrg.
& Engrg. Mech. Series, Prentice Hall, Englewood Cliffs, NJ, 1974.

[27] H. A. van der Vorst, Bi-CGSTAB: A fast and smoothly converging variant of Bi-CG for
the solution of nonsymmetric linear systems, SIAM J. Sci. Statist. Comput., 13 (1992),
pp. 631–644.



HIGH-ORDER DIRECT STOKES SOLVERS WITH OR WITHOUT
TEMPORAL SPLITTING: NUMERICAL INVESTIGATIONS OF

THEIR COMPARATIVE PROPERTIES∗
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Abstract. A recently proposed direct Stokes solver which decouples the velocity and pressure
operators without calling for a temporal scheme is numerically analyzed, in comparison, first with
the splitting scheme proposed by G. Karniadakis, M. Israeli, and S. Orszag in [J. Comput. Phys., 97
(1991), pp. 414–443], and with the unique grid (PN ,PN−2) Uzawa approach for the space accuracy
and computational costs. The Chebyshev collocation approximation is used to analyze the spectra
of the continuous temporal evolution operators, and their discrete time versions, from the first to the
fourth order. An explicit boundary condition is also involved in the proposed Stokes solver, and it is
numerically shown that the trace of ∆u on the boundary must be evaluated through its −∇×∇×
contribution only; otherwise the ellipticity is lost before proceeding to the time discretization. The
explicit evaluation of the rotational boundary term does not prevent the first and second order in
time schemes from being unconditionally stable, while the schemes built at the next two higher orders
are limited by the usual explicit (O(N−4)) stability criterion on the time step. The proposed (u, p)
decoupling gives this limitation a less restrictive coefficient and supplies the expected temporal orders
on the whole explored range of time step sizes. The effective accuracy obtained for the Navier–Stokes
2D solutions has been measured, for the Re = 1000 lid-driven cavity problem, and has been found
equivalent to what is supplied by the much more expensive Uzawa decoupling method.

Key words. Stokes equations, decoupling methods, temporal splitting methods, Stokes eigen-
values and eigenmodes, spectral Chebyshev approximation

AMS subject classifications. 35Q30, 65N35
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1. Introduction. Since the first numerical experiments were performed with the
incompressible Navier–Stokes equations, solving the linear Stokes system has been of
major concern with respect to its stability, accuracy, and computational efficiency
once the nonlinear terms are explicitly treated as extra source. The question remains
how to decouple the pressure and velocity fields in order to get an easily tractable
numerical system with given stability and space-time accuracy properties. Many
strategies have been proposed. They belong essentially to three main categories. The
first historically proposed decoupling, the so-called Uzawa method, has been designed
in a finite element framework [1] and applied within the spectral and spectral element
context in many different implementations [31]. This method has the main advantage
that the discrete problem is equivalent to the continuous case, and the numerical
solutions converge to the exact one [25, 6]. When the diffusion terms are implicitly
evaluated in time, this is obtained at the cost of an expensive, iterative inversion of
the resulting full matrix, the Uzawa operator, including a vectorial Helmholtz solver
[26]. An alternative comes from the fractional step methods, initially proposed by
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[8] and [34, 35], and significantly improved by an extension to high temporal order
discretizations [17]. In these methods, the decoupling of the velocity and pressure
operators is obtained by a particular splitting of the discretized Stokes system, based
on the time integration scheme. The corresponding linear system, as well as the
induced properties (stability and temporal accuracy) of such a splitting are analyzed
in [28]. The third category refers to the influence matrix or Green’s function method
[18]. Its implementation for three-dimensional (3D) flows, with N3 nodes and no
periodic direction, leads to the storage of the inverse of a large and full matrix of order
6N2, the capacitance matrix, and its application at each time step. As a consequence,
this method is limited to two-dimensional (2D) flows simulation.

A projection-diffusion method (hereafter referred to as the PRDI method) has
been introduced in [4] for the Chebyshev collocation method. No time scheme is re-
quired at the decoupling stage of the velocity and pressure operators. Thus, although
not very far from the splitting formulation of [17] (hereafter referred to as the KIO
method), the PRDI method is not of the fractional step type and does not suffer from
the inconsistency that the authors in [17] point out for the splitting.

In contrast with the Uzawa approach which has received much theoretical atten-
tion (see [25] and the many references quoted therein), the splitting (or fractional
step) methods have not yet been fully analyzed to the authors’ knowledge. Theoret-
ical works have been published for their low (1,2) time-order versions which require
homogeneous boundary conditions on the pressure [33, 14]. However, according to
Shen, “we can only expect a projection (or splitting) scheme to deliver higher than
second-order accuracy if a more accurate boundary condition for the pressure is em-
ployed. A rigorous analysis for more general cases is not yet available” (page 1042 in
[33]). Both schemes under consideration in this paper belong to this category where
accurate pressure conditions are imposed on the boundaries. They involve a −∇×∇×
boundary contribution (see [27, 17] and below) which makes the theoretical work very
difficult and unavailable so far. In absence of theoretical support, numerical results
can be considered as a welcome help to better understand the Stokes schemes.

Thus, in this paper, a first extensive comparison of both spectral Stokes solvers,
PRDI and KIO, is performed for (a) their consistency with the initial continuous
problem, (b) their ability to respect the expected ellipticity, (c) their genuine stability
properties, and (d) their respective temporal accuracy. The time splitting is clearly
identified as responsible for inconsistencies of the KIO scheme, with an analysis which
can be extrapolated to any fractional step scheme. Finally, it is shown that using
the trace of ∆u (instead of −∇ × ∇×) in a normal boundary condition breaks the
ellipticity of both Stokes solvers, explaining the origin of the previously observed
numerical instabilities [27, 17].

The analysis reported hereafter has been carried out in a simple test case, the
bounded square Cartesian geometry, as a first step to reach before considering complex
domains to be treated with more sophisticated numerical methods. Both solvers are
thus based on a monodomain Chebyshev collocation method [13, 7]. As an aside, a
first insight is offered into the eigenmodes of this 2D Stokes problem, since, to the
authors’ knowledge, they are not yet analytically known in a bounded domain.

The paper is organized as follows. After section 2, where the Stokes problem is
recalled, in section 3 both methods and their main features are presented. In section 4,
the continuous temporal evolution operator spectra are given for both solvers. Then,
section 6 deals with the fully discretized solvers of temporal order one to four. A
stability analysis is performed by eigenvalue computation. The first- and second- order
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in time schemes are found to be unconditionally stable, whereas the third- and fourth-
order present an O(N−4) stability restriction on the time step. This restriction is less
severe for the PRDI than for the KIO solver. Then, the effective temporal accuracy
of both solvers is measured by 3D numerical experiments performed with the first
and second order in time collocation schemes. The PRDI method supplies exactly
the expected temporal order on the whole explored time step range. Nevertheless,
the best effective accuracy comes always from the KIO solver in the tests we have
implemented.

The last section is dedicated to some practical comparisons between the PRDI
and the unique grid (PN ,PN−2) Uzawa approach applied to a classical Navier–Stokes
test-case, namely the 2D regularized lid-driven cavity problem. The solutions supplied
by the PRDI solver are as accurate as the Uzawa ones but obtained at a lower cost.

2. The governing equations. Let us consider the dimensionless unsteady (time

t) 2D or 3D Stokes equations, written in the Cartesian open domain Ω = (]− 1,+1[)
d

with coordinates x = (xi, i = 1, d), ≡ (x, y) or ≡ (x, y, z) according d = 2, 3, respec-
tively, and T a real positive number,

∂u

∂t
= ∆u−∇p+ f for (x, t) ∈ Ω×]0, T [ ,(2.1)

∇ · u = 0 for (x, t) ∈ Ω×]0, T [ ,(2.2)

where u = (u, v, w) is the velocity field, p the pressure (normalized by the fluid’s
density), and f the source term. We denote the closure of Ω by Ω and the boundary
by ∂Ω. For the sake of simplicity, we consider Dirichlet boundary conditions

u = U for (x, t) ∈ ∂Ω×]0, T [,(2.3)

and compatible initial conditions are given,

u(t = 0) = U0 for x ∈ Ω,(2.4)

U0 being divergence-free. The viscosity has been inserted in the time, pressure, and
source scales.

The present study is focused on the Stokes problem (2.1)–(2.2), but the Navier–
Stokes equations are behind it if the source term f includes the nonlinear advective
terms beside prescribed body forces. It is assumed from now on that the continuous
spaces for the velocity and pressure are, respectively, (H1

0 (Ω))d and L2
0(Ω) for almost

every time t ∈]0, T [. L2
0(Ω) is the space of functions which are square integrable

in Ω with a zero mean value on Ω, H1(Ω) is the space of functions of which the
first derivative is square integrable in Ω, and H1

0 (Ω) is the closure in H1(Ω) of the
space of all functions continuously differentiable any number of times with compact
support in Ω. The existence and uniqueness of a solution, lying in those spaces, of the
unsteady Navier–Stokes equations are established and discussed in [29], under some
assumptions considered as verified in this work. Under additional assumptions it is
also possible to prove the existence of more regular solutions [16, 29].

For the forthcoming eigenmode analysis and investigation into the stability prop-
erties of the Stokes solvers, f is inessential and dropped from now on. The well-known
equivalent continuous formulation of this problem, where the velocity and pressure
are decoupled, reads as follows:

∆p = 0 for (x, t) ∈ Ω×]0, T [,(2.5) (
∂

∂t
−∆

)
∆ u = 0 for (x, t) ∈ Ω×]0, T [.(2.6)
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Thus, the unsteady Stokes equations lead to harmonic pressure and biharmonic ve-
locity fields.

3. The Stokes solvers. The unsteady Stokes problem is now solved with two
different approaches. The first one is the well-established fractional step algorithm,
denoted KIO, and it is briefly summarized in the beginning of this section. Basically
linked to a time scheme, its presentation is made in a semidiscrete framework, dis-
cretized in time and continuous in space. The second one, the PRDI, comes then,
with more details.

3.1. The KIO method. Proposed in 1991 as a high-order splitting method
for the Navier–Stokes equations, the KIO time discretized system, applied to the
unsteady Stokes problem, is based on the backward Euler scheme of order Ji. Its
continuous-in-space version reads

û−∑Ji−1
q=0 αqu

n−q

∆t
= −∇p for x ∈ Ω,(3.1)

∇ · û = 0 for x ∈ Ω,(3.2)

γ0u
n+1 − û

∆t
= ∆un+1 for x ∈ Ω,(3.3)

where û is an intermediate velocity field, constrained to fulfill the incompressibility
condition (3.2), and un ≡ u(n ∆t). The weights γ0 and αq, up to order Ji = 3, may
be found in [17] and are gathered with the fourth-order coefficients in Table 1. The
velocity field u satisfies the Dirichlet boundary conditions (2.3). The equations (3.1)–
(3.2) are combined to lead to the Poisson equation for the pressure, which can be
solved provided boundary conditions are chosen to be compatible with the temporal
order (see below). They are obtained first by taking the trace on the boundary of the
normal component of the sum of (3.1) and (3.3) and second by splitting ∆u into two
parts,

∆u = −∇× (∇× u) + ∇(∇ · u),(3.4)

the solenoidal (resp., irrotational) part being treated explicitly (resp., implicitly) in
time. This decomposition was first introduced in [27] to avoid exponential growth of
a nonzero divergence of the velocity field u on the boundaries. The irrotational part
is dropped in accordance with (2.2). Section 4.1 will elucidate the basic reason why
such a procedure must be applied. Finally, using the extrapolation scheme of order
Je proposed in [17], the resulting continuous-in-space pressure system is

∆p = ∇ ·
(∑Ji−1

q=0 αqu
n−q

∆t

)
for x ∈ Ω,(3.5)

[
∂p

∂n

]
x∈∂Ω

=

[(
−
(
∂U

∂t

)n+1

−
Je−1∑
q=0

βq∇× (∇× un−q)

)
· n
]
x∈∂Ω

.(3.6)

The weights βq are listed in Table 1 and n is the outward normal unit vector.
This work considers only the case Je = Ji.
It is worth writing the continuous-in-time problem, with decoupled pressure and

velocity fields, which is equivalent to the above split system (3.1)–(3.3), and comparing
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Table 1
The weights γ0, αq, and βq.

Weights Order 1 Order 2 Order 3 Order 4

γ0 1 3/2 11/6 25/12
α0 1 2 3 4
α1 0 –1/2 –3/2 –3
α2 0 0 1/3 4/3
α3 0 0 0 –1/4

β0 1 2 3 4
β1 0 –1 –3 –6
β2 0 0 1 4
β3 0 0 0 –1

it with the Stokes continuous decoupled problem (2.5)–(2.6). This interesting point
has already been raised in [17], whose authors pointed out that the pressure and
velocity fields are now biharmonic and triharmonic, respectively. We shall reach the
same conclusion by considering a continuous-in-time formulation of the system (3.1)–
(3.3). At any time order, the derivative ∂u

∂t is approximated by a linear combination of

instantaneous velocities, of which one part, −∑Ji−1
q=0 αqu

n−q/∆t, is taken in the first

step (3.1), while the second one, γ0u
n+1

∆t , belongs to the diffusion step (3.3). A simple
way to write an equivalent continuous-in-time formulation of this form of splitting is
to consider that each part of the time derivative ∂u

∂t is proportional to ∂u
∂t itself. This

holds for a normal mode analysis of the unsteady Stokes problem, and leads to the
equivalent set of coupled continuous equations

û + η
∂uη
∂t

= −∇pη for (x, t) ∈ Ω×]0, T [ ,(3.7)

∇ · û = 0 for (x, t) ∈ Ω×]0, T [ ,(3.8)

(1− η) ∂uη
∂t
− û = ∆uη for (x, t) ∈ Ω×]0, T [ ,(3.9)

where the intermediate û is now an acceleration field, and (uη, pη) the solutions of
this new problem. With modes such that unη = κnu0 and κ = expλ∆t, it is easily
seen that the coefficient η is related to the temporal order of the scheme by the simple
relation

1− η
η

= − γ0 κ∑Ji−1
q=0 αqκ

−q .(3.10)

Obviously, there would be no such simple relation between ∂u
∂t and its two split parts

for a field u(t) having any time dependence. But the one adopted here can be ap-
plied to the Stokes eigenmodes. By successive differential eliminations performed on
the continuous system (3.7)–(3.9), the decoupled continuous problem then reads as
follows: (

(1− η) ∂
∂t
−∆

)
∆pη = 0 for (x, t) ∈ Ω×]0, T [,(3.11) (

(1− η) ∂
∂t
−∆

)(
∂

∂t
−∆

)
∆uη = 0 for (x, t) ∈ Ω×]0, T [.(3.12)

Compared with the initial decoupled Stokes problem (2.5)–(2.6), it can be seen that
a supplementary space-time operator has appeared, the first one on the left side of
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these equations, directly induced by the time splitting, as mentioned in [17]. The
origin of each term of this new operator is now identified. The extra time derivative
is due to the splitting of ∂u

∂t (η �= 1), and the supplementary degree of harmonicity

(η = 1) is introduced by the splitting between ∂u
∂t and ∆u. As a consequence, the

approximate pressure field is biharmonic and governed by a time evolution equation,
which is not physically consistent from the ∇ · u = 0 constraint. The velocity field
satisfies a triharmonic time evolution equation. Both these fields are polluted by a
numerical boundary layer of dimensionless thickness

√
t/|1− η|. Finally, the case

η = 0 corresponds to a nonsplitting scheme, in which the incompressibility constraint
(3.8) is applied on û = ∂u

∂t −∆u by (3.9). As a result of this, the supplementary
space-time operator no longer appears in (3.11)–(3.12). This is precisely the main
feature of the PRDI method introduced now.

3.2. The PRDI method. The PRDI method looks like this fractional step
method since it proceeds with two similar steps, namely, the determination of the
pressure by imposing the incompressibility constraint to some appropriate field, and
then the computation of the velocity u by a pure diffusion stage. However, the decou-
pling is now defined independently of any temporal scheme. Indeed, if we introduce
the acceleration a∗, where

a∗ =
∂u

∂t
−∆u,

the original problem (2.1)–(2.2) splits, for each t ∈]0, T [, into two steps:
(1) first step:

a∗ +∇p = 0 for x ∈ Ω,(3.13)

∇·a∗ = 0 for x ∈ Ω,(3.14)

a∗ · n =

(
∂U

∂t
−∆u

)
· n for x ∈ ∂Ω;(3.15)

(2) second step:

∂u

∂t
−∆u = a∗ for x ∈ Ω,(3.16)

u = U for x ∈ ∂Ω.(3.17)

As stated at the end of the previous paragraph, this scheme is consistent with
(2.5)–(2.6).

The projection step (3.13)–(3.15) can also be written as a Poisson–Neumann
problem similar to (3.5)–(3.6),

∆p = 0 for x ∈ Ω ,(3.18) [
∂p

∂n

]
x∈∂Ω

=

[(
− ∂U
∂t
−∇× (∇× u)

)
· n
]
x∈∂Ω

.(3.19)

Section 4.2 will highlight the numerical equivalence between these two projection
approaches. The version (3.13)–(3.15) is always the one adopted with the PRDI
method.

The two stages are coupled only through the normal boundary condition (3.15).
The first step (3.13)–(3.15) allows the computation of the pressure through the so-
lution of a Darcy-type problem, assuming that the right-hand side of the normal
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boundary condition a∗ · n is known (see below). The background and the numerical
analysis of the Darcy problem with several variational formulations, in the framework
of the spectral discretizations, may be found in [2].

The space discretization proceeds by expanding the u, a∗, and p fields in tensor
product of Chebyshev polynomials of order (N,M,L) for the (x, y, z) dependencies,
respectively. The collocation method consists of exactly enforcing the differential
equations, and the boundary conditions, at the Gauss–Lobatto points [13, 7]. Let us
introduce the discrete spaces, {Ω} and {∂Ω}, made of the set of the Gauss–Lobatto
points located inside Ω and on the boundary ∂Ω, respectively. The discrete space
{Ω} is the union of {Ω} and {∂Ω}. From now on, u, a∗, and p denote the set of the
nodal values in {Ω} of the corresponding fields. The discretization of (3.13) proceeds
in a particular way. Indeed the ith component of this equation is collocated in the
discrete space which excludes the two plane boundaries normal to the ith direction,
where the conditions (3.15) are imposed.

The collocated Darcy problem (3.13)–(3.15) then reads

a∗ + D̃p = f in {Ω},(3.20)

D·a∗ = 0 in {Ω}.(3.21)

D is the usual gradient operator, and its restriction by the collocation of (3.13) is
noted D̃. The discrete system (3.20) gathers what comes from (3.13) and (3.15),
the right-hand side f coming exclusively from the discretized condition (3.15) noted
a∗ · n = a · n on {∂Ω}. It is zero everywhere except where the normal boundary
conditions are imposed:

f = 0 except (fi) |xi=±1 = (ai) |xi=±1.(3.22)

This vectorial field f will be denoted in a compact way:

f = “a · n.”(3.23)

By substitution of (3.20) into (3.21), we obtain finally

EPD p = D·f in {Ω},(3.24)

with

EPD = D·D̃.

Taking advantage of the tensor product form of the Uzawa operator EPD, which
is a quasi-Poisson operator, the fast diagonalization method [15] is used to “invert”
it directly and to filter out its spurious pressure modes. For the Darcy problem, their
number is 2d (d = 2, 3) [2] (see section 3.3).

Because the velocity u is unknown at the pressure step computation, the normal
boundary condition (3.15) requires the same treatment as the one leading to (3.6).
The condition (3.15) is then rewritten as

[a∗ · n]{∂Ω} =

[(
∂U

∂t
+

Je∑
q=0

βq(D × (D × un−q))

)
· n
]
{∂Ω}

.(3.25)
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Once the pressure is known, a∗ is evaluated and the second step (3.16)–(3.17),
which is a pure diffusion problem, can be solved. An implicit backward Euler scheme
of order Ji is employed to perform the time integration:

γ0u
n+1 −∑Ji

q=0 αqu
n−q

∆t
= ADun+1 + a∗,(3.26)

AD denoting the Dirichlet–Laplacian matrix, the system being completed by u = U
on the boundaries. The time discretized equations (3.26) contain a vectorial Helmholtz
system to be solved by the fast diagonalization method [15].

3.3. About the spurious pressure modes. Let PN denote the space of all
polynomials of degree less than or equal to N . Both the KIO and the PRDI Stokes
solvers are of (PN ,PN ) type, in each space direction, since the velocity u and pressure
p fields are approximated in the same polynomial space. A priori, a Stokes (PN ,PN )
solver is expected to exhibit 8 (for a 2D case) or 4(N +M + L + 1) (for a 3D case)
spurious pressure modes [5]. Their presence can be understood equivalently from

(a) an inf-sup, or Babuška–Brezzi, compatibility condition between the polyno-
mial spaces approximating the velocity and the pressure fields [5],

(b) the algebraic compatibility conditions that must be fulfilled between the ve-
locity boundary conditions and the incompressibility constraint enforced at
all the nodes, boundaries included [19].

This latter statement allows us to predict easily the number of spurious pressure
modes in each of these solvers. The KIO method does not impose a vanishing diver-
gence at the boundaries. Then, the compatibility condition which remains does not
involve the continuity constraint but concerns only the Neumann boundary condi-
tions on the pressure, and corresponds to the constant pressure mode. For the PRDI
method with (3.13)–(3.15), the incompressibility constraint is enforced, boundaries
included, on a field required to satisfy only prescribed normal boundary conditions.
The number of compatibility conditions, i.e., of spurious pressure modes, is then [19]
reduced to 2d (d = 2, 3) [2]. Their space is spanned by the following set (Ti(x) is the
Chebyshev polynomial of first kind of degree i):

{T0, TN (x)} ⊗ {T0, TM (y)} when d = 2,

{T0, TN (x)} ⊗ {T0, TM (y)} ⊗ {T0, TL(z)} when d = 3.

These spurious pressure modes are the constant and checker-board modes.

4. Continuous-in-time evolution operator for the 2D Stokes solvers.
The PRDI method is consistent with the continuous decoupled formulation (2.5)–(2.6)
and leads to a genuinely continuous-in-time evolution operator (i.e., independent of
any time integration scheme). Its spectrum will indicate to what extent the ellipticity
of the Stokes problem [36] is preserved in the Chebyshev collocation approximation.
Moreover, as in the case of the second order differentiation operator [7], the low spa-
tial frequency part of the numerical spectrum can be taken as a good approximation
of some eigenmodes of the continuous Stokes problem not yet analytically known for
a bounded 2D or 3D simple Cartesian geometry, e.g., (cavity flow). The 2D numer-
ical spectrum, and some eigenmodes, will be given as complementary data to those
reported in [3] and limited to the 2D case with one periodic direction, e.g., (channel
flow). Homogeneous Dirichlet boundary conditions are imposed on the velocity. From
now on, u denotes the restriction of the discrete velocity field to its internal nodal
values.
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Table 2
Asymptotic laws for the extreme eigenvalues of the collocation operators.

2D AD L
λmin λmax λmin λmax

−0.094 ∗N4 −π2

2
−0.075 ∗N4 −π2

4

The determination of the full set of eigenvalues based on the explicit construction
of the matrix is limited by the matrix size. Whenever possible, the whole spectrum
is computed. Otherwise, the largest eigenvalues are computed by the power method
adapted when the leading eigenvalue is a complex conjugate pair [30]. The convergence
of the power method has been controlled by choosing several initial conditions.

Finally, the same polynomial approximation has been taken in both spatial direc-
tions. The corresponding number of collocation points is denoted by N2.

4.1. The PRDI method. The time evolution equation of the velocity field
comes directly from (3.16), (3.20), and (3.24). It reads

du

dt
= ADu−D(EPD)−1D·f ,(4.1)

where f is defined as in (3.22) with a = (D × D×) u (not in its time-extrapolated
form (3.25)).

Then (4.1) takes the form

du

dt
= Lu ≡ ADu−D(EPD)−1D · [“(D ×D × u) · n”],(4.2)

which defines the time evolution operator L.
The temporal evolution is governed by the expected diffusion operator, completed

with the contribution of the pressure gradient, itself fed by the normal boundary
conditions (3.25).

The complete L spectrum has been computed with N = 49 polynomials. The
results and their analysis are now reported.

Figure 1 displays the real and imaginary parts of the eigenvalues. The whole
spectrum is made of eigenvalues with negative real parts, of which about 32% (scaled
approximately by an O(

√
N) law) represent complex modes. Most of these have an

extremely small imaginary part, while the remainder have an imaginary part not
exceeding 8.5% of the associated real part. The collocation PRDI Stokes operator has
therefore the desirable property that it leads to A-stable time integration schemes (at
best up to order 2 [10]).

Applying the power method with N up to 257, the algebraically smallest eigen-
value is found to be real, negative, and to scale with an N4 law, while the largest

one approaches asymptotically −π2

4 . The measured asymptotic laws of these extreme
eigenvalues are reported in the second column of Table 2.

Although the 2D bounded Stokes problem can be solved analytically, by biorthog-
onal series based on “Papkovich–Fadle”-type functions [12], to the authors’ knowledge
no work has been published supplying the corresponding analytical eigenmodes to
which the computed ones could be compared. An analysis of the Stokes eigenspace
is well beyond the scope of this paper and we will limit ourselves to presenting some
results, complementary to those reported in [3] for the periodic channel flow solved by

a Legendre–Uzawa–Stokes scheme. First, the 11 largest eigenvalues (divided by −π2

4 )
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Fig. 1. The PRDI L spectrum for the collocation approximation with N = 49.

Table 3

The 11 largest eigenvalues (divided by −π2

4
) for the PRDI collocation Stokes solver, with dif-

ferent polynomial expansions.

N = 7 N = 17 N = 35 N = 49

1.00000800540e+00 0.99999999999e+00 1.00000000006e+00 0.99999999997e+00
1.98712673989e+00 1.99987984426e+00 1.99999713366e+00 1.99999948632e+00
4.00353214681e+00 4.00000000000e+00 4.00000000003e+00 3.99999999998e+00
5.01848849608e+00 4.99976728610e+00 4.99999430121e+00 4.99999897536e+00
5.28815867163e+00 5.30362823176e+00 5.30362606445e+00 5.30362606638e+00
8.06670784515e+00 8.00002040023e+00 8.00000010152e+00 8.00000000899e+00
8.44378285024e+00 9.00000000131e+00 9.00000000005e+00 8.99999999998e+00
9.02294796873e+00 9.33415385363e+00 9.33415263902e+00 9.33415263947e+00
9.50305383710e+00 9.99879613340e+00 9.99997135310e+00 9.99999486546e+00
9.77461792632e+00 1.00000056792e+01 1.00000000529e+01 1.00000000012e+01
1.24260709826e+01 1.29903476596e+01 1.29903468368e+01 1.29903468369e+01

are listed in Table 3 for several polynomial expansions. Since they all converge to

some value (actually, an integer multiple of −π2

4 , except for three of them), they give
a good approximation to the continuous Stokes operator eigenvalues. In fact, many
numerical eigenvalues do converge with N .

Then, Figure 2 displays the leading 450 real eigenvalues λk (divided by −π2

4 ) as
a function of k for N = 49. The observed linear law agrees with the scaling estimate
proposed in [9].

Finally, six of the real eigenmodes that converge with N are presented in Figure
3, thus illustrating their different structures. They correspond, respectively, to the

following multiple of −π2

4 eigenvalues: 1, 9, 15.616174348, 36.754375567, 64, and
276.34507007. They are candidates, among others, as eigenmodes of the continuous
Stokes problem.

Once the spectra of the Stokes time-continuous evolution operator and some of
its eigenmodes are presented, two related particular aspects deserve to be briefly
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Fig. 2. The leading 450 eigenvalues (divided by −π2

4
) for the PRDI collocation Stokes solver

with N = 49.

commented on.

(1) As experimentally recognized previously in [27], the implicit treatment of the
(∇ · u) term in (3.4) for the normal boundary conditions ((3.6) and (3.25)) prevents
the time schemes from being numerically unstable. In an attempt to trace back the
origin of this instability, the authors of [17] proposed the possible effects of “propa-
gation and accumulation of time-differencing errors.” However, it will now be shown
that the source of this numerical problem is deeper than is simply due to the time dis-
cretization. Indeed, let us replace the normal boundary term (“(D×D×u) ·n”) in the
definition (4.2) of the continuous-in-time evolution operator L by (“(−ADu)·n”). The
resulting operator spectrum is given in Figure 4. Positive real parts have appeared
and most of the eigenvalues are complex. This Stokes solver breaks the ellipticity of
the continuous problem. Stability is therefore unreachable by any time integration
scheme.

(2) Let us rewrite the L operator of (4.2) as L = AD + B. It must be noted that
B handles a reduced number of independent quantities, those which are defined on
the boundary nodes, 4(N − 2) actually, as can be seen by summing the size of the
(EPD)−1D· and (D×D×) · n kernels. Therefore, the coupling of B with the diffusion
acts in a quite reduced space. This sheds some light on the way the incompressibility
constraint is actually applied (rather than strictly enforced) on the numerical velocity
field. Only 4(N − 2) independent quantities are needed to drive the solenoidality of
the velocity 2(N+1)2 nodal values. In other words, the ability of the pressure field to
ensure the incompressibility constraint depends essentially on a given reduced number
of independent data, normal boundary conditions, for instance, on the pressure. This
meets the influence matrix basic idea. A detailed analysis of the (AD, B) coupling
is reported in [21]. It brings, in particular, a way of looking at the difficulty arising
with the Lanczos-τ spectral formulation (see section 5 below).
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Fig. 3. Six real eigenmodes of the PRDI L collocation operator with N = 49 corresponding to

the following six eigenvalues (divided by −π2

4
): (a) 1, (b) 9, (c) 15.616174348, (d) 36.754375567, (e)

64, and (f) 276.34507007.

4.2. The KIO method. For the PRDI solver, the time evolution equation for
the discrete in space velocity field has been easily obtained. In the KIO case, because
of the time splitting, this is not as straightforward. Let us start from the discretized-
in-space formulation of (3.7)–(3.9):

du

dt
= ADu− [Dp]{Ω} ,(4.3)
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Fig. 4. The N = 35 spectrum of the modified PRDI L operator for the collocation approxima-
tion. The (−AD) term replaces the (D ×D×).

with

[ANp]{Ω} = −η
[
d

dt
(D · u)

]
{Ω}

,(4.4)

[
∂p

∂n

]
{∂Ω}

= − [(D × (D × u)) · n ]{∂Ω} ,(4.5)

where
(1) AN is the Poisson–Neumann discrete operator,
(2) p satisfies the normal boundary conditions (4.5).

Equations (4.4)–(4.5) define the pressure as made up of two contributions, p = p1+p2,
such that

[ANp1]{Ω} = 0,(4.6) [
∂p1
∂n

]
{∂Ω}

= − [(D × (D × u)) · n ]{∂Ω} ,(4.7)

and

[ANp2]{Ω} = −η
[
d

dt
(D · u)

]
{Ω}

,(4.8)

[
∂p2
∂n

]
{∂Ω}

= 0.(4.9)

The p2 contribution, induced by the splitting, forces us to take into account the
temporal evolution of the velocity divergence. Each of these two pressure fields can
be expressed in a concise way as

p1 = −A−1
N1 [“ (D × (D × u) · n) ”] ,(4.10)
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Table 4
The 11 largest real eigenvalues (divided by −π2

4
) for the unsplit collocation Stokes solver based

on the Poisson–Neumann pressure system, with different polynomial expansions.

N = 7 N = 17 N = 35 N = 49

1.04786449314e+00 1.00878388401e+00 1.00272485654e+00 1.00161151594e+00
2.12765504452e+00 2.03393112967e+00 2.01080401609e+00 2.00641052738e+00
4.00353214681e+00 4.00000000000e+00 4.00000000000e+00 4.00000000000e+00
5.11213178920e+00 5.01722595419e+00 5.00545338841e+00 5.00322379331e+00
5.28734082932e+00 5.30362632034e+00 5.30362606750e+00 5.30362606661e+00
8.05580355974e+00 7.99995986903e+00 7.99999927565e+00 7.99999989030e+00
8.54361599535e+00 9.00894808759e+00 9.00271135287e+00 9.00160804903e+00
9.04576061625e+00 9.33414414325e+00 9.33415453968e+00 9.33415286720e+00
9.50364060447e+00 9.99999273824e+00 1.00000000033e+01 1.00000000008e+01
1.02060636504e+01 1.00667939976e+01 1.00215687184e+01 1.00128133932e+01
1.25175033599e+01 1.29903463115e+01 1.29903468403e+01 1.29903468370e+01

p2 = −ηA−1
N2

[
d

dt
(D · u)

]
,(4.11)

the operator AN1 corresponding to the Poisson–Neumann problem driven only by
inhomogeneous normal boundary conditions (4.7), the right-hand side being homo-
geneous, and AN2, to the same problem, but driven only by the right-hand side, the
normal boundary conditions (4.9) being homogeneous. From this, the time evolution
equation reads

d

dt

[
1 + ηDA−1

N2D·
]
u =

[ADu +DA−1
N1“ (D × (D × u) · n)”

]
.(4.12)

In a short form, it is written as

S(η)
du

dt
= LPNu.(4.13)

The right-hand side LPN is just the analogy of the PRDI operator L (4.2), but from
a Poisson–Neumann term instead of the quasi-Poisson one. It gives the temporal evo-
lution of the numerical Stokes solution without splitting (η = 0). The left-hand side
S(η) bears the signature of the splitting. From the knowledge of this time evolution
equation, two questions are now addressed:

(1) To what extent are the Poisson-Neumann and quasi-Poisson solvers numeri-
cally equivalent?

(2) What is the long term evolution in time, given by the KIO splitting scheme,
of the Stokes eigenmodes?

(1) The numerical equivalence of the Poisson–Neumann and quasi-Poisson solvers
that can be established is based on the comparison of the L and LPN spectra. The
LPN spectrum enjoys the properties described above (section 4.1) for the L operator.
In particular, as shown by Table 4, the 11 largest real eigenvalues of LPN (divided

by −π2

4 ) converge, except for 3 of them, towards an integer multiple of −π2

4 , but
much more slowly for some of them than those of L (see Table 3). Furthermore, the
asymptotic scaling law of the algebraically smallest eigenvalue of LPN is in perfect
agreement with the law given in Table 2.

(2) The asymptotic time evolution of the Stokes normal modes in the KIO solver.
Instead of analyzing the spectrum of the evolution operator given by (4.13) for each
value of the parameter η, it is more useful to characterize the long term evolution in
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Table 5
The ranges of η for several temporal orders.

Order 1 2 3 4
η range [1,∞] [4,∞] [1,∞] [4.58,∞]

Table 6
The algebraically largest real eigenvalues of the generalized eigenvalue problem for several values

of η, with different polynomial expansions N .

N η = 1 η = 101 η = 102 η = 103 η = 104

7 -1.2914E+00 -2.3460E-01 -2.5547E-02 -2.5776E-03 -2.5799E-04
17 -1.2445E+00 -2.2628E-01 -2.4644E-02 -2.4866E-03 -2.4888E-04
21 -1.2413E+00 -2.2569E-01 -2.4580E-02 -2.4801E-03 -2.4824E-04
35 -1.2370E+00 -2.2492E-01 -2.4496E-02 -2.4716E-03 -2.4739E-04

time that this operator imposes to any of the Stokes normal modes. It will be shown,
first, that the η parameter is not so linked to the temporal order of the scheme; and
second, the splitting does not affect the stability of the scheme, i.e. any Stokes normal
mode is damped through the equation (4.13).

A given Stokes normal mode is characterized by u = U(x, y, z) exp (λt), with λ a
real negative eigenvalue of the analytical Stokes operator, and the coefficient κ quoted
in (3.10) reads as exp (λ∆t) with 0 < κ ≤ 1. Therefore, by relation (3.10), η is a real
quantity which can be defined as well by

η = 1− γ0
λ∆t

= − 1

λ∆t

Ji−1∑
q=0

αqκ
−q−1.(4.14)

These relations are such that adding η ∂u
∂t to (1 − η) ∂u

∂t gives back the discrete

(approximation of) ∂u
∂t . The first equation shows that η is always positive, larger

than 1 actually. The allowed ranges of η are listed in Table 5.
Thus giving η any value between 1 and ∞ allows one to consider any time order

of the splitting scheme; this parameter refers therefore rather to the splitting nature
of the numerical system than to the chosen time order. The spectrum of the part[DA−1

N2D·
]

of the S(η) operator has been computed. It exhibits a large kernel (half of
the complete set of the eigenvalues), the remaining ones being all positive and close
to unity. The spectrum of S(η) is then always real and positive with eigenvalues
λk ≈ (1 + η) for all k. This offers the possibility to the complete evolution operator
(4.13) of having real negative eigenvalues for all η ≥ 1. The algebraically largest real
eigenvalue of the generalized eigenvalue problem (4.13) for several values of η (1 to
10000) is reported for different polynomial expansions in Table 6. Figure 5 shows the
monotonic behavior of this largest eigenvalue (in absolute value) with respect to η,
for a fixed N = 21 polynomial expansion. This eigenvalue, almost unaffected by the
spatial discretization for a fixed η, remains always real, negative and goes monoton-
ically to zero with increasing values of η. The main conclusion is that the splitting
preserves the exponential decrease with time of the normal Stokes eigenmodes. The
time discretization is then the only source of the possible numerical instabilities.

5. About the spectral Lanczos-τ formulation of the Stokes solvers. In
this section, the first historically used spectral discretization is considered instead
of the collocation approach. In this Galerkin-type method, the unknowns are the
expansion coefficients in Chebyshev polynomials of the velocity and pressure fields.
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Fig. 5. The algebraically largest real eigenvalue (in absolute value, with log-scale) of the gen-
eralized eigenvalue problem, as a function of η, with a fixed N = 21 polynomial expansion.

However, the test functions (the Chebyshev polynomials themselves) do not satisfy the
boundary conditions and the differential equations are enforced with a supplementary
set of test functions [13].

Although commonly considered as equivalent to the collocation method, the
Lanczos-τ approximation of the Stokes problem turns out to not preserve the elliptic-
ity of the initial system. Indeed, all the previous analysis has been carried out with
this spatial formulation and detailed results are reported in [21]. Only the dominant
feature is quoted now, and concerns the spectrum of the time-continuous evolution op-
erator (see (4.2)). Significantly different from the spectrum of the collocation version,
it contains four eigenvalues with positive real part. The leading eigenvalue scales as
0.65∗N4, a result that might be related to the prediction of a very recently published
analysis [11].

6. The fully discrete temporal evolution operators. Only the collocation
approximation of the Stokes solvers is now considered, with a temporal discretization
of order J = Je = Ji going from 1 to 4. The stability and effective order in time of
their numerical solutions are addressed in this section. A 2D eigenvalue analysis and
3D numerical experiments are performed to assess these two points, respectively.

The unsteady diffusion contribution is implicitly treated with a backward Euler
scheme, and the boundary condition involved in the projection stage is evaluated by
an extrapolation scheme of the same order. Equations (3.1)–(3.3), (3.5)–(3.6) of sec-
tion 3.1 and (3.20)–(3.26) of section 3.2 summarize the KIO and PRDI formulations,
respectively.

6.1. Stability properties of the Stokes solvers. Starting from the expres-
sions given by (4.2) and (4.13) for the PRDI and KIO continuous-in-time evolution
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operators, respectively, the fully discretized evolution operators read

un+1 = (H)−1

[
−
∑Ji
q=0 αqu

n−q

∆t
+D(EPD)−1D·

(
Je∑
q=0

βq(“D × (D × un−q) · n”)

) ]

for the PRDI method and

un+1 = (H)−1
[−I +D(AN )−1D· ]

(∑Ji−1
q=0 αqu

n−q

∆t

)

for the KIO solver. H is the discrete Helmholtz operator, which includes the homo-
geneous Dirichlet boundary conditions imposed on the velocity,

H = AD − γ0
∆t
I,

I is the unit matrix, and EPD is the quasi-Poisson operator arising from the decoupling
of the fields a∗ and the pressure (see (3.24)). AN is the Neumann–Poisson discrete
operator, completed with the normal boundary condition

[
∂p

∂n

]n+1

{∂Ω}
=

[
“

(
−
Je−1∑
q=0

βqD × (D × un−q)

)
· n”

]
{∂Ω}

.

These matrices are full. Their size is [dJ(N − 1)d]2, where d is the space dimen-
sionality. Thus, their complete spectrum evaluation has been limited to the 2D case
with a reduced number of nodes, namely, N = 33 in each space direction for the first
order in time discretization, and N = 21 otherwise. For larger N values the power
method is applied to get the leading eigenvalues.

The spectra of the PRDI and KIO matrices are displayed in Figures 7 and 8
for the first to fourth order in time schemes, with time steps going from 10−3 to
0.1. In [21], these spectra are given for a broader range of time steps. An increase
in the time order has the noticeable effect of taking the eigenvalues away from the
real axis, often pushing some of them outside the unit circle when the time order
reaches the third level. This effect is more pronounced with the KIO solver, as can
be seen by comparing, for instance, the first order in time spectra on Figures 7 and
8, almost real with the PRDI solver and significantly complex with the KIO version.
Hence, the PRDI solver is more stable for the third and fourth order in time schemes.
Furthermore, both solvers are unconditionally stable with the first and second order
in time schemes. This is summarized in Figure 6 which depicts, as a function of the
time step, the leading eigenvalue moduli for both Stokes solvers when discretized with
the four temporal schemes. The horizontal line where all the data converge, for very
small time steps, is slightly below the unit value. The estimated stability criterion
∆t(N), of which some numerical values are given in Table 7, is ∆t(N) � O(N−4).
This is the signature of the explicit treatment of the boundary condition used in the
pressure stage.

Fixing the time step at the value 10+7, the largest modulus of the eigenvalues
for the first- to fourth-order time evolution operators is determined for several space
discretizations N , going from N = 7 to N = 129 and given in Table 8.
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operators for the PRDI and KIO Stokes solvers, with the time steps going from 10−7 to 10+7

((mod) means the largest eigenvalue in modulus; the number of Chebyshev collocation points in each
direction is 33 for the first-order scheme, and 21 for the higher-order schemes).

Table 7
The time steps ∆t giving the stability limit (|λmax| ≈ 1) of the third- and fourth-order time

schemes for the PRDI and the KIO Stokes solvers for several spatial discretizations N .

Order 3 Order 4
N PRDI KIO PRDI KIO

7 1.31 10−1 5.97 10−2 2.10 10−2 8.77 10−3

17 4.05 10−3 1.34 10−3 5.31 10−4 2.03 10−4

33 2.51 10−4 8.57 10−5 3.32 10−5 1.29 10−5

65 1.56 10−5 5.35 10−6 2.09 10−6 8.12 10−7

129 9.72 10−7 3.31 10−7 1.30 10−7 5.10 10−8

6.2. The effective temporal order of the Stokes solvers. A 3D test prob-
lem (inspired by the test adopted in [4]) is considered, in the cube [−1, 1]3, with the
source term f of (2.1) analytically chosen so that the following velocity u = (u, v, w)
and pressure p fields are solutions of the Stokes problem (2.1)–(2.2)

u(x, y, z, t) = − 0.5
√

3
√

7 sin(
√

2x+ t) cos(
√

3y + t) cos(
√

7z + t),

v(x, y, z, t) = − 0.5
√

2
√

7 cos(
√

2x+ t) sin(
√

3y + t) cos(
√

7z + t),

w(x, y, z, t) =
√

2
√

3 cos(
√

2x+ t) cos(
√

3y + t) sin(
√

7z + t),

p(x, y, z, t) =
√

6 sin(2x−
√

5y +
√

10z + 0.7t) sin(
√

5y + +
√

11z + 0.3t).

Note that the boundary values of the velocity are time dependent. The chosen
time dependence of this test case is periodic, instead of exponentially decreasing, to
allow for a nonbiased experimental confirmation of the stability criteria and of the
effective temporal orders. Moreover, N = 35 nodes are taken for evaluating the space
derivatives with enough accuracy (almost at the machine limit) to get only temporal
errors in the numerical data. The Stokes problem has been integrated with the already



1404 E. LERICHE AND G. LABROSSE

(a)

(b)

(c)

(1) (2) (3) (4)

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1.5

-0.75

0

0.75

1.5

-1.5 -0.75 0 0.75 1.5

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1.5

-0.75

0

0.75

1.5

-1.5 -0.75 0 0.75 1.5

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1
-1.5

-0.75

0

0.75

1.5

-1.5 -0.75 0 0.75 1.5

Fig. 7. Spectra of the first- to the fourth-order time evolution operator for several time steps
going from 10−1 (a) to 10−3 (c) (multiplicative increment of 10), with N = 33 collocation points in
each direction for the first order, and N = 21 for the higher orders, PRDI method.
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Table 8
Evolution with the spatial discretization N of the largest eigenvalue of the first- to fourth-order

time evolution operators for the PRDI and KIO Stokes solvers. The time step ∆t is fixed at the
value 10+7. (mod) means the largest eigenvalue in modulus.

Order 1 Order 2 (mod) Order 3 (mod) Order 4 (mod)
N PRDI KIO PRDI KIO PRDI KIO PRDI KIO

7 0.745 0.707 0.863 0.841 1.125 1.111 1.409 1.402
17 0.786 0.774 0.887 0.880 1.138 1.135 1.414 1.413
33 0.797 0.792 0.893 0.890 1.141 1.140 1.414 1.414
65 0.803 0.802 0.896 0.895 1.143 1.142 1.414 1.430
129 0.807 0.801 0.898 0.899 1.144 1.160 1.414 1.453
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Fig. 9. Maximum pointwise error of the computed velocity (U), the pressure (P), and ∇ · u
(Div) with respect to the corresponding analytical quantities for the PRDI and KIO Stokes solvers,
first order time scheme.

quoted first and second order in time schemes, during one unit of dimensionless time,
with time steps ranging from 10−4 to 10−1 and the pointwise errors measured. The
maximum pointwise difference obtained between the numerical and analytical velocity,
the pressure, and ∇ · u fields are plotted on Figures 9 and 10 for the first and second
temporal orders, respectively. The PRDI solver supplies exactly the expected order,
while the effective order coming from the KIO splitting is nonuniform on the chosen
range of ∆t. The expected order is effectively reached for very small time steps,
∆t < 10−3 actually, and beyond this approximate threshold the effective order gets
higher by 1

2 with respect to its expected level. For this particular test, the time
accuracy is systematically in favor of the KIO method.

7. Some comparative data with the Uzawa approach. To decouple the
velocity and pressure fields by the Uzawa method is, to a certain extent, a reference
approach for solving accurately the Stokes problem. This has previously been attested
to, for instance, by Batcho and Karniadakis [3] who choose this solver to compute the
Stokes eigenmodes for the channel flow. Nonetheless, this method is very expensive
when the diffusion terms are implicitly evaluated with time. The authors’ point of
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Table 9
The operation count for the PRDI and the preconditioned Uzawa Stokes solvers.

Uzawa 20 d CNit

PRDI 3 d C

view is that the PRDI decoupling is an interesting alternative to get equivalent results
[20] at a significantly reduced cost. This has made it possible to perform direct
numerical simulation of the 3D lid-driven cavity at high Reynolds number [24, 23]. A
few comparative numerical results are therefore given in this section, for the PRDI
and the unique grid (PN ,PN−2) Uzawa solvers.

First, for the operation count, let us introduce C, the number of operations re-
quired to perform a matrix multiplication on a vector-data containing Nd elements,
N in each direction of the dD space. Taking advantage of the tensorial structure of
the matrices, one has C = Nd+1.

Table 9 gives a coarse estimation of the operation count for both solvers, where
Nit stands for the iteration number required to converge the Uzawa solution to ma-
chine accuracy. Indeed, an iterative method is employed in order to avoid an explicit
construction of the Uzawa matrix. An efficient Navier–Stokes solver (with a biconju-
gate gradient [37] and a good preconditioner) has thus been implemented for moderate
or high Reynolds number flow simulation, requiring small time steps because of the
explicit treatment of the nonlinear terms [22].

Nit is very sensitive to the physical configuration (the Reynolds number values
for instance), to the number of collocation points and the time step size [22]. As an
illustration, for the two-dimensional case (to be presented hereafter), Table 10 gives
Nit for several polynomial orders.

Finally, the PRDI and the preconditioned Uzawa–Stokes solvers are compared in
a benchmark Navier–Stokes application, the 2D regularized lid-driven square cavity
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Table 10
Nit(N,∆t) for the Re= 1000 two-dimensional regularized lid-driven square cavity.

N 17 35 65 129
∆t 10−2 10−2 5 10−3 5 10−3

Nit 8 26 51 187
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Fig. 11. Maximum pointwise difference between the computed velocity and the reference solu-
tion: (a) Uzawa solutions, reference Uzawa 1292, (b) PRDI solutions, reference Uzawa 1292, (c)
Uzawa solutions, reference PRDI 1292, and (d) PRDI solutions, reference PRDI 1292.

[0, 1]2 at a Reynolds value of 1000. In order to avoid the top-corners singularities, the
flow is driven by a horizontal regularized velocity profile, u(x, y = +1) = 16x2(1−x)2

[32, 4, 22]. On all other sides of the cavity a zero velocity no-slip boundary condition
applies. At that Reynolds number the flow is steady [32]. Both Navier–Stokes solvers
have a second order accuracy in time. The steady solution is reached when the
following convergence criterion is fulfilled:

max
0 ≤ n ≤ N
1 ≤ i ≤ 2

∣∣∣∣∣u
(t+∆t)
i (xn, yn)− u(t)

i (xn, yn)

u
(t)
i (xn, yn) ∆t

∣∣∣∣∣ ≤ 10−3,

where ui is the ith velocity component and (xn, yn) are the coordinates of the col-
location points. Owing to the absence of an analytical solution for this problem,
the solutions based on 1292 collocation points with the Uzawa and the PRDI solvers
have been used as the references for calculating the errors. Both algorithms exhibit
comparable error drops as the order of the polynomial expansion is increased. Figure
11 shows the maximum pointwise difference between the computed velocity and the
reference solutions. The maximum pointwise values of the divergence of the computed
velocity (in PN space) are reported in Figure 12.

8. Conclusions. Projecting the complete acceleration field a = ∂u
∂t −∆u, rather

than some part of it, onto the space of divergence-free polynomials, leads to a direct
solver of the unsteady Stokes problem. This is consistent with the expected decoupled
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laws which govern the harmonic pressure and biharmonic velocity fields. It is as easily
invertible as any other solver based on a time splitting of the velocity and pressure
operators.

The main properties of its Chebyshev collocated approximations have been ana-
lyzed, comparatively to those of the fractional step approach with the ultimate im-
provements proposed by [17].

The basic ellipticity of the continuous Stokes system is preserved to a large extent
(i.e., most of the eigenvalues are real and negative) with the new solver.

As already encountered more than ten years ago in [27], the trace of a on the
boundary must be evaluated at the projection stage, while the velocity field has not yet
been updated in time. This is the only place where the time scheme must intervene in
our decoupling approach. It is shown, in this paper, that the condition to preserve the
ellipticity is to reduce the ∆u term to its rotational part. Otherwise, the continuous
temporal evolution of the discrete velocity explodes exponentially.

The time explicit treatment of the rotational boundary term does not prevent the
first and second order in time schemes from being unconditionally stable. However
the third and fourth order schemes obey the usual explicit criterion (O(N−4)) on the
time step. The proposed decoupling gives this limitation a less restrictive coefficient
and supplies the expected temporal orders across all the explored range of time step
sizes.

Last, the effective accuracy obtained for Navier–Stokes 2D solutions has been
measured with the Re = 1000 lid-driven cavity problem and found equivalent to what
is supplied by the much more expensive Uzawa decoupling method.
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manuscript.
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Abstract. We present a new approach to the use of parallel computers with adaptive finite
element methods. This approach addresses the load balancing problem in a new way, requiring
far less communication than current approaches. It also allows existing sequential adaptive PDE
codes such as PLTMG and MC to run in a parallel environment without a large investment in
recoding. In this new approach, the load balancing problem is reduced to the numerical solution of a
small elliptic problem on a single processor, using a sequential adaptive solver, without requiring any
modifications to the sequential solver. The small elliptic problem is used to produce a posteriori error
estimates to predict future element densities in the mesh, which are then used in a weighted recursive
spectral bisection of the initial mesh. The bulk of the calculation then takes place independently on
each processor, with no communication, using possibly the same sequential adaptive solver. Each
processor adapts its region of the mesh independently, and a nearly load-balanced mesh distribution
is usually obtained as a result of the initial weighted spectral bisection. Only the initial fan-out of
the mesh decomposition to the processors requires communication. Two additional steps requiring
boundary exchange communication may be employed after the individual processors reach an adapted
solution, namely, the construction of a global conforming mesh from the independent subproblems,
followed by a final smoothing phase using the subdomain solutions as an initial guess. We present
a series of convincing numerical experiments which illustrate the effectiveness of this approach. The
justification of the initial refinement prediction step, as well as the justification of skipping the two
communication-intensive steps, is supported by some recent [J. Xu and A. Zhou, Math. Comp., to
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1. Introduction. One of the most difficult obstacles to overcome in making
effective use of parallel computers for adaptive finite element codes such as PLTMG [2]
and MC [15] is the load balancing problem. As an adaptive method adjusts the mesh
according to the features of the solution, elements in some areas are refined, whereas
others are not. If an initial mesh is distributed quite fairly among a number of
processors, a very good error estimator (coupled with adaptive refinement) quickly
produces a very bad work load imbalance among the processors.

A number of static and dynamic load balancing approaches for unstructured
meshes have been proposed in the literature [12, 13, 14, 17, 30, 33]; most of the
dynamic strategies involve repeated application of a particular static strategy. One of
the difficulties in all of these approaches is the amount of communication that must
be performed both to assess the current load imbalance severity, and to redistribute
the work among the processors once the imbalance is detected and an improved distri-
bution is calculated. The calculation of the improved work distribution can be quite
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inexpensive (such as geometric or inertia tensor-based methods), or it may be a costly
procedure, with some approaches requiring the solution of an associated eigenvalue
problem or evolution of a heat equation to near equilibrium [34]. These calculations
may themselves require communication if they must be solved in parallel using the
existing (poor) distribution.

In recent years, clusters of fast workstations have replaced the more traditional
parallel computer of the past. While this type of parallel computer is now within
reach of an organization with even a modest hardware budget, it is usually difficult to
produce an efficient parallel implementation of an elliptic PDE solver; this is simply
due to the fact that elliptic continuum mechanics problems necessarily lead to tightly
coupled discrete problems, requiring substantial amounts of communication for their
solution. The load balancing problem is also more pronounced on workstation clusters:
even at 100 Mbit/sec speed, the cluster communication speeds are quite slow compared
to modern workstation CPU performance, and the communication required to detect
and correct load imbalances results in severe time penalties.

1.1. A new approach to parallel adaptive finite element methods. In
this work, we present an alternative approach which addresses the load balancing
problem in a new way, requiring far less communication than current approaches.
This approach also allows existing sequential adaptive PDE codes such as PLTMG

and MC to run in a parallel environment without a large investment in recoding.

Our approach has three main components:

1. We solve a small problem on a coarse mesh, and use a posteriori error es-
timates to partition the mesh. Each subregion has approximately the same
error, although subregions may vary considerably in terms of numbers of
elements or grid points.

2. Each processor is provided the complete coarse mesh and instructed to se-
quentially solve the entire problem, with the stipulation that its adaptive
refinement should be limited largely to its own partition. The target number
of elements and gridpoints for each problem is the same.

3. A final mesh is computed using the union of the refined partitions provided
by each processor. This mesh is regularized and a final solution computed
using a standard domain decomposition or parallel multigrid technique.

The above approach has several interesting features. First, the load balancing
problem (step 1) is reduced to the numerical solution of a small elliptic problem on
a single processor, using a sequential adaptive solver such as PLTMG or MC, without
requiring any modifications to the sequential solver. Second, the bulk of the calcula-
tion (step 2) takes place independently on each processor and can also be performed
with a sequential solver such as PLTMG or MC with no modifications necessary for
communication. (In PLTMG, one line of code was added, which artificially multi-
plied a posteriori error estimates for elements outside a processor’s partition by 10−6.
In MC, two lines were added to prevent elements outside the processor’s partition
from entering the initial refinement queue.) Step 2 was motivated by recent work
of Mitchell [20, 21, 22] on parallel multigrid methods. A similar approach appeared
recently in [10]. The use of a posteriori error estimates in mesh partitioning strategies
has also been considered in [26].

The only parts of the calculation requiring communication are (1) the initial fan-
out of the mesh distribution to the processors, once the decomposition is determined
by the error estimator; (2) the mesh regularization, requiring local communication
to produce a global conforming mesh; and (3) the final solution phase, which might
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Fig. 1. A typical element.

require local communication (boundary exchanges). Note that a good initial guess
for step 3 is provided in step 2 by taking the solution from each subregion restricted
to its partition. Note also that the initial communication step to fan-out the mesh
decomposition information is not actually required, since each processor can compute
the decomposition independently (with no communication) as a preprocessing step.

1.2. Justification. Perhaps the largest issue arising in connection with this pro-
cedure is whether it is well founded, particularly in light of the continuous dependence
of the solution of an elliptic equation on data throughout the domain. To address this
issue, we first note that the primary goal of step 2 above is adaptive mesh generation.
In other words, the most important issue is not how accurately the problem is solved
in step 2 of this procedure, but rather the quality of the (composite) adaptively gener-
ated mesh. These two issues are obviously related, but one should note that it is not
necessary to have an accurate solution in order to generate a well adapted mesh. In-
deed, the ability to generate good meshes from relatively inaccurate solutions explains
the success of many adaptive methods.

A secondary goal of step 2 is the generation of an initial guess for the solution on
the final composite mesh. This aspect of the algorithm will be addressed in section
4. Here we focus on the primary issue of grid generation, and in particular on a
posteriori error estimates, as such estimates provide the link between the computed
solution and the adaptive meshing procedure. Here we consider in detail the schemes
used in PLTMG and MC, but similar points can be made in connection with other
adaptive algorithms.

PLTMG uses a discretization based on continuous piecewise linear triangular fi-
nite elements. The error is approximated in the subspace of discontinuous piecewise
quadratic polynomials that are zero at the vertices of the mesh. In particular, let
u−uh denote the error and let t denote a generic triangle in the mesh. In its adaptive
algorithms, PLTMG approximates the error in triangle t using the formula

||∇(u− uh)||2t ≡
∫
t

|∇(u− uh)|2 dx ≈ vtBv,(1.1)

where (see Figure 1)

νi =

(
xi
yi

)
for 1 ≤ i ≤ 3,(1.2)
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�i = νj − νk for (i, j, k) a cyclic permutation of (1, 2, 3),(1.3)

v =


 �t1Mt�1

�t2Mt�2
�t3Mt�3


 , Mt = −1

2

(
uxx uxy
uxy uyy

)
,(1.4)

B =
1

48|t|


 �t1�1 + �t2�2 + �t3�3 2�t1�2 2�t1�3

2�t2�1 �t1�1 + �t2�2 + �t3�3 2�t2�3
2�t3�1 2�t3�2 �t1�1 + �t2�2 + �t3�3


 .(1.5)

Equations (1.1)–(1.5) are derived by comparing the approximation error for linear
and quadratic interpolation on t. See [2, 4] for details. The second derivatives in the
2 × 2 matrix Mt are taken as constants on t. The values of the second derivatives
are extracted as a postprocessing step from the a posteriori error estimates. The
remaining information needed to compute the right-hand side of (1.1) is generated
directly from the geometry of element t.

To be effective, the approximation of the derivatives need not be extremely ac-
curate. Many adaptive algorithms, and in particular those in PLTMG, are directed
toward creating meshes in which the errors in all elements are equilibrated. Typi-
cally, adaptive algorithms develop refined meshes starting from rather coarse meshes.
For reasons of efficiency, often many elements are refined between recomputing the
approximate solution uh.

MC also discretizes the solution over piecewise linear triangular or tetrahedral
elements, and as in PLTMG, error estimates for each element are produced by solving
a local problem using the edge-based quadratic bump functions. However, while these
local problems involve inverting 3 × 3 matrices for scalar problems in 2D, the local
problems are substantially more costly in 3D. In particular, for 3D elasticity, the local
problems require the inversion of 18×18 matrices (6 bump functions and 3 unknowns
per spatial point). Therefore, MC also provides an alternative less-expensive error
estimator, namely, the residual of the strong form of the equation, following, e.g., [32].
In this paper, the numerical results involving MC are produced using the residual-
based estimator.

While there is considerable theoretical support for the a posteriori error bounds
which form the foundation for adaptive algorithms (see, e.g., the book of Verfürth
[32] and its references), the adaptive algorithms themselves are largely heuristic, in
particular, those aspects described above. However, there is a large and growing
body of empirical evidence that such algorithms are indeed robust and effective for
a wide class of problems. In particular, they are effective on coarse meshes, and on
highly nonuniform meshes. The types of meshes likely to be generated in our parallel
algorithm are qualitatively not very different from typical meshes where a posteriori
error estimates are known to perform quite well.

In our procedure, we artificially set the errors to be very small in regions outside
the subregion assigned to a given processor, so the standard refinement procedure is
“tricked” into equilibrating the error on just one subregion. Since the target size of
all problems solved in step 2 is the same, and each subregion initially has approxi-
mately equal error, we expect the final composite mesh to have approximately equal
errors, and approximately equal numbers of elements, in each of the refined subre-
gions created in step 2. That is, the composite mesh created in step 3 should have
roughly equilibrated errors in all of its elements. This last statement is really just
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an expectation, since we control only the target number of elements added in each
subregion and do not control the level of error directly. This and other assumptions
forming the foundation of our load balancing algorithms are discussed in more detail
in section 3.2.

We note the standard adaptive procedures in PLTMG and MC have additional
refinement criteria to insure conforming and shape regular meshes. Thus, some ele-
ments outside the given subregion but near its interface are typically refined in order
to enforce shape regularity; the result is a smooth transition from the small elements
of the refined region to larger elements in the remainder of the domain. If the target
number of elements is large in comparison with the number of elements on the coarse
mesh, this should be a relatively small effect.

To summarize, we expect that for any given problem, our algorithm should per-
form comparably to the standard algorithm applied to the same initial mesh in terms
of the quality of the adaptive local mesh refinement.

2. Examples. In this section, we present some simple examples of the algorithm
presented in section 1.

2.1. A convection-diffusion equation. In this example, we use PLTMG to
solve the convection-diffusion equation

−∇ · (∇u+ βu) = 1 in Ω,(2.1)

u = 0 on ∂Ω,

where β = (0, 105)t, and Ω is the region depicted in Figure 2. This coarse triangulation
has 2148 elements and 1368 vertices.

We partitioned the domain into four subregions with approximately equal error
using the recursive spectral bisection algorithm, described in more detail in section 3.
Then four independent problems were solved, each starting from the coarse grid and
coarse grid solution. In each case the mesh is adaptively refined until a mesh with
approximately 6000 unknowns (located at triangle vertices) is obtained. The mesh
for one subdomain and the corresponding solution is shown in Figure 3. Notice
that the refinement is largely confined to the given region, but some refinement in
adjacent regions is needed in order to maintain shape regularity. We emphasize that
these four problems are solved independently, by the standard sequential adaptive
solver PLTMG. The only change to the code used for problem k (1 ≤ k ≤ 4) was to
multiply a posteriori error estimates for elements in regions j 	= k by 10−6, causing the
adaptive refinement procedure to rarely choose these elements for refinement, except
to maintain shape regularity.

The meshes from these four subproblems are combined to form a globally refined
mesh with 37575 triangles and 19828 vertices. This mesh is shown in Figure 4.

The solutions from the four problems are combined to form a global solution that
serves as initial guess for a global smoothing process. The final solution, as well as
the a posteriori error estimates for this solution, are shown in Figure 5.

2.2. A full potential flow problem. For our second example, we use PLTMG
to solve the full potential flow equation

−∇ · ρ(∇u)∇u = 0 in Ω,

ρ∂u/∂n = g on ∂Ω1,(2.2)

ρ∂u/∂n = 0 on ∂Ω2,
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The initial triangulation, partitioned into four subregions with approximately equal error.

Fig. 2. The coarse grid solution.
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The refined mesh for problem 2.

Fig. 3. The solution for problem 2.



1418 RANDOLPH E. BANK AND MICHAEL HOLST

The global refined mesh.

Fig. 4. The initial guess for the global solution.
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The final global solution.

Fig. 5. A posteriori error estimate for the final solution.
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where

ρ(∇u) = (1− u2
x − u2

y)
1

γ−1

and γ = 1.4. ∂Ω1 is the outer boundary, where the solution assumes its asymptotic
behavior, while ∂Ω2 is the inner boundary, in this example the profile of an Naca0012
airfoil. The initial mesh, generated from the geometry description, had 384 triangles
and 221 vertices. In Figure 6 we illustrate the initial mesh and a detail of the local
Mach number M(∇u) given by

M(∇u) =

√
2c

γ − 1
,

c =
1

1− u2
x − u2

y

− 1.

M(∇u) is one of the main quantities of interest in this calculation, and since it depends
on ∇u, it represents a more severe test of our algorithm.

As in the first example, we partitioned the domain into four subregions with
approximately equal error using the recursive spectral bisection algorithm. Then
four independent problems were solved with the mesh adaptively refined to one with
approximately 5000 unknowns. The mesh for one subdomain and the corresponding
M(∇u) are shown in Figure 7.

The meshes from the four subproblems are combined to form a globally refined
mesh with 37913 triangles and 18723 vertices. This mesh is shown in Figure 8, along
with M(∇u) computed from the initial guess for the global solution. M(∇u) com-
puted from the global solution, as well as the a posteriori error estimates for the final
global solution, are shown in Figures 9 and 10, respectively.

2.3. A 3D elasticity problem. The two previous examples demonstrated the
effectiveness of the parallel algorithm for linear and nonlinear scalar problems in 2D.
To illustrate that the parallel algorithm works equally well for coupled elliptic systems
and for 3D problems, we will use MC to solve the elasticity equations for our third
example:

−∇ · T (∇u) = f inΩ ⊂ R3,(2.3)

n · T (∇u) = g on Γ1,(2.4)

u = 0 on Γ0, ∂Ω = Γ0 ∪ Γ1, ∅ = Γ0 ∩ Γ1.(2.5)

The stress tensor T is a function of the gradient ∇u of the unknown displacement
u, and the corresponding deformation mapping ϕ and deformation gradient ∇ϕ are
given by

ϕ = id+ u : Ω �→ R3, ∇u : Ω �→ M3, ∇ϕ = I +∇u : Ω �→ M3.

We will use a linearized strain tensor and a linear stress-strain relation:

E(∇u) =
1

2
(∇u+∇uT ) : Ω �→ S3, T (∇u) = λ(trE)I + 2µE,

where the Lamé constants λ and µ are taken to be those of steel (λ ≈ 10.4403,
µ ≈ 8.20312). The solid object forming the domain is depicted in Figure 11. We
apply traction forces to the back and top of each letter in a horizontal and slightly
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The initial triangulation, partitioned into four subregions with approximately equal error.

Fig. 6. M(∇u) computed from the coarse grid solution.
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The refined mesh for problem 3.

Fig. 7. M(∇u) computed from the solution for problem 3.
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The global refined mesh.

Fig. 8. M(∇u) computed from the initial guess for the global solution.
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Fig. 9. M(∇u) computed from the final global solution.

Fig. 10. a posteriori error estimate for the final solution.
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upward direction, through the function g above. The base of each letter is fixed
to a solid foundation, through the essential boundary condition above. No volume
forces are present so that the function f above is zero. We then solve the resulting
equations (2.3)–(2.5) adaptively using MC.

The initial coarse mesh in the left picture of Figure 11 has 296 tetrahedral ele-
ments and 159 vertices. As in the previous examples, we partition the domain into
four subdomains with approximately equal error using the recursive spectral bisection
algorithm described in section 3 below. The four subdomain problems are then solved
independently by MC, starting from the complete coarse mesh and coarse mesh solu-
tion. In this example, the mesh is adaptively refined in each subdomain until a mesh
with about 5000 vertices is obtained.

The resulting refined subdomain mesh for one subdomain and the corresponding
solution (the deformation mapping ϕ) is shown in Figure 12. (The deformation is
taken to be larger than the range of validity of the linear elasticity equations for
visualization purposes.) As in the PLTMG examples, the refinement performed by MC

is confined primarily to the given region, with some refinement into adjacent regions
due to the closure algorithm which maintains conformity and shape regularity. The
four problems are solved completely independently by the sequential adaptive code
MC. This decomposition approach is especially effective for this particular problem
due to the structure of the object, which leads to very weak couplings between the
deformations of the individual letters, and due to the fact that the spectral bisection
algorithm happens to decomposes the mesh close to the boundaries of the letters.

2.4. A 3D nonlinear elliptic system arising in gravitation. The fourth
and final example involves the use of MC to solve a coupled nonlinear elliptic system
in R3, namely, the elliptic constraints in the Einstein equations (cf. [38]):

γ̂abD̂aD̂bφ =
1

8
R̂φ− 1

8
φ−7(Â∗

ab + (l̂W )ab)
2 +

1

12
(trK)2φ5 − 2πρ̂φ−3,(2.6)

D̂b(l̂W )ab =
2

3
φ6D̂atrK + 8πĵa.(2.7)

The unknowns are the “conformal factor” φ and the vector potential W b. The (l̂W )ab

operator above is a certain symmetrized gradient operator for tensors:

(l̂W )ab = D̂aW b + D̂bW a − 2

3
γ̂abD̂cW

c.(2.8)

The Einstein summation convention is used above, so that all repeated symbols in
products imply a sum over that index. The gradient operator D̂a is covariant, meaning
that its application requires the use of Christoffel symbols due to the curvilinear nature
of the coordinate system required to represent the underlying domain manifold. The
Christoffel symbols are formed with respect to an underlying background metric γ̂ab,
so that the left-hand side of the first equation for the conformal factor φ is essentially
a covariant Laplace operator.

To use MC to calculate the initial bending of space and time around two massive
black holes separated by a fixed distance by solving the above constraint equations,
we place two spherical objects in space, the first object having unit radius (after
appropriate normalization), the second object having radius 2, separated by a distance
of 20. Infinite space is truncated with an enclosing sphere of radius 100. (This outer
boundary may be moved further from the objects to improve the accuracy of boundary
condition approximations.) Physically reasonable functions for remaining parameters
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appearing in the equations are used to completely specify the problem (cf. [16] for
details).

We then generate an initial (coarse) mesh of tetrahedra inside the enclosing
sphere, exterior to the two spherical objects within the enclosing sphere. The mesh is
generated by adaptively bisecting an initial mesh consisting of an icosahedron volume
filled with tetrahedra. The bisection procedure simply bisects any tetrahedron which
touches the surface of one of the small spherical objects. When a reasonable approx-
imation to the surface of the spheres is obtained, the tetrahedra completely inside
the small spherical objects are removed, and the points forming the surfaces of the
small spherical objects are projected to the spherical surfaces exactly. This projection
involves solving a linear elasticity problem (nearly identical to the problem solved in
Example 3 above), together with the use of a shape-optimization-based smoothing
procedure. The smoothing procedure locally optimizes the following shape measure
function for a given d-simplex s, in an iterative fashion, similar to the approach taken
in [4]:

η(s, d) =
22(1− 1

d )3
d−1
2 |s| 2d∑

0≤i<j≤d |eij |2
.

The quantity |s| represents the (possibly negative) volume of the d-simplex s, and |eij |
represents the length of the edge that connects vertex i to vertex j in the simplex. For
d = 2, this is the shape-measure used in [4], with a slightly different normalization.
For d = 3, this is the shape-measure given in [18], again with a slightly different
normalization. Unlike Laplace smoothing, this local shape optimization approach is
guaranteed to improve the shape of elements locally at each step, and always maintains
a mesh of simplices with positive volumes.

The initial coarse mesh in Figures 13 and 14, generated using the procedure de-
scribed above, has 31786 tetrahedral elements and 5809 vertices. As in the previous
examples, we partition the domain into four subdomains (shown in Figures 15 and
16 with approximately equal error using the recursive spectral bisection algorithm
described in section 3 below. The four subdomain problems are then solved inde-
pendently by MC, starting from the complete coarse mesh and coarse mesh solution.
The mesh is adaptively refined in each subdomain until a mesh with roughly 50000
vertices is obtained (yielding subdomains with about 250000 simplices each).

The resulting refined subdomain meshes are shown in Figures 17 and 18. As in the
previous examples, the refinement performed by MC is confined primarily to the given
region, with some refinement into adjacent regions due to the closure algorithm which
maintains conformity and shape regularity. The four problems are solved completely
independently by the sequential adaptive code MC. One component of the solution
(the conformal factor φ) of the elliptic system is depicted in Figure 19 (the subdomain
zero solution) and in Figure 20 (the subdomain two solution).

3. Computational considerations.

3.1. A spectral bisection algorithm. In this section we describe the algo-
rithm we use for partitioning the coarse mesh so that each subregion has approxi-
mately equal error. This algorithm is a variant of the recursive spectral bisection
algorithm [11, 27, 31]. While this particular mesh partitioning algorithm is one of the
more expensive of the choices that we could make, we emphasize that it is used in
our algorithm only once, and it is only used on a very small coarse grid problem. As
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Fig. 11. Initial spectrally bisected UCSD domain and the D subdomain mesh.

Fig. 12. The exploded deformation of the D subdomain mesh (4838 vertices and 20905 simplices).
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Fig. 13. The coarse binary black hole mesh (5809 vertices and 31786 simplices).

Fig. 14. Exploded view of the coarse binary black hole mesh showing the two interior hole
boundaries.



PARALLEL ADAPTIVE MESHING 1429

Fig. 15. Subdomains 2 (red) and 4 (yellow) from spectral bisection of the coarse binary black
hole mesh; these subdomains enclose two smaller subdomains that contain the inner holes.

Fig. 16. Subdomains 3 (blue) and 1 (green) from spectral bisection of the coarse binary black
hole mesh; these subdomains each contain one of the inner holes.
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Fig. 17. Refined mesh for subdomain 1 (51915 vertices and 266114 simplices; only faces of
tetrahedra on the boundary surfaces are shown).

Fig. 18. Refined mesh for subdomain 3 (44550 vertices and 228194 simplices; only faces of
tetrahedra on the boundary surfaces are shown).

a result, the initial partitioning cost is much smaller than the solve time for a single
subdomain problem (see Tables 1 and 2 below).

Let T denote a triangulation of the domain Ω with triangular elements ti ∈ T ,
1 ≤ i ≤ N , and let ei denote the a posteriori error estimate for ti,

ei ≈ ||∇(u− uh)||2ti .

Define the N ×N symmetric, positive semidefinite M -matrix A by

Aij =



−1, i 	= j and ti and tj share a common edge,

0, i 	= j and ti and tj do not share a common edge,
si, i = j, si = −∑k �=iAik,
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Fig. 19. The conformal factor φ from the adapted subdomain 1 solve.

and the positive diagonal matrix D by

Dii = ei/emax,

where

emax = max
i

ei.

A typical row of A will have three nonzero off-diagonal elements and Aii = 3; this
is the so-called discrete Laplacian for the dual graph for the triangulation. (The
triangles themselves are the nodes of the dual graph, and the edges are defined by the
adjacency relation.) We consider the generalized eigenvalue problem

Aψ = λDψ.(3.1)

Our approach is standard; by construction, the smallest eigenvalue for (3.1) is
λ1 = 0 and ψ1 = (1, 1, . . . , 1)t. Our interest is in the second eigenvector ψ2, known as
the Fiedler vector.

Let S+ and S− denote the index sets corresponding to positive and nonpositive
components of ψ2. Then from the orthogonality relation

ψt1Dψ2 = 0

we have ∑
i∈S+

eiψ2,i = −
∑
i∈S−

eiψ2,i.
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Fig. 20. The conformal factor φ from the adapted subdomain 3 solve.

This indicates that the total error for the two groups of triangles is approximately
balanced (and would be exactly balanced if all entries of ψ2 were ±1). Using this
observation as motivation, to construct a partition of the elements we first find a
permutation of the elements {pi} such that

ψ2,i ≤ ψ2,j if and only if pi < pj .

We then find the index k which provides the best partition of the form∑
pi≤k

ei ≈
∑
pi>k

ei.(3.2)

Often this partition is very close to the partition based on S±. This is similar to the
strategy suggested by Chan, Ciarlet, and Szeto [11].

As usual, we apply this approach recursively, at each level dividing each group of
elements into two smaller groups by solving an eigenvalue problem of the type (3.1)
restricted to that group of elements. Thus after k steps, we have created a partition
of the elements into 2k groups of roughly equal error.

We now briefly describe some details of our procedure for computing the second
eigenvector of (3.1). Our procedure is essentially just a classical Rayleigh quotient
iteration [25], modified both to bias convergence to λ2, and to account for the fact that
the linear systems arising in the inverse iteration substep are solved (approximately)
by an iterative process. To simplify notation and avoid multiple subscripts, we let
φk ≈ ψ2, where k now denotes the iteration index.
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We suppose that we have a current iterate φk which satisfies

φtkDφk = 1 and ψt1Dφk = 0.(3.3)

Using φk we compute the approximate eigenvalue σk ≈ λ2 from the Rayleigh quotient

σk = φtkAφk

and form the residual vector

rk = σkDφk −Aφk.

Note that by construction ψt1rk = φtkrk = 0. Next, we approximately solve the linear
system

(A− θkσkD)δ̃k = rk,(3.4)

where 0 ≤ θk ≤ 1 is chosen to try to insure 0 ≤ θkσk ≤ λ2. A simple strategy such as
θk = 1 − 2−k is often effective (although, of course, offers no guarantees). From δ̃k,
we form the vector δk satisfying

δtkDδk = 1 and ψt1Dδk = φtkDδk = 0.

The inverse iteration step uses a conservative shift policy in order to strongly bias the
calculation in favor of convergence to the desired second eigenvector. The residual
appears as right-hand side, since this system is to be solved by iteration rather than
by direct Gaussian elimination. In this circumstance only a few iterations are used,
and the effect is mainly to attenuate unwanted eigenvectors rather than “blow up” the
desired eigenvector. For our iterative method, we use a conjugate gradient procedure
with symmetric Gauss–Seidel preconditioner. So far, this has proven to be simple and
effective, but the issue of the most efficient solver in this context is presently open.

Finally, we solve the 2× 2 eigenvalue problem

Âv = λv,

where

Â =

(
φtk
δtk

)
A
(
φk δk

)
.

If v = (α, β)t is an eigenvector corresponding to the smaller eigenvalue, we form

φ̃k+1 = αφk + βδk,

and then φk+1 is formed from φ̃k+1 by imposing conditions (3.3). The use of this
subspace-iteration–like calculation rather than a simple eigenvector update provides
a second means to bias the overall Rayleigh quotient iteration towards convergence
to ψ2. It also compensates to some extent for the loss in convergence rate due to the
conservative shift policy and incomplete solution of (3.4) by iteration.

This completes the description of a single Rayleigh quotient iteration. Note that
continually imposing orthogonality conditions with respect to ψ1 is mathematically
unnecessary, but is important in practice because this direction is reintroduced by
roundoff error. Without systematically and continually excluding this eigenvector,
the Rayleigh quotient iteration could easily converge to ψ1.
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3.2. Load balancing. Partitioning the domain to achieve approximately equal
error in each subregion is not really the optimal approach. The optimal strategy is
to partition the domain such that each subregion requires equal work for the ensuing
calculation, and the errors are approximately equal in each element of the global
composite mesh. Estimating the work is problematic for many reasons, among them:

• The cost of function evaluations and numerical integration used in comput-
ing matrices, right-hand sides, and a posteriori error estimates might vary
significantly in various regions. Moreover, the number of such quadratures
depends on the number of elements, and the number of instances when such
assembly steps are required.
• The number of iterations of Newton’s method for nonlinear systems and lin-

ear iterative methods for linear systems may vary slightly from problem to
problem, even though all are derived from the same continuous problem. Be-
cause the number of iterations is usually small, the percentage change in the
work can be quite large (e.g., 3 rather than 2 multigrid cycles represents a
50% increase in the work for that part of the computation). It should also
be clear that such small differences are difficult to predict in advance of the
actual calculation. The cost per iteration will also vary due to differing orders
of the problems.
• The cost of grid management (refining, unrefining, moving the mesh points,

and maintaining the relevant data structures) will vary with the number of
elements involved and the particular mix of tasks.
• The number of major iterations through the adaptive feedback loop may differ

from problem to problem, even if the final meshes all have about the same
number of unknowns.

Creating subregions of approximately equal error for the initial partition really
amounts to the fragile assumption that this corresponds to approximately equal work
for each processor. Although one can hope that more sophisticated models of work
will lead to improvement, it seems certain that the overall flexibility and complexity of
current adaptive solvers will still make this aspect of the initial load balancing phase
problematic.

On the positive side, despite all the dangers mentioned above, our load balancing
procedure using a posteriori error estimates has empirically been observed to be much
better than one might at first expect, at least for the classes of problems we address.
For example, in Table 1, we give the overall execution times (in seconds) for the two
PLTMG example calculations described in section 2 (examples 1 and 2 in sections 2.1
and 2.2, respectively). These times are for an SGI Octane 195mhz R10000, using the
f77 compiler options -O -32.

In Table 2, we give the execution times (in seconds) for the two MC example
calculations described in section 2 (examples 3 and 4 in sections 2.3 and 2.4, respec-
tively). These times are for a single 195Mhz R10000 processor of an SGI Octane,
using the IRIX C compiler with optimization -O2. While the numbers of vertices
and elements in the subdomain meshes of the 3D UCSD example are similar to the
two PLTMG examples, there are actually three unknowns at each vertex (the three
displacement degrees of freedom), so the discrete problem sizes are triple the number
of vertices.

The initialization times in both tables includes generating a coarse mesh from the
geometry description, solving the coarse mesh problem, computing a posteriori error
estimates, and partitioning the domain. The initialization was done on one processor.
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Table 1
PLTMG execution times (seconds) for convection-diffusion example (UCSD) and the potential

flow example (NACA).

UCSD NACA
Initialization 2.49 0.82
Solve subproblem 1 6.58 12.9
Solve subproblem 2 6.75 13.0
Solve subproblem 3 6.92 13.0
Solve subproblem 4 6.78 12.9
Postprocessing 0.89 0.81

Table 2
MC execution times (seconds) for the elasticity example (UCSD3D) and the binary black hole

example (BHOLE).

UCSD3D BHOLE
Initialization 6 74
Solve subproblem 1 71 1905
Solve subproblem 2 95 1523
Solve subproblem 3 73 1811
Solve subproblem 4 82 1467
Global test solution 422 —

The times for each of the subproblems include all aspects of the adaptive feedback
loop, including matrix and right-hand side assembly, solution of linear and nonlinear
systems, a posteriori error estimation, and adaptive refinement and mesh smooth-
ing. In Table 1, this also includes some relatively inexpensive clean-up performed by
PLTMG, mainly removing unwanted parts of each mesh and solution in preparation
for creating the global composite mesh. (These calculations are not performed by MC
and do not appear in the timing figures in Table 2.)

The postprocessing costs given in Table 1 for the PLTMG implementation includes
the creation of a global conforming mesh and forming an initial guess for the solution
on that mesh using the procedures described in section 4.1. In our present code,
this is also done on one processor. In contrast, the MC implementation does not
form a global problem; this is justified to some extent in section 4.3. The global test
solution costs listed in Table 2 for the first MC example reflects the cost of solving
the entire problem sequentially on one processor without decomposition. (The refined
black hole subdomain problems were so large that it was not possible to solve a single
global problem on an SGI Octane with roughly four times the number of simplices of
each subdomain problem.) What is interesting to note is that the overhead required
to decompose the problem is amortized by the gain due to the reduced subproblem
sizes; solving the subproblems sequentially is actually faster than solving the global
problem. In other words, if the solution quality of the decomposition algorithm is
reliable, then the decomposition algorithm actually reduces the sequential solution
time when viewed purely as a sequential algorithm. Note that if the decomposition
algorithm is used in conjunction with solvers with less favorable complexities than
the O(N logN) complexities in PLTMG and MC, then the decomposition algorithm
would show an even larger gain over solving the global problem.

From Tables 1 and 2 we see that although the mix of calculations was different for
each subproblem, the overall times do not vary too much. And since these problems
were solved completely independently, there was no time spent in communication be-
tween processors, synchronization, etc. Thus to some extent, the time potentially



1436 RANDOLPH E. BANK AND MICHAEL HOLST

saved by not having the processor communicate during the bulk of the computation
offsets the time potentially lost by imperfect load balancing. The potential flow prob-
lem has a smaller initialization time than the convection-diffusion problem, mainly
due to the smaller size of its coarse mesh problem (221 vertices compared to 1368).
The solution times for the subspace problems are larger, due mainly to the facts that
the potential flow problem is nonlinear and involves a Newton iteration, and it has
more expensive coefficient function evaluations in the assembly phases and the a pos-
teriori error estimates. In the 3D examples, the black hole calculation has a much
larger initialization time than the elasticity problem due to the size of the initial coarse
mesh (159 vertices compared with 5,809 vertices).

3.3. Scalability. We now consider some aspects of the scalability of our pro-
cedure. Let Nc denote in the size of the coarse grid problem (number of elements
or grid points). Let Nf denote the target size of the global fine grid problem, p de-
note the number of processors, and Np denote the target problem size for each of the
processors.

We have, approximately,

Np ≈ Nc +
Nf −Nc

p
.(3.5)

Relation (3.5) does not take into account the fact that the processor given the task
of refining subregion Ωi will refine some elements not in Ωi. This will occur mainly near
the interface boundaries of Ωi, where the mesh will be graded in a smooth fashion
from the smaller elements of Ωi to larger elements that cover the remainder of Ω.
Such grading is necessary to maintain a conforming, shape regular mesh. In a typical

situation, one would expect this to be an effect of order O(N
1/2
p ) in 2D, and of order

(N
2/3
p ) in 3D. Nevertheless, in practical situations, choosing Np > Nc + (Nf −Nc)/p

is generally needed to achieve a fine grid problem size of Nf .
It seems clear that generally one should have

Nc � p.(3.6)

A requirement like (3.6) is important to give the partitioning algorithm enough flexi-
bility to construct regions of approximately equal error. For example, in the extreme
case where the number of elements and the number of processors are equal, then the
only partition is to provide one element to each processor, regardless of the error. This
would likely result in a very uneven distribution of the error and poor performance of
our adaptive refinement strategy.

It also is important to have

Np � Nc.(3.7)

This will marginalize the cost of redundant computations. For example, if Np = 2Nc,
then one could expect that about half of the computation on each processor would
be redundant, which is a significant fraction of the total cost. By solving the problem
on the entire domain, using a coarse mesh in all but one subregion, we are in effect
substituting computation for communication. This trade-off will be most effective in
situations where Np is much larger than Nc (e.g., Np > 10Nc) so that the redundant
computation represents a small fraction of the total cost.
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Fig. 21. Nonmatching interface, shown on the left, is made conforming by refining elements
and adjusting vertex locations. The resulting conforming interface is shown on the right.

Taken together (3.5)–(3.7) indicate that for good performance, the difficulty of
the problem must in some sense scale in proportion to the number of processors.
That is, “simple” problems with only a few significant features that need to be re-
solved through refinement can most efficiently be solved using a few processors. Such
problems could be handled on a small network of powerful workstations. Using our
procedure effectively with, say, p = 128, would require a more difficult problem which
could be decomposed into at least 128 regions, with most including some interesting
behavior to resolve.

4. The global solution. In this section we discuss some options for combining
the independent calculations to form a global composite mesh and solution.

4.1. Conforming meshes and global smoothing. In PLTMG, we have im-
plemented an option where the independently generated meshes are glued together to
form a global conforming mesh. We begin by simply deleting unwanted parts of the
mesh from each of the independently solved problems. The union of the remaining
submeshes forms a global mesh. Mesh points on the interfaces are restricted to move
only along the interface during mesh smoothing phases of the independent solution
process, so the overall geometry of the subregions remains conforming. However,
along the interfaces the meshes will generally be nonmatching, leading to a global
nonconforming triangulation, as shown in Figure 21. This mesh is made globally con-
forming through a combination of the refinement of triangles with boundary edges
on the interface, and adjusting the locations of some interface vertices. The result is
a matching grid along the interface and a globally conforming triangulation. These
alternatives are illustrated in Figure 21. Once the mesh is globally conforming, local
mesh improvement routines of PLTMG (e.g., edge swapping and mesh smoothing) can
be employed to improve the shape regularity of the elements as needed.

We remark that the element sizes on both sides of an interface should be approx-
imately equal if the load balancing algorithm is working properly, so that this gluing
process, although technically complicated in terms of data structures and implemen-
tation, is both simple and natural at a more abstract level.

If one uses a refined element tree data structure for the refinement process [3, 5],
as in previous versions of PLTMG, then this procedure is greatly simplified, since each
independent problem starts from the same element tree. A simple postprocessing step
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can enforce equal (and hence conforming) levels of refinement for elements sharing an
interface edge. Also, if mesh smoothing is disallowed for vertices on the interface,
the post processing is further simplified, since each interface vertex created during
the independent solution process will be exactly the midpoint of the edge it refines.
Assuming the refinement levels are approximately the same on both sides of an inter-
face, it is likely that most vertices along an interface from one independent problem
will have matching counterparts on the other side of the interface from another in-
dependent problem. Furthermore, the locations of nonmatching vertices cannot be
arbitrary, but must lie, e.g., at midpoints of unrefined edges. Such additional con-
straints, if present in the refinement algorithm, greatly simplify the algorithm for
rendering a conforming mesh.

In any event, once a conforming mesh is created, a solution on the globally re-
fined mesh can be defined as follows. For vertices not on the interface, we use the
solution from the independent problem corresponding to that region. For vertices
on the interface, the solution is defined by a simple averaging of the solutions from
the relevant independent problems. This procedure seems adequate if the resulting
solution is to serve only as an initial guess for a subsequent global solution technique.
However, one could conceive of more sophisticated and more accurate procedures.
For example, one could assemble and solve a problem for the interface values, holding
all other values fixed. This results in a low-dimensional system consisting mainly of
tridiagonal blocks, with some interblock coupling due to so-called cross points. One
could also include points adjacent or near to the interfaces as well, yielding larger,
but still easily solved systems of equations.

In our present code, all postprocessing is done on one processor, following the
solution phase. There are several ways one could make this parallel. For example,
one could initially have several processors each glue together the results from two sub-
problems. These larger pieces then could be combined (in parallel) to make composite
meshes arising from four subproblems. Continuing in this fashion leads to an overall
algorithm with logarithmic complexity. However, we prefer a simple alternative strat-
egy in which some processors solve subproblems while other processors simultaneously
postprocess results from earlier computations.

An example is given in Table 3. Here we assume that the domain is partitioned
into 16 subproblems (P1−P16) to be distributed among four processors. Rather than
provide four problems to each processor, we provide five problems to three of the
processors and only one to the fourth. After solving its subproblem, this processor
then begins the task of postprocessing the previously computed solutions. We remark
that the cost of postprocessing a problem is usually less than one-third the cost of
solving it. Indeed it was much smaller in both examples given in Table 1. This
ratio was assumed for convenience in this illustration; in practice, one might assign
Processor 0 several subproblems before switching to postprocessing calculations.

To compute the global solution, one can of course simply assemble and solve the
global problem on a single processor. This was the choice made in PLTMG, but it
was made mainly to maximize the use of the existing code, rather than for reasons
of efficiency. More in keeping with the overall strategy of parallel processing, there
are a variety of standard domain decomposition approaches that could be applied
in this situation, both with and without overlap. The relevant decomposition and
communication channels can be based on the same partitioning used to create the
independent problems, which greatly simplifies the implementation. One could also
apply parallel multigrid or another parallel iterative method to this situation. Here
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Table 3
One possible strategy for overlapping the postprocessing and the solution phases.

Processor 0 Processor 1 Processor 2 Processor 3
Load balance – – –

⇓ ⇓ ⇓ ⇓
Solve P1 Solve P2 Solve P3 Solve P4
⇓ ⇓ ⇓ ⇓

Glue P2 − P4 Solve P5 Solve P6 Solve P7
⇓ ⇓ ⇓ ⇓

Glue P5 − P7 Solve P8 Solve P9 Solve P10
⇓ ⇓ ⇓ ⇓

Glue P8 − P10 Solve P11 Solve P12 Solve P13
⇓ ⇓ ⇓ ⇓

Glue P11 − P13 Solve P14 Solve P15 Solve P16
⇓ ⇓ ⇓ ⇓

Glue P14 − P16 – – –
⇓ ⇓ ⇓ ⇓

Global solve

the parallel multigrid method of Mitchell [20, 21, 22] seems particularly appropriate.
In any event, by creating a good initial guess from the solutions of the independent
problems, very little work (e.g., few iterations) should be required to compute the
global solution.

4.2. Mortar elements. In the 3D case, producing a global conforming mesh
is much more problematic, in that face matching simply through bisection is not
achievable as it is in the 2D case. This is a well-known problem, and impacts adaptive
tetrahedral subdivision algorithms based on octasection of tetrahedra [39, 24, 9]. We
consider two approaches for dealing with this difficultly in the present context. The
first of these is the mortar elements, which is discussed here; the second approach is
described in the next section.

One approach for making a global solution from subdomain solutions on noncon-
forming subdomains is to simply use the global nonconforming mesh and establish
weak continuity of the solution on the interface using so-called mortar elements [8, 7].
Although originally developed as a technique to couple spectral and finite element
methods, it can be used to couple finite element discretizations which are conforming
within subdomains but have nonmatching meshes at the interfaces of the subdomains.

To keep the discussion simple, suppose that there are only two subregions with

a single interface Γ. Let u
(1)
h and u

(2)
h denote the approximate solutions for the two

subregions. Rather than forcing the mesh along the interface to become conforming,
we impose continuity of the computed solution weakly, as∫

Γ

(u
(1)
h − u

(1)
h )φdx = 0 for all φ ∈ V,(4.1)

where V is some suitably chosen mortar space. See [8, 7, 1, 6] for details on the
selection of V. When assembled, the resulting system of linear equations will have the
classic saddle point structure

 A1 0 B1

0 A2 B2

Bt1 Bt2 0




 U1

U2

Λ


 =


 R1

R2

0


 ,(4.2)

where, as usual, Ai correspond to individual subregions and Bi corresponds to the
coupling of the subregions through the mortar space V. The space V plays the role of
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Lagrange multipliers in the saddle point problem, and the element of V corresponding
to the solution of (4.2) has a physical interpretation in terms of an approximation to
the normal component of ∇u on Γ.

From its structure, it is clear that one may apply classical domain decomposition
techniques to the solution of (4.2) (and the more general case of many subregions).
All of the information related to each subdomain is already present on the processor
responsible for adaptively creating that portion of the composite mesh. Communica-
tion between processors is necessary for coupling through the mortar elements, but
as usual, the required information is related to the solution and the structure of the
mesh only along the interface, generally a small amount of data in comparison with
the size of the subdomains.

4.3. Overlapping decompositions and interior estimates. The simplest
way to form a global solution is not to form one, meaning that the subdomain solutions
themselves are taken to be the final discrete solution represented subdomainwise. To
evaluate the solution at any point x ∈ Ω̄, one simply must determine which subdomain
contains the point x and then fetch the solution value from the particular subdomain.
While this approach seems naive, some recent [37] and not so recent [23, 28, 29]
theoretical results actually support this.

The principle idea underlying the results in [37] is that while elliptic problems are
globally coupled, this global coupling is essentially a “low-frequency” coupling, and
can be handled on a mesh which is much coarser than that required for approximation
accuracy considerations. This idea has been exploited for example in [19, 36], and is,
in fact, why the construction of a coarse problem in overlapping domain decomposi-
tion methods is the key to obtaining convergence rates which are independent of the
number of subdomains (cf. [35]).

The key results in [37] for our purposes are the following a priori and a posteriori
error estimates. To explain, let Ωk be the collection of disjoint subregions of the
domain Ω defined by the weighted spectral bisection algorithm of the previous section,
and let Ω0

k to be an extension of the disjoint Ωk, such that Ωk ⊂⊂ Ω0
k, and so that

the sizes of the overlap regions Ω0
i

⋂
Ω0
j are on the order of the sizes of the regions

Ωk. Under some reasonable assumptions about the approximation properties of a
finite element space Sh0 defined over Ω (existence of superapproximation, inverse, and
trace inequalities), the following a priori error estimate holds for the global Galerkin
solution uh to a Poisson-like linear elliptic equation:

‖u− uh‖H1(Ωk) ≤ C

(
inf
v∈Sh

0

‖u− v‖H1(Ω0
k
) + ‖u− uh‖L2(Ω)

)
,

and the following a posteriori error estimate holds (where η(uh) is a locally computable
jump function):

‖u− uh‖H1(Ωk) ≤ C
(
‖hη(uh)‖L2(Ω0

k
) + ‖u− uh‖L2(Ω)

)
.

The a priori result states that the error in the global Galerkin solution uh re-
stricted to a subdomain Ωk can be bounded by the error in the best approximation
from the finite element space Sh0 measured only over the extended subdomain Ω0

k,
plus a higher-order global term (the global L2-norm of the error). In the context
of the algorithm in this paper, if the global coarse mesh is quasi-uniform and shape
regular with element diameter H, and if we assume that u ∈ H2(Ω), then standard
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interpolation theory and L2-lifting can be used to bound the global term by an O(H2)
factor. Moreover, if the mesh produced by adaptivity in the extended subdomain Ω0

k

is again quasi-uniform and shape regular, but now has element diameter h, then the
local term can be bounded using standard interpolation theory by an O(h) factor.
If our adaptive method respects the relationship h = O(H2) between the coarse and
refined regions, then asymptotically the global term based on the much coarser mesh
outside Ω0

k does not pollute the accuracy of the adapted solution in the subdomain
Ωk. A similar argument can be applied in the less regular case of u ∈ H1+α(Ω).

The a posteriori estimate states that the error in the global Galerkin solution re-
stricted to a subdomain Ωk can be estimated in terms of a (computable) jump function
η(·) over the extended subdomain Ω0

k, plus a higher-order term (the global L2-norm
of the error). Through the same argument above, this means that asymptotically, the
global error can be controlled by the local computable jump function estimate in each
subdomain, so that reliable a posteriori error estimates can be computed in isolation
from the other subdomains.

The a priori and a posteriori estimates from [37] outlined above were derived for
self-adjoint linear problems in the plane, and as a result they do not apply directly to
the examples presented in this paper (nonlinear scalar problems and elliptic systems
in both 2D and 3D). Moreover, the local refinement strategy described here tends to
produce very little overlap of the extended subdomains Ω0

k, violating one of the key
assumptions in [37], and we do not explicitly enforce a refinement limitation such as
h = O(H2). However, the estimates in [37] indicate that this approach will likely
provide a very good initial approximation to an overlapping domain decomposition
procedure for solving the final global problem, and in an ideal situation (certain classes
of elliptic problems with large subdomain overlap), it might be possible to skip the
global solution altogether.
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Abstract. We analyze the conjugate gradient (CG) method with preconditioning slightly vari-
able from one iteration to the next. To maintain the optimal convergence properties, we consider
a variant proposed by Axelsson that performs an explicit orthogonalization of the search directions
vectors. For this method, which we refer to as flexible CG, we develop a theoretical analysis that
shows that the convergence rate is essentially independent of the variations in the preconditioner as
long as the latter are kept sufficiently small. We further discuss the real convergence rate on the
basis of some heuristic arguments supported by numerical experiments. Depending on the eigenvalue
distribution corresponding to the fixed reference preconditioner, several situations have to be distin-
guished. In some cases, the convergence is as fast with truncated versions of the algorithm or even
with the standard CG method, whereas quite large variations are allowed without too much penalty.
In other cases, the flexible variant effectively outperforms the standard method, while the need for
truncation limits the size of the variations that can be reasonably allowed.

Key words. iterative methods for linear systems, acceleration of convergence, preconditioning
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1. Introduction. As is well known, the conjugate gradient (CG) method com-
bined with a suitable preconditioning is a choice method to solve large sparse n × n
linear systems

Au = b(1.1)

whose coefficient matrix A is symmetric and positive definite (e.g., [4, 9, 19, 21]).
Ideally, a preconditioner is a symmetric and positive definite matrix B such that
solving a system

B x = y(1.2)

is relatively cheap, whereas the eigenvalues of B−1A are nicely clustered, favoring a
rapid convergence.

Now, as preconditioning techniques become more sophisticated and apply to a
wider class of problems, it is not unusual that the solution of (1.2) itself requires
solving one or more subproblems for which, again, the preconditioned CG method
is best suited. Although, from a theoretical point of view, it is more comfortable
to assume that the system (1.2) is nevertheless solved accurately, in practice, the
overall efficiency of the scheme may then critically depend on the ability to allow loose
stopping criteria for the inner iterative solutions. In this case, the preconditioning
step seen by the outer process is no longer x = B−1 y, but is

x = B(y),(1.3)

where B is a mapping from Rn to Rn, in general nonlinear.
Early observation has indeed been made by Golub and Overton [17, 18] that

the convergence rate of the outer CG process could be maintained even with very
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loose accuracy for the inner iterations. Unfortunately, much less is known from a
theoretical point of view. An interesting analysis has been recently developed by
Golub and Ye [20], but, as will be seen in section 3, the bound derived there tends
to strongly overestimate nonlinearities effects. On the other hand, some insight can
be gained by reexamining the studies on CG in the presence of errors [22, 23, 31, 26],
letting the parameter governing the size of the errors be much larger than the roundoff
unit considered in these works. However, only heuristic conclusions can be derived on
this basis, and the latter display that the method may lose part of its efficiency when
the extremal eigenvalues of B−1A are well separated.

In [4, p. 549], Axelsson proposed a variant of the CG algorithm that is specifically
designed to accommodate variable preconditioners (see also Algorithm 5.3 in [8]). This
algorithm automatically truncates to standard CG when using a fixed symmetric and
positive definite preconditioner, whereas, in the general case, optimal convergence
property in A-norm is preserved at the price of performing a full orthogonalization
of the search direction vectors (with respect to the (·, A ·) inner product). Although
this method is a particular case of the generalized CG (GCG) algorithm developed in
[1, 2, 3, 7], we refer to it as flexible CG (FCG).1

Similar to any method not based on a short recurrence, FCG has to be combined
in practice with a truncation or a restart strategy. In this respect, it is interesting
to note that with maximal truncation one recovers the steepest descent algorithm,
whereas adding one orthogonality constraint delivers an implementation of the usual
CG method, in fact the one observed in [20] to be the most stable with respect to
variations in the preconditioner.

Concerning the theoretical analysis, the results in the latter paper prove fast
convergence only when the perturbations are below some given threshold, and the
analysis fails otherwise. One may then resort to the general results on GCG with
variable preconditioning [4, 7], which prove the well definiteness of the method and
its convergence under rather weak assumptions on B. However, the proved speed of
convergence is clearly much too pessimistic in the case of FCG; see section 3 for details.
On the other hand, from a practical point of view, no discussion seems available on
which restart or truncation strategy is advisable, and on which benefit can be hoped
by using this flexible variant instead of the standard CG algorithm.

In the present paper, we aim at filling these gaps. We first propose in section 2
a mixed truncation–restart strategy that combines the advantages of both pure trun-
cation and pure restart. We next consider in section 3 individual steps of FCG and
prove a bound on the decrease of the error between two successive steps that tends to
the optimal bound as B → B−1, while allowing quite large variations in the precon-
ditioner. We further consider in section 4 several successive steps of the untruncated
algorithm and show that there exists a matrix B̂ such that B(y) = B̂ y for all vectors
y to which B is effectively applied during these steps. Moreover, when B is close to
some symmetric and positive definite matrix B−1, the spectrum of B̂ A is only a slight
perturbation of that of B−1A. Finally, we discuss in section 5 the effects of trunca-
tion and compare FCG with the standard CG algorithm in view of some illustrative
numerical examples. Our conclusions are summarized in section 6.

Concerning the use of variable preconditioning in combination with other meth-
ods for the outer iterations, we refer the reader to the literature: Chebyshev and
Richardson iterations are considered in [16, 17, 18], the Uzawa algorithm is analyzed

1Generalized CG mostly refers to methods designed to solve unsymmetric systems, whereas the
specific variant considered here solely permits the use of variable preconditioners in CG.
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in [15], and a flexible variant of GMRES is discussed in [28, 34] (see also [29]).

Notation. Throughout this paper, A and B are n × n symmetric and positive
definite matrices, and λ1 ≤ λ2 ≤ · · · ≤ λn are the eigenvalues of B−1A in increasing
order, whereas

κ =
λn
λ1

(1.4)

is the spectral condition number.
For any symmetric and positive definite matrix matrix C, ‖ · ‖C is the C-norm,

that is, the norm associated with the (·, C ·) inner product: ‖v‖C =
√

(v, C v) for
all v. When G is a matrix, ‖G‖C is the matrix norm induced by this vector norm:
‖G‖C = maxz �=0 (‖G z‖C/‖z‖C).

2. Algorithm and basic properties. We recall below (Algorithm 2.1) the
method referred to as FCG in the introduction, that is, Algorithm 5(a) from [4, p.
549] or Algorithm 5.3 from [8]. As already stated, the main difference with standard
CG lies in the explicit orthogonalization of the search direction vectors di; more pre-
cisely, di is orthogonalized with respect to (·, A ·) against the mi previous vectors,
where {mi}i=0,1,... is a sequence of truncation parameters. The untruncated version
corresponds to mi = i for all i, whereas the natural choice for mi would be mi =
min(i, mmax) (pure truncation) or sequences like mi = 0, 1, . . . ,mmax, 0, 1 . . . ,mmax,
which would mean restarting the (untruncated) algorithm at each mmax +1 itera-
tion. However, as we discuss below, one should avoid using mi less than 1 for any
i > 0. This observation leads to the mixed truncation–restart strategy advised in
Algorithm 2.1, which we generally observed to be more cost efficient than pure trun-
cation (see section 5.3). In Algorithm 2.1 this specific truncation–restart strategy will
be referred to as FCG(mmax).

Algorithm 2.1 (FCG).
Flexible Conjugate Gradient

• Initialization

u0 arbitrary

r0 = b − Au0

• Iteration (i = 0, 1, . . . )

wi = B(ri)

di = wi −
i−1∑

k=i−mi

(wi, Adk)
(dk, Adk) dk

ui+1 = ui + (di, ri)
(di, Adi)

di

ri+1 = ri − (di, ri)
(di, Adi)

Adi

Advised truncation strategy (FCG(mmax)):
m0 = 0; mi = max

(
1, mod(i, mmax+1)

)
(i > 0)

mmax: nonnegative integer.
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Assuming A symmetric and positive definite and 0 ≤ mi+1 ≤ mi + 1 for all i, it
is easy to prove that (see [4, 7])

(dk, Adj) = 0 for all j, k such that i−mi ≤ j < k ≤ i,(2.1)

(rk, dj) = 0 for all j, k such that i−mi ≤ j < k ≤ i + 1(2.2)

and that, letting u = A−1 b,

‖u− ui+1‖A = min
d∈span{di−mi

, ...,di}
‖u− ui−mi − d‖A.(2.3)

If mi = i (no truncation), these are the optimality properties satisfied by the
standard CG method. Moreover, when B ≡ B−1 is a symmetric and positive definite
matrix, it can be proved that the recursion defining di automatically truncates be-
cause (wi, Adk) = 0 for all k < i − 1. Algorithm 2.1 simplifies then to a particular
implementation of the standard CG method, in fact, one of the variants discussed in
the early works on CG [24, 27]. This variant is also referred to as inexact precondi-
tioned CG (IPCG) in [20], because there it is observed to be the most stable with
respect to variations in the preconditioner. Note, however, that it requires computing
one more inner product per iteration than the standard algorithm described in most
textbooks (e.g., [4, 9, 19, 21]). In the remainder of this paper, we use “standard CG”
to refer to the latter algorithm, whereas the alternative implementation offered by
Algorithm 2.1 with mmax = 1 will be referred to as FCG(1).

Note that our motivation to propose a strategy in which mi is never less than
1 originates in this close relation between FCG and CG. Indeed, we then have the
guarantee that one will recover the usual CG convergence when B is a fixed precon-
ditioner, whereas something would irremediably be lost with the pure restart that
results when setting mi = 0 for some i > 0.

3. Convergence analysis. Equation (2.3) proves that the error measured in
the A-norm cannot increase, but it says nothing about the convergence rate. In [4, 7],
it is proved that

‖u− ui+1‖A
‖u− ui‖A ≤

√
1−

(
δ2
δ1

)2

,(3.1)

where

δ1 = max
v �=0

(v, B(v))

(v, A−1 v)
, δ2 = min

v �=0

√
(B(v), AB(v))

(v, A−1 v)
.

In this analysis, the requirements on B are thus quite weak, but, unfortunately, the
proved speed of convergence is likely to be much too pessimistic. This is easily seen
by inspecting the case B ≡ B−1. Then, δ1 = λn, δ2 = λ1, and (3.1) writes

‖u− ui+1‖A
‖u− ui‖A ≤

√
1− κ−2,(3.2)

whereas the best available bound on the “local” decrease of the error is

‖u− ui+1‖A
‖u− ui‖A ≤ κ− 1

κ + 1
.(3.3)
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By way of comparison, for κ = 9, the latter results prove ‖u−ui+1‖A ≤ 0.8 ‖u−ui‖A,
whereas (3.2) yields only ‖u− ui+1‖A ≤ 0.994 ‖u− ui‖A.

Except for very well conditioned problems, the bound (3.1) is therefore of little
help to understand the real effects of the nonlinearities in B. In the following theorem,
we also bound the “local” decrease of the error, but with an expression that tends
to (3.3) as B → B−1.

Theorem 3.1. Let A, B be n×n symmetric and positive definite matrices and B a
mapping from Rn to Rn. Let b, u0 be vectors of Rn, and let {ri}i=0,1,..., {di}i=0,1,...,
{ui}i=1,2,... be the sequences of vectors generated by applying Algorithm 2.1 to A, B,
b, and u0 with some given sequence of nonnegative integer parameters {mi}i=0,1,....

If, for any i,

‖B(ri)−B−1 ri‖B
‖B−1 ri‖B ≤ εi < 1,(3.4)

then

‖u− ui+1‖A
‖u− ui‖A ≤

√
1− 4κ (1−εi)2

(κ+ε2i (κ−1)+(1−εi)2)2 ≤
κ 1+εi

1−εi
(1+ε2i )

2

1−ε2i − 1

κ 1+εi
1−εi

(1+ε2i )
2

1−ε2i + 1
.(3.5)

Proof. Clearly, by (2.3), for any real α,

‖u− ui+1‖A ≤ ‖u− ui − αB(ri)‖A = ‖ri − αAB(ri)‖A−1 .

Then let ti = B−1 ri − B(ri). One has

(ti, A ti) =
(ti, A ti)

(ti, B ti)
(ti, B ti) ≤ λn ε

2
i (ri, B

−1 ri),

whereas

| ((I − αAB−1)ri, ti
) | ≤ ‖ti‖B ‖B−1 (I − αAB−1)ri‖B ≤ εi β (ri, B

−1 ri),

where β = ‖I − αAB−1‖B−1 = max(|1− αλ1|, |1− αλn|). Hence, for α ≥ 0,

‖ri − αAB(ri)‖2A−1 = ‖(I − αAB−1)ri‖2A−1 + 2α
(
(I − αAB−1)ri, ti

)
+ α2 ‖ti‖A

≤ (ri, (I − αB−1 A)A−1(I − αAB−1) ri
)

+
(
2αβ εi + α2 λn ε

2
i

) (
ri, B

−1 ri
)
.

Clearly, the right-hand side of the latter inequality cannot be larger than (1−ηi)‖u−
ui‖2A = (1− ηi)(ri, A

−1 ri) if the matrix

(1− ηi)A
−1 − (I − αB−1 A)A−1(I − αAB−1) − (

2αβ εi + α2 λn ε
2
i

)
B−1

is nonnegative definite. This holds if and only if

−α2 λ2 +
(
2α− 2αβ εi − α2 λn ε

2
i

)
λ − ηi ≥ 0 for all λ ∈ σ

(
B−1A

)
.(3.6)

Consider now

α = 2
(
λn+ε2i (λn−λ1)

1−εi + (1− εi)λ1

)−1

.
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One has 0 < α ≤ 2(λn + λ1)−1 and therefore β = 1− αλ1, yielding

2α− 2αβ εi − α2 λn ε
2
i = α (2 (1− εi) + α εi (2λ1 − εi λn)) = α2 (λn + λ1).

Hence, the sum of the roots of the polynomial in the left-hand side of (3.6) is just
(λn + λ1); (3.6) therefore holds for ηi = λ1 λn α

2, since these two roots are then
precisely equal to λ1 and λn, respectively; the left inequality (3.5) readily follows. To
prove the right one, note that

κ (1− εi)
2

(κ + ε2
i (κ− 1) + (1− εi)2)

2 =
κ 1+εi

1−εi
(1+ε2i )

2

1−ε2i(
κ 1+εi

1−εi
(1+ε2i )

2

1−ε2i +
(1+ε2i )(1−2 εi)

(1−εi)2
)2

whereas
(1+ε2i )(1−2 εi)

(1−εi)2 ≤ 1 holds since (1− 2 εi) + ε2
i (1− 2 εi) ≤ 1− 2 εi + ε2

i .

We now comment on the assumption (3.4), which will also be used in the next
section. It will require that the relative error for the approximate solution of (1.2) is
less than εi in the B-norm. This latter norm is the most natural if a fixed number
of inner CG iterations is performed with B as system matrix, since standard analysis
will then result in a bound on this measure of the error. Even when the stopping
criterion for the inner iterations is based on the relative residual error, it remains that
the error in B-norm is guaranteed to decrease monotonically. Further, in practice, it
often happens that all relative measures of the error decrease more or less similarly.
Hence, on average, one may expect εi to be close to the user prescribed tolerance. In
this respect, note that we do not require εi to be less than 1 at each iteration. Thus,
even from a purely theoretical point of view, it is not necessary to use a tolerance
on the relative residual error that is small enough to guarantee some uniform bound
on εi.

Now, one should remember that, in general, inner iterations will not be performed
directly to solve B x = y, but rather will be involved in some subproblem(s) whose
solution is needed for the computation of x. Then an analysis is required to check
that a small error for this (these) subproblem(s) cannot be magnified and result in a
large global error on x. Of course, such an analysis is application dependent and lies
therefore outside the scope of the present paper.

Finally, it is interesting to compare our bound (3.5) with the one recently obtained
by Golub and Ye [20, Theorem 3.6]. This comparison is possible because they measure
the errors with a criterion similar to (3.4), which is even identical when B is defined
by inner CG iterations with B as the system matrix. However, they consider two
successive steps of FCG(1) (referred to as IPCG), and their bound, for ε → 0, tends
to the standard bound for two CG iterations. The latter is of course better than
the bound for the two steepest descent iterations, and our result therefore cannot
compete for small ε. Nevertheless, as seen in Figure 1, Golub–Ye analysis strongly
overestimates perturbations effects, so that our bound becomes better for ε larger
than approximately 0.05.

4. Equivalent linear operator. The analysis of inexact preconditioning is in-
trinsically difficult because B is in general nonlinear and therefore cannot be rep-
resented in standard matrix form. Indeed, it would be too restrictive to assume
B(x+y) = B(x) +B(y) for any x, y. However, we do not in fact need a matrix repre-
sentation of B(x) valid for any x: Our interest is restricted to the vectors r0, r1, . . .
to which B is effectively applied during the course of the iterations. Moreover, to
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Fig. 1. Left: convergence factor as estimated by (3.5) (solid line) and by Golub–Ye analysis
(dashed line). Right: corresponding bound on the number of iterations to reduce the relative error
in A-norm by 10−6.

analyze ‖u − ui+1‖ in view of (2.3), it is not useful to know something about B(rj)

for all j. We have only to find a matrix B̂i,� such that

B(rj) = B̂i,� rj for j = i− �, . . . , i(4.1)

with � ≤ mi.
It is rather obvious that such a matrix exists as long as the vectors ri−�, . . . , ri are

linearly independent (there are even infinitely many possibilities if � + 1 < n). When
using a fixed preconditioner, it is known that this linear independence holds because
(rj , B

−1 rk) = 0 for all j �= k. In the general case, the linear independence is easily
proved as soon as Theorem 3.1 (or (3.1)) applies to guarantee ‖ri‖A−1 < ‖ri−1‖A−1 <

· · · < ‖ri−�‖A−1 . Indeed, if
∑i
k=j ξk rk = 0 with ξj �= 0 for some j ≥ i− �, one should

have (rj , dj) = 0 (since by (2.2) (rk, dj) = 0 for k = j + 1, . . . , i). But this would
imply rj+1 = rj (see Algorithm 2.1), and this stagnation contradicts the assumption
that the error is strictly decreasing.

Now, to gain a further insight, one has to analyze how close the eigenvalues of
B̂i,�A are to those of the “target” preconditioned system matrix B−1A. This is the
purpose of the next theorem. For technical reasons, we assume mi = i for all i; that
is, we limit the analysis to the untruncated version of Algorithm 2.1. We believe that
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this is not too severe a limitation because, as discussed below, one should expect from
the theorem more qualitative than quantitative insight.

Theorem 4.1. Let the assumptions of Theorem 3.1 hold, and assume in addition
that mi = i for all i in Algorithm 2.1. Let i, � be some nonnegative integers such that
� ≤ i. For j = i− �, . . . , i, let

tj = B−1 rj − B(rj),(4.2)

and let ε, γt, and γr be such that

‖tj‖B
‖B−1 rj‖B ≤ ε,(4.3)

|(tj , B tk)|
‖tj‖B ‖tk‖B ≤ γt, k = j + 1, . . . , i,(4.4)

|(tj , rk)|
‖tj‖B ‖B−1 rk‖B ≤ γr, k = j + 1, . . . , i.(4.5)

If

ε̂ = ε

√
1 + γt �

1− ε γr �
< 1,(4.6)

then there exists a matrix B̂i,� satisfying

B̂i,� rj = B(rj), j = i− �, . . . , i,(4.7)

and such that, noting W (C) the field of value of the matrix C, one has

W
(
A1/2B̂i,�A

1/2
)
⊂
{
λ ∈ C :

∣∣∣∣λλ − 1

∣∣∣∣ ≤ ε̂ for λ ∈W
(
A1/2B−1A1/2

)}
(4.8)

and

σ
(
B̂i,�A

)
⊂

n⋃
k=1

Dk,(4.9)

where

Dk =
{
λ ∈ C :

∣∣λ− λk
∣∣ ≤ ε̂ λn

}
(4.10)

is the disk of radius ε̂ λn centered at the kth eigenvalue of B−1A. Moreover, if s
such disks form a connected domain isolated from the remainder, there are precisely
s eigenvalues in this domain.

Finally, letting zk be an eigenvector of A1/2 B−1 A1/2 associated with eigen-
value λk, there holds ∣∣∣∣∣∣

(
zk, A

1/2 B̂i,�A
1/2 zk

)
(zk, zk)

− λk

∣∣∣∣∣∣ ≤ ε̂ λk.(4.11)
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Proof. With (4.3), one easily sees that Theorem 3.1 applies, and therefore that
ri−�, . . . , ri are linearly independent as shown above. There exists then a unique

n× n matrix B̂i,� satisfying (4.7) and

B̂i,� v = B−1 v for all v : (v, B−1rj) = 0, j = i− �, . . . , i.(4.12)

Let E = B̂i,� − B−1. First, (4.9) and the subsequent assertion on the localization
of the eigenvalues follow from a standard result of perturbation theory [35, p. 88] if
‖A1/2 E A1/2‖2 ≤ ε̂ λn. Now,

‖A1/2 E A1/2‖22 = max
z �=0

(z, A1/2 ET AE A1/2 z)

(z, z)

= max
z �=0

(E z, AE z)

(z, A−1 z)

≤ λ2
n max

z �=0

(E z, B E z)

(z, B−1 z)

and (4.9) holds if

max
z �=0

√
(E z, B E z)

(z, B−1 z)
= ‖BE‖B−1 ≤ ε̂.(4.13)

Likewise, letting v = A1/2z,

(z, A1/2 B̂i,�A
1/2 z)

(z, z)
=

(v, B̂i,� v)

(v, A−1 v)
=

(v, B−1 v)

(v, A−1 v)

(
1 +

(v, E v)

(v, B−1 v)

)
,

and, noting that (v, B−1 v)
(v, A−1 v) ∈ [λ1, λn] = W

(
A1/2B−1A1/2

)
, we have that (4.8) follows

if (4.13) holds since

max
v �=0

|(v, E v)|
(v, B−1 v)

≤ max
v �=0

‖v‖B−1 ‖BE v‖B−1

‖v‖2B−1

= ‖BE‖B−1 .(4.14)

Further, noting that vk = A1/2 zk satisfies A−1 vk = λ−1
k B−1 vk, one has

∣∣∣∣∣∣
(
zk, A

1/2 B̂i,�A
1/2 zk

)
(zk, zk)

− λk

∣∣∣∣∣∣ =
| (zk, A1/2 E A1/2 zk

) |
(zk, zk)

=
| (vk, E vk) |
(vk, A−1 vk)

= λk
| (vk, E vk) |
(vk, B−1 vk)

,

showing with (4.14) that (4.11) also holds when (4.13) is satisfied.
Hence we are left with proving (4.13). In this view, note first that by (4.12)

we may restrict the maximum in the left-hand side of (4.13) to vectors of the form

z =
∑i
k=i−� ξkrk. Let then, for j0 = 1, . . . , � + 1,

yj0 = ‖rj0+i−�−1‖B−1 ξj0+i−�−1
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and set y =
(
y1 y2 . . . y�+1

)T
. Note that, for i − � ≤ k ≤ i, E rk = B̂i,� rk −

B−1 rk = −tk, one has

(E z, B E z)

(z, B−1 z)
=

yT Gy

yT H y
,

where G, H are the symmetric (�+1)× (�+1) matrices with components

Gj0k0 =
(tj , B tk)

‖rj‖B−1 ‖rk‖B−1

,

Hj0k0 =
(rj , B

−1 rk)

‖rj‖B−1 ‖rk‖B−1

(letting j = j0 + i− �− 1 and k = k0 + i− �− 1).
Now, (4.3) and (4.4) straightforwardly yield Gj0j0 ≤ ε2 and Gj0k0 ≤ ε2 γt for

k0 �= j0. Hence, the largest eigenvalue of G is bounded by

λmax(G) ≤ ‖G‖∞ ≤ ε2 (1 + γt �).

Concerning H, we note that Hj0j0 = 1 for all j0, whereas, when k > j,

(rk, B
−1 rj) = (rk, B(rj) ) + (rk, tj) = (rk, tj)

because B(rj) is a linear combination of d0, d1, . . . , dj , and (2.2) applies therefore to
show (rk, B(rj) ) = 0.2 One then readily obtains with (4.5) that |Hk0j0 | = |Hj0k0 | ≤
ε γr for k0 > j0. The Gerschgorin theorem then yields

λmin(H) ≥ 1− ε γr �.

yT Gy
yT H y

≤ ε̂ 2 and therefore the required result readily follows.

Note that, with (2.3), Theorem 4.1 yields

‖u− ui+1‖A
‖u− ui−�‖A ≤ min

P�+1pol. of degree (�+1)

P�+1(0)=1

∥∥∥P�+1

(
A1/2 B̂i,�A

1/2
)∥∥∥ .(4.15)

A bound on the convergence rate can then be deduced by selecting shifted Chebyshev
polynomials for which, thanks to (4.8), we may apply Eiermann analysis based on
the field of value [14, Theorem 1]. Clearly, the resulting bound on the asymptotic

convergence factor will tend to the usual bound
√
κ−1√
κ+1

as W (A1/2B̂i,�A
1/2) gets closer

to [λ1, λn], that is, for ε “sufficiently small.”
We did not pursue this direction, however, because the requirements on ε would

be too stringent and no longer compatible with our general goal of allowing loose
accuracy for the inner solutions. Indeed, in theory, we can only say about γt and γr
that they do not exceed 1 by virtue of the Cauchy–Schwarz inequality (with respect
to the (·, B ·) inner product). Hence, for realistic ε, the theoretical bound on ε̂ grows
quickly with the number of iterations, even if in practice γt and γr are both expected
to be small, because we act in a very large space and the error vectors tj have at first
sight no serious reason to be aligned in one preferred direction.

2This is the technical detail that motivates the restriction to the untruncated version of Algo-
rithm 2.1.
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Theorem 4.1 is also too pessimistic when it requires no truncation, whereas
FCG(1) or even standard CG is observed to be quite robust in practice; see, e.g.,
[17, 18, 20]. This is not completely surprising if one takes into account the general
analysis of perturbed CG sequences [22, 23, 31, 26], which indeed display that the
linear convergence properties of the method are essentially preserved, at least when
such perturbations are tiny. Extrapolating these conclusions to larger perturbations
gives then a heuristic explanation of the observed robustness.

Now, fast convergence is often possible only on account of the so-called superlinear
convergence of CG. This arises when the condition number is relatively large, but
with a good separation of the extremal eigenvalues, so that interesting bounds on the
convergence can nevertheless be proved by selecting polynomials that vanish exactly
at these isolated eigenvalues [6, 32]. Since (4.9) and (4.11) show that the spectrum of

B̂i,�A is only a slight perturbation of that of B−1A,3 we expect a similar superlinear
convergence when applying untruncated FCG, even if, here again, trying to prove this
rigorously would lead to too stringent requirements on ε.

Concerning truncated FCG, however, we cannot put forward in this context the
heuristic argument above based on the general results about perturbed CG sequences.
Indeed, detailed analysis reveals that these superlinear bounds are then essentially
unreliable, especially when the perturbations are not that small [26]. Hence, we
rather expect a big difference between truncated and untruncated versions when the
extremal eigenvalues are well separated.

5. Numerical results. Theorem 3.1 delivers a bound that, at first order in
ε, corresponds to the usual bound for the steepest descent in which the condition
number is magnified by a factor 1+ε

1−ε . As this does not take into account global
convergence effects, this is clearly much too pessimistic for (sufficiently) small ε when
using FCG(m) with m > 0. On the other hand, attempts to improve the analysis as
in Theorem 4.1 or in [20] lead to too stringent requirements on ε.

We therefore resorted to numerical tests to further assess the real convergence
rate. In section 5.1, we conducted very simple experiments with artificial examples to
investigate to what extent the number of iterations can be realistically estimated by
making the substitution κ→ κ 1+ε

1−ε in the standard bounds for the CG method with a
fixed preconditioner. On the other hand, in sections 5.2 and 5.3, we considered more
realistic computations, aiming principally at comparing FCG with standard CG while
assessing the real effects of truncation.

5.1. Some artificial experiments. Here, we let A = diag(λi) with

Case 1: λi = 1 + κ i−1
n−1 , κ = 5, i = 1, . . . , n;

Case 2: λi = 1 + κ i−1
n−1 , κ = 50, i = 1, . . . , n;

Case 3: λ1 = 10−2, λi = 1 + κ2
i−2
n−2 , κ2 = 10, i = 2, . . . , n.

We further set B = I and consider two kinds of perturbations for the “solution”
of Iwi = ri:

(a) wi = ri + ε ‖ri‖
‖f‖ f , the components of f being pseudorandom numbers uni-

formly distributed in [−1, 1];
(b) wi computed from inner CG iterations with the zero vector as initial ap-

proximation, B = I as system matrix, and ε as prescribed accuracy on the
relative residual error (which is also equal to the relative error measured in

3The eigenvalues of B̂i,�A satisfy λk(ε) =

(
zk, A

1/2 B̂i,� A1/2 zk

)
(zk, zk)

+ O (ε2); see [35, p. 69].



FLEXIBLE CONJUGATE GRADIENTS 1455

Table 1
Number of iterations for the artificial examples; FCG(1) is used for Cases 1 and 2 and FCG(∞)

is used for Case 3.

ε 0 10−2 10−1 1
7

1
4

1
3

1
2

1

Case 1: λi = 1 + κ (i− 1)/(n− 1), κ = 5

Estimate (5.1) 17 17 18 19 21 23 29

Random pert. 15 15 16 17 19 22 28

Inner PCG 15 16 17 19 21 24

(# inner it.) (117) (64) (66) (56) (52) (47) (49)

Case 2: λi = 1 + κ (i− 1)/(n− 1), κ = 50

Estimate (5.1) 52 52 57 60 67 73 89

Random pert. 49 49 55 59 69 81 116

Inner PCG 50 54 56 64 75 71

(# inner it.) (397) (216) (222) (191) (153) (141) (155)

Case 3: λ1 = 10−2, λi = 1 + κ2 (i− 2)/(n− 2) , κ2 = 10, i > 1

Estimate (5.2) 35 35 38 39 45 48 59

Random pert. 31 31 32 33 37 40 49

Inner PCG 31 33 33 40 41 42

(# inner it.) (246) (132) (130) (119) (90) (83) (99)

the B-norm); since B = I, this inner CG process is nontrivial only if one
uses a “preconditioner” C such that C−1B �= I, and we actually selected C
defined by C = diag(ci) with c−1

i = 1 + 10 i−1
n−1 (hence κ(C−1B) = 10 ).

For Cases 1 and 2, the heuristic estimate of the number of iterations is

kδ = int

[
1

2

√
κ 1+ε

1−ε ln
2

δ

]
+ 1,(5.1)

where δ is the prescribed accuracy on the relative error measured in the A-norm. For
Case 3, we have to take into account that the first eigenvalue is isolated. A heuristic
estimate is then obtained by multiplying κ2 by 1+ε

1−ε in the appropriate bound, which
gives [6, 26]

kδ = int

[
1

2

√
κ2

1+ε
1−ε

(
ln

2

δ
+ ln

λ2

λ1

)]
+ int

[√
κ2

1+ε
1−ε + 1

]
+ 1.(5.2)

We made tests with both truncated and untruncated FCG, using in each case
n = 104, δ = 10−6, a pseudorandom right-hand side, and the zero vector as initial
approximation. It turned out that, for both Cases 1 and 2, there was almost no
difference between FCG(1) and the untruncated version, so we report in Table 1
the results for FCG(1) only. On the other hand, for Case 3, truncated versions
converged much more slowly, so we report the results for the untruncated version
only; in other cases the comparison with the heuristic estimate (5.2) is meaningless
anyway (truncated and untruncated versions are compared further in section 5.3).
Besides, we also report the total number of inner iterations for the choice (b), where
wi is generated by performing inner CG iterations; the number given for ε = 1 is then
the number of CG iterations when A is directly preconditioned by C.

One sees that the heuristic estimates predict relatively well the actual conver-
gence, although they cannot pretend in any way to be upper bounds on the number of
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iterations. In concrete applications, the optimal ε will clearly depend on the overhead
involved by outer iterations, and it is therefore difficult to define a general rule. The
sensitivity to variations in the preconditioner is somewhat higher when the condition
number is relatively large, but such effects seem very slight, at least on these exam-
ples. We therefore do not necessarily confirm that ε should be kept proportional to
κ−1/2 as advised in [20].

5.2. A problem with no separated eigenvalues. We consider the linear sys-
tems resulting from the finite element discretization of the linear elasticity equations.
The aim is to compute the displacement at each gridpoint. Thus, in three dimensions,
there are three unknowns per gridpoint, one for each component. If these unknowns
are ordered separately, the system matrix presents the 3× 3 block structure

A =


Axx Axy Axz
Ayx Ayy Ayz
Azz Azy Azz


 .

A is then known to be spectrally equivalent to its block diagonal part [5, 10]; thus
we select

B =


Axx

Ayy
Azz


 .

B is itself easily preconditioned, because each diagonal block is similar to a weakly
anisotropic discrete Laplace operator. Using more particularly the finite element
scheme described in [10], these blocks are even symmetric M -matrices, allowing an
appropriate use of incomplete factorization methods (e.g., [4, 13]). This precondi-
tioner of B can serve as is to precondition A [10, 30], but there are some (potential)
advantages in using an inner–outer iterative scheme [5], because A is much denser
than B; hence it is worth trying to keep the number of multiplications by A to a
minimum.

For the numerical test, we consider more particularly the mining stability prob-
lem referred to as “Stope” in [11], which is discretized on a 40 × 40 × 40 regular
grid by means of the finite element scheme described in [10]. The numerically com-
puted smallest eigenvalues of B−1A are 0.301, 0.326, 0.369, . . . , and the largest ones
(in decreasing order) are 1.98, 1.91, 1.79, . . . . Thus, κ = 6.58 and there are no isolated
eigenvalues.

We report in Table 2 the number of (outer) iterations necessary to reduce the
relative residual error below 10−6 whenever using the zero vector as an initial approx-
imation; ε is the tolerance used for the inner iterations, the stopping test being also
based on the relative residual error and checked independently for each of the three
systems Axxwx = rx, Ayywy = ry, Azzwz = rz (note for completeness that these
diagonal blocks were preconditioned by the dynamic relaxed block ILU algorithm
from [25]); we also indicate the values taken by the heuristic estimate (5.1).

One may observe a nice agreement between these numerical results and our pre-
vious conclusions: As long as the inner solutions remain reasonably accurate, the
standard CG algorithm and FCG(mmax) behave similarly and deliver a convergence
close to that of the method with exact preconditioning. Note, however, that for very
inaccurate inner solutions, FCG tends to be more stable than CG, and it seems to
still obey the rule that the condition number is just multiplied by 1+ε

1−ε . As this sta-
bilization is already obtained for FCG(1), we recommend its use for problems with
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Table 2
Results for the problem with no separated eigenvalues.

ε 10−6 10−3 10−2 10−1 1
7

1
4

1
3

1
2

CG 17 17 17 18 19 29 34 68

FCG(1) 17 17 17 18 18 19 22 31

FCG(15) 17 17 17 18 18 20 21 31

Estimate (5.1) 19 19 19 21 22 24 26 33

this type of eigenvalue distribution. Practitioners may be satisfied with the standard
CG algorithm, but for a fairly small overhead (one more inner product computation
per iteration) FCG(1) allows the inner solutions to be still less accurate and therefore
cheaper.

5.3. A problem with well-separated extremal eigenvalues. To generate a
simple example in which B−1A has isolated eigenvalues, we apply a very basic additive
Schwarz preconditioning scheme (e.g., see [12] and the references therein) to a problem
from [33], namely, the linear system resulting from the five-point approximation of

−∂x a ∂x u− ∂y a ∂y u = f

in the unit square, with homogeneous Dirichlet boundary conditions on the bottom
boundary and homogeneous Neumann boundary conditions elsewhere, and with a =
f = 100 in the box

(
1
4 ,

1
4

)× ( 1
4 ,

1
4

)
and a = 1, f = 0 elsewhere; we use a uniform grid

of mesh size h = 1
160 .

The partitioning is based on a division of the domain (that is, the unit square)
in 4 × 2 subdomains with internal boundaries located at x = 1

4 , x = 1
2 , x = 3

4 , and
y = 1

2 . Since we want to simulate numerical difficulties that may be unavoidable in
other contexts, we deliberately omit the coarse grid correction and consider minimal
overlap; that is, the unknowns for each subdomain are just those corresponding to
the gridpoints effectively located in the subdomain or on its boundary.

Letting B be the preconditioner corresponding to exact subdomain solves, we have
that the numerically computed smallest eigenvalues of B−1A are 0.207 10−3, 0.0486,
0.698, . . . , and the largest ones (in decreasing order) are 4.00, 2.08, 2.00, . . . . Hence,
κ = 1.9 104, which is much too large to obtain a satisfactory convergence without the
superlinear convergence effects mentioned at the end of section 4.

We report in Table 3 the number of (outer) iterations necessary to reduce the
relative residual error below 10−6 whenever we use the zero vector as an initial ap-
proximation; ε is again the tolerance for the inner subdomain solves, also verified with
respect to the relative residual error; for these solves, we used the standard MILU
preconditioning without fill-in [4, 13].

The results for both FCG(1) and the untruncated version (FCG(∞)) just confirm
our expectation from the previous discussions. The good news is that satisfactory con-
vergence for fairly moderate accuracy of the inner solutions is already restored with
reasonable values of mmax. We do not discuss which couple (ε, mmax) is most effec-
tive because this heavily depends on the context, for instance on the quality of the
preconditioner for the inner iterations. Note, however, that we programmed the or-
thogonalization of di in a classical Gram–Schmidt fashion, so that the communication
cost per iteration is essentially independent of mmax; the tradeoff between increas-
ing mmax or decreasing ε to achieve a given convergence can thus be analyzed by
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Table 3
Numbers of iteration for the problem with small isolated eigenvalues; Tr–FCG (mmax) refers

to Algorithm 2.1 with mi = min(i, mmax).

ε 10−6 10−3 10−2 10−1 1
7

1
4

1
3

1
2

FCG(1) 76 86 115 250 400 771 >999 >999

FCG(5) 80 86 117 158 192 167 201 230

FCG(10) 61 86 88 92 125 156 131 142

FCG(20) 62 62 83 86 90 94 97 129

FCG(30) 59 60 63 67 68 72 94 105

FCG(45) 60 61 63 63 64 66 69 77

FCG(∞) 58 59 60 62 62 64 66 71

Tr–FCG(10) 60 84 85 114 125 124 160 144

Tr–FCG(20) 62 80 83 87 90 94 95 105

comparing the cost of the inner solves with that of local vector operations. Which
convergence one should target is difficult to predict, but, as a general rule, it seems
reasonable to admit only a moderate deterioration of the convergence from the “ideal”
case with exact preconditioning. Indeed, inner–outer iterative processes are primarily
motivated by the high cost of outer iterations, for instance, the communication cost
in the present example. (Would it not be the case, one probably should skip inner
iterations and use one application of the corresponding preconditioner instead.)

For the sake of completeness, we also performed some runs using Algorithm 2.1
with a pure truncation strategy (Tr–FCG(mmax)). Clearly, the additional work with
respect to FCG(mmax) does not pay off since the convergence is nearly the same in
all cases, whereas FCG(2mmax) is much faster despite a similar cost per iteration.
We also tested a pure restart approach, but we did not succeed in obtaining a useful
convergence. This is not surprising since, even with a fixed preconditioner, pure
restarting has a disastrous effect with this kind of eigenvalue distribution.

6. Conclusions. When one is willing to use inexact preconditioning, one should
distinguish two types of problems.

For problems with a regular distribution of the eigenvalues, for which the fast
convergence is due to a nice condition number, inexact preconditioning may be used
quite safely, even with very loose stopping criteria for the inner iterations. It is not
necessary to use a method much more costly than the standard CG algorithm, but
FCG(1) brings still more stability at the price of a fairly small overhead.

The situation is more tricky when a relatively fast convergence depends on “su-
perlinear” effects in connection with a good separation of the extremal eigenvalues.
A convergence close to that of the ideal case with exact preconditioning can still be
obtained with FCG(mmax), but at the price of increasing mmax while decreasing the
accuracy requirements for the inner solutions. Hence, one will not be able to use
stopping criteria as loosely as in the preceding case, and the FCG process itself will
be more costly.

These considerations also tell us that whenever using inner–outer iterative
schemes, improving the basic preconditioner always brings some additional benefit.
For instance, removing small isolated eigenvalues not only accelerates the convergence
with exact preconditioning, but also indirectly allows a decrease in the cost of inner
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solutions.

Generally speaking, we feel that coupled inner–outer iterations can be efficient
when at least either the global preconditioner or the one used for the inner solutions
is a highly effective. Indeed, in the former case, the CG process will be very stable,
allowing quite loose stopping criteria for the inner iterations. On the other hand,
in the latter case, it is relatively cheap to prevent stability problems by requiring a
high accuracy for the inner solutions. These considerations also show that when both
preconditioners are of medium quality, then coupled inner–outer iterations are not
necessarily advisable.
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1. Introduction. Numerical methods for approximating solutions of hyperbolic
conservation laws,

∂

∂t
u(x, t) +

∂

∂x
f(u(x, t)) = 0,(1.1)

and of the related convection-diffusion equations,

∂

∂t
u(x, t) +

∂

∂x
f(u(x, t)) =

∂

∂x
Q[u(x, t), ux(x, t)],(1.2)

have attracted much attention in recent years (see, e.g., [6, 35] and the references
therein). Here, u(x, t) is a conserved quantity, f(u) is a nonlinear convection flux, and
Q(u, ux) is a dissipation flux satisfying the (weak) parabolicity condition, ∂

∂sQ(u, s) ≥
0 ∀u, s. In the most general case u = (u1, . . . , un) is an n-vector in a d+1-dimensional
space, (x, t) = (x1, . . . , xd, t), and f and Q are vector-functions.

In this paper, we focus on the class of central schemes, all of which can be viewed
as an extension of the well-known Lax–Friedrichs (LxF) scheme [5]. The first-order
LxF method enjoys the major advantage of simplicity over the upwind schemes (e.g.,
the Godunov scheme [7]): no (approximate) Riemann solvers or characteristic decom-
positions are involved in its construction, and therefore, its realization for complicated
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multidimensional systems is rather simple. At the same time, the LxF scheme suf-
fers from excessive numerical dissipation, which causes a poor (smeared) resolution of
discontinuities and rarefaction waves.

A second-order, nonoscillatory central scheme was first introduced by Nessyahu
and Tadmor in [30]. Since then, the Nessyahu–Tadmor (NT) scheme was further
extended to higher orders of accuracy [28] (also see [3, 19]), as well as to the multi-
dimensional systems (1.1), in [1] and [12] (also see [18, 20, 21, 22]).

The main ingredient in the construction of the NT method is a second-order,
nonoscillatory, monotonic upstream schemes for conservation laws (MUSCL)-type
[17], piecewise linear interpolant (instead of the piecewise constant one employed
in the LxF scheme) in combination with the exact solver for the time evolution. This
approach allows us to significantly improve the resolution of nonsmooth solutions to
hyperbolic conservation laws, (1.1), while retaining the main advantage of the LxF
scheme—simplicity.

Unfortunately, applying the fully discrete NT scheme (or its higher-order exten-
sions) to the second-order convection-diffusion equations, (1.2), does not provide the
desired resolution of discontinuities (see, e.g., [14, 15, 16]). This loss of resolution
occurs due to the accumulation of excessive numerical dissipation, which is typical of
fully discrete central schemes with small time-steps ∆t ∼ (∆x)

2
(see [16] for details).

To circumvent this difficulty, a second-order semidiscrete central scheme was in-
troduced by Kurganov and Tadmor in [16]. This scheme has smaller dissipation than
the NT scheme and, unlike the fully discrete central schemes, it can be efficiently
used with time-steps as small as required by the CFL stability restriction due to the
diffusion term.

The basic idea in the construction of the second-order semidiscrete scheme was to
use more accurate information about the local speed of propagation of the disconti-
nuities. One was then able to derive a nonstaggered semidiscrete central method, by
first integrating over nonequally spaced control volumes, out of which a new piecewise
linear interpolant was reconstructed and finally projected on its cell-averages (without
evolving in time). The final step was first introduced in [10], in a somewhat different
context of transforming staggered methods into nonstaggered methods.

In this paper we extend the results of [16] by introducing a new third-order,
semidiscrete, central scheme. Our new scheme is derived in a general form which
is independent of the reconstruction step, as long as the reconstructed interpolant
is sufficiently accurate and nonoscillatory. In particular, we use the new third-order
central weighted essentially nonoscillatory (CWENO) reconstruction proposed in [21].
This reconstruction provides a third-order accurate interpolant which is built from
the given cell-averages such that it is nonoscillatory in the essentially nonoscillatory
(ENO) sense (see [9, 32]). This interpolant is written as a convex combination of
two one-sided linear functions and one centered parabola. In smooth regions this
convex combination guarantees the desired third-order accuracy. It automatically
switches to a second-order, one-sided, linear reconstruction in the presence of large
gradients. Such weighted essentially non-oscillatory (WENO) reconstructions were
first introduced in the upwind framework, [11, 27], after which they were extended to
the central framework [19, 20, 21, 22]. A different approach to creating a high-order
(ENO-type) method which does not require Riemann solvers was suggested in [26].

This paper is organized as follows. We start in section 2 with a brief overview
of central schemes for conservation laws. In particular we focus in section 2.1 on
the CWENO reconstruction which we use as the building block for our third-order



THIRD-ORDER SEMIDISCRETE CENTRAL SCHEME 1463

method below.
We then proceed to construct our new third-order scheme. First, we deal with

the fully discrete, one-dimensional (1D) setup in section 3. This new fully discrete
scheme is sketched in (3.7). We give only the required details that are necessary to
fulfill our final goal, namely, to derive the semidiscrete scheme.

With the fully discrete scheme, (3.7), we are ready to approach the semidiscrete
limit in section 4.1. Our new third-order, one-dimensional, semidiscrete scheme is then
summarized in (4.5). This scheme is written in a general form which is independent
of the reconstruction step and can also be combined with any appropriate ODE solver
for carrying out the time evolution. In section 4.2 we then extend our semidiscrete
scheme to multidimensional hyperbolic and (degenerate) parabolic problems.

We end by presenting several numerical examples in section 5, in which we ap-
proximate solutions to hyperbolic conservation laws as well as to convection-diffusion
equations. Our new method is shown to enjoy the expected high accuracy as well as
the robustness and the simplicity of the entire family of central schemes.

2. Central schemes for conservation laws. We briefly overview the frame-
work of central schemes for conservation laws. Consider the 1D system (1.1). To
approximate its solutions, we introduce a spatial scale, ∆x, and integrate over the
cell I(x) := {ξ | |ξ − x| ≤ ∆x/2},

ūt +
1

∆x

[
f

((
x+

∆x

2
, t

))
+ f

(
u

(
x− ∆x

2
, t

))]
= 0.(2.1)

Here and below, ū denotes the average of u over I,

ū(x, t) :=
1

∆x

∫
I(x)

u(ξ, t)dξ.

Introducing a time scale, ∆t, integrating in time from t to t+ ∆t, and sampling
(2.1) at the cells [xj , xj+1], we obtain

ūn+1
j+1/2 = ūnj+1/2 −

1

∆x

∫ tn+1

τ=tn
[f(u(xj+1, τ))− f(u(xj , τ))] dτ,(2.2)

where xj := j∆x, tn := n∆t, unj := u(xj , t
n), and ūnj := ū(xj , t

n). Assuming that at
time t = tn we have computed the cell-averages of the approximate solution, {ūnj },
we would like to utilize (2.2) to compute the cell-averages at the next time level,
tn+1 = tn + ∆t. To that extent, we introduce a piecewise-polynomial reconstruction,

u(x, tn) ≈
∑
j

Pj(x)χj(x),(2.3)

where χj(x) is the characteristic function of the cell Ij := I(xj), and Pj(x) is a
polynomial which is reconstructed from the computed cell-averages, {ūnj }. The degree
of the polynomial depends on the desired order of accuracy of the method. Having
such an approximation to u(x, tn), (2.3), we can easily compute the right-hand side
(RHS) of (2.2). The first term, ūnj+1/2, equals

ūnj+1/2 =

∫ xj+1/2

xj

Pj(x)dx+

∫ xj+1

xj+1/2

Pj+1(x)dx.
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For a sufficiently small time-step, ∆t, the solution of (1.1) subject to the initial data
(2.3), prescribed at time t = tn, will remain smooth at some neighborhood of the
grid points xj for t ∈ [tn, tn+1]. Hence, the integrals on the RHS of (2.2) can be
approximated using a sufficiently accurate quadrature, which is determined by the
overall desired accuracy of the method. The values at the intermediate times which
will be required in the quadrature can be predicted either by a Taylor expansion or
using a Runge–Kutta method (consult [3, 19, 28, 30]).

For example, a piecewise-constant reconstruction, Pj(x) = ūnj , and a first-order
quadrature, ∫ tn+1

tn
f(u(t))dt ∼ ∆tf(ūn),

will result in the staggered-LxF scheme (with λ := ∆t/∆x denoting the mesh ratio),

ūn+1
j+1/2 =

ūnj+1 + ūnj
2

− λ(f(ūnj+1)− f(ūnj )).

A piecewise linear reconstruction, Pj(x) = ūnj + (ux)
n
j (x − xj), with a second-order

quadrature in time (such as the midpoint rule), results in the NT scheme. Applying
nonlinear limiters on the discrete slopes, (ux)

n
j , will prevent oscillations (for details,

see [30]).
To obtain a third-order central scheme, one should use a third-order, piecewise

parabolic reconstruction together with a more accurate quadrature in time, e.g., Simp-
son’s quadrature rule (see [28] for details).

Remarks.
1. Robustness. In order to reconstruct a nonoscillatory interpolant, one typically

is required to use nonlinear limiters. These limiters decrease the order of accuracy of
the method at extrema and by that they play a stabilizing role (e.g., see [17, 28, 30,
35]).

2. Numerical dissipation and time step. When using fully discrete central schemes
to approximate solutions of convection-diffusion equations, (1.2), the stability restric-

tion enforces small time-steps, ∆t ∼ (∆x)
2
. That is why the numerical dissipation

is accumulated and we do not obtain high resolution of discontinuities (see [16] for
details).

This problem can be avoided by using semidiscrete schemes instead of the fully-
discrete schemes. Such a second-order, central, semidiscrete scheme was introduced in
[16]. In this paper we develop a third-order, central, semidiscrete scheme with small
numerical dissipation, which can be used efficiently with the small time-steps required
due to the second-order operators.

3. Upwind schemes. Sampling (2.1) at the cells Ij will result in upwind schemes.
Here, one remains with the discontinuities along the interfaces and is bound to solve
the Riemann problems there, or at least to approximate their solutions. In the scalar,
1D case this can be easily accomplished, but the Riemann problem has no known
solution in the general case of systems and/or several space dimensions.

This is the reason why central schemes can be considered as universal methods
for solving hyperbolic conservation laws: Riemann solvers are not involved in their
construction and, moreover, since (2.2) can be carried out componentwise, no char-
acteristic decomposition is required.

2.1. CWENO reconstruction. The first 1D, third-order central scheme in [28]
implemented the nonoscillatory piecewise parabolic reconstruction proposed by Liu
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and Osher in [25]. Since then, a variety of simpler reconstructions has appeared in the
literature. Among these, we would like to mention the central-ENO reconstruction
in [3] and the central-WENO (CWENO) reconstruction in [19] and [21], which was
extended to the two-dimensional (2D) setup in [20] and [22].

Our new third-order semidiscrete method which we develop in section 3 and sec-
tion 4 below can be integrated with any third-order, nonoscillatory reconstruction.
In our numerical simulations presented in section 5, we will use the method recently
presented in [21], of which we will now give a brief overview.

In each cell Ij we reconstruct a quadratic polynomial as a convex combination of
three polynomials PL(x), PR(x), and PC(x),

Pj(x) = wLPL(x) + wRPR(x) + wCPC(x),(2.4)

with positive weights wi ≥ 0∀i ∈ {C, R, L} and
∑
i wi = 1. The polynomials PL(x), PR(x)

correspond to left and right one-sided linear reconstructions, respectively, while PC(x)
is a parabola, centered around xj .

The linear functions, PR(x) and PL(x), are uniquely determined by requiring them
to conserve the one-sided cell-averages (ūnj , ū

n
j+1 and ūnj , ū

n
j−1, respectively) as

PR(x) = ūnj +
ūnj+1 − ūnj

∆x
(x− xj), PL(x) = ūnj +

ūnj − ūnj−1

∆x
(x− xj).(2.5)

The centered parabola, PC(x), is chosen so as to satisfy

PEXACT(x) = cLPL(x) + cRPR(x) + (1− cL − cR)PC(x)(2.6)

with constants ci’s. Here, PEXACT(x) is the unique parabola that conserves the three-
cell-averages, ūnj−1, ū

n
j , and ūnj+1, which is given by

PEXACT(x) = unj + u′j(x− xj) +
1

2
u′′j (x− xj)2.(2.7)

The approximations to the point-values of u(xj , t
n), ux(xj , t

n), and uxx(xj , t
n) are

denoted by unj , u
′
j , u

′′
j and are given by

unj = ūnj −
1

24
(ūnj+1 − 2ūnj + ūnj−1),

u′j =
ūnj+1 − ūnj−1

2∆x
, u′′j =

ūnj−1 − 2ūnj + ūnj+1

∆x2
.

In [21] it was shown that every symmetric selection of the constants ci’s in (2.6)
will provide the desired third-order accuracy. For example, by taking cL = cR = 1/4,
(2.5)–(2.7) yield

PC(x) = ūnj −
1

12
(ūnj+1 − 2ūnj + ūnj−1)

+
ūnj+1 − ūnj−1

2∆x
(x− xj) +

ūnj+1 − 2ūnj + ūnj−1

∆x2
(x− xj)2.

In smooth regions, the coefficients wi of the convex combination in (2.4) are chosen
to guarantee the maximum order of accuracy (in this particular case, order three),
but in the presence of a discontinuity they are automatically switched to the best
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one-sided stencil (which generates the least oscillatory reconstruction). The weights
are taken as

wi =
αi∑

m
αm

, where αi =
ci

(ε+ ISi)p
, i,m ∈ {C, R, L},

(2.8)
cL = cR = 1/4, cC = 1/2.

The constant ε guarantees that the denominator does not vanish and is taken as
ε = 10−6. The value of p may be chosen to provide the highest accuracy in smooth
areas and to ensure the nonoscillatory nature of the solution near the discontinuities
(consult [11]; see also [19, 21]). In [11] the value p = 2 was empirically selected,
and here we use the same p in most of the examples presented below. Finally, the
smoothness indicators, ISi, are defined as

ISi =

2∑
l=1

∫ xj+1/2

xj−1/2

(∆x)
2l−1

(P
(l)
i (x))2dx.

A direct computation then results in

ISL = (ūnj − ūnj−1)
2, ISR = (ūnj+1 − ūnj )2,

(2.9)

ISC =
13

3
(ūnj+1 − 2ūnj + ūnj−1)

2 +
1

4
(ūnj+1 − ūnj−1)

2.

It is easy to see that in the presence of large gradients, this reconstruction switches to
one of the second-order one-sided linear reconstructions, PR or PL. For more details
we refer to [21].

3. The fully discrete one-dimensional construction. In this section we
present the new third-order method in the fully discrete framework. Since we are
mainly interested in deriving the semidiscrete scheme, we will concentrate only on the
details which are required for that task. The scheme we derive here is a third-order
extension of the fully discrete second-order scheme presented in [16].

Following [16], we would like to augment the integration over the Riemann fans
by more accurate information about the local speed of wave propagation. We start
by assuming that in every cell, Ij , we have reconstructed a piecewise polynomial
interpolant, Pj(x, t

n), from the previously computed cell-averages, {ūnj }. Then, an
upper bound on the speed of propagation of discontinuities at the cell boundaries,
xj+1/2, is given by

anj+1/2 = max
u∈C(u−

j+1/2
,u+

j+1/2
)
ρ
(∂f
∂u

(u)
)
,(3.1)

where ρ(A) denotes the spectral radius of a matrix A, i.e., ρ(A) := maxi |λi(A)|
with λi(A) being its eigenvalues. We denote by u+

j+1/2 and u−j+1/2 the left and right

intermediate values of u(x, tn) at xj+1/2, i.e.,

u+
j+1/2 := Pj+1(xj+1/2, t

n), u−j+1/2 := Pj(xj+1/2, t
n),

and by C(u−j+1/2, u
+
j+1/2) a curve in phase space that connects u−j+1/2 and u+

j+1/2 via

the Riemann fan.
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Fig. 3.1. Modified central differencing.

Remark. In most practical applications, these local maximal speeds can be easily
evaluated. For example, in the genuinely nonlinear or linearly degenerate case one
finds that (3.1) reduces to

anj+1/2 := max

{
ρ
(∂f
∂u

(u−j+1/2)
)
, ρ
(∂f
∂u

(u+
j+1/2)

)}
.(3.2)

Given the piecewise polynomial interpolant at time tn, {Pj(x, tn)}, and the local
speeds of propagation, {anj+1/2}, we construct the fully discrete, central method in
two steps, which are schematically described in Figure 3.1. First, we integrate over
the control volumes, [xnj−1/2,l, x

n
j−1/2,r]× [tn, tn+1], [xnj−1/2,r, x

n
j+1/2,l]× [tn, tn+1], and

[xnj+1/2,l, x
n
j+1/2,r]× [tn, tn+1], obtaining w̄n+1

j−1/2, w̄
n+1
j , and w̄n+1

j+1/2, respectively. Due

to the finite speed of propagation, the points xnj+1/2,l and xnj+1/2,r,

xnj+1/2,l := xj+1/2 − anj+1/2∆t, xnj+1/2,r := xj+1/2 + anj+1/2∆t,

separate between smooth and nonsmooth regions. That is, the solution of (1.1) subject
to the piecewise polynomial initial data prescribed at time t = tn may be nonsmooth
only inside the intervals [xnj+1/2,l , x

n
j+1/2,r] for t ∈ [tn, tn+1).

In the second step, we repeat the nonoscillatory reconstruction (this time on a
nonuniformly spaced grid) and project the obtained reconstruction on the original,
uniform grid, ending up with the cell-averages at the next time level tn+1, {ūn+1

j }.
This last step does not involve time integration and was introduced in the context of
changing staggered methods into nonstaggered methods in [10].

We now turn to the detailed description of this algorithm. Assume that the
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piecewise polynomial reconstruction in cell Ij at time tn is of the form

Pj(x, t
n) = Aj +Bj(x− xj) +

1

2
Cj(x− xj)2.(3.3)

Then a direct computation of the integrals over the control volumes, [xnj+1/2,l, x
n
j+1/2,r]×

[tn, tn+1] and [xnj−1/2,r, x
n
j+1/2,l]× [tn, tn+1], yields

w̄n+1
j+1/2 =

Aj +Aj+1

2
+

∆x− anj+1/2∆t

4
(Bj −Bj+1)

+

(
∆x2

16
−
anj+1/2∆t∆x

8
+

(anj+1/2∆t)
2

12

)
(Cj + Cj+1)(3.4)

− 1

2anj+1/2∆t

{∫ tn+1

tn

[
f(u(xnj+1/2,r, t))dt− f(u(xnj+1/2,l, t))

]
dt

}
,

and

w̄n+1
j = Aj +

∆t

2
(anj−1/2 − anj+1/2)Bj

+

[
(∆x)2

24
− ∆t∆x

12
(anj−1/2 + anj+1/2)

+
(∆t)2

6

(
(anj−1/2)

2 − anj−1/2a
n
j+1/2 + (anj+1/2)

2
)]
Cj(3.5)

− 1

∆x−∆t(anj−1/2 + anj+1/2)

{∫ tn+1

tn

[
f(u(xnj+1/2,l, t))dt

− f(u(xnj−1/2,r, t))
]
dt

}
,

respectively. To complete these computations, one should approximate the flux inte-
grals on the RHS of (3.4) and (3.5) using, e.g., Simpson’s quadrature as described in
section 2.

At this stage, the approximate cell-averages, {w̄n+1
j+ 1

2

, w̄n+1
j }, realize the solution

at t = tn+1 over a nonuniform grid, which is oversampled by twice the number of the
original cells at t = tn. To convert these nonuniform averages back into the original
grid, we proceed along the lines of [10].

First, from the cell-averages, w̄n+1
j+ 1

2

, w̄n+1
j , given by (3.4)–(3.5), we reconstruct

a third-order, piecewise polynomial, nonoscillatory interpolant (e.g., the CWENO
interpolant described in section 2.1), which we will denote by w̃n+1

j+1/2(x) and w̃n+1
j (x),

respectively. In fact, we do not need any high-order reconstruction w̃n+1
j (x) since it

will be averaged out (consult Figure 3.1).
We note in passing that even for a nonuniform grid data, the CWENO interpolant

can be written explicitly (in the spirit of section 2.1), but these details are irrelevant
for the semidiscrete scheme, which will be described in section 4. At that point, all
we need is to assume that such a reconstruction exists and that for all j it takes the
form

w̃n+1
j+1/2(x) = Ãj+1/2 + B̃j+1/2(x− xj+1/2) +

1

2
C̃j+1/2(x− xj+1/2)

2,

w̃n+1
j (x) = w̄n+1

j ,

(3.6)
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in the nonsmooth region (xnj+1/2,l, x
n
j+1/2,r) and in the smooth region (xnj−1/2,r, x

n
j+1/2,l),

respectively. Given (3.4), (3.5), and (3.6), we conclude by computing the new cell-
averages at time tn+1 according to

ūn+1
j =

1

∆x

[∫ xn
j−1/2,r

xj−1/2

w̃n+1
j−1/2(x)dx+

∫ xn
j+1/2,l

xn
j−1/2,r

w̃n+1
j (x)dx+

∫ xj+1/2

xn
j+1/2,l

w̃n+1
j+1/2(x)dx

]

= λanj−1/2Ãj−1/2 +
[
1− λ(anj−1/2 + anj+1/2)

]
w̄n+1
j + λanj+1/2Ãj+1/2

+
λ∆t

2

(
(anj−1/2)

2
B̃j−1/2 − (anj+1/2)

2
B̃j+1/2

)
(3.7)

+
λ(∆t)2

6

(
(anj−1/2)

3
C̃j−1/2 + (anj+1/2)

3
C̃j+1/2

)
.

Remark. The third-order reconstruction (3.6) is necessary in order to guarantee
the overall third-order accuracy, since simple averaging over [xj− 1

2
, xj+ 1

2
] (without

reconstruction) reduces the order of the resulting scheme (see [10]).

4. The semidiscrete scheme. We are now ready to derive our main result,
which is the new third-order, semidiscrete, central scheme. First, we describe our
ideas in the 1D framework and then we extend them to multidimensional problems.

4.1. 1D problems. We start with the derivation of the third-order semidiscrete
scheme for 1D (systems of) hyperbolic conservation laws. Using the fully discrete
scheme obtained in section 3, the semidiscrete approximation can be directly written
as the limit

d

dt
ūj(t) = lim

∆t→0

ūn+1
j − ūnj

∆t
.(4.1)

Substituting (3.7) into (4.1) results in

dūj
dt

= lim
∆t→0

{
1

∆x
anj−1/2Ãj−1/2 − 1

∆x
(anj−1/2 + anj+1/2)w̄

n+1
j

(4.2)

+
1

∆x
anj+1/2Ãj+1/2 +

1

∆t
(w̄n+1

j − ūnj )
}
.

In the limit as ∆t→ 0, all the Riemann fans have zero widths and therefore,

Ãj+1/2 = w̄n+1
j+1/2, Ãj−1/2 = w̄n+1

j−1/2.(4.3)

Using (3.3) we can also obtain

u(xnj+1/2,r, t)→ Pj+1(xj+1/2, t)

= Aj+1 − ∆x

2
Bj+1 +

(∆x)
2

8
Cj+1 =: u+

j+1/2(t),
(4.4)

u(xnj+1/2,l, t)→ Pj(xj+1/2, t)

= Aj +
∆x

2
Bj +

(∆x)
2

8
Cj =: u−j+1/2(t).

Finally, plugging (3.4), (3.5), and (4.3) into (4.2) we compute the time limit explicitly,
ending up with our new semidiscrete scheme,

dūj
dt

= − 1

2∆x

[
f(u+

j+1/2(t)) + f(u−j+1/2(t))− f(u+
j−1/2(t))− f(u−j−1/2(t))

]
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(4.5)

+
aj+1/2(t)

2∆x

[
u+
j+1/2(t)− u−j+1/2(t)

]
− aj−1/2(t)

2∆x

[
u+
j−1/2(t)− u−j−1/2(t)

]
,

with local speeds aj+1/2(t), e.g.,

aj+1/2(t) := max

{
ρ
(∂f
∂u

(u−j+1/2(t))
)
, ρ
(∂f
∂u

(u+
j+1/2(t))

)}
.

Remarks.
1. We would like to emphasize that the scheme (4.5) was derived independently

of any specific piecewise-quadratic reconstruction. If one wants, e.g., to use the
CWENO reconstruction described in section 2.1, then the values of Aj , Bj , and Cj in
(4.4) are

Aj = ūnj −
wC

12
(ūnj+1 − 2ūnj + ūnj−1),

Bj =
1

∆x

[
wR(ūnj+1 − ūnj ) + wC

ūnj+1 − ūnj−1

2
+ wL(ū

n
j − ūnj−1)

]
,

Cj = 2wC

ūnj−1 − 2ūnj + ūnj+1

∆x2
,

where wL, wC, and wR are defined in (2.8).
2. Our third-order scheme, (4.5), admits the conservative form

dūj
dt

= −Hj+1/2(t)−Hj−1/2(t)

∆x
,(4.6)

with the numerical flux

Hj+1/2(t) :=
f(u+

j+1/2(t)) + f(u−j+1/2(t))

2
(4.7)

−aj+1/2(t)

2

[
u+
j+1/2(t)− u−j+1/2(t)

]
.

This scheme is a natural generalization of the second-order semidiscrete scheme from
[16]. Moreover, the second-order scheme has exactly the same form, (4.6)–(4.7); the
only difference is in the more accurate computation of the intermediate value u+

j+1/2(t)

and u−j+1/2(t). It is interesting to note that also the fully discrete, staggered, second-

and third-order central schemes have the same structure (see [28]).
3. Similar to the case of the second-order scheme [16], the nonoscillatory prop-

erty of the piecewise parabolic reconstruction, (3.3), will guarantee the nonoscillatory
nature of our semidiscrete scheme. But unlike the piecewise linear reconstruction
utilized in the second-order method, a piecewise parabolic reconstruction can be only
essentially nonoscillatory. This means that, in principle, such a reconstruction may
increase the total variation of the computed piecewise constant solution. Our nu-
merical examples, however, demonstrate that the growth of the total variation is
always bounded. Such desirable behavior of bounded total variation in the context of
central-WENO schemes was already observed in [23].

4. We would like to stress once again the simplicity of our new method, which
does not require any (approximate) Riemann solver or any use of the characteristic
variables—the reconstruction of piecewise polynomial interpolant, (3.3), is carried
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out componentwise. In particular, unlike the standard central schemes, but similar to
the second-order semidiscrete method in [16], our method is based on one grid (and
not on staggering between two grids). This can be a big advantage (compared with
the traditional central schemes) when dealing with boundary conditions and complex
geometries.

5. Finally, similar to the second-order semidiscrete scheme [16], the third-order
scheme, (4.6)–(4.7), boils down in the scalar linear case to an upwind scheme. In the
nonlinear, scalar, case, this is a finite volume scheme based on a local LxF (Rusanov)
monotone flux. Since we derived our method as a central Godunov-type scheme, our
result also naturally holds for systems (including multi-dimensional systems as shown
below).

Next, let us consider the general convection-diffusion equation, (1.2). Similar to
the case of the second-order semidiscrete scheme [16], operator splitting is not needed.
We can apply our third-order semidiscrete scheme, (4.6)–(4.7), to the (degenerate)
parabolic equation, (1.2), in a straightforward manner. This results in the scheme

dūj
dt

= −Hj+1/2(t)−Hj−1/2(t)

∆x
+Qj(t).(4.8)

Here, Hj+1/2(t) is our numerical convection flux, (4.7), and Qj(t) is a high-order
approximation to the diffusion term, Q(u, ux)x. In the examples below we use the
fourth-order central differencing of the form

Qj(t) =
1

12∆x

[
−Q(uj+2(t), (ux)j+2,j) + 8Q(uj+1(t), (ux)j+1,j)

−8Q(uj−1(t), (ux)j−1,j) +Q(uj−2(t), (ux)j−2,j)
]
,(4.9)

where

(ux)j+2,j :=
1

12∆x

[
25uj+2(t)− 48uj+1(t) + 36uj − 16uj−1(t) + 3uj−2(t)

]
,

(ux)j+1,j :=
1

12∆x

[
3uj+2(t) + 10uj+1(t)− 18uj + 6uj−1(t)− uj−2(t)

]
,

(4.10)

(ux)j−1,j :=
1

12∆x

[
uj+2(t)− 6uj+1(t) + 18uj − 10uj−1(t)− 3uj−2(t)

]
,

(ux)j−2,j :=
1

12∆x

[
−3uj+2(t) + 16uj+1(t)− 36uj + 48uj−1(t)− 25uj−2(t)

]
,

and {uj(t)} are point-values of the reconstructed polynomials, (3.3), i.e., uj(t) =
Pj(xj , t).

4.2. Multidimensional extensions. Without loss of generality, let us consider
the 2D (system of) convection-diffusion equations,

ut + f(u)x + g(u)y = Qx(u, ux, uy)x +Qy(u, ux, uy)y,(4.11)

where the case Qx ≡ Qy ≡ 0 corresponds to the 2D pure hyperbolic problem.
Suppose that we have computed an approximate solution to (4.11) at some time

t and have reconstructed a 2D piecewise polynomial, third-order, ENO interpolant
over the uniform spatial grid, (xj , yk) = (j∆x, k∆y).
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Following [16], the 2D extension of our third-order semidiscrete scheme, (4.8),(4.7),
can be written in the following form:

dūj,k
dt

= −
Hx
j+1/2,k(t)−Hx

j−1/2,k(t)

∆x
−
Hy
j,k+1/2(t)−Hy

j,k−1/2(t)

∆y
(4.12)

+Qxj,k(t) +Qyj,k(t).

Here, Hx
j+1/2,k(t) and Hy

j,k+1/2(t) are x- and y-numerical convection fluxes, respec-

tively (they can be viewed as a generalization of the 1D flux, (4.7)),

Hx
j+1/2,k(t) :=

f(u+
j+1/2,k(t)) + f(u−j+1/2,k(t))

2

−
axj+1/2,k(t)

2

[
u+
j+1/2,k(t)− u−j+1/2,k(t)

]
,

(4.13)

Hy
j,k+1/2(t) :=

g(u+
j,k+1/2(t)) + g(u−j,k+1/2(t))

2

−
ayj,k+1/2(t)

2

[
u+
j,k+1/2(t)− u−j,k+1/2(t)

]
.

The numerical fluxes, (4.13), are expressed in terms of the intermediate values, u±j+1/2,k(t),

u±j,k+1/2(t), which are obtained from the piecewise polynomial reconstruction. The

local speeds, axj+1/2,k(t) and ayj,k+1/2(t), are computed, e.g., by

axj+1/2,k(t) := max

{
ρ
(∂f
∂u

(u−j+1/2,k(t))
)
, ρ
(∂f
∂u

(u+
j+1/2,k(t))

)}
,

(4.14)

ayj,k+1/2(t) := max

{
ρ
(∂g
∂u

(u−j,k+1/2(t))
)
, ρ
(∂g
∂u

(u+
j,k+1/2(t))

)}
.

Finally, Qxj,k(t) and Qyj,k(t) are high-order, central differencing approximations to the
diffusion terms Qx(u, ux, uy)x and Qy(u, ux, uy)y.

Remarks.
1. We would like to emphasize that the problem of constructing a 2D, third-

order, nonoscillatory interpolant is highly nontrivial. Several essentially 2D recon-
structions were proposed in [20, 21, 22]. Alternatively, one can use 1D CWENO
reconstruction, direction by direction, in order to compute the intermediate values
u±j+1/2,k(t) and u±j,k+1/2(t).

Following is the recipe for the computation of u−j+1/2,k (the computation of other

intermediate values can be carried out in a similar way):

u−j+1/2,k = wLP
k
L (xj+1/2) + wRP

k
R (xj+1/2) + wCP

k
C (xj+1/2),(4.15)

where the P ’s are the polynomials introduced in section 2.1,

P kR (x) = ūj,k +
ūj+1,k − ūj,k

∆x
(x− xj),

P kL (x) = ūj,k +
ūj,k − ūj−1,k

∆x
(x− xj),
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(4.16)

P kC (x) = ūj,k − 1

12
(ūj+1,k − 2ūj,k + ūj−1,k)

− 1

12
(ūj,k+1 − 2ūj,k + ūj,k−1) +

ūj+1,k − ūj−1,k

2∆x
(x− xj)

+
ūj+1,k − 2ūj,k + ūj−1,k

∆x2
(x− xj)2.

The weights, wL, wR, wC, which are given by (2.8), are based on the smoothness indi-
cators in (2.9).

Note that the only difference between this reconstruction and the 1D reconstruc-
tion, (2.4)–(2.9), is an additional term in P kC (x), − 1

12 (ūj,k+1 − 2ūj,k + ūj,k−1), which
corresponds to the second derivative in the y direction and guarantees the third-
order accuracy of the computed intermediate values. This “dimension by dimension”
approach was implemented in Example 5 below.

2. It is straightforward to extend the 2D scheme, (4.12), to more space di-
mensions. In particular, the dimension-by-dimension approach is a very simple and
promising approach for multidimensional problems.

5. Numerical examples. We conclude the paper with a number of numerical
examples. Here, in order to retain the overall high accuracy, the semidiscrete scheme
is combined with a high-order, stable ODE solver to complete the spatio-temporal
discretization. Numerically, we observed that a variety of explicit methods provides
satisfactory results in the context of our semidiscrete scheme.

For the inviscid problems (Examples 1, 2, 3, and 5), we used the third-order
total variation diminishing (TVD) Runge–Kutta-type method introduced by Shu and
Osher in [33]. However, if we apply this time-integration method or any other standard
Runge–Kutta-type method to (degenerate) parabolic problems, the time-step can be
very small due to their strict stability restrictions.

To overcome this difficulty, we used (in Examples 4 and 5) the third-order ODE
solver (called DUMKA3) by Medovikov [29]. This explicit method has larger stability
domains (compared with the standard Runge–Kutta methods), which allow larger
time-steps. In practice, DUMKA3 works as fast as implicit methods (see [29] for
details).

We abbreviate our third-order semidiscrete scheme by SD3, which will be com-
bined with the third-order TVD Runge–Kutta-type method (RK3) or with DUMKA3.

Example 1: Linear accuracy test. Consider the scalar linear hyperbolic equa-
tion

ut + ux = 0, x ∈ [0, 2π],(5.1)

augmented with the smooth initial data, u(x, 0) = sinx, and periodic boundary con-
ditions. This simple problem admits a global classical solution, which was computed
at time T = 1 with a varying number of grid points, N .

In Table 5.1 we check the accuracy of our third-order semidiscrete scheme, SD3,
coupled with the RK3 ODE solver. Clearly, this is a high-order method. The asymp-
totic convergence rate seems to be better than three, which is similar to the super-
convergence observed in [27].

The error is measured in terms of the pointwise values,

‖ũ− u‖L1 := ∆x
∑
j

|ũj(T )− u(xj , T )|, ‖ũ− u‖L∞ := max
j
|ũj(T )− u(xj , T )|.
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Table 5.1
Accuracy test for the linear advection problem (5.1); the errors at T = 1.

N L1-error Rate L∞-error Rate

40 4.492e-02 – 2.822e-02 –
80 1.092e-02 2.04 1.065e-02 1.41
160 2.162e-03 2.34 3.426e-03 1.64
320 1.811e-04 3.58 4.705e-04 2.86
640 9.267e-06 4.29 2.267e-05 4.38
1280 5.409e-07 4.10 1.171e-06 4.27

Table 5.2
Accuracy test for the Burgers equation, (5.2); the pre-shock errors.

N L1-error Rate L∞-error Rate

40 2.370e-02 – 2.225e-02 –
80 5.759e-03 2.04 9.053e-03 1.30
160 1.161e-03 2.31 2.921e-03 1.63
320 9.541e-05 3.61 3.926e-04 2.90
640 4.882e-06 4.29 1.778e-05 4.46
1280 3.044e-07 4.00 5.732e-07 4.96

Here, ũ is an approximate solution, which is realized by its values at the grid points,
xj ,

ũj(T ) = Pj(xj , T ),

where the Pj ’s are the piecewise parabolic interpolants, (3.3), constructed at the final
time t = T .

Example 2: The Burgers equation. In this example we approximate solutions
to the inviscid Burgers equation,

ut +

(
u2

2

)
x

= 0, x ∈ [0, 2π],(5.2)

augmented with the smooth initial data, u(x, 0) = 0.5 + sinx, and periodic boundary
conditions.

The unique entropy solution of (5.2) develops a shock discontinuity at the critical
time Tc = 1. Table 5.2 shows the L1- and L∞-norms of the errors at the preshock
time T = 0.5, when the solution is still smooth. Once again, our results indicate that
the method is a high-order method also when implemented for nonlinear problems.

In Figures 5.1 and 5.2 we present the approximate solutions at the postshock time
T = 2, when the shock is well developed. The essentially nonoscillatory nature of our
scheme can be clearly observed.
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Fig. 5.1. The Burgers equation, (5.2); T = 2, N = 40.
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Fig. 5.2. The Burgers equation, (5.2); T = 2, N = 80.

Example 3: Euler equations of gas dynamics. Let us consider the 1D Euler
system

∂

∂t


 ρ
m
E


+

∂

∂x


 m

ρu2 + p
u(E + p)


 = 0, p = (γ − 1) ·

(
E − ρ

2
u2
)
,

where ρ, u, m = ρu, p , and E are the density, velocity, momentum, pressure, and
total energy, respectively. We solve this system subject to Sod’s Riemann initial data,
proposed in [34],

+u(x, 0) =

{
+uL = (1, 0, 2.5)

T
, x < 0,

+uR = (0.125, 0, 0.25)
T
, x > 0.

The approximations to the density, velocity, and pressure obtained by the SD3
scheme with the RK3 time discretization are presented in Figures 5.3–5.8. The coef-
ficient p in the smoothness indicator, (2.8)–(2.9), was taken as 0.6, which seems to be
the optimal value in this specific example. WENO-type schemes do require a param-
eter tuning in order to reduce the amplitude of the oscillations. Formally, this does
not affect the order of accuracy of the method (in certain ranges of the parameters).
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Fig. 5.3. Sod problem—density. N = 200, T = 0.1644.
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Fig. 5.4. Sod problem—density. N = 400, T = 0.1644.

We would like to stress again that our SD3 scheme does not employ the charac-
teristic decomposition. To improve the resolution of the contact discontinuity, which
is always smeared while the solution to the system of Euler equations is computed
by the central method, we implemented the artificial compression method (ACM) by
Harten [8]. In the context of central schemes, the ACM can be implemented as a
corrector step to the componentwise approach (see [30] for details).

Example 4: Convection-diffusion equations—the Buckley–Leverett
model. In this example we solve the 1D Buckley–Leverett equation,

ut + f(u)x = ε(ν(u)ux)x, εν(u) ≥ 0,(5.3)

which can be viewed as a prototype model for the two-phase flow in oil reservoirs.
Typically, ν(u) vanishes at some values of u, and thus (5.3) is a degenerate parabolic
equation. Specifically, we take

f(u) =
u2

u2 + (1− u)2 , ν(u) = 4u(1− u), ε = 0.01,
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Fig. 5.5. Sod problem—velocity. N = 200, T = 0.1644.

0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

EXACT
SK3+RK3

Fig. 5.6. Sod problem—velocity. N = 400, T = 0.1644.
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Fig. 5.7. Sod problem—pressure. N = 200, T = 0.1644.

and consider the initial value problem with the Riemann initial data,

u(x, 0) =




0, 0 ≤ x < 1− 1√
2
,

1, 1− 1√
2
≤ x ≤ 1.

(5.4)



1478 ALEXANDER KURGANOV AND DORON LEVY

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

EXACT
SK3+RK3

Fig. 5.8. Sod problem—pressure. N = 400, T = 0.1644.
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Fig. 5.9. Buckley–Leverett model, (5.3)–(5.4). T = 0.2.

The numerical solution to this problem, obtained by the SD3 scheme augmented with
the DUMKA3 ODE solver, is presented in Figure 5.9.

The model, (5.3), becomes more complicated by adding the effects of gravitation.
These effects can be obtained, e.g., by taking

f(u) =
u2

u2 + (1− u)2 (1− 5(1− u)2),(5.5)

which is nonmonotone on the interval u ∈ [0, 1].
The numerical solution to this initial value problem is shown in Figure 5.10. Note

that the exact solution to problem (5.3)–(5.4) is not available, but our solutions seem
to converge to the physically relevant solutions in both cases—with gravitation and
without it.

Example 5: Incompressible Euler and Navier–Stokes equations. In this
example we consider 2D viscous and inviscid incompressible flow governed by the
Navier–Stokes (ν > 0) and Euler (ν = 0) equations,

+ut + (+u · ∇)+u+∇p = ν∆+u.(5.6)
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Fig. 5.10. Buckley–Leverett model, (5.3)–(5.4), including the gravitational effect, (5.5). T = 0.2.

Here, p denotes the pressure, and +u = (u, v) is the two-component divergence-free
velocity field satisfying

ux + vy = 0.(5.7)

In the 2D case (5.6) admits an equivalent scalar formulation in terms of the vorticity,

ωt + (uω)x + (vω)y = ν∆ω,(5.8)

where ω := vx − uy. The incompressibility, (5.7), implies that (5.8) can be written in
an equivalent conservative form,

ωt + f(ω)x + g(ω)y = ν∆ω,(5.9)

with a global convection flux, (f, g) := (uω, vω). A second-order, fully discrete, stag-
gered, central scheme was used to solve the 2D vorticity equations in [24]. This scheme
was proved to satisfy a maximum principle for the vorticity. (For an equivalent scheme
in the velocity formulation, see [13].)

When applied to (5.9), our 2D, third-order, semidiscrete scheme, (4.12)–(4.14),
takes the form

dω̄j,k
dt

= −
Hx
j+1/2,k(t)−Hx

j−1/2,k(t)

∆x
(5.10)

−
Hy
j,k+1/2(t)−Hy

j,k−1/2(t)

∆y
+ νQj,k(t),

with the numerical convection fluxes,

Hx
j+1/2,k(t) =

uj+1/2,k(t)

2

[
ω+
j+1/2,k(t) + ω−

j+1/2,k(t)
]

−
axj+1/2,k(t)

2

[
ω+
j+1/2,k(t)− ω−

j+1/2,k(t)
]
,

(5.11)

Hy
j,k+1/2(t) =

vj,k+1/2(t)

2

[
ω+
j,k+1/2(t) + ω−

j,k+1/2(t)
]

−
ayj,k+1/2(t)

2

[
ω+
j,k+1/2(t)− ω−

j,k+1/2(t)
]
,
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x

y

Fig. 5.11. Incompressible Euler equations; third-order method; T = 4, 64× 64 grid.

x

y

Fig. 5.12. Incompressible Euler equations; third-order method; T = 4, 128× 128 grid.

and the local speeds,

axj+1/2,k(t) := |uj+1/2,k(t)|, ayj,k+1/2(t) := |vj,k+1/2(t)|.(5.12)

To approximate the linear viscosity, ∆ω, we used the fourth-order central differencing,
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Fig. 5.13. Incompressible Euler equations; third-order method; T = 6, 64× 64 grid.

x

y

Fig. 5.14. Incompressible Euler equations; third-order method; T = 6, 128× 128 grid.

Qj,k(t) =
−ωj+2,k(t) + 16ωj+1,k(t)− 30ωj,k(t) + 16ωj−1,k(t)− ωj−2,k(t)

12∆x2

(5.13)

+
−ωj,k+2(t) + 16ωj,k+1(t)− 30ωj,k(t) + 16ωj,k−1(t)− ωj,k−2(t)

12∆y2 .

To compute the intermediate values of the vorticity, we use the “dimension by dimen-
sion” approach described in section 4.2: we reconstruct the corresponding CWENO
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x

y

Fig. 5.15. Incompressible Euler equations; third-order method; T = 10, 64× 64 grid.

x

y

Fig. 5.16. Incompressible Euler equations; third-order method; T = 10, 128× 128 grid.

interpolants in the x- and y-directions to obtain the values of ω±
j+1/2,k and ω±

j,k+1/2.

Another important point in the incompressible computations is that in every
time-step one has to recover the velocities, {uj,k, vj,k}, from the known values of the
vorticity, {ωj,k}. This can be done in many different ways (consult, e.g., [24] and the
references therein). Here we have used a stream-function, ψ, such that �ψ = −ω,
which is obtained by solving the nine-points Laplacian, �ψj,k = −ωj,k(t). This
provides the values of the stream-function with fourth-order accuracy. Its gradient,
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x
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Fig. 5.17. Incompressible Euler equations; second-order method; T = 10, 64× 64 grid.

x

y

Fig. 5.18. Incompressible Euler equations; second-order method; T = 10, 128× 128 grid.

∇ψ, then recovers the velocity field,

uj,k(t) =
−ψj,k+2 + 8ψj,k+1 − 8ψj,k−1 + ψj,k−2

12∆y
,

(5.14)

vj,k(t) =
ψj+2,k − 8ψj+1,k + 8ψj−1,k − ψj−2,k

12∆x
.

Remarks.
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Fig. 5.19. Incompressible Euler equations; third-order method; T = 10, 64× 64 grid.
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Fig. 5.20. Incompressible Euler equations; third-order method; T = 10, 128× 128 grid.

1. Observe that in this way we retain the discrete incompressibility, namely, the
discrete velocities computed in (5.14) satisfy

−uj+2,k + 8uj+1,k − 8uj−1,k + uj−2,k

12∆x
+
−vj,k+2 + 8vj,k+1 − 8vj,k−1 + vj,k−2

12∆y
= 0.

2. The point-values of the vorticity, which are required for using the nine-points
Laplacian, were computed from its cell-averages using the “dimension by dimension”
recipe, (4.15)–(4.16).

Finally, the intermediate values of velocities can be computed, e.g., using fourth-
order averaging,

uj+1/2,k(t) =
−uj+2,k(t) + 9uj+1,k(t) + 9uj,k(t)− uj−1,k(t)

16
,

(5.15)

vj,k+1/2(t) =
−vj,k+2(t) + 9vj,k+1(t) + 9vj,k(t)− vj,k−1(t)

16
.
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Fig. 5.21. Incompressible Navier–Stokes equations; third-order method; T = 10, 64× 64 grid.
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y

Fig. 5.22. Incompressible Navier–Stokes equations; third-order method; T = 10, 128× 128 grid.

We start our numerical experiments by checking the accuracy of our scheme,
(5.10)–(5.15), augmented with the DUMKA3 time discretization. We consider the
Navier–Stokes equations, (5.6)–(5.7) with ν = 0.05, subject to the smooth periodic
initial data (taken from [4]),

u(x, y, 0) = − cos(x) sin(y), v(x, y, 0) = sin(x) cos(y).(5.16)

The exact solution to this problem is simply an exponential decay of the initial data,
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Table 5.3
Accuracy test for the Navier–Stokes equations. (5.6)–(5.7), (5.16), ν = 0.05. Errors at T = 2.

Nx×Ny L∞-error Rate L1-error Rate L2-error Rate

32× 32 2.429e-02 – 1.791e-01 – 4.559e-02 –
64× 64 4.571e-03 2.41 2.814e-02 2.67 7.635e-03 2.58

128× 128 8.342e-04 2.45 3.869e-03 2.86 1.146e-03 2.74
256× 256 1.208e-04 2.79 4.966e-04 2.96 1.502e-04 2.93

given by

u(x, y, t) = − cos(x) sin(y)e−2νt, v(x, y, t) = sin(x) cos(y)e−2νt.

The approximate solution with a different number of grid points was computed at
time t = 2. The errors, measured in terms of vorticity in the L∞-, L1-, and L2-norms
are shown in Table 5.3.

Next, the third-order semidiscrete scheme, (5.10)–(5.15), was implemented for the
periodic double shear-layer model problem taken from [2]. First, we solve the Euler
equations, (5.6)–(5.7) with ν = 0, subject to the (2π, 2π)-periodic initial data,

u(x, y, 0) =




tanh( 1
ρ (y − π/2)), y ≤ π,

tanh( 1
ρ (3π/2− y)), y > π,

v(x, y, 0) = δ · sin(x).(5.17)

Here, the “thick” shear-layer width parameter, ρ, is taken as π
15 and the perturbation

parameter δ = 0.05.
The numerical results at times T = 4, 6, 10 with N=64×64 and N=128×128 grid

points are presented in Figures 5.11 through 5.16 and 5.19 through 5.20. In order to
compare the quality of the results obtained with our new method to previous results,
we plot in Figures 5.17 and 5.18 the results obtained for the same double shear-
layer problem with the second-order central scheme proposed in [24]. Compared
with the second-order method, the new third-order method can resolve the large
gradients better. Since we are using only an essentially nonoscillatory reconstruction,
some oscillations are created with the third-order method (and not with the “fully”
nonoscillatory second-order method).

Finally, we solve the Navier–Stokes equations, (5.6)–(5.7) with ν = 0.01, aug-
mented with the “thick” shear-layer periodic initial data, (5.17).

The numerical results at time T = 10 with N =64 × 64 and N =128 × 128 grid
points are presented in Figures 5.21–5.24.

Acknowledgment. The authors would like to thank Professors S. Karni and R.
S. Krasny for helpful comments.
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Fig. 5.23. Incompressible Navier–Stokes equations; third-order method; T = 10, 64× 64 grid.
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Fig. 5.24. Incompressible Navier–Stokes equations; third-order method; T = 10, 128× 128 grid.
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Abstract. The numerical approximation of combustion processes may lead to numerical diffi-
culties, which are caused by different time scales of the transport part and the reactive part of the
model equations. Here we consider a modified fractional step method that overcomes this difficulty
on standard test problems and allows the use of a mesh width and time step determined by the
nonreactive part, without precisely resolving the very small reaction zone. High-resolution Godunov
methods are employed and the structure of the Riemann solution is used to determine where burning
should occur in each time step. The modification is implemented in the software package clawpack.
Numerical results for 1D and 2D detonation waves are shown, including a detonation wave diffracting
around a corner.
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1. Introduction. We consider hyperbolic systems of conservation laws with
source term which arise in the modeling of combustion processes. Here the source
term describes a chemical reaction, i.e., a burning process which leads to a production
or reduction of physical quantities inside the domain considered. Under appropriate
smoothness assumptions the differential form of a system of conservation laws with
source term is given as

qt +

d∑
i=1

fi(q)xi
= ψ(q),(1.1)

where the physical states q(x, t), the fluxes fi, and the source ψ are vector-valued
functions and d is the space dimension.

If the time scale of the ordinary differential equation (ODE) qt = ψ(q) for the
source term is orders of magnitude smaller than the time scale of the homogeneous
conservation law qt +

∑d
i=1 fi(q)xi

= 0, then the problem is said to be stiff. Here we
consider a combustion problem, where the chemical reaction, i.e., the burning process,
may be much faster than the gas flow.

We restrict our considerations to numerical solutions which are computed by us-
ing a fractional step method, in which we alternate between solving the homogeneous
conservation law and the ODEs for the reactions. Furthermore, we solve the homo-
geneous conservation law by using a high-resolution version of the Godunov scheme,
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which is implemented in clawpack [18]. It is known that the numerical solutions
of conservation laws with stiff source terms may be erroneous, for instance, with dis-
continuities that propagate at the wrong speed and with nonphysical states. These
purely numerical problems are caused by the smearing effect of the conservation law
solver. A conservative scheme for solving the homogeneous conservation law leads
to smeared-out shock profiles while discontinuities are still moving with the correct
speed. In a fractional step scheme this smearing effect may lead to an activation of the
very fast process described by the source term. This can produce totally nonphysical
solutions. Colella, Majda, and Roytburd [11] have observed nonphysical speeds for
a simplified combustion problem. LeVeque and Yee [23] have studied incorrect prop-
agation speeds of a contact discontinuity in the numerical solution of an advection
equation with a stiff nonlinear source term.

In order to avoid these problems one could use adaptive mesh refinement or front
tracking schemes, see, e.g., Bourlioux [9], LeVeque and Shyue [22], Jeltsch and Klin-
genstein [16]. Using a sufficiently fine mesh it is always possible to avoid nonphysical
solutions since the fractional step method is convergent to the relevant solution. Note
that a sufficient spatial resolution is as important as a temporal resolution; see [23].

However, resolution of the fine scale is what one really would like to avoid, if one
is not interested in the detailed structure of the detonation wave. Therefore some
authors, e.g., Pember [25] or Berkenbosch [7] considered the question of whether it
is possible to obtain an accurate numerical solution of a stiff hyperbolic system of
conservation laws with source term using time and space steps controlled only by the
nonstiff part, i.e., without fully resolving the effect of the stiff source term. With such
an underresolved scheme one would hope to approximate the global solution structure,
e.g., the correct propagation speed of a detonation wave.

Note that this approach is not appropriate if one is interested in processes arising
on the scale of the reaction zone, i.e., inside the reaction zone, which we do not want
to resolve in the stiff case. A correct approximation of pulsating detonation waves or
cellular structures can therefore not be obtained by our modified solver. In order to
get such results, one has to resolve the reaction zone.

For the combustion problem, the nonphysical numerical solution that is obtained,
if the chemical reaction is not resolved on the grid, is a weak detonation wave usually
moving with a speed of one mesh cell per time step. Pember [25] postulated that a
necessary condition for such a spurious solution to occur in the numerical calculation
could be that the temperature of the post detonation state of the approximated spu-
rious weak detonation wave is higher than the ignition temperature. Therefore, this
nonphysical numerical solution can be suppressed if the ignition temperature is high
enough. In Berkenbosch [7] the dependency of the numerical solution on the ignition
temperature is analyzed in much more detail; see also Berkenbosch, Kaasschieter,
and Klein [8]. They also show that the critical ignition temperature needed to get an
appropriate approximation of the correct strong detonation wave is lower if a high-
resolution scheme for the homogeneous conservation law is used in the fractional step
scheme. Based on this observation Berkenbosch [7] and Berkenbosch, Kaasschieter,
and Klein [8] suggest using a suitable ignition temperature. A similar change of the
ignition temperature was also described by Ton; see [28].

Another possibility to approximate shocks as sharp discontinuities (at least in 1D
approaches) is supplied by using the Glimm scheme, which was introduced in [14].
This scheme uses the exact values of the Riemann problem at a randomly chosen
point inside every mesh cell. The good performance of the Glimm scheme used in
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a fractional step approach to solve the reactive Euler equations is demonstrated in
Colella, Majda, and Roytburd [11]. A projection step that eliminates intermediate
states which are not in equilibrium was introduced by Sjögreen and Engquist [26]
and was tested for 1D and 2D problems. The idea of calculating values at randomly
chosen points was recently also used by Bao and Jin [2], [3] in a different way. They
replaced the ignition temperature by a uniformly distributed random variable inside
the interval of the temperature of the completely unburnt state and the completely
burnt state.

In Ben-Artzi [4] and Falcovitz and Ben-Artzi [13] the authors considered the
approximation of a Chapman–Jouguet (CJ) detonation wave by using an unsplit sec-
ond order scheme which is based on the solution of generalized Riemann problems.
Their scheme was not intended to resolve the stiffness of the problem. Instead it
was constructed in a way that should better approximate the coupling between the
fluid dynamical and the chemical equations. For the example used in those papers
the ignition temperature is above the critical temperature which is needed for a sec-
ond order fractional step scheme to approximate the correct detonation front. Their
numerical results show that the detonation wave is reasonably approximated if an
explicit scheme is used to calculate the reduction of unburnt gas, whereas the use of
an implicit scheme leads to the unphysical weak detonation wave.

Here we discuss a modification of the fractional step scheme for the approximation
of underresolved detonation waves which gives promising numerical resolution for all
appropriate ignition temperatures. It turns out that one can get all the information
required for this modification from the structure of the Riemann problems occurring
in the discretization. We believe that this approach could also give more insight into
the numerical problems occurring when solving conservation laws with stiff source
terms.

2. The 1D combustion problem.

2.1. The reactive Euler equations. For modeling the combustion process we
use the reactive Euler equations as described, for instance, in [12], [15], [20]. We make
use of the following basic assumptions. There are only the two chemical states: burnt
gas and unburnt gas. The unburnt gas is converted to burnt gas via an irreversible,
exothermic chemical reaction described by the functionK(T ). The reaction rateK(T )
depends on the temperature T via an Arrhenius law modeled by

K(T ) = K0 exp
(−E+/T

)
,(2.1)

where K0 is the rate constant and E+ is the activation energy; see, for instance, Oran
and Boris [24]. The reaction rate is negligible for low temperature values and grows
exponentially fast if the temperature is high enough. Sometimes this reaction rate is
replaced by a discrete ignition temperature kinetics model of the form

K(T ) =

{
1/τ0 : T ≥ Tign,
0 : T < Tign,

(2.2)

where Tign is the ignition temperature and τ0 is the time scale of the chemical reaction.
Note that 1/τ0 roughly corresponds to K0 in (2.1). In a stiff calculation, where we
do not want to resolve the reaction zone, the discrete ignition temperature kinetics
model is a reasonable approximation of the Arrhenius law. Therefore, we will first
restrict our considerations to this simplified reaction rate. Later we will show that
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our modified scheme can also be applied to the more general form of the Arrhenius
law (2.1).

The value τ0 in (2.1) must be seen in relation to the time scale of the convective
part of our problem. Further we assume that the burnt and unburnt gases are ideal
gases with the same ratio of specific heats γ and temperature T = p/ρR, where R is
the specific gas constant. Finally we ignore the effects of diffusion. Using all of these
assumptions we get the model equations

ρt + (ρu)x = 0 conservation of mass,(2.3)

(ρu)t + (ρu
2 + p)x = 0 conservation of momentum,(2.4)

Et + (u(E + p))x = 0 conservation of energy,(2.5)

(ρZ)t + (ρuZ)x = −K(T )ρZ continuity equation for the unburnt gas,(2.6)

as a combination of the Euler equations with the kinetics model. The variable Z is
the mass fraction of unburnt gas, where Z = 1 describes the unburnt state and Z = 0
the completely burnt state. The other variables are as usual the total density of burnt
and unburnt gas ρ, the velocity u, the pressure p, and the total energy E. The total
energy is calculated via the equation of state

E =
p

γ − 1 +
1

2
ρu2 + q0ρZ,(2.7)

where q0 is the heat release and the term q0ρZ is the chemical energy. Note that by
using (2.3), (2.6) is equivalent to

Zt + uZx = −K(T )Z.(2.8)

There are two combustion processes which are associated with the reactive Euler
equations, namely, detonations and deflagrations. Here we restrict our considerations
to the approximation of detonation processes; see, for instance, Courant and Friedrichs
[12], Godlewski and Raviart [15], or Berkenbosch [7] for a characterization of these
processes. We will consider the special case of a CJ detonation wave, which is the
detonation wave that occurs most frequently in practice.

The solution structure that can be derived from the reactive Euler equations was
originally considered by Zel’dovich, von Neumann, and Döring and is therefore called
a ZND structure. The detonation process is initiated by a shock. Through this shock,
pressure, density, and temperature are raised instantaneously. If the temperature of
the unburnt gas becomes greater than the ignition temperature, then the combustion
is initiated. Through the combustion process, pressure and density are decreased; see
Figure 1. For numerical experiments it is useful to start with such an exact ZND
structure as initial data. In this case the exact traveling wave solution and especially
the exact propagation speed of the detonation wave can be calculated.

We say that the reactive Euler equations for approximating a detonation wave are
stiff if the reaction zone is small relative to the mesh size �x, in which case the ZND
structure cannot be resolved on the grid. This is consistent with the characterization
of stiffness given in the introduction because the time scale of the chemical reaction
τ0 is proportional to the length of the reaction zone. In this case the time step
appropriate for the fluid dynamics is also insufficient to resolve the kinetics.

2.2. Numerical solutions by using the fractional step method. We use a
fractional step method to calculate the numerical solution, e.g., we split the calculation
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Fig. 1. ZND structure of a CJ detonation wave.

of (1.1) into the subproblems

qt + f(q)x = 0,(2.9)

qt = ψ(q)(2.10)

and alternate between evolving these numerically. Let L�t
CL denote an approximate

solution operator of the conservation law (2.9) and L�t
ODE be an approximate solution

operator of the ODE (2.10), each over a time step of length �t. Then the numerical
solution at time step tn+1 is calculated from the numerical solution at time tn via the
relation

Qn+1 = L�t
ODEL

�t
CLQ

n.

Here, we will restrict our considerations to this “Godunov splitting” scheme, but the
results can also be extended to other fractional step methods, e.g., the Strang splitting
scheme. See, for instance, LeVeque [20] for more details on fractional step methods.
We use a high-resolution version of the Godunov scheme with an exact Riemann solver
for solving the system of conservation laws. The solution of the Riemann problem for
the nonreactive two-component Euler equations, i.e., the solution of (2.3)–(2.6) with
K(T ) = 0 and piecewise constant initial values, is very similar to the solution of the
Riemann problem for the Euler equations. The solution theory of this frequently-used
Riemann problem is well known; see, e.g., Smoller [27] or Kröner [17]. This solution
consists of constant states separated by three waves, where the 2-wave is always a
contact discontinuity. The quantities u and p are Riemann invariants of the 2-wave,
thus they are constant across the contact discontinuity. The 1- and the 3-wave are
shock or rarefaction waves. Further it is known that the characteristic speed of the
contact discontinuity is equal to u. The mass fraction of unburnt gas in the homoge-
neous part of (2.8) is advected with the speed u, i.e., with the speed of the contact
discontinuity. Therefore the mass fraction of unburnt gas in a Riemann problem is
equal to Zl everywhere to the left of the contact discontinuity and equal to Zr every-
where to the right-hand side of this 2-wave. Different iterative schemes for solving the
Riemann problem for the Euler equations were developed, for instance, the Chorin
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algorithm [10]. The latter can easily be extended to solving the Riemann problem of
the nonreactive two-component Euler equations. It was used in our calculations.

The second step in the fractional step scheme consists in solving the ODE for the
source term. The assumption that K(T ) is constant is permissible for the ignition
temperature kinetics model (2.2). Therefore, the ODE Zt = −K(T )Z can be solved
exactly. We get the solution

Zn+1
j = exp

(
−K(Tnj )�t

)
Z
n

j ,

where Z
n

j and T
n

j are the values after one time step �t of the conservation law solver.
We consider the following test problem of a CJ detonation wave moving with speed
one.

Example 1. The initial values consist of totally burnt gas on the left-hand side
and totally unburnt gas on the right-hand side. The density, velocity, and pressure of
the burnt gas are given by ρb = 1.4, ub = 0, pb = 1, and Zb = 0. It is then possible
to calculate the values for the unburnt state so that the states are connected by a CJ
detonation wave moving with speed 1. We find that ρu = 0.887565, uu = −0.577350,
and pu = 0.191709. The mass fraction of unburnt gas is Zu = 1, which means that
there is only unburnt gas. Further we can calculate the states within the reaction
zone. The other parameters are set to γ = 1.4, R = 1, and q0 = 1.

For our first set of tests we use the discrete ignition temperature kinetics reaction
rate model (2.2). The time scale of the chemical reaction τ0 as well as the ignition
temperature Tign vary in the numerical calculations considered. We consider two
values of τ0 for our experiments: τ0 = 10−6, in which case the problem is stiff on
all grids we consider, and the nonstiff case τ0 = 0.1. In Figure 1 the ZND structure
is shown for the nonstiff case, and these values are also used as initial data. The
temperature is increased by the shock. The wave propagates to the right into unburnt
gas and the temperature directly behind the fluid dynamical shock is called the von
Neumann temperature, TvN . The ignition temperature has to be higher than Tu,
i.e., higher than the temperature of the unburnt gas, and lower or equal to TvN . In
our example the von Neumann temperature is TvN = 0.545918 and the temperature
of the unburnt gas is Tu = 0.21598. Note that the same initial value problem was
considered in LeVeque [20] where some preliminary results with this approach were
presented.

Now we set τ0 = 10
−6 and Tign = 0.22, i.e., the problem is stiff and the tempera-

ture is only slightly higher than the temperature of the unburnt gas. In this case the
fractional step scheme produces a nonphysical solution, a discontinuity which is prop-
agating with a speed of one mesh cell per time step as mentioned in the introduction;
see Figure 2.

This phenomenon has been studied by several authors, see, for instance, [8], [9],
[11], [13], and it is well understood that it is caused by the numerical diffusion of the
conservation law solver feeding into the fractional step method. For understanding
this purely numerical problem we consider one time step using the fractional step
method to approximate a detonation wave in a very stiff case, i.e., the reaction zone
is much smaller than the width of one mesh cell. For this stiff case the Riemann
problem, consisting of totally unburnt gas at the right-hand side and totally burnt
gas at the left-hand side, would be a reasonable approximation of the ZND structure.
Now we apply one time step of the Godunov scheme to this Riemann problem. The
solution structure of the Riemann problem considered is indicated in Figure 3.
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Fig. 2. Exact (−−−) and numerical (ooo) solution using the classical fractional step method,
with high-resolution Godunov scheme. Parameter values: τ0 = 10−6, Tign = 0.22, �x = 0.01, and
�t = 0.005, giving a Courant number between 0.5 and 1.

Ub Uu

Fig. 3. Structure of the Riemann solution for the reactive Euler equations. From left to right:
1-rarefaction wave, 2-contact discontinuity, 3-shock; left state: completely burnt gas, right state:
unburnt gas.

The rightmost wave (3-wave) is a shock moving into the unburnt gas. The 2-wave
denoted by a dashed line is the contact discontinuity separating burnt gas to the left
from initially unburnt gas to the right. However, the shock increases the temperature
of the unburnt gas in the region between the 3-wave and 2-wave (the shaded region
in Figure 3). The temperature is now greater than Tign and this gas will burn. In the
stiff case it burns completely during this time step.

The incorrect propagation speed in the fractional step method arises from the
fact that the structure shown in Figure 3 is first averaged over the grid cells to create
new piecewise constant states before the reaction terms are applied. As a result the
entire grid cell to the right in Figure 3 obtains a single averaged temperature. If this
is greater then Tign then all the unburnt gas in this cell burns during the reaction
step, including the gas to the right of the 3-wave. This causes the interface between
burnt and unburnt gas to advance by one full grid cell. See [23] for more details. The
closer Tign is to Tu the more likely this is to happen. If Tign is considerably larger
than Tu, then in some steps the full cell will burn and in other steps nothing will
burn, and the average speed could still come out close to correct. Furthermore, if
the ignition temperature is high enough then an unphysical intermediate state (for
instance in pressure) lower than the value of the completely burnt state can not be
obtained. This has been investigated by Berkenbosch [7]; see also [8].

2.3. Modification of the fractional step method. We have seen that the
nonphysical solutions are a consequence of smearing the reaction zone before burning.
Using this observation we construct a modification of the fractional step scheme which
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Fig. 4. Modification of the scheme along the smeared-out reaction front in the stiff case. Left:
first time step; right: second time step.

eliminates those combustion processes which are purely a consequence of the smearing
effects. First we consider the stiff case, in which the exact reaction zone is smaller
than one mesh cell and the reactions take place very fast.

Again considering the situation which is shown in Figure 3, we should allow a
reaction only between the shock and the contact discontinuity in the first time step,
because only there do sufficiently high temperature and unburnt gas coexist. The
essential idea of our approach is to apply the ODE solver only in the region where
burning should occur. In the first time step this is easy, but after one time step
we do expect some smearing of the correct shock location and hence a nonphysical
“average” temperature in at least one grid cell. Now we want to interpret the cell
average in a different way. As shown in Figure 4 the piecewise constant initial values
for the second time step contain one mesh cell i, where the mass fraction of unburnt
gas Z has a value with 0 < Z < 1. The average of the temperature in cell i might be
higher than the ignition temperature, but more correctly the burnt gas in cell i has
a temperature higher than Tign and the unburnt gas has a temperature lower than
Tign.

In the stiff case the reaction takes place very fast and during one time step the
whole portion of the gas which was heated up by the shock has already burnt. There-
fore we interpret the gas flow described by the homogeneous conservation law in the
second time step as a transport of the unburnt gas. A reaction can only take place
if this unburnt gas is ignited by a shock. This modification is described in Figure
4. The shaded areas indicate the mass fraction of unburnt gas after the transport
by the homogeneous conservation law. Only in the dark shaded area a reaction is
initiated. We make use of the fact that a rarefaction wave, such as the one generated
between cells i and i + 1, cannot increase the temperature of the unburnt gas. In
consequence there is no reaction to the right of the 3-shock in cell i even though the
average value of the temperature might be higher than Tign. The solution structure
could also consist of a 1-shock and a 3-shock. In this case we allow a reaction between
these two waves.

The temperature as well as the pressure can only be increased by a shock. We
observe that along the smeared-out reaction front the Riemann problems occurring
in each time step for solving the homogeneous conservation law have a 3-shock if the
combustion front moves from left to right.
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Fig. 5. Description of the modification using the high-resolution wave propagation algorithm.

On the other hand, a mesh cell may also lie within the reaction zone. If the
temperature in a mesh cell is higher than the ignition temperature and there is still
unburnt gas but no shock wave is coming into this mesh cell that will further increase
the temperature there, then this cell belongs to the (smeared-out) reaction zone. In
this case we allow the burning process in the whole mesh cell; i.e., we use the classical
fractional step method.

For our example of a CJ detonation wave moving from the left- to the right-hand
side, we can easily determine whether a mesh cell belongs to the smeared-out shock or
to the reaction zone and, hence, whether the burning process in the stiff case should
take place between shock and contact discontinuity, or in the whole mesh cell by only
considering the 3-wave. If the 3-wave is a shock, then we allow the burning process
only between the shock and contact discontinuity, and if the 3-wave is a rarefaction
wave, then we allow the burning process in the whole mesh cell.

By using a second order finite volume scheme, sharper results can be obtained
in which discontinuities are smeared-out over fewer mesh cells than when using first
order schemes. Nevertheless, in combination with a fractional step scheme, the same
numerical problems occur for both first and second order approximations of the con-
servation laws if the source term is not treated carefully. Note that the numerical
results which are shown in Figure 2 were calculated with a high-resolution Godunov
scheme to approximate the convective part. The same nonphysical solution would be
obtained using the first order Godunov scheme. For our improved numerical calcula-
tions we have combined the high-resolution wave propagation algorithm from claw-
pack, which is described in LeVeque [21], with the modification of the fractional step
scheme described above.

The high-resolution method is based on using piecewise linear reconstruction in
place of piecewise constant functions. Slopes are chosen based on nearby solution
values, and limiters are applied to avoid spurious oscillations. For all calculations
shown in this paper we used the monotonized-centered limiter, proposed by van Leer
[29] and given explicitly in [21] in the context of clawpack. Other standard limiters,
e.g., minmod or superbee, which are also available in clawpack were also tested
and gave comparable results. Figure 5(a) shows the piecewise linear reconstruction
of Z in three grid cells. From the structure of the Riemann problem we know that
discontinuities in Z are propagated at the speed of the contact discontinuity. In the
high-resolution method each piecewise linear structure is propagated at the local fluid
speed and then averaged onto the grid; see [21]. With combustion, we again wish to
apply burning only to the unburnt gas lying between a shock and contact where the
temperature has been raised above the ignition temperature. This is illustrated in
Figure 5(b) and (c) for the case where such a shock arises from the Riemann problem
between cells i and i+1 and moves into cell i+1 at a speed greater than the contact
speed. Hence, it is the unburnt gas initially in cell i+1 which now burns, as indicated
by the dark shaded region in each figure. In Figure 5(b) we simply use the cell average



1498 C. HELZEL, R.J. LEVEQUE, AND G. WARNECKE

1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
Pressure at time t = 0.4

1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1
0.2

0

0.2

0.4

0.6

0.8

1

1.2
Mass fraction at time t = 0.4

Fig. 6. Exact and numerical solution using the modification, with high-resolution Godunov
scheme. Parameter values: τ0 = 10−6 and Tign = 0.22, �x = 0.01, �t = 0.005 giving a Courant
number between 0.5 and 1.
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Fig. 7. Exact and numerical solution using the modification, with high-resolution Godunov
scheme. Parameter values: τ0 = 10−6 and Tign = 0.54, �x = 0.01, �t = 0.005 giving a Courant
number between 0.5 and 1.

Zi+1 to determine how much gas burns. This is easier to implement than the more
accurate procedure indicated in Figure 5(c), where the piecewise linear structure in
cell i + 1 is used to determine the amount that burns. Both have been tested in
one dimension but we have found very little difference in the observed accuracy.
Consequently, we have used the simpler approach of Figure 5(b) in the 2D extension
presented below.

Figure 6 shows the numerical solution of the stiff problem with low ignition tem-
perature using the modification which was described above. One should compare
with Figure 2 where the same problem was solved by using the classical fractional
step method. In Figure 7 the stiff problem was solved with our modification for a
case with a higher ignition temperature, near the von Neumann temperature, in or-
der to show that we get a good approximation of the detonation wave for all possible
ignition temperatures.

In the nonstiff case the fractional step method gives a good approximation of
the detonation wave, since for this case the two time scales fit together; see LeV-
eque [20] for a numerical calculation. This is consistent with our modification of
the stiff case in the following sense. In the nonstiff case most of the mesh cells
with 0 < Z < 1 belong to the reaction zone and therefore a reaction should take
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Table 1
Numerical propagation speed, calculated taking (2.11), using the classical fractional step method

(Sfs,1 or Sfs,2) and the modified method (Smod,1 or Smod,2) with first-order and high-resolution
versions of the Godunov scheme for different ignition temperatures (Tign) and different time scales
τ0. The numerical propagation speed is given for the time t = 0.4. For all calculations we used the
mesh width �x = 0.01 and a time step �t = 0.005 giving a Courant number between 0.5 and 1.

τ0 Tign S0.4fs,1 S0.4mod,1 S0.4fs,2 S0.4mod,2

0.1 0.22 1.052262 1.045323 1.052892 1.044059

Nonstiff 0.1 0.30 1.038623 1.032534 1.047261 1.042274

0.1 0.40 1.029742 1.029659 1.039676 1.039266

0.1 0.54 0.985936 0.985932 1.009614 1.009614

10−6 0.22 2.025000 1.069491 2.000000 1.086376

Stiff 10−6 0.30 1.150000 1.059374 1.125029 1.083180

10−6 0.40 1.078079 1.043682 1.102789 1.052685

10−6 0.54 1.025647 1.004062 1.056581 1.007961

place in the whole mesh cell. Now, in contrast to the stiff case, the gas that was
heated by the shock did not entirely burn in one time step. Note that this was
our main motivation for the modification along the smeared-out reaction front in
the stiff case. Therefore, in the nonstiff case we do not restrict a reaction to the
region between the shock and contact discontinuity only. Only in the mesh cell
where the totally unburnt gas is first heated up by a shock do we need to make
an exception. There the reaction should be restricted to the area behind the shock
because only there we have a sufficiently high temperature. The numerical results
which where obtained with this modification are very similar to those obtained by
the classical fractional step method, which is already adequate for the nonstiff case,
as seen in Table 1. Note that the approximation of the nonstiff case is also consis-
tent with the transition between the stiff and the nonstiff method which is described
below.

Table 1 contains different values for the numerical propagation speed Sn�t of the
mass fraction of unburnt gas calculated by the formula

Sn�t =
�x

n�t
·

∞∑
i=−∞

(Z0
i − Zni ).(2.11)

Sn�t is the averaged numerical propagation speed of the detonation wave at time n�t,
which was calculated via an approximation of the equal area rule; see Berkenbosch
[7]. Both a nonstiff and a stiff case are considered with different values of Tign. The
correct value of the propagation speed is equal to one in all cases. The index of S
in Table 1 further specifies the numerical scheme which was used for the calculation
as well as the order. All values of the numerical propagation speed are given for the
time n�t = 0.4, which corresponds to the time step of the numerical approximations
shown in Figure 2 as well as Figures 6 and 7.

Table 1 shows that the classical fractional step scheme gives a good approximation
of the stiff problem if the ignition temperature Tign is high enough. This was studied
by Berkenbosch in [7] and Berkenbosch, Kaasschieter, and Klein in [8]. With the
modified fractional step scheme we always get a more accurate approximation of the
shock speed and maintain reasonable accuracy even in the stiff case.
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Fig. 8. Resolved (−−−) and underresolved (ooo) approximation of the pressure for Example
2. For the resolved calculation we used the mesh width �x = 0.0025, and for the underresolved
calculation we used �x = 0.1. The classical fractional step scheme gives an unphysical solution
(left); the modified fractional step scheme gives an accurate approximation (right).

In our next example we apply our modified fractional step scheme to the approx-
imation of a stiff detonation wave for which the reaction is modeled by the Arrhenius
law (2.1).

Example 2. We consider the reactive Euler equations with the reaction rate law
(2.1). The unburnt state is given by ρu = 1, uu = 0, pu = 1. For the heat release, we
used the value q0 = 25 and the activation energy is set to E+ = 25. Furthermore, the
ratio of specific heats is set to γ = 1.4. The unburnt state is connected to the burnt
state by a CJ detonation wave. The physical quantities of the completely burnt state
are ρb = 1.6812, ub = 2.8867, pb = 21.5672. The CJ detonation wave has the speed
sCJ = 7.1247. Initially the discontinuity is located at the point x = 10. We use the
rate constant K0 = 164180.

Figure 8 shows numerical results of the pressure for underresolved calculations of
the detonation wave described in Example 2. The solid line is the reference solution
which was calculated on a very fine mesh. Our modified fractional step scheme, which
can be applied in the same way as described for the ignition temperature kinetics
model, approximates the correct propagation speed of the detonation wave, whereas
the usual fractional step scheme again leads to an unphysical weak detonation wave
followed by a nonreactive shock.

In order to approximate the transition between the stiff and the nonstiff case
on those mesh cells which approximate the smeared-out leading shock of a deto-
nation wave in an appropriate way, we limit the amount of the mass fraction of
unburnt gas, which is converted to burnt gas during one time step, from above by
(�Zi)max = area Zi, where Zi is the cell average of the mass fraction of unburnt gas
and area specifies the part of the mesh cell, where the source term should be applied in

a stiff calculation. In the 1D case this part of the mesh cell is given by area = (s−c)�t
�x ,

where s is the speed of the shock and c is the propagation speed of the contact discon-
tinuity. This implies that along the smeared-out leading shock of a detonation wave,
at most the whole mass fraction of unburnt gas between shock and contact disconti-
nuity would completely burn. In the nonstiff case the reduction of the mass fraction
of unburnt gas due to the ODE for the source term equation applied to the whole cell
average will in general be less than (�Zi)max, and our modified fractional step scheme
automatically switches to the classical fractional step scheme along the smeared-out
leading shock of a detonation wave. The same criteria can be applied to calcula-
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tions which use the Arrhenius law (2.1). However, for this reaction rate equation the
reaction rate and also the length of the reaction zone depends on the temperature.
Therefore, especially in multidimensional examples, the problem can include stiff and
nonstiff regions depending on the temperature. We will consider such a problem in
section 3.

3. The 2D combustion problem. Now we consider the modification of the
scheme for 2D reactive Euler equations, i.e., for the system of equations

ρt + (ρu)x + (ρv)y = 0,(3.1)

(ρu)t +
(
ρu2 + p

)
x
+ (ρuv)y = 0,(3.2)

(ρv)t + (ρuv)x +
(
ρv2 + p

)
y
= 0,(3.3)

Et + (u(E + p))x + (v(E + p))y = 0,(3.4)

(ρZ)t + (ρuZ)x + (ρvZ)y = −ρK(T )Z.(3.5)

Here u is the velocity of the gas in x-direction and v is the y-component of the velocity.
The equation of state is in the 2D case

E =
p

γ − 1 +
1

2
ρ(u2 + v2) + q0ρZ.

Again we want to use a fractional step scheme for approximating the solution. As
in the 1D case we have to apply a modification in order to avoid both nonphysical
propagation speeds of the combustion front and wrong intermediate states. For the
solution of the homogeneous conservation law we used the high-resolution version of
the Godunov scheme implemented in clawpack [18]. The method is based on solving
1D Riemann problems at each cell boundary as well as taking transverse directions
into consideration. The part of the flux across a cell boundary which is propagated in
the transverse direction is calculated via the tangential Riemann problem based on a
Roe linearization; see LeVeque [21]. This improves the stability and accuracy of the
scheme.

3.1. Modification of the 2D fractional step method. As we have already
mentioned, the 2D version of the Godunov scheme is based on solving 1D Riemann
problems in the x- as well as in the y-direction. Therefore, we can use the same
modification as in the 1D case; i.e., in the stiff case along the reaction front a reaction
will only be possible between the shock and contact discontinuity. This modification
is indicated in Figure 9, where we assume the case of a 3-shock.

Now we also want to consider the influence of the transverse propagation. This
means that parts of the shaded areas in Figure 9 are propagated into other mesh cells.
Here we only want to consider the propagation in the y-direction of the reaction area
calculated by a Riemann problem in x-direction. From the transverse Riemann solver
we can get a decomposition of each wave into a linear combination of eigenvectors of
the Jacobian matrix of the flux functions in the tangential direction. These subwaves
are moving upwards or downwards with the speeds µi corresponding to the eigenvalues
of the Jacobian matrix of the form µ1 = v − c, µ2 = v, µ3 = v + c; see [21].

The most accurate possibility for calculating the transverse propagation of the
area where a reaction is supposed to take place would require calculating the tem-
perature for all the subwaves corresponding to the area behind a shock along the
reaction zone. If the temperature is higher than the ignition temperature, then the
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xi

yj

Fig. 9. Structure of the modification of the normal Riemann problem in x direction between
the states q(xi, yj) and q(xi+1, yj) as well as for the Riemann problem in y direction between the
states q(xi, yj) and q(xi, yj+1) used in the stiff case.

(a)

µ1�t

λ2�t

λ3�t

µ3�t

(b)

µ1�t

λ3�tλ2�t

µ3�t

Fig. 10. Two different possibilities for the transverse modification. The dark shaded regions
are the cell portions where a reaction takes place for a Riemann problem in the x-direction with
transverse modification.

area between the shock and contact discontinuity should be propagated in the trans-
verse direction. Such a modification would be quite expensive. For the transverse
propagation, it is also not necessary to decouple every wave separately. Instead of
decoupling each wave, only the left- and right-going flux differences have to be con-
sidered. Therefore, we have used the simplified transverse propagation of cell areas
where a reaction takes place as indicated in Figure 10 which only uses the transverse
speeds µ1 and µ3. If both of these eigenvalues have the same sign, then the area which
is propagated in the y direction is equal to the trapezoid with a height equal to the
distance between shock and contact discontinuity and the sides |µ1�t| and |µ3�t|.
This is shown in Figure 10(a) for the case where all eigenvalues are positive. In the
case where µ1 < 0 and µ3 > 0, we would have a triangular portion corresponding to
µ1, which is moving into the cell below, and another triangular portion moving into
the cell above, which corresponds to the eigenvalue µ3. Figure 10(b) shows yet another
possibility: the transverse propagation of the reaction area consisting of a left-going
contact discontinuity and a right-going 3-shock assuming also that the eigenvalues µ1

and µ3 have different signs.
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3.2. Approximation of a radialsymmetric CJ detonation wave. We re-
strict our considerations to the stiff case where the fractional step scheme may have
numerical problems. First we want to note that also in the 2D case the usual frac-
tional step scheme without modification leads to a good approximation if the ignition
temperature is high enough. This was observed by Berkenbosch, Kaasschieter, and
Klein [8] for 1D and 2D combustion waves.

Example 3. For our numerical computations we consider a radially symmetric CJ
detonation wave. The initial values consist of totally burnt gas inside of a circle with
radius 0.3 and totally unburnt gas everywhere outside of this circle. Furthermore, the
unburnt and burnt states are chosen in a way analogous to the 1D case, i.e., ρb = 1.4,
ρu = 0.887565, pb = 1, pu = 0.191709, Zb = 0, Zu = 1, ub = 0, uu = −0.577350 cosα,
vb = 0, vu = −0.577350 sinα, where α is the angle in polar coordinates. The ignition
temperature is set to Tign = 0.26.

For this radially symmetric problem it is possible to get more insight into the
structure of the solution by comparing the solution calculated with a 2D algorithm
and the numerical solution of the 1D system of reactive Euler equations with an
additional source term for the radial symmetry. The 1D reactive Euler equations for
a radially symmetric problem are

ρt + (ρû)r = −1
r
ρû,

(ρû)t + (ρû
2 + p)r = −1

r
ρû2,

Et + (û(E + p))r = −1
r
û(E + p),

Zt + ûZr = −K(T )Z,

where û = u cos(α) + v sin(α) is the speed in radial direction and r =
√

x2 + y2 is
the distance from the center. Now we can use the 1D fractional step scheme with the
modification for the stiff source term to get an approximation along any radial slice of
the 2D combustion wave. The 1D system is solved on a very fine grid (�x = 0.00025)
so that the numerical solution is assumed to be an accurate approximation of the
exact solution. The numerical solutions of the 1D reference problem are plotted as
solid lines in Figures 14–16. The scatter plots of the 2D solutions are obtained by
plotting the value on each mesh cell as a function of r, i.e. the distance to the center
of symmetry.

In the 2D case we have the additional effect that also the gas flow ahead of
the combustion front increases the temperature slightly. For simplicity, we are not
interested in this effect for the moment. Therefore, we have to choose the ignition
temperature higher than the temperature occurring just ahead of the combustion
front during the time interval considered.

Figures 11 and 12 as well as the scatter plots Figures 14 and 15 show the numerical
calculations at different time steps obtained using the modified fractional step scheme.
Here the combustion front moves with the correct speed and, furthermore, the circular
geometry is resolved well on the grid.

For contrast, in Figure 13 contour plots of the pressure and mass fraction of
unburnt gas are shown, calculated by using the classical fractional step scheme at the
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Mass fraction at time t=0.2

Fig. 11. Contour plot of pressure and mass fraction of unburnt gas at time t = 0.2 using
the modification with high-resolution Godunov scheme, Tign = 0.26, τ0 = 10−6, �x = �y = 0.01,
CFL ≤ 0.75.
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Mass fraction at time t=0.4

Fig. 12. Contour plot of pressure and mass fraction of unburnt gas at time t = 0.4 using
the modification with high-resolution Godunov scheme, Tign = 0.26, τ0 = 10−6, �x = �y = 0.01,
CFL ≤ 0.75.

Fig. 13. Contour plot of pressure and mass fraction of unburnt gas at time t = 0.4 using
the classical fractional step method with high-resolution Godunov scheme, Tign = 0.26, τ0 = 10−6,
�x = �y = 0.01, CFL ≤ 0.75.
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Fig. 14. Scatter plot of pressure and mass fraction of unburnt gas vs. radius r at time t = 0.2
using the 2D modification with high-resolution Godunov scheme; �x = �y = 0.01, �t = 0.005,
τ0 = 10−6, Tign = 0.26.

Fig. 15. Scatter plot of pressure and mass fraction of unburnt gas vs. radius r at time t = 0.4
using the 2D modification with high-resolution Godunov scheme; �x = �y = 0.01, �t = 0.005,
τ0 = 10−6, Tign = 0.26.

Fig. 16. Scatter plot of pressure and mass fraction of unburnt gas vs. radius r using the
classical fractional step method with high-resolution Godunov scheme; �x = �y = 0.01, �t = 0.005,
τ0 = 10−6, Tign = 0.26.

later time. The scatter plots in Figure 16 show that the combustion front moves too
fast and there is an unphysical intermediate state for the pressure. Moreover, the
front does not remain circular.
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(a) (b)

Fig. 17. CJ detonation wave defracting around a corner. Resolved adaptive mesh refinement
calculation of temperature and mass fraction of unburnt gas.

Table 2
Error, i.e. difference between radial symmetric 1D reference solution and the solution calculated

with the 2D modified fractional step scheme in normal and tangential direction, in L1-norm and
experimental order of convergence (EOC) for the 2D modification using the high-resolution Godunov
scheme; τ0 = 10−6, Tign = 0.26, t = 0.4.

�x = �y �t ‖ ∆ρ ‖ ‖ ∆(ρu) ‖ ‖ ∆E ‖ ‖ ∆Z ‖
0.04 0.02 0.09481 0.05941 0.20250 0.10190

0.02 0.01 0.06477 0.03847 0.14550 0.04795

EOC 0.55 0.63 0.48 1.09

0.01 0.005 0.04258 0.02927 0.09877 0.02150

EOC 0.61 0.39 0.56 1.16

0.005 0.0025 0.02773 0.01945 0.06395 0.01221

EOC 0.62 0.59 0.63 0.82

Finally, Table 2 shows some numerical order of convergence results. For the
numerical approximation of this discontinuous solution the expected order of conver-
gence is between 0.5 and 1; see [19]. With our modified fractional step scheme we
could achieve such a convergence order without resolving the reaction zone. Although
our numerical solution shows the typical von Neumann peak behind the shock front,
we get a relatively large error in the region which approximates the very small reac-
tion zone. This might be a reason why the experimental order of convergence for the
variables which contain a peak is lower than the order of convergence for the mass
fraction of unburnt gas, which in the stiff case only contains a discontinuity.

The transition between the stiff and the nonstiff case is done in a manner anal-
ogous to what was described for the 1D case in section 2.3. Now the maximal rate
of reduction (area) of the mass fraction of unburnt gas in those mesh cells which
approximate the leading shock wave of the detonation is calculated using all normal
and transverse Riemann problems which have an influence on the mesh cell.

3.3. Approximation of a diffracting detonation wave. As a final example,
we consider a more interesting and challenging 2D problem, a CJ detonation wave
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which is diffracting around a 90 degree corner. We use the reactive Euler equations
with the Arrhenius reaction rate law (2.1). For this example the temperature behind
the leading shock wave will vary, which causes a change of the reaction rate. We can
therefore test our stiff solver as well as the transition between the stiff and the nonstiff
approach. Resolved calculations for a similar problem were considered by Xu, Aslam,
and Stewart [30] and Aslam and Stewart [1]. The solution of this problem depends
strongly on the activation energy and the reaction rate constant. In order to decrease
the reaction zone length and make the problem more stiff, we used a larger reaction
rate constant than in [30]. We also increased the activation energy in order to obtain
the solution structure for our more stiff problem.

The computational domain is [0, 120]× [0, 120]. There is a solid wall in the upper-
left corner of the domain for x ≤ 15 and y ≥ 60. Initially unburnt gas is in the region
x > 14. This unburnt state is given by ρu = 1, uu = 0, vu = 0, and pu = 1. The
ratio of specific heat is γ = 1.4, the heat release is q0 = 25, the activation energy is
E+ = 35, and the reaction rate constant is given as K0 = 120. The unburnt state is
again connected by a CJ detonation wave to the burnt state, the half-reaction zone
length of this CJ detonation wave is about 0.5.

First we consider a resolved approximation using the adaptive mesh refinement
algorithm of amrclaw [5], [6]. On the finest discretization level, which is used along
the leading shock of the detonation wave, the half-reaction zone length is resolved by
16 mesh points. A 3840× 3840 grid would be required to achieve this same resolution
on a uniform grid. Contour plots of the temperature as well as of the mass fraction
of unburnt gas are given in Figure 17.

As the detonation wave moves around the corner, the leading shock weakens,
which decreases the temperature behind the shock. When the shock becomes weak
enough, it will no longer raise the temperature above the ignition point. Then we get
a nonreactive shock traveling vertically followed by a region in which the temperature
is high relative to the initial unburnt state but the reaction rate is still negligible.
Some distance behind this shock the gas burns via a deflagration wave. This region
can be seen in the plot of the temperature; see Figure 17(a).

The shock which is traveling in the horizontal direction is still strong enough to
ignite a reaction and remains a CJ detonation wave with the constant speed sCJ =
7.1247. At some point along the curved shock front there is a transition between the
detonation wave traveling horizontally and the shock-deflagration structure traveling
vertically. Our goal in this set of experiments is to demonstrate that on underresolved
grids the modified method approximates the correct structure better than the classical
fractional step method.

Figures 18–20 show underresolved calculations of this problem. When the shock
becomes weaker and the temperature behind the shock becomes lower, the reaction
rate behind the shock decreases. In the mesh cells which approximate the leading
shock front we will therefore also switch from the stiff to the nonstiff solver. Our
modified fractional step scheme, used for the plots on the left-hand side, gives a
more accurate approximation of the transition of the solution structure from a det-
onation wave to a nonreactive shock followed by a deflagration wave. The modified
approach on the 120× 120 grid (Figure 18(a)) gives a representation of this structure
that is at least as good as what is seen with the classical method on the 240 × 240
grid (Figure 19(b)). The modified scheme on the 240 × 240 grid gives compara-
ble results as the fractional step scheme on the 480× 480 grid (compare Figure 19(a)
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(a) (b)

Fig. 18. CJ detonation wave diffracting around a corner. Underresolved calculation of the
temperature (120 × 120 grid points). (a) Using the modified fractional step scheme; (b) using the
classical fractional step scheme.

(a) (b)

Fig. 19. Underresolved calculation of the temperature (240 × 240 grid points). (a) Modified
fractional step scheme; (b) classical fractional step scheme.

(a) (b)

Fig. 20. Approximation of the temperature using two grid cells inside the half-reaction zone
length (480 × 480 grid points). (a) Modified fractional step scheme; (b) classical fractional step
scheme.
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and Figure 20(b)). Finally the modified scheme on the 480×480 grid produces a very
accurate approximation as can be seen by comparing Figure 20(a) with the resolved
calculation in Figure 17(a).

For lower or higher values of the activation energy, the point at which the shock
structure changes from a reactive to a nonreactive shock moves. If the activation
energy is low enough then the shock which is diffracting around the corner may
remain strong enough to ignite a reaction and remain a detonation wave everywhere.
The reaction rate constant also has an influence on the solution structure. For a
larger rate constant the reaction behind the curved shock becomes stronger and the
length of the reaction zone becomes smaller. Additional experiments with our method
(not shown here) have confirmed that it is robust and yields the correct structure on
underresolved grids also in other cases.

4. Conclusions. If stiff source terms are not treated carefully, then the numer-
ical method can produce unphysical solutions even if the scheme is stable. We have
considered these numerical difficulties for a combustion problem. If one is not inter-
ested in a calculation of the physical processes inside the very small reaction zone
but instead wants to determine more global features, e.g., the propagation speed of
a detonation wave, then it would be preferable to use a scheme which does not have
to resolve the very stiff source term. Here we have shown how the classical fractional
step scheme can be modified to give an accurate approximation for the model com-
bustion problem. In section 2 we gave a heuristic motivation of a modification of
the fractional step method which was described in that section and extended to 2D
problems in section 3.

Our modified fractional step scheme needs information about the structure of the
Riemann solution in order to determine the mesh cells over which the leading shock
of a detonation wave is smeared. Furthermore, the distance between the shock and
contact discontinuity in these mesh cells is required. This information will automat-
ically be provided by an exact Riemann solver as we have described. The distance
between the shock and contact discontinuity determines the part of a mesh cell where
the source term will be applied in a stiff calculation. For 2D calculations this area
depends on all Riemann problems which have an influence to the mesh cell, including
the Riemann problems which are solved in order to obtain the fluxes in the transverse
direction. However, this further information can be obtained with less effort than the
calculation of the change of the cell average due to the solution of the homogeneous
problem. Moreover, the modified treatment of the source term is only necessary in
those mesh cells which approximate the smeared-out leading shock, e.g., in about
three mesh cells for the calculation of the 1D example. Therefore, our modification
requires only slightly more effort than the classical fractional step scheme and permits
the use of much coarser underresolved grids.
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Abstract. In this paper, we study some efficient numerical methods for parameter identifications
in elliptic systems. The proposed numerical methods are conducted iteratively and each iteration
involves only solving positive definite linear algebraic systems, although the original inverse problems
are ill-posed and highly nonlinear. The positive definite systems can be naturally preconditioned with
their corresponding block diagonal matrices. Numerical experiments are presented to illustrate the
efficiency of the proposed algorithms.
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1. Introduction. The purpose of this paper is to investigate some numerical
methods for efficiently identifying the unknown coefficient q in the following elliptic
problem:

−∇ · (q∇u) = f in Ω; u = 0 on Γ.(1.1)

The identifying process is carried out in a way that the solution u matches its ob-
servation data z optimally either in the L2-norm or in the H1-norm. Here Ω can be
any bounded domain in Rd, d = 1, 2, or 3, with piecewise smooth boundary Γ and
f ∈ H−1(Ω) is given. Practically, we are often asked to recover the parameter q(x)
using the observed data z of the solution u. About the data z we are interested in
the following two cases:

(a) the measurement of the gradient of u is available,
(b) the measurement of the solution u itself is available.
For parameter identifications, Itô and Kunisch proposed a hybrid method in [11,

12, 13] which combines the output least squares and the equation error formulation
within the mathematical framework given by the augmented Lagrangian technique
and incorporates a regularization term of the H2-seminorm of the parameters to
be recovered. Chen and Zou [5] and Keung and Zou [14] generalized the method
to the case which allows the identifying coefficients to be discontinuous by using
the regularization of bounded variations and they provided the rigorous theoretical
justifications of the method and its finite element approximation. Independently,
Chan and Tai [3, 4, 18] considered also the regularization of bounded variations and
did numerous experiments on the performance of the augmented Lagrangian method
for identifying highly discontinuous parameters.

The primary approach we are interested in here is based on the following energy-
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norm least squares formulation of the aforementioned parameter identifying problem:

(P1)

{
minimize J(q, v) = 1

2

∫
Ω
q |∇v −∇z|2dx+ β N(q)

subject to (q, v) ∈ K × V and e(q, v) = 0

in case (a) or on the following L2-norm least squares formulation:

(P2)

{
minimize J(q, v) = 1

2

∫
Ω
|v − z|2dx+ β N(q)

subject to (q, v) ∈ K × V and e(q, v) = 0

in case (b). Here V = H1
0 (Ω) and K is a constrained set given by

K =
{
q ∈ L1(Ω); N(q) <∞ and α1 ≤ q(x) ≤ α2 almost everywhere (a.e.) in Ω

}
with α1 and α2 being two positive constants. N(q) is a regularization term with a
weighted coefficient β > 0. e(·, ·) is an operator from K × V into V defined by the
residual equation of (1.1) (in the weak sense):

(∇e(q, v),∇φ) = (q∇v,∇φ)− (f, φ) ∀ (q, v) ∈ K × V, φ ∈ V,(1.2)

where (·, ·) denotes the duality pairing between H−1(Ω) and H1
0 (Ω), which is the

extension of the inner product in L2(Ω). It is useful to remark that e(q, v) is convex
with respect to each variable.

The intention of this paper is to investigate some efficient and easy-to-implement
method for the preceding parameter identifications. We know that the regularization
of bounded variations, i.e., N(q) = |q|BV (Ω), is very effective in recovering discontin-
uous parameters, but it also adds a big difficulty to the numerical resolution process.
Namely, one has to solve a nearly singular and indefinite nonlinear minimization sys-
tem of the form

−β∇ · ∇q√|∇q|2 + ε
+ c(q) = g

at each iteration, where ε is the smoothing parameter introduced to smooth the BV-
norm term in numerical implementations and c(q) is a linear function of q, which
causes the indefiniteness of the system; see [3, 4, 5, 14, 18]. It seems there are very
few iterative methods which are known to be globally convergent for solving such a
troublesome system. We refer to Chan and Mulet [2], Dobson and Vogel [8], and the
references therein for some fixed point methods and their global convergence results
when c(q) is not too complicated.

In this paper, instead of the BV -norm regularization we are going to utilize the
H1- or piecewise H1-norm regularization. We will see that the H1-norm regulariza-
tion performs perfectly for identifying smooth coefficients as expected. In fact, our
experience indicates that it can also give rise to satisfactory results in most discon-
tinuous coefficient cases. But in the cases where the location of the discontinuities of
the identifying coefficients is available, we can achieve much more accurate recoveries
even for the coefficients with high discontinuities by using the piecewise H1-norm
regularization. The location of the discontinuities of parameters may be known in
some applications or can be identified first by some existing simple algorithms. As
we will show later on, with the H1- or piecewise H1-norm regularization, each itera-
tion of our algorithms involves only solving linear positive definite algebraic systems,
which can be solved by the well-known GMRES iteration with guaranteed conver-
gence [9]. Moreover, the positive definite systems may be preconditioned by their
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natural block diagonal matrices, which are very cheap and easy to implement. The
numerical experiments will also show that these preconditioners are effective.

The problems (P1) and (P2) will be solved by the augmented Lagrangian method
which enables us to relax the residual constraint e(q, u) = 0 and enhance the convexity
of the objective functional. For the purpose we introduce the augmented Lagrangian
functional Lr : K × V × V → R by

Lr(q, v;µ) = J(q, v) + (∇µ,∇e(q, v)) + r

2
‖∇e(q, v)‖2L2(Ω),(1.3)

where r ≥ 0 is some given constant.
Following the same arguments as we used in [5] we have the following.
Theorem 1.1. (q∗, v∗) ∈ K × V is a solution of the minimization problem (P1)

or (P2) if and only if there exists a λ∗ ∈ V such that (q∗, v∗, λ∗) ∈ K × V × V is a
saddle-point of the augmented Lagrangian Lr : K × V × V → R, namely,

Lr(q∗, v∗;µ) ≤ Lr(q∗, v∗;λ∗) ≤ Lr(q, v;λ∗) ∀ (q, v, µ) ∈ K × V × V.(1.4)

Remark 1.1. We refer to [5] for the proof of similar results as stated in Theo-
rem 1.1 for the TV-regularization, and [12, 13] for other quadratic regularizations.

2. Discretization and augmented Lagrangian algorithms. We now con-
sider the finite element discretization of the augmented Lagrangian Lr and derive a
discrete saddle-point problem.

Let Ω be a polyhedral domain in Rd, d = 1, 2, or 3, and {T h}h>0 be a family
of regular triangulations (cf. Ciarlet [7]) of the domain Ω with simplicial elements.
Denote by Vh the standard piecewise linear finite element space over the triangulation
T h and

◦
V h= Vh ∩H1

0 (Ω), Kh = K ∩ Vh.

The standard nodal basis functions of
◦
V h and Vh are denoted as {φi}N0

i=1 and {φi}Ni=1,
respectively.

We define a discrete version of the operator e(·, ·) : K × V → V as follows:

For any (q
h
, vh) ∈ Kh×

◦
V h, eh

(q
h
, vh) ∈

◦
V h is the solution of the system

(∇e
h
(q

h
, vh), ∇φ) = (q

h
∇vh, ∇φ)− (f, φ) ∀φ ∈

◦
V h.(2.1)

Then we introduce a discrete augmented Lagrangian Lr from Kh×
◦
V h ×

◦
V h to R:

Lr(qh
, vh;µh

) = Jh(qh
, vh) + (∇µ

h
, ∇eh(qh

, vh)) +
r

2
‖∇eh(qh

, vh)‖2L2(Ω)(2.2)

with

Jh(qh
, vh) =

1

2

∫
Ω

q
h
|∇vh −∇z|2dx+ β

∫
Ω

|∇q
h
|2 dx

in the case (a) and

Jh(qh
, vh) =

1

2

∫
Ω

|vh − z|2dx+ β

∫
Ω

|∇q
h
|2 dx

in the case (b).
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Applying the arguments as we used in [5], we obtain the following.
Theorem 2.1. For any r ≥ 0, there exists at least a saddle-point for the dis-

crete augmented Lagrangian Lr : Kh×
◦
V h ×

◦
V h→ R. Moreover, each saddle-point

(q∗
h
, v∗h, λ

∗
h) of L0 is also a saddle-point of Lr for any r > 0.

We apply the algorithm of the following Uzawa type to find the saddle-points of
the discrete augmented Lagrangian Lr defined in (2.2).

Uzawa Algorithm. Given λ0 ∈ ◦
V h. Then for n ≥ 0, determine the pair

{qn, un} ∈ Kh×
◦
V h such that

Lr(q
n, un;λn) = min

{
Lr(p, v;λ

n) ∀ (p, v) ∈ Kh×
◦
V h

}
(2.3)

and then compute λn+1 by

λn+1 = λn + ρn eh
(qn, un).(2.4)

This Uzawa algorithm was proved in [5] to be convergent globally as long as
0 < ρn < r. Earlier proofs of such global convergence of the Uzawa algorithms with
different quadratic regularizations can be found in [15] and the references therein.
The major cost of the algorithm is solving (2.3), a coupled system with qn and un as
unknowns. In our implementations, we will use the following alternative iteration for
solving (2.3).

Modified Uzawa Algorithm. Given λ0 ∈ ◦
V h and q0 ∈ Kh. Set n = 1.

1. Set k = 1 and qn,0 = qn−1.

2. Compute un,k ∈ ◦
V h by solving

Lr(q
n,k−1, un,k;λn−1) = min

vh∈V 0
h

Lr(q
n,k−1, vh;λ

n−1),(2.5)

and then compute qn,k ∈ Vh by solving

Lr(q
n,k, un,k;λn−1) = min

p
h
∈Vh

Lr(ph
, un,k;λn−1).(2.6)

Compute qn,k = max{α1,min{qn,k, α2}}.
If ‖qn,k − qn,k−1‖ ≤ tolerance, set un = un,k and qn = qn,k, GOTO 3;
Otherwise set k = k + 1, GOTO 2.

3. Compute λn by

λn = λn−1 +
3

4
r e

h
(qn, un).(2.7)

Set n = n+ 1, GOTO 1.

We will show in the next section that solving the minimization problems (2.5)
and (2.6) is equivalent to solving two linear positive definite systems.

2.1. Positive definite systems: Energy-norm case. From the modified
Uzawa algorithm we see that the major cost in each iteration of Step 2 is to solve
the minimization problems (2.5) and (2.6). We next show that (2.5) and (2.6) are
equivalent to two positive definite systems and thus can be solved using the GM-
RES iteration [16, 17], and more efficiently solved by the preconditioned GMRES
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method with their corresponding block diagonal symmetric positive definite matrices
as preconditioners.

We first need to derive Gâteaux derivatives of the augmented Lagrangian func-
tional Lr(q, u;λ). For the function eh(qh

, u
h
), we can easily see its derivative with

respect to q
h
, denoted as e′h(qh

, u
h
)p

h
at direction p

h
∈ Vh, is a finite element function

in
◦
V h and solves the equation

(∇e′
h
(q

h
, u

h
)p

h
,∇φ) = (p

h
∇u

h
,∇φ) ∀φ ∈ ◦

V h,(2.8)

while its derivative with respect to u
h
, denoted as e′

h
(q

h
, u

h
)w

h
at direction w

h
∈ ◦
V h,

is a finite element function in
◦
V h and solves the equation

(∇e′
h
(q

h
, u

h
)w

h
,∇φ) = (q

h
∇w

h
,∇φ) ∀φ ∈ ◦

V h.(2.9)

Note from above that for the sake of notation, we distinguish between the directional
derivatives of e

h
(q

h
, u

h
) with respect to q

h
and u

h
only by the direction notation, i.e.,

depending only on whether we use p
h
or w

h
. Using these derivatives of e

h
(q

h
, u

h
),

we can immediately obtain the Gâteaux derivatives of the augmented Lagrangian
functional Lr(q, u;λ). Its derivative with respect to u

h
at direction w

h
is

L′
r(qh

, u
h
;λh)wh

= (q
h
(∇u

h
−∇z),∇w

h
) + (∇λh,∇e′h(qh

, u
h
)w

h
)

+r (∇e
h
(q

h
, u

h
),∇e′

h
(q

h
, u

h
)w

h
)

= (q
h
(∇u

h
−∇z),∇w

h
) + (q

h
∇λh,∇wh

) + r (q
h
∇e

h
(q

h
, u

h
),∇w

h
),(2.10)

while its derivative with respect to q
h
at direction p

h
is

L′
r(qh

, u
h
;λh)ph

=
1

2

∫
Ω

p
h
|∇u

h
−∇z|2 dx+ β (∇q

h
,∇p

h
) + (∇λh,∇e′h(qh

, u
h
)p

h
)

+r (∇e
h
(q

h
, u

h
),∇e′

h
(q

h
, u

h
)p

h
)

=
1

2

∫
Ω

p
h
|∇u

h
−∇z|2 dx+ β (∇q

h
,∇p

h
) + (p

h
∇u

h
,∇λh)

+r (p
h
∇u

h
,∇e

h
(q

h
, u

h
)).(2.11)

Now combining the formula (2.10) and the definition of e
h
(·, ·), we can find the

solution un,k in (2.5), together with e
h
(qn,k−1, un,k) as follows:

Find (un,k, e
h
(qn,k−1, un,k)) ≡ (u

h
, e

h
) ∈ ◦

V h ×
◦
V h such that

(qn,k−1∇u
h
,∇w

h
) + r (qn,k−1∇e

h
,∇w

h
) = (qn,k−1∇(z − λn−1),∇w

h
),(2.12)

(∇e
h
,∇φh)− (qn,k−1∇u

h
,∇φh) = −(f, φh)(2.13)

∀w
h
∈ ◦
V h and φh ∈

◦
V h. Similarly, the solution qn,k in (2.6) can be solved together

with e
h
(qn,k, un,k):

Find (qn,k, e
h
(qn,k, un,k)) ≡ (q

h
, e

h
) ∈ Vh×

◦
V h such that

β (∇q
h
,∇p

h
) + r (∇e

h
, p

h
∇un,k) = −g

k
(ph),(2.14)

(∇e
h
,∇φh)− (qh

∇un,k,∇φh) = −(f, φh)(2.15)
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∀p
h
∈ Vh and φh ∈

◦
V h. Here gk

(ph) is given by

g
k
(ph) =

1

2

∫
Ω

p
h
|∇(un,k − z)|2dx+ (p

h
∇un,k,∇λn−1).

Next we show that the linear systems (2.12)–(2.13) and (2.14)–(2.15) are both
positive definite. To see this, we introduce

A = (aij), B = (bij), Λ = (Λj), F = (fj)

with

aij = (qn,k−1∇φi,∇φj), bij = (∇φi,∇φj)

and

Λj = (qn,k−1∇(z − λn−1),∇φj), fj = (f, φj)

for i, j = 1, 2, . . . , N0. Then (2.12)–(2.13) can be written as follows:

Au+ rAe = Λ, Be−Au = −F,

or equivalently

(B+ rA) e = Λ− F, Au = Be+ F,(2.16)

where u and e are the coefficient vectors of uh and eh in terms of the basis {φi}N0
i=1,

respectively. These two equations are both symmetric positive definite and can be
solved by the conjugate gradient methods, or more efficiently by PCG method with
the standard domain decomposition type preconditioners [1].

In an analogous manner, we introduce the following notation for the system
(2.14)–(2.15):

Q = (qij), N = (nij), G = (gk(φj))

with

qij = (∇ϕi,∇ϕj), nij = (ϕi∇un,k,∇φj)

for i, j = 1, 2, . . . , N . Then (2.14)–(2.15) can be written as follows:

βQq+ rNe = −G, Be−N� q = −F.

By eliminating e, we can easily show that the system has a unique solution pair (q, e).
For implementation, we write the system as(

rB −rN�

rN βQ

)(
e
q

)
=

( −rF
−G

)
.(2.17)

If we let A2 be the coefficient matrix of the above system, and D2 be the block
diagonal matrix of A2, then we can easily verify that

(e�,q�)A2

(
e
q

)
= r e�Be+ β q�Qq = (e�,q�)D2

(
e
q

)
> 0
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for any nonzero pair (q, e). Therefore A2 is positive definite, and so (2.17) can
be solved using the GMRES iterative method, or more efficiently solved using the
preconditioned GMRES method. A natural choice of the preconditioner matrix for
A2 is D

−1
2 , with

D2 =

(
rB

βQ

)
,(2.18)

which is independent of the number of iterations and so is very cheap and easy to
implement.

2.2. Positive definite systems: L2-norm case. In the L2-norm case, we can
similarly obtain the Gâteaux derivative of the augmented Lagrangian functional with
respect to u

h
and q

h
as in section 2.1. The derivative with respect to u

h
at direction

w
h
is

L′
r(qh

, u
h
;λh)wh

= (u
h
− z, w

h
) + (q

h
∇λh,∇wh

) + r (q
h
∇e

h
(q

h
, u

h
),∇w

h
),(2.19)

while its derivative with respect to q
h
at direction p

h
is

L′
r(qh

, u
h
;λh)ph

= β (∇q
h
,∇p

h
) + (p

h
∇u

h
,∇λh) + r (p

h
∇u

h
,∇e

h
(q

h
, u

h
)).(2.20)

Now combining the formula (2.19) and the definition of e
h
(·, ·), we can find the

solution un,k in (2.5), together with e
h
(qn,k−1, un,k), as follows:

Find (un,k, e
h
(qn,k−1, un,k)) ≡ (u

h
, e

h
) ∈ ◦

V h ×
◦
V h such that

(u
h
, w

h
) + r (qn,k−1∇e

h
,∇w

h
) = (z, w

h
)− (qn,k−1∇λn−1,∇w

h
),(2.21)

(∇e
h
,∇φh)− (qn,k−1∇u

h
,∇φh) = −(f, φh)(2.22)

∀w
h
∈ ◦
V h and φh ∈

◦
V h.

We next show that (2.21)–(2.22) is a positive definite system. To see this, we
introduce

A = (aij), B = (bij), M = (mij), H = (hj), F = (fj)

with

aij = (qn,k−1∇φi,∇φj), bij = (∇φi,∇φj), mij = (φi, φj)

and

hj = (z, φj)− (qn,k−1∇λn−1,∇φj), fj = (f, φj),

for i, j = 1, 2, . . . , N0. Then (2.21)–(2.22) can be written as follows:

Mu+ rAe = H, Be−Au = −F,

or equivalently, (
rB −rA
rA M

)(
e
u

)
=

( −rF
H

)
.
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Let A3 be the coefficient matrix of the above system and D3 be the block diagonal
matrix of A3; then we can see that A3 is positive definite as

(e�,u�)A3

(
e
u

)
= r e�Be+ u�Mu = (e�,u�)D3

(
e
u

)
> 0

for any nonzero pair (q, e). Thus the system can be solved by the GMRES method.
Another way to solve the system is to first eliminate u and solve the symmetric
positive definite system (B+ rAM−1A)e = −F+AM−1H for e and then substitute
e back to the system. Note that if we use the lumped mass scheme to approximate
the mass matrix M, then M is a diagonal matrix. This simplification keeps the same
accuracy of approximation as we calculate M exactly (cf. Hoffmann–Zou [10]).

On the other hand, combining the formula (2.20) and the definition of e
h
(·, ·),

we know that the solution qn,k in (2.6) satisfies the same equation as (2.17) but with
gk(φj) replaced by ∫

Ω

ϕi∇un,k · ∇λn−1 dx .

3. Regularization with piecewiseH1 seminorms. In some applications, the
location of the discontinuities of the identifying parameters may be available, either
achieved technically or obtained by some simple numerical methods. In this case, we
propose to use the piecewise H1-seminorm regularization to obtain a more accurate
recovery for the highly discontinuous parameters.

For simplicity, let us assume that the coefficient q(x) has jumps only across the
interface Γ between two subdomains Ω1 and Ω2 of Ω, namely,

q(x) =

{
q1(x), x ∈ Ω1,
q2(x), x ∈ Ω2,

with Ω̄ = Ω̄1 ∪ Ω̄2. The corresponding residual equation (1.2) becomes

(∇e(q, v),∇φ) = (q∇v,∇φ)−
{∫

Γ

[
q
∂u

∂n

]
φ+ (f, φ)

}
∀ (q, v) ∈ K × V, φ ∈ V.

Here
[
q ∂u∂n

]
is the jump of the flux q ∂u∂n across the interface Γ, which is given and in fact

vanishes in many real applications. We assume that Γ is a piecewise line segment (d =
2) or a polygon (d = 3). In other cases the finite element discretization needs to be
taken care of very technically (cf. Chen–Zou [6]). Let T h be a triangulation of Ω with
all the finite elements aligning with the interface Γ and Ṽh be the standard piecewise
linear finite element space, respectively, in Ω1 and Ω2, namely, with piecewise linear
functions which are continuous both in Ω1 and Ω2 but probably having jumps across
Γ. We define the discrete constrained set to be K̃h = K ∩ Ṽh.

Now we can reformulate the augmented Lagrangian functional Lr in (1.3) by
replacing the regularization term N(q) there by

Ñ(q) = β

∫
Ω1

|∇q1|2 dx+ β

∫
Ω2

|∇q2|2 dx.

And in this case the discrete constrained set is defined to be K̃h = K ∩ Ṽh, and the

discrete augmented Lagrangian functional Lr in (2.2) is now defined on K̃h×
◦
V h ×

◦
V h
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and has the same form as (2.2) but with the regularization terms in Jh(qh
, v

h
) replaced

by Ñ(q
h
).

All the derivations in sections 2.1–2.2 can be carried over with only minor nota-
tional changes. The resulting linear algebraic systems from (2.5) and (2.6) are still
all positive definite as we showed in sections 2.1–2.2.

4. Numerical experiments. We now show some numerical experiments on
the proposed method for parameter identifications. We apply the modified Uzawa
algorithm for the identification of the coefficients in the following test problems:

− d

dx

(
q(x)

d

dx
u(x)

)
= f(x), x ∈ (0, 1),(4.1)

u(0) = 0, u(1) = 0(4.2)

and

−∇ · (q(x, y)∇u) + c(x, y)u = f(x, y), (x, y) ∈ Ω,(4.3)

u(x, y) = 0, (x, y) ∈ ∂Ω,(4.4)

where Ω = (0, 1) × (0, 1). In our implementations, the interval (0, 1) is divided into
N uniformly distributed subintervals of length h = 1/N , the domain (0, 1)× (0, 1) is
triangulated uniformly into triangular elements with horizontal and vertical edges of
length h = 1/N .

Most parameters required in the algorithm are attached in each figure. The
error E shown is the relative L2-norm error between the exact parameter q(x) to be
identified and the numerically identified parameter qh. The numerically recovered qh
shown throughout this section are the result obtained at the 5th iteration, i.e., n = 5,
in the modified Uzawa algorithm. The augmented Lagrangian coefficient r and the
initial guess of the Lagrangian multiplier λ0 are always set to be 1 and 0, and the
finite element mesh size h to be 1/80 unless otherwise specified. The lower and upper
bounds α1 and α2 in the constrained set K are taken to be 0.5 and 20.0, respectively.
The tolerance is taken to be 10−6, i.e., ‖qn,k − qn,k−1‖∞ ≤ 10−6.

To generate the noisy observation data, we will always take the following form:

∇zδ(x) = ∇z + δ rand(x)

in case (a) or

zδ(x) = z + δ rand(x)

in case (b), where rand(x) is a uniformly distributed random (vector-valued in (a))
function in [−1, 1], δ is the noise level parameter. Then in our implementations, we
replace all previously appeared ∇z and z by ∇zδ and zδ, respectively.

4.1. Energy-norm case. We first show some results for the energy-norm case.
Example 1. We take the observed data z as

z(x) = u(q)(x) = sin(2πx)
with the coefficient q(x) as

q(x) = 3 + 2x2 − 2 sin(2πx).
Figures 1 and 2 show the exact solution q(x) (the solid line in Figure 1 but dashed
line in Figure 2) and the numerically identified solution qh(x) (the “o” line in Figure
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Fig. 1: q0h = 5.0, β = 10−5, δ = 1%, E=0.0025. Fig. 2: q0h = 5.0, β = 10−5, δ = 10%, E=0.021.
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Fig. 3: q0h = 5.0, β = 5× 10−5, δ = 1%, E=0.026. Fig. 4: q0h = 5.0, β = 10−5, δ = 10%, E=0.031.

1 but solid line in Figure 2) with the noise level δ = 1% and δ = 10%, respectively.
Note that the initial guess q0

h = 5.0 is not a good initial guess at all, but the numerical
method converges very stably and fast. Figures 1 and 2 are the results obtained at the
5th iteration (n = 5). As the numerical algorithm is a globally convergent algorithm,
one can take the initial q0

h much worse than q0
h = 5.0, say, q0

h = 50.0, and still obtain
the same accurate recovery. This is true for all examples shown in this section.

Example 2. We take the observed data z as

z(x) = u(q)(x) = sin(πx)

with the discontinuous coefficient q(x) as

q(x) =




2− x, x ∈ [0, 0.3],
1− x+ 4x2, x ∈ (0.3, 0.7),
3, x ∈ [0.7, 1].

Figures 3 and 4 show the exact solution q(x) (the dashed line) and the numerically
identified solution qh(x) (the solid line) with the noise level δ = 1% and 10%, respec-
tively.

Example 3. We take the observed data z as

z(x, y) = u(q)(x, y) = sin(πx) sin(πy)

and the coefficient q(x, y) as

q(x, y) = 1 + 6x2y(1− y).
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Fig. 5: q0h = 5.0, β = 10−5, δ = 1%, E=0.025. Fig. 6: q0h = 5.0, β = 10−4, δ = 10%, E=0.079.
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Fig. 7: q0h = 5.0, β = 10−5, δ = 1%, E=0.049. Fig. 8: q0h = 5.0, β = 10−5, δ = 10%, E=0.069.

Figures 5–6 show the numerically identified solution qh(x, y) with h = 1/40 and the
noise level δ = 1% and δ = 10%, respectively.

Example 4. We take the observed data z as

z(x) = u(q)(x, y) = sin(πx) sin(πy)

with a discontinuous coefficient q(x, y) as{
q(x, y) = 1, y ∈ [0, 0.5],
q(x, y) = 2, y ∈ (0.5, 1].

Figures 7–8 show the numerically identified solution qh(x, y) with h = 1/40, and the
noise level δ = 1% and δ = 10%, respectively.

4.2. L2-norm case. In this subsection, we show some numerical experiments
on the proposed method with the L2-norm formulation for the identification of the
coefficient q(x) in the test problems (4.1)–(4.2) and (4.3)–(4.4). The L2-norm for-
mulation assumes that the observation data is available via the pointwise function
values, not the gradient values as in the energy-norm case. Note that the behavior
of the gradient of a function is more essential for knowing the changes of a function
than the function values, so in general we cannot expect the same nice performance
in the current case as in the energy-norm case.

Example 5. The observed data z and the coefficient q(x) are the same as in Ex-
ample 1. Figure 9 shows the exact solution q(x) (the dashed line) and the numerically
identified solution qh(x) (the solid line) with the noise level δ = 1%.
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Fig. 9: q0h = 3.0, β = 10−7, δ = 1%, E=0.018.
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Fig. 10: q0h = 5.0, β = 10−6, δ = 1%, E=0.031.
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Fig. 11: q0h = 5.0, β = 10−6, δ = 1%, E=0.091. Fig. 12: q0h = 5.0, γ = 10−4, δ = 10%, E=0.018.

Example 6. The observed data z and the discontinuous coefficient q(x) are taken
to be the same as in Example 3. Figure 10 shows the numerical solution qh(x, y) with
h = 1/40 and the noise level δ = 1%.

Example 7. The observed data z and the discontinuous coefficient q(x) are taken
to be the same as in Example 4. Figure 11 shows the numerically identified solution
qh(x, y) with h = 1/40 and the noise level δ = 1%; the recovery seems acceptable but
not very satisfactory.

If the location of the discontinuity of the parameter q(x) is available, then we can
achieve much better identification by using the piecewise H1-seminorm regularization
(see section 3). Figure 12 is the numerically identified results using piecewise H1-
seminorm regularization with the noise level δ = 10% and h = 1/40. Compared with
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Figure 11, where the noise level is only δ = 1%, we can see that the numerical results
using piecewise H1-seminorm regularization are much more satisfactory.

4.3. GMRES iteration. As stated in the modified Uzawa algorithm, we have
to eventually solve two minimization problems (2.5) and (2.6) at each iteration of step
2. But we have shown in sections 2.1–2.2 that these two problems are both equivalent
to solving two positive definite systems. In this section we take the energy-norm
formulation as an example and present some detailed numerical performance of the
Uzawa algorithm using the GMRES method to solve the nonsymmetric but positive
definite system (2.17). From the GMRES theory we know this system can be solved
by GMRES with guaranteed convergence. However, when discretization mesh size
is very fine, (2.17) is large and still expensive to solve, especially in two and three
dimensions. So good preconditioners are needed. Fortunately we have a cheap and
natural preconditioner available, i.e., M−1. Here M is the block diagonal coefficient
matrix

M =

(
rB 0
0 β Q

)
(4.5)

of (2.17). We are going to demonstrate some numerical experiments and compare the
results using GMRES with or without preconditioning.

In our implementation, the stopping criterion of all GMRES or preconditioned
GMRES iteration for a system Ax = b is taken to be 10−6, i.e.,

‖b−Ax‖
‖b‖ < 10−6.

The system Mx = c involved in the preconditioned GMRES is always solved by the
backward and forward substitutions using the LU factorization of M , i.e., M = LU .
Note that the two diagonal block matrices B and Q of the preconditioner M are both
symmetric and positive definite, in fact they are the stiffness matrices arising from the
finite element discretization of the simple Laplacian operator, so the preconditioner
M is unchanged in the whole outer (Uzawa iteration) and inner (GMRES) iterations.
Thus the LU factorization of M needs to be done only once for all, namely, it can be
done before we start the Uzawa algorithm.

We remark that the matrixQ used in the preconditionerM is a singular matrix, so
the upper triangular matrix U of the LU factorization may have zeros on its diagonal.
In this case, we add 10−10 (for d = 1) and 10−6 (for d = 2) to those diagonal entries
with magnitudes less than 10−10.

Another way to avoid the singularity of the matrix Q is to replace the seminorm∫
Ω
|∇q|2 dx by the full-norm

∫
Ω
(|∇q|2 + q2) dx as the regularization term. In this

case,

Q = (qij), qij = (∇ϕi,∇ϕj) + (ϕi, ϕj)

and the preconditioner M̃ formed as in (4.5) is always nonsingular.
In the following examples, we will demonstrate the effectiveness of the precondi-

tioner M and the effect of seminorm and full-norm regularizations, by showing the
number of GMRES iterations performed.

In each table below,
(a) is the total number of GMRES solvers used when the number of the outer-loop

iteration of the modified Uzawa algorithm is n = 5;
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Table 4.1
Averaged number of iterations in each GMRES solver using H1-seminorm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/80 65 132 66 132
1/160 65 215 67 160
1/320 65 377 67 166

Table 4.2
Averaged number of iterations in each GMRES solver using H1-full-norm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/80 66 132 67 122
1/160 66 215 66 146
1/320 69 376 67 156

Table 4.3
Averaged number of iterations in each GMRES solver using H1-seminorm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/80 57 123 57 115
1/160 57 203 57 129
1/320 57 363 57 135

(b) represents the average number of iterations within one GMRES solver, i.e.,
the total number of iterations accumulated in all GMRES iterations divided by the
number given in (a).

Example 8. The observed data z and the exact coefficient q(x) are taken to be the
same as in Example 1. Results by using H1-seminorm and full-norm regularizations
with or without preconditioning are shown in Tables 4.1 and 4.2.

For all the examples given in this section, the graphs of the numerically identified
solution qh(x) are similar to the ones we have shown in section 4.1, so we do not present
them here again. From Tables 4.1–4.2, we see that the numbers of GMRES solvers
performed (column (a)) are approximately the same with different mesh sizes, which
means the convergence of the algorithm is almost independent of finite element mesh
sizes; this seems to be a surprising observation. When considering the average number
of iterations within one GMRES solver (column (b)), the one with preconditioning
seems to have much fewer iterations, and this averaged number of iterations seems
to be asymptotically constant. This indicates the preconditioners we used are almost
optimal, namely, the numbers of the iterations of the preconditioned GMRES required
to reach the stopping criteria are independent of the finite element mesh sizes. So the
advantage of the preconditioning is more obvious when the problem sizes are larger.
We can see such conclusion more evidently when we compare the results in Tables
4.1–4.2 and Tables 4.3–4.4 for the one-dimensional problems with the results in Tables
4.5–4.6 and Tables 4.7–4.8 for the two-dimensional problems.

The above observations are true for all other examples shown below.
Example 9. We take the observed data z and the true parameter q(x) (discon-

tinuous) to be the same as in Example 2. Results using H1-seminorm and full-norm
regularizations with or without preconditioning are shown in Tables 4.3 and 4.4.

Example 10. We take the observed data z and the true coefficient q(x, y) to be
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Table 4.4
Averaged number of iterations in each GMRES solver using H1-full-norm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/80 57 123 57 112
1/160 57 204 57 127
1/320 57 363 57 131

Table 4.5
Averaged number of iterations in each GMRES solver using H1-seminorm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/10 42 143 41 125
1/20 45 446 45 227
1/30 45 830 45 269
1/40 45 1122 44 276

Table 4.6
Averaged number of iterations in each GMRES solver using H1-full-norm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/10 41 143 41 110
1/20 45 446 45 207
1/30 45 830 44 236
1/40 45 1122 44 247

Table 4.7
Averaged number of iterations in each GMRES solver using H1-seminorm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/10 42 145 42 130
1/20 49 449 49 245
1/30 50 840 50 284
1/40 50 1149 50 295

Table 4.8
Averaged number of iterations in each GMRES solver using H1-full-norm regularization.

Without preconditioning With preconditioning
h (a) (b) (a) (b)

1/10 43 144 42 114
1/20 49 449 49 224
1/30 50 840 50 266
1/40 50 1148 50 282

the same as in Example 3. Results using H1-seminorm and full-norm regularizations
with or without preconditioning are shown in Tables 4.5 and 4.6.

Example 11. The observed data z and the true parameter q(x, y) (discontinuous)
are taken to be the same as in Example 4. Results using H1-seminorm and full-norm
regularizations with or without preconditioning are shown in Tables 4.7–4.8.

Acknowledgments. The authors wish to thank an anonymous referee and the
editor for many constructive comments that improved this paper.
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Abstract. We present a novel analysis of the potential effectiveness of a matrix ordering for
the incomplete Cholesky factorization (IC) in terms of just the sparsity structure. By looking at the
structure of the approximate inverse implicitly created by IC we can help to explain the success of
reverse Cuthill–McKee orderings, the problems IC(0) has under red-black orderings that disappear
when extra fill is included, and where fill must be added to make fill-reducing orderings such as
minimum degree effective.
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1. Introduction. The incomplete LU factorization (ILU) class of precondition-
ers has proven to be very competitive. However, like any algorithm that involves
factoring a matrix into triangular parts (exactly or only approximately), the ordering
of the rows and columns can have a crucial effect. The issue of how best to choose that
ordering is an important area of research continuing up to today [1, 3, 4, 5, 6, 8, 9].

A natural first choice for an ordering might be the best fill-reducing ordering
available—maybe a minimum degree variant or some kind of nested dissection. This
follows the intuition that if there are less fill entries to drop, then the incomplete
factorization will be more accurate.

However, it often turns out that envelope orderings like reverse Cuthill–McKee
(RCM) orderings do better despite allowing more fill, at least for level-of-fill based
incomplete factorizations and for fairly symmetric problems (e.g., see [1] for discussion
of highly nonsymmetric matrices). Another puzzling observation is that red-black
orderings usually give poor performance for ILU(0) but competitive performance for
higher levels of fill.1 These and many other orderings were considered in depth in
[8], but the reasons for the varying performance are still not clear. Other papers
have since further explored the effect of ordering on ILU, usually with a view toward
explaining (and minimizing) the typical tradeoff between parallelism and convergence
speed, but have generally stuck to model PDE problems on uniform rectangular grids
[6, 9].

The following analysis provides some justification for these phenomena that works
with the sparsity structure of the matrix, without considering the numerical values.
The new results may be used as a guide for the construction of high-quality orderings,
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1Gene Golub has recently suggested that ILU shouldn’t be applied directly to a red-black ordered

matrix, but rather to the Schur complement formed after diagonal scaling and pre-elimination of the
red nodes; our analysis could then be applied to the structure and ordering of the Schur complement.
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particularly in the common case where matrix entries may change from solution to
solution but the sparsity structure and ordering stay the same.

We restrict our attention to symmetric positive definite matrices A with an incom-
plete Cholesky factorization L̄L̄T approximating the exact factorization LLT . Our
analysis is purely structural, however, so the results are equally applicable to matrices
with symmetric structure only and whose ILU factors have identical structure after
transposition, as is the case with ILU(k). Extensions to the fully unsymmetric case
are possible, but we have yet to find satisfying, intuitive results there.

2. Inverse structure. The goal of an incomplete factorization is that the ap-
plication of the preconditioner is close to the application of the true inverse of A. In
other words, we want (L̄L̄T )−1 close to A−1, viewing IC as a kind of implicit approxi-
mate inverse. This study focuses on just what the sparsity structure of the matrix can
tell us; for orderings that consider numerical values, see, for example, [3, 4, 5, 6, 9].

One obvious desirable property for the incomplete factorization is that (L̄L̄T )−1

at least should have the same nonzero structure as A−1 (e.g., fully dense for irreducible
matrices, such as those arising from elliptic PDEs). If (L̄L̄T )−1 is constrained to have
zeros where A−1 has nonnegligible entries, the approximation cannot be good—the
required coupling between nodes is absent.

Before proceeding, we will introduce some graph theory notation (see [10, 11] for
more details). The (directed) graph of an n × n matrix B is a graph with vertices
1, . . . , n, and an arc i → j if and only if Bij �= 0. We will just write B instead of
“the graph of B” where it is clear. A dipath is an ordered set 〈i1, i2, . . . , ip〉 such that
i1 → i2, i2 → i3, . . . , and ip−1 → ip, often written as i1 → i2 → · · · → ip or simply
i1 ❀ ip. The transitive closure of a graph G is a graph G∗ on the same vertices but
with an arc i→ j in G∗ whenever i ❀ j in G.

In [11] the nonzero structure of the inverse of a matrix, assuming no fortuitous
cancellation, is characterized in terms of its graph: the structure of B−1 is the tran-
sitive closure of B. In other words, (B−1)ij �= 0 if and only if there is a dipath i ❀ j
in B.

We can immediately determine the structure of A−1 then. Assuming A is con-
nected, and making use of its symmetric structure, there is a dipath between any two
nodes. Hence A−1 is completely dense (first shown in [7]). We are thus interested in
having (L̄L̄T )−1

ij �= 0 for all i, j. Observe that

(L̄L̄T )−1
ij =

n∑
k=1

(L̄−1)ki(L̄
−1)kj .

Thus (L̄L̄T )−1
ij �= 0 if and only if there is some k such that k ❀ i and k ❀ j in L̄

(assuming no fortuitous cancellation). Notice that since L̄ is lower triangular, u→ v
in L̄ implies that u ≥ v, and so similarly u ❀ v implies u ≥ v (and in fact the nodes
on the dipath are monotonically decreasing). Therefore it is necessary that n ❀ i
monotonically for all i since no k > n—and this is clearly sufficient too, since then
n ❀ i and n ❀ j for all i, j, which implies (L̄L̄T )−1

ij �= 0 for all i, j.

Thus (L̄L̄T )−1 is fully dense if and only if node n−1 is adjacent to n (in L̄), node
n− 2 is adjacent to the set {n− 1, n}, node n− 3 is adjacent to {n− 2, n− 1, n}, etc.
Imagine selecting the ordering (the labelling of the nodes) in reverse order: choosing
which node will be n, then which will be n − 1, etc. Recall that a graph traversal is
a step-by-step selection of the graph’s nodes such that at each step, the next node
selected is adjacent to some previously selected node. Then what we have follows.
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True inverse

ILU(0) / RCM

ILU(1) / RCM

ILU(0) / Red−Black

ILU(1) / Red−Black

ILU(0) / MinDegree

ILU(1) / MinDegree

Fig. 2.1. True inverse and implicit approximate inverses for IC(0) and IC(1) of the 5-point
Laplacian under different orderings. Lighter grey indicates larger entries, except that pure white
indicates exact zeros.

Theorem 2.1. The implicit approximate inverse (L̄L̄T )−1 is fully dense if and
only if the ordering is a “reversed graph traversal” (RGT) of L̄, labelling the root n,
the next node visited n− 1, then the next one n− 2, and so on.

For IC(0), where the structure of L̄ is the same as the structure of the lower
triangle of A, we then are looking for a reversed graph traversal of A. A prime
example of this is RCM ordering, where a pseudoperipheral node is chosen as the
root, a special breadth-first traversal is made from the root, and the ordering is taken
by reversing the traversal so that the root is numbered n.

Parenthetically, this helps to explain why ILU can often give faster convergence
than an (explicit) approximate inverse with the same number of nonzeros. A nonfac-
tored sparse approximate inverse is by definition far from dense—for an elliptic PDE
this means that the preconditioner can’t resolve low-frequency components of the er-
ror and is bound to have slow convergence. Factored sparse approximate inverses
may have a dense product, but under more restrictive conditions than ILU: the last
row/column of the lower/upper triangular factors, respectively, must be dense, which
is often not the case.

Another result concerns red-black ordering on a 5-point grid. For IC(0) this is
far from being an RGT—every black node is numbered higher than all its neighbors
(which are red), and so there are no dipaths leading to a black node. However, for
IC(1) each black node is connected in L̄ to the eight nearest black nodes, and assuming
the usual row-ordering of the black nodes, this does give an RGT. This is one reason
why red-black orderings are competitive only at higher fill levels.

Unless special measures are taken, minimum degree, nested dissection, and sim-
ilar orderings are typically not RGTs for low fill ILU. Figure 2.1 shows an example
from a 5-point Laplacian on a 31 × 31 square grid. Each plot is of a column of the
implicit approximate inverse (or the true inverse) appropriately matched to the PDE’s
domain—i.e., a 312 column vector reshaped into a grid function on the 31× 31 mesh.
These are in essence discretized views of “slices” of the Green’s function or its IC ap-
proximations. The shading of the squares shows how big the nonzero entries are. It’s
clear that even if the numerical factorization were optimal, red-black ordered IC(0)
and the displayed low fill minimum degree ordered preconditioner must have serious
difficulties, whereas the RCM ordered factorization and red-black ordered ILU(1) at
least have the structural potential to be very effective.
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1 7 4 49 22 28 25
3 8 6 48 24 29 27
2 9 5 47 23 30 26
19 20 21 46 42 41 40

10 18 13 45 31 39 34
12 17 15 44 33 38 36
11 16 14 43 32 37 35

Fig. 2.2. An example ordering on a 7× 7 grid that is both a nested dissection and an RGT.

However, orderings like minimum degree and nested dissection sometimes can
give RGTs for low fill ILU. In particular, on square grids it is easy to determine a
nested dissection that is an RGT as well—Figure 2.2 gives an example for a 7 × 7
grid. The key point is that each separator is itself ordered as an RGT with its root
adjacent to the highest numbered node from the highest level separator possible. In
this way there always exists a path in the underlying graph between any node and
node n that does not pass through a lower numbered node than the starting node—in
fact, a monotonic path that goes along the separators.

3. Inverse factor structure. For an even better simulation of the application of
A−1 = L−TL−1, one could demand that the structure of the inverses of the incomplete
factors match those of the true factors. Our intuition is that this will allow increased
global coupling; it can be seen as an intermediate step between the full coupling of the
exact factorization and the weakest global coupling discussed in the previous section.

Requiring that L̄−1 is as full as L−1 is a stronger condition than requiring just
that L̄−T L̄−1 is as full as A−1, and so this narrows down which graph traversals can
be used. In particular, we will observe that this condition is not satisfied by RGT
nested dissection orderings with low fill-in, providing some explanation of why they
are typically still not as effective as other orderings.

Recall that a depth-first search is a graph traversal where at each step the next
node to be visited is chosen to be adjacent to the most recently visited node possible.
The subgraph induced by the edges linking each successive node (the child) to the
most recently visited adjacent node (its parent) is the associated depth-first search
tree.

Define a deepening search to be a topological (or post-order) traversal of a depth-
first search tree, i.e., a traversal of a depth-first search tree beginning at the root and
visiting each parent node before any of its children. Alternatively put, at each step of
a deepening search consider the connected components of unvisited nodes, and select a
node from any of those components that is adjacent to the most recently visited node
possible for that component. (A depth-first search is a particular type of deepening
search.) This leads to the following result.

Theorem 3.1. Assume that there is no numerical cancellation and that the
structure of the lower triangle of A is a subset of the structure of L̄, which is in turn
a subset of the structure of the exact lower triangular factor L. Then the structure
of L̄−1 matches the structure of L−1 if and only if A has been ordered according to
a reversed deepening search (RDS) of L̄. In particular, any RDS of A fulfills this
condition.

Proof. Recall that the structure of the inverse B−1 of some matrix B is given by
the transitive closure of the graph of B, which is the same as the transitive closure of
the transitive reduction of B [11]. Since the structure of L̄ is a subset of the structure
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of L, the structure of L̄−1 is a subset of the structure of L−1, and is equal to it if and
only if L̄ contains the transitive reduction of L.

Further recall that the transitive reduction of L is the elimination tree of A
[12]. Thus a necessary and sufficient condition for the result is that L̄ contain the
elimination tree of A.

Note that augmenting the structure of A with any subset of edges from L (i.e.,
adding “nonzeros” that are actually numerically zero) does not effect the structures of
its triangular factors, and hence also does not effect its elimination tree. Thus we can
simplify our argument by considering the structure of A augmented with the edges
from L̄ and L̄T , denoted by Ā, instead of A. The necessary and sufficient condition
is then reduced to Ā containing its own elimination tree.

Let E(i) denote the set of nodes reachable from i through paths in Ā using
only nodes {1, . . . , i − 1}, or in other words, the nodes reachable from i after all
higher numbered nodes have been removed from the graph of Ā. Partition each E(i)
according to the connected components it induces in the graph of Ā, giving subsets
E1(i), . . . , Ef(i)(i).

2 Thus each Ek(i) is a set of nodes numbered less than i that
induces a connected subgraph of Ā, with at least one node adjacent to i.

As characterized in [2], for example, the nonzeros in row i of L−1 correspond to
the set E(i). Observe that the elimination tree, the transitive reduction of L−1, has
an edge between i and the highest numbered node in each Ek(i), by the following
reasoning. Certainly these edges must be contained in the transitive reduction, since
there is no equivalent path to them in L−1: L−1 is triangular, so there can’t be a path
from i to the highest numbered node going through lower numbered nodes. These
edges also suffice to give the full transitive closure, since it is clear that for each such
edge (i, j) with j = max(Ek(i)), we have E(j) = Ek(i) \ {j}, so inductively a path
using just these exists from i to any node in E(i).

Therefore, the necessary and sufficient condition becomes that, for each i, there
is an edge in Ā from i to each of max(E1(i)), . . . , max(Ef(i)(i)). Imagine visiting
the nodes in reverse order, starting at n and ending at 1. The condition means that
within a connected component of unvisited nodes, the next node to visit must be a
neighbor of the most recently visited node adjacent to the component. In other words,
the condition is simply that the ordering must be an RDS of L̄ (and the associated
depth-first search tree is the elimination tree, consisting of the edges between each i
and max(E1(i)), . . . , max(Ef(i)(i)).

Finally, observe that, barring numerical cancellation, adding more fill to L̄ cannot
reduce the structure of its inverse. Thus if the ordering is an RDS of the original A,
i.e., of an IC(0) factor, then any higher fill incomplete factorizations L̄L̄T must satisfy
the condition.

An example of an RDS ordering that has already been investigated for ILU (and
shown to be fairly effective) is the spiral ordering of [8]. This illustrates a special case of
RDS orderings, where the associated depth-first search tree is actually a Hamiltonian
path (i.e., it doesn’t branch at all) and so the subdiagonal of A is all nonzero, which
guarantees that L−1 will be a fully dense lower-triangular matrix.

Although RCM orderings are always RGT orderings, they typically are not RDS
orderings, at least for low fill IC. However, it should be noted that by rearranging each
level set appropriately, they may always be converted into RDS orderings—perhaps
at the expense of increasing the envelope, but that is generally inconsequential in

2These may be called eliminated elements at step i of a complete factorization, and would cor-
respond to the quotient nodes adjacent to i in the quotient graph [10].
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modern sparse matrix packages for iterative methods.
On the other hand, although we observed in the previous section that separator-

based fill-reducing orderings such as nested dissection can be made into RGT orderings
by reordering separators, it is in general impossible to similarly convert them to RDS
orderings. Lower-level separators generally are adjacent to higher-level ones at the
wrong places, namely, the middle nodes rather than an end node. This may help to
explain why these orderings, even if they are RGTs, generally perform poorly with
low fill.3

4. Conclusion. The two theorems in this paper provide some understanding of
already observed phenomena—the robust performance of RCM orderings, etc. How-
ever, we look forward to a constructive use in designing more effective orderings (and
fill patterns) for IC. It certainly seems likely that any ordering considered today can
be made into an RGT either by adding extra fill or reordering separators, for example,
and many can be further made into an RDS. Alhough this is no guarantee of a good
quality preconditioner, this at least removes structural impediments and paves the
way for an effective incomplete numerical factorization.

Acknowledgments. We would like to thank the anonymous referees for their
helpful suggestions in refocusing and clarifying the paper and for some instructive
references.
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Abstract. Hydrodynamical models are suitable to describe carrier transport in submicron
semiconductor devices. These models have the form of nonlinear systems of hyperbolic conservation
laws with source terms, coupled with Poisson’s equation. In this article we examine the suitability
of a high resolution centered numerical scheme for the solution of the hyperbolic part of these
extended models, in one space dimension. Because of the lack of physically significant exact analytical
solutions, the method is assessed against a benchmark for the system of compressible, unsteady Euler
equations with source terms, which has an exact solution; the latter is shown to be nearly identical
to the numerical one. The method is then used to solve the extended hydrodynamical model (EM)
based on the maximum entropy closure recently introduced by Anile, Romano, and Russo, simulating
a ballistic diode n+ − n − n+, which models a metal oxide semiconductor field effect transistor
(MOSFET) channel. Results are presented for the reduced- and full-equation EM formulation at
steady state, for an initially discontinuous electron density at the junctions. Transient results show
the evolution of highly nonlinear waves emanating from the neighborhood of the junctions.

Key words. semiconductors, high resolution schemes, slope limiter centered

AMS subject classifications. 65C20, 65M06

PII. S1064827599361588

1. Introduction. Enhanced functional integration in modern electron devices
requires an accurate modeling of energy transport in semiconductors in order to de-
scribe high-field phenomena such as hot-electron propagation, impact ionization, and
heat generation in the bulk material. Furthermore, when using compound semi-
conductors for high frequency applications, usually one deals with multivalley band
structures and in these cases the transfer of carriers from one valley to the other
must also be modeled. The standard drift-diffusion models cannot cope with high-
field phenomena because they do not comprise energy as a dynamical variable. Also
they do not incorporate dynamical transfer of carriers from one valley to the other
and this renders them ill-suited for simulating time dependent high frequency phe-
nomena. Therefore, generalizations of the drift-diffusion equations have been sought
which would incorporate energy as a dynamical variable and which also could treat
time dependent high frequency phenomena. Because of their mathematical similarity
to the equations of compressible fluid flow, these models are called hydrodynamical
models. Semiconductor hydrodynamical models are obtained from the infinite hier-
archy of moment equations of the semiclassical Boltzmann transport equation (BTE)
by a suitable truncation procedure. This requires making suitable assumptions on (i)
choosing the appropriate moments, (ii) closing the hierarchy of moment equations by
finding appropriate expressions for the N + 1 order moment in terms of the previous
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ones, and (iii) modeling the production terms on the right-hand side of the moment
equations which arise from the moments of the collision terms in the BTE.

Various closure assumptions have been made for the semiconductor transport
moment systems, leading to various classes of hydrodynamical models, e.g., [12, 9, 19,
18]. However, these various closure assumptions are, at best, only phenomenological
and lack a consistent physical and mathematical justification.

Lately a closure assumption based on the maximum entropy principle of extended
thermodynamics [28, 24] or, equivalently, the method of exponential closures [21] has
been applied, in the parabolic band approximation, to the semiconductor moment
equations, leading to a semiconductor hydrodynamical model free from phenomeno-
logical assumptions and enjoying important mathematical properties such as hyper-
bolicity [5, 4, 6, 8].

With this closure the distribution function used to calculate the higher order
moments is assumed to be the one which maximizes the entropy under the constraints
of the given set of moments. The resulting constitutive equations for various moments
have been compared with the results obtained by Monte Carlo (MC) simulations in
[7, 29] and are very encouraging in support of the maximum entropy ansatz. In these
models the production terms are modeled by means of a fitting of the MC data for
both homogeneous and inhomogeneous doped semiconductors.

1.1. Previous work on steady-state model integrations. Apart from the
usual balance equations for carrier density, momentum, and energy, these extended
models (EMs) comprise evolution equations for the heat flux and shear stress. The
resulting system is hyperbolic in a suitable domain of the space of variables.

In the stationary case, by neglecting the viscous stresses and linearizing the heat
flux equation for small temperature gradients (Maxwellian iteration) one obtains an
extension of the Fourier law which includes also a convective term, which we call
the Anile and Pennisi (AP) model [5]. When the convective term in the constitutive
equation for the heat flow is (incorrectly) neglected, one obtains the model of Blotek-
jaer [12] and Baccarani and Wordeman [9] (BBW), which is often used in industrial
simulation studies. Gardner, Jerome, and Rose [16] and Gardner [17] numerically inte-
grated the BBW model for a benchmark case study (1-dimensional (1D) quasiballistic
n+ − n − n+ diode). They discretized the system of equations by using either cen-
tral differences (if the flow is everywhere subsonic) or the second upwind method (for
transonic flow). The discretized system is then linearized by using Newton’s method
with a damping factor. In this way Gardner [17] was able to show evidence for an
electron shock wave in the diode. A method similar to Gardner’s was used by Anile,
Maccora, and Pidatella [3] in order to solve the AP model with viscosity included.
Gardner’s results were also recovered within their approach. A similar approach has
been used by Benvenuti, Coughran, and Pinto [10] in order to solve coupled thermal
hydrodynamical models, using a Galerkin-type formulation.

Another approach which has been used in order to find the steady state for the
BBW or AP model (in 1D and 2D) is that of using an artificial time method and mixed
finite element space discretization. The ensuing time dependent numerical solutions
are evolved until steady state is reached [27].

1.2. Previous work on time dependent calculations. The above approaches
have dealt with the steady-state system of equations. For several practical applications
one has to account for dynamic processes like self-heating of the device, coupling with
mechanical effects, etc. This requires that at least the time derivatives in the particle
and energy balance equations be reinstated. For recent advanced applications, such



A HIGH RESOLUTION SCHEME FOR SEMICONDUCTORS 1535

as microwave power generation and optoelectronics, the remaining time derivatives in
the momentum and energy-flux equations have to be taken into account.

Numerical solutions of various unsteady semiconductor hydrodynamical models
have been presented in various articles. The hyperbolic part of the simpler BBW
model coincides with the Euler hydrodynamical equations; shock capturing schemes
have been adopted for its solution [15], achieving the stationary solutions as the limit
of the time dependent one.

Lately Gruzinskis et al. [18] have applied finite difference methods to solve their
hydrodynamical formulation which has a phenomenological closure and obtained wave-
like solutions.

Blokhin and Iordanovich [11] have presented numerical solutions for the AP model
using a flux vector splitting method, marching the algorithm to steady state.

Similar results have been presented in [31], again for the AP equations, using the
Nessyahu–Tadmor (NT) scheme [32] for the convective step, which has the advantage
over upwind-based schemes that it does not require the knowledge of the characteristic
speeds of the system, which are not known analytically in this case. In their paper
Romano and Russo [31] recovered the results obtained by Fatemi, Jerome, and Osher
[15] in the case of the BBW model. Further work using the NT scheme was carried
out by Anile, Romano, and Russo [7] in order to obtain the steady state for the 1D
quasiballistic diode by marching in time the unsteady algorithm.

Since there are no known nontrivial analytical solutions of the EMs against which
to compare the numerical results, confidence on the numerical results is enhanced
by utilizing other unrelated numerical schemes or by solving mathematically similar
problems with known solutions from other disciplines. This motivated recent work on
kinetic schemes [2] (which gave results identical to those obtained with the NT scheme,
although at a higher computational cost) as well as the work presented in this article.

2. Rationale for the current numerical approach. Our intention is to ul-
timately perform accurate multidimensional calculations of the full time dependent
EMs equations to simulate the behavior of realistic devices (bipolar junction transistor
(BJT), MOSFET, resonant diodes, etc.) in both transient and steady-state regimes.
In this context accuracy means being able to capture small scale wave features (e.g.,
related to Gunn-type oscillations), as well as the bulk behavior. In this article we have
considered the case of a 1D quasiballistic n+−n−n+ diode, which is used as a bench-
mark problem for models of submicron electron devices, since the salient features of
its behavior are understood. The modeling of a realistic device of this kind because of
the discontinuous doping profile introduces strong gradients in the initial electron den-
sity at the junctions. The subsequent evolution of the system gives rise to nonlinear
waves, before reaching a steady state. This implies that we must use methods which
do not suffer from excess numerical diffusion or spurious oscillations in the vicinity of
steep gradients. Also, although there are “source terms,” the conservation properties
of the hyperbolic left-hand side must be maintained. These requirements point us to
the high resolution family of methods (see, for example, the textbooks by Hirsch [22],
LeVeque [26], or Toro [33]) and in particular to those who lend themselves to be com-
bined readily with computational techniques like adaptive mesh refinement (AMR)
and modern computer architectures (such as massively parallel computers (MPP)).
A typical method of this family offers a conservative discretization, low numerical
diffusion, and no spurious oscillations near steep gradients.

High resolution upwind methods are most suitable for the numerical solution of
systems of hyperbolic conservation laws because they introduce characteristic informa-
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tion (regarding the local directionality of the flow) in the evaluation of the numerical
fluxes. A great number of upwind high resolution schemes use the solution of the
Riemann problem to evaluate the intercell fluxes. However, when the solution of the
Riemann problem is not known, it is possible to construct centered schemes which do
not compromise the qualities of the high resolution family, albeit at a small loss of
“sharpness” of the solution.

The solution is updated by evaluating a finite volume formula derived by consid-
ering the integral form of the conservation laws. In particular, for a 1D system of
the form

Ut + F(U)x = 0,(2.1)

where U and F(U) are the vectors of the conserved variables and the fluxes, respec-
tively, and the equivalent integral formulation∮

[Udx+ F(U)dt] = 0,(2.2)

the resulting update formula is (see [34])

Un+1
i = Un

i +
∆t

∆x
[Fi−1/2 − Fi+1/2],(2.3)

where Un+1
i and Un

i are the solutions at the next and current time-levels, n + 1
and n, respectively. Fi−1/2, Fi+1/2 are the numerical fluxes1 at the interfaces of the
computational cells of the discretized space; see Figure 2.1. For a given cell width,
∆x, and timestep, ∆t, the values of the numerical fluxes need to be evaluated in
formula (2.3) in order to compute the conserved variables at the next time-level.

To this end centered schemes can be constructed using a nonlinear combination
of a good second (or higher) order scheme with a first order monotone scheme.
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Fig. 2.1. Geometrical representation of the finite volume update formula.

2.1. The slope limiter centered scheme. The centered method we use for
the calculations presented in this article, namely the slope limiter centered (SLIC)
scheme [33], uses a version of the second order MUSCL–Hancock [36] (where MUSCL
stands for monotone upstream-centered scheme for conservation laws) and the first-
order centered (FORCE) scheme [33]. Since the scheme has been presented elsewhere,
we summarize below only its main points, and in particular the ones necessary for
our discussion.

1The numerical fluxes are approximations to the physical fluxes.
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The MUSCL–Hancock approach achieves a second order extension of Godunov’s
first order scheme by reconstructing the data as piecewise linear functions in every
cell. The left and right cell boundary extrapolated values for cell i

UL
i = Un

i −
1

2
∆i, UR

i = Un
i +

1

2
∆i

(where ∆i is a slope vector), are evolved in time by half a timestep as linear combi-
nations of the conserved variables and the fluxes:

ULnew
i = UL

i +
1

2

∆t

∆x
[F(UL

i )− F(UR
i )],

URnew
i = UR

i +
1

2

∆t

∆x
[F(UL

i )− F(UR
i )].

However, the intercell fluxes are evaluated using the FORCE scheme, instead of using
the solution of the Riemann problem. FORCE is a result of a combination of the Lax–
Friedrichs and the Richtmyer schemes (see [33] and references therein). In particular,
the flux at the interface of two states UL, UR is

F force
i+1/2 ≡ F force

i+1/2(UL, UR) = 0.5
[
FLF
i+1/2(UL, UR) + FRi

i+1/2(UL, UR)
]
.(2.4)

In the above expressions, the first order Lax–Friedrichs flux, FLF , is given by

FLF
i+1/2 ≡ FLF

i+1/2(UL, UR) = 0.5 [F (UL) + F (UR)] + 0.5
∆x

∆t
[UL + UR].

The second order Richtmyer scheme (which computes a numerical flux by first defining
an intemediate state) is

URi
i+1/2 ≡ URi

i+1/2(UL, UR) = 0.5(UL + UR) + 0.5
∆t

∆x
[F (UL)− F (UR)],

setting FRi = F (URi
i+1/2).

The resulting scheme is second order accurate in space and time, so to avoid
spurious oscillations in the vicinity of steep gradients, the slopes ∆i are replaced
by limited slopes ∆̄i, using slope limiter functions. For a detailed exposition of the
scheme, the slope limiter functions, and validation problems, see the textbook by
Toro [33].

An advantage of the scheme is that every flux component is “limited” indepen-
dently, using the appropriate conserved variable. This is of paramount importance
because normally a single function is used to limit all components; since there is no
formal theory on the selection of these functions, this can compromise the perfor-
mance of the scheme, especially if one flux is continuous at a point in space and time,
while another is discontinuous at the same point. Even if a suitable global function
is empirically found, this will have to be changed if the equations are altered.

From the above discussion it is evident that once a skeleton algorithm for the
scheme is coded, any system of hyperbolic conservation laws can be solved simply by
typing the vectors of the conserved variables and the fluxes. For our purposes this is
very important because the effects of altering the terms in the conservation laws on the
physics of the problem can be readily investigated. For example, in this article we solve
the full as well as the reduced EM semiconductor equations; see the following sections.

Also, because the scheme uses a conventional finite volume update formula on a
conventional computational mesh, it can be implemented in existing computer pro-
gram for 2D extensions with or without source terms, as explained in the next section.
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2.2. Fractional steps. The equations for our problem are of the form

∂U

∂t
+

∂F(U)

∂x
= S(U),(2.5)

coupled with the Poisson equation

∂2Φ

∂x2 = S1.(2.6)

We adopt the method of fractional steps to evaluate (2.5) and (2.6), where the homo-
geneous hyperbolic part

∂U

∂t
+

∂F

∂U
= 0

is solved using SLIC (with initial and boundary conditions as specified for the complete
system), and then we evaluate the remaining ordinary differential equation

∂U

∂t
= S(U)

and the Poisson equation (2.6) using conventional techniques (e.g., Runge–Kutta and
tridiagonal matrix solver). Calling R the relaxation step operator, C the convection
step operator, and P the Poisson operator, and assuming that the numerical schemes
used are at least second order accurate, a Strang splitting [30] which maintains this
level of accuracy is

Un+1 = R(∆t/2)P (∆t/2)C(∆t)P (∆t/2)R(∆t/2)Un.

The accuracy of this splitting and the performance of SLIC for arbitrary source-term
driven flow is evaluated using a combustion problem which has an exact solution.

3. A validation case study. The scheme has been validated in open literature
only for homogeneous systems of equations [33]. Before attempting to implement the
semiconductor equations, we validate the scheme against exact solutions of the com-
pressible unsteady Euler equations with source terms using a simplified combustion
problem described in some detail by Clarke [13]. It considers flow generated by the
action of source terms and is rich in wave structures similar to the ones anticipated
in the unsteady evolution of electron flow in semiconductor devices. The governing
equations are of the form

Ut + F(U)x = S(U),

where the vectors U, F(U), and S(U) are

U =




ρ

ρu

E


 , F(U) =




ρu

ρu2 + p

(E + p)u


 , S(U) =




G

F

H


 .(3.1)

The right-hand sides G, F , and H represent general sources of mass, momentum,
and energy, while the last two can be written as functions of G:

F = uG, H = (E + p/ρ)G.
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Fig. 3.1. Superimposed numerical (using SLIC) profiles for pressure and velocity at different
times, showing the evolution of the flow for the combustion problem formulated in section 3. An
expansion wave propagates to the left in a region of increasing pressure, while a compression wave
propagates to the right, eventually turning to a shock wave. Sonic flow is observed at the middle of
the domain.
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Fig. 3.2. Superimposed exact (line) and numerical (points) solutions using SLIC for the com-
bustion problem formulated in section 3.

An exact solution can be derived if the source term G is chosen to be such that

(aG/ρ) = Ḡ = const. in x < 0, and Ḡ = 0 in x > 0.

Part of the exact solution can be found in the paper by Clarke and Toro [14]. Initially
pressure is one atmosphere, u = 0, and a = a0, while the values of the constants are
a0 = 330m/sec and Ḡ = 1294301.0m/sec2.

Profiles of pressure and velocity at different times, mapping the evolution of the
flow, are shown in Figure 3.1; these results were obtained using SLIC. The source-
driven flow is isentropic up to the time of shock formation (t = (4a0)/((γ + 1)Ḡ)) at
the head of the wave propagating to the right. Sonic flow conditions appear at x = 0
at t = (4a0)/((3− γ)Ḡ).
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Salient features of interest in the context of scheme validation are the rising
pressure and the expansion wave in the left (source-filled) part of the domain and
the propagating pressure wave in the right part of the domain, which steepens to
form a shock wave. An interesting feature of this problem is that the flow “chokes” in
the middle of the domain when sonic conditions appear, as indicated by the velocity
curves which reach a limit at x = 0 and cusp to the right of the domain.

The accuracy of the method and the correct coupling of the hyperbolic and source-
term module is demonstrated in Figure 3.2, which shows superimposed exact (lines)
and numerical (points) results at t = 0.505 × 10−3; the two solutions are nearly
identical.

4. Semiconductor equations. The EMs which we consider here were formu-
lated by Anile, Romano, and Russo [7, 6]. The equations are of the form

Ut + F(U)x = S(U),

where the vectors U,F (U), and S(U) are

U =




n

nv

nv2 + 3p/m∗
2
3nv

2 + σ/m∗
nv3 + 5vp/m∗ + 2σv/m∗ + 2q/m∗



,(4.1)

F(U) =




nv

nv2 + p/m∗ + σ/m∗
nv3 + 5vp/m∗ + 2σv/m∗ + 2q/m∗
2
3nv

3 + 4
3vp/m∗ + 7

3vσ/m∗ + 8
15q/m∗

nv4 + 5p2/n(m∗)2 + 7σp/n(m∗)2 + 32
5 qv/m∗+

v2(8p/m∗ + 5σ/m∗) + 148
25 q2/m∗p



,(4.2)

S(U) =




0

−nv/τp − neE/m∗
−2(W −W0)/m∗τW − 2nevE/m∗
−1/m∗τσ(nv2 + σ/m∗)− 4nevE/3/m∗
−1/τq(nv3 + 5vp/m∗ + 2σv/m∗ + 2q/m∗)

−eE/m∗(3nv2 + 5p/m∗ + 2σ/m∗)



.(4.3)

Depending on the strength of the electric field, some of the nonlinear terms in the
deviation from local thermal equilibrium can be neglected, as well as the anisotropic
stresses. Thereby one obtains the following set of equations, which we refer to as the
reduced EM. In this case the vectors U, F(U), and S(U) are

U =




n

nv

3p/m∗
2q/m∗


 ,(4.4)
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F(U) =




nv

p/m∗
2q/m∗
5p2/n(m∗)2


 ,(4.5)

S(U) =




0

−nv/τp − neE/m∗
−2(W −W0)/m∗τW − 2nevE/m∗
−1/τq(2q/m∗)− 5eEp/(m∗)2


 .(4.6)

We remark that for the reduced model the interpretation of q is not that of heat
flux but of total energy flux.

In both cases we solve Poisson’s equation:

ε
∂2Φ

∂x2 = −e(ND −NA − n), E = −∂Φ

∂x
.(4.7)

Here n is the electron density, v is the electron velocity, p is the electron fluid
pressure, m∗ is the effective electron mass (taken to be 0.32 me), σ is the anisotropic
stress, q is the heat flux, τp is the relaxation time for momentum, τw is the relaxation
time for energy, τσ stands for anisotropic stresses, τq is the relaxation time for the
energy flux, e is the absolute value of the electron charge, E is the electric field, W is
the energy density, W = (1/2)m∗v2 + (3/2)KBT , and W0 is the thermal equilibrium
energy density.

In both cases the relaxation times are obtained as functions of energy W from
fitting to MC simulation for the same benchmark device (see [29]). The reduced
model resembles strongly the so-called energy-transport models obtained from the
semiclassical BTE by a Chapman–Enskog-like procedure [1].

5. A benchmark case study. As a test problem we consider a ballistic diode
n+ − n − n+, which models a MOSFET channel. The diode is made of silicon, and
the bulk temperature is supposed to be 300◦K. The n+ regions are 0.1µm long and
the channel length Lc we consider is 0.4µm. The doping profile is N+

D = 1. × 1018

cm−3, ND = 0.01× 1018 cm−3.
For the electron effective mass in the approximation of parabolic band we use

m∗ = 0.32 me, where me is the electron mass [35]. The silicon dielectric constant is
given by ε = εrε0, where εr =11.7 is the relative dielectric constant and ε0 = 8.85 ×
10−12F/m µm is the dielectric constant of vacuum.

The initial electron temperature is the lattice temperature T0 = 300◦K, and the
charges are at rest. A bias voltage of 1 volt is applied and this determines a charge
flux in the semiconductor.

Solutions for the full and the reduced formulation of the equations are shown in
this section. In both cases all of the variables are assumed to be initially constant
across the computational domain, save for the density of the electrons, which varies
discontinuously at the junctions

T (x, 0) = 300◦K, v(x, 0) = 0, q(x, 0) = 0, σ(x, 0) = 0.

The initial density profile is the doping profile, which is an inverted top hat. The
total length of the device is L = Lc + 0.2µm. Transmissive boundary conditions are
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Fig. 5.1. Numerical solutions using SLIC method solving the reduced model n+−n−n+ diode
formulation. The initial density distribution was discontinuous at the location of the junctions.

applied at both ends of the computational domain. The boundary conditions for the
Poisson’s equation are

eΦ(xleft) = KBT ln(ND/ni), eΦ(xright) = KBT ln(ND/ni) + eVbias,

where ni =1.45× 1010cm−3 is the intrinsic concentration.
The system is left to evolve, preserving time accuracy, until steady state is reached

(results shown at t = 5 picoseconds). The hyperbolic and the source terms are
allowed to evolve at different timesteps, which are, however, matched at the end of
every iteration. In this way the lower timestep of the source terms does not burden
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Fig. 5.2. SLIC method solving the full EM for zero bias (discontinuous initial density). After
the initial waves attenuate, velocity reaches a steady-state value of nearly zero (compared with the
initial magnitude of the waves), while there is evidence of a small value of current at the location
of the junctions.

the speed of execution of the complete code. It should be noted here that apart
from the efficiency issue, marching any method for hyperbolic conservation laws at a
timestep smaller than the optimum one, as dictated by the Courant–Friedrichs–Levy
(CFL) condition, significantly increases the truncation error of the calculation, which
manifests as excessive numerical diffusion.

The thickness of the junctions is of importance to the calculations because, as we
will demonstrate in a future communication, it affects some of the salient features in
the steady-state profiles of the primitive variables. In any case, the method allows
one to vary the junction thickness down to the width of a computational cell, i.e., a
genuine discontinuous profile of the initial density, which can match the true physical
width of a real device where the doping is obtained by epitaxial growth (and not
by ion diffusion). To the best of our knowledge, in all other published results the
junctions are smeared over several computational cells and therefore, the resulting
simulations apply only to the cases in which the initial profile is obtained by some
sort of diffusion.

5.1. Reduced EM calculations. The qualitative behavior of the solutions is
the same as for the “energy transport” models studied by several researchers [1, 27, 25]
under steady-state conditions. The new feature of our approach is that we use a
method suitable for hyperbolic systems with source terms, and in this particular
case study we evolved the solution as an unsteady problem marched to steady state,
preserving time as well as space accuracy. Therefore, our code could be used to
investigate the transient behavior of the system from an academic and an engineering
point of view. The results of the simulations are shown in Figure 5.1; the initial
doping profile is discontinuous at the junctions and the qualitative behavior of the
fields is what is expected on physical grounds. Similar results have been obtained
where the initial doping is smoothed with a convolution or hyperbolic tangent. In
these latter cases the results have been compared with those obtained by a direct
solution of the stationary equations using mixed finite elements [37]; the two sets of
results agree completely within computer arithmetic. It appears that the current is
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Fig. 5.3. SLIC method solving the full EM for 1 volt bias (discontinuous initial density);
steady-state profiles for various physical variables.

not exactly constant in the vicinity of the junctions. Previous studies have shown
that the magnitude of the error is related to the order of accuracy of the method and,
consequently, to the width of the computational cells, i.e., the error can be decreased
by using a method of higher order of accuracy. Alternatively, for a given order of
accuracy, the error can be decreased by increasing the number of computational cells.
The error apparent from Figure 5.1 is of the same order as for similar second order
methods and tends to vanish as the number of computational cells increases.

5.2. Full EM calculations. The full system of equations was integrated at
a zero and a finite-value bias. The former can be used to calculate the junction
capacitance and the voltage across the junction. Also, since the velocity and current
must go to zero, it also serves as an indication of the accuracy of the numerical model.
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Fig. 5.4. SLIC method solving the full EM for 1V bias (discontinuous initial density); transient
profiles for velocity and current.

The evolution of the field can be seen in Figure 5.2; electrons expand in both directions
of the channel, creating electron waves which reach steady state by t = 3 picoseconds.
There are no oscillations present in the velocity field, as was reported in the paper by
Fatemi, Jerome, and Osher [15]. There is, however, a residual value of current at the
location of the junctions, albeit of an order of magnitude smaller than the maximum
value reached during this test.

A bias of 1 volt was then applied across the device. Figure 5.3 shows the distri-
bution of the variables at steady state (t=5 picoseconds), while results as a function
of time are shown in Figure 5.4. The steady-state plots show no spurious oscillations
near steep gradients of the field variables. The small unphysical negative velocity usu-
ally observed in the region of the left junction is absent from these calculations. The
“bump” usually observed in the vicinity of the right junction is just visible, but not
pronounced; initial results suggest that its magnitude and spacial extent is a function
of the initial thickness of the junction (the wider the junction, the more pronounced
the bump is).

The time-evolution plots show that during the initial stages of the evolution, the
strong shock waves (emanating from the locations of the initial density discontinuities)
propagate from the junctions towards the middle of the channel. At approximately
t =1.5 they begin to attenuate; the wave propagating from the left adds to the constant
increase of the velocity in the middle of the channel, to form the “ramp” of the steady-
state velocity profile, while the one from the right contributes to the formation of the
pronounced “spike.” The evolution of the latter coincides with the formation of a spike
in the current distribution, which persists even after steady state has been reached.
If the transient behavior is to be studied in detail, the existence of these strong shock
waves necessitates the use of TVD methods.

These results compare favorably to the ones presented in the paper by Anile
and Muscato [4], where a direct solution of the steady-state equations is reached us-
ing a method similar to Gardner’s [17]. A similar calculation for the transients has
been performed by Jerome and Shu [23], albeit for a different model (Baccarani and
Wordeman [9]) using an essentially nonoscillatory (ENO) scheme. In both case stud-
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ies nonlinear waves arise, but detailed comparison is not meaningful because of the
substantial differences in the models.

By comparing the results of the reduced model and of the full model with the same
physical and computational parameters, we notice that they differ only slightly (the
reduced model shows a higher velocity peak and a lower energy peak), but otherwise
the bulk features are essentially the same. Therefore, since the full model presents
a more significant computational challenge (in terms of the singularities arising from
the nonlinearity and the added computational expense), the reduced model can be
used for parametric studies, and once the relevant parameters have been estimated,
more detailed simulations can be carried out using the full model.

6. Conclusions. A second order scheme for the solution of hyperbolic conserva-
tion laws, namely SLIC, has been implemented to solve the extended hydrodynamical
semiconductor equations. Other conventional methods have been used to evaluate the
source terms and the Poisson equation which is coupled with this system. The scheme
is second order accurate in space and time, and it belongs to the high-resolution class
of methods. As it is expected from schemes of this class, it is conservative, monotone,
and it can resolve discontinuous solutions over very few computational cells.

Our motivation to use this scheme stems from its low computational cost, ease of
implementation, and lack of arbitrary, user-adjusted parameters. The current imple-
mentation has an automatic selection of the optimum timestep, so that every iteration
remains as close as possible to the scheme’s stability limit, thus reducing truncation
errors and keeping the CPU time as low as possible. Test problems which have an
exact solution show that SLIC retains these qualities when used for the integration
of a system as complex as the extended hydrodyamical semiconductor equations. Be-
cause the scheme does not have user-adjusted parameters and it does not need a
special computational stencil, it can be used for multidimensional discretizations on
domains of arbitrary geometry and can also be used in conjuction with adaptive mesh
refinement software without any implementation complications.

The latest developments in semiconductor technology for ultrafast phenomena
in electron devices require new approaches for their numerical simulation. In this
article we have implemented a method used in other disciplines which deal with highly
nonlinear phenomena and have shown that it is effective in accurately capturing the
transient evolution of the electron flow to steady state in a submicron diode.
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éléments finis mixtes, C. R. Acad. Sci. Paris Sér. I Math., 323 (1996), pp. 535–541.
[28] I. Müller and T. Ruggeri, Extended Thermodynamics, Springer Tracts in Natural Philosophy

37, Springer-Verlag, New York, 1991.
[29] O. Muscato, R. M. Pidatella, and M. Fischetti, Monte-Carlo and hydrodynamics simula-

tion of a one-dimensional n+ − n − n+ silicon diode, Electronics VLSI Design, 6 (1998),
pp. 247–250.

[30] G. Strang, Accurate partial difference methods. II. Non-linear problems, Numer. Math., 6
(1964), pp. 37–46.

[31] V. Romano and G. Russo, Numerical solutions for hydrodynamical models of semiconductors,
M3AS, in press.

[32] H. Nessyahu and E. Tadmor, Non-oscillatory central differencing for hyperbolic conservation
laws, J. Comput. Phys., 87 (1990), pp. 408–463.

[33] E. F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics, Springer-Verlag,
Berlin, 1997.

[34] E. F. Toro and S. J. Billett, Centred TVD Schemes for Hyperbolic Conservation Laws,
IMA J. Numer. Anal., 20 (2000), pp. 47-79.



1548 A. M. ANILE, N. NIKIFORAKIS, AND R. M. PIDATELLA

[35] T. Vogelsang and W. Haensch, A novel approach for including band structure effects in
a Monte-Carlo simulation of electron transport in silicon, J. Appl. Phys., 70 (1991),
pp. 1493–1499.

[36] B. Van Leer, On the relation between the upwind-differencing schemes of Godunov, Enguist-
Osher and Roe, SIAM J. Sci. Stat. Comput., 5 (1984), pp. 1–20.

[37] A. M. Anile and P. Pietra, private communication, 1999.



A LEGENDRE SPECTRAL GALERKIN METHOD FOR THE
BIHARMONIC DIRICHLET PROBLEM∗

BERNARD BIALECKI† AND ANDREAS KARAGEORGHIS‡

SIAM J. SCI. COMPUT. c© 2000 Society for Industrial and Applied Mathematics
Vol. 22, No. 5, pp. 1549–1569

Abstract. A Legendre spectral Galerkin method is presented for the solution of the biharmonic
Dirichlet problem on a square. The solution and its Laplacian are approximated using the set of basis
functions suggested by Shen, which are linear combinations of two Legendre polynomials. A Schur
complement approach is used to reduce the resulting linear system to one involving the approximation
of the Laplacian of the solution on the two vertical sides of the square. The Schur complement system
is solved by a preconditioned conjugate gradient method or the Cholesky method. The total cost of
the algorithm is O(N3). Numerical results demonstrate the spectral convergence of the method.

Key words. biharmonic Dirichlet problem, spectral Galerkin method, Schur complement ma-
trix, preconditioned conjugate gradient method, Cholesky method
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1. Introduction. The aim of this work is to propose a Legendre spectral Galerkin
method for the solution of the biharmonic Dirichlet problem. This problem has been
the subject of several studies in recent years. Our work is related to the papers of
Shen [7] and Bjørstad and Tjøstheim [3], whose approach is based on the standard
variational formulation of the fourth order differential equation. Our approach is
based on the mixed method of Ciarlet and Raviart [4] which gives rise to a variational
formulation for two second order differential equations. A similar approach has been
recently applied in the Legendre spectral collocation solution of the same problem [2].

The formulation of the biharmonic Legendre spectral Galerkin problem and the
method of solution are similar to those developed in [5] for the finite element Galerkin
method with piecewise Hermite bicubics.

In this study we consider the biharmonic Dirichlet problem

∆2u = f in Ω, u = ∂u/∂n = 0 on ∂Ω,(1.1)

where ∆ denotes the Laplacian, Ω = (−1, 1)× (−1, 1), ∂Ω is the boundary of Ω, and
∂/∂n is the outward normal derivative on ∂Ω.

We set v = ∆u and discretize a coupled pair of Poisson’s equations in u and v using
a Galerkin method with polynomials of degree ≤ N . Employing a Schur complement
approach, we reduce the Galerkin problem to a Schur complement system involving
an approximation to v on the two vertical sides of ∂Ω and an auxiliary Galerkin
problem for a related biharmonic problem with v, instead of ∂u/∂n, specified on the
two vertical sides of ∂Ω. The Schur complement system with a symmetric positive
definite matrix is solved by the preconditioned conjugate gradient (PCG) method
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or the Cholesky method. A preconditioner for PCG is obtained from the Galerkin
problem for a related biharmonic problem with v instead of ∂u/∂n specified on the two
horizontal sides of ∂Ω. We conjecture that the preconditioner is spectrally equivalent
to the Schur complement matrix. The cost of multiplying the Schur complement
matrix by a vector is 4N2 + O(N) and the cost of solving a linear system with the
preconditioner is O(N). With the number of PCG iterations equal to c logN , the
dominant cost of solving the Schur complement system is c4N2 logN . The solution
of the auxiliary Galerkin problem is obtained at a cost 2N3+O(N2) using separation
of variables and the solution of a simple eigenvalue problem which reduces to two
symmetric eigenvalue problems with tridiagonal matrices. Hence the dominant cost
of our PCG algorithm is 2N3 + c4N2 logN . The dominant cost of our Cholesky
algorithm is 8N3/3. Both algorithms are well suited for parallel implementation since
many of their steps involve independent matrix-vector multiplications. Numerical
results demonstrate the spectral convergence rate of the approximations to u and v
in the maximum norm.

In section 2 we introduce two polynomial spaces, the corresponding basis func-
tions, and Galerkin matrices. We also discuss the solution of the linear system corre-
sponding to a one-dimensional biharmonic problem. The spectral Galerkin biharmonic
problem and its solution are discussed in sections 3 and 4, respectively. Numerical
results are presented in section 5 and concluding remarks are given in section 6.

2. Preliminaries. For an integer N ≥ 2, let

P 0
N = {p ∈ PN : p(±1) = 0},

where Pk denotes the set of polynomials of degree ≤ k on (−1, 1). (Note that the
dimensions of PN and P 0

N are N + 1 and N − 1, respectively.) Following (2.7) of [7],
we introduce the basis {φk}Nk=2 for P 0

N with

φk(x) =
1√

4k − 2
[Lk−2(x)− Lk(x)], k = 2, . . . , N,

where Lk(x) is the kth degree Legendre polynomial normalized by
∫ 1

−1
L2
k(x) dx =

2/(2k + 1). Augmenting the basis {φk}Nk=2 for P 0
N by

φ0(x) =

√
6

2
L0(x), φ1(x) =

3
√
10

2
L1(x),(2.1)

we obtain the basis {φk}Nk=0 for PN .

With (p, q) =
∫ 1

−1
(pq)(x) dx, we introduce the Galerkin matrices

A = [(φ′i, φ
′
k)]

N
i,k=2 , B = [(φi, φk)]

N
i,k=2 ,(2.2)

At = [(φ′i, φ
′
k)]

N,1
i=2,k=0 , Bt = [(φi, φk)]

N,1
i=2,k=0 ,(2.3)

and

Bs = [(φi, φk)]
1
i,k=0 ,(2.4)
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where i and k are the row and column indices, respectively. It follows from Lemma
2.1 in [7] that

A = IN−1, B =




× ×
× ×

× × ×
. . .

. . .
. . .

× × ×
× ×
× ×



,(2.5)

where Ik is the k × k identity matrix and the symbols × denote the only nonzero
matrix coefficients. The matrix B is clearly symmetric and positive definite.

Since φk(±1) = 0, k = 2, . . . , N , and φ′′0 = φ′′1 = 0, using integration by parts and
the orthonormality of the Legendre polynomials we obtain

At = O, Bt =




1 0
0 1
0 0
...

...
0 0


 , Bs =

[
3 0
0 15

]
.(2.6)

For λ > 0 consider the linear system

R11 [�u,�v]
T
+R12 [v0, v1]

T
=
[
�g, �f

]T
,

R21 [�u,�v]
T
+R22[v0, v1]

T = [g0, g1]
T ,

(2.7)

where

�u = [u2, . . . , uN ]T , �v = [v2, . . . , vN ]T ,

�g = [g2, . . . , gN ]T , �f = [f2, . . . , fN ]T ,

R11 =

[
B + λIN−1 λB

O B + λIN−1

]
,(2.8)

and

R12 =

[
λBt
Bt

]
, R21 =

[
BTt , λB

T
t

]
, R22 = λBs.(2.9)

Assume that N is even and introduce the vectors

�u(0) = [u2, u4, . . . , uN ]T , �u(1) = [u3, u5, . . . , uN−1]
T .

For i = 0, 1, let the vectors �v(i), �g(i), and �f (i) be defined in a similar way. Since B in
(2.5) consists of two tridiagonal matrices B0 and B1 and since Bs in (2.6) is diagonal,
(2.7) splits into two systems

Ai
[
�u(i), �v(i)

]T
+ �pvi =

[
�g(i), �f (i)

]T
,

�q
[
�u(i), �v(i)

]T
+ divi = gi

(2.10)
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for i = 0, 1, where

Ai =

[
Bi + λIN/2−i λBi

O Bi + λIN/2−i

]
(2.11)

and

�p = [λ, 0, . . . , 0, 1, 0, . . . , 0]T , �q = [1, 0, . . . , 0, λ, 0, . . . , 0], d0 = 3λ, d1 = 15λ.
(2.12)
It can be shown that the matrix in (2.10) is nonsingular. Moreover, Ai is nonsingular
since Bi+λIN/2−i is positive definite. Solving the first equation of (2.10) for [�u(i), �v(i)]
and substituting it into the second equation of (2.10), we obtain

vi = (gi − �s(i)[�g(i), �f (i)]T )/δi,(2.13)

where

�s(i) = �qA−1
i , δi = di − �s(i)�p.(2.14)

The vector �s(i) and the number δi can be computed with costs O(N) and O(1),
respectively. Once the number vi of (2.13) has been evaluated at cost O(N), �u(i) and
�v(i) of (2.10) can be obtained with cost O(N) by solving two systems with the same
tridiagonal positive definite matrix Bi + λIN/2−i. Therefore, the cost of solving (2.7)
is O(N).

Throughout the paper we use the symbol ⊗ to denote the tensor product of
matrices and the tensor product of function spaces. Let I, J , K, and L be finite sets
of increasing indices. Without loss of generality we assume

I = {1, . . . ,M1}, K = {1, . . . , N1}, J = {1, . . . ,M2}, L = {1, . . . , N2}.

Then the matrix-vector form of

zi,j =
∑
k∈K

c
(1)
i,k

∑
l∈L
c
(2)
j,l wk,l, i ∈ I, j ∈ J,(2.15)

is

�z = (C1 ⊗ C2)�w,(2.16)

where

C1 = (c
(1)
i,k )i∈I,k∈K , C2 = (c

(2)
j,l )j∈J,l∈L,

and

�z = [z1,1, . . . , z1,M2
, . . . , zM1,1, . . . , zM1,M2

]
T
,

�w = [w1,1, . . . , w1,N2
, . . . , wN1,1, . . . , wN1,N2

]
T
.

3. Biharmonic spectral Galerkin problem. Introducing v = ∆u in (1.1), we
obtain the coupled problem (see Figure 1)

−∆u+ v = 0 in Ω, u = 0 on ∂Ω, ∂u/∂n = 0 on ∂Ω,
−∆v = −f in Ω.

(3.1)
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1

-1 1

∆v- u=0

∆- v=-f

u=0, uy=0

u=0

u  =0x

u=0, uy=0

u=0

u  =0x

 

  

Fig. 1. Coupled problem (3.1).

The weak form of (3.1), obtained using Green’s formula, is∫
Ω

∇u∇η dΩ+

∫
Ω

vη dΩ = 0, η ∈ H1(Ω),∫
Ω

∇v∇δ dΩ = −
∫

Ω

fδ dΩ, δ ∈ H1
0 (Ω).

Let

XN = {w ∈ PN ⊗ PN : w(α, β) = 0, α, β = ±1}, X0
N = P 0

N ⊗ P 0
N .

The corner conditions w(α, β) = 0, α, β = ±1, in the definition of XN are motivated
by the fact that

v(α, β) = uxx(α, β) + uyy(α, β) = 0, α, β = ±1.

The Legendre spectral Galerkin problem for (3.1) consists of finding U ∈ X0
N and

V ∈ XN such that ∫
Ω

∇U∇η dΩ+

∫
Ω

V η dΩ = 0, η ∈ XN ,(3.2) ∫
Ω

∇V∇δ dΩ = −
∫

Ω

fδ dΩ, δ ∈ X0
N .(3.3)

Theorem 3.1. There exist unique U ∈ X0
N and V ∈ XN satisfying (3.2)–(3.3).

Proof. Since in (3.2)–(3.3) the number of constraints is equal to the number of
degrees of freedom, we assume that f = 0 and show that U = V = 0. Taking η = V
in (3.2) and δ = U in (3.3), we obtain∫

Ω

∇U∇V dΩ+

∫
Ω

V 2 dΩ = 0,

∫
Ω

∇V∇U dΩ = 0,

which gives
∫
Ω
V 2 dΩ = 0, V = 0. With V = 0 and η = U , (3.2) becomes∫

Ω
∇U∇U dΩ = 0, which implies U = 0 by the Poincaré inequality.
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Using the basis functions {φk}Nk=0 of section 2 for U ∈ X0
N and V ∈ XN , we have

U(x, y) =
N∑
k=2

N∑
l=2

uk,lφk(x)φl(y)(3.4)

and

V (x, y) =
N∑
k=2

N∑
l=2

vk,lφk(x)φl(y) +

N∑
k=2

1∑
l=0

vk,lφk(x)φl(y) +

1∑
k=0

N∑
l=2

vk,lφk(x)φl(y),

(3.5)

where we used properties of φ0 and φ1 of (2.1) in the derivation of (3.5). Corresponding
to (3.4) and (3.5) we introduce the vectors

�u = [u2,2, . . . , u2,N , . . . , uN,2, . . . , uN,N ]T ,(3.6)

�v = [v2,2, . . . , v2,N , . . . , vN,2, . . . , vN,N ]T ,(3.7)

�vh = [v2,0, v2,1, . . . , vN,0, vN,1]
T ,(3.8)

�vv = [v0,2, . . . , v0,N , v1,2, . . . , v1,N ]T .(3.9)

Substituting (3.4), (3.5) into (3.2)–(3.3), taking η = φi(x)φj(y), i, j = 2, . . . , N ,
δ = φi(x)φj(y), i, j = 2, . . . , N , η = φi(x)φj(y), i = 2, . . . , N , j = 0, 1, η = φi(x)φj(y),
i = 0, 1, j = 2, . . . , N , and using (2.15), (2.16), (2.2)–(2.6), we obtain, respectively,

(IN−1 ⊗B +B ⊗ IN−1)�u+ (B ⊗B)�v + (B ⊗Bt)�vh + (Bt ⊗B)�vv = �0,

(IN−1 ⊗B +B ⊗ IN−1)�v + (IN−1 ⊗Bt)�vh + (Bt ⊗ IN−1)�vv = �f,

(IN−1 ⊗BTt )�u+ (B ⊗BTt )�v + (B ⊗Bs)�vh + (Bt ⊗BTt )�vv = �0,

(BTt ⊗ IN−1)�u+ (BTt ⊗B)�v + (BTt ⊗Bt)�vh + (Bs ⊗B)�vv = �0,

(3.10)

where

�f = [f2,2, . . . , f2,N , . . . , fN,2, . . . , fN,N ]T(3.11)

and

fi,j = −
∫

Ω

fφi(x)φj(y) dΩ.

Using the N -point Gauss–Legendre quadrature in the x and y coordinates, with
nodes {ξk}Nk=1 and weights {wk}Nk=1, we approximate �f by

�f ≈ −(CD ⊗ CD) [f(ξ1, ξ1), . . . , f(ξ1, ξN ), . . . , f(ξN , ξ1), . . . , f(ξN , ξN )]
T
,(3.12)

where C and D are given by

C = [φi(ξk)]
N,N
i=2,k=1, D = diag (w1, . . . , wN ).
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1

-1 1

∆v- u=g

∆- v=-f

u=0, uy=0

u=0

v=0

u=0, uy=0

u=0

v=0

 

  

Fig. 2. Auxiliary problem (4.1).

The computation of the right-hand side of (3.12) requires O(N3) operations. The

vector �f can be also approximated in a slightly different and more efficient way using
the approach described in [6].

Equations (3.10) can be written as

S11 [�u,�v,�vh]
T
+ S12�vv =

[
�0, �f,�0

]T
,

S21 [�u,�v,�vh]
T
+ S22�vv = �0,

(3.13)

where

S11 =


 IN−1 ⊗B +B ⊗ IN−1 B ⊗B B ⊗Bt

O IN−1 ⊗B +B ⊗ IN−1 IN−1 ⊗Bt
IN−1 ⊗BTt B ⊗BTt B ⊗Bs


 ,(3.14)

S12 =


 Bt ⊗B
Bt ⊗ IN−1

Bt ⊗BTt


 ,(3.15)

S21 =
[
BTt ⊗ IN−1, B

T
t ⊗B,BTt ⊗Bt

]
,(3.16)

S22 = Bs ⊗B.(3.17)

In the remainder of the paper we describe an algorithm for solving (3.13) assuming

that �f or its approximation is given.

4. Solving the biharmonic linear system.

4.1. Inverse of S11. The matrix S11 of (3.14) arises in the spectral Galerkin
method for the auxiliary problem (see Figure 2)

−∆u+ v = g in Ω, u = 0 on ∂Ω, ∂u/∂n = 0 on ∂Ωh,
−∆v = −f in Ω, v = 0 on ∂Ωv,

(4.1)
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where ∂Ωh is the union of the horizontal sides of ∂Ω and ∂Ωv is the union of the
vertical sides of ∂Ω. The weak form of (4.1) is∫

Ω

∇u∇η dΩ+

∫
Ω

vη dΩ =

∫
Ω

gη dΩ, η ∈ H1(Ω), η = 0 on ∂Ωv,∫
Ω

∇v∇δ dΩ = −
∫

Ω

fδ dΩ, δ ∈ H1
0 (Ω).

The spectral Galerkin problem for (4.1) consists of finding U ∈ X0
N and V ∈ P 0

N ⊗PN
such that ∫

Ω

∇U∇η dΩ+

∫
Ω

V η dΩ =

∫
Ω

gη dΩ, η ∈ P 0
N ⊗ PN ,∫

Ω

∇V∇δ dΩ = −
∫

Ω

fδ dΩ, δ ∈ X0
N .

(4.2)

Lemma 4.1. The matrix S11 of (3.14) is nonsingular.
Proof. It can be shown, using an approach similar to the proof of Theorem 3.1,

that (4.2) has a unique solution.
Since B of (2.2) is symmetric, it is orthogonally similar to a diagonal matrix, that

is, there exist real Z = (zi,j)
N
i,j=2 and real

Λ = diag(λ2, . . . , λN )(4.3)

such that

ZTZ = IN−1, ZTBZ = Λ.(4.4)

It follows from the structure of B in (2.5) that the computation of Λ and Z satisfying
(4.3) and (4.4) reduces to solving two symmetric eigenvalue problems with tridiagonal
matrices. With the use of the QR algorithm for evaluating eigenvalues and the inverse
iteration for evaluating the corresponding eigenvectors, Λ and Z can be precomputed
with cost O(N2). Moreover, the coefficients of Z are such that

zi,j = 0 if i+ j is odd.(4.5)

Let

W =


 Z ⊗ IN−1 O O

O Z ⊗ IN−1 O
O O Z ⊗ I2


 .(4.6)

Then using (3.14) and (4.4), we obtain

WTS11W = G,

where

G =


 IN−1 ⊗B + Λ⊗ IN−1 Λ⊗B Λ⊗Bt

O IN−1 ⊗B + Λ⊗ IN−1 IN−1 ⊗Bt
IN−1 ⊗BTt Λ⊗BTt Λ⊗Bs


 .(4.7)

Since W is orthogonal, it follows that

S−1
11 =WG−1WT .(4.8)
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Let the vectors �u, �v, �vh, and �f have the forms given in (3.6), (3.7), (3.8), and
(3.11), respectively, and let

�g = [g2,2, . . . , g2,N , . . . , gN,2, . . . , gN,N ]T , �gh = [g2,0, g2,1, . . . , gN,0, gN,1]
T .(4.9)

In the following, the vectors �u′, �v′, �v′h, �f
′, �g′, and �g′h have the same forms as �u, �v, �vh,

�f , �g, and �gh, respectively. The components of the primed vectors are denoted by the
primed letters corresponding to the unprimed vectors. For example,

�u′ = [u′2,2, . . . , u
′
2,N , . . . , u

′
N,2, . . . , u

′
N,N ]T , �v′h = [v′2,0, v

′
2,1, . . . , v

′
N,0, v

′
N,1]

T .

Consider the computation of

[�u′, �v′, �v′h]
T = G−1[�g′, �f ′, �g′h]

T .(4.10)

It follows from (4.7) that (4.10) is equivalent to the system

(IN−1 ⊗B + Λ⊗ IN−1)�u
′ + (Λ⊗B)�v′ + (Λ⊗Bt)�v′h = �g′,

(IN−1 ⊗B + Λ⊗ IN−1)�v
′ + (IN−1 ⊗Bt)�v′h = �f ′,

(IN−1 ⊗BTt )�u′ + (Λ⊗BTt )�v′ + (Λ⊗Bs)�v′h = �g′h,

which, from (4.3), becomes

R
(k)
11

[
�u′k,·, �v

′
k,·
]T

+R
(k)
12

[
v′k,0, v

′
k,1

]T
=
[
�g′k,·, �f

′
k,·
]T
,

R
(k)
21

[
�u′k,·, �v

′
k,·
]T

+R
(k)
22 [v′k,0, v

′
k,1]

T = [g′k,0, g
′
k,1]

T
(4.11)

for k = 2, . . . , N , where the R
(k)
ij are given by (2.8), (2.9) with λ replaced by λk, and

�u′k,· = [u′k,2, . . . , u
′
k,N ]T , �v′k,· = [v′k,2, . . . , v

′
k,N ]T ,

�g′k,· = [g′k,2, . . . , g
′
k,N ]T , �f ′k,· = [f ′k,2, . . . , f

′
k,N ]T .

Since B is positive definite, it follows from the second equation in (4.4) that Λ is
positive definite and hence, by (4.3), λk > 0, k = 2, . . . , N . Clearly (4.11) is of the
same form as (2.7) with λ replaced by λk. Hence it follows from the discussion in
section 2 that [�u′, �v′, �v′h]

T of (4.10) can be computed with cost O(N2). Also it follows

from (2.13) that in the special case of �g′ = �f ′ = �0, �v′h of (4.10) can be obtained with
cost O(N).

4.2. Description of the algorithm. Since S11 is nonsingular (see Lemma 4.1),

eliminating [�u,�v,�vh]
T
from (3.13), and using (4.8), (4.6), we obtain

S�vv = −S21WG
−1
[
�0, (ZT ⊗ IN−1)�f,�0

]T
,(4.12)

where S is the 2(N − 1)× 2(N − 1) Schur complement matrix given by

S = S22 − S21S
−1
11 S12.(4.13)

(S is the Schur complement of S11 in [ S11 S12

S21 S22
].) It also follows from (3.13), (4.8),

and (4.6) that

[�u,�v,�vh]
T =WG−1{[�0, (ZT ⊗ �f,�0)]−WTS12�vv}.(4.14)
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Using (4.12), (4.14), and (4.6) we arrive at the following algorithm for solving (3.13).
Algorithm.
Step 1. Compute �f ′ = (ZT ⊗ IN−1)�f .

Step 2. Compute [�u′, �v′, �v′h]
T = G−1[�0, �f ′,�0]T .

Step 3. Compute �r = −S21[�u,�v,�vh]
T , where �u = (Z⊗ IN−1)�u

′, �v = (Z⊗ IN−1)�v
′,

�vh = (Z ⊗ I2)�v′h.
Step 4. Solve S�vv = �r for �vv.
Step 5. Compute �g′ = (ZT ⊗ IN−1)�g, �f

′′ = (ZT ⊗ IN−1)�f , �g
′
h = (ZT ⊗ I2)�gh,

where [�g, �f,�gh]
T = S12�vv.

Step 6. Compute [�g′′, �f ′′′, �g′′h]
T = [�0, �f ′,�0]T − [�g′, �f ′′, �g′h]

T .

Step 7. Compute [�u′, �v′, �v′h]
T = G−1[�g′′, �f ′′′, �g′′h]

T .
Step 8. Compute �u = (Z ⊗ IN−1)�u

′, �v = (Z ⊗ IN−1)�v
′,�vh = (Z ⊗ I2)�v′h.

It follows from (4.5) that the cost of Step 1 is N3 +O(N2) and the cost of Step 8
is 2N3 + O(N2). However, if the approximation to v = ∆u is not required, then the
cost of Step 8 is only N3 + O(N2). It follows from the discussion in section 4.1 that
the costs of Steps 2 and 7 are O(N2) each. Clearly, the cost of Step 6 is also O(N2).

Let �u, �v, and �vh be of the forms given in (3.6), (3.7), and (3.8), respectively, and
let, for k = 2, . . . , N ,

�uk,· = [uk,2, . . . , uk,N ]T , �vk,· = [vk,2, . . . , vk,N ]T .

Then it follows from (3.16) and (2.6) that

S21[�u,�v,�vh]
T = [�u2,·, �u3,·]T +[B�v2,·, B�v3,·]T +[v2,0, v2,1, 0, . . . , 0, v3,0, v3,1, 0, . . . , 0]

T .
(4.15)
Hence the cost of Step 3 is O(N2).

Let �vv, �f , and �g, �gh be of the forms given in (3.9), (3.11), and (4.9), respectively.
Let

�v(0)v = [v0,2, . . . , v0,N ]T , �v(1)v = [v1,2, . . . , v1,N ]T ,(4.16)

and let, for k = 2, . . . , N ,

�fk,· = [fk,2, . . . , fk,N ]T , �gk,· = [gk,2, . . . , gk,N ]T .

Then it follows from (3.15) and (2.6) that for

[�g, �f,�gh] = S12�vv,(4.17)

we have

�g2,· = B�v(0)v , �g3,· = B�v
(1)
v ,

�f2,· = �v(0)v ,
�f3,· = �v(1)v ,

�fk,· = �gk,· = �0, k = 4, . . . , N,
(4.18)

g2,0 = v0,2, g2,1 = v0,3 g3,0 = v1,2, g3,1 = v1,3, gk,0 = gk,1 = 0, k = 4, . . . , N.
(4.19)
Hence the cost of Step 5 is O(N2).

In the next subsection we discuss in more detail Step 4.

4.3. Solving systems with S.
Theorem 4.1. The matrix S of (4.13) is symmetric and positive definite.
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Proof. For n = 1, 2, and arbitrary

�v(n)
v = [v

(n)
0,2 , . . . , v

(n)
0,N , v

(n)
1,2 , . . . , v

(n)
1,N ]T ,(4.20)

using (4.13), we obtain

(S�v(1)v , �v
(2)
v )R2N−2 = (S22�v

(1)
v , �v

(2)
v )R2N−2 − (S21S

−1
11 S12�v

(1)
v , �v

(2)
v )R2N−2 .(4.21)

Let

�u(n) = [u
(n)
2,2 , . . . , u

(n)
2,N , . . . , u

(n)
N,2, . . . , u

(n)
N,N ]T ,(4.22)

�v(n) = [v
(n)
2,2 , . . . , v

(n)
2,N , . . . , v

(n)
N,2, . . . , v

(n)
N,N ]T ,(4.23)

�v
(n)
h = [v

(n)
2,0 , v

(n)
2,1 , . . . , v

(n)
N,0, v

(n)
N,1]

T

be such that

S11[�u
(n), �v(n), �v

(n)
h ]T + S12�v

(n)
v = �0.(4.24)

Existence and uniqueness of �u(n), �v(n), and �v
(n)
h follow from the nonsingularity of S11

(see Lemma 4.1). Then (4.21), (4.24), (3.17), and (3.16) give

(S�v(1)v , �v
(2)
v )R2N−2 = (S22�v

(1)
v , �v

(2)
v )R2N−2 + (S21[�u

(1), �v(1), �v
(1)
h ]T , �v(2)v )R2N−2

= ((Bs ⊗B)�v(1)v , �v
(2)
v )R2N−2 + ((BTt ⊗ IN−1)�u

(1), �v(2)v )R2N−2(4.25)

+((BTt ⊗B)�v(1), �v(2)v )R2N−2 + ((BTt ⊗Bt)�v(1)h , �v
(2)
v )R2N−2 .

Equation (4.24) is the matrix-vector form of the spectral Galerkin problem∫
Ω

∇U (n)∇η dΩ+

∫
Ω

V (n)η dΩ = 0, η ∈ P 0
N ⊗ PN ,∫

Ω

∇V (n)∇δ dΩ = 0, δ ∈ X0
N ,

(4.26)

where

U (n)(x, y) =

N∑
k=2

N∑
l=2

u
(n)
k,l φk(x)φl(y),(4.27)

V (n)(x, y) = V
(n)
i (x, y) + V

(n)
h (x, y) + V (n)

v (x, y),(4.28)

and

V
(n)
i (x, y) =

N∑
k=2

N∑
l=2

v
(n)
k,l φk(x)φl(y),(4.29)

V
(n)
h (x, y) =

N∑
k=2

1∑
l=0

v
(n)
k,l φk(x)φl(y),(4.30)



1560 BERNARD BIALECKI AND ANDREAS KARAGEORGHIS

V (n)
v (x, y) =

1∑
k=0

N∑
l=2

v
(n)
k,l φk(x)φl(y).(4.31)

Since V
(2)
i + V

(2)
h ∈ P 0

N ⊗ PN and U (1) ∈ X0
N , it follows from (4.28) and (4.26) that∫

Ω

V (1)V (2) dΩ =

∫
Ω

V (1)V (2)
v dΩ+

∫
Ω

V (1)
(
V

(2)
i + V

(2)
h

)
dΩ

=

∫
Ω

V (1)V (2)
v dΩ−

∫
Ω

∇U (1)∇
(
V (2) − V (2)

v

)
dΩ(4.32)

=

∫
Ω

V
(1)
i V (2)

v dΩ+

∫
Ω

V
(1)
h V (2)

v dΩ+

∫
Ω

V (1)
v V (2)

v dΩ+

∫
Ω

∇U (1)∇V (2)
v dΩ.

Using (4.29), (4.31), (2.15), (2.16), (2.3), and (2.2) we have

∫
Ω

V
(1)
i V (2)

v dΩ =

∫
Ω

[
N∑
k=2

N∑
l=2

v
(1)
k,lφk(x)φl(y)

] 1∑
i=0

N∑
j=2

v
(2)
i,j φi(x)φj(y)


 dΩ

=

1∑
i=0

N∑
j=2

[
N∑
k=2

∫ 1

−1

φi(x)φk(x) dx

N∑
l=2

∫ 1

−1

φj(y)φl(y) dyv
(1)
k,l

]
v
(2)
i,j(4.33)

= ((BTt ⊗B)�v(1), �v(2)v )R2N−2 .

In a similar way, using (4.30), (4.31), (4.27), (2.15), (2.16), and (2.2)–(2.4), we obtain∫
Ω

V
(1)
h V (2)

v dΩ = ((BTt ⊗Bt)�v(1)h , �v
(2)
v )R2N−2 ,(4.34)

∫
Ω

V (1)
v V (2)

v dΩ = ((Bs ⊗B)�v(1)v , �v
(2)
v )R2N−2 ,(4.35)

∫
Ω

∇U (1)V (2)
v dΩ = ((BTt ⊗ IN−1)�u

(1), �v(2)v )R2N−2 .(4.36)

Hence, it follows from (4.25) and (4.32)–(4.36) that

(S�v(1)v , �v
(2)
v )R2N−2 =

∫
Ω

V (1)V (2) dΩ,(4.37)

which implies

(S�v(1)v , �v
(2)
v )R2N−2 = (S�v(2)v , �v

(1)
v )R2N−2 , �v(1)v , �v

(2)
v ∈ R2N−2.

This proves the symmetry of S.

For �v
(1)
v = �v

(2)
v , (4.37) gives

(S�v(1)v , �v
(1)
v )R2N−2 =

∫
Ω

[V (1)]2 dΩ.

This and the linear independence of the basis functions in V (1) of (4.28)–(4.31) show
that S is positive definite.
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It follows from Theorem 4.1 that the PCG method is a good candidate for solving
a linear system with S. Therefore, in the following, we discuss the matrix-vector
multiplication involving S, the selection of a preconditioner, and the solution of a
linear system with this preconditioner.

It follows from (4.13) that in order to multiply by S, we have to multiply by S22

and S21S
−1
11 S12. Assume that N is even. Let �vv and �v

(0)
v , �v

(1)
v be as in (3.9) and

(4.16), respectively. Then it follows from (3.17) and (2.6) that

S22�vv = [3B�v(0)v , 15B�v
(1)
v ]T .(4.38)

Using (4.17)–(4.19), (4.8), (4.10), (4.15), (4.6), (4.5), and (4.11) it can be shown that

S21S
−1
11 S12�vv = [�u2,·, �u3,·]T+[B�v2,·, B�v3,·]T+[v2,0, v2,1, 0, . . . , 0, v3,0, v3,1, 0, . . . , 0]

T ,
(4.39)
where

[�u2,·, �v2,·, v2,0, v2,1]T =

N/2∑
k=1

z22,2k[R
(2k)]−1[B�v(0)v , �v

(0)
v , v0,2, v0,3]

T ,(4.40)

[�u3,·, �v3,·, v3,0, v3,1]T =

N/2−1∑
k=1

z23,2k+1[R
(2k+1)]−1[B�v(1)v , �v

(1)
v , v1,2, v1,3]

T ,(4.41)

R(k) =

[
R

(k)
11 R

(k)
12

R
(k)
21 R

(k)
22

]
,

and R
(k)
ij are given by (2.8), (2.9) with λ replaced by λk. We next analyze (4.40). The

analysis of (4.41) is similar. Introducing

[�u(2k), �v(2k), v
(2k)
0 , v

(2k)
1 ]T = [R(2k)]−1[B�v(0)v , �v

(0)
v , v0,2, v0,3]

T

and using (4.40), we obtain

[�u2,·, �v2,·]T =

N/2∑
k=1

z22,2k[R
(2k)
11 ]−1

{
[B�v(0)v , �v

(0)
v ]T −R(2k)

12 [v
(2k)
0 , v

(2k)
1 ]T

}
,(4.42)

v2,j =

N/2∑
k=1

z22,2kv
(2k)
j , j = 0, 1.

Further, (2.8) and (4.4) imply that

[R
(2k)
11 ]−1 = (I2 ⊗ Z)D−1

2k (I2 ⊗ ZT ),

where

D2k =

[
Λ + λ2kIN−1 λ2kΛ

O Λ + λ2kIN−1

]
.



1562 BERNARD BIALECKI AND ANDREAS KARAGEORGHIS

Hence (4.42) becomes

[�u2,·, �v2,·]T = (I2 ⊗Z)

D0[Z

TB�v(0)v , Z
T�v(0)v ]T −

N/2∑
k=1

z22,2k

(
v
(2k)
0 �p(2k) + v

(2k)
1 �q(2k)

)
 ,

(4.43)
where

D0 =

N/2∑
k=1

z22,2kD
−1
2k , [�p(2k), �q(2k)] = D−1

2k (I2 ⊗ ZT )R(2k)
12 .(4.44)

The presence of B in (4.38), I2 ⊗ Z in (4.43), and (4.4) suggest that we introduce

Ŝ = (I2⊗Λ−1/2ZT )S(I2⊗ZΛ−1/2), r̂ = (I2⊗Λ−1/2ZT )�r, v̂v = (I2⊗Λ1/2ZT )�vv,
(4.45)
and solve the system

Ŝv̂v = r̂(4.46)

instead of S�vv = �r. This approach for computing �vv involves one additional multipli-
cation by I2⊗Λ−1/2ZT to obtain r̂ and one additional multiplication by I2⊗ZΛ−1/2 to
recover �vv from v̂v. However, multiplication of a vector by Ŝ takes only 4N2+O(N) op-
erations provided that additional diagonal matrices related to D0, D1, and additional
vectors related to �p(2k), �q(2k), k = 1, . . . , N/2, �p(2k+1), �q(2k+1), k = 1, . . . , N/2 − 1,
are precomputed with cost O(N2). (Here D1 and �p(2k+1), �q(2k+1) are counterparts of
D0 and �p(2k), �q(2k) for (4.41).)

In the remainder of this section we select a preconditioner for Ŝ and discuss the
solution of a linear system with this preconditioner. First, to select the preconditioner
for S of (4.13), we consider the linear system

(IN−1 ⊗B +B ⊗ IN−1)�u+ (B ⊗B)�v + (Bt ⊗B)�vv = �0,
(IN−1 ⊗B +B ⊗ IN−1)�v + (Bt ⊗ IN−1)�vv = �0,(4.47)

(BTt ⊗ IN−1)�u+ (BTt ⊗B)�v + (Bs ⊗B)�vv = �gv,

where

�gv = [g0,2, . . . , g0,N , g1,2, . . . , g1,N ]T .

Note that the matrix in (4.47) is the same as S11 of (3.14) but with the roles of the x
and y coordinates interchanged. The matrix of (4.47) arises in the spectral Galerkin
method for the auxiliary problem (see Figure 3)

−∆u+ v = g in Ω, u = 0 on ∂Ω, ∂u/∂n = 0 on ∂Ωv,
−∆v = −f in Ω, v = 0 on ∂Ωh,

(4.48)

which only differs from (4.1) in the roles of the x and y coordinates. Equations (4.47)
can be written as

P11 [�u,�v]
T
+ P12�vv = �0,

P21 [�u,�v]
T
+ P22�vv = �gv,

(4.49)
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1

-1 1

∆v- u=g

∆- v=-f

u=0, v=0

u=0

u  =0x

u=0, v=0

u=0

u  =0x

 

  

Fig. 3. Auxiliary problem (4.48).

1

-1 1

∆v- u=g

∆- v=-f

u=0, v=0

u=0

v=0

u=0, v=0

u=0

v=0

 

  

Fig. 4. Decoupled problem (4.52).

where

P11 =

[
IN−1 ⊗B +B ⊗ IN−1 B ⊗B

O IN−1 ⊗B +B ⊗ IN−1

]
,(4.50)

and

P12 =

[
Bt ⊗B
Bt ⊗ IN−1

]
, P21 =

[
BTt ⊗ IN−1, B

T
t ⊗B

]
, P22 =

[
Bs ⊗B

]
.

(4.51)
The matrix P11 arises in the spectral Galerkin method for the decoupled problem (see
Figure 4)

−∆u+ v = g in Ω, u = 0 on ∂Ω,
−∆v = −f in Ω, v = 0 on ∂Ω.

(4.52)

The weak form of (4.52) is∫
Ω

∇u∇η dΩ+

∫
Ω

vη dΩ =

∫
Ω

gη dΩ, η ∈ H1
0 (Ω),
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Ω

∇v∇δ dΩ = −
∫

Ω

fδ dΩ, δ ∈ H1
0 (Ω),

and the spectral Galerkin problem consists of finding U, V ∈ X0
N such that

∫
Ω

∇U∇η dΩ+

∫
Ω

V η dΩ =

∫
Ω

gη dΩ, η ∈ X0
N ,∫

Ω

∇V∇δ dΩ = −
∫

Ω

fδ dΩ, δ ∈ X0
N .

(4.53)

Lemma 4.2. The matrix P11 of (4.50) is nonsingular.
Proof. It is easy to show that (4.53) has a unique solution.

Since P11 is nonsingular, eliminating [�u,�v]
T
from (4.49), we obtain

P�vv = �gv,(4.54)

where the 2(N − 1)× 2(N − 1) Schur complement matrix

P = P22 − P21P
−1
11 P12.(4.55)

(P is the Schur complement of P11 in [ P11 P12

P21 P22
].)

Theorem 4.2. The matrix P is symmetric and positive definite.
Proof. Proof of this theorem is similar to that of Theorem 4.1. For n = 1, 2, and

arbitrary �v
(n)
v of the form (4.20), let �u(n) of the form (4.22) and �v(n) of the form (4.23)

be such that

P11[�u
(n), �v(n)]T + P12�v

(n)
v = �0.(4.56)

Then (4.55), (4.56), and (4.51) give

(P�v(1)v , �v
(2)
v )R2N−2 = (P22�v

(1)
v , �v

(2)
v )R2N−2 + (P21[�u

(1), �v(1)]T , �v(2)v )R2N−2

= ((Bs ⊗B)�v(1)v , �v
(2)
v )R2N−2 + ((BTt ⊗ IN−1)�u

(1), �v(2)v )R2N−2

+((BTt ⊗B)�v(1), �v(2)v )R2N−2 .(4.57)

Equation (4.56) is the matrix-vector form of the spectral Galerkin problem∫
Ω

∇U (n)∇η dΩ+

∫
Ω

V (n)η dΩ = 0, η ∈ X0
N ,∫

Ω

∇V (n)∇δ dΩ = 0, δ ∈ X0
N ,

(4.58)

where U (n)(x, y) is of the from (4.27),

V (n)(x, y) = V
(n)
i (x, y) + V (n)

v (x, y),(4.59)

and V
(n)
i (x, y), V

(n)
v (x, y) are of the forms (4.29), (4.31), respectively. Since V

(2)
i , U (1) ∈

X0
N , it follows from (4.59) and (4.58) that∫

Ω

V (1)V (2) dΩ =

∫
Ω

V (1)V (2)
v dΩ+

∫
Ω

V (1)V
(2)
i dΩ

=

∫
Ω

V (1)V (2)
v dΩ−

∫
Ω

∇U (1)∇
(
V (2) − V (2)

v

)
dΩ(4.60)

=

∫
Ω

V
(1)
i V (2)

v dΩ+

∫
Ω

V (1)
v V (2)

v dΩ+

∫
Ω

∇U (1)∇V (2)
v dΩ.
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Table 1
κ2(P̂−1/2ŜP̂−1/2) and κ2(Ŝi), i = 1, 2, 3, 4.

N 16 32 64 128

κ2(P̂−1/2ŜP̂−1/2) 1.65 1.67 1.68 1.68

κ2(Ŝ1) 28.68 104.91 400.84 1566.64

κ2(Ŝ2) 24.39 90.99 350.59 1375.56

κ2(Ŝ3) 13.93 53.43 209.14 827.35

κ2(Ŝ4) 13.57 52.54 206.82 820.78

Hence, it follows from (4.57), (4.60), (4.33), (4.35), and (4.36) that

(P�v(1)v , �v
(2)
v )R2N−2 =

∫
Ω

V (1)V (2) dΩ,

which implies the symmetry and positive definiteness of P .
We take P of (4.55) as a preconditioner for S and

P̂ = (I2 ⊗ Λ−1/2ZT )P (I2 ⊗ ZΛ−1/2)

as a preconditioner for Ŝ of (4.45). For arbitrary �gv, the solution of (4.54) can be
obtained by solving (4.49) for �vv. Equivalently, we compute �vh of

[�u,�v,�vh]
T = S−1

11 [�0,�0, �gh]
T .

(Note that the roles of the x and y coordinates are interchanged, that is, for k =
2, . . . , N , the components gk,0, gk,1 of �gh are equal to the components g0,k, g1,k of �gv
and the components v0,k, v1,k of �vv are equal to the components vk,0, vk,1 of �vh.) It
follows from (4.8), (4.6), and the discussion in section 4.1 of the special case of (4.10)
that the cost of solving a linear system with P̂ is O(N).

With the preconditioner P̂ , the convergence rate of the PCG method applied to
a linear system with Ŝ depends on κ2(P̂

−1/2ŜP̂−1/2), where, for a symmetric and
positive definite matrix M , κ2(M) = λmax(M)/λmin(M). A careful analysis shows
that Ŝ splits into four symmetric positive definite matrices Ŝi, i = 1, 2, 3, 4, and P̂
splits into four positive definite diagonal matrices P̂i, i = 1, 2, 3, 4. (Ŝi, P̂i, i = 1, 2,
are of order N/2×N/2 and Ŝi, P̂i, i = 3, 4, are of order (N/2−1)× (N/2−1).) Since
our preconditioning of Ŝ by P̂ is equivalent to preconditioning each Ŝi by P̂i, we have

κ2(P̂
−1/2ŜP̂−1/2) = max

i=1,2,3,4
λmax(P̂

−1/2
i ŜiP̂

−1/2
i )/ min

i=1,2,3,4
λmin(P̂

−1/2
i ŜiP̂

−1/2
i ).

This last formula was used to compute κ2(P̂
−1/2ŜP̂−1/2) numerically for several val-

ues ofN . Based on the results presented in Table 1, we conjecture that κ2(P̂
−1/2ŜP̂−1/2)

is bounded from above by a positive constant which is independent of N while κ(Ŝi),
i = 1, 2, 3, 4, grows quadratically with N .

Since the matrix Ŝ of (4.45) is symmetric and positive definite, the system (4.46),
equivalently the corresponding systems with Ŝi, i = 1, 2, 3, 4, can also be solved by
Cholesky’s method. The columns of Ŝ, equivalently the columns of Ŝi, i = 1, 2, 3, 4,
can be obtained using (4.38) and (4.39) with one component of �vv equal to 1 and
all remaining components equal to 0. All four matrices Ŝi can be formed with cost
N3/2 + O(N2) and factored out with cost N3/6 + O(N2). Clearly, the cost of the
solution stage is O(N2).
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4.4. Cost and memory requirements of the algorithm. We now discuss
the cost and memory requirements of solving (3.13) using the algorithm of section
4.2.

The preprocessing stage consists of computing
Λ, Z of (4.3), (4.4) using the LAPACK [1] routines dsteqr and dstein;
�s(i), δi of (2.14) and the factorization of Bi + λIN/2−i for λ = λk, k = 2, . . . , N ,

and i = 0, 1;
the diagonal matrices related to D0, D1 and the vectors related to �p(2k), �q(2k),

k = 1, . . . , N/2, �p(2k+1), �q(2k+1), k = 1, . . . , N/2− 1, (cf. (4.44)).
The cost of these computations is O(N2) and the memory requirements are

11N2/2.
In the case of the Cholesky method for solving (4.46), the preprocessing stage also

includes the computation of the matrices Ŝi, i = 1, 2, 3, 4, and their factorizations.
The cost of these computations is 2N3/3 and the memory requirements are N2.

From the discussions in sections 4.2 and 4.3, it follows that the cost of the re-
maining portion of the PCG algorithm for finding �u is

2N3 + (number of PCG iterations)× 4N2,(4.61)

where 4N2 is the cost of one PCG iteration. We select �0 as the initial guess for
the PCG method. Our numerical tests indicate that the number of PCG iterations
should be an integer multiple of logN if the accuracy of the PCG algorithm is to be
comparable with that of the Cholesky algorithm. Hence the total cost of the PCG
algorithm for finding �u is given by (4.61) with the second term dominating the first
one for small values of N .

The cost of the remaining portion of the Cholesky algorithm for finding �u is 2N3

which gives the total cost 8N3/3 of this algorithm.
The memory requirements for the remaining portions of the PCG and Cholesky

algorithms are 3N2.
For both the PCG and Cholesky algorithms, the additional cost of computing the

vector �v in Step 8 is N3 +O(N2).

5. Numerical results. We solved (1.1) with

f(x, y) = 128π4[cos(4πx) cos(4πy)− sin2(2πx) cos(4πy)− cos(4πx) sin2(2πy)].

The exact solution of this problem, which was also considered by Shen [7] and Bjørstad
and Tjøstheim [3], is u = sin2(2πx) sin2(2πy).

Our PCG and Cholesky algorithms were implemented in Fortran 77 and numer-
ical experiments were carried out on an IBM RS6000 (processor type: Power PC
604/100MHz), for which the LINPACK TPP benchmark in MFLOPS is 56.4.

The number of PCG iterations in Step 4 of our PCG algorithm was taken to be
3 logN . In Table 2 we present the maximum absolute error in u and v = ∆u on a
uniform (0.02)×(0.02) grid for different values of N . Comparable errors were obtained
for the Cholesky algorithm. The exponential convergence achieved is shown in Figure
5 where we present the graph of the logarithm of the maximum absolute error versus
N .

Following the format of Table 3 in [7], in Table 3 we present the CPU times in
seconds (excluding preprocessing times) for computing �u by the PCG and Cholesky
algorithms. The preprocessing times are given separately in parentheses. As expected
from the discussion in section 4.4, preprocessing for the Cholesky algorithm takes
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Table 2
Maximum absolute error for numerical example.

N 16 20 24 28 32 128 512
‖u− U‖∞ 0.21(−1) 0.22(−3) 0.13(−5) 0.34(−8) 0.51(−11) 0.30(−12) 0.62(−12)
‖v − V ‖∞ 0.60(+1) 0.77(−1) 0.53(−3) 0.15(−5) 0.23(−8) 0.93(−10) 0.12(−9)

-30

-25

-20

-15

-10

-5

0

5

10 15 20 25 30

M
a
x
i
m
u
m
 
E
r
r
o
r

N

’U’
’V’

Fig. 5. Logarithm of the maximum absolute error versus N.

Table 3
Execution time for PCG and Cholesky algorithms.

N 16 32 64 128 512
PCG: CPU(Pre-P) 0.0096 (0.0012) 0.034 (0.012) 0.176 (0.076) 1.076 (0.44) 54.840 (24.844)
Chol: CPU (Pre-P) 0.0072 (0.0052) 0.026 (0.020) 0.134 (0.116) 0.892 (0.70) 48.224 (40.674)

more time than preprocessing for the PCG algorithm, whereas the CPU time for the
Cholesky algorithm is smaller than the CPU time for the PCG algorithm. Also, for
large values of N the total execution time (CPU + Pre-P) for the PCG algorithm is
smaller than that for the Cholesky algorithm.

6. Concluding remarks. As shown in (3.9) of [7], the Legendre spectral Galerkin
method based on the standard weak form∫

Ω

∆u∆η dΩ =

∫
Ω

fη dΩ, η ∈ H2
0 (Ω),

of (1.1) leads to the linear system

(IN−3 ⊗B + 2C ⊗ C +B ⊗ IN−3)�u = �f,(6.1)

where B and C are the Galerkin matrices corresponding to the derivatives of order
zero and two in the space {p ∈ P 0

N : p′(±1) = 0}. Shen [7] solves (6.1) using a
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capacitance matrix approach with the auxiliary matrix

IN−3 ⊗B + 2C ⊗ C + B̃ ⊗ IN−3.

The matrix B̃, a modification of B, is such that C and B̃ commute and hence di-
agonalization in the x direction is possible. The capacitance matrix of [7], which is
neither symmetric nor positive definite, is formed explicitly and then factored out
using Gauss elimination. The cost of Shen’s algorithm is 4N3+O(N2) and this count
does not include formation and factorization of the capacitance matrix. Both forma-
tion and factorization require O(N3) operations, where the constant multiple of N3

is not given in [7].
In [3], Bjørstad and Tjøstheim solve (6.1) using the Sherman–Morrison formula

with the auxiliary matrix

IN−3 ⊗B + 2C ⊗ C + C2 ⊗ IN−3.

Their counterpart of our Schur complement matrix S is symmetric and it is precondi-
tioned by another symmetric matrix. Numerical tests indicate that both matrices are
positive definite. The dominant cost of the PCG algorithm of [3] is given by (4.61),
where 4N2 should be replaced with 24N2 [8]. The cost of the Cholesky algorithm in
[3] is 16N3/3 +O(N2).

It follows from section 4.4 that our algorithms, based on discretizing the coupled
problem (3.1), are more efficient with respect to operation counts. Our Schur com-
plement matrices S of (4.13) and P of (4.55) are closely related to boundary value
problems (3.1), (4.1), and (4.48), (4.52), respectively. This allows us to prove that
they are both symmetric and positive definite. Moreover, if required, we also obtain
an approximation to v = ∆u with an additional cost of N3 +O(N2).

The algorithms of [3] and [7] were developed for the fourth order problem of the
form

∆2u− β∆u+ αu = f in Ω, u = ∂u/∂n = 0 on ∂Ω,(6.2)

where α and β are nonnegative constants. Our approach, based on introducing v =
∆u, and the corresponding PCG and Cholesky algorithms generalize, with the same
dominant costs, to (6.2). In this more general case, the blocks S11, S12 of (3.14),
(3.15) are to be replaced, respectively, by

S11 =


 IN−1 ⊗B +B ⊗ IN−1 B ⊗B B ⊗Bt

−β(B ⊗B) (IN−1 + αB)⊗B +B ⊗ IN−1 (IN−1 + αB)⊗Bt
IN−1 ⊗BTt B ⊗BTt B ⊗Bs


 ,

S12 =


 Bt ⊗B
Bt ⊗ (IN−1 + αB)

Bt ⊗BTt


 .

Similarly, Ai of (2.11) and �p of (2.12) are to replaced with

Ai =

[
Bi + λIN/2−i λBi
−βλBi (1 + αλ)Bi + λIN/2−i

]
,

�p = [λ, 0, . . . , 0, 1 + αλ, 0, . . . , 0]T .
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The new matrix Ai reduces to a block tridiagonal matrix with 2× 2 blocks.
Our approach allows also for an efficient treatment of some other boundary con-

ditions, such as u = ∆u = 0 on ∂Ω or u = 0 on ∂Ω, ∂u/∂n = 0 on the horizontal sides
of ∂Ω and ∆u = 0 on the vertical sides of ∂Ω. In fact, as discussed in section 4.1, the
last set of boundary conditions gives rise to a linear system with matrix S11 of (3.14)
and hence its solution, for the approximation to u, can be obtained at a cost of only
2N3 +O(N2).
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Abstract. We introduce AMGe, an algebraic multigrid method for solving the discrete equations
that arise in Ritz-type finite element methods for partial differential equations. Assuming access to
the element stiffness matrices, we have that AMGe is based on the use of two local measures, which
are derived from global measures that appear in existing multigrid theory. These new measures are
used to determine local representations of algebraically “smooth” error components that provide the
basis for constructing effective interpolation and, hence, the coarsening process for AMG. Here, we
focus on the interpolation process; choice of the coarse “grids” based on these measures is the subject
of current research. We develop a theoretical foundation for AMGe and present numerical results
that demonstrate the efficacy of the method.
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1. Introduction. Computer simulations play an increasingly important role in
scientific investigations. Indeed, as experimentation becomes more expensive, imprac-
ticable, or even proscribed, scientists are turning more and more to numerical simula-
tion. Modern simulation packages are extremely complex, with components spanning
many disciplines (e.g., hydrodynamics, radiation transport, structures, thermody-
namics, chemistry, and electromagnetics). Also, the problems are frequently posed in
multimaterial regimes, with contact surfaces, interpenetrability constraints, and intri-
cate geometries. As a result, codes are being developed to solve complex multiphysics
problems on highly resolved, unstructured grids. Such large-grid simulations require
the efficient union of massively parallel computing with scalable numerical algorithms
such as multigrid (see, e.g., [2]).

An especially effective method for many of the problems that arise in these ap-
plications is algebraic multigrid (AMG) [5, 4, 6, 20, 17, 19, 18]. AMG is a method
for solving matrix equations that is based on multigrid concepts, but constructs the
coarsening process in an algebraic way that requires no explicit knowledge of the ge-
ometry. It examines the matrix entries to determine a sequence of smaller matrix
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problems that serve as coarse-level equations. AMG also determines associated inter-
level transfer operators (restriction and prolongation), then solves the original matrix
equation in a multigrid-like process based on these automatically constructed compo-
nents. AMG has been shown to be well suited for solving unstructured grid problems
and to work well over a wide variety of applications (see, e.g., [10]).

It has been applied successfully to M -matrix problems where the so-called
strength of connection is easily measured (this measure is used to determine which
variables are strongly representative of the errors left by relaxation, so that they can
be used to construct the coarse levels). It also applies well to scalar problems that
depart substantially from M -matrix discretizations. However, for problems where
strength of connection is not easily measured, AMG is not effective without certain
problem-specific modifications or careful parameter tuning. For such cases, there is
no systematic AMG approach that has proven effective in any kind of general context.
There are still other problems (e.g., thin-body elasticity on unstructured grids) for
which AMG and other iterative methods in general have failed to achieve full optimal-
ity (i.e., convergence factors bounded uniformly in the size of the problem). The goal
of our research is to develop a more robust AMG for solving these difficult problems.

This paper introduces an AMG method for solving partial differential equations
discretized by Ritz-type finite element methods. As a departure from standard AMG,
where only the operator matrix is required, this approach assumes access to element
stiffness matrices. We thus refer to it as AMGe (AMG henceforth refers to the stan-
dard scheme). This new approach is based on the use of either of two measures
(derived from global measures used in existing theory) to determine algebraically
“smooth” error and to construct effective interpolation. AMGe uses a minimization
principle based on the element interpolation scheme first introduced in [16]. Other
multigrid methods, using minimization principles for constructing energetically stable
intergrid transfer operators, have recently appeared in [23, 24, 12].

Some notation and the key ideas behind AMG are summarized in the next sec-
tion. (Nevertheless, we assume that the reader is familiar with AMG methods and
terminology. For more details, see [10] and [18].) In particular, we discuss the notion
of strength of dependence and its role in defining the basic AMG components. In
section 3, we define a heuristic based on two global measures and establish a corre-
sponding two-level convergence result. We “localize” these measures in section 4 and
describe how they can be used to compute the interpolation operator for AMGe. We
also discuss the relationship between the local and global measures in subsection 4.3.
Section 5 contains numerical results supporting the theory and demonstrating the
efficacy of the approach. Concluding remarks are made in section 6.

2. Preliminaries. We begin this section by describing notation. Capital italic
Roman letters (A,B, P,R) denote matrices and bold lowercase Roman and Greek
letters denote vectors (u,v, ε). The ith component of the vector q is denoted by
qi. Other lowercase letters denote scalars, while capital calligraphic letters denote
sets and spaces (C,F ,S), with the singular exception that A is used to denote finite
element stiffness matrices. We define the A-inner product by 〈·, ·〉A := 〈A·, ·〉, where
〈·, ·〉 is the standard Euclidean inner product, and the A-norm (also called the energy
norm) by ‖·‖A := 〈·, ·〉1/2A .

Assume that we are given an n×n symmetric positive definite matrix A expressed
as the sum of a given set of finite element stiffness matrices: A =

∑
α∈T Aα, where T

is the set of finite elements used to discretize the problem and each Aα is symmetric
positive semidefinite. We do not assume access to a spatial grid or the ability to create
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new finite element stiffness matrices.
We seek the solution u ∈ R

n to the linear system

Au = f(2.1)

for a given f ∈ R
n. Standard iterative schemes, like Gauss–Seidel and Krylov space

methods, tend to converge slowly for large-scale problems of this type that arise from
partial differential equations. The difficulty is that smooth error components are typi-
cally attenuated very slowly by these simple processes, because they are based on local
properties (i.e., local connections in A). Multigrid methods attempt to correct this
limitation by representing the smooth errors on increasingly coarser, and, therefore,
more global levels.

To describe how system (2.1) could be solved by a multilevel method, let P be an
n×nc interpolation or prolongation matrix that transfers level nc corrections to level
n, with nc < n. P could be determined geometrically by, say, linear interpolation
(cf. [7]) when R

nc and R
n represent grids whose nodal positions are accessible. P

could instead be determined algebraically by so-called operator interpolation (cf. [1]),
which is based on the entries of A. In any event, we choose PT as the restriction
matrix that transfers level n residuals to level nc. The two-grid method for solving
(2.1) is then defined as follows:

Relax ν1 times on Au = f .(2.2a)

Correct u← u+ P (PTAP )−1PT (f −Au).(2.2b)

Relax ν2 times on Au = f .(2.2c)

Note the use of PTAP in correction step (2.2b). This so-called Galerkin coarse-grid
operator, together with the use of PT as the restriction operator, amounts to a vari-
ational form of multigrid. When A is symmetric, the correction step minimizes the
energy norm of the fine-grid error over all possible corrections from the range of P
(cf. [7]). To solve (2.1) in practice, one would use a multilevel method that recur-
sively applies algorithm (2.2) to solve the linear system involving PTAP in correction
step (2.2b).

Further examination of (2.2) reveals that relaxation and coarse-grid correction
must be chosen to complement each other: An error not reduced by one must be
reduced by the other. In this paper, we fix the choice of relaxation, then determine
interpolation. The relaxation we choose is a simple pointwise method, like Richardson,
damped Jacobi, or Gauss–Seidel, that satisfies the following heuristic:

H1: Error in the direction of an eigenvector associated with a large eigen-
value is rapidly reduced by relaxation, while error in the direction
of an eigenvector associated with a small eigenvalue is reduced by a
factor that may approach 1 as the eigenvalue approaches 0.

An error that is not rapidly reduced by relaxation is called algebraically smooth. The
actual character of algebraically smooth error depends on the operator and the type
of relaxation, but it loosely means that the residual is small when compared with
the error itself (we will be more precise about this shortly). This does not mean
that the error is smooth in any geometric sense. Thus, an error at a point may
be very different from the errors at neighboring points, yet it might be difficult to
reduce the error by relaxation. Such is the case for anisotropic problems, where an
algebraically smooth error that pointwise Gauss–Seidel relaxation cannot effectively
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reduce can be geometrically oscillatory in the direction of small coefficients of the
differential equation. In any case, the interpolation matrix, P , must be defined so
that an algebraically smooth error is effectively eliminated in step (2.2b) and the
coarse-grid equations, which involve PTAP , are amenable to solution.

2.1. AMG. To define the multigrid components in AMG, we use the following
heuristic (cf. [5, ?, 18]) based on special properties of M -matrices:

H2: Smooth error varies slowest in the direction of strong dependence.

Here, we say that unknown i strongly depends on unknown j if

−ai,j ≥ θmax
k �=i

{−ai,k} for some fixed θ ∈ (0, 1).(2.3)

Thus, strong dependence is characterized by matrix coefficients that are large in the
sense of (2.3). A typical choice for parameter θ is 0.25.

Although AMG was developed with M -matrices in mind, in practice it is not
limited to this class of problems. However, the standard method does rely on H2,
and our sense of strong dependence may not be suitable for many important classes of
problems. For example, one simple problem with which standard AMG has difficulty
is the Poisson equation on a rectangular grid, discretized with bilinear quadrilateral
elements, where the fine-grid elements are stretched to a 10:1 aspect ratio. This yields
the coefficient stencil 

−1 −3.9 −1
1.9 8 1.9
−1 −3.9 −1


 .(2.4)

In (2.4), it is not readily apparent from the size of the off-diagonal entries that the
direction of strongest dependence is vertical. Since H2 is used to define all the AMG
components, and it requires a clear understanding of strong dependence, AMG can
exhibit degraded performance (see Table 5.2). For this simple case, slow convergence
of AMG can be ameliorated by simply tuning its parameters (e.g., setting θ = 0.5) or
by more elaborate algorithmic “fixes” (e.g., iterative weight interpolation [10] or geo-
metric/algebraic interpolation methods [11, 9, 8]). Another approach is to replaceH2
by a heuristic that leads to a more robust AMG algorithm. Exploring this possibility,
as we begin to do in the next section, is the primary aim of this paper.

3. Global measures and convergence bounds. This paper takes a slightly
different approach, using a heuristic based not onM -matrices, but on the eigenvectors
of A. In a two-grid scheme, coarse-grid correction will completely eliminate error in
Range (P ), the range of the interpolation operator. To complement the action of
relaxation, which satisfies H1, the interpolation matrix must satisfy the following
heuristic:

H3: Interpolation must be able to approximate an eigenvector with error
bound proportional to the size of the associated eigenvalue.

To make H3 more rigorous, define Q : R
n → R

n to be a convenient projection onto
Range (P ), that is,

Q = PR(3.1)

for some restriction operator R : R
n → R

nc such that RP = Ic, the identity on R
nc .

The specific form for Q (and, hence, R) will not become important until section 4.
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For any vector e ∈ Range (P ), we have Qe = e. Thus, I −Q can be used to measure
the defect of interpolation. With this in mind, we now define two measures of how
well H3 is satisfied:

M1(Q, e) :=
〈(I −Q)e, (I −Q)e〉

〈Ae, e〉 ,(3.2)

M2(Q, e) :=
〈A(I −Q)e, (I −Q)e〉

〈Ae, Ae〉 .(3.3)

Measure M2 was used in the early multigrid theory [15, 13, 14] to establish optimal
convergence of the V-cycle algorithm under full regularity assumptions on the associ-
ated partial differential equation. Measure M1 was introduced in [4] and used more
recently to establish convergence, independent of the coarse-grid size, of a two-level
method for linear elasticity [22]. It is also an essential ingredient of the regularity-free
multilevel theory found in [3]. We develop the relevant two-grid theory here for both
measures so that we can tailor the results to our needs.

It has not been our practice to use diagonal conditioning of A in standard AMG.
Such a scaling generally changes the nature of smooth errors. Since current schemes
at some point rely on a premise of how a smooth error behaves (e.g., that it is lo-
cally constant), then diagonal scaling can make it more difficult for AMG to handle.
However, no such premise of smoothness is made anywhere in AMGe. Thus, in the
remainder of this paper, we are free to assume for convenience that matrix A has been
scaled so that its diagonal is the identity. For a general symmetric positive-definite
matrix with diagonal D �= I, this can be assured by a diagonal scaling that replaces
A by D−1/2AD−1/2. Note that this transformation must be considered in the repre-
sentation of A as a sum of local stiffness matrices, but this is just a straightforward
rescaling of the variables. This scaling does, however, bear on the practicality of our
results because we analyze AMG based on Richardson iteration, which is not gener-
ally a good smoother for matrices that have widely varying diagonal entries. Thus,
if diagonal scaling is not used, then in general it would be wise to use a relaxation
scheme like damped Jacobi and adjust measures M1 and M2 accordingly.

Our theory assumes that either M1 or M2 is bounded uniformly in e ∈ R
n\{0}.

To see how this assumption relates to H3, suppose that e is an eigenvector of A
corresponding to a small eigenvalue. Then, for M1 or M2 to be bounded, since the
denominators of the two measures are small, the numerators must also be small. Thus,
Q must accurately interpolate eigenvectors belonging to small eigenvalues. On the
other hand, if e is an eigenvector of A corresponding to a large eigenvalue, then the
denominators of the two measures are large, so the numerators may be large. Thus,
Q need not accurately interpolate eigenvectors belonging to large eigenvalues.

We now prove convergence results based on M1 or M2 for two-level algorithm
(2.2).

Lemma 3.1. Let Q be any projection onto Range (P ). Assume that either of the
following two approximation properties are satisfied for some constant K:

M1(Q, e) ≤ K ∀e ∈ R
n\{0},(3.4)

M2(Q, e) ≤ K ∀e ∈ R
n\{0}.(3.5)

If e �= 0 is A-orthogonal to Range (P ), then
1

K
≤ ‖Ae‖2
〈Ae, e〉 ≤ ‖A‖ .(3.6)
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Proof. The upper bound in (3.6) follows easily from the definition of the matrix
norm. To prove the lower bound, note that Range (Q) = Range (P ). Hence, if e is
A-orthogonal to Range (P ), then

〈Ae, Qv〉 = 0 ∀v ∈ R
n.(3.7)

First, assume that (3.4) holds. From (3.7) and the Cauchy–Schwarz inequality,
we have

〈Ae, e〉 = 〈Ae, (I −Q)e〉
≤ ‖Ae‖ ‖(I −Q)e‖
≤ ‖Ae‖ 〈Ae, e〉1/2 K1/2.

The lower bound in (3.6) now follows by dividing through by 〈Ae, e〉K1/2 and squar-
ing the result.

Now, assume that (3.5) holds. From (3.7) and the Cauchy–Schwarz inequality,
we have

〈Ae, e〉 ≤ 〈Ae, e〉+ 〈AQe, Qe〉
= 〈Ae, e〉 − 〈Ae, Qe〉 − 〈AQe, e〉+ 〈AQe, Qe〉
= 〈A(I −Q)e, (I −Q)e〉
≤ ‖Ae‖2 K.

The lower bound in (3.6) now follows by dividing through by 〈Ae, e〉K.
Denote the A-orthogonal projection onto the Range (P ) by S. Thus,

S := P (PTAP )−1PTA.(3.8)

The error propagation matrix for the coarse-grid correction step (2.2b) is I − S. A
Richardson iteration with step-size parameter s = ω/ ‖A‖, ω ∈ (0, 2), has the error
propagation matrix G = I − sA. If we choose (ν1, ν2) = (0, 1) in (2.2), then the
associated error propagation matrix for this simple two-grid scheme is G(I − S).
The following theorem analyzes its convergence by bounding its error propagation
matrix in the A-norm. Convergence results for other values of (ν1, ν2) then follow
naturally [14].

Analogous multilevel results can be found in [15, 13, 14] for approximation prop-
erty (3.5), and in [3, 21] for (3.4) under the additional assumption of energetic stability
of interpolation, a sufficient condition for which is that ‖P (PTP )−1PT ‖A be bounded
uniformly on all levels.

Theorem 3.2. Assume that either approximation property (3.4) or (3.5) is sat-
isfied for some constant K. Then

‖G(I − S)‖A ≤
(
1− ω(2− ω)

K ‖A‖
)1/2

.(3.9)

Proof. First note that (3.6) implies K ≥ 1/ ‖A‖ ≥ ω(2 − ω)/ ‖A‖, so that (3.9)
makes sense. We have

〈AGe, Ge〉 = 〈Ae, e〉 − 2s 〈Ae, Ae〉+ s2
〈
A2e, Ae

〉
≤ 〈Ae, e〉 − ω(2− ω)

‖A‖ 〈Ae, Ae〉 .
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Replacing e with (I − S)e and applying the result in Lemma 3.1 yields

‖G(I − S)e‖2A ≤ 〈A(I − S)e, (I − S)e〉 − ω(2− ω)

‖A‖ ‖A(I − S)e‖2

≤
(
1− ω(2− ω)

K ‖A‖
)
‖e‖2A .

Notice that the bound on the convergence factor approaches 1 as K becomes
large. Conversely, smaller K yields a smaller bound on the convergence factor. Our
aim is to determine P so that, for some appropriate Q, either (3.4) or (3.5) is satisfied
for a reasonably small K.

We also remark that the above results can be generalized to apply when (2.1)
is a consistent system with symmetric positive semidefinite matrix A. Measures M1

and M2 must be restricted to e �∈ Null(A). A finite bound K in (3.4) or (3.5) then
implies that interpolation is exact for e ∈ Null(A), which in turn implies that the
correction step involves a consistent system. A zero initial guess and relaxation using
a polynomial method like Richardson iteration ensures that the approximate solution
remains orthogonal to Null(A).

4. Interpolation using local measures. Quantities M1 and M2 are global
measures of the quality of interpolation. Our intent is to use these measures to
determine an effective strategy for constructing interpolation in AMG, but it is not
practical to do this globally. In this section, we discuss an approach for localizing
these measures for linear systems (2.1) that arise from finite element discretizations.

Recall that A is given as the sum of finite element stiffness matrices: A =∑
α∈T Aα. Now, we do not assume access to an underlying spatial grid. However, we

can construct an artificial grid based on the graph associated with A, with vertices
G := {1, 2, . . . , n} and edges E := {(i, j) : aij �= 0 for i �= j}. Grid point (vertex)
i ∈ G is associated with unknown ui.

We first define the point set of an element:

Mα :=
{
j : εTj Aαεj �= 0

}
,(4.1)

where εj is the canonical basis vector associated with unknown j. Next, define the
neighborhood of grid point i as the set of elements and set of points

Ti := {α ∈ T : εTi Aαεi �= 0},(4.2)

Ni := ∪α∈TiMα,(4.3)

respectively (see Figure 4.1). Define the local matrices on neighborhood i by

Ai =
∑
α∈Ti

Aα.(4.4)

We also assume that a coarse grid has been selected; that is, the points in G have
been partitioned into coarse-grid points C and fine-grid points F such that C ∪F = G
and C ∩ F = ∅. We now seek the n× nc interpolation matrix P , where nc = |C|, that
interpolates from the coarse-grid points C to the entire grid G.

Two conflicting goals drive the construction of P . The first is to minimize the
bound on measureM1 orM2, while the second is to control the sparsity of the coarse-
grid system involving PTAP . Focusing on the second goal first, we assume that
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i

Fig. 4.1. Local neighborhoods.

the coarse-grid points interpolate to themselves exactly; that is, P restricted to C is
the identity, while fine-grid points interpolate only from coarse-grid points in their
neighborhood, that is, from Ci := Ni ∩ C.

To make the construction more clear, suppose that the rows and columns of A
have been arranged so that the fine-grid points come first, followed by the coarse-grid
points. We may then write A in block form as follows:

A =

[
Aff Afc
Acf Acc

]
.(4.5)

In this context, the interpolation matrix has the block form

P =

[
Pfc
Ic

]
.(4.6)

Alternatively, we may define the projection

Q =

[
0 Pfc
0 Ic

]
,(4.7)

which implies the choice of R = [0, Ic] as the restriction in (3.1).
In what follows, we develop a strategy for constructing the rows of Pfc, that is,

the rows of Q corresponding to each point i ∈ F , which we denote
qTi := ε

T
i Q.(4.8)

Restricting interpolation to a neighborhood of coarse-grid points is equivalent to
choosing

qi ∈ Zi := {v ∈ R
n : vj = 0 for j �∈ Ci}.(4.9)

We now localize measures M1 and M2 by defining

Mi,1(Q, e) :=

〈
εiε

T
i (I −Q)e, εiε

T
i (I −Q)e

〉
〈Aie, e〉 ,(4.10)

Mi,2(Q, e) :=

〈
Aiεiε

T
i (I −Q)e, εiε

T
i (I −Q)e

〉
〈Aie, Aie〉(4.11)
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for any e �∈ Null(Ai). Notice for i ∈ C that Mi,1 = Mi,2 = 0, while for i ∈ F the
above measures depend only on the ith row of Q, which is to be chosen in Zi. To
emphasize this dependence, when the meaning is clear we write

Mi,1(qi, e) =

〈
(εi − qi)Te, (εi − qi)Te

〉
〈Aie, e〉 ,(4.12)

Mi,2(qi, e) =

〈
(εi − qi)Te, (εi − qi)Te

〉
〈Aie, Aie〉(4.13)

for qi ∈ Zi and e �∈ Null(Ai). (Recall that A has unit diagonal.)
Heuristic H3, as applied to these local measures, now relates interpolation ac-

curacy to local eigenvectors of Ai. This makes it practical to use Mi,1 and Mi,2 to
compute interpolation. Since we wish to make these local measures small, interpola-
tion is defined so that the qi in (4.8) is the argmin (that is, the argument that attains
the minimum) of one of the following min-max problems:

Ki,p := min
qi∈Zi

max
e �∈Null(Ai)

Mi,p(qi, e)(4.14)

for p = 1 or 2. Note that if there exists a qi ∈ Zi that yields Ki,p < ∞, then qi
satisfies the constraint

(εi − qi)Te = 0 ∀e ∈ Null(Ai).
Thus, min-max problem (4.14) can be restated as the constrained min-max problem

Ki,p = min
qi∈Zi

max
e⊥Null(Ai)

Mi,p(qi, e)

subject to (εi − qi)Te = 0 ∀e ∈ Null(Ai)(4.15)

for p = 1 or 2. The next two subsections focus on solving these min-max problems.
In section 4.3, we relate the local measures to the global measures.

4.1. Computing interpolation by fitting eigenvectors. One way to com-
pute the qi in (4.14) or (4.15) is to “fit” the eigenvectors of Ai, as quantified in the
following theorem.

Theorem 4.1. Suppose we have computed the eigendecomposition

AiVi = ViΛi, V Ti Vi = I.(4.16)

The columns of Vi are the orthonormalized eigenvectors of Ai, and Λi is the diagonal
matrix formed from the corresponding eigenvalues. Assume that this eigen-decomposi-
tion is ordered to distinguish between zero eigenvalues and positive eigenvalues (that
form the diagonal matrix Λi+):

Vi =
[
Vi0 Vi+

]
, Λi =

[
0 0
0 Λi+

]
.(4.17)

Then min-max problem (4.15) is equivalent to the following constrained least-squares
problem:

min
qi

∥∥∥Λ−p/2
i+ V Ti+(εi − qi)

∥∥∥2

subject to V Ti0 (εi − qi) = 0(4.18)

for p = 1 or 2.
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Proof. Note that the null-space constraint in (4.15) is equivalent to that in (4.18).
Assume first that qi satisfies (4.15) with p = 1. Since e ⊥ Null(Ai), we can write

e = Vi+Λ
−1/2
i+ w, which yields

min
qi∈Zi

max
e⊥Null(Ai)

Mi,1(qi, e) = min
qi∈Zi

max
w

∥∥∥(εi − qi)TVi+Λ−1/2
i+ w

∥∥∥2

‖w‖2

= min
qi∈Zi

∥∥∥Λ−1/2
i+ V Ti+ (εi − qi)

∥∥∥2

.

Assume now that qi satisfies (4.15) with p = 2. Writing e = Vi+Λ
−1
i+w, we then have

min
qi∈Zi

max
e⊥Null(Ai)

Mi,2(qi, e) = min
qi∈Zi

max
w

∥∥(εi − qi)TVi+Λ−1
i+w

∥∥2

‖w‖2

= min
qi∈Zi

∥∥Λ−1
i+ V

T
i+ (εi − qi)

∥∥2
.

Computing the interpolation weights qi using (4.18) requires eigendecomposition
(4.16), which is not the most efficient method. We introduce a simpler approach in
the next subsection. However, we include this notion of fitting eigenvectors because
it is useful for understanding the basic principles involved in selecting interpolation.

4.2. A more practical algorithm for computing interpolation. Here we
describe a practical algorithm for determining when (4.14) or (4.15) has a (unique)
solution for i ∈ F , and for computing Q when a solution does exist. One important
consequence of this characterization is its update property: Whenever the solution
with the current interpolatory set does not exist, we can add points to Ci and test
again for solvability without redoing all of the computation.

Assume first that grid point i ∈ F has a neighborhood, as depicted in Figure 4.1,
consisting of ni points in set Ni, with nf fine-grid points and nc coarse-grid points
in Ci. Next, order the unknowns and equations of matrix Ai so that unknown i is
first, followed by the other fine-grid points, with the coarse-grid points last. The
neighborhood matrix and its square can then be written as

Ai =

[
A

(1)
ff A

(1)
fc

A
(1)
cf A

(1)
cc

]
and A2

i =

[
A

(2)
ff A

(2)
fc

A
(2)
cf A

(2)
cc

]
,

respectively, and εi becomes ε1.
In the remainder of this subsection, we drop the subscript i whenever the meaning

is clear. Set Zi restricted to the neighborhood becomes
Z := {e ∈ R

ni : ej = 0 ∀j �∈ Ci} .
We can then interpret (4.15) with p = 1 or 2 as the problem of determining a vector
q ∈ Z that minimizes maxe �∈Null(Ai) Mi,p(q, e) subject to the constraint

(ε1 − q)Te = 0 ∀ e ∈ Null(Ai) = Null(A2
i ).

That is, we require

ε1 − q ∈ Range (Ai) = Range
(
A2
i

)
.(4.19)
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Our first concern is the existence of such a vector q. For this, we let ε̂1 ∈ R
nf

denote the first canonical basis vector of length nf .
Lemma 4.2. There exists q ∈ Z such that ε1 − q ∈ Range (Api ) if and only if

ε̂1 ∈ Range
(
A

(p)
ff

)
,

with p = 1 or 2.

Proof. Assume that ε̂1 ∈ Range
(
A

(p)
ff

)
so that

ε̂1 = A
(p)
ff δ̂1

for some δ̂1 ∈ R
nf . Then

Api δ :=

[
A

(p)
ff A

(p)
fc

A
(p)
cf A

(p)
cc

](
δ̂1

0

)
= ε1 − q ∈ Range (Api ) ,

and q ∈ Z.
Conversely, suppose there exists q ∈ Z such that ε1 − q ∈ Range (Api ); that is,

there exists δ such that

ε1 − q = Api δ.

This, in turn, implies that

ε̂1 =
[
A

(p)
ff , A

(p)
fc

]
δ ∈ Range

([
A

(p)
ff , A

(p)
fc

])
.

The proof will be completed by demonstrating that

Range
([
A

(p)
ff , A

(p)
fc

])
= Range

(
A

(p)
ff

)
.

This is certainly true if A
(p)
ff is nonsingular. Assume otherwise, and let δ̂ be a nonzero

vector in Null(A
(p)
ff ). Then〈[

A
(p)
ff A

(p)
fc

A
(p)
cf A

(p)
cc

](
δ̂
0

)
,

(
δ̂
0

)〉
= 0.

Since Api is symmetric positive semidefinite, then 0 is an extreme value of 〈Api e, e〉,
which implies that the vector (δ̂, 0)T is an eigenvector of Api with eigenvalue 0. In

other words, (δ̂, 0)T ∈ Null(Api ), which implies that

Null(A
(p)
ff ) = Null(A

(p)
cf ),

which, in turn, implies that

Range
(
A

(p)
ff

)
= Range

((
A

(p)
cf

)T)
= Range

(
A

(p)
fc

)
,

and the lemma is proved.
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Rewriting (4.19), we want δ ∈ R
ni such that

ε1 − q = Api δ

for some q ∈ Z. By the proof of Lemma 4.2, the set of all such δ is

Y (p) :=
{
δ ∈ R

ni :
[
A

(p)
ff , A

(p)
fc

]
δ = ε̂1

}
.

If Y (p) is empty, then the constraint in (4.15) cannot be satisfied and Ki,p = ∞. In
this case, more points must be added to Ci for (4.15) to have a solution. If Y

(p) is
not empty, then any δ ∈ Y (p) can be written as δ = δ∗ + γ, where δ∗ is a particular
element of Y (p) and γ ∈ Null([A(p)

ff , A
(p)
fc ]). From the proof of Lemma 4.2, we may

choose δ∗ = (δ̂1, 0)
T , where A

(p)
ff δ̂1 = ε̂1. We now show that

ε1 − q∗ = Api δ
∗

yields the unique solution to (4.14) or (4.15).

Theorem 4.3. If ε̂1 �∈ Range (A
(p)
ff ), then Ki,p = ∞. If ε̂1 = A

(p)
ff δ̂1, then the

unique solution of (4.14) is given by

q∗ =

(
0

−A(p)
cf δ̂1

)
∈ Z,(4.20)

and Ki,p = 〈ε̂1, δ̂1〉 for p = 1 or 2.
Proof. The first statement follows from Lemma 4.2. To prove the second, let

δ∗ = (δ̂1, 0)
T . Using the substitution

ε1 − q = A(p)δ

with δ ∈ Y (p), we can rewrite (4.14) as

min
q∈Z

max
e/∈Null(Ap

i
)

〈
(ε1 − q)Te, (ε1 − q)Te

〉
〈Api e, e〉

= min
δ∈Y (p)

〈Api δ, δ〉

= min
γ∈Null([A

(p)

ff
, A

(p)

fc
])

〈Api (δ∗ + γ), (δ∗ + γ)〉 .(4.21)

Any solution of (4.21) is characterized by γ∗ ∈ Null([A(p)
ff , A

(p)
fc ]) such that

〈Api (δ∗ + γ∗), γ〉 = 0 ∀γ ∈ Null([A(p)
ff , A

(p)
fc ]);(4.22)

that is,

Api (δ
∗ + γ∗) ∈ Range

([
A

(p)
ff

A
(p)
cf

])
.(4.23)

But γ∗ = 0 satisfies (4.22) by construction of δ∗, which proves that (4.20) solves (4.14).
To prove uniqueness, suppose there are two such solutions to (4.22), say, δ∗ and

β∗. Then

Api (δ
∗ − β∗) =

[
A

(p)
ff

A
(p)
cf

]
ŵ
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for some ŵ ∈ R
nf . Since both δ∗ and β∗ are in Y (p), we have ŵ ∈ Null(A(p)

ff ). From

Lemma 4.2, we have Null(A
(p)
ff ) = Null(A

(p)
cf ), which implies that A

p
i (δ

∗ − β∗) = 0
and that q∗ is unique.

Finally, substituting δ∗ into (4.21) yields

Ki,p = 〈Api δ∗, δ∗〉 =
〈
ε̂1, δ̂1

〉
,

which completes the proof.
A practical algorithm for determining Q is as follows:
For p = 1, set

A
(1)
ff = Aff , A

(1)
cf = Acf .

For p = 2, set

A
(2)
ff = A2

ff +AfcAcf , A
(2)
cf = AcfAff +AccAcf .

Perform a QR factorization on A
(p)
ff using Householder reflections and column pivoting

to detect rank deficiency. If

A
(p)
ff δ̂1 = ε̂1

has a solution, then set

q∗ =

(
0

−A(p)
cf δ̂1

)

and Ki,p = 〈ε̂1, δ̂1〉; otherwise, set Ki,p =∞.
4.3. Local-global measure. This subsection shows that if Mi,1 or Mi,2 is

bounded for every i ∈ F , then the global measure M1 is also bounded.
Theorem 4.4. Let p = 1 or 2 and assume that the local approximation property

Mi,p(Q, e) ≤ Ki,p ∀e ∈ R
n(4.24)

holds for some Ki,p and all i ∈ F . Then global approximation property (3.4) is also
satisfied with

K = max
α∈T

∑
i∈Mα∩F

Ki,p ‖Ai‖p−1
.(4.25)

Proof. We have

〈(I −Q)e, (I −Q)e〉 =
∑
i∈F

〈
εiε

T
i (I −Q)e, εiε

T
i (I −Q)e

〉
≤
∑
i∈F

Ki,p 〈Api e, e〉

≤
∑
i∈F

Ki,p ‖Ai‖p−1 〈Aie, e〉

=
∑
α∈T

〈Aαe, e〉
∑

i∈Mα∩F
Ki,p ‖Ai‖p−1

≤ K
∑
α∈T

〈Aαe, e〉

= K 〈Ae, e〉 .
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Straightforward application of the above techniques can be used to bound M2

in terms of Mi,2. However, the resulting bounds on M2 can be much larger than
the maximum value of Mi,2. While this may not be sharp, it is simple to construct
an example where M2 is much larger than the largest Mi,2 and, hence, much larger
than M1. In this case, using M2 to estimate convergence could lead to the erroneous
conclusion that the resulting two-level method is slow to converge.

The local measure bounds, Ki,p, can be used as a diagnostic tool: Theorem 4.4
shows that they contribute to the bound K used to establish convergence in Theorem
3.2. While neither measure provides a sharp bound when the algorithm exhibits a
small convergence factor, they can provide a warning: If Ki,p is large for some i, it
may be profitable to reexamine the choice of the coarse grid, perhaps adding more
grid points to C.

As an alternative to increasing the size of C, we could respond to large values of
Ki,p locally by increasing the size of the neighborhood. Define the set N (k)

i of kth

removed neighbors recursively by letting N (1)
i := Ni and

N (�+1)
i := ∪

j∈N (�)
i

Nj .(4.26)

Then interpolation could be allowed from the set Ci := N (k)
i ∩ C, which are the

coarse-grid points connected to point i by a path of length k in the graph of A.
While this would yield more accurate interpolation, the complexity of PTAP would
certainly increase.

5. Numerical results. We apply the element interpolation methods numeri-
cally to two illustrative examples: a Poisson equation discretized on stretched quadri-
laterals and a plane-stress cantilever beam. We compare our numerical results with
the bounds predicted by our theory and demonstrate the improved robustness of the
new methods over AMG.

For each problem, we first present results for AMG to show that our usual ap-
proach breaks down. For standard AMG, which we now refer to as AMG1, parameter
θ defining the cutoff for strong connections is set to 0.25. The interpolation formula
is that found in [18] (see (5.10) and (6.4) there). For the stretched grid problem, two
variants of AMG are presented that restore convergence (although these fixes will be
shown to be ineffective in the elasticity problem). The first, called AMG2, uses a more
restrictive definition of strong connections by taking θ = 0.50. The second variant
(AMG3) returns to θ = 0.25 but uses iterative weight interpolation [10].

For comparison, we also include a method presented in [9, 8], since they report
results for both anisotropic Poisson problems and 2D elasticity. In those articles two
basic methods are described, each with a user-specified parameter θ1. The one we
include (referred to in [8] as method II, with θ1 = 0, and called the Chang–Wong–Fu
(CWF) method here) appears to be the most robust of their methods overall. There
are two main differences between our standard AMG algorithm and theirs. The first
is that their strong connections are determined by absolute value, while we consider
only connections of the “right” sign (i.e., the opposite sign from that of the diago-
nal entry) to be strong. (As with standard AMG, they take θ = 0.25.) The second
difference is the use of a modified interpolation formula. As with standard AMG,
interpolation to a point i is derived by writing the corresponding residual equation in
terms of the error, making some approximations for those terms defined at points not
used in interpolation, and solving for ei to obtain the weights. Unlike standard AMG,
these approximations use weighted averages based on absolute values of the matrix
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entries and incorporate some geometric ideas based on the assumption that the size of
matrix entries diminishes with the distance between grid points. A seemingly minor
modification is that, for weak (small) connections j with no connection to set the
interpolation points, the approximation is made that ej = ei if sign(aij) = −sign(aii)
or ej = −ei if sign(aij) = sign(aii). Variants of their methods include modifications
to restriction and the definition of the coarse-grid operator. However, the algorithm
we test reduces to the standard Galerkin formulation. That is, restriction is defined
as the transpose of interpolation, and the coarse-grid operator is taken as the prod-
uct of restriction, the fine-grid matrix, and interpolation. The coarsening method
they describe is simply the Ruge–Stüben two-pass coarsening scheme [18] using the
modified definition of strong connections. For testing their method, we use our AMG
coarsening code with strong connections determined by absolute value.

The only difference here between AMGe and the AMG variants described above is
that we use the element interpolation method in AMGe to construct the interpolation
operators. Thus, the coarse grids are selected in the same way that they are in AMG.
The possibility of using the AMGe measures to determine coarsening is a topic of
current research. Three different definitions are considered for interpolation: AMG,
local measure 1 (AMGe1), and local measure 2 (AMGe2).

In the multilevel algorithm, we construct “coarse element stiffness matrices” Ac,α
as follows:

Ac,α = PTAαP.(5.1)

To reduce computational complexity and storage costs, we combine coarse elements
that operate on the same points by summing them. That is, we define

Mc,α :=
{
j : εTj Ac,αεj �= 0

}
(5.2)

and, whenMc,α =Mc,β , we combine Ac,α and Ac,β to form a single coarse-element
stiffness matrix.

To conform to the theory, the linear systems for the AMGe tests are scaled so
that the diagonal is the identity. That is, we actually solve Âû = f̂ , where Â =
D−1/2AD−1/2, û = D1/2u, and f̂ = D−1/2f . Our initial experiments use V (0, 1)
cycles based on damped Jacobi with step size s = 1/2. In the examples below, ‖A‖ is
between 2.5 and 3.0 so that 1

‖A‖ ≤ s ≤ 2
‖A‖ . For AMG, we use the original unscaled

matrix A.
Equation (3.9) in Theorem 3.2 yields a bound on the convergence factor given by

ρ ≤ 1− 4− ‖A‖
4K

,(5.3)

where K is the bound on either M1 or M2. As we will see, this bound is very
pessimistic. Replacing K from (4.25) by Kp = maxiKi,p yields a somewhat more
realistic but still pessimistic estimate for the convergence factor. These estimates are
included in the numerical results below.

5.1. Stretched quadrilateral. Consider the stretched quadrilateral problem
introduced in section 2, which consists of a Poisson equation on a rectangular grid
discretized with nx×ny bilinear quadrilateral elements. The fine-grid elements have a
10:1 aspect ratio, yielding the stencil in (2.4). The boundary conditions are Dirichlet,
which are eliminated from the matrix during discretization.
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Table 5.1
Two-level and V-cycle asymptotic convergence factors for the stretched quadrilateral problem.

Two-Level Multilevel

Size AMG1 AMG2 AMG3 CWF AMG1 AMG2 AMG3 CWF

64× 64 0.80 0.12 0.09 0.91 0.81 0.14 0.09 0.91

128× 128 0.80 0.12 0.10 0.92 0.81 0.14 0.10 0.91

In Table 5.1, we present results of tests with AMG and its variants for the
stretched-grid Poisson problem. Both two-level and V-cycle results are given. In
all cases, (1,1) V-cycles are used, with C/F-ordered Gauss–Seidel relaxation. For
AMG1, convergence is much worse than the two-level factors of 0.06 and V-cycle
factors of 0.10 that we would get on unstretched grids. AMG2 and AMG3 both im-
prove convergence greatly, nearly restoring the results that would be obtained in the
uniform case.

The AMG variants each produced a semicoarsened grid for the first coarsening.
Away from boundaries, AMG1 used a six-point interpolation stencil of the form

PAMG =


0.084 0.332 0.084

∗
0.084 0.332 0.084


 .(5.4)

Both AMG2 and AMG3 produced two-point interpolation away from boundaries, so
that weights of 0.5 were obtained for the north and south points. Here, the difference
between these two methods lies in the interpolation stencils near boundaries.

In geometric multigrid, this anisotropic situation is often treated by semicoars-
ening, that is, by choosing coarse-grid points along each vertical line. Interpolation
is then performed only in the y direction. The typical interpolation weights used in
geometric semicoarsening do not involve corner points, so smaller weights intuitively
make more sense here. In fact, it can be shown that, for this problem, smaller corner
weights (up to a point) generally produce better two-level results. Since performance
is very sensitive to these weights, small changes in the algorithm can affect conver-
gence greatly. For example, in the code AMG1R5 that is widely available to the
public, in computing the interpolation operator, weak connections are treated in a
manner similar to strong connections. For this problem, this modification gives cor-
ner weights of 0.0052 and results in two-level and V-cycle factors of 0.33 and 0.54,
respectively.

Poor performance of the CWF method is primarily due to the grid chosen. Using
their modified definition of strong connections, all off diagonals in stencil (2.4) are
considered strong. This results in standard coarsening (coarsening by a factor of
2 in each grid direction), not semicoarsening. It is well known that such a coarse
grid cannot be used effectively for this problem without additional modifications to
the algorithm, such as line relaxation. It is interesting to note that, as the grid
becomes “unstretched,” the connections to the left and right become smaller, and
proper semicoarsening results. If semicoarsening were used in conjunction with the
CWF interpolation, two-level results of 0.33 would be obtained. This is still far from
the results reported for anisotropic problems in [8]. In that paper, however, simple
five-point finite difference stencils are used, so thatM -matrices result, and connections
to the east and west actually do become small as the grid is stretched. AMG and the
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variants used here would also have no problem with such discretizations. It should be
noted that the coarse grids we obtain may not be those that would be obtained with
the algorithm as they have implemented it, and in fact appear to be coarser in most
of their test problems, given the larger grid complexities they report. Nevertheless,
the grids chosen satisfy the criteria they present.

The point here is not that particular fixes exist for this specific problem. There
is no shortage of variations of the AMG algorithm: Each works well for some specific
cases but can break down for others. Our goal is instead to obtain robust AMG
methods that are much more difficult to break. This goal is the motive for the
development of AMGe.

In the AMGe tests, the AMG coarsening algorithm used for all three methods
again produces semicoarsened grids, and the interpolation formulas for AMGe1 and
AMGe2 are as follows:

PAMGe1 =


0.007 0.486 0.007

∗
0.007 0.486 0.007


 ,(5.5)

PAMGe2 =


0.003 0.494 0.003

∗
0.003 0.494 0.003


 .(5.6)

The stencils at boundaries are similar. Note that interpolation for these algorithms
also involve corner points, since these are considered strong connections, but the
associated weights for AMGe1 and AMGe2 are much smaller than for AMG. The
large element aspect ratio effectively decouples each vertical line of grid points from
the others.

The experimental results for AMG1, AMGe1, and AMGe2 are presented in Ta-
ble 5.2. Two grid sizes, 64×64 and 128×128, are used. For better comparison with the
theory, two changes were made to the solution method. First, we used (1,0) V-cycles,
as opposed to the (1,1) V-cycles reported in the previous table. In addition, relaxation
has been changed from C/F Gauss–Seidel to a Richardson iteration with a relaxation
parameter ω = 0.5. For each grid, we show asymptotic convergence factors for AMG1,
AMGe1, and AMGe2. Factors are shown for both two-level and multilevel cases. For
the two-level case, we show the bound on the convergence factor corresponding to us-
ing (4.25) in Theorem 3.2 forM1. This is computed using ‖A‖ = 2.97 and K1 = 2.68.
As expected, the bound is very pessimistic. We also show the convergence factor
(labeled “estimate”) that would result from substituting K1 = maxiKi,1 = 1.34 and
K2 = maxiKi,2 = 2.0 for (4.25) in Theorem 3.2. This provides a somewhat improved
but still very pessimistic value for the convergence factor. This behavior is typical of
most multigrid theory, where results often substantially exceed theoretical estimates.

The key observation to be made from the data in Table 5.2 is that both AMGe1
and AMGe2 produce substantial improvement over AMG for stretched quadrilaterals.
For this problem, AMG2 and AMG3 described above would produce results similar
to AMGe1 and AMGe2. Such techniques, however, tend to be somewhat ad hoc, and
are not based on theoretical considerations. As such, we cannot determine in advance
whether such treatments will be useful for a given problem. By contrast, we expect
AMGe1 and AMGe2 to perform well in more general problems involving high aspect
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Table 5.2
Asymptotic convergence factors, bound predicted by theory, and “improvement” of observed

over predicted for the stretched quadrilateral problem.

Two-Level Multilevel

Size AMG1 AMGe1 AMGe2 AMG AMGe1 AMGe2

64× 64 0.82 0.27 0.27 0.84 0.32 0.27

128× 128 0.82 0.28 0.28 0.84 0.31 0.28

Bound 0.97 0.90 – – – –

Estimate 0.81 0.87 – – –

ratios, so they should find wide applicability for problems based on unstructured grids
having thin domains or regions.

5.2. Plane-stress cantilever beam. Consider the 2D linear elasticity equa-
tions

uxx +
1− ν

2
uyy +

1 + ν

2
vxy = f1,

vyy +
1− ν

2
vxx +

1 + ν

2
uxy = f2,

where u and v are displacements in the x and y directions, respectively. We take
ν = 4/7 for the tests. The problem, depicted in Figure 5.1, has free boundaries,
except on the left where u = v = 0. We discretize with bilinear finite elements on a
uniform rectangular mesh with spacing h in both directions (square elements).

1

d

Fig. 5.1. Plane-stress cantilever beam problem.

Again, before testing the element-based methods, we present results for the
AMG1, AMG2, AMG3, and CWF methods of the previous section. AMG1, AMG2,
and AMG3 are applied in a separate fashion (the so-called unknown approach [18])
in which connections between u and v are completely ignored in the determination of
strong connections and computation of interpolation weights. Such an approach has
been shown to produce good results for the elasticity problem on the unit square when
full Dirichlet boundary conditions are used, although it degrades with the number of
free sides allowed (cf. [10]). As in [8], the CWF method does not differentiate between
the two unknowns. (It should be noted that, in comparison with the AMG1R5 code
in that paper, AMG was also applied in a “scalar” fashion. Not unexpectedly, it did
not perform well since AMG1R5 was designed for scalar problems and there is really
no local relationship between pointwise values of errors in u and errors in v, even
when these errors are smooth.)
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Table 5.3
Two-level and V-cycle asymptotic convergence factors for four methods for the plane-stress

problem.

Two-level Multilevel

d AMG1 AMG2 AMG3 CWF AMG1 AMG2 AMG3 CWF

1 0.33 0.31 0.31 0.73 0.58 0.62 0.58 0.96

3/4 0.33 0.31 0.29 0.79 0.72 0.65 0.64 0.95

1/2 0.34 0.32 0.29 0.89 0.80 0.76 0.81 0.96

1/4 0.58 0.57 0.51 0.98 0.97 0.95 0.98 0.98

1/8 0.90 0.90 0.87 0.99 0.99 0.98 0.99 0.99

1/16 0.98 0.98 0.98 0.99 0.98 0.98 0.99 0.99

1/32 0.98 0.99 0.98 0.99 0.99 0.99 0.99 0.98

1/64 0.99 0.99 0.99 0.99 0.98 0.98 0.98 0.98

Results are presented in Table 5.3. Several different thicknesses are used for the
beam, ranging from a square cross section, d = 1, to a very thin beam, d = 1/64. As
before, (1,1) V-cycles were used with C/F Gauss–Seidel relaxation. The factors shown
were obtained after 100 cycles. (With such poor convergence factors, it generally takes
many iterations to reach the asymptotic state.) Note that there is little difference
between convergence factors for AMG1, AMG2, and AMG3, although AMG3 with
iterative weight interpolation shows a slight advantage. For this problem, the u − u
and v−v stencils each resemble the anisotropic stencils for the Poisson problem (with
the first stretched in x and the second in y), but with grids that are less stretched.
Thus, the “fixes” do not improve much on the basic algorithm, as they did for the
stretched-grid Poisson problem. Note that two-level factors are nearly constant until
d is reduced to below 1/2, at which convergence degrades sharply. V-cycle factors,
while somewhat acceptable for large d, degrade even more quickly than two-level
factors as the domain becomes thinner. With all three AMG variants, on the finest
grid, u is semicoarsened in x while v is semicoarsened in y for all d used. Thus,
for all d > 1/64, interpolation computed on the finest level does not change. This
indicates strongly that the problem is not that interpolation accuracy for smooth
components is affected, but that such smooth components must be interpolated more
accurately as d is reduced. In fact, it can be shown that the energy norm relative to
the Euclidean norm of the smoothest components decreases to zero with d, which by
standard variational multigrid theory (see section 3) suggests that interpolation must
become increasingly more accurate.

For this problem, the interpolation scheme in the CWF method gives very slow
convergence. Even two-level factors are large for d = 1, indicating that the local
interpolation accuracy is not sufficient. Since quite good results for the 2D elasticity
problem were presented in [8], some explanation for the behavior of the method here
is warranted. As noted earlier, the CWF method does not differentiate between u and
v, and, for example, u at a point can interpolate from a combination of u and v values
at surrounding points. With such interpolation, however, some minimal conditions
must be met before reasonable convergence could be expected. With discretizations
of scalar differential operators, away from Dirichlet boundaries, the matrix generally
has zero row sums, so that the constant is in the local null space of the operator. Since
the smoothest grid functions are locally constant, these must be interpolated exactly,
which in turn requires interpolation weights at each point to sum to 1. Similarly, in
the elasticity problem, away from fixed boundaries the u− u, u− v, v − u, and v − v
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Table 5.4
Asymptotic convergence factors, bound predicted by theory, and “improvement” of observed

over predicted for the plane-stress problem with h = 1/64.

Two-level Multilevel

d GMG AMGe1 AMGe2 GMG AMGe1 AMGe2

1 0.45 0.49 0.48 0.49 0.65 0.85

1/4 0.46 0.48 0.47 0.76 0.68 0.90

1/8 0.46 0.47 0.45 0.78 0.64 0.87

1/16 0.46 0.49 0.45 0.77 0.58 0.77

1/32 0.53 0.45 0.50 0.75 0.51 0.56

1/64 0.67 0.39 0.28 0.67 0.39 0.28

Bound – 0.97 – – – –

Estimate – 0.87 0.97 – – –

connections at each point also sum to zero, so that separate independent constants
in u and v are in the local null space of the operator. For these components to be
interpolated exactly, the u − u and v − v interpolation weights both must sum to 1,
while the u−v and v−u weights both must sum to zero. Loss of any of these conditions
can severely degrade convergence. Now, one thing to note is that the tests in [8] use
finite differences and full Dirichlet boundary conditions. In the finite difference case,
the u− v and v−u connections are smaller relative to the maximum connection, and
are considered weak, thus keeping interpolation completely separate for u and v, at
least on the finest grid. In the finite element case here, connections from u to v and
v to u are considered strong. By itself, this is not bad. In fact, when full Dirichlet
conditions are used with the finite element discretization, the CWF method gives a
two-level convergence factor of 0.33 for the d = 1 problem. Along free boundaries,
however, it was found that different geometric assumptions applied to positive and
negative cross connections resulted in a loss of one-row sum for the u−u interpolation
weights and zero-row sum for the u− v and v − u weights, resulting in the uniformly
poor convergence found.

In the AMGe tests, we use the geometric coarsening strategy of doubling the
element size in both directions until there is only one element in the y direction,
then doubling the element size in the x direction only. For the multilevel results, we
coarsen until hx = 2hy. Such a grid is not admissible with the other AMG algorithms
presented, so a direct comparison of the effect of using the different interpolation
formulas on the same grid is not practical here. (Actually, a modification of iterative
weight interpolation could be used and would yield results comparable with those
previously obtained.) However, it is instructive to include results of AMG where linear
interpolation is actually used on these uniform grids. This method then becomes a
geometric multigrid algorithm, which we call GMG.

Experimental results from three methods are shown in Table 5.4, using (0,1) V-
cycles based on Jacobi sweeps with relaxation parameter ω = 0.5. This should be
kept in mind when comparing results with the AMG tests of Table 5.3, since (1,1) V-
cycles were used there. The theoretical bounds and estimates suggest extremely slow
convergence for AMGe1 and AMGe2 (when applied to AMG, they do not indicate
that AMG will converge at all). In fact, however, both AMGe1 and AMGe2 achieve
substantial improvement, especially for the two-level algorithm, where they greatly
exceed predictions. The bound is based on ‖A‖ = 2.50 and K1 = 12.25, while the
predictions are based on maxiKi,1 = 2.84 and maxiKi,2 = 8.31.
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Note that the GMG method, which is basically the best that the AMG methods
using separate interpolation can aspire to, also shows the same type of degradation
as the AMG methods, although less severe. That is, two-level results are stable
until d becomes small, then worsen. V-cycle results degrade faster, although they
stabilize due to the artificial limitation on the coarsest grid used. This limitation
was not present in the AMG tests. In fact, coarser grids could have been used here,
which would result in much worse convergence factors if we were to continue with the
same interpolation and relaxation schemes. For further coarsening in the x direction,
smoothing of pointwise relaxation would suffer as the grid aspect ratios worsen, so
“group” relaxation (here equivalent to y-line relaxation) would be needed to maintain
efficiency. We did not consider this group relaxation option or its implications on our
theory because the focus here is on the interpolation process.

Two observations are significant: The two-level performance of AMGe1 and
AMGe2 is generally independent of the beam thickness until d = hx, where even
greater improvement occurs; and the multilevel performance of AMGe1 and AMGe2
improves steadily as the beam becomes thinner. This is in direct contrast to the AMG
and GMG results obtained, demonstrating the effectiveness of the new interpolation
methods.

While this paper concentrates on the effect of the new interpolation method, it
should be kept in mind that there are other techniques that may be applied to enhance
performance of the algorithm. For instance, the multilevel experiments shown here
focused on Jacobi relaxation and a (0,1) V-cycle. The relaxation method and its
parameters can be chosen differently. For example, the multilevel AMGe1 case with
d = 1/4 shows a convergence factor of 0.65 in Table 5.4. A Jacobi (1,1) V-cycle
improves this factor to 0.58, while a (1,1) F -cycle (see [14]) attains a convergence
factor of 0.31. Nearly identical results, 0.65 for V(0,1), 0.56 for V(1,1), and 0.33 for
F (1,1), are obtained if the Jacobi relaxation is replaced by nodal Gauss–Seidel with
symmetric CF relaxation, which sweeps over the C points followed by the F points
on the downward leg of the V-cycle, and over the F points followed by the C points
on the upward leg. Another possibility is the use of a single multigrid V(1,1) cycle
as a preconditioner for a conjugate gradient iteration. Applied to the plane-stress
problem using the nodal relaxation described above, this yields convergence factors
ranging from 0.16 to 0.26 per conjugate gradient iteration.

For both sets of experiments, AMGe interpolation achieves significant improve-
ment over conventional AMG performance. We believe that further improvement is
possible using more sophisticated coarse-grid selection. We observe that local mea-
sures Mi,1 and Mi,2 carry a great deal of information about the nature of the under-
lying problem and its discretization, and we should be able to exploit this information
to determine more effective coarse grids.

6. Conclusions. For any multigrid method to work, errors that remain after
relaxation must be well approximated by the range of interpolation. Since algebraic
multigrid does not rely on geometric information, its fundamental challenge is to
construct coarse grids and interpolation operators that approximate these errors. The
core of this challenge is to determine errors that cannot be effectively reduced by local
processing.

Two local measures were introduced here to quantify how well the coarsening
processes determine algebraically smooth error, and they were used to construct new
interpolation operators. Experimental data for two representative test problems con-
firm that these operators produce an AMGe algorithm whose convergence rates for
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these cases are substantially better than standard AMG.

Current research focuses on using these measures in AMGe also to assess the
ability of coarse-grid points to represent the necessary error components, that is, to
determine which points are best suited to be on the coarse grid. Combined with the
improved interpolation operator, this may lead to very efficient AMGe algorithms for
a much wider range of problems than is currently available.
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Abstract. In this paper we investigate collocation methods for the computation of periodic
solutions of autonomous delay differential equations (DDEs). Periodic solutions are found by solving
a periodic two-point boundary value problem, which is an infinite-dimensional problem for DDEs,
in contrast to the case of ordinary differential equations. We investigate three collocation methods
based on piecewise polynomials. We discuss computational issues and show numerical orders of
convergence using an extensive number of tests. We compare our numerical results with known
theoretical convergence results for initial value problems for DDEs. In particular, we show how
superconvergence at the mesh points can be lost or recovered depending on the DDE model under
consideration and on the choice of collocation discretization. We end with a brief discussion of
adaptive mesh selection.
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1. Introduction. This paper deals with collocation methods for the computa-
tion of periodic solutions to autonomous delay differential equations (DDEs),

dx(t)

dt
= f(x(t), x(t− τ)),(1.1)

with one (constant) delay τ > 0 and f : R
n × R

n → R
n. For the sake of conve-

nience we restrict ourselves to one-delay DDEs, but generalization to multiple delays
is straightforward.

Let C := C([−τ, 0],Rn) be the vector space of continuous functions mapping the
interval [−τ, 0] into R

n. For s ∈ R, denote by xs ∈ C the segment of a solution x to
(1.1) defined by

xs(θ) = x(s+ θ), θ ∈ [−τ, 0].

C is the state space for (1.1), that is, for any given s the solution segment xs uniquely
determines, via (1.1), the values x(t) for all t ≥ s. Consequently, any periodic solution
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to (1.1) can be found as the solution of the following two-point boundary value problem
(BVP),




dx(t)
dt = f(x(t), x(t− τ)), t ∈ [0, T ],
x0 = xT ,
p(x, T ) = 0,

(1.2)

where T denotes the (unknown) period and p(x, T ) = 0 represents a suitable phase
condition to remove translational invariancy.

Observe that the boundary condition x0 = xT in (1.2) concerns a condition in an
infinite-dimensional space, namely, C. This is clearly in contrast with the analogous
problem for the case of ordinary differential equations (ODEs, i.e., (1.1) without a
delay argument x(t−τ)), where the boundary condition applies in a finite-dimensional
space, R

n.

In [22] the convergence of numerical simulations to stable periodic solutions was
considered. In [27] a shooting approach is used, based on a combination of [16] and
[26], for solving problem (1.2). This approach has been used to study a number of
specific applications of DDEs [14, 13] and has been shown to be reasonably efficient.

The approach we follow in this paper is to solve the BVP (1.2) by the well-known
collocation method. Collocation methods are popular methods for the numerical
solution of BVPs for systems of ODEs. The widely used COLSYS/COLNEW [1, 6]
and AUTO [12] software packages employ collocation with piecewise polynomials to
approximate the solutions to BVPs for ODEs.

In this paper, our main aim is to study, by means of numerical experiments,
a number of related collocation schemes for (1.2) with respect to their (observed)
convergence orders and efficiency. In section 2 we distinguish between two kinds of
BVPs for DDEs and discuss theoretical convergence results from the literature. In
section 3 we outline the general setting relevant to collocation methods. In section 4
we review known convergence results concerning the numerical solution of IVPs for
DDEs, which we will compare with the outcomes of our numerical experiments for
the periodic BVP (1.2). This comparison is motivated by the fact that in the case of
ODEs the same convergence orders are valid for similar discretizations of IVPs and
BVPs, respectively. Next, in section 5 we explain the collocation variants that we
investigate. In section 6 we describe the test models which we use, and we present
our actual numerical results in section 7. Section 8 contains conclusions.

2. Two kinds of BVPs. A general two-point BVP for delay differential equa-
tions (1.1) may be formulated as (cf., e.g., [18, 24])

{
dx(t)

dt = f(x(t), x(t− τ)), t ∈ [0, T ],
b(x0, xT ) = 0,

(2.1)

where b : C × C → C and T > 0 are given. However, in the current literature
on the numerical solution of BVPs for DDEs (or more general functional differential
equations), see, e.g., [5, 8, 3, 9, 30, 25] and [2, section 11.7], one invariably encounters
BVPs for (1.1) of the form




dx(t)
dt = f(x(t), x(t− τ)), t ∈ [0, T ],
x(θ) = φ(θ), θ ∈ [−τ, 0),
b(x(0), x(T )) = 0.

(2.2)
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Here, an initial function φ ∈ C is given, a discontinuity in the solution at t = 0 is
allowed, and b : R

n×R
n → R

n specifies a boundary condition in the finite-dimensional
space R

n. We note that both kinds of BVPs, (2.1) and (2.2), may contain additional
conditions and corresponding free parameters (cf. p(x, T ) = 0 and T in (1.2)). In [24]
problem (2.1) is called Halanay’s boundary value problem, whereas (2.2) is called a
BVP with finite defect.

The existing literature on the numerical solution of BVPs for DDEs seems to
be mainly targeted towards problems of the kind (2.2), which arise, among others,
in control applications. In particular, a convergence result for piecewise polynomial
collocation for the problem (2.2) is proven in [4]. We are not aware of theoretical
convergence results on the numerical solution of problems of the kind (2.1) which
cannot be reduced to the BVP (2.2) (and are not based on approximations by trun-
cated Fourier series as in [11, 10, 33]). Note that, in general, periodic solutions of
(1.1) cannot be found as solutions to BVPs of the form (2.2).

3. Preliminaries. Below, we give our basic notations and the general setting
relevant to collocation methods.

Let Π be a mesh, i.e., a collection of mesh points 0 = t0 < t1 < · · · < tL = T which
partition the interval [0, T ]. Set hi := ti+1− ti for i = 0, . . . , L− 1. Denote by πm the
set of all (vector-valued) polynomials of degree not exceeding m. We will approximate
a solution x to (1.1) on the interval [0, T ] by an element from the following space of
piecewise polynomials:

Sm(Π) := {u ∈ C([0, T ],Rn) : u|[ti,ti+1] ∈ πm, i = 0, . . . , L− 1}.
Clearly, dimSm(Π) = n × (L ×m + 1). Note that u ∈ Sm(Π) is continuous but not
necessarily continuously differentiable (at the mesh points).

Let

X(Π) :=
L−1⋃
i=0

Xi

with

Xi := {ci,l := ti + clhi, l = 1, . . . ,m}
be a given set of (so-called) collocation points in [0, T ] based on the given, fixed set
of collocation parameters {cl} with 0 ≤ c1 < c2 < · · · < cm ≤ 1. Then the idea of a
collocation method for approximating a solution to the DDE (1.1) is to find a function
u : [−τ, T ] → R

n, the so-called collocation solution, such that (a) its restriction to
[0, T ] belongs to Sm(Π), (b) for i = 0, . . . , L − 1 its restriction to [ti, ti+1] satisfies
system (1.1) on the (finite) set Xi, and (c) it fulfills the relevant initial or boundary
value condition.

For i = 0, . . . , L − 1 the collocation solution can be represented on subinterval
[ti, ti+1] as

u(t) =

m∑
j=0

u(ti+ j
m
)Pi,j(t),(3.1)

where

Pi,j(t) =

m∏
r=0,r �=j

t− ti+ r
m

ti+ j
m
− ti+ r

m

, j = 0, . . . ,m(3.2)
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are Lagrange polynomials and

ti+ j
m

:= ti +
j

m
hi, j = 1, . . . ,m− 1

are so-called representation points (between the mesh points ti+ 0
m

= ti and ti+m
m

=

ti+1). Thus the collocation solution u is completely determined on [0, T ] by the vectors
ui+ j

m
:= u(ti+ j

m
), i = 0, . . . , L− 1, j = 0, . . . ,m− 1, and uL = u(tL).

4. Initial value problems. In this section we consider the initial value problem
(IVP) {

dx(t)
dt = f(x(t), x(t− τ)), t ∈ [0, T ],
x0 = φ,

(4.1)

where φ ∈ C is a given initial function.
Even if both f and φ are arbitrarily smooth, a solution x to (4.1) may have a

discontinuity in its first derivative at t = 0. This is because, in general,

dφ(θ)

dθ

∣∣∣∣
θ=0−

�= f(φ(0), φ(−τ)).

Due to the presence of the delayed term x(t − τ) in (4.1), the discontinuity at t =
0 is propagated forward in time. However, the discontinuity is smoothed as time
increases, and a discontinuity in the (k + 1)st derivative of x, in general, appears at
t = kτ, k = 0, 1, 2, . . . . In a numerical procedure for IVPs (4.1) it is important to
include some of these so-called breaking points t = kτ, k = 0, 1, 2, . . . , in the mesh to
avoid a reduction in the order of accuracy.

The theory concerning the numerical solution of IVPs for DDEs is well developed.
Below, several main results on the convergence behavior of collocation methods in the
case of the IVP (4.1) are collected. In particular, these deal also with collocation
methods that are based on the well-known Gauss–Legendre collocation parameters
{cl}, i.e., the roots of the mth degree Gauss–Legendre polynomial transformed to
[0, 1].

The collocation method as outlined in section 3 consists of solving successively
for i = 0, . . . , L− 1 the following system of equations for u restricted to [ti, ti+1]:

du(ci,l)

dt
=

{
f(u(ci,l), φ(ci,l − τ)) when ci,l − τ ≤ 0,
f(u(ci,l), u(ci,l − τ)) when ci,l − τ > 0

(4.2)

for l = 1, . . . ,m, where u(0) = φ(0). The derivative of u in (4.2) has to be interpreted
such that if ci,l = ti it denotes the right-hand derivative at ti, whereas if ci,l = ti+1,
it stands for the left-hand derivative at ti+1.

For ease of presentation, we assume in the rest of this section that all breaking
points in [0, T ] are included in the mesh Π and, further, that f , φ are both arbitrarily
smooth. We set h := maxi(hi) and let ‖ · ‖ denote a given, fixed norm on R

n.
The first theorem is a standard convergence result.
Theorem 4.1. Let x be the exact solution to (4.1), and let u be a corresponding

collocation solution as described in section 3 and above. Then the following estimate
holds:

max
t∈[0,T ]

‖u(t)− x(t)‖ = O(hm) (h ↓ 0).(4.3)
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If {cl} are the Gauss–Legendre collocation parameters, then the above estimate can be
sharpened to

max
t∈[0,T ]

‖u(t)− x(t)‖ = O(hm+1) (h ↓ 0).(4.4)

The following result deals with the special case where the mesh Π is such that for
each i < L with ti ≥ τ the subinterval [ti, ti+1] is mapped by t �→ t− τ exactly onto
a (previous) subinterval [tk, tk+1] with 0 ≤ k < i. A mesh with this property is called
a constrained mesh.

Theorem 4.2. Let x be the exact solution to (4.1), and let u be a corresponding
collocation solution, as described in section 3 and above, based on a constrained mesh
Π. If {cl} are the Gauss–Legendre collocation parameters, then the following estimate
is valid:

max
i=0,...,L

‖u(ti)− x(ti)‖ = O(h2m) (h ↓ 0).(4.5)

The above result can be found in [7, 17]. It means that superconvergence at the mesh
points, a well-known phenomenon in the case of both IVPs and BVPs for ODEs, also
occurs in the case of IVPs for DDEs under an appropriate choice of Π.

The result of Theorem 4.2 can be obtained for more general meshes Π when one
considers application of alternative interpolation procedures in the past, instead of
using the relevant local collocation polynomial. We state convergence theorems for
two alternative types of interpolation procedures, where we leave the detailed (inter-
polation) formulas to section 5.1. We assume that the ratios hi+1/hi are uniformly
bounded from below and above by fixed positive real numbers. We further assume
that, near a breaking point, the support points for the two interpolation procedures
below are all taken on one side of the breaking point.

Let q ≥ 1 be a given fixed integer. The first theorem below deals with the case
of polynomial interpolation with respect to the mesh points for approximating the
delayed term x(t− τ) (cf. (5.9)).

Theorem 4.3. Let x be the exact solution to (4.1), and let u be a corresponding
collocation solution, where in (4.2) the quantity u(ci,l − τ) is replaced by the value of
the polynomial of degree q at t = ci,l − τ that interpolates u at q + 1 mesh points tj
in the neighborhood of t. If {cl} are the Gauss–Legendre collocation parameters, then
the following estimates hold:

max
i=0,...,L

‖u(ti)− x(ti)‖ = O(hmin(2m,q+1)) (h ↓ 0),(4.6)

max
t∈[0,T ]

‖u(t)− x(t)‖ = O(hmin(m+1,q+1)) (h ↓ 0).(4.7)

Theorem 4.3 follows from common estimation arguments. If the above polynomial
interpolation procedure is used with q = 2m−1, superconvergence at the mesh points
is obtained for (in essence) arbitrary meshes.

The next theorem deals with the case of equistage interpolation [20, 21] for ap-
proximating the delayed term (cf. (5.10)). At present, a satisfactory convergence
analysis for this procedure, relevant to arbitrary meshes, is not known. A first result
was obtained in [21].

Theorem 4.4. Let x be the exact solution to (4.1), and let u be a corresponding
collocation solution, where in (4.2) the quantity u(ci,l − τ) is replaced by the value of
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the equistage polynomial of degree q at t = ci,l − τ that interpolates u at q + 1 points
cj,l in the neighborhood of t. If {cl} are the Gauss–Legendre collocation parameters,
then (4.7) holds, and (4.6) holds under a model assumption on Π (see [21]).

Result (4.6) follows from a direct application of the convergence theorem proved
in [21]. The result concerning (4.7) can be shown using well-known arguments.

We remark that if the mesh is constrained, then the collocation process described
in Theorem 4.4 reduces to the original collocation process, as in this case equistage
interpolation is not actually performed. Thus, in this case Theorems 4.1, 4.2 apply.

5. Computation of periodic solutions. In this section we explain in detail
the collocation variants that we consider. We also discuss the structure of the linear
system which needs to be solved in each Newton iteration and describe adaptive mesh
selection.

5.1. Outline of the collocation variants. For our numerical method, it is
convenient to consider instead of BVP (1.2) a transformed BVP that is obtained from
(1.2) after scaling time by the factor T−1,


dx(t)

dt = Tf(x(t), x(t− τ
T )), t ∈ [0, 1],

x0 = x1,
p(x, T ) = 0.

(5.1)

Recall that T is unknown and will be determined during computations. In the follow-
ing we assume that τ < T . We set τ̄ = τT−1. Note that a periodic solution to (1.1) is
arbitrarily smooth for all times (if f is arbitrarily smooth). Therefore no time points
have to be included in the mesh a priori; cf. section 4.

A collocation solution u to the transformed BVP (5.1), corresponding to a mesh
Π on [0, 1] and collocation parameters {cl}, is determined (cf. section 3) in terms of
the unknowns

ui+ j
m

= u(ti+ j
m
), i = 0, . . . , L− 1, j = 0, . . . ,m− 1, and uL = u(tL)

by the collocation equations

du(ci,l)

dt
=

{
Tf(u(ci,l), u(ci,l − τ̄ + 1)) when ci,l − τ̄ < 0,
T f(u(ci,l), u(ci,l − τ̄)) when ci,l − τ̄ ≥ 0

(5.2)

for i = 0, . . . , L − 1, l = 1, . . . ,m. Here, the same convention on the derivative of u
holds as in the case of (4.2).

Clearly, for BVP (1.2) the initial function, x0, is not known beforehand. However,
the periodic boundary condition is linear, and in constructing (5.2) we have used this
fact in order to eliminate directly the numerical unknowns corresponding to times
t < 0. We did not eliminate u0 (because its value is used to determine u in [0, t1]), so
we still need to require

u0 = uL,(5.3)

together with the phase condition

p(u, T ) = 0.(5.4)

In order to solve the combined nonlinear system (5.2), (5.3), (5.4), we apply
Newton iteration. Write c = ci,l and

c̃ =

{
c− τ̄ + 1 when c− τ̄ < 0,
c− τ̄ when c− τ̄ ≥ 0.

(5.5)
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Let integer k be such that tk ≤ c̃ < tk+1. Then (5.2) assumes the form

m∑
j=0

ui+ j
m
P ′
i,j(c) = Tf


 m∑
j=0

ui+ j
m
Pi,j(c),

m∑
j=0

uk+ j
m
Pk,j(c̃)


 ,(5.6)

where P ′
i,j denotes the derivative of Pi,j . After linearization of (5.6) with respect to

u, T we obtain∑m
j=0 P

′
i,j(c)∆ui+ j

m
− f(u(c), u(c̃))∆T − TA0(u(c), u(c̃))

∑m
j=0 Pi,j(c)∆ui+ j

m

−TA1(u(c), u(c̃))
(∑m

j=0 Pk,j(c̃)∆uk+ j
m
+
(∑m

j=0 uk+ j
m
P ′
k,j(c̃)

)
τ
T 2∆T

)
= −

(∑m
j=0 ui+ j

m
P ′
i,j(c)− Tf(u(c), u(c̃))

)
,

(5.7)

where

u(c) =
∑m
j=0 ui+ j

m
Pi,j(c), u(c̃) =

∑m
j=0 uk+ j

m
Pk,j(c̃)

and

A0(ξ, η) =
∂f

∂ξ
(ξ, η), A1(ξ, η) =

∂f

∂η
(ξ, η).

Note that (5.6) is, through c̃, in general nondifferentiable with respect to T whenever
tk = c̃. We have (arbitrarily) chosen the right-hand derivative when this occurs. The
nondifferentiability can reduce the asymptotic quadratic convergence of the Newton
iteration. However, since periodic solutions have continuous derivatives, we did not
expect nor encountered problems in our test cases.

We also deal with two variants to the above collocation scheme. Here, the value
of the collocation solution at c̃ (“in the past”),

u(c̃) =
m∑
j=0

uk+ j
m
Pk,j(c̃),(5.8)

is replaced, in (5.6), by the value of an interpolating polynomial of (fixed) degree
q = k1 + k2 constructed through q + 1 mesh points in the neighborhood of c̃,

u(c̃)→
k+k2∑
j=k−k1

u(tj)Qk,j(c̃),(5.9)

or, by the value of an interpolating polynomial defined according to equistage inter-
polation (see [20], [21]),

u(c̃)→
k+k2∑
j=k−k1

u(cj,l)Rk,j,l(c̃),(5.10)

where

Qk,j(t) =

k+k2∏
r=k−k1,r �=j

t− tr
tj − tr , Rk,j,l(t) =

k+k2∏
r=k−k1,r �=j

t− cr,l
cj,l − cr,l .(5.11)

Integers k1, k2 are chosen such that the points tj and cj,l lie centered around the
value c̃ ∈ [tk, tk+1]. Remark that, if the mesh points or collocation points used in
(5.9), (5.10), (5.11) have indices outside 0, . . . , L, they are appropriately substituted
using “periodic continuation” of Π and u (as in (5.5)).
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Fig. 1. Structure of the matrix arising in the Newton iteration in the case of method (5.3),
(5.4), (5.6) and model (6.3) using a uniform mesh (left) and a nonuniform mesh (right) with L = 10
and collocation polynomials of degree m = 3 (n = 1, τ = 1, T ≈ 4.0964). Zero elements are indicated
by dots (·) and nonzero elements by crosses (×).

5.2. Linear system structure. Figure 1 visualizes the structure of two ma-
trices corresponding to two cases of the system of linear equations (5.7), (5.3), (5.4),
which defines the Newton iteration. These matrices contain a (large)mLn×(mL+1)n
block filled with two (circular) bands. This block is bordered by one column and n+1
rows. The extra column contains derivatives with respect to the period; n extra rows
contain condition (5.3), and one extra row arises because of the phase condition (5.4).

The diagonal band is itself a concatenation of mn × (m + 1)n blocks. The off-
diagonal band is a consequence of the delay term, its circularity is due to the (elimi-
nated) periodicity condition. When the mesh is equidistant (uniform), the off-diagonal
band lies at a fixed distance from the diagonal band. This distance is approximately
equal to τ̄ of the total matrix size. When the mesh is nonuniform, this distance varies
(see Figure 1 (right)).

In the case of ODEs, the linear system can be solved with a band solver. Then
the band size is proportional to the system size n and the (polynomial) degree m
but it does not depend on the number of intervals L. For DDEs this is no longer
possible. For moderate values of m, n, and L the linear system can be solved with
a direct method as we did in our tests. Efficiency could be increased using, e.g., a
chord-Newton method, in which case the Jacobian is not recomputed (and factored)
in every iteration but remains fixed during a number of iterations.

Figure 2 shows the structure of the matrices corresponding to the linearized sys-
tem of equations for the collocation variants defined by the replacements (5.9) and
(5.10), respectively. As can be seen, both variants yield an increase in the size of the
bandwidth of the off-diagonal band, approximately by a factor q.

We conclude this subsection by noticing that the technique of condensation of
parameters (cf. [2]) cannot be applied in our case except for the collocation variant
based on (5.9) because its interpolation procedure in the past uses approximations
only at the mesh points.

5.3. Adaptive mesh selection. Adaptive mesh selection for BVPs for ODEs
is achieved by equidistributing the integral

K =

∫ 1

0

|x(m+1)(Ts)| 1
m+1 ds
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Fig. 2. Structure of the matrices arising in the Newton iteration in the case of collocation
variants based on (5.9) (left) and (5.10) (right) for model (6.1) using a uniform mesh with L = 15,
collocation polynomials of degree m = 3, and q = 5 (n = 1, τ = 2, T ≈ 5.3918). Zero elements are
indicated by dots (·), and nonzero elements by crosses (×).

over the mesh intervals∫ ti+1

ti

|x(m+1)(Ts)| 1
m+1 ds =

1

L
K, i = 0, . . . , L− 1,(5.12)

where x(t) is scalar and | · | is the absolute value; see, e.g., [12, 2].
The new mesh points, ti, satisfying (5.12) are determined using an approximation

of x(m+1) obtained from the current mesh and collocation solution u.
Formula (5.12) is based on the error estimate

|x(tT )− u(t)| = Chm+1
i max

s∈[ti,ti+1]
|x(m+1)(Ts)|+O(hm+2), t ∈ [ti, ti+1],(5.13)

when using Gauss–Legendre collocation points. Formula (5.13) is proven for BVPs for
ODEs using a Green’s function [31]. The use of a Green’s function can be extended to
BVPs of finite defect (2.2) (see [5] which includes a discussion of its changed smooth-
ness properties) but the approach is not applicable to the “infinite-dimensional” BVP
(2.1). Hence the validity of (5.13) remains an important open question in our situa-
tion.

Our numerical tests (see section 7.2), however, indicate that formula (5.13) re-
mains valid for the periodic BVP (1.2). We subsequently implemented and tested
the strategy (5.12) as implemented in AUTO on the models considered in this paper.
These tests resulted in a desirable decrease in error for difficult profiles (compared to
the use of a uniform mesh with the same number of mesh points) but in an increase
in error for rather easy profiles (i.e., profiles without steep gradients). The latter
phenomenon (which did not disappear even for very fine meshes) was, after a number
of tests, removed by changing the discretization formula used for (5.12) in AUTO to
the trapezium rule. The scheme then showed both a (small) decrease in error for easy
profiles and an (even larger than before) decrease in error for difficult profiles. We
conclude with the formulae for the latter variant.

Based on the old mesh points, ti, and the piecewise constant u(m), let

di =
u(m)(ξi+1)− u(m)(ξi)

1
2 (ti+1 − ti−1)

, i = 0, . . . , L,
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Fig. 3. The periodic solutions under consideration: model 1 (upper left), 2 (upper right), 3
(lower left), and 4 (lower right).

where ξi ∈ (ti−1, ti), ξi+1 ∈ (ti, ti+1) are chosen arbitrarily and where “periodic
continuation” is used for d0 and dL. We approximate

S(t) =

∫ t

0

|x(m+1)(Ts)| 1
m+1 ds

by S̃(t) at the old mesh points using S̃(t0) = 0 and

S̃(ti+1) = S̃(ti) + (ti+1 − ti) |di|
1

m+1 + |di+1| 1
m+1

2
, i = 1, . . . , L− 1,

and assume S̃ is linear between mesh points. If u is not scalar, S̃ is computed for
each component as above and then summed over all components. The new ti’s are
now easily selected from the monotonically increasing S̃ by linear interpolation such

that t0 = 0 and S̃(ti+1)− S̃(ti) = ∆S̃ = S̃(1)
L , i = 1, . . . , L− 1.

6. Test models. In this section we formulate the models we considered to test
the collocation methods described in section 5. The periodic solution profiles (scaled
to the interval [0, 1]) are displayed in Figure 3.

Model 1. The following equation is a model for the regeneration of white blood
cells [15, 19] and is usually referred to as the Mackey–Glass equation,

dx

dt
= ax(t) + b

x(t− τ)
1 + xc(t− τ) ,(6.1)
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where a, b, c, τ are given parameters. For a = −1, b = 1.74, c = 10, τ = 2 we
computed an unstable periodic solution with period T ≈ 5.3918.

Model 2. The scalar DDE

dx

dt
= αx(t− 1)

1 + x2(t− 1)

1 + x4(t− 1)
(6.2)

was studied analytically (see, e.g., [23, 28, 32]) and numerically [16, 11, 27]. It was
proven that at α = π/2 a family of periodic solutions bifurcates from the zero solution
and that stable periodic solutions of period T = 4 exist whenever α > π/2. Here we
consider such a stable periodic solution at α = 2.

Model 3. This is the well-known delayed logistic equation

dx

dt
= (λ− x(t− 1))x(t);(6.3)

cf., e.g., [18, 22]. We computed a stable periodic solution at λ = 1.7 with T ≈ 4.0964.
Model 4. The following system models recurrent neural feedback [29, 10],{

dv
dt = h(v(t))− w(t) + I(v(t− τ)),
dw
dt = ρ (v(t) + a− bw(t))(6.4)

with 

h(v) = v − v3/3,
I(v) = µ (v − v0),
v0 = a real root of h(v)− (v + a)/b.

This system exhibits a stable spiked periodic solution for parameter values a = 0.7,
b = 0.8, ρ = 0.08, τ = 25, v0 ≈ −1.1994, and µ = −2 with T ≈ 50.7326.

7. Results. In this section we discuss our numerical results. For a given mesh
Π we compute (approximations of) the continuous error EC and the discrete error
EI , defined by

EC = max
t∈[0,1]

‖x(Tt)− u(t)‖, EI = max
i=0,...,L

‖x(Tti)− u(ti)‖,

where x denotes the exact periodic solution, u denotes a collocation solution, and
‖ · ‖ is the Euclidean norm. To this purpose, we first computed a reference solution
for x, using L = 1000 subintervals. Next, we compared the reference solution to u
(for L = 10, . . . , 200) at a very fine mesh in order to compute EC , and at (only) the
mesh points in order to compute EI . As a phase condition, we fixed the value of one
component of the solution at t0 = 0. We show observed orders of convergence and
the results of adaptive mesh selection.

7.1. Numerical order results. In this subsection the mesh points are always
taken equidistant, i.e., hi = h for i = 0, . . . , L− 1.

First we concentrate on the collocation method (5.3), (5.4), (5.6). Figure 4 shows
the evolution of EC and EI for collocation solutions with m = 4 as h goes to zero
using equidistant collocation points (collocation parameters {cl} = { 1

8 ,
3
8 ,

5
8 ,

7
8}) (left)

and Gauss–Legendre collocation points (right). We have approximated the slope of
the graph of the continuous error EC by means of a least squares fit on (all) the
results for L = 100, . . . , 200. Table 1 summarizes the obtained convergence orders
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Fig. 4. Evolution of EC(+) and EI (◦) in the case of Model 1 and the collocation method (5.3),

(5.4), (5.6) with m = 4 using equidistant (left) and Gauss–Legendre (right) collocation points.

Table 1
Approximations to the orders of convergence of EC in the case of Models 1–3 and the collocation

method (5.3), (5.4), (5.6) for L = 100, . . . , 200 using equidistant (left) and Gauss–Legendre (right)
collocation points.

m Model 1 Model 2 Model 3
2 2.016 2.042 2.004
3 4.008 4.009 3.980
4 4.003 4.017 4.033

m Model 1 Model 2 Model 3
2 2.992 3.004 3.003
3 4.003 3.999 4.001
4 5.003 4.990 4.927

of EC for m = 2, 3, 4. Clearly, an O(hm) versus O(hm+1) convergence behavior is
apparent. For odd m, a numerical convergence behavior of O(hm+1) is also found
in the case of equidistant collocation points. This feature seems to be a consequence
of the specific choice of the collocation parameters and it disappears if they are not
chosen symmetrically with respect to 1/2. The table clearly shows agreement with
the result of Theorem 4.1 for IVPs for DDEs (and with results for BVPs of the form
(2.2), see [5, 8]).

Superconvergence at mesh points is not present in the EI curve of Figure 4 (right).
According to Theorem 4.2 it is recovered in the case of IVPs for DDEs for constrained
meshes. The special situation that mesh points get mapped into mesh points (and
collocation points into collocation points) by the delay depends, for BVPs, both on the
model and the mesh [2]. More specifically, it occurs when kτ = lT with k and l integer
and (equidistant) mesh points with L a multiple of k. This is the case for Model 2
where 4τ = T whenever L is a multiple of 4. During computations, this relation holds
only approximately as T is computed with finite accuracy. Nevertheless we observe
numerical superconvergence; see Figure 5 (left). We further observe that, when the
period and the delay are not commensurate, EI is generally smaller whenever L is
such that τ

T L is near an integer number (that is, whenever L is a multiple of k and
τ
T ≈ l

k for some k, l); see Figure 5 (right).

We now consider the two variants of the collocation method (5.3), (5.4), (5.6)
where, instead of using the collocation solution in the past, the interpolation formula
(5.9) or (5.10) is applied. Figure 6 shows the evolution of EC and EI when u(c̃) is
replaced by the value of an interpolating polynomial of degree q = 2m − 1 through
q + 1 mesh points tj according to (5.9) (left), or through q + 1 collocation points
cj,l according to (5.10) (right). The obtained convergence orders for EI in the case
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Fig. 5. Evolution of EC(+) and EI (◦ and �) for Models 2 (left) and 3 (right) based on

the collocation method (5.3), (5.4), (5.6) with m = 3 and Gauss–Legendre collocation points. Left:
superconvergence of EI when L is a multiple of 4 (EI indicated as a �). Right: greater accuracy for
EI when τ

T
L ≈ 31.003 (1), τ

T
L ≈ 20.994 (2), τ

T
L ≈ 10.009 (3).
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Fig. 6. Evolution of EC(+) and EI (◦) for Model 3 based on collocation variants (5.9) (left)
and (5.10) (right) with m = 3, q = 2m− 1, and Gauss–Legendre collocation points.

of the variant based on (5.9) are summarized in Table 2. In both cases, we observe
superconvergence behavior for EI , which is in agreement with Theorems 4.3, 4.4.
Further, if h is sufficiently small, both variants have essentially the same continuous
error EC as the original collocation method; cf. Figures 5 (right) and 6.

Though, for EI , O(h2m) is the maximum order of convergence, we observed that,
for the collocation variants, EI can be further decreased for small h by choosing
q > 2m− 1. This is illustrated in Figure 7 (compare left to right for points where L
is not a multiple of 4).

7.2. Adaptive mesh selection. When the mesh is uniform, formula (5.13)
implies that the error is locally proportional to the (m+1)-st derivative of the solution
profile. This correspondence is clearly visible in Figure 8 and was observed in several
other tests as well.

On profiles without steep gradients (Figure 3, Models 1–3) little benefit can be
expected from an adapted mesh in comparison with a uniform mesh. However, as
mentioned in section 5.3, AUTO’s adaptive mesh selection can, at times, increase the
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Table 2
Approximation to the orders of convergence of EI for Models 1-3 using collocation solutions

based on collocation variant (5.9) with L = 50, . . . , 100 and Gauss–Legendre collocation points.

m Model 1 Model 2 Model 3
2 4.009 3.991 4.020
3 5.900 5.736 5.980
4 7.776 7.379 7.814
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Fig. 7. Evolution of EC(+) and EI (� when L is a multiple of 4, ◦ otherwise) for Model 2
based on collocation variant (5.10) with m = 3, q = 2m − 1 (left), respectively, q = 2m + 3 (right)
and Gauss–Legendre collocation points.

error for the case of DDEs. This unfavorable feature does not disappear as h goes
to zero; see Figure 9 (top). Instead, it was (almost completely) removed by slightly
changing the scheme as described in section 5.3. We might also note that we did not
observe this feature in a small number of tests on periodic solutions of ODEs.

The periodic solution of model 4 exhibits steep gradients and we successfully used
adaptive mesh selection to decrease the errors significantly. Here too, the variant
described in section 5.3 gives better results (see Figure 9 (bottom)). The evolution,
for this example, of both EC and EI versus L is shown in Figure 10. Note that
an increase of more than three orders of accuracy is gained by adapting the mesh
compared to the accuracy using a uniform mesh with the same number of intervals
and thus the same number of unknowns in the Newton procedure.

As a last remark, we note that when adaptive mesh selection is applied in the case
of Model 4 and the collocation variants based on (5.9) or (5.10), errors decrease com-
pared to uniform meshes but not as much as in Figure 10. Also, no superconvergence
was visible within the range of intervals computed.

We conclude that our numerical results indicate for the collocation method (5.3),
(5.4), (5.6) the validity of formula (5.13) and approach (5.12) combined with the need
for a (small) change in their discretization used in a practical implementation.

8. Conclusions. Collocation, based on piecewise polynomials, is considerably
successful in the numerical solution of (periodic) BVPs for systems of ODEs. It is,
e.g., used in the software packages COLSYS/COLNEW [1, 6] and AUTO [12]. In this
paper we investigated the use of collocation methods for computing periodic solutions
to DDEs.
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C (L) versus L using AUTO’s adaptive mesh selection (×),
respectively the variant described in section 5.3, (◦) for L = 40, . . . , 100. Here, m = 3 and Gauss–
Legendre collocation points are used to compute the collocation solutions for Model 1 (upper part)
and Model 4 (lower part).

We studied three collocation methods, two of which are based on alternative inter-
polation procedures for approximating the delayed term. The presence of the delayed
term influences the structure of the linear system to be solved in the Newton iteration
and thus affects the efficiency of the collocation method. Based on an extensive set of
numerical tests we obtained information on the order of convergence and its depen-
dence on the collocation discretization. We show how these results correspond with
known convergence results for IVPs for DDEs. In particular, we show when super-
convergence at mesh points is lost and/or recovered. We end with a brief discussion
of adaptive mesh selection.
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Abstract. For many technical systems, the use of a refined network modeling approach leads to
hyperbolic-type initial-boundary value problems of partial differential-algebraic equations (PDAEs).
The boundary conditions of these systems are governed by time-dependent differential-algebraic
equations (DAEs) that couple the PDAE system with the network elements that are modeled by
DAEs in time only. In order to classify these systems, we extend some index notions that have
already been introduced to treat parabolic-type problems. A perturbation index is considered that
reflects the sensitivity of the mixed system to slight perturbations in the right-hand side of the
PDAEs, as well as in the input signals of the DAE systems and initial values. In order to make
an a posteriori analysis of semidiscretization in space and time, we introduce additionally a space
and a method of lines (MOL) index. Here one is especially interested in whether the semidiscretized
systems properly reflect the properties of the underlying systems. We will show that these indices
may detect an artificial sensitivity with respect to perturbations, e.g., if the semidiscretization does
not consider the information transport along the characteristics.

Key words. refined network models, coupled systems of partial differential-algebraic equations
and differential-algebraic equations, perturbation, space and method of line index, semidiscretization
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1. Introduction. In technical simulation of time-dependent processes today’s
industrial software is based on a network approach [14]. In the case of so-called com-
pact network elements only topology, and no spatial dimension, is considered; the
network equations are given by systems of differential-algebraic equations (DAEs).
However, if coupling and second order effects become more important, the spatial
distribution can no longer be neglected; the network approach has to be extended to
cope with so-called distributed elements that are mainly described by partial differ-
ential equations (PDEs) in space and time. For example, chemical engineering plants
are simulated which consist of both compact and distributed network elements such
as heat exchangers [23]. Parameter models can lead to PDEs with DAE systems as
boundary conditions [13]. In electric network analysis, the network equations describ-
ing the compact network elements such as capacitors and resistors are completed by
the telegrapher’s equations for transmission lines to model the interconnections more
accurately [8]. The use of elastic connections leads to a flexible part in the network
equations of multibody system dynamics [22]. Whereas chambers in gas flow networks
are described by DAE and ODE models, the connecting pipes are governed by the
Euler equations [19].

In many of the applications mentioned above one has to deal with hyperbolic-type
initial-boundary value problems of partial differential-algebraic equations (PDAEs).
The boundary conditions of these systems are governed by time-dependent DAEs that
couple the PDAE system with the network DAEs for the compact elements.
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The aim of this paper is to classify such mixed systems by generalizing the index
concept for DAE systems. The DAE index concept has turned out to give insight
into the solution properties, as well as into the numerical problems to be expected
when solving these systems, for example, how to obtain consistent initial data if
there are hidden constraints [20]. For this purpose, Martinson and Barton [17] have
generalized the differential time index to PDAE systems that are regarded as abstract
Cauchy problems in any direction in the independent variable space. Generalizations
of index concepts to linear PDAE systems have recently been proposed by Campbell
and Marzalek [6], and Lucht, Strehmel, and Eichler-Liebenow [16], with a main focus
on parabolic systems. Though these concepts do not take care of general boundary
conditions that arise in our case, some of them can be adapted to the hyperbolic-type
case with DAE boundary conditions.

There are different properties that are demanded (or wished) from an index:
First, it would be interesting to know some structural properties of the system be-
fore its numerical solution, for example, the sensitivity of the analytical solution
to small perturbations in the initial data and/or input signals. Second, estimates
are required for the impact of semidiscretization in space or time on the index of
the semidiscretized system: Does the semidiscretized system properly reflect the
behavior of the underlying mixed system, for example, the information transport
along the characteristics? Or do we detect an artificial smoothing or coarsening
effect?

The paper is organized as follows. In section 2 we specify the system to be
examined. We will restrict our investigations to linear hyperbolic-type PDAEs of
first order in one space dimension. The boundary conditions are generally given as
differential-algebraic equations and may be coupled with network equations for the
compact elements.

In section 3 we will define appropriate index concepts, adjusting and extending the
concepts introduced in [6, 16] to our hyperbolic case. In order to cope with the effects
of semidiscretization in space and time, different indices have been proposed. The
spatial index is transferred from the linear parabolic case; by a Laplace transformation
the time variable is eliminated and a DAE-BVP is obtained. The time index which is
based on a Fourier expansion of the solution is replaced by a MOL index derived by an
upwind semidiscretization of the space variable using the characteristic formulation.
Finally, a perturbation index is considered which reflects the sensitivity of the mixed
system with respect to perturbations in the right-hand side of the PDAE equations,
in the initial and boundary data. Energy estimates are used to obtain results for the
perturbation index.

Section 4 treats two benchmark problems in detail: a PDAE model for a heat
exchanger, and a mixed model for a single transmission line with voltage source and
capacitor as terminating elements. We discuss the impact of semidiscretization in time
or space on the index of the resulting approximate DAE (ADAE) system. The first
example shows that the application of different Rothe methods, where — in contrast
to the classical method of lines — semidiscretization is made with respect to time to
obtain a boundary value problem in space alone, may lead to different indices for the
semidiscretized system, higher than the perturbation index. For the latter example
the perturbation and MOL index will allow insights into whether the properties of
the system are correctly reflected by the ADAE system: if the information in the
characteristic formulation is not adequately used, the semidiscretized system may
show a spurious sensitivity with respect to perturbations.
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2. Linear mixed systems of DAEs and hyperbolic-type PDAEs. In the
following we will consider hyperbolic-type initial-boundary value problems of PDAEs
often occurring in a refined network approach. The boundary conditions are governed
by time-dependent DAEs that may couple the PDAE system with the network DAEs
for those compact elements linked with the PDAE system.

We motivate different levels of abstraction by two examples. The first comes from
interconnected electrical network simulation, the second is a mathematical model for
a countercurrent heat exchanger.

The signal propagation in a transmission line can be characterized by the tele-
grapher’s equations

Aut+Bux+Cu = 0 with A =

[
0 L
C 0

]
, B =

[
1 0
0 1

]
, C =

[
0 R
G 0

]
(2.1)

with u(x, t) = [U(x, t), I(x, t)]� denoting line voltage U(x, t) with respect to ground,
and line current I(x, t). The coefficients R, L, G, and C are the resistance, inductance,
conductance, and capacitance per unit length. This first order system of PDEs is
initialized by a set of initial values u(x, 0) = g(x), x ∈ [0, 1]. If we do not neglect any
effects, R,L,G and C > 0 holds. Thus (2.1) defines a conservation law with source
term, a linear hyperbolic PDE system with two waves traveling to the left and right,
respectively.

Depending on the terminating elements that link the transmission line to the
electrical networks, we can distinguish two levels of mathematical models:

• Level 1a: PDE system with purely time-dependent boundary conditions.
If we use two purely time-dependent sources that fix the boundary conditions,
for example, voltage source V (t) at the left and current source J(t) ≡ 0 (for an
open end) at the right end of the transmission line, we get a hyperbolic initial-
boundary value problem. The corresponding boundary conditions for (2.1)
then read as follows:

U(0, t)− V (t) = 0, I(1, t) = 0.(2.2)

A network description for this system is given in Figure 2.1.
• Level 1b: PDE system with DAE boundary conditions.
However, if the right end is closed by a capacitor with capacitance C1, the
boundary conditions of system (2.1) are now given by DAEs in time

U(0, t)− V (t) = 0, C1Ut(1, t)− I(1, t) = 0,(2.3)

with line voltage and current at both ends as the only unknowns. Consider
now the case where the transmission line is coupled with other electrical
networks. If, for example, the voltage source is driven by the node voltage
of a JL cutset1 [10] (see Figure 2.2) the boundary conditions are now DAE
systems in time with line voltage and currents, as well as network variables
z1 and z2 := IL of the coupled systems as unknowns:

U(0, t)− z1 = 0,(2.4a)

C1Ut(1, t)− I(1, t) = 0,(2.4b)

1Let an electrical network be cut into two parts. If the network elements connected to cut nodes
consist only of current sources (J) and inductors (L), the circuit is said to contain a JL cutset. Hence
the left circuit of Figure 2.2 is the generic case for circuits containing JL cutsets.
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Fig. 2.1. Transmission line driven by voltage source at the left end and open right end.
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Fig. 2.2. VC loop with transmission line. The voltage source is driven by JL cutset.

z2 + J(t) = 0,(2.4c)

Lindż2 − z1 = 0.(2.4d)

The next example describes a model for a countercurrent heat exchanger used in
process simulation.

A plain scheme for a countercurrent heat exchanger is illustrated in Figure 2.3
where two fluids are flowing in the opposite direction and exchange heat through a
metal layer. The mathematical model is derived using energy balances under simpli-
fying assumptions:

ut +Bux + Cu = 0 , u(x, 0) = g(x) ,(2.5)

where u(x, t) = (T1, T2, Tm)�, x ∈ [0, L], t ∈ [0, T ], and

B =


 v1 0 0

0 −v2 0
0 0 0


 , C =




v1α1A1

Ln1Cp1
0 − v1α1A1

Ln1Cp1

0 v2α2A2

Ln2Cp2
− v2α2A2

Ln2Cp2

− α1A1

mCpm
− α2A2

mCpm

∑2
i=1

αiAi

mCpm




with fluid temperature Ti(x, t), metal temperature Tm(x, t), fluid velocity vi, heat
transfer area Ai, heat transfer coefficients αi, length of the heat exchanger L, mass of
the heat exchanger m, molar quantity flux ni, heat capacity of the metal Cpm , and
molar heat capacity of the fluid Cpi , i = 1, 2. For a more detailed description, see
[23].

As before, different levels can be distinguished for the system (2.5) with respect
to boundary conditions:

• Level 2a: PDAE system with purely time-dependent boundary conditions.
System (2.5) together with boundary conditions

u1(0, t) = s1(t), u2(1, t) = s2(t)(2.6)

defines an initial-boundary value problem of PDAEs.
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stream 1

metal layer

stream 2

v1 > 0

−v2 < 0

x = 0 x = L

Fig. 2.3. Countercurrent heat exchanger.

• Level 2b: PDAE system with DAE boundary conditions.
Correspondingly, system (2.5) together with DAE boundary conditions, e.g.,

u1(0, t) = s1(t) ,

ż(t) + u2(1, t) = s2(t) ,(2.7)

z(t) = s3(t) ,

yields an initial-boundary value problem of PDAEs with DAEs as boundary
conditions that may be linked with the network variables z of the coupled
networks.

With these examples in mind, we now define a general first order linear PDAE
system of dimension nu as

F(u, ut, ux, f) := Aut +Bux + Cu− f = 0, x ∈ [0, 1], t ∈ [0, T ],(2.8a)

with consistent initial values

u(x, 0) = g(x).(2.8b)

Note that we define the system on closed intervals of definition, forcing initial and
boundary data to fulfill the PDAE equations analogous to the DAE case. If at least
one of the matrices A and B is singular, system (2.8a) is called partial differential-
algebraic. In order to guarantee the hyperbolicity of this system of first order, we
further assume A regular and A−1B real diagonalizable. Otherwise it would be possi-
ble to obtain parabolic or elliptic parts. For example, consider (2.1) with L = G = 0.
Then there are two cases to distinguish: For R = 0 the system can be transformed
to the elliptic Laplace equation Ixx = 0, and for R �= 0 we get the parabolic heat
equation RCut−uxx = 0. As a consequence, different boundary and/or initial values
would have to be prescribed. These effects are avoided by the above assumption.
Thus, the DAE part consists of nu−m, m = dim kerB, physical boundary conditions
of Dirichlet type for the PDAE system, and nz network equations for the compact
parts of the system of the following mixed type:

R(u(0, t), ut(0, t), u(1, t), ut(1, t), z(t), ż(t), s)

:= R1


 ut(0, t)

ut(1, t)
ż(t)


+R2


 u(0, t)

u(1, t)
z(t)


− s(t) = 0(2.8c)

with the vector of network variables z ∈ R
nz , z(0) = z0 and the matrices R1, R2 ∈

R
(nu−m+nz)×(2nu+nz). We assume that the DAE part fulfills the rank condition

rank (λR1 + R2) = nz + nu − m for at least one λ ∈ C and that the boundary
conditions are consistent with the initial values.
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System (2.8a) can be rewritten into characteristic form

wt + Λwx + C̃w = f̃ ,(2.9a)

where w = X−1u, C̃ := X−1A−1CX, f̃ := X−1A−1f with the matrix X of eigen-
vectors and the matrix Λ = diag(λ1, . . . , λnu

) of eigenvalues of A−1B. The initial
conditions (2.8b) now read

w(x, 0) = X−1g(x),(2.9b)

and the boundary conditions

R̃1


 wt(0, t)

wt(1, t)
ż(t)


+ R̃2


 w(0, t)

w(1, t)
z(t)


− s(t) = 0(2.9c)

with R̃i = Ri · diag(X,X, Inz ), i = 1, 2. In the following we shall see that it is often
important to consider the characteristic formulation.

Example 1 (transmission line). The telegrapher’s equations (2.1) rewritten in
characteristic form (2.9) are given by

w(x, t) = X−1u(x, t) with X =

[
−
√

L
C

√
L
C

1 1

]
and(2.10a)

Λ =

[ −1√
LC

0

0 1√
LC

]
, C̃ =

1

2

[
R
L + G

C
R
L − G

C

R
L − G

C
R
L + G

C

]
, f̃ = 0.(2.10b)

The boundary conditions (2.3) of level 1b, for example, now read[
0 0 0 0

0 0 −C1

√
L/C C1

√
L/C

]
︸ ︷︷ ︸

R̃1

·
[

wt(0, t)
wt(1, t)

]

+

[ −√L/C
√
L/C 0 0

0 0 −1 −1
]

︸ ︷︷ ︸
R̃2

·
[

w(0, t)
w(1, t)

]
=

[
V (t)
0

]
.(2.10c)

Example 2 (countercurrent heat exchanger). The mathematical model for the
countercurrent heat exchanger (2.5) is already formulated in characteristic form, with
boundary conditions of either level 2a or 2b.

Since we analyze linear systems, smooth solutions can be obtained provided that
the inhomogenity f(x, t), consistent initial data g(x), and input signals s(t) are smooth
enough, according to the structure of system (2.8a) and the type of boundary con-
ditions (2.8c). The index concepts are introduced in the following section to classify
these properties.

3. Index concepts. Before introducing index concepts for linear mixed systems
of DAEs and hyperbolic-type PDAEs, we first review the index concept for linear
systems of DAEs of the form

Au̇+ Cu = f(t),(3.1)

where A,C ∈ R
n×n, u̇, u ∈ R

n, f : I → R
n, and I is a subinterval of R. See, for

example, [3, 14] for more details.
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3.1. Linear DAEs. If the matrix pencil {A,C} is regular, i.e., det(λA+C) �≡ 0
for at least one λ ∈ C, it can be transformed into Kronecker normal form

{PAQ,PCQ} =
{[

I 0
0 N

]
,

[
M 0
0 I

]}

with regular matrices P,Q ∈ R
n×n, M ∈ R

k×k, k ≤ n, and a nilpotent matrix
N ∈ R

(n−k)×(n−k). N belongs to the eigenvalue 0 of A and is of nilpotency νa, i.e.,
νa is the smallest number such that Nνa = 0, but Nνa−1 �= 0. With the variable
transformation [

y
z

]
= Q−1u,

[
η(t)
χ(t)

]
= Pf(t)

into differential variables y ∈ R
k and algebraic variables z ∈ R

n−k, the transformation
of the matrix pencil corresponds to a decoupling of (3.1) into an explicit ODE and a
nilpotent part:

ẏ = η(t)−My,(3.2a)

Nż = χ(t)− z.(3.2b)

One has to perform νa − 1 differentiations to solve for the nilpotent part:

z =

νa−1∑
i=0

(−1)iN iχ(i)(t),(3.3)

and a last differentiation yields an explicit ODE for z. The solution behavior of
system (3.1) differs from standard ODE theory in the following ways:

• The solution has to fulfill an algebraic constraint, since z(0) is fixed by χ and
its higher derivatives at the initial time point. Especially, consistent initial
values have to be found.
• The system is sensitive with respect to perturbations. Take as example a
signal noise, modeled by the input signal δ(t) that is added to χ(t): although
δ may be very small, its higher derivatives may be arbitrarily large. A severe
amplification of perturbations may occur for problems with nilpotency νa ≥ 2.

These analytical results suggest that no severe numerical problems arise for νa ≤
1: the algebraic constraint is explicitly given; hence implicit numerical integration
schemes for stiff systems, which contain a solver for nonlinear equations, are suitable
to treat these problems. Additionally, no amplification of round-off errors is to be
expected since the system is not sensitive with respect to perturbations.

However, severe numerical problems arise for systems with nilpotency νa ≥ 2:
there are hidden algebraic constraints, which may be resolved by an unstable dif-
ferentiation process. Regarding perturbations from round-off errors, the numerical
solution will include terms of order δ/hνa−1, where h is the small time step.

Since the value of νa defines the behavior of the system (3.1), both in a theoretical
and a numerical respect, νa is called the algebraic index of system (3.1). Additionally,
the observations made above motivate two different points of view.

Differential index : To obtain an explicit differential system instead of the linear-
implicit system (3.1), we had to differentiate the nilpotent part (3.2b). Since numerical
differentiation is an unstable procedure, the number of differentiation steps needed to
get an explicit ODE system is a measure for the numerical problems to be expected
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when solving systems of type (3.1). Hence the minimum number of differentiations
required is called the differential index νd of the linear-implicit linear system (3.1).

Perturbation index : We have seen that derivatives of the perturbation enter the
solution of (3.1). This observation leads to a new kind of index, which measures the
sensitivity of the solution with respect to perturbations in the equations: The linear-
implicit system (3.1) has perturbation index νp if derivatives of perturbations up to
degree νp enter the derivative of the solution.

All index notions are equivalent in the case of linear DAE systems: νa = νp = νd.
Hence we just speak of the DAE index for a linear DAE system throughout this paper.

Remark 1. In the nonlinear case, both definitions for the differential and per-
turbation index can be generalized in a straightforward way; see [7, 11] for technical
details. However, the differential and perturbation index may differ arbitrarily for
nonlinear systems [4].

In the following sections, we will apply and extend the index concept introduced
in [6, 16] for parabolic-type PDAEs to linear mixed systems of DAEs and hyperbolic-
type PDAEs. However, the time index, which needs periodic boundary conditions,
is replaced by a MOL index based on an upwind semidiscretization. The spatial
index and MOL index will measure the sensitivity of the system with respect to slight
perturbations in the initial data and input signals, respectively. These index concepts
are a measure for the sensitivity of the ADAE system after semidiscretization with
respect to space and time. The perturbation index aims at the sensitivity of the system
in both space and time.

3.2. A spatial index. The theory for the spatial index can be directly trans-
ferred from the approach for parabolic systems. We apply the Laplace transformation
as described in [16] to (2.8a). If a componentwise growth condition

|u(x, t)| ≤ Kect, K, c ∈ R, K > 0,

for u is fulfilled, u can be transformed into

Uξ(x) =

∫ ∞

0

e−ξtu(x, t) dt, ξ ∈ C, Re ξ > c.

If the growth conditions holds for ut, f , s, and z, too, this transformation leads to

BU ′
ξ(x) + (Aξ + C)Uξ(x) = Fξ(x) +Ag(x)

for (2.8a) and to

[R1ξ +R2]


 Uξ(0)

Uξ(1)
Zξ


 = Sξ +R1


 g(0)

g(1)
z0




for the boundary conditions (2.8c), where Fξ(x), Sξ, Zξ are the Laplace-transforms of
f(x, t), s(t), z(t), respectively.

For the ODE case, B regular, the spatial index νS is defined to be zero. Else,
if B is singular, we get a BVP-DAE system where we define the spatial index νS as
the algebraic index of the matrix pencil {B,Aξ +C}. Here, we have to bear in mind
that in the previous chapter we defined the algebraic index for a real-valued matrix
pencil, whereas {B,Aξ + C} is a polynomial matrix pencil. However, the index can
be defined analogously for matrix elements of any field. In our case, as we assumed A
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regular, it is not possible to obtain a spatial index > 1. Looking at the characteristic
formulation (2.9a) and considering the matrix pencil {Λ, Iξ+ C̃}, we immediately get
νS = 0 for Λ regular and νS = 1 for Λ singular for Re ξ sufficiently large.

Example 3 (transmission line). For the transmission line system (2.1) we have
a regular matrix Λ in (2.10a), and hence space index νS = 0 for either boundary
conditions (2.3) or (2.4).

Example 4 (countercurrent heat exchanger). Consider the two stream countercur-
rent heat exchanger (2.5) with boundary conditions (2.6) of level 2a. We apply the
Laplace transformation u −→ Uξ to (2.5) and obtain

BU ′
ξ(x) + (ξI + C)Uξ(x) = g(x).

The boundary conditions transform equivalently into[
1 0 0
0 0 0

]
Uξ(0) +

[
0 0 0
0 1 0

]
Uξ(1) =

[ ∫∞
0

e−ξts1(t)dt∫∞
0

e−ξts2(t)dt

]
.

The resulting DAE-BVP has index 1, since B is a singular diagonal matrix and
ξI +C is regular with positive entries on the diagonal. This is what we would expect
considering the underlying PDE. This system can be solved for Uξ, and the final
solution u is obtained by back transformation.

3.3. A MOL index. In [6, 16] definitions for a modal and time index are given
in the context of parabolic PDAEs of type

Aut +Duxx + Cu = f(3.4)

with homogeneous boundary conditions. It is possible to expand u in orthogonal
eigenfunctions sin kπx of the operator d2/dx2,

u(x, t) =
∞∑
k=1

uk(t) sin kπx,

fulfilling the same boundary conditions as the above system. With the Galerkin
principle, the uk(t) decouple and the DAEs for uk(t) can be solved independently.
This approach is not applicable if an additional first order term Bux arises in (3.4).

However, in system (2.8) we have to face this case. Additionally, we cannot as-
sume homogeneous, or more generally, periodic boundary conditions for first order
hyperbolic systems. Hence we propose a MOL index rather than a time index to
measure the sensitivity of system (2.8) with respect to time: the following index defi-
nition is not based on an expansion of the PDAE solution in orthogonal eigenfunctions,
but on a semidiscretization with respect to space that is applied to the characteristic
formulation (2.9) of the system.

In order to reflect properly the information flow in the system, we use first order
approximations of wx in the different upwind directions. We use a uniform grid
Ωh = {xk : xk = kh, k = 0, 1, . . . , N, h = 1/N}. Introducing the discrete vector
Wh(t) = [wh

0 (t)
�, wh

1 (t)
�, . . . , wh

N (t)�]� with wh
k (t) ≈ w(t, xk), k = 0, 1, . . . , N , we

can define the following ADAE system in the unknown W :

ẇh,i
j +

nu∑
k=1

cikw
h,k
j +




λi

h

[
wh,i
j − wh,i

j−1

]
if λi > 0

λi

h

[
wh,i
j+1 − wh,i

j

]
if λi < 0

0 if λi = 0


 = f i(xj , t)(3.5a)
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for i = 1, . . . , nu, j = 1, . . . , N−1. The numerical boundary conditions at the outflows
are given by

ẇh,i
N +

nu∑
k=1

cikw
h,k
N +

λi
h

[
wh,i
N − wh,i

N−1

]
= f i(xN , t)(3.5b)

for λi > 0 and

ẇh,i
0 +

nu∑
k=1

cikw
h,k
0 +

λi
h

[
wh,i

1 − wh,i
0

]
= f i(x0, t)(3.5c)

for λi < 0. The system is completed by the physical boundary conditions (2.9c)

R̃1




ẇh
0 (t)

ẇh
N (t)

żh(t)


+ R̃2




wh
0 (t)

wh
N (t)

zh(t)


− s(t) = 0.(3.5d)

Note that zh(t) is also indexed by h since we get different approximate solutions zh(t)
for different h due to the coupling with Wh(t).

Definition 3.1. System (3.5) defines a family {FN}N∈N0 of linear DAE systems
with solution [Wh(t), zh(t)]� with index νN . We shall take the MOL index νT of the
PDAE (2.8) to be νN for N sufficiently large, provided νN does not change for all
N > N0 with some N0 ∈ N0.

Example 5 (transmission line). Using the results of Example 1, we obtain with

M = (m)ij = δi+1,j − δi,j , i = 1, . . . , N, j = 1, . . . , N + 1,

and c1 = R/L+G/C, c2 = R/L−G/C the DAE system


ẇh,1
0

...

ẇh,1
N−1


− 1

h
√
LC

M



wh,1
0

...

wh,1
N


+

1

2


c1




wh,1
0

...

wh,1
N−1


+ c2




wh,2
0

...

wh,2
N−1




 = 0,(3.6a)



ẇh,2
1

...

ẇh,2
N


+

1

h
√
LC

M



wh,2
0

...

wh,2
N


+

1

2


c2



wh,1
1

...

wh,1
N


+ c1



wh,2
1

...

wh,2
N




 = 0,(3.6b)

√
L/C

[
wh,2
0 (t) − wh,1

0 (t)
]

= V (t)(3.6c)

C1

√
L/C

[
ẇh,2

N (t) − ẇh,1
N (t)

]
−
[
wh,1

N (t) + wh,2
N (t)

]
= 0(3.6d)

in Wh(t). Obviously, this system has index one independent of h, which yields the
MOL index νT = 1. Correspondingly, the system with boundary conditions (2.4) has
MOL index νT = 2.

Example 6 (countercurrent heat exchanger). Consider again the model for the
countercurrent heat exchanger (2.5) with boundary conditions (2.6) and (2.7), re-
spectively, of levels 2a and 2b. The system is already in characteristic form. The
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ADAE (3.5a)–(3.5c) now reads

u̇h,1j +
v1

h

[
uh,1j − uh,1j−1

]
+

v1α1A1

Ln1Cp1

[
uh,1j − uh,3j

]
= 0, j = 1, . . . , N,

u̇h,2j − v2

h

[
uh,2j+1 − uh,2j

]
+

v2α2A2

Ln2Cp2

[
uh,2j − uh,3j

]
= 0, j = 0, . . . , N − 1,

u̇h,3j +
α1A1

mCpm

[
uh,3j − uh,1j

]
+

α2A2

mCpm

[
uh,3j − uh,2j

]
= 0, j = 0, . . . , N,

together with either

uh,10 = s1(t), uh,2N = s2(t)

for the boundary conditions (2.6) of level 2a or

uh,10 = s1(t), żh + uh,2N = s2(t), zh = s3(t)

for boundary conditions (2.7) of level 2b. Thus we have νT = 1 in the first and νT = 2
in the latter case.

3.4. The perturbation index. Let [u, z]� be the (reference) solution of the
PDAE system (2.8a)–(2.8c) with consistent initial values u(x, 0) = g(x) and z(0) = z0.
To investigate the sensitivity of this solution with respect to initial values, input
signals, and inhomogenities, we apply perturbations δ(x, t) and µ(t) to the right-hand
sides of (2.8a) and (2.8c). The corresponding perturbed solution is denoted by [û, ẑ]�

with consistent perturbed initial values û(x, 0) = ĝ(x) and ẑ(0) = ẑ0. The aim is to
obtain estimates for the sensitivity of the solution. As we are especially interested
in the influence of perturbations in the time-dependent boundary conditions, we will
consider the PDAE as an evolution problem.

We consider first the telegrapher’s equations (2.1) which are coupled with a net-
work without inductors and voltage sources: the DAE boundary conditions (2.8c)
then read

C̃ż + G̃z + P

[
I(0, t)
−I(1, t)

]
= V (t)(3.8)

with a positive-definite, symmetric capacitance matrix C̃, a conductance matrix G̃,
an incidence matrix P that assembles the current contributions from the transmission
lines at the respective nodes, and the coupling condition[

U(0, t)
U(1, t)

]
= P�z

for the boundary node voltages. Due to the linearity of the systems, [ū, z̄]� := [û −
u, ẑ − z]� is now the solution of (2.1), (3.8) with δ and µ as inhomogenities for the
initial values ū(x, 0) = ḡ(x) := ĝ(x)− g(x) and z̄(0) = z̄0 = ẑ0 − z0.

To get an estimate for ū, we consider the inner product of the PDE with [Ī , Ū ]�.
Integration over (0, 1) with respect to x and integration by parts yield

Ū(·, t)Ī(·, t)
∣∣∣∣
1

0

+
1

2

d

dt

[
(LĪ, Ī) + (CŪ, Ū)

]
+ (RĪ, Ī) + (GŪ, Ū) + (Ī , δ1) + (Ū , δ2) = 0



INDEX CONCEPTS FOR LINEAR MIXED SYSTEMS 1621

with (·, ·) denoting the inner product in L2(0, 1). Using the coupling condition and
P�P = I, the first term can be replaced by

1

2

d

dt

[
z̄�C̃z̄

]
+ z̄�G̃z̄ − z̄�µ(t).

Integrating over (0, t), we get with C,L > 0 and C̃ positive definite the estimate

ρ(t) := ‖Ū(·, t)‖2L2 + ‖Ī(·, t)‖2L2 + ‖z̄(t)‖22(3.9)

≤ const

(
ρ(0) +

∫ t

0

(‖µ(τ)‖22 + ‖δ(·, τ)‖2L2 + ρ(τ)
)
dτ

)
.(3.10)

Here ‖ · ‖2 denotes the Euclidian norm on R
n, and ‖u(·, t)‖2L2 := (u(·, t), u(·, t)) the

norm associated to the inner product. By Gronwall’s lemma we end up with

max
t∈[0,T ]

‖u(·, t)− û(·, t)‖L2 + max
t∈[0,T ]

‖z(t)− ẑ(t)‖2(3.11)

≤ const

(
‖g − ĝ‖L2 + ‖z0 − ẑ0‖2 + max

t∈[0,T ]

(
‖µ(t)‖2 + ‖δ(·, t)‖L2

))
.

Generalizing this estimate, a perturbation index can be defined similar to the
definition in [6] as follows.

Definition 3.2. If there exists for all t ∈ [0, T ] an estimate for the reference
solution [u, z]� with initial values [g(x), z0]

� of system (2.8a)–(2.8c) of the type

||u− û||C([0,T ],L2) + ||z − ẑ||C([0,T ])(3.12)

≤ Γ
{
||g − ĝ||Hq2 + ||z0 − ẑ0||2 +

(
‖µ‖Cp2 ([0,T ]) + ‖δ‖Cp1 ([0,T ],Hq1 )

)}
,

where [û, ẑ]� denotes the corresponding perturbed solution with perturbations
[δ(x, t), µ(t)]�, then the perturbation index νP is defined by

νP = 1 +min
{
max(p1 + q1, p2, q2)

∣∣ (3.12) holds for (p1, q1, p2, q2)
}
.

The used norms are given by

||δ||Cp1 ([0,T ],Hq1 ) := max
t∈[0,T ]

√√√√∫ 1

0

p1∑
i=0

q1∑
k=0

∥∥∥∥∂i+kδ(x, t)

∂ti∂xk

∥∥∥∥
2

2

dx ,

||g||Hq2 :=

√√√√∫ 1

0

q2∑
k=0

∥∥∥∥dkg(x)dxk

∥∥∥∥
2

2

dx ,

||µ||Cp2 ([0,T ]) := max
t∈[0,T ]

√√√√ p2∑
i=0

∥∥∥∥diµ(t)dti

∥∥∥∥
2

2

.

Remark 2.
• Γ is a nonzero constant independent of δ, µ, and g− ĝ. The constant depends
only on A, B, C, R1, R2, and T .
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• The perturbations and the respective consistent initial data have to be smooth
enough to guarantee the existence of the norms on the right-hand side of
(3.12).

Even for a hyperbolic system with purely time-dependent boundary conditions
we can get perturbation index greater than one, where the analytical solution depends
on derivatives of both initial values and input signals.

Example 7. Consider again telegrapher’s equations of Example 1 in characteristic
form with L = C = 1, R = G = 0, boundary conditions[

0 1 0 0
0 0 0 0

]
·
[

wt(0, t)
wt(1, t)

]
+

[
1 0 1 0
0 1 0 1

]
·
[

w(0, t)
w(1, t)

]
= s(t),

and consistent initial values w(x, 0) = g(x). The analytical solution in [0, 1]2 reads

w1(x, t) =




g1(x+ t), 0 ≤ x+ t ≤ 1,
s1(x+ t− 1)− g1(x+ t− 1),
−ṡ2(x+ t− 1)− ġ2(2− (x+ t)), 1 ≤ x+ t ≤ 2,

w2(x, t) =

{
g2(x− t), t ≤ x ≤ 1,

s2(t− x)− g2(1− t+ x), x ≤ t ≤ 1,

which yields an estimate of type (3.12) with q2 = p2 = 1 for the trivial solution as a
reference, when neglecting disturbances in the inhomogenity.

For systems with purely time-dependent boundary conditions we state in the
following lemma an estimate depending on the inhomogenity f and the initial condi-
tions g, which extends the energy estimate results for Cauchy problems of symmetric
hyperbolic systems [21].

Lemma 3.3. Consider system (2.9a)

ut + Λux + Cu = f(x, t), x ∈ [0, 1], t ∈ [0, T ](3.13)

with Λ = diag(λ1, . . . , λr, 0, . . . , 0), λi > 0 for 1 ≤ i ≤ l and λi < 0 for l + 1 ≤ i ≤ r,
initial condition u(x, 0) = g(x) and boundary conditions of type (2.8c). One obtains
the following estimate for the solution u ∈ C([0, T ], L2) for the system (3.13), (2.8c)

||u(·, t)||C([0,T ],L2) ≤ Γ
(||g||L2 + ||f ||C([0,T ],L2) + ||χ||C([0,T ])

)
,

with χ = (χ1, . . . , χr)
�, Γ constant and the physical boundaries defined by

ui(0, t) = χi(t), i = 1, . . . , l, respectively,ui(1, t) = χi(t), i = l + 1, . . . , r.(3.14)

Proof. Integrating the inner product of (3.13) with u over the region Rt =
{(τ, x)| 0 ≤ τ ≤ t, x ∈ [0, 1]} in the t-x-plane gives

‖u(·, t)‖2L2 =

∫
Rt

(−2u�Cu+ 2u�f)dx dτ + ||g||2L2

+

∫ t

0

[u(0, τ)�Λu(0, τ)− u(1, τ)�Λu(1, τ)]dτ .

As C is constant, we find −2u�Cu ≤ Ku�u with a constant K > 0; additionally, the
expression with the inhomogenity f is estimated by

2u�f ≤ u�u+ f�f .
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In order to insert the boundary conditions, Λ is split:

u(0, τ)�Λu(0, τ) =
l∑

k=1

λkχk(τ)
2 +

r∑
k=l+1

λkuk(0, τ)
2 , respectively,

u(1, τ)�Λu(1, τ) =
l∑

k=1

λkuk(1, τ)
2 +

r∑
k=l+1

λkχk(τ)
2 .

Due to the different signs the following inequality holds with M1 := K + 1:

‖u(·, t)‖2L2 ≤M1

∫ t

0

‖u(·, τ)‖2L2dτ+||g||2L2+T max
0≤τ≤t

(
max
k
|λk|·||χ(τ)||22+||f(·, τ)||2L2

)
.

With M2 := max{1, T, T maxk=1,...,r |λk|} Gronwall’s lemma yields

‖u(·, t)‖2L2 ≤
(
||g||2L2 + max

0≤τ≤t

(
||χ(τ)||22 + ||f(·, τ)||2L2

))
·M2e

M1T ,(3.15)

and we obtain with Γ :=
√
M2eM1T the desired inequality of the above lemma.

Corollary 1. If only physical boundaries χk(t), k = 1, . . . , r, appear, then the
perturbation index νP is one higher than the degree of the highest derivative of the
boundary data fulfilling an estimate

||u(·, t)− û(·, t)||L2 ≤ Γ
(||g − ĝ||L2 + ||δ||C([0,T ];L2) + ||µ||Cq([0,T ])

)
with the norms of Lemma 3.3, i.e., νP = q+1. νP then corresponds to the DAE index
of the boundary conditions.

Example 8 (transmission line). Consider now the telegrapher’s equations for a
single transmission line given in (2.1) with both boundary conditions (2.3) and (2.4)
of level 1b. Neglecting the anyway regularizing source term, line resistance R and
conductance G, the system perturbed with δ(x, t) at the right-hand sides of (2.1) and
µ(t) at the right-hand sides of (2.4) and (2.3), respectively, can be solved analytically
for t ∈ [0, 1]; see the appendix. For simplicity, we have fixed C = L = 1, and thus nor-
malized the wave speed to 1. For system (2.1), (2.4) we get an estimate of type (3.12)
with (p1, q1, p2, q2) = (0, 0, 1, 0), and the perturbation index is 2. The system is only
sensitive with respect to perturbations in the input signals. For system (2.1), (2.3)
the index reduces to 1.

Example 9 (countercurrent heat exchanger). Analyzing again the model for the
countercurrent heat exchanger (2.5), we get with Corollary 1 that for purely time-
dependent boundary conditions (2.6) the perturbation index is one, whereas the index-
2 boundary conditions (2.7) yield a perturbation index two.

4. Benchmark examples. The index concepts derived in section 3 are now
applied to the two previously introduced benchmark examples from chemical and
electrical engineering.

On the one hand, the countercurrent heat exchanger model is already in char-
acteristic form. Not surprisingly, semidiscretization with respect to space leads to
ADAE systems with an index indicated by the perturbation and MOL index. Thus
we will focus on the connection between spatial index and the ADAE systems obtained
after semidiscretization with respect to time.

On the other hand, the higher sensitivity with respect to input signals in the
transmission line model cannot be resolved by a horizontal MOL, which always will
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lead to ODE systems. Therefore we will concentrate on the connection between MOL
index and the ADAE systems obtained after semidiscretization with respect to space.

Then an interesting point in both cases will be the comparison between the per-
turbation index and the different indices mentioned above.

4.1. Countercurrent heat exchanger. First consider system (2.5) with
boundary conditions (2.6) of level 2a. The perturbation and MOL index of this
system are both equal to one, as shown in Examples 6 and 9.

The following subsection compares the spatial index and the DAE index of the
approximative system obtained after application of some Rothe method, where — in
contrast to the classical method of lines — semidiscretization is made with respect to
time to obtain a boundary value problem in space alone. As the perturbation index
measures the sensitivity of the original system with respect to boundary and initial
values, the ADAE should have the same property.

Using the implicit Euler scheme as time discretization with N + 1 grid points
tj = jτ in the horizontal MOL, we also have to solve a DAE of index one (uτj (x)
denotes the numerical approximation for u(x, tj)):

τ




0
B

. . .

B






uτ0
′(x)

uτ1
′(x)
...

uτN
′(x)




+




I
−I I + τ · C

−I . . .

. . .
. . .

−I I + τ · C







uτ0(x)
uτ1(x)

...
uτN (x)


 =




g(x)
0
...
0




with boundary values[
1 0 0
0 0 0

]
uτj (0) +

[
0 0 0
0 1 0

]
uτj (1) =

[
s1(jτ)
s2(jτ)

]
.

For the implicit Euler scheme, the DAE index of the approximative system coincides
with the spatial and perturbation index.

However, considering the explicit Euler scheme

τ




0
B 0

. . .
. . .

B 0






uτ0
′(x)

uτ1
′(x)
...

uτN
′(x)




+




I

−I + τ · C . . .

. . . I
−I + τ · C I







uτ0(x)
uτ1(x)

...
uτN (x)


 =




g(x)
0
...
0


 ,

we obtain indexN+1 because of the influence of the initial conditions. Thus, the index
of the ADAE system in x does not always coincide with the spatial and perturbation
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index. Such a behavior has to be avoided. Anyway, the explicit Euler method is not
suitable for a time discretization, as the boundary values cannot be chosen freely.

Generally, the problems due to DAE boundary values are not well reflected using
any Rothe method, i.e., the index would be the same regardless of applying (2.6) or
(2.7).

4.2. VC loop with transmission line. Our next benchmark example arises
from network theory. We consider the telegrapher’s equations for a single transmission
line given in (2.1) with both boundary conditions (2.3) and (2.4) (level 1b).

If the transmission line is skipped, we know from network theory that the DAE
system has index three and two if the voltage source of the VC loop is driven by a JL
cutset and a time-dependent voltage source, respectively; see [10].

In Examples 5 and 8 we have seen that both perturbation and MOL index for
the corresponding systems with transmission lines is two and one, respectively, — the
inclusion of transmission lines has a regularizing effect.

However, index three and two, respectively, may be obtained for the ADAE after
semidiscretizations with respect to space, if the information in the characteristics is
not adequately used. This will be shown in the following.

4.2.1. Semidiscretization with respect to space: Characteristic form.
In a first step, we consider on a uniform grid Ωh different semidiscretizations with
respect to space which are based on system (2.10) in characteristic form. With the
notation of Example 5, central differences lead to

˙̄w
h
+ (Λ⊗ M̃)wh + (C̃ ⊗ IN−1)w̄

h = 0 with(4.1a)

M̃ = (m̃)ij =
1

2h
· (δi+2,j − δi,j), i = 1, . . . , N − 1, j = 1, . . . , N + 1,

and the Kronecker product F ⊗ G of two matrices F ∈ R
n×r and G ∈ R

s×m given
by F ⊗G := (fij ·G) ∈ R

ns×rm. Using the abbreviations w̄h = [w̄h,1, w̄h,2]�, w̄h,i =

[wh,i
1 , . . . , wh,i

N−1]
� for i = 1, 2, the vector of approximate unknowns wh is given by

wh = [wh,1
0 , w̄h,1, wh,1

N , wh,2
0 , w̄h,2, wh,2

N ]�. The system is completed by the physical
boundary conditions (3.6c), (3.6d) and by appropriate numerical boundary conditions:
for example, upwind at the boundaries yields

ẇh,1
0 − 1√

LCh

(
wh,1

1 − wh,1
0

)
+

1

2

(
c1w

h,1
0 + c2w

h,2
0

)
= 0,(4.1b)

ẇh,2
N +

1√
LCh

(
wh,2
N − wh,2

N−1

)
+

1

2

(
c2w

h,1
N + c1w

h,2
N

)
= 0.(4.1c)

Obviously, the index is one. One could also think of linear finite element approxi-
mations w̃h(x, t) to wh(x, t) that are constructed according to the characteristics by
fixing the solution at the respective inflow boundary:

w̃h,1(x, t) =
1

2

(
Ih(1, t)− 1√

L/C
Uh(1, t)

)
ϕN +

N−1∑
k=0

wh,1
k (t)ϕk(x)(4.2a)

w̃h,2(x, t) =
1

2

(
Ih(0, t) +

1√
L/C

Uh(0, t)

)
ϕ0 +

N∑
k=1

wh,2
k (t)ϕk(x).(4.2b)
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Then Galerkin applied to (2.9), (2.10a), (2.10b), together with the physical boundary
conditions

Uh(0, t)− V (t) = 0, C1 · Uh
t (1, t)− Ih(1, t) = 0(4.3)

at the transmission line ends, and the coupling conditions

w̃2,h(1, t) =
1

2

(
Ih(1, t) +

Uh(1, t)√
L/C

)
, w̃1,h(0, t) =

1

2

(
Ih(0, t)− Uh(0, t)√

L/C

)
(4.4)

at the remaining outflow boundaries, defines a linear DAE system in the unknowns
w1,h

0 , w1h
1 . . . , w1,h

N−1, w
2,h
1 , w2,h

2 , . . . , w2,h
N , Uh(0, t), Uh(1, t), Ih(0, t), Ih(1, t). One can

show that this system has index one independent of h.

4.2.2. Semidiscretization with respect to space: Noncharacteristic form.
The situation is quite different if semidiscretization with respect to space is applied
to the original formulation (2.1), (2.3). Central differences now yield index two for
some exceptional values of the discretization parameter h, but index one is assured for
h being small enough. This behavior is well known for ADAE systems arising from
MOLs applied to PDAEs [1, 5].

However, things may be even worse: let us investigate the use of so-called RLGC
companion network models [2], which corresponds to the use of central differences
with staggered grids applied to (2.1), (2.3):

L




İh1/2
...

İhN−1/2


+R




Ih1/2
...

IhN−1/2


+

1

h




−1 1

. . .
. . .

−1 1






Uh
0

...

Uh
N


 = 0,(4.5a)

C




U̇h
0

...

U̇h
N


+G




Uh
0

...

Uh
N


+

1

h




−2 2
−1 1

. . .
. . .

−1 1
−2 2







Ih0
Ih1/2

...

IhN−1/2

IN


 = 0,(4.5b)

with Uh
l (t), I

h
l (t) numerical approximations for U(x, t), I(x, t) at the points (lh, t).

Together with the boundary conditions

Uh
0 − V (t) = 0,(4.5c)

C1U̇
h
N − IhN = 0(4.5d)

the ADAE (4.5) has index two for all C,L,C1 > 0 and R,G ≥ 0 independent of h:
boundary condition (4.5d) is equivalent to

IhN =
1

C/C1 + 2/h

(
2

h
IhN−1/2 −GUh

N

)
,

which defines İhN after one differentiation in terms of IhN−1/2, I
h
N , Uh

N−1, U
h
N . However,

one differentiation of (4.5c) is necessary to obtain

Ih0 = Ih1/2 +
h

2

(
CV̇ (t) +GV (t)

)
,
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and a second differentiation is necessary to get an explicit ODE for I0. Thus I
h
0 , the

current through the voltage source, is an index-2 variable, as for a VC loop without
transmission lines. It can be shown that linear finite elements applied to the original
formulation (2.1), (2.3) have the same deregularizing effect: they also yield index-2
ADAE systems for all discretization parameters [9].

Inspecting the VC loop, we have seen that a model refinement based on including
transmission lines effects may regularize DAE network equations of higher index. Us-
ing semidiscretization with respect to space, the MOL approach converts this mixed
system of PDEs and DAEs into an ADAE system in time only. To reflect the physical
properties of the original PDAE network model, the ADAE system should neither be
more nor less sensitive, and the regularizing effect should be kept. However, semidis-
cretization may deregularize a regularizing PDEmodel, if the method of lines approach
is not consistent with the information flow along characteristics.

5. Conclusion. We have extended some of the index concepts for parabolic
PDAEs with homogeneous boundary conditions to hyperbolic-type initial-boundary
value problems of linear PDAEs, where the boundary conditions are governed by linear
time-dependent DAEs. To investigate the impact of semidiscretization in space and
time, we introduced a space and a MOL index for an a posteriori analysis. However,
the DAE index of the approximative system obtained after a particular semidiscretiza-
tion may be different. The properties of the underlying mixed system were described
by a perturbation index, which reflects the sensitivity of the original system with
respect to slight perturbations in the right-hand side of the PDAE, as well as in the
input signals and initial values.

By inspecting interconnected electrical circuits and a heat exchanger as examples
arising in applications, we have seen that these index notions give insight into the
properties of the mixed PDAE/DAE system and the DAE systems obtained after
semidiscretization: the spatial and MOL index give hints for the sensitivity of the
ADAEs with respect to input signals and data. These properties should be consistent
with the behavior of the original system described by the perturbation index. The
ADAEs should be neither more nor less sensitive, though the latter might facilitate
the numerical solution of the ADAE system; however, the obtained solution could
be physically incorrect. On the other hand, a spurious sensitivity of the ADAE
system detected by an index larger than the MOL index might indicate that the
semidiscretization with respect to space is not appropriate.

The analysis of mixed DAEs and hyperbolic-type PDAEs using index concepts
provided helpful information. In order to give reliable recipes for the numerical treat-
ment of coupled DAE and hyperbolic-type PDAE systems, further investigations
should aim at a more closed theory for the different index notions and extend the
analysis to nonlinear systems.

Appendix. Perturbed VC loop with transmission lines. FixingR = G = 0
and C = L = 1, systems (2.1), (2.4) and (2.1), (2.3) perturbed with δ(x, t) at the right-
hand sides of (2.1), and µ(t) at the right-hand sides of (2.4) and (2.3), respectively,
can be solved analytically for t ∈ [0, 1].

For system (2.1), (2.4) we get

[
U(x, t)
I(x, t)

]
=

[ −1 1
1 1

]
︸ ︷︷ ︸

T

·
[

w1(x, t)
w2(x, t)

]
(A.1a)
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with the characteristic variables w1 and w2.
1. 1 ≤ x+ t ≤ 2:

w1(x, t) = w2
0(2− (x+ t))− exp

(
1− (x+ t)

C1

)
(w1

0(1)− w2
0(1))

−
∫ (x+t)−1

0

exp

(
(1 + τ)− (x+ t)

C1

)[
µ2(τ)

C1
+

2

C1

(
w2

0(1− τ)

+

∫ τ

0

δ̃2(ξ + (1− τ), ξ) dξ

)]
dτ +

∫ (x+t)−1

0

δ̃2(τ + 2− (x+ t), τ) dτ

+

∫ 1−x

0

δ̃1(1− τ, τ + (x+ t)− 1) dτ.(A.1b)

2. 0 ≤ x+ t ≤ 1:

w1(x, t) = w1
0(x+ t) +

∫ x+t

x

δ̃1(ξ, (x+ t)− ξ) dξ.(A.1c)

3. 0 ≤ x− t ≤ 1:

w2(x, t) = w2
0(x− t) +

∫ t

0

δ̃2(ξ + (x− t), ξ) dξ.(A.1d)

4. 0 ≤ t− x ≤ 1:

w2(x, t) = µ4(t− x) + µ1(t− x) + Lind(µ̇3(t− x)− J̇(t− x)) + w1
0(t− x)

+

∫ t−x

0

δ̃1(ξ, (t− x)− ξ) dξ +

∫ t

t−x

δ̃2(τ − (t− x), τ) dτ.(A.1e)

The network variables are given by

z = Lind(µ̇3(t)− J̇(t)) + µ4(t), IL = µ3(t)− J(t).(A.1f)

Here we have used the transformed source term δ̃(x, t) = T−1δ(x, t) and the trans-
formed initial values [

w1
0(x)

w2
0(x)

]
= T−1

[
U(x, 0)

I(x, 0)

]
.

For system (2.1), (2.3) equation (A.1f) can be skipped, and (A.1e) is transformed to

w2(x, t) = V (t− x) + µ1(t− x) + w1
0(t− x)

+

∫ t−x

0

δ̃1(ξ, (t− x)− ξ) dξ +

∫ t

t−x

δ̃2(τ − (t− x), τ) dτ.
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Abstract. We develop and apply a finite-difference method to discretize the Laplacian operator
with Neumann boundary conditions on an irregular domain using a regular Cartesian grid. The
method is an extension of the immersed interface method developed by LeVeque and Li [SIAM J.
Numer. Anal., 31 (1994) 1019–1044]. With careful selection of stencils, the method is second order
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1. Introduction. In this paper we discuss Cartesian-grid finite-difference meth-
ods for discretizing the Laplacian with Neumann boundary conditions specified on
one or more curves or surfaces. The methods use special but compact stencils (i.e.,
3 by 3 in two dimensions, 3 by 3 by 3 in three dimensions); they are second order
accurate; and we give sufficient conditions that guarantee their stability. Even when
these sufficient conditions are not met, the methods perform stably in our applica-
tions. We give a systematic procedure for selecting the stencils which can easily be
implemented using look-up tables.

Cartesian-grid finite-difference methods are traditionally thought to be inappro-
priate for handling Neumann conditions on general curves or surfaces (see, e.g., [16]).
The difficulty is this: on the one hand, first order one-sided difference approximations
to the normal derivative combined with a standard five-point (in two dimensions)
scheme for the Laplacian at interior points yields a stable but first order method [3].
On the other hand, traditional second order one-sided approximations to the normal
derivative yield improved accuracy but at the cost of possible instability and a wide dif-
ference stencil [16]. The popularity of finite-element methods [4] and boundary-fitted
grid methods [17] for such problems stems largely from their perceived superiority in
handling this kind of boundary condition. But finite-element methods and boundary-
fitted grid methods involve substantially more complicated data structures than do
Cartesian-grid methods. The complicated data structures increase the complexity
and cost of many parts of the solution process, especially the linear algebra, and com-
plicate as well graphical display of the results. For these reasons, it is desirable to
seek methods based on Cartesian grids that are easier to use.

The starting point for the derivation of the methods discussed here is the immersed
interface method introduced by LeVeque and Li [7] for handling diffusion problems
with discontinuous diffusion coefficients (see also [8, 11, 9, 10]). For our problems, the
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physical domain is embedded in a larger rectangular domain, the partial differential
equation(s) are extended to the rectangular domain, and a simple Cartesian grid is
placed over the full domain. A standard discretization of the Laplacian is used at
“regular” points of the grid for which the grid point and its immediate neighbors all
lie on the same side of the boundary curves or surfaces. Special stencils are used at
the remaining “irregular” points. In [7], LeVeque and Li use continuity and jump
conditions at the interface across which the diffusion coefficient is discontinuous in
order to simplify the truncation error that results when points on both sides of the
interface are used to construct a discrete Laplacian. The equations for the stencil
coefficients follow from this simplified expression. The present work is distinguished
from that of LeVeque and Li by its use of Neumann boundary conditions instead of
interface conditions, and by its careful exploration of the optimal choice of stencil to
achieve stability as well as second order accuracy. We give detailed specifications of
how to best choose a stencil in both two and three dimensions. These specifications
are easily coded in terms of look-up tables making the method only slightly more
expensive than standard schemes on rectangular grids with rectilinear boundaries
aligned with the grid.

In a series of papers, Mayo and coworkers [12, 13, 14, 15] present an alternative
approach to solving certain elliptic problems in irregular regions. It involves solving an
integral equation on the domain boundary and using a standard discretization of the
Laplacian on a Cartesian grid placed over a rectangle in which the irregular region is
embedded. Later we briefly describe this approach, indicate how it is different from the
method of this paper, and discuss some of the relative advantages and disadvantages
of the two approaches.

The contents of the remainder of this paper are as follows: In section 2 we give
a detailed derivation of the system of equations that the coefficients of the approxi-
mate two-dimensional Laplacian must satisfy at irregular points of the grid to achieve
overall second order accuracy. In section 3, we discuss additional considerations in
choosing the stencil to ensure stability, and arrive at a precise specification of how
to make this choice. Section 4 concerns derivation of the coefficient equations for
the three-dimensional Laplacian and stencil selections. In section 5, we apply the
two-dimensional formulas to the heat equation in a number of contexts and numeri-
cally verify the stability and second order accuracy of the method. In section 6, we
illustrate the three-dimensional method by solving the Poisson equation in a region
bounded between an ellipsoid and a sphere.

As mentioned above, this project began as an effort to extend the ideas of
LeVeque and Li’s immersed interface method to handle Neumann conditions on ir-
regular boundaries, and the derivation of our stencil equations is carried out in that
spirit. But as we show in section 3, stable second order stencils often can be chosen
using only grid points interior to the original physical domain. Hence, the method can
be used as a purely interior-point method without reference to the grid points in the
extended domain. Alternatively, it can be used in the spirit of the original derivation
making use of grid points throughout the rectangular domain. Both approaches are
illustrated below and we discuss why one approach or the other might be preferred in
a given situation.

2. Derivation of the methods. We are interested in solving Poisson’s equation

−β∆v(x) = f(x)(2.1)
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or the heat equation

vt(x, t) = β∆v(x, t) + f(x, t)(2.2)

in a two-dimensional region Ω+. We assume v satisfies Neumann boundary condition

β
∂v

∂n
= g(2.3)

at points of Γ = ∂Ω+. We adopt the convention throughout this paper that n is the
unit normal vector which points out of the region Ω+, so that g > 0 corresponds to
a flux into Ω+. We assume that Γ is at least piecewise smooth. We embed Ω+ in a
rectangular region Ω and define Ω− = Ω \ Ω+. We extend v to all of Ω by requiring
that in Ω−, v satisfy

−β∆v = f(x)(2.4)

in the case of Poisson’s equation or

vt = β∆v + f(x, t)(2.5)

in the case of the heat equation. The extended source function f(x) is assumed to be
continuous in Ω. (If an analytic expression for f on the full rectangle is not available,
then the extension of f to (x, y) ∈ Ω− can be defined, for example, as the value of f
at the point of Γ closest to (x, y) times a rapidly decaying function of the distance of
(x, y) from Γ.) We require that v be continuous along Γ and that (2.3) be satisfied
at points (x, y) ∈ Γ when the derivatives are interpreted as one-sided ones involving
values of v only on Ω+ ∪ Γ. These conditions can be written as

[v] ≡ v+ − v− = 0(2.6)

and

β
∂v

∂n

+

= g.(2.7)

Here, and throughout this paper, the notation f+ and f− indicate limiting values of
f at points of Γ with the limits taken entirely within Ω+ or Ω−, respectively. We also
impose conditions on v or its derivatives on the boundary of the embedding rectangle
Ω in order that v be uniquely determined (at least to within an additive constant) in
all of Ω. We note that because of the continuity of v and the source term across Γ,
the Laplacian of v is also continuous across Γ:

[∆v] ≡ (∆v)+ − (∆v)− = 0.(2.8)

In this paper we describe a method for solving each of the above problems in two
or three spatial dimensions. For now, we consider the problems in a two-dimensional
region Ω. To determine an approximate solution to our problem, we place a uniform
rectangular mesh with meshspace h over the region Ω and we seek to approximate
(2.1) and (2.4) or (2.2) and (2.5) at each point of the mesh. We use a Crank–Nicolson
time discretization in (2.2) and (2.5). We approximate the Laplacian in (2.1), (2.2),
(2.4), or (2.5) by the standard five-point discrete Laplacian

∆huj1,j2 ≡ h−2 {uj1,j2−1 + uj1−1,j2 + uj1+1,j2 + uj1,j2+1 − 4uj1,j2}(2.9)
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Fig. 2.1. Layout near irregular point: Labeling of potential stencil points and definition of (ξ, η)
coordinate system.

at points (j1h, j2h) for which all the points involved in this definition are on the same
side of the “interface” Γ. Such points are called “regular points.” This approximation
to the Laplacian is, of course, second order.

Points of the mesh which are close to the interface and for which points of the
standard stencil lie on both sides of the interface are called “irregular points.” Our
immediate goal is to derive a suitable approximation to the Laplacian at each irregular
point. Because the size of the irregular region is roughly a dimension less than that of
the domain, it suffices that the approximate Laplacian at such points be first order.

Consider an irregular point xP = (j1h, j2h) ∈ Ω+ and imagine that the interface
Γ cuts through the mesh as indicated in Figure 2.1. (Point xP is shown as x1 in
the figure.) Let x∗ be a point on the curve Γ close to xP and such that the curve
is smooth at x∗. Since v is smooth in Ω+, ∆v(xP ) = ∆v(x∗)+ + O(h), so it
suffices to approximate ∆v(x∗)+ to within O(h). We approximate ∆v(x∗)+ by a
linear combination of values of v at the nine mesh points marked by a plus sign in
Figure 2.1. Let K denote the set of indices of these nine points, K+ ⊆ K be the
indices of those points which are in Ω+ ∪ Γ, and K− ⊆ K be the indices of those
points which are in Ω−. Then we seek to determine a set of coefficients γk for k ∈ K
and a value C, so that

∑
k∈K γkv(xk) − C is an O(h) approximation to ∆v(x∗)+.

As is shown below, we generally need to have six nonzero γk in order to achieve
an O(h) approximation. In accordance with the size of the coefficients in the usual
discretization (2.9) of the Laplacian, we expect that the magnitude of the nonzero γk
is O(h−2). The truncation error in using this approximation is

T ∗ = ∆v(x∗)− −
∑

k∈K+

γkv(xk) −
∑

k∈K−
γkv(xk) + C.(2.10)

For each k ∈ K+, we expand v(xk) in a Taylor series about x∗ using limits of function
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values from Ω+. For each k ∈ K− we find a similar expansion using limits of function
values from Ω−. Before doing these expansions, it is useful to introduce a local change
of coordinates near the point x∗. As shown in Figure 2.1, θ is the angle between the
positive x-direction and the normal n to the curve Γ pointing out of the region Ω+.
We introduce new orthogonal coordinates (ξ, η) by the equations

x− x∗ = ξ cos θ − η sin θ,(2.11)

y − y∗ = ξ sin θ + η cos θ.(2.12)

Note that (ξ, η) = (0, 0) corresponds to the point x∗. The curve Γ is assumed to be
described locally near x∗ by the relation ξ = χ(η). Note that χ(0) = 0 and χ′(0) = 0.
We also write xk = (ξk, ηk) to express the mesh points in terms of the new coordinates.
In these new coordinates, we find Taylor series expansions for k ∈ K+,

v(xk) = v+ + v+
ξ ξk + v+

η ηk +
1

2
v+
ξξξk

2 + v+
ξηξkηk + v+

ηηηk
2 + O(h3),(2.13)

and for k ∈ K−,

v(xk) = v− + v−ξ ξk + v−η ηk +
1

2
v−ξξξk

2 + v−ξηξkηk + v−ηηηk
2 + O(h3).(2.14)

We have truncated these expansions after the second order terms because this suffices
if our expectation that γk = O(h−2) is correct. When we substitute (2.13) and (2.14)
into the expression (2.10) for T ∗, we get an expression for T ∗ in terms of the twelve
quantities v±, v±ξ , v±η , v±ξξ, v

±
ξη, and v±ηη. We use the continuity conditions on v across

Γ along with the given boundary conditions on Γ to express the Ω+ quantities v+, v+
ξ ,

v+
η , v+

ξξ, v
+
ξη, and v+

ηη in terms of the Ω− quantities v−, v−ξ , v−η , v−ξξ, v
−
ξη, and v−ηη, and

thus obtain an expression for T ∗ entirely in terms of Ω− quantities. To this end, we
express the interface conditions (2.6), (2.7), and (2.8) in terms of the local coordinate
description of Γ:

v(χ(η), η)+ = v(χ(η), η)−,(2.15)

vξ(χ(η), η)+ − χ′(η)vη(χ(η), η)+ =
(1 + χ′2)1/2

β
g,(2.16)

and

vξξ(χ(η), η)+ + vηη(χ(η), η)+ = vξξ(χ(η), η)− + vηη(χ(η), η)−.(2.17)

In converting (2.7) to (2.16), we have used the fact that the outward unit normal to
Γ is

1

(1 + χ′2)1/2

(
1

−χ′(η)

)
.

We obtain additional relations between Ω+ and Ω− quantities by differentiating re-
lations (2.15) and (2.16) with respect to η. Differentiating (2.15) with respect to η
gives

(vξ χ′ + vη)
+ = (vξ χ′ + vη)

−.(2.18)
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Differentiating this again with respect to η yields

(vξξχ
′2 + 2vξηχ

′ + vξχ
′′ + vηη)

+ = (vξξχ
′2 + 2vξηχ

′ + vξχ
′′ + vηη)

−.(2.19)

Differentiating (2.16) with respect to η gives

v+
ξξχ

′ + v+
ξη − v+

ξη(χ
′)2 − v+

ηηχ
′ − v+

η χ′′ =
(1 + χ′2)1/2

β
g′ +

χ′χ′′

β(1 + χ′2)1/2
g.

(2.20)

We are interested in these relations at the point x∗ = (χ(0), 0). Setting η = 0 in
(2.15)–(2.20), and recalling that χ(0) = 0 and χ′(0) = 0, we obtain the six relations

v+ = v−,(2.21)

v+
ξ =

g

β
,(2.22)

v+
η = v−η ,(2.23)

v+
ξξ + v+

ηη = v−ξξ + v−ηη,(2.24)

v+
ξη − χ′′v+

η =
g′

β
,(2.25)

v+
ξ χ′′ + v+

ηη = v−ξ χ′′ + v−ηη.(2.26)

Here, all quantities are evaluated at η = 0.
It is helpful to express relations (2.21)–(2.26) in a more compact form. We define

V and G ∈ R
6 by

V = (v, vξ, vη, vξξ vξη, vηη)
T

(2.27)

and

G =

(
0,

g

β
, 0, 0,

g′

β
, 0

)T
.(2.28)

Then (2.21)–(2.26) can be written as

A+ V + = A− V − + G,(2.29)

where the 6× 6 matrices A+ and A− are defined by

A+ =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 1
0 0 −χ′′ 0 1 0
0 χ′′ 0 0 0 1




(2.30)
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and

A− =




1 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 1
0 0 0 0 0 0
0 χ′′ 0 0 0 1



.(2.31)

Since the matrix A+ is nonsingular for any value of the curvature χ′′, we can write

V + = (A+)−1A−V − + (A+)−1G.(2.32)

We can now use this relation to express the truncation error defined by (2.10) in terms
only of Ω− quantities. In terms of the local (ξ, η) coordinate system, the truncation
error at x∗ is

T ∗ = v+
ξξ + v+

ηη −
∑

k∈K+

γkv(xk) −
∑

k∈K−
γkv(xk) + C.(2.33)

We let

Zk =

(
1, ξk, ηk,

1

2
ξ2
k, ξkηk,

1

2
η2
k

)T
,(2.34)

and

W = (0, 0, 0, 1, 0, 1)
T
.(2.35)

Then, using the Taylor series expansions (2.13) and (2.14) in (2.33), we get

T ∗ = WTV + −
∑

k∈K+

γkZ
T
k V + −

∑
k∈K−

γkZ
T
k V − + C + O(h3)max |γk|.

(2.36)

Since we anticipate that |γk| = O(h−2), we expect that this last term is O(h). Using
(2.17) and (2.32), we can express T ∗ entirely in terms of Ω− function values:

T ∗ =


WTV − −

∑
k∈K+

γkZ
T
k

[
(A+)−1A−V −] − ∑

k∈K−
γkZ

T
k V −




+


C −

∑
k∈K+

γkZ
T
k (A+)−1G


 + O(h3)max |γk|.(2.37)

We want to choose the coefficients {γk} so that the bracketed term in (2.37) vanishes
for all vectors V − ∈ R

6 and to then choose C so that the term within ( ) vanishes.
With these choices, T ∗ = O(h). Clearly it suffices that the bracketed term vanish
for each of the six standard basis vectors for R

6. This gives us a system of six linear
equations for the unknown γk, and so, in general, we need six nonzero γk, and therefore
a six-point stencil, to obtain an O(h) approximation. The six equations are

0 =
∑

k∈K+

γk +
∑

k∈K−
γk,(2.38)
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0 =
∑

k∈K+

γk

{
1

2
χ′′(ηk2 − ξk

2)

}
+

∑
k∈K−

γkξk,(2.39)

0 =
∑

k∈K+

γk {ηk + χ′′ξkηk} +
∑

k∈K−
γkηk,(2.40)

2 =
∑

k∈K+

γkξk
2 +

∑
k∈K−

γkξk
2,(2.41)

0 =
∑

k∈K−
γkξkηk,(2.42)

2 =
∑

k∈K+

γkηk
2 +

∑
k∈K−

γkηk
2.(2.43)

In addition,

C =
∑

k∈K+

γk {ak + bk} ,(2.44)

where

ak =
1

β
g

[
ξk − 1

2
χ′′(ηk2 − ξk

2)

]
(2.45)

and

bk =
1

β
g′ξkηk.(2.46)

This same approach can be used to handle Robin boundary conditions

β
∂v

∂n

+

+ αv+ = g (β �= 0)(2.47)

instead of the Neumann conditions (2.7). In this case, the jump conditions can again
be written in the form of (2.29). The matrix A− and the vector G are the same as
before, and the matrix A+ is

A+ =




1 0 0 0 0 0
α
β 1 0 0 0 0

0 0 1 0 0 0
0 0 0 1 0 1
α
β 0 −χ′′ 0 1 0

0 χ′′ 0 0 0 1



.(2.48)

Since A+ is again nonsingular, one can express V + in terms of V − and therefore
express the truncation error (2.36) entirely in terms of V −. One obtains a system of
six equations for the γk analogous to the system (2.38)–(2.43) above.
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3. Stencil selection. We now face the issue of how to select the “best” stencil.
While a criterion for “best” is not completely settled, here we seek a stencil whose
coefficients satisfy the above equations and also satisfy the Gerschgorin sufficient
conditions for stability. A matrix with entries aij satisfies the Gerschgorin stability
conditions if ∑

j,j �=i
|aij | ≤ |aii|(3.1)

and aii ≤ 0. If this is the case, the eigenvalues of the matrix are guaranteed to lie
in the left half of the complex plane, assuring only nonpositive real parts. It also
follows in this case that the scheme satisfies a discrete maximum principle. In this
problem we know from (2.38) that the row sum is zero, so the stability condition is
that all noncentral γ’s (i.e., other than the central point of the grid) must be positive.
Thus, in what follows, we seek stencils for which the above equations hold and the
noncentral γ’s are positive.

Before we proceed further, we note that the grid points are numbered as

5 4 3
6 1 2
7 8 9

(3.2)

so that the central point has label 1, the upper right corner is 3, and so on (see Figure
2.1). The Gerschgorin stability conditions can then be expressed

γ1 < 0 and γk ≥ 0 for k �= 1.(3.3)

Using the numbering just introduced, a six-point stencil is uniquely identified by five
numbers (since the central point 1 is always assumed to be part of the stencil). For
the remainder of this discussion, we define x∗ = (x, y) to be the closest point on the
boundary to the center of the stencil which we take to be at (0, 0). We consider (x, y)
in the unit square 0 ≤ x ≤ 1, 0 ≤ y ≤ 1. (In essence we have set h = 1 for this
analysis.)

We now make our first observation.
Theorem 3.1. With exactly one exterior point in the stencil, the system of

equations (2.38)–(2.43) is singular.
To show this, note that if we multiply (2.41) by 1

2χ
′′ and (2.43) by − 1

2χ
′′ and add

both of these to (2.39), we find

0 =
∑

k∈K−
γk

{
ξk +

1

2
χ′′(ηk2 − ξk

2)

}
,(3.4)

which we use to replace (2.39). Now observe that both (2.41) and (3.4) have nonzero
terms only for exterior grid points, and so, if there is only one exterior grid point,
there are two equations with five zero coefficients, and the system of equations is
singular.

The consequence of this is that if there is only one exterior point, one should use
a standard five-point scheme, either the usual scheme 2468 (if 3, 5, 7, or 9 is missing)
or the diagonal scheme 3579 (if 2, 4, 6, or 8 is missing).

Henceforth we assume that there are at least two exterior grid points, and to be
specific we take them to be points 2 and 3. Now we make our second observation.
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Theorem 3.2. With two exterior grid points and four interior grid points in the
stencil, the coefficients for the exterior points are zero.

This follows easily by observing that with two exterior grid points, (2.42) and
(3.4) are a two by two system of linear equations which has only the trivial solution.

The problem is now simplified to looking at four-point interior schemes (which
we call, simply, four-point schemes, and identify with three numbers, say, 568). There
are twenty possible four-point interior schemes, giving a bewildering array of possi-
bilities. However, we can immediately eliminate four of these schemes from further
consideration, as follows.

Theorem 3.3. The four-point schemes with three adjacent points (schemes 456,
567, 678, 789) do not meet the Gerschgorin stability criterion for χ′′ below some
positive number.

The proof of this follows from a direct calculation. For example, for the 678
scheme, one can calculate that

γ7 =
−2(x2 + y2)2 − (x + y)(x− y)2 + 2χ′′(x2 + y2)3/2(2x2 + x + y + 2y2)

xy(2x2 + x + y + 2y2)− χ′′(x2 + y2)3/2(1 + 2y)(1 + 2x)
.(3.5)

It follows that for this scheme, γ7 is negative in the range 0 < x ≤ 1, 0 < y ≤ 1 if

χ′′ ≤
√

2
3 . Similar statements can be made for the other schemes.

The primary consequence of this is that there are no acceptable four-point schemes
when there are five grid points which are exterior to the domain. If there are five
exterior points, then χ′′ is likely to be negative. If, in fact, the boundary arc is
described locally by the parabolic arc ξ = 1

2χ
′′η2, then to have five exterior points χ′′

must be negative. In this situation, therefore, if there are five exterior grid points, all
possible four point schemes fail the Gerschgorin criterion. Thus, for the remainder of
this discussion, we restrict our attention to a domain for which there are never more
than four grid points that are exterior to the domain. With this further restriction
we now have only sixteen schemes to evaluate. Later we discuss what to do if, in fact,
a situation arises in which there are five exterior grid points.

We begin our search by looking at the region in which a particular scheme satisfies
the Gerschgorin criterion. In this regard, the best of the sixteen schemes is the four-
point scheme 579. For this scheme we calculate that

γ5 =
(x2 + y2)2 + 2x2y − χ′′(x2 + y + y2)(x2 + y2)3/2

(x + y)D
,(3.6)

γ7 =
2xy − χ′′(x2 + y2)3/2

D
,(3.7)

γ9 =
(x2 + y2)2 + 2xy2 − χ′′(x2 + x + y2)(x2 + y2)3/2

(x + y)D
,(3.8)

where D = (x2 + y2)(x + y) + 2xy − χ′′(x2 + y2)3/2(x + y + 1). It is apparent that
these three coefficients are positive if χ′′ < 0, suggesting that this is a good candidate
for a useful scheme. Indeed it is a good scheme, but with limited usefulness. This
limitation is because this scheme is admissible only when points 5 and 9 are both
interior to the domain, a consideration that we address below.

A similar restriction applies to the second “obvious” good guess, 468. Here,

γ6 =
2(x2 − y2)− 2χ′′(x2 + y2)3/2

2x(x2 + y2) + x2 − y2 − χ′′(x2 + y2)3/2(2x + 1)
(3.9)
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with similar formulas for γ4 and γ8. Clearly, with χ′′ = 0, γ6 > 0 provided x > y. In
fact, all three coefficients are positive provided x > y and χ′′ ≥ 0. However, for any
value of χ′′, there are subregions of the square 0 < x < 1, 0 < y < 1 for which the
Gerschgorin criterion fails, so that this scheme is also not universally useful.

The disadvantage of the 579 and 468 schemes is that they are useful only if no
more than three grid points are exterior to the domain. Schemes which are potentially
more useful are those with a smaller footprint, including 457, 467, 568, 578, 679, and
689. (The symmetric partner of 457, which is 279, is not considered here because the
point 2 is assumed to be exterior to the domain.) All of these schemes allow for four
grid points exterior to the domain. One quickly determines that of these, 457 and 467
are essentially useless, as they satisfy the Gerschgorin criterion in only a small region
of the unit square.

The schemes 568 and 578 have identical regions of the unit square in which the
Gerschgorin criterion holds. The region is determined by γ6 > 0, where γ6 is given by

γ6 =
−2(x2 + y2)2 + x3 + 5x2y − xy2 − y3 + χ′′(x2 + y2)3/2(2x2 − x− 1− y + 2y2)

x(x + y)(2x2 + x + 2y2)− χ′′(x2 + y2)3/2(2x + 1)(2x + 1 + 2y)
.

(3.10)

The schemes 679 and 689 are the symmetric partners of 568 and 578 and so have
symmetric regions in which they satisfy the Gerschgorin criterion.

At this point, we have identified a number of schemes that satisfy the Gerschgorin
criterion in certain subregions of the unit square, but this does not help to decide if
these schemes are useful without additional information about the location of the grid
points relative to the boundary of the domain. Thus far, the number χ′′ has been
used solely as a parameter, but it also contains information about the boundary arc.
If we now assume that the boundary arc is well approximated by the parabolic arc
ξ = 1

2χ
′′η2, then we can subdivide the unit square into regions in which each footprint

is permitted. The boundary of these subregions are the 5 curves in the unit square
for which the boundary arc ξ = 1

2χ
′′η2 exactly intersects one of the grid points 2, 4,

5, 8, or 9. For example, the curve for gridpoint 4 is given by

2(x2 − y + y2)
√

x2 + y2 + χ′′x2 = 0,(3.11)

and similar expressions are easily obtained for the other grid points. A plot of these
five curves is shown in Figure 3.1(a) for χ′′ = −0.3, and Figure 3.1(b) shows similar
plots for χ′′ = 0.3. The exact boundaries of the different regions shown change for
different values of χ′′, but the qualitative nature of the regions is as shown here. For
example, to the right of the curve 4, the grid point 4 is exterior to the domain so a
four-point stencil containing point 4 cannot be used.

Now that the unit square is divided into regions for which different footprints are
possible, we must decide which of the possible schemes also satisfy the Gerschgorin
criterion.

Figure 3.2 shows the further subdivisions of the unit square on which different
schemes satisfy the Gerschgorin stability criterion. These regions are denoted by the
number of possible schemes. For example, in the regions denoted 5a or 5b, there are
5 schemes that are permitted. In Table 3.1, the acceptable schemes for each of the
subregions are listed, both for the case χ′′ ≤ 0 and χ′′ > 0. The columns to the right
of the double vertical line are acceptable only when χ′′ > 0. Note that schemes 459
and 489 have only an admissible range for χ′′ > 0. Region 0 is the region in which
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Fig. 3.1. Geometric curves for cases (a) χ′′ = −0.3 and (b) χ′′ = 0.3. For each I ∈
{2, 4, 5, 8, 9}, curve I bounds the subregion of the unit square with the property that if the closest
boundary point (x, y) is in that subregion, and if the boundary is described locally by the parabolic
arc ξ = 1

2
χ′′η2, then stencil point I is an interior point.

Fig. 3.2. Gerschgorin regions and covering schemes for (a) χ′′ = −0.3 and (b) χ′′ = 0.3. The
region labels correspond to those in Table 3.1. In the unlabeled regions, a standard five-point scheme
is acceptable.

there are five exterior grid points and for which, therefore, there are no admissible
four-point schemes. This region exists only if χ′′ < 0.

The challenge is to find the smallest set of admissible schemes that covers the
domain. Scanning through the table, one sees that for χ′′ ≤ 0, three schemes are
necessary for this purpose. For example, the three schemes 568, 689, and 468 cover the
domain. This is not a unique covering set, as 578 and 568 can be freely interchanged,
as can 679 and 689. This covering set is valid for χ′′ ≤ 0 but not for χ′′ > 0. In Table
3.2 are listed the minimal covering sets as a function of χ′′.
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Table 3.1
Acceptable schemes for each subregion of Figure 3.2. Regions to the right of double vertical line

occur only if χ′′ > 0.

Scheme 2a 2b 3a 4a 4b 4c 5a 5b 8 3b 6a 6b
457 x
458 x x
459 x
467 x
468 x x x x x
469 x x x
478 x x x x
479 x x x
489 x
568 x x x x x x
569 x x x x
578 x x x x x x
579 x x x x x x
589 x x x
679 x x x
689 x x x

Table 3.2
Minimal covering sets.

χ′′ ≤ 0 0 < χ′′ < .5 χ′′ > .5
568 568
689 689
468 468 468

579 579

Provided there are no more than four exterior points, an easy computational
strategy for determining a scheme that satisfies the Gerschgorin stability criterion is
evident. First, if χ′′ ≤ 0, try the scheme 568 (as that covers the most area), and if
this fails try 468 if point 4 is in the domain interior, or 689 if point 9 is in the domain
interior. If χ′′ > 0, first, if point 9 is in the domain interior, try 579 as this covers the
most area. If this fails, then 468 is most likely to succeed. The schemes 568 and 689
cover small regions and so are less likely to be needed, but are necessary to produce
a complete cover. Note that there are two ways to reject a scheme when pursuing
this strategy. First, it may not be possible to find a solution to the linear system
(2.38)–(2.43) for a given stencil. Second, the solution may not satisfy the Gerschgorin
stability condition. In any case, one of the above choices of stencils is guaranteed to
lead to a solvable system whose solution does satisfy the Gerschgorin condition.

It remains to address the question of what to do if an interior irregular point
occurs with 5 exterior points in its stencil. When this happens, the above discussion
does not apply, and furthermore, we have found no schemes with three interior points
that satisfy the Gerschgorin condition. The two canonical situations in which such
an irregular point arises are illustrated in Figure 3.3. In part (a), the boundary curve
has high local curvature and the mesh is not fine enough to resolve this curvature.
A finer mesh should be used. In part (b), the curvature is small and yet there are 5
exterior points. One way to deal with this situation is to shift slightly the entire mesh
relative to the domain of interest. Another possibility, discussed below in the context
of solution of the heat equation, is to make use of both interior and exterior points
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(a) (b)

Fig. 3.3. Situations in which there are five exterior points.

for the stencil.

4. Three-dimensional problems. The extension of the above ideas to three-
dimensional problems is straightforward, although there are a number of unresolved
issues.

The derivation of the coefficient equations for the approximation to the Laplacian
at irregular points follows the same arguments used in the two-dimensional case. We
determine the point x∗ on the boundary about which to make the local expansion.
We introduce a new local orthogonal coordinate system (ξ, η1, η2), taking (ξ, η1, η2) =
(0, 0, 0) to correspond to the point x∗. The surface is assumed to be described locally

by the relationship ξ = χ(η1, η2). We denote ∂χ
∂ηj

= χj and ∂2χ
∂ηj∂ηk

= χjk for j =

1, 2, k = 1, 2. We suppose that the coordinate system is chosen to be the principal
coordinate system for the surface so that χ(0, 0) = χ1(0, 0) = χ2(0, 0) = χ12(0, 0) = 0.
The numbers χ11(0, 0) and χ22(0, 0) are the principal curvatures and the surface has
the local representation ξ = 1

2χ11(0, 0)η
2
1 + 1

2χ22(0, 0)η
2
2 .

The quantities that must be continuous across the boundary are v; vξχj + vηj for
j = 1, 2; vξξχjχk+vξηkχj+vξχjk+vξηjχk+vηjηk for (j, k) = (1, 1), (1, 2), (2, 2); and
(vξξ + vη1η1 + vη2η2). The Neumann boundary condition (2.3) contributes the three
equations

(vξ − vη1χ1 − vη2χ2)
+ =

(1 + χ2
1 + χ2

2)
1/2 g

β
,(4.1)

(4.2)(
vξξχj + vξηj − vξη1χ1χj − vη1η2χ1 − vη1χ1j − vξη2χ2χj − vη2ηjχ2 − vη2χ2j

)+
=

∂

∂ηj

(
(1 + χ2

1 + χ2
2)

1/2 g

β

)

for j = 1, 2, which gives us a total of ten conditions relating limiting values at x∗ from
Ω+ to those from Ω−. We define the vector

V = (v, vξ, vη1 , vη2 , vξξ, vξη1 , vη1η1 , vξη2 , vη2η2 , vη1η2)
T
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and write the resulting system of equations in matrix form as

A+V + = A−V − + G,(4.3)

where

A+ =




1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 χ11 0 0 0 0 1 0 0 0
0 χ22 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 1 0 1 0 1 0
0 1 0 0 0 0 0 0 0 0
0 0 −χ11 0 0 1 0 0 0 0
0 0 0 −χ22 0 0 0 1 0 0




.(4.4)

The first seven rows of A− are identical to those of A+, and the last three rows of A−

are all zero. It is not difficult to determine that

(A+)−1A− =




1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 −χ11 − χ22 0 0 1 0 0 0 0 0
0 0 χ11 0 0 0 0 0 0 0
0 χ11 0 0 0 0 1 0 0 0
0 0 0 χ22 0 0 0 0 0 0
0 χ22 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1




.(4.5)

Finally, with

W = (0, 0, 0, 0, 1, 0, 1, 0, 1, 0)T , Zk = (1, ξ, η1, η2,
1

2
ξ2, ξη1,

1

2
η2
1 , ξη2,

1

2
η2
2 , η1η2)

T
k ,

we require that

W =
∑

k∈K+

γk
[
(A+)−1A−]T Zk +

∑
k∈K−

γkZk(4.6)

as our system of equations for determining the coefficients γk. These equations sim-
plify somewhat if we premultiply (4.6) with the matrix

T =




1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 1 0 0 χ11 + χ22 0 −χ11 0 −χ22 0




,(4.7)
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Fig. 4.1. Labeling of potential stencil points for three-dimensional calculations.

and then the equations take the form

TW =
∑

k∈K+

γkBZk +
∑

k∈K−
γkTZk,(4.8)

where BZ = (1, η1 + ξη1χ11, η2 + ξη2χ22,
1
2ξ

2, 1
2η

2
1 ,

1
2η

2
2 , η1η2, 0, 0, 0)

T , TZ =
(1, η1, η2,

1
2η

2
1 ,

1
2η

2
2 , η1η2, ξη1, ξη2, ξ + 1

2χ11(ξ
2 − η2

1) + 1
2χ22(ξ

2 − η2
2))

T , and TW =
(0, 0, 0, 2, 2, 2, 0, 0, 0, 0)T .

There are now a number of simple consequences of this calculation, analogous to
the two-dimensional case.

Theorem 4.1. With less that three exterior points, this system of equations is
singular.

With less than three exterior points, there is certain to be a “standard” seven-
point scheme that can, and should, be used.

Theorem 4.2. Any scheme with exactly seven interior points has γk = 0 for the
three exterior points.

Now we face the difficult issue of choosing three-dimensional stencils that satisfy
the Gerschgorin stability criterion. We assume that there are at least three exterior
grid points and we seek seven-point stencils consisting entirely of interior points. We
use a nomenclature similar to the two-dimensional nomenclature to identify the grid
points with a number between 1 and 27. This grid nomenclature, depicted in Figure
4.1, assigns the numbers 1 through 9 to the points in the z = 0 plane exactly as in
the two-dimensional case. In the plane z = −h, add 9 to the corresponding point at
z = 0 and in the plane z = h add 18 to the corresponding point at z = 0.

Next we simplify the problem slightly by assuming that the boundary surface is
locally planar, having χ11 = χ22 = 0. Notice that in the limit of small grid size, the
weights γj are independent of curvature, so there is no loss of accuracy in the limit
h→ 0.
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We assume that the boundary surface passes through the first octant (so that
point 21 is certain to be an exterior point). Using a numerical search, we have found
that all (admissible) points in the first octant can be covered by 45 seven-point stencils.
These schemes are generated by the following 8 stencils:

1. 2 4 5 7 8 10 (6),
2. 6 8 9 10 11 13 (6),
3. 5 6 8 9 10 12 (3),
4. 5 7 9 10 11 26 (6),
5. 6 7 8 9 10 13 (6),
6. 2 6 7 8 10 13 (6),
7. 6 7 9 10 13 15 (6),
8. 6 7 8 9 13 18 (6).

Each of these stencils is used to generate additional stencils by reflections in the
planes x = y, x = z, and y = z. The number in parentheses following the stencil
indicates the total number of stencils generated by this group action. Seven of the
stencils generate six separate stencils and one generates only three stencils because it
is symmetric about the plane x = y.

With these stencils it is possible to find a scheme that satisfies the Gerschgorin
stability criterion for any planar boundary surface that intersects the first octant.
While this list of stencils covers the range of possibilities, it is not known if this is the
minimal list.

5. Two-dimensional heat equation. We apply the formulas derived in section
2 to the two-dimensional heat equation in a variety of domains Ω+ each of which is
contained within the unit square Ω. For each application, the boundary Γ = ∂Ω+

consists of the union of one or more circles, and we assume that Neumann boundary
conditions hold along each circle. These calculations were done before the analysis
of sufficient conditions for obtaining Gerschgorin stability was complete, and so a
somewhat different strategy for choosing the stencil was used. This strategy usually,
but not always, led to our choosing a stencil which satisfies the Gerschgorin condition.
The occasional failure to satisfy this condition seems to have had no detrimental
effects. This suggests that the Gerschgorin condition is not necessary for stability, at
least in this context.

We discretize time into steps of size k and place a uniform spatial grid with
meshspace h over Ω. We denote by unj1,j2 the numerical solution at grid point xj1,j2 =
(j1h, j2h) at time tn = nk, and we denote by un the vector of grid values of the
numerical solution ordered in some specified way (typically row-by-row ordering is
used). We use the Crank–Nicolson time-discretization, and so, in each timestep, we
have a linear system of the form(

I − βk

2
A

)
un+1 =

(
I +

βk

2
A

)
un + C,(5.1)

where the coefficient matrix A is an approximation to the Laplacian determined by
the approach of section 2. Thus, if xj1,j2 is a regular point, the corresponding row of
A consists of the coefficients from the standard five-point approximation to the Lapla-
cian, while if xj1,j2 is an irregular point, the corresponding row of A typically contains
six nonzero coefficients determined by solving (2.38)–(2.43) and by defining a correc-
tion term Cj1,j2 if necessary. In (5.1), the vector C contains these correction terms in
the same order as the unknowns unj1,j2 appear in un. Recall that the correction term
is nonzero only in the case of inhomogeneous Neumann conditions, and is easily calcu-
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lated from (2.44) once the corresponding coefficients γk have been determined. Since
the main issue is computing the γk, we assume for now that homogeneous Neumann
conditions hold, and therefore we drop reference to C.

The formulas derived in section 2 for determining the coefficients γk ensure that
the local truncation error at each irregular point be O(h). Because there are many
possible choices of which six points of the nine-point stencil to use, there is still a
lot of freedom left in the choice of γk. For these calculations we set satisfying the
Gerschgorin stability condition as a goal in choosing the stencil points. Since we
are using the Crank–Nicolson time-discretization, achieving this goal would ensure
the stability of our calculations. In our attempt to satisfy the Gerschgorin condition
(3.3), we adopted the following rule for choosing the γk: For the six stencil points,
we use the five points of the standard stencil numbered as in Figure 2.1, and one of
the corner points (circled in the figure) of the nine-point stencil. We consider each of
the corner points in turn, rejecting a corner point if the corresponding system of six
equations (2.38)–(2.43) for the γk is not solvable, or if the resulting γk fail to give a
diagonally-dominant matrix A. We accept as the sixth point the first corner point for
which the diagonal dominance condition does hold, and we use the corresponding γk
in A.

In all of our numerical tests, we have not encountered a case where all four choices
of corner points result in unsolvable systems, and we find only very rarely that all
four sets of potential γk calculated from the corner points fail to satisfy the sufficient
condition for stability. In these cases, use of one of these sets of γk does not cause
any apparent instability.

To test the accuracy of our method, we construct a problem for which an exact
analytic solution is available. Let r0 < 1/2 ≤ r1, and consider the radially symmetric
heat equation

vt(r, t) = β
1

r
(rvr(r, t))r(5.2)

in the annulus r0 < r < r1 for t > 0, with v(r1, t) = 0 and vr(r0, t) = 0 for t > 0, and
v(r, 0) = b(r) for r0 < r < r1. This problem has the solution

vex(r, t) =

p∑
m=1

Am {J0(λmr)Y0(λmr1)− J0(λmr1)Y0(λmr)} e−λm
2
βt,(5.3)

provided that the initial function b(r) is given by

b(r) =

p∑
m=1

Am {J0(λmr)Y0(λmr1)− J0(λmr1)Y0(λmr)} .(5.4)

Here, J0 and Y0 are Bessel functions of order 0, and λm satisfies J1(λr0)Y0(λr1) −
J0(λr1)Y1(λr0) = 0. We measure r from the center of the unit square Ω = [0, 1] ×
[0, 1]; we let Ω+ = Ω ∩ {r : r0 < r}, Ω− = Ω \ Ω+, Γ = {r : r = r0}; and we use our
numerical method to solve the problem

vt(x, t) = β∆v(x, t)(5.5)

for x ∈ Ω+ and t > 0, with boundary conditions ∂v
∂n (x, t) = 0 for x ∈ Γ and t > 0,

v(x, t) = vex(x, t) for x ∈ ∂Ω and t > 0, and initial condition v(x, 0) = b(r) for
x ∈ Ω+. To provide initial data for the numerical solution in all of Ω, we extend b(r)
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Table 5.1
Errors for test problem 1.

h t ‖ ‖∞ ‖ ‖1 ‖ ‖2
0.02 0.04 0.637E-04 0.246E-04 0.3298E-04
0.02 0.08 0.513E-04 0.204E-04 0.271E-04
0.02 0.12 0.367E-04 0.158E-04 0.199E-04
0.02 0.16 0.260E-04 0.129E-04 0.157E-04
0.02 0.20 0.204E-04 0.108E-04 0.133E-04

0.01 0.04 0.226E-04 0.654E-05 0.853E-05
0.01 0.08 0.131E-04 0.497E-05 0.650E-05
0.01 0.12 0.926E-05 0.317E-05 0.424E-05
0.01 0.16 0.624E-05 0.231E-05 0.294E-05
0.01 0.20 0.441E-05 0.188E-05 0.232E-05

Fig. 5.1. Contour plots of solution to heat equation at selected times. Homogeneous Neumann
conditions along circles. Heat influx along top domain boundary.

to the disc Ω− = {r < r0} as the constant value b(r0). We used r0 = 0.25, r1 = 1.25,
and p = 5 in (5.3)–(5.4) and performed numerical experiments with stepsizes h = 0.02
or h = 0.01 and timesteps k = 0.1h. The results, given in Table 5.1, involve various
error norms computed using grid points in Ω+ and clearly show that the method is
second order accurate for this problem.

The second problem we consider involves two disjoint circles contained within the
unit square Ω (see Figure 5.1). The region of interest Ω+ is the portion of the unit
square outside of the two circles. The union of the interiors of the two circles is Ω−,
and Γ is the union of the circles. We are interested in solving the heat equation in Ω+

with no-flux boundary conditions on both circles and along the left, right, and bottom
boundaries of Ω and a prescribed nonzero flux along the top boundary of Ω. This flux
is constant over much of the top boundary, and drops smoothly to zero as the top
corners are approached. In Figure 5.1, we show contour plots at selected times in a
computation performed on an 80× 80 grid. Observe that the contour lines intersect
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Fig. 5.2. Contour plots of solution to heat equation at selected times. Homogeneous Neumann
conditions on circles. Source between circles.

Fig. 5.3. Contour plots of solution to heat equation at selected times. Inhomogeneous Neumann
conditions on circles.

the circles orthogonally. The contours inside the circle are physically meaningless;
only those in Ω+ are of interest. We compared the discrete integral of the solution
over the region Ω+ with the time integral of the flux and found excellent agreement.

The third problem involves heat flow in a region Ω+ between two circles, so the two
parts of Γ have curvatures of different sign. No-flux boundary conditions are imposed
on both circles and there is a steady source term with circular support centered to the
right and above the inner circle. Figure 5.2 shows contour plots from the solution of
this problem using a 128×128 grid on the unit square. For clarity we show only contour
lines within Ω+. The boundary of the unit square is outside the region of interest and
so the boundary conditions there have no physical meaning. For these calculations
we applied homogeneous Dirichlet conditions along these boundaries. Again we see
that the solution contours intersect the circles orthogonally.

In Figure 5.3, we show contour plots from a problem with inhomogeneous Neu-
mann conditions on portions of Γ. Again the physical domain Ω+ is the region between
two circles. On the inner circle, homogeneous Neumann conditions are applied. On
the outer circle, inhomogeneous Neumann conditions (2.3) hold with

g(s) = 5 ∗
{
tanh

(
100r2

(
Θ− 3π

16

))
− tanh

(
100r2

(
Θ− 5π

16

))}

+ 5 ∗
{
tanh

(
100r2

(
Θ− 19π

16

))
− tanh

(
100r2

(
Θ− 21π

16

))}
,

where r2 = 0.4 is the radius of the outer circle and s = r2Θ is arclength. So the flux
is approximately 5 over the angular intervals (3π

16 ,
5π
16 ) and (19π

16 , 21π
16 ) and 0 elsewhere.

The correction term Cj1,j2 given by (2.44) is nonzero only for irregular points adjacent
to these portions of Γ. Convergence studies for the problems in Figures 5.2 and 5.3
show second order convergence.

The last example in this section involves solution of the heat equation in the
region shown in Figure 5.4. Again Ω is the unit square and this time periodic boundary
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Fig. 5.4. (a) Locations of irregular points. (b)–(d) Contour plots of solution to heat equation
at selected times. Homogeneous Neumann conditions on circles. Source near domain center.

conditions are imposed along its edges. The physical domain is that part of Ω exterior
to all of the circles shown. Homogeneous Neumann conditions are imposed on each
of the circles, and there is a source term located just below the center of the domain.
Figure 5.4(a) shows the distribution of regular and irregular points for a 100×100 grid.
In Figure 5.4(b)–(d), we show contours of the solution as it evolves and heat diffuses
from the source through the gaps between the circular obstacles. In Figure 5.5, we
show a perspective plot of the solution at a particular time. We have postprocessed
the solution by setting its value to zero at points outside the physical domain.

To carry out a convergence study of our method applied to this problem, we
performed calculations on grids with h = 0.02, 0.01, 0.005, and 0.0025, and with
timestep k = 0.1h. In Table 5.2, we show the relative differences between each
of the 0.02, 0.01, and 0.005 computations and the 0.0025 computation. There are
several aspects of these results that should be noted. There is only a factor of 2
improvement between the h = 0.02 and h = 0.01 results, but an almost order of
magnitude improvement between the h = 0.01 and h = 0.005 results. The first
probably reflects the fact that with h = 0.02 and even h = 0.01, a relatively large
part of the grid consists of irregular points. In fact, in the h = 0.02 version of Figure
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Fig. 5.5. Perspective plot of solution to heat equation at same time as in (d) in preceding figure.

Table 5.2
Errors for problem with many circles.

h ‖ ‖∞ ‖ ‖1 ‖ ‖2
0.02 0.238E-01 0.173E-01 0.166E-01
0.01 0.993E-02 0.803E-02 0.787E-02
0.005 0.130E-02 0.822E-03 0.820E-03

5.4(a) (not shown), there are no regular points in the narrow spaces between adjacent
circles. Yet with a further reduction of h to 0.005, the results seem to “catch-up,” so
there is about a factor of 16 reduction in error from h = 0.02 to h = 0.005. We also
think that it is noteworthy that even with h = 0.02, the errors were only 1–2%. We
think these results suggest that this method may be quite useful for studying diffusion
in porous media.

6. Three-dimensional Poisson equation. We apply the formulas described
in section 4 to solve the Poisson equation in the region shown in Figure 6.1(a). For this
problem the region Ω+ is bounded on the outside by a sphere and on the inside by an
ellipsoid. Homogeneous Neumann conditions hold on both of these surfaces. A source
is distributed over a region of Ω+ above the ellipsoid, and a sink of equal magnitude is
distributed over the symmetric region below the ellipsoid. In Figure 6.1(b) are shown
iso-surfaces of the solution obtained on a 643 grid with equal spacing in all coordinate
directions. While the problem set-up is symmetric about an axis through the ellipsoid
and sphere centers, the numerical method was not modified in any way to exploit this
symmetry.

7. Conclusions. We have shown that Cartesian-grid finite-difference methods
can be used very effectively to solve elliptic and parabolic equations with Neumann
boundary conditions on general boundary curves or surfaces. The methods we discuss
involve modifications to the finite-difference stencil at points near the boundary, and
we described the results of a careful exploration of how these modifications should be
made in order to achieve second order accuracy and stability. While the exploration
itself was tedious, the results of it are easy to use in that we have specified exactly
which choices of stencil work in each of a number of circumstances. This can be
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(a) (b)

Fig. 6.1. (a) Domain for three-dimensional calculation is bounded by sphere and ellipsoid.
(b) Level surfaces of solution of three-dimensional Poisson equation.

implemented simply in terms of look-up tables. Our approach works for both two-
dimensional and three-dimensional problems as we illustrated through a variety of
numerical examples.

One issue that we are still working on concerns iterative solution of the discrete
system. For the two-dimensional heat-equation applications, line SOR or a very sim-
ple multigrid method was used. Even though the restriction and prolongation steps of
this multigrid method did not take the boundary into account, the multigrid method
was several times faster than line SOR. Perhaps incorporating information about the
boundary into these steps, as in [1], will further improve the rate of convergence.
Another issue that arises when a Galerkin formulation is used to define the coarse
grid operators is whether it is important that the coarse grid operators inherit the
Gerschgorin stability condition from the fine grid operator. We have preliminary evi-
dence that by choosing appropriate operator-determined prolongation and restriction
operators [2, 18] we can indeed preserve the Gerschgorin condition on coarse grids,
and that this leads to a very effective multigrid method. When complete, this will be
reported in a separate paper.

As mentioned in the introduction, Mayo and coworkers developed an alternative
approach to solving certain elliptic problems in irregular regions. For the Laplace
equation with Dirichlet boundary conditions their approach makes use of an integral
representation of the solution in terms of an unknown double layer potential times a
kernel derived from the fundamental solution to the Laplace equation. An integral
equation on the domain boundary is solved to determine the double layer potential.
As in our method, the irregular domain is embedded in a larger rectangular domain
and a Cartesian grid is placed over the rectangle. The integral representation is
used to define boundary values on the edges of the rectangle, to define a nonsmooth
extension of the solution to the entire rectangle, and to determine the jumps in the
extended function and its derivatives across the boundary of the irregular domain. A
standard five-point formula for the discrete Laplacian is used at all points of the grid.
For “regular” points, the truncation error made in setting the discrete Laplacian to 0
is order h2. For “irregular” points, Taylor series manipulations combined with jump
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conditions expressed in terms of the double layer potential and its derivatives are
used to derive a correction term m such that the standard discrete Laplacian at the
irregular point equals the true Laplacian there plus the correction term plus additional
terms of order h or higher. Since the true solution is harmonic, the truncation error
made in setting the discrete Laplacian equal to the correction term is equal to these
additional terms. A standard fast Poisson solver for rectangular domains is then
used to solve the algebraic system consisting of the equations obtained by setting the
discrete Laplacian equal to 0 at regular points and to the correction term m at irregular
points. For Poisson’s equation, a particular solution to the differential equation is first
determined without regard to boundary conditions and then the above procedure is
used to solve Laplace’s equation with modified boundary conditions. The preliminary
step of finding the particular solution involves another discrete Poisson solve on the
rectangle. In [12, 13, 14, 15], solution of the Dirichlet problem is discussed in detail
and it is said that similar techniques can be used for the Neumann problem but, in
fact, the details of this are not spelled out.

There are some similarities and many differences between the approach of Mayo
et al. and that described in our paper. Both use Taylor series expansions and jump
conditions to modify the standard discrete Laplacian at irregular points. Mayo’s
approach makes use of potential theory and the solution of an integral equation to
derive the jump conditions; our’s uses purely local information obtained from the
differential equation and local continuity and boundary conditions. Mayo’s approach
has the advantage of using the standard discrete Laplacian for which (i) stability is
well understood and (ii) there are fast solvers available. Our’s modifies the difference
stencil and so requires a new analysis of stability (as above) and rules out the use
of conventional fast solvers. The latter would be a major disadvantage if not for
the possibility of developing appropriate multigrid methods for these systems. As
indicated earlier, this development is under way and preliminary results are very
encouraging. The approach of Mayo et al. makes essential use of an accurate solution
to an integral equation. Obtaining this solution, whether by a Nystrom method with
trapezoidal rule quadrature as in [12, 13] or with a fast multipole method as in [15], is
the dominant computational cost of the method and requires implementation of a lot
of machinery not required in our approach. More importantly though, the approach
of Mayo et al. is limited to problems with a known fundamental solution and fast
solver. It is therefore not generalizable to variable coefficient or anisotropic diffusion
problems which are important, for example, in exploring the mechanical or electrical-
conduction properties of biological tissues. This generalization should be relatively
straightforward with our method.

In this paper, we have limited discussion of our method to Poisson’s equation and
the heat equation. There are also extensions of the method that will make it useful on
a wider class of problems. The method has been combined with advections algorithms
[6] to produce methods for solving advection-diffusion equations in regions of complex
shape. Preliminary results with the combined algorithm show second order conver-
gence. This advection-diffusion code is being applied to study continuum models of
platelet aggregation. Other applications include propagation of action potentials in
a realistic, bidomain model of the intact heart, for which it is necessary to solve the
Poisson equation in an irregular domain [5]. Other methodological extensions which
are being explored are multigrid solvers and local mesh refinement.
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Abstract. We describe and illustrate numerical procedures that combine grid and particle
solvers for the solution of the incompressible Navier–Stokes equations. These procedures include
vortex in cell (VIC) and domain decomposition schemes. Numerical comparisons with pure finite-
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bounded or unbounded.
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1. Introduction. The idea of coupling finite-difference and particle methods is
rather common in the field of Navier–Stokes and kinetic equations. The motivation
for using particles is to reduce the dimensionality of the phase space and to deal in an
elegant and robust way with the transport terms in the equations, while grid solvers
can rely on fast Fourier transform (FFT) to evaluate the fields at a minimal numerical
cost.

In plasma simulations, grid techniques are indeed the usual way to compute the
fields that move the particles. For incompressible flow calculations, however, the
common wisdom is that grid solvers not only go against the Lagrangian features of
vortex methods, but they also cannot retain the subgrid information that particles
carry with them.

The goal of this paper is to show that, when used with the appropriate tools,
particle-grid methods combine accuracy, speed, and robustness and provide an efficient
alternative to other high-order methods for a number of high Reynolds flows. This
point will be made by direct comparisons with centered finite-difference, both from
the accuracy and CPU time points of view. As a matter of fact, we believe that
direct comparisons of vortex methods with other types of methods, although not very
common in the literature, should be done in a systematic way in order to demonstrate
their usefulness in computational fluid dynamics (CFD).

We will be concerned with two types of particle-grid techniques. In the first
type, the particles and the grid are used in the same computational domain to deal
with different aspects of the flow equations. Typically, particles solve the transport
equations and the grid can be used to compute the velocity. The diffusion and the
vorticity boundary conditions can be solved by either method. These methods are
in the spirit of the vortex in cell (VIC) method pioneered by Christiansen [3]. They
retain the key feature of particle methods; namely, the advection part of the equation
is dealt with in a Lagrangian fashion and reduces to a set of differential equations.
As a result, the stability of the vorticity transport and stretching equations is not
constrained by classical CFL conditions. As for vortex-blob methods, the time step
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is determined as a function of the maximum strain in the flow (typically a fraction of
the inverse of the vorticity maximum). We will see that they can take advantage of
high-order interpolation formulas for optimal particle-grid transfers.

In the second kind of method, the computational domain is split into several
subdomains where different solvers are used. The coupling between the methods then
has to be done within the framework of domain decomposition techniques and is most
easily designed with overlapping subdomains. These methods have been proposed in
[4]. The developments we propose here take advantage of high-order regridding of
the particles in the overlapping zone. The gain that can be expected from this type
of technique in the simulation of complex flows around obstacles is to combine the
flexibility of grid and particle methods, respectively, near the solid boundaries and in
the wake.

The outline of the paper is as follows. In section 2 we recall the principles of
particle-grid assignment and interpolation, which are essential in all particle-grid tech-
niques. Section 3 is devoted to VIC methods. We define these methods for 2D and
3D, ideal as well as viscous, flows and illustrate them on several classic 2D and 3D
test cases with strong vortex–wall interactions. In section 4 we focus on particle-grid
domain decomposition. We recall the key features of these methods and show that
the principles of the method can be indifferently applied to the case when the finite-
difference solver is used on a velocity-pressure or velocity–vorticity formulation of the
Navier–Stokes equations. The method is then illustrated in the case of a flow over a
backward-facing step and the wake of a cylinder. Finally, in section 5 we draw some
conclusions on the suitability of particle-grid techniques for the simulation of complex
3D flows.

2. Particle-grid operators. All methods combining grids and particles rely
heavily on the ability one has to transfer quantities such as vorticity and velocity
between these two types of discretization. These transfers are most simply done by
interpolation. Assume that we are given a distribution of particles located at xp
carrying circulations Γp, and thus a vorticity field is given by ω(x) =

∑
p Γpδ(x−xp).

If φi is a basis of functions associated with the grid, a natural formula to assign
vorticity values to the grid is

ωi =
1

Vi

∑
p

Γpφi(xp),(1)

where Vi is the volume of the grid cell centered at xi. Conversely, grid quantities, like
velocities, are interpolated at particle locations with the formula

up =
∑
i

uiφi(xp).(2)

In practice the grid often is deduced from a uniform Cartesian grid through a mapping
given by explicit formulas (this is true, in particular, when one wishes to use finite-
difference-type grid solvers, which is the case we have in mind). By using the same
mapping formulas for the particles, one is led back to the case of a translation invariant
grid, with grid size ε, and Vi = εd (d is the dimension). The basis (φi) then reduces to
a single kernel φ by the formula φi(x) = φ(x−xi

ε ), where ε is the grid size. Moreover,
φ can be chosen as a tensor product of 1D kernels, and from now on we will focus on
1D kernels.

A class of kernels is given by successive convolutions of the top-hat filter χ with
support in [−1/2, 1/2]. This gives kernels of increasing smoothness, which spread
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the circulation of one particle onto an increasing number of points. To evaluate the
accuracy of a given kernel it is customary to consider its conservation properties.
Conservation of the total circulation, as measured by the particles and the grid, reads

∑
i

ωiVi =
∑
p

Γp.

It is clearly requires that the kernel φ satisfies

∑
i

φ

(
x− xi

ε

)
≡ 1.(3)

Conservation of linear and angular impulse, respectively, then requires that

∑
i

xiφ

(
x− xi

ε

)
≡ x,(4)

∑
i

x2
iφ

(
x− xi

ε

)
≡ x2.(5)

It is readily seen that these properties imply that the interpolation formulas will be
of orders one, two, and three, respectively. Fourier analysis [23] gives simple criteria
to determine the accuracy of a given kernel. Let g be the Fourier transform of φ:

g(k) =

∫ +∞

−∞
φ(x)ε−ikxdx.

One can show that φ yields an interpolation formula of order m (that is, it conserves
the moments up to m− 1) if the following two conditions hold simultaneously:

k → g(k)− 1 has a zero of order m at k = 0,(6)

k → g(k) has zeros of order m at all k = 2πn (n �= 0).(7)

Since the Fourier transform of χ is given by

g(k) =
sin(πk)

πk
,

this criterion clearly shows that χ is of order 1, while χ � χ and all the following
kernels are second order.

In practice, the requirement one must have on the kernel accuracy very much
depends on what is to be done on the grid. In a VIC calculation, where vorticity
values on the grid are used only to compute the velocity, one can tolerate a certain
level of dissipation in the assignment, and second-order formulas can give sufficient
accuracy. However, if vorticity on the grid is directly used in the vorticity equation to
solve for the diffusion or in a vorticity boundary condition, for instance, the numerical
dissipation induced by these formulas can affect the overall performance of the method.
In this case it is advisable to use higher-order formulas. All our calculations use the
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following third-order kernel first proposed by Monaghan [20] in the context of smooth
particle hydrodynamics (SPH) calculations:

φ(x) =




0 if |x| > 2,

1

2
(2− |x|)2(1− |x|) if 1 ≤ |x| ≤ 2,

1− 5x2

2
+

3|x|3
2

if |x| ≤ 1.

(8)

The theoretical order of accuracy of a given kernel is actually obtained only insofar as
the particles are able to represent a smooth function. Thus, besides the order of the
interpolation kernel, another important factor in the accuracy of particle-grid schemes
is the regularity of the particle distribution. Vortex-grid and vortex-blob methods are
no different from this point of view. In the high Reynolds flows that we examine,
the particles are likely to undergo severe distortions. Some cures can be proposed to
maintain a minimal accuracy in the particle-grid transfers. One is to implement the
formula (1) with a volume value deduced from the particles through the formula

Vi =
∑
p

vpφi(xp),(9)

where vp are the volumes of the particles. This formula has the effect of compensating
for a local lack or excess of particles, because a constant vorticity field grid assignment
with the formula (9) recovers the exact value, no matter how distorted the particles
are. One may also process the weights of the particles in order to recover the correct
vorticity values on the particles, along the same lines as in the iterative method
proposed in the context of vortex-blob methods by Beale [1]. However, it is possible
to maintain regularity in the particle distribution at almost no cost and with no
discernible numerical dissipation (see [9]) by frequently regridding the particles. This
has the effect of maintaining a good accuracy for the interpolation formulas. In all
the vortex calculations shown in this paper, the same kernel (8) will be used for both
the particle-grid transfers and for regridding the particles on regular locations.

3. VIC methods. Let us first recall the velocity–vorticity formulation of the
incompressible Navier–Stokes equations

∂ω

∂t
+ (u · ∇)ω − (ω · ∇)u− σ∆ω = 0,(10)

u = ∇× ψ,(11)

−∆ψ = ω.(12)

This system has to be supplemented with initial and boundary conditions. Here
we are interested in methods where grid and particle solvers coexist in the same
computational domain. One important motivation for using Navier–Stokes vortex
solvers lies in their robust and accurate treatment of the advection terms in (10):
The vortex solution to (10) consists of moving vortices with their local velocities and
updating their circulations to account for stretching and diffusion, and no explicit
computation of the convection term (u · ∇)ω is required. On the other hand, grid
solves can take advantage of FFT and fast Poisson solvers to compute velocity fields
in (11)–(12).
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In the early 1970s, grid Poisson solvers were actually the only way to do vortex
simulations with more than a thousand particles. The advent of fast summation
techniques has allowed completely grid-free simulations using up to a million particles,
but in regular bounded geometries grid-based velocity solvers still offer a significant
speed-up, unless particles occupy a very small part of the domain.

A typical VIC algorithm in two dimensions consists of the following sequence:
• Assign circulations to the grid with formula (1),
• solve (12) for the stream function on the grid with the desired boundary

condition,
• compute grid velocities by finite differences,
• interpolate velocities on particles and move particles.

In this algorithm, most of the CPU time is devoted in the interpolation formulas
involved in the particle-grid operators. A typical CPU time for the computation of
the velocities on two million particles with the same number of grid points is a few
seconds on a DEC workstation in three dimensions. To give an idea of the savings
over a fast multipole algorithm in a vortex-blob method, from the figures given in
[24] we can extrapolate that the same number of particles would require with these
methods more than an hour of CPU time.

In a viscous code, it is also possible to solve for the diffusion on the grid. After
the assignment step one computes ∆ω on the grid by finite differences and then
interpolates this quantity on the particles before updating their circulation. One
must be aware that this scheme is not conservative. A conservative variant can be
obtained with a finite-element formulation (see [6]). However, our simulations show
that, when regridding, we maintain enough regularity in the particle distribution so
the lack of conservation is not noticeable.

In the case where the grid is used for the diffusion, also it must handle a vorticity
boundary condition to supplement (10) and translate the desired velocity boundary
condition. One may either use an influence matrix technique to derive exact, at
the grid level, vorticity boundary conditions, or rely on Taylor expansions to derive
approximate boundary conditions, accurate to a given order. There has been in the
last years extensive work in this direction. We refer in particular to [22, 11] and the
references therein. We now illustrate these techniques on three flow examples: the 2D
driven cavity, vortex dipoles, and vortex rings.

3.1. Driven cavity flow. In the VIC method implemented here, the diffusion
is solved on the grid. It is compared with a finite-difference scheme using a centered
second-order approximation of the advection and diffusion terms. When used together
with fourth-order Runge–Kutta time stepping, this scheme does not suffer any cell
Reynolds number limitations and is linearly stable under a convection CFL condition.
We have implemented several other finite-difference schemes, in particular Arakawa
and a fourth-order compact scheme [12]. We have observed that, when used with suf-
ficient resolution, these schemes give very close results. When insufficiently resolved,
all centered schemes ultimately lead to instabilities. The second-order scheme has
been chosen in view of its simplicity and low CPU cost.

Concerning the vorticity boundary condition, we have implemented Thom’s first-
order formula, various second-order formulas, and Briley’s fourth-order formulas. Here
again we have observed that the difference between second- and fourth-order formulas
was very marginal. (These formulas, however, clearly outperform Thom’s formulas.)
We have finally chosen the following second-order scheme: velocities at the interior
grid points are computed from the stream function and at the boundary using the
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Table 1
Run parameters and CPU times with VIC and finite-difference methods for various Reynolds

numbers and resolutions.

Reynolds number 100 2000 10,000

Mfd 64 128 256

Mvic 64 128 256

δtfd 0.01 0.008 0.004

δtvic 0.01 0.02 0.04

CPU time for finite-difference scheme 3 24 225

CPU time for VIC scheme 5 16 32

velocity boundary conditions; then second-order one-sided finite differences are used to
compute the vorticity at the boundary, which yields the Dirichlet boundary conditions
used in the diffusion solver. The same vorticity boundary condition is used in the VIC
method.

The finite-difference method used a fourth-order Runge–Kutta time stepping.
This is actually necessary for the centered scheme to be stable [12] under a CFL
condition. As for VIC method, it does not impose on the time step any stability
constraint from the treatment of the convection term. In our simulations with the
VIC method, we used second-order Runge–Kutta time stepping.

Due to the explicit treatment of the diffusion, for both methods the time step also
must satisfy a diffusion CFL. In practice, for high Reynolds number flows, this last
stability condition is far less drastic than the advective CFL condition. As a result,
in most cases of interest the VIC code could be run with bigger time steps than the
finite-difference code. Table 1 summarizes some typical run resolution and CPU times
for a given simulation time on a Sun Sparc station. Due to the interpolation steps,
each iteration of the VIC code requires slightly more computational time than the
finite-difference code, but for Reynolds numbers beyond 10,000, the bigger time steps
used in the VIC code lead to substantial CPU savings. Another nice feature of the
VIC method is that it is insensitive to the lack of smoothness of the flow, whereas
centered finite difference may become unstable when used without sufficient resolution
if sharp vorticity gradients develop.

Figure 1 shows the vorticity contours obtained with the VIC and the finite-
difference method for 2562 and 5122 resolutions.

The Reynolds number is 10,000, and the velocity profile at the top boundary has a
parabolic profile. At the lower resolution, the two methods diverge from each other in
the transient stage before reaching the same quasi-steady-state regime. As we refine
the resolution, both methods converge toward the same solution. This is confirmed
by looking at the vorticity profile on the first diagonal (Figure 2). The 2562 resolution
is enough in the VIC code to obtain converged results for a large time behavior. At
this resolution it yields a sevenfold speed-up over the finite-difference method.

This CPU gain makes affordable large time simulations at higher Reynolds num-
bers. Figure 3 shows successive stages of the vorticity field in a driven cavity at a
Reynolds number of 105, with 10242 grid points. (In this calculation, as in all our
VIC simulations, we used the same mesh size for the grid and the particles.) The
same resolution would have required a CPU time 17 times larger with the finite-
difference method. (However, it is fair to mention that, due to the proliferation of
small scales at this Reynolds number, it is virtually impossible to obtain converged



HYBRID VORTEX-GRID METHODS FOR FLOW CALCULATIONS 1661

Fig. 1. Sequence of vorticity profiles in a driven cavity at a Reynolds number of 104. From
left to right: VIC method with 2562 resolution, finite-difference method with 2562 resolution, VIC
method with 5122, and finite-difference method with 5122. From top to bottom: times 10, 20, 30, 40.

results; these simulations only convey qualitative information, such as the number of
eddies.) Demonstrations of this simulation can be downloaded from the World Wide
Web site www-lmc.imag.fr/lmc-edp/Georges-Henri.Cottet/vortex.html.

3.2. Dipole-wall interaction. In the calculations we now show, the diffusion
and vorticity boundary conditions are computed on the particles and the grid is used
only to compute the velocity. The particle diffusion solver is a particle strength
exchange (PSE) scheme [10]; that is, particles exchange vorticity among them through

dωp
dt

= σε−2
∑
q

vq(ωq − ωp)Λε(xp − xq).

In the above formula, vq are the volumes of the particles (typically hd when particles
are initialized on a uniform mesh with mesh size h) and Λ is a kernel satisfying
appropriate second-order moment conditions.
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Fig. 2. Vorticity profiles along the line x1 = x2 in a driven cavity at a Reynolds number of 104.

Fig. 3. Successive stages of the evolution of the driven cavity at a Reynolds number of 105.
VIC method using 10242 particles.

This diffusion scheme is used in a viscous splitting algorithm with a Neumann
vorticity boundary condition translating the no-slip condition at the wall. This algo-
rithm is described in [5, 16]. It consists of first doing a time step of the PSE scheme,
then evaluating the slip u · τ at the wall. Finally, the diffusion step is repeated with a
vorticity flux equal to −u·τ/δt. This last step is solved by means of integral equations.

This scheme has been applied successfully in various geometries [15, 17]. However,
to our knowledge there has not been any direct comparison in terms of CPU time and
accuracy of this method with grid-based schemes. On the basis of the results for
the driven cavity, we have chosen to compare the VIC method with a second-order
centered finite-difference scheme with fourth-order Runge–Kutta time stepping and
the second-order vorticity boundary condition described above for the driven cavity
problem.

Figure 4 shows a comparison of the results given by the VIC and finite-difference
codes at a Reynolds number of 800. The initial condition is a Lamb dipole with
circulation Γ = 6.83. The boundary conditions are periodic in the direction parallel
to the wall. At the top boundary we assume no through flow and zero vorticity. The
resolution is ∆x = 0.027 for both simulations. Due to the advection CFL, the time
step for the finite-difference scheme is five times smaller than for the VIC code. The
results are in good agreement, although as time goes on the VIC solution seems to go
slightly faster than the finite-difference solution.
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Fig. 4. Contours of vorticity for a vortex dipole impinging a wall at times 2, 4, 6, 8. Left column:
finite-difference method, ∆t = .02; right column: vortex method, ∆t = 0.1.

Fig. 5. Contours of vorticity for a vortex dipole impinging a wall at time 10. Reynolds number
800, vortex method. Left picture: ∆x = .027, ∆t = .1; right picture: ∆x = 0.0135, ∆t = .05.

Figure 5 is a refinement study at a later time for the VIC method (the resolution
and time steps have been divided by a factor of 2), which shows that the VIC results
in Figure 4 can be considered as nearly converged results.

Finally, Figure 6 is a VIC simulation at a Reynolds number of 1600. The res-
olution has been increased to ∆x = 0.0195, but the time step has been kept equal
to 0.1. For the same resolution, the finite-difference method would have required a
time step 10 times smaller. Compared with the former case, the lower viscous dis-
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Fig. 6. Vortex dipole impinging a wall by a VIC method with ∆x = .0195, ∆t = .1. Reynolds
number of 1600.

sipation yields larger circulations in the secondary vorticity produced at the wall.
The resulting new dipole therefore gets enough circulation to eject itself from the
wall.

These results are in good agreement with the results of Orlandi [21], however,
with the same delay as noticed for the Reynolds 800 case.

It is interesting to note that, although first order in time, the vorticity flux bound-
ary conditions give a satisfactory accuracy even when used with large time steps. By
contrast, we have found that the vorticity boundary conditions given by Thom’s for-
mula, which is first-order accurate in space, failed to give acceptable results for this
type of flow where it is crucial to capture accurately the sharp vorticity gradients
produced at the boundary.

3.3. Ring-wall interactions. Here we consider the 3D counterpart of the dipole
calculations just seen. Let us first describe how to extend the VIC schemes de-
scribed in section 3.2 to three dimensions. First we must discretize the stretching
term (ω · ∇)u appearing in the vorticity equation. One way is to obtain velocity
derivatives by finite difference on the grid, then to interpolate these values at the par-
ticle locations. Particle vorticities are then updated, as in a grid-free vortex method,
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by solving

dωp
dt

= [∇u(xp)]ωp.

Another possibility, which we have elected in our calculations, is based on the con-
servative form div(ω : u) of the stretching term. The idea is to multiply grid values
of vorticity and velocity. The tensor ωiuj is then differentiated on the grid, and its
divergence is finally interpolated on the particles to update their circulations. This
last option has the advantage of being conservative at the grid level, even when the
vorticity field is not exactly divergence-free. To avoid numerical dissipation in this
procedure, we have used a fourth-order finite-difference formula for the divergence to
compute the stretching term on the grid.

The second point that needs to be clarified is the extension to three dimensions
of the vorticity flux boundary condition used in the 2D vortex schemes. One needs
boundary conditions for each vorticity component. For no-slip velocity, the normal
component of the vorticity must clearly vanish. For the components parallel to the
wall, we adopt the same viscous-splitting point of view as in the 2D case and write
for them a Neumann vorticity boundary condition to cancel the slip in the orthogonal
direction of the wall. We refer to [6] for a more detailed account of this technique and
a proof that it does not violate the divergence-free constraints for the vorticity.

As explained in [21], the features of the vorticity equation in three dimensions
imply some important differences between the ring-wall and the dipole-wall interac-
tions. These differences are noticeable particularly when the ring hits the wall with
an angle. In this case the lower part of the ring is subject, as it approaches the wall,
to intense stretching, which has the effect of pumping its circulation, which then feeds
the upper part of the ring, causing it to rebound. We have chosen for these simu-
lations the same parameter as in [25]: The angle is 38.5 degrees, the computational
box is [0, 1]2 × [0, 1/2] with periodic boundary conditions in the directions parallel
to the wall z = 0, no slip at the wall, and no through flow and zero vorticity at the
top boundary. The ring has radius R = 1/8 with a Gaussian core of radius equal to
0.4R. At time zero it is located at a distance 0.25 of the bottom wall. The Reynolds
number, based on the ring circulation, is 1400.

Particles were initialized and remeshed on a regular 1283 grid. The same grid
resolution was used for the computation of the velocity field. This resolution is roughly
the same as in [25] (these authors used 129×91×97 grid points, with grid refinement
in the normal direction of about a factor of 2 near the wall). At the last stage of the
computation considered here, there were about 900,000 particles (which means that
the vorticity occupied roughly half of the computational domain).

Figure 7 shows the contours of the y-component of the vorticity in the symmetry
(x, z) plane together with isosurfaces of the vorticity magnitude (for clarity, only half
of the surfaces are shown) at times 24, 40, and 64. These results are in excellent
agreement with the results of [25]. At this resolution the time steps used in the finite-
difference and vortex methods are of the same order, and the goal of this example
mostly was to demonstrate the ability of vortex methods to perform accurate direct
numerical simulations of complex vortex-wall interactions. Quantitative comparisons
with spectral methods for homogeneous turbulent flows and Crow instabilities are
presented elsewhere [8].

4. Particle-grid domain decomposition. We now describe numerical tech-
niques in which grid and particles are used in different subdomains of the computa-
tional domain. These techniques are rather natural: Vortex methods are attractive
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Fig. 7. Vortex ring hitting a wall at an angle of 38.5 degrees. Contours of the vorticity
component perpendicular to the symmetry plane, and isosurfaces of vorticity magnitude at times 24,
40, and 64 (from left to right, top to bottom).

particularly in flow regions where the vorticity is confined to areas of small dimension
and do not need to model far-field conditions, whereas grid-based methods offer more
flexibility in dealing with boundary conditions at solid walls, in particular because
using the velocity-pressure formulation is allowed.

4.1. Design. Particle-grid domains have been formalized for the first time in
[4]. Note that at this time there was no clear understanding of how to accurately
implement no-slip boundary conditions in vortex methods, which was a strong moti-
vation for coupling vortex methods with grid techniques near obstacles. The method
described in this reference is based on the velocity–vorticity formulation of the equa-
tions in the whole domain, but as we will see it extends readily to the case when a
velocity-pressure formulation is chosen in the finite-difference subdomain.

As stressed in [4], for a clear-cut particle-grid domain decomposition algorithm,
it is important to separate the kinematic and kinetic parts of the flow equations.
They correspond to equations of a different nature and thus require different interface
conditions.

Without loss of generality, we will assume no-slip boundary conditions and a
domain decomposition as sketched in Figure 8. Ω1 and Ω2 are, respectively, the
finite-difference and vortex domains. Important ingredients in the method will be the
overlapping of Ω1 and Ω2 and the fact that there exists a domain Ω′

2 including Ω2

such that particles and grid coexist in Ω1 ∩ Ω′
2. The precise role played by Ω′

2 and
the geometrical constraints imposed on the width of the overlapping will appear in
the discussion below.
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Fig. 8. Particle-grid domain decomposition with overlapping.

Let us mention that an alternative approach, without overlapping, has been pro-
posed in [13]. This method, however, does not clearly indicate the interface conditions
on which it relies and its consistency is not obvious.

Let us first consider the case when the velocity–vorticity formulation is used
in both domains. At each time step—or substep in a Runge–Kutta scheme—one
has to solve the elliptic equation −∆ψ = ω in each subdomain with the appropriate
boundary conditions. While on Γ0 the no-through-flow condition gives a homogeneous
Dirichlet boundary condition, on Γ1 and Γ2 these boundary conditions are part of the
calculations. A popular and efficient way to determine them is the Schwarz alternating
method. In our case, it is slightly modified to take into account that different solvers
are used in the two subdomains: a finite-difference solver and an integral one, given
by the Poincaré identity, in the vortex zone. Note that, unlike for the bounded flows
considered in the previous section, a VIC approach would not be appropriate in Ω2,
as it would not retain the ability of vortex methods to exactly satisfy the far-field
condition. One iteration of the Schwarz algorithm proceeds as follows.

1. Solve −∆ψ = ω in Ω1 by finite differences with ψ = 0 on Γ0 and ψ = a on
Γ1.

2. Compute b = ψ and c = ∂ψ/∂n on source points on Γ2.
3. Evaluate

ψ =

∫
Ω2

G(x− y)ω(y) dy +

∫
Γ2

G(x− y)c(y) dy +

∫
Γ2

∂G

∂ν
(x− y)b(y) dy

on grid points of Γ1, where ω is the vortex-blob solution in Ω2 and G is the
Green function G(x) = log |x|/2π, to get new values of a on Γ1.
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Once the stream function, and thus the velocity, is known on both subdomains, we
can describe how to update the vorticity. While the vortex method is always based
on explicit time discretization of the equations, one may consider finite-difference
solvers using either an explicit or implicit treatment of the diffusion. However, for
the Reynolds numbers we are interested in, the time step is always limited by the
advective CFL condition, and explicit diffusion solvers do not yield any additional
stability constraints, so we will discard the option of implicit schemes.

To simplify the discussion we will consider the case of a forward Euler time dis-
cretization in both domains. To advance from time tn to time tn+1, explicit finite-
difference solvers require only the knowledge at time tn of the vorticity at the grid
points on the boundary, assuming a second-order stencil, or a higher-order method
with one-sided finite differences near the boundaries. We have already indicated in
section 3 how to deal with the no-slip boundary on Γ0. Since Γ1 ⊂ Ω2, it is natural
to obtain boundary values there by assigning vorticity values available at that time
on particles of Ω2, provided Ω2 contains all the particles contributing to this assign-
ment: If ε is the grid size and the interpolation kernel is given by (8), this means that
d(Γ1,Γ2) ≥ 3ε. Conversely, to update the circulations of the particles in Ω2 one needs
the circulations at time tn of the particles in this domain surrounded by a layer of
size at least umax∆t + ρ, where ρ is the width of the kernel used in the PSE scheme
(of the order of the grid size ε). This dictates the geometrical constraints that have
to be fulfilled by Ω2 and Ω′

2: One must have d(Γ2,Γ
′
2) ≥ umax∆t + ρ. In practice the

various boundaries are separated by distances that are fractions of the body size, and
these constraints are satisfied easily. To update the circulations of the particles in
Ω2, one finally interpolates grid values on the particles in Ω′

2 −Ω2 and includes these
particles into the vortex scheme.

Note that the scheme just described is nothing but an extension of what would
be done if a finite-difference scheme was used in both domains Ω1 and Ω2. In some
sense the particles in Ω′

2 − Ω2 play the role of the outer grid points that would be
needed in a finite-difference solver.

In summary, the algorithm proceeds as follows, assuming a forward Euler time
stepping in both subdomains: Given a vorticity field ωn known on the grid in Ω1 and
on particles in Ω2,

• compute the stream function on Γ1 and Γ2 and its normal derivative on Γ1,
using the Schwarz alternating method;
• deduce velocity values on the grid and on particles in Ω2;
• interpolate grid values of ωn on particles in Ω′

2 − Ω2, and assign particle
circulations to grid points on Γ1;

• update vorticity in both domains to obtain ωn+1.
In our calculations, this scheme is extended to a fourth-order Runge–Kutta time
discretization in both domains.

The consistency of the interface conditions just described clearly relies on the
ability of the particles in Ω′

2 ∩ Ω1 to transfer vorticity between the two subdomains.
This is achieved by periodically regridding particles in Ω′

2 and by using high-order
interpolation formulas like those described in section 2.

Let us mention that very similar ingredients can be used to design particle–particle
domain decomposition methods. In this case, vortex methods are used in all subdo-
mains, but they correspond to different mesh resolutions. We refer to [6, 7] for details.

We now turn to the case when a velocity-pressure formulation is used in the
finite-difference domain. We have chosen in our simulations a second-order projection
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technique that is a straight-forward extension, based on a second-order Runge–Kutta
time advancing scheme, of Chorin’s classical projection method [2]. For the sake of
simplicity, as in the velocity–vorticity case, we will describe the domain decomposi-
tion method assuming a forward Euler discretization. In this case, starting from a
divergence-free velocity un the projection method consists in computing

(13) Rn = −(un · ∇)un + σ∆un

then

(14) un+1 = un + ∆t(Rn +∇pn).

The pressure pn is adjusted to make un+1 divergence-free and to satisfy the appro-
priate boundary condition for the normal component:

∆pn = −div Rn in Ω1,(15)

∂pn

∂ν
= −Rn · ν +

un+1 − un

∆t
· ν on ∂Ω1.(16)

This system requires the knowledge of un+1 · ν on Γ1. It may be obtained again by
a Schwarz alternating method: Each Schwarz iteration consists of solving (15), (16),
then evaluating the velocity on Γ2 with (14), and finally using the Poincaré identity
in Ω2 to obtain new values for un+1 · ν on Γ1.

One step of the complete algorithm, still in the case of a forward Euler scheme,
proceeds as follows, starting from un in Ω1 and ωn in Ω2:

• compute the particle velocities in Ω2 with the Poincaré formula;
• differentiate un on the grid in Ω1 and interpolate grid vorticity values on

particles in Ω′
2 − Ω2;

• update particles in Ω2 to get ωn+1;
• compute Gn, then un+1 ·ν on Γ1 through (14)–(16) and the Schwarz method,

and finally un+1.
For a Runge–Kutta scheme, these steps have to be repeated at each substep.

Another type of particle-grid coupling method with overlapping has been pro-
posed in [14]. The main difference with the method of [4] used here is that particle
velocities are computed using a Biot–Savart law involving both particles and grid
points. We believe that this approach is more expensive, since the Biot–Savart solver,
even in the most efficient implementations of fast solvers, is significantly slower than
a finite-difference one in simple geometries (in our calculations the number of grid
points was always larger than the number of particles, even for a wake extending
far downstream). Moreover, mixing grid points and particles in the same quadrature
formula requires adjusting their volumes in the interface zone, which introduces some
technical complications.

4.2. Numerical results. We have selected here a few results that illustrate
the main features of the method. A more systematic study of particle-grid domain
decomposition can be found in [18].

Our first example is to demonstrate that the interface conditions, although com-
bining solvers of a different nature, maintain a smooth transfer of vorticity. Figure 9
shows the vorticity in a flow over a backward-facing step at a Reynolds number of
355. In the bottom picture, the finite-difference zone surrounds the top and bot-
tom limits of the channel. The interface Γ2 with particle is shown by a dotted line.
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Fig. 9. Vorticity contours for a flow over a backward-facing step at a Reynolds number of 355.
Top picture: finite-difference calculation; bottom picture: particle-grid domain decomposition. The
bullets materialize the interface.

As a comparison, the top picture shows the results of a calculation using the finite-
difference solver everywhere. The results are almost identical. Although the interface
cuts through several recirculation zones with sharp vorticity gradients, no oscillations
in the vorticity are discernible. Particles and grid have the same mesh size equal to
3% of the height of the step. This results in about 30,000 discretization points.

We now focus on flows past a cylinder. This is a good prototype of an unbounded
flow producing complex dynamics near the boundary and it is well documented. In all
our calculations the cylinder had a unit radius, and the velocity at infinity was equal
to 1. The finite-difference domain extended to r = 2. The finite-difference method
was a second-order centered scheme written in polar coordinates. The vortex and
finite-difference schemes used fourth-order Runge–Kutta time stepping. In all cases
the grid resolution in the finite-difference and vortex domains were identical.

We have first compared the particle-grid domain decomposition with a finite-
difference method using an artificial boundary condition at the outer boundary. Both
methods are based on a velocity–vorticity formulation of the flow equations. Figure 10
shows the vorticity on the cylinder at time 5, and the velocity profile on the symmetry
axis behind the cylinder, for a Reynolds number of 550. The finite-difference domain
extended to r = 7. One can observe that the vorticity values are almost identical,
while the velocity profiles for late times differ in the wake due to the artificial boundary
condition used in the finite-difference solver.

Figure 11 is concerned with a Reynolds number of 3000. It shows the vorticity
contours obtained by the particle-grid domain decomposition method at times 3.2 and
8.4. Figure 12 shows the drag history. These results are in excellent agreement with
the results of Koumoutsakos and Leonard [15]. The finite-difference method used
120× 620 grid points on a polar grid extending to two times the radius of a cylinder.
The number of particles at time 8 was about 36,000. At that time, the vorticity
support extends to about r = 7.1, which means that a pure finite-difference method
with the same resolution would have needed more than 720 grid points in the radial
direction, and thus about four times more computational elements than the domain
decomposition method. This example, although in a case where the vorticity is fairly
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Fig. 10. Flow past a cylinder at Reynolds 550. Vorticity values on the cylinder (right picture)
and velocity in the back of the cylinder (left picture). Solid line: particle-grid domain decomposition;
dashed line: finite-difference method.

Fig. 11. Flow past a cylinder at Reynolds number 3000 by a particle-grid domain decomposition.
Vorticity contours.

Fig. 12. Flow past a cylinder at Reynolds number 3000 by a particle-grid domain decomposition.
Drag history and number of particles.

confined, illustrates the potential savings that the particle-grid method offers.
Our last examples are concerned with a particle-grid domain decomposition using

a velocity-pressure formulation in the finite-difference domain. Figure 13 is a compar-
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Fig. 13. Vorticity contours for flow past a cylinder at Reynolds number 1000. Particle-grid
domain decomposition based on a velocity–pressure formulation (left picture) and a velocity–vorticity
formulation (right picture) in the finite-difference at time T = 6.

Fig. 14. Karman streets behind a cylinder at Reynolds number of 150 (top picture) and 300
(bottom picture).

ison of this technique with the domain-decomposition method based on a velocity–
vorticity formulation in both domains at a Reynolds number of 1000. The vorticity
contours are almost identical, which shows that combining different solvers based on
different formulations of the equations does not introduce new difficulties, provided
the interface conditions are written in a consistent way.

Finally, we now consider the case of a developed wake behind a cylinder. This is
clearly the case where the vortex method is able to yield the most savings, as it uses
computational elements only in the support of the vorticity and does not require any
far-field artificial boundary condition. The finite-difference domain extended in this
case to a six times the radius of a cylinder and the vortex domain started at three times
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the radius of a cylinder. We have used a grid resolution with exponential stretching
in the radial direction in both domains. The finite-difference domain extended to
six times the radius of a cylinder and the vortex domain started at three times the
radius of a cylinder. The vortex method used variable-size blobs with an exponential
grid stretching in the radial direction (see [6, 7]). Figure 14 shows the Karman street
obtained for Reynolds numbers of 150 and 300 at some late times. In the latter case the
finite-difference grid used in the domain was 17,000 points, and the number of particles
at the end of the simulation was slightly less than 12,000. The Strouhal numbers
measured from these computations were, respectively, 0.183 and 0.208, in excellent
agreement with the experimental values found by Williamson [26]. Note that, due to
the loose resolution away from the cylinder, the far wake is obviously not accurately
captured beyond about 10 diameters. However, this does not affect the computations
of the forces on the body. In this case the particle-grid domain decomposition can
be considered as a way to provide a good artificial boundary condition for the finite-
difference solver for a limited cost.

5. Conclusion and future plans. We have presented a class of methods that
combine grid-based and vortex schemes. High-order interpolation formulas are the
key ingredients to transfer information between the two solvers at low cost and with
minimal numerical dissipation.

VIC methods, where the grid essentially is used to compute the velocity fields
and to take advantage of FFT-based fast Poisson solvers, provide robust and accurate
solvers for flows in simple geometries. These features make them an attractive alter-
native to high-order grid-based methods, whenever it is crucial to compute complex
dynamics on large time scales without numerical dissipation.

In two dimensions, stratified geophysical flows are good prototypes of such flows
that could benefit from vortex methods. In three dimensions there are a number
of flows in simple geometries that still lack accurate descriptions at high Reynolds
numbers, in particular due to the time-step limitations that are in general implied
by fine grids. Concerning 3D flows, work is underway to gain from classical homo-
geneous turbulence problems further insight into the effects at a subgrid level of the
interpolations involved in grid-particle interpolations.

From another perspective, although vortex methods have proved that they are
efficient in the simulation of complex vortex-wall interactions in two and three dimen-
sions, particle-grid domain decomposition methods may be viewed as a more flexible
tool, in particular in three dimensions when the grid solver near the obstacle is based
on a velocity-pressure formulation. On the other hand, for 3D flows, it seems that
pure finite-difference solvers still suffer from a dilemma between accuracy and stabil-
ity. The numerical dissipation produced by upwind high-order schemes makes them
inappropriate for large eddy simulations. Centered schemes do not have this difficulty,
but they are very sensitive to grid regularity and to outflow boundary conditions [19].
Numerical schemes using vortex methods in the wake may be able to improve these
aspects of current finite-difference solvers.
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Abstract. High-accuracy finite-difference schemes are used to solve the two-dimensional time-
domain Maxwell equations for electromagnetic wave propagation and scattering. The high-accuracy
schemes consist of a seven-point spatial operator coupled with a six-stage Runge–Kutta time-marching
method. Two methods are studied, one of which produces the maximum order of accuracy and one
of which is optimized for propagation distances smaller than roughly 300 wavelengths. Boundary
conditions are presented which preserve the accuracy of these schemes when modeling interfaces
between different materials. Numerical experiments are performed which demonstrate the utility of
the high-accuracy schemes in modeling waves incident on dielectric and perfect-conducting scatterers
using Cartesian and curvilinear grids. The high-accuracy schemes are shown to be substantially more
efficient, in both computing time and memory, than a second-order and a fourth-order method. The
optimized scheme can lead to a reduction in error relative to the maximum-order scheme, with no
additional expense, especially when the number of wavelengths of travel is large.
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1. Introduction. Numerical simulation of the propagation and scattering of
electromagnetic waves has a wide range of applications in science and engineering,
including antennas, microwave circuits, high-speed digital interconnects, all-optical
devices, and many more [23]. The appropriate numerical algorithm for such simula-
tions is dependent on the nature of the system being modeled. For geometries of low
electrical size, i.e., spanning at most a few wavelengths, the method of moments is an
efficient technique. However, scaling arguments presented by Petropoulos [18] show
that this approach quickly becomes impractical as the electrical size increases. Ge-
ometries of moderate electrical size can be handled effectively using several available
numerical methods for solving the Maxwell equations in the time domain. For such
simulations, the geometric flexibility of the finite-element method can compensate for
its relative inefficiency for hyperbolic equations. More efficient methods, which are
effective for propagation distances on the order of 10 or 20 wavelengths, include the
finite-difference methods of Yee [28] and Shang [20] and the finite-volume method of
Mohammadian, Shankar, and Hall [16]. However, for propagation distances greater
than 20 wavelengths, these methods, which are second-order accurate, typically re-
quire excessive grid densities with correspondingly large computational requirements.

The limitations of second-order methods in simulating wave phenomena have led
to the development and application of higher-order and optimized finite-difference
methods in several fields, including acoustics [13, 24] and seismology [10], as well
as electromagnetics [12, 21, 25, 27, 29, 31, 34]. Higher-order methods offer increased
accuracy for a given node density at the expense of increased cost per node. Optimized
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schemes sacrifice the order of accuracy in return for low error over an increased range
of wavenumbers. Fourier analysis provides a simple means of analyzing the phase and
amplitude errors of finite-difference methods [14, 26, 31, 34]. Several high-order and
optimized schemes were compared by Zingg [30] using this approach. Zingg showed
that one of the optimized compact schemes developed by Haras and Ta’asan [6] is
capable of accurate simulations involving 200 wavelengths of travel with less than
4 grid points per wavelength. This scheme requires the solution of a pentadiagonal
system of equations in each coordinate direction. The optimized noncompact schemes
of Lockard, Brentner, and Atkins [15] and Zingg, Lomax, and Jurgens [34, 35] require
less than 10 grid points per wavelength for 200 wavelengths of travel with a much
lower cost per node. Numerical experiments are required to determine the relative
efficiencies of these methods in a practical context.

In order to avoid the use of a very small time step, the accuracy of the time-
marching method should be comparable to that of the spatial operator. For simulating
wave phenomena, Runge–Kutta and Adams–Bashforth methods are natural candi-
dates, with the former generally preferred due to their low memory requirements. For
linear ordinary differential equations with constant coefficients, Runge–Kutta meth-
ods of up to fourth order require only two memory locations per dependent variable
[31]. Five- and six-stage methods with the same memory requirement have been
proposed by Haras and Ta’asan [6] and Zingg, Lomax, and Jurgens [34, 35].

The need for stable and accurate numerical boundary schemes presents a ma-
jor obstacle in the application of high-order finite-difference methods. Since long
propagation distances are generally associated with multiple interactions with me-
dia interfaces, the numerical boundary schemes can have a significant impact on the
overall accuracy of a simulation, and hence on the relative accuracy of various meth-
ods. Progress in the development of numerical boundary schemes was reported in [4,
17, 33]. Another important consideration in the application of high-order methods
is the choice of gridding strategy. Uniform Cartesian grids were used, for example,
by Taflove and co-workers [23], while body-fitted curvilinear grids were favored by
Shankar, Mohammadian, and Hall [22] and others. The Cartesian approach produces
two significant advantages in the interior of the domain. Virtually all numerical meth-
ods are most accurate on a uniform grid. In addition, the need to deal with the metrics
of a curvilinear coordinate transformation leads to a substantial penalty in terms of
both speed and memory. On the other hand, it is extremely difficult to develop sta-
ble and accurate boundary treatments for higher-order methods on Cartesian grids.
Furthermore, some geometries, such as a curved surface with a thin coating, are not
well suited to Cartesian grids. Clearly, the choice of a gridding strategy is problem
dependent.

A further issue in the development of numerical methods for the time-domain
Maxwell equations is the need to truncate the domain, which inevitably leads to spu-
rious reflections. Boundary conditions based on locally one-dimensional characteristic
splitting generally produce excessive reflection. Thus, development of nonreflecting
boundary conditions for hyperbolic problems has been an active area of research for
many years. Important contributions have been made by Engquist and Majda [5],
Bayliss and Turkel [2], Berenger [3], and Petropoulos, Zhao, and Cangellaris [19].

This paper presents the implementation and validation of the high-order and
optimized finite-difference methods presented in [34, 35] for the solution of the time-
domain Maxwell equations. The objective is to demonstrate the efficiency of these
methods on nontrivial sample problems. The methods combine a noncompact spatial
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operator with a seven-point stencil and a low-storage six-stage time-marching method.
Two methods are studied, one of which produces the maximum order of accuracy and
one of which is optimized for propagation distances less than roughly 300 wavelengths.
In the next section, the Maxwell equations are presented in generalized curvilinear
coordinates. The two finite-difference methods, including both spatial and temporal
operators, are then presented. This is followed by a description of the treatment of
interfaces and boundaries, including dielectric interfaces, perfect conductors, and do-
main boundaries. The two methods are applied to a number of test problems involving
the propagation and scattering of electromagnetic waves. In order to demonstrate the
efficiency of the present methods, the computational requirements are compared with
two other methods, one fourth order in space, the other second order.

2. Governing equations. In two dimensions, Maxwell’s equations decouple
into two sets, the transverse magnetic (TM) and the transverse electric (TE) equa-
tions. Without any loss of physics, we consider only the TM set. We restrict our
attention to linear, isotropic, perfect dielectric materials with constant properties, no
charge density, and no current sources. Under these conditions, the TM equations
can be written in the following form:

∂Q

∂t
+A

∂Q

∂x
+B

∂Q

∂y
= 0.(2.1)

The vector of unknowns is given by

Q =




Dz

Bx

By


 ,(2.2)

where Dz is the z component of the electric flux density, Bx and By are the x and y
components of the magnetic flux density, and the two matrices are

A =




0 0 − 1

µ

0 0 0

−1

ε
0 0



, B =




0
1

µ
0

1

ε
0 0

0 0 0


 ;(2.3)

µ is the magnetic permeability and ε is the electric permittivity. The constitutive
relations are D = εE and B = µH, where E is the electric field intensity and H is
the magnetic field intensity. In our tests, we assume a nondimensional form of the
equations where, in free space, ε = µ = 1. Note that the divergence relations are not
explicitly enforced. However, numerous tests with the numerical methods studied in
this paper show that the divergence of the magnetic field remains of the order of the
truncation error for all time.

When numerically modeling electromagnetic fields, it is often the case that the
geometry of the problem lends itself to a more generalized coordinate system than
Cartesian. A method that allows the independent variables of the partial differential
equations to be transformed into a uniformly spaced computational domain was given
in [1]. The two-dimensional TM form of Maxwell’s curl equations can be expressed
in a generalized coordinate system using the following transformation:

ξ = ξ(x, y), η = η(x, y).(2.4)
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This allows the Cartesian coordinates to be transformed into curvilinear coordinates
in such a way that a curvilinear grid will map to a uniform and square computational
space with ∆ξ = ∆η = 1. The mapping is usually defined by assigning integer
curvilinear coordinate values to each node in the grid and calculating the metrics
of the transformation numerically. The transformed equations can be written in the
following form:

∂Q

∂t
+ Â

∂Q

∂ξ
+ B̂

∂Q

∂η
= 0,(2.5)

where the two matrices are

Â =




0
1

µ

∂ξ

∂y
− 1

µ

∂ξ

∂x

1

ε

∂ξ

∂y
0 0

−1

ε

∂ξ

∂x
0 0



, B̂ =




0
1

µ

∂η

∂y
− 1

µ

∂η

∂x

1

ε

∂η

∂y
0 0

−1

ε

∂η

∂x
0 0



.(2.6)

Extension to spatially variable material properties requires the use of a strong-
conservation-law form of the equations, as discussed in [11].

3. Numerical method. Our aim is to solve for the total electric and magnetic
field components by approximating Maxwell’s equations using finite-difference meth-
ods. The finite-difference schemes used consist of a seven-point spatial operator in
conjunction with an explicit six-stage time-marching method. These high-accuracy
methods were originally presented by Zingg, Lomax, and Jurgens [35], and an ex-
tensive description of the methods, including an error and stability analysis, can be
found in [34].

The spatial operator is made up of two parts, an antisymmetric or central-
difference operator,

(δaxu)j =
1

∆x
[a1(uj+1 − uj−1) + a2(uj+2 − uj−2) + a3(uj+3 − uj−3)],(3.1)

and a symmetric operator,

(δsxu)j =
1

∆x
[d0uj + d1(uj+1 + uj−1) + d2(uj+2 + uj−2) + d3(uj+3 + uj−3)].(3.2)

The operator described by (3.1) has a maximum formal order which varies as ∆x6

when a1 = 3
4 , a2 = − 3

20 , and a3 = 1
60 . The operator described by (3.2) has a maximum

formal order which varies as ∆x5 when d1 = − 3
4d0, d2 = 3

10d0, and d3 = − 1
20d0. The

symmetric operator is used to add a small amount of numerical dissipation to the
scheme. We use a value of d0 = 1

10 . A characteristic splitting is used when the
operator is applied to a hyperbolic system of equations. For example, in order to
approximate the term A∂Q

∂x , the scheme is applied as follows:

A

(
∂Q

∂x

)
j

= A(δaxQ)j + |A|(δsxQ)j(3.3)

at any interior node j. Note that |A| = X|Λ|X−1, where X is the matrix of right
eigenvectors of A, and Λ is the matrix of eigenvalues of A. The method is applied in
a similar way in order to approximate the y-derivatives of the field values.
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The time-marching method, when applied to the ordinary differential equation
du
dt = f(u, t), can be written as

u
(1)
n+α1

= un + hα1fn,

u
(2)
n+α2

= un + hα2f
(1)
n+α1

,

u
(3)
n+α3

= un + hα3f
(2)
n+α2

,(3.4)

u
(4)
n+α4

= un + hα4f
(3)
n+α3

,

u
(5)
n+α5

= un + hα5f
(4)
n+α4

,

un+1 = un + hf
(5)
n+α5

,

where h = ∆t is the time step, tn = nh, un = u(tn), and f
(k)
n+α = f(u

(k)
n+α, tn + αh).

Setting α5 = 1
2 gives a method that is second-order accurate. Additionally setting

α4 = 1
3 , α3 = 1

4 , α2 = 1
5 , and α1 = 1

6 gives the method with the highest formal order
for linear homogeneous ordinary differential equations, which is sixth-order accurate.
For inhomogeneous and nonlinear ordinary differential equations, it is second-order
accurate. Two memory locations are required per dependent variable. The stability
region for this method was shown in [34].

The above operators contain coefficients that can be determined in a number
of ways. We have already described the operators in which the coefficients are de-
termined by maximizing the formal order (referred to as the maximum-order (MO)
operator). Zingg, Lomax, and Jurgens [34, 35] presented an additional method, in
which the coefficients are determined by specifying that the phase and amplitude er-
rors of the operators are minimized for waves which are resolved by the computational
grid with at least 10 points per wavelength (referred to as the optimized operator or
O10). The coefficients for this optimized scheme can be found in the appendix.

These schemes have a number of useful properties. First, the amplitude error is
less than the phase error for all wavenumbers [34]. Hence any wavenumber compo-
nents that are excessively damped also have excessive phase error. Second, the time-
marching method produces significantly smaller errors than the spatial discretization.
Hence the phase and amplitude errors are virtually independent of the Courant num-
ber (for Courant numbers less than unity). This contrasts with some other schemes
that are accurate only within a narrow range of Courant numbers. Similarly, the
present schemes do not require that the direction of wave propagation be aligned
with the grid. The errors are largest for propagation angles of zero and 90 degrees.
Hence the one-dimensional analysis given in [34] gives an upper bound on the error.

4. Interface and boundary treatment. In order to simulate the scattering
of electromagnetic waves off of materials which have differing dielectric properties,
each region is modeled as a distinct numerical domain. These domains are then
coupled using the appropriate physical boundary conditions. This procedure allows
the grids for each region to be generated independently, which is useful since the
resolution of the grid is dependent on the material properties of the domain. Three
separate boundary types are considered, an interface between two dielectric regions,
the boundary between a dielectric and a perfect conductor, and the far-field boundary
which is located at the outer region of the domain. At the interface between two
dielectric media and at the surface of a perfect conductor, a locally one-dimensional
characteristic formulation of the governing equations is used [8]. Using this approach,
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characteristic variables can be found that represent incoming and outgoing waves
along lines normal to the interface. For example, if we consider a boundary that
lies at the right side of the domain on a line of constant x, the incoming waves are
associated with A− and the outgoing waves with A+, where

A± =
A± |A|

2
(4.1)

and |A| is defined after (3.3). Similar expressions can be found for boundaries that
lie on lines of constant y and for boundaries in curvilinear coordinates. For the
curvilinear case, the incoming and outgoing waves will be associated with Â± and
B̂±. When calculating spatial derivatives near boundaries and interfaces, flux-vector
splitting is used. Regular fifth-order one-sided and upwind-biased schemes are used
for the outgoing waves, while the following numerical boundary scheme (NBS) is used
for the incoming waves:

(δxu)1 =
1

60∆x
[−3u0 − 119u1 + 255u2 − 240u3 + 155u4 − 57u5 + 9u6],

(4.2)
(δxu)2 =

1

60∆x
[9u0 − 66u1 + 70u2 − 60u3 + 75u4 − 34u5 + 6u6].

The above NBS is a modified version of the one presented by Zingg, Lomax, and
Jurgens [34, 35], which was found to be unstable on some curvilinear grids.

4.1. Dielectric interfaces. On the interface between two dielectrics the follow-
ing conditions must hold:

E
(1)
t = E

(2)
t ,(4.3)

H
(1)
t = H

(2)
t ,(4.4)

D(1)
n = D(2)

n ,(4.5)

B(1)
n = B(2)

n .(4.6)

The superscripts refer to the field values in materials (1) and (2). Note that these
relations assume that there is no surface current flowing along the interface and that
there is no surface charge density present at the interface. In the TM case, the electric
intensity and electric flux density vectors point out of the x-y plane, and thus (4.5)
holds automatically and (4.3) simplifies to

E(1)
z = E(2)

z .(4.7)

Consider a body-fitted grid which ensures that the interface between different
materials will lie on a ξ = constant curve. The grid is constrained to be orthogonal
near the body, thus η = constant curves are normal to the interface. In this example,
we assume that the positive ξ direction points from region (1) to region (2). Figure 1
shows an example of such a body-fitted coordinate system. We can generalize this
example to different cases in curvilinear coordinates and to Cartesian coordinates
quite easily. There are six unknown values which need to be stored on the interface:

D
(1)
z , D

(2)
z , B

(1)
x , B

(2)
x , B

(1)
y , and B

(2)
y . The fields are extrapolated to the interface

using a sixth-order method (see the appendix). The characteristic variables are then
calculated from

w
(1)
+ = Z(1)D(1)

z +B
(1)
t(4.8)
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Fig. 1. Example of a body-fitted grid showing the characteristic variables associated with the
outgoing waves.

and

w
(2)
− = Z(2)D(2)

z −B
(2)
t ,(4.9)

where Z = (µ/ε)1/2 is the intrinsic impedance of the medium. Note that

Bt =

∂ξ

∂y
Bx − ∂ξ

∂x
By[(

∂ξ

∂x

)2

+

(
∂ξ

∂y

)2
]1/2

(4.10)

is the component of B tangent to a ξ = constant curve, and

Bn =

∂ξ

∂x
Bx +

∂ξ

∂y
By[(

∂ξ

∂x

)2

+

(
∂ξ

∂y

)2
]1/2

(4.11)

is the component of B normal to a ξ = constant curve. This gives two equations for

the unknown values D
(1)
z , D

(2)
z , B

(1)
t , and B

(2)
t . Note that the quantities extrapo-

lated depend on the orientation of the local (ξ, η) coordinate system at the interface.
Combining these with the jump conditions, we obtain

D(1)
z =

w
(1)
+ +

µ(1)

µ(2)
w

(2)
−

Z(1)

(
1 +

Z(1)

Z(2)

) ,(4.12)

D(2)
z =

ε(2)

ε(1)
D(1)
z ,(4.13)
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B
(1)
t =

Z(1)w
(1)
+ − µ(1)c(2)w

(2)
−

Z(1) + Z(2)
,(4.14)

B
(2)
t =

µ(2)

µ(1)
B

(1)
t .(4.15)

The variable c = (εµ)−1/2 is the propagation speed. The normal component of the
magnetic flux density is single valued on the interface, as shown by (4.6), and is
determined by averaging the two values obtained by extrapolation. The values of Bx
and By are determined from Bn and Bt using (4.10) and (4.11).

The above interface treatment was closely examined in [32]. The error introduced
at interfaces is of the same order of magnitude as that introduced in the interior
using the high-accuracy schemes. Both the interior discretization and the interface
treatment, including the NBS (4.2), contribute to the overall error, with the relative
contribution depending on the distance between interfaces.

4.2. Perfect conductors. At the interface between a dielectric material and a
perfect conductor, the physical boundary conditions given in the above section must
be modified. If, for example, region (2) is a perfect conductor—that is, having an
infinite conductivity—then all the field values inside the region must be zero. Using
this fact, and the four relations given in the above section, one obtains the following
boundary conditions at the surface of a perfect conductor:

Et = 0,(4.16)

Ht = Js,(4.17)

Dn = 0,(4.18)

Bn = 0.(4.19)

In general, there will always be a finite current density, Js, on the surface of a perfect
conductor, but we have assumed a zero surface charge density. For the TM case,
the third condition is automatically satisfied since the electric flux density points out
of the plane, and the first condition sets its magnitude to zero, i.e., Dz = 0. The
tangential component of the magnetic flux density, and thus the surface current, is
found by extrapolating the fields to the surface and then calculating the outgoing
characteristic variable. For example, if the surface of the perfect conductor lies along
a grid line of constant ξ, with ξ increasing as the boundary is approached, then w+

is determined from (4.8). Since Dz = 0, (4.8) gives

Bt = w+,(4.20)

where Bt is defined by (4.10). The Cartesian components of the magnetic flux density
are determined using this value and the fact that Bn = 0.

4.3. Far-field boundaries. To model the problem of waves moving out into
free space, the numerical domain must be artificially truncated. There is a consid-
erable body of literature on the subject of far-field boundary conditions which tries
to minimize the spurious reflection introduced when a disturbance propagates out of
the numerical domain [2, 3, 5, 19, 23, 24]. There are many papers, such as [9], that
discuss the merits of different types of far-field conditions.

We implement a modified version of the radiating boundary condition introduced
by Bayliss and Turkel [2], which was found to be the best method of those tested by
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Hixon, Shih, and Mankbadi [9]. This method truncates the domain by using a far-
field radiation condition which only allows disturbances to propagate in the outward
direction. The condition is applied by enforcing the following partial differential
equation on the boundary region of the domain:

(
1

c

∂

∂t
+

∂

∂r
+

a

2r

) Dz

Bx

By


 = 0.(4.21)

When a = 1 the operator given in [2] is recovered, which is O(r−5/2). Using the
operator with this value of a results in the numerical schemes becoming unstable for
some curvilinear grids. We use a value of a = 3, which results in a stable and accurate
method. The numerical domain is split into two regions, one of which contains the
total electromagnetic field and one of which contains only the scattered field (see,
for example, [23]). We store the scattered field on ghost-points which lie outside the
domain, and the total field at all other nodes. To approximate the spatial derivatives
in Maxwell’s equations where the computational stencil will overlap the ghost-point
region, the incident field is added to the scattered field at the necessary nodes in
this region. When calculating the spatial derivatives for the radiation condition, the
incident field is subtracted from the total field at the necessary nodes in the interior
domain.

5. Results and discussion.

5.1. Dielectric square. We first simulate the scattering of a pulsed plane wave
off of a dielectric square. Figure 2 shows an example grid as well as the geometry
of the problem. The domain is square, with x and y ranging from 0 to 1, and the
dielectric is located in the center of this region, at 0.4 ≤ x ≤ 0.6, 0.4 ≤ y ≤ 0.6.
The permittivity of the dielectric is four times that of the free space region. The
wavespeed in free space is normalized to one, resulting in a wavespeed of one-half in
the dielectric. The domain is discretized using a Cartesian grid, in which ∆x = ∆y,
and the grid density in the interior of the dielectric is twice that of free space. Results
are obtained for a Gaussian pulse incident upon the dielectric square at an angle of
45◦. The incident electric field is given by

Ez(x, y, t) = exp

[
− 1

2σ2

(
x cos

π

4
+ y sin

π

4
+

1

2
− t

)2
]

(5.1)

with σ = 0.03. For all test cases, the time step is chosen in order to give a Courant
number of unity in free space. This results in a value of ∆t equal to the ∆x value of the
free space domain. As a result of both the wave speed and the grid spacing inside the
dielectric being one half the values found outside the dielectric, the Courant number
will also have a value of unity inside the dielectric. This ensures that the spatial
resolution inside the dielectric is matched with that found in free space, since the
width of the pulse will narrow as it slows down. Because of this, the errors will not
be as localized to the interior of the dielectric as they were in the tests performed
in section 5.1 of [11], where the grid resolution was kept constant over the entire
domain. The better grid resolution inside the dielectric also allows for an accurate
simulation of a narrower pulse. Note, however, that the accuracy of the high-accuracy
finite-difference schemes is equally good at Courant numbers less than unity. Spurious
reflections are not an issue for this case because the incident field is imposed along
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Fig. 2. Example grid showing pulsed plane wave with Gaussian cross-section incident at 45◦
on a dielectric square.

the entire outer boundary, and the simulation is not run long enough for the reflected
pulse to reach the outer boundary.

For this simulation the interfaces between the different materials lie along lines
in the Cartesian grid. The jump conditions discussed in section 4.1 can be used to
obtain the field values along grid lines that cross the interfaces. In order to obtain
the field unknowns along the interface at nodes inside the dielectric, which do not
have a corresponding node outside the dielectric, interpolation and extrapolation of
values from neighboring interface nodes are used. The interpolation and extrapolation
schemes can be found in the appendix. Note that the extrapolation scheme and the
noncentered interpolation schemes are used for the nodes near the corners of the
dielectric. The corners must also be treated as special cases. It is only necessary to
store the field values at the corner nodes for the free space part of the domain since
the values in the interior of the dielectric are never used during the simulation. These
values are obtained by taking the average value of the results of interpolating the field
values along the x and y grid lines which intersect the corner node. Again, the relevant
inerpolation schemes can be found in the appendix. Note that the presence of the
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Fig. 3. Contour plots of electric field intensity and errors in electric field intensity. (a) Refer-
ence solution, (b) MO error using 11,200 nodes, (c) C4 error using 11,200 nodes, and (d) C2 error
using 44,800 nodes.

singularity in the neighborhood of the corners introduces a low-order error locally.
The finite-difference scheme can be modified locally to account for the singularity,
but our results will show that the high-accuracy methods produce significant error
reduction without implementing such a strategy.

In addition to the MO and O10 schemes described here, results are presented for
second-order centered differences in space combined with fourth-order Runge–Kutta
time marching (C2) and fourth-order centered differences in space combined with
fourth-order Runge–Kutta time marching (C4).

Contour plots of the absolute value of the error in the electric field intensity at
t = 1.4 are shown for three different cases in Figure 3. Figure 3(a) shows the electric
field intensity for a reference solution calculated using the MO scheme on a grid with
179,200 nodes. The error obtained using the MO scheme on a grid with 11,200 nodes
is shown in Figure 3(b). Note that the contour levels grow exponentially, and the error
is extremely small. Plots of the errors obtained using method C4 on the grid with
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Fig. 4. Electric field intensity across diagonal of dielectric square.

11,200 nodes and method C2 on a grid with 44,800 nodes are shown in Figures 3(c)
and (d), respectively. The errors obtained using method C4 are much larger than
those obtained using the MO scheme, and even greater errors are evident in the C2
results, which are computed on a grid with four times as many nodes.

The electric field intensity along the diagonal of the dielectric square is shown in
Figure 4 for the reference solution, the MO scheme on a grid with 11,200 nodes, the
C4 scheme on a grid with 11,200 nodes, and the C2 scheme on a grid with 44,800
nodes. The results for the MO scheme lie very close to the reference solution. The
C4 results are also fairly accurate, but there are some discernible deviations from
the reference solution near the maximum and minimum field values. The solution
obtained using C2 deviates considerably from the reference values.

Figure 5 compares the L2 norm of the error in the electric field intensity, normal-
ized by the number of nodes in the numerical domain, versus the number of nodes,
for the C2, C4, MO, and O10 schemes. The errors are determined by considering
the results obtained from a simulation on the highly resolved grid as an accurate
reference solution. Since the number of nodes is inversely proportional to the mesh
spacing squared, the C2 and C4 schemes display roughly second- and fourth-order
convergence, respectively. This indicates that the effect of the corner singularity is
not large. The MO and O10 schemes, which are formally second order as a result
of the time-marching method, produce fourth-order accuracy over the range shown.
However, our emphasis here is not on the asymptotic error behavior but on the grid
density required to achieve specified error levels. The high-accuracy schemes show a
significant advantage in this regard.

Figure 6 plots the error as a function of the computer time needed to obtain the
solution. All schemes are implemented in a consistent manner. Hence computing time
is an objective measure of cost, and similar relative performance is expected across
computing platforms. It is clear that the high-accuracy schemes (MO and O10) are
more efficient than the C4 and C2 schemes. To obtain the accuracy of the MO and
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Fig. 5. L2 norm of the error in the electric field intensity for the dielectric square case, as a
function of the number of nodes in the grid.

Fig. 6. L2 norm of the error in the electric field intensity for the dielectric square case, as a
function of the CPU cycles necessary to complete simulation.

O10 methods on a grid with 11,200 nodes, the C4 scheme needs to be run on a grid
with 2.5 times as many grid nodes, requiring twice as much CPU time. The results
obtained using C2 on a grid with 16 times as many nodes gives an error which is
about 3.5 times as large as that obtained by the MO scheme, taking about 25 times
longer to run. Even though the high-accuracy schemes take longer to run per grid
node per time step, this is easily offset by the fact that smaller errors can be obtained
by using a grid with far fewer nodes, and, as a result, a larger time step. The savings
in memory is a direct result of using a grid with fewer nodes. The savings in both
time and memory will be even more evident in three dimensions.

For the above cases the optimized method (O10) gives the same results as the
MO scheme. This is primarily due to the nature of the Gaussian pulse, which has
significant low wavenumber content. The majority of the Fourier components of the
pulse have wavenumbers that give a value of κ∆x < 0.35 on the grid with 11,200
nodes. These are resolved more accurately by the MO scheme.
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Fig. 7. Example grid showing pulsed plane wave with Gaussian cross-section incident on a
perfectly conducting cylinder.

5.2. Perfectly conducting cylinder. We now consider an example using a
curvilinear grid which consists of a waveform incident on a perfectly conducting cylin-
der. Figure 7 shows the geometry of the problem. The cylinder has a radius of unity,
and the outer limit of the numerical domain is at r = 5. The speed at which a wave
travels in free space is again normalized to unity. The waveform enters the domain
from the left. The simulations described in section 5.2 of [12] are improved by modi-
fying the grids so they are made up of three distinct zones. These grids, an example
of which is shown in Figure 7, limit the widening of individual cells as one moves away
from the scatterer, which allows the modeling of narrower pulses. This is a result of
doubling the resolution of the grid, in the θ direction, whenever the value of r is dou-
bled. This ensures that the waves are evenly resolved over the entire computational
domain. The zones in the domain are allowed to overlap slightly in order to avoid
the use of boundary operators where they interface. Interpolation must be used in
order to obtain the field values at nodes that do not have corresponding nodes in the
zone being overlapped. The interpolation schemes are described in the appendix. The
grids are generated in order to obtain cells that have an aspect ratio close to 1 near
the perfect conductor. When the aspect ratio deviates too much from this value, it is
difficult to find boundary schemes that are stable and accurate for the high-accuracy
methods. For all the tests, the time step is chosen so that the Courant number falls
in the range 0.5 to 1.0. The grid metrics are calculated numerically using the same
antisymmetric operator used in the calculation of the spatial derivatives of the elec-
tromagnetic fields. It should be emphasized that such a grid, i.e., one that produces a
small range of Courant numbers, is not required in order to demonstrate the efficiency
of the high-accuracy schemes, as shown in [12]. We have generated the grid in this
manner simply to show that it can easily be done and to avoid a simulation in which
the numerical errors are introduced primarily in one region of the grid.

5.2.1. Gaussian incident pulse. Consider a pulsed plane wave with a Gaus-
sian cross-section incident on the cylinder. The incident electric field intensity is given
by
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Fig. 8. Contour plots of electric field intensity and errors in electric field intensity. (a) Ref-
erence solution, (b) MO error using 5,400 nodes, (c) C4 error using 5,400 nodes, and (d) C2 error
using 21,600 nodes.

Ez(x, y, t) = exp

[
− 1

2σ2

(
x+

15

2
− t

)2
]

(5.2)

with σ = 0.3, and the simulation is run until t = 8.5. Figure 8(a) shows a contour
plot of the electric field intensity for a reference solution calculated using the MO
scheme on a grid with 345,600 nodes. The absolute value of the error obtained using
the MO scheme on a grid with 5,400 nodes is shown in Figure 8(b). Even though this
grid is fairly coarse, the errors are seen to be very small. Plots of the errors obtained
using method C4 on the grid with 5,400 nodes and method C2 on a grid with 21,600
nodes are shown in Figures 8(c) and (d), respectively. Both of these solutions show
significant deviations from the reference solution.

The electric field intensity along the x-axis, behind the perfect conductor, is
shown in Figure 9. In this region, the solution is not visible in Figure 8(a) and is
very sensitive to numerical errors. The reference solution, the results from the MO
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Fig. 9. Electric field intensity along a radial line behind the perfectly conducting cylinder for
an incident pulse with a Gaussian cross-section.

Fig. 10. L2 norm of the error in the electric field intensity as a function of the number of
nodes in the grid for a pulsed plane wave incident on the perfectly conducting cylinder.

scheme on a grid having 21,600 nodes, the results from the C4 scheme on a grid with
21,600 nodes, and the results from the C2 scheme on a grid with 86,400 nodes are all
shown. The solution obtained using the MO scheme is very accurate. Using the same
grid, the C4 method produces a solution that deviates significantly from the reference
solution. The solution obtained by using C2 on a grid with four times as many nodes
is not adequate for engineering purposes.

Figure 10 shows the normalized L2 norm of the errors in the electric field intensity
as a function of the number of nodes in the grid, and Figure 11 shows the error as a
function of the CPU usage. The error value for each test is calculated using a reference
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Fig. 11. L2 norm of the error in the electric field intensity as a function of the number of
CPU cycles it takes to complete the simulation for a pulsed plane wave incident on the perfectly
conducting cylinder.

solution obtained using the MO scheme on a highly resolved grid. The trends shown
in these figures are very similar to those obtained for the dielectric square case. To
attain the same error level as the MO scheme used on a grid with 21,600 nodes, the
C4 scheme must use about 3.25 times as many nodes and takes about 3.4 times as
long to complete the simulation. Even when using a grid with 345,600 nodes, the
C2 method does not produce a solution that can compare with those computed by
the high-accuracy methods on a grid with 21,600 nodes. The O10 scheme is seen to
produce slightly better results than the MO scheme when using the same grid. For
example, on the grid with 21,600 nodes, the O10 scheme results in an error that is
61% of that obtained using the MO scheme, with no additional CPU expense.

5.2.2. Cosine incident wave. In this section, simulations of a cosine plane
wave incident on the perfectly conducting cylinder are presented. The existence of
an analytical solution for a plane harmonic electromagnetic wave incident upon a
perfectly conducting circular cylinder is well known and can be found in, for example,
[7]. The incident electric field intensity is given by

Ez(x, y, t) = cosκ(x− t)(5.3)

with κ = 2π. A shaded contour plot of the analytical solution for the total electric
field intensity is shown in Figure 12.

Figure 13 compares the errors as a function of the number of nodes in the grids.
Figure 14 plots these errors as a function of the CPU time needed to complete the sim-
ulations. These plots again show the superior efficiency of the high-accuracy methods.
The second-order method produces significant errors for all three of the grids. The
fourth-order method needs to use the most resolved grid to generate a solution with
acceptable accuracy, which can be produced by the high-accuracy methods on a grid
with four times fewer nodes. Figure 15 shows the electric field intensity along a radial
line directly behind the scatterer for the analytical, fourth-order, and MO solutions.
The numerical solutions were obtained on a grid with 21,600 nodes. The solution ob-
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Fig. 12. Electric field intensity for cosine wave, with κ = 2π, incident on a perfectly conducting
cylinder.

Fig. 13. L2 norm of the error in the electric field intensity as a function of the number of
nodes in the grid for a cosine wave, with κ = 2π, incident on the perfectly conducting cylinder.

tained using the MO method is considerably more accurate than that obtained using
the fourth-order method.

The optimized scheme does not show significant improvement over the maximum-
order scheme in the above tests because of the relatively short distance of travel for the
waves being considered. To test longer distances of travel (in terms of wavelength) a
highly resolved grid with 345,600 nodes is used, and incident waves with much higher
wavenumbers are modeled. With κ = 8π, the wave is resolved with 10 to 20 PPW and
travels 32 wavelengths during the simulation. For this case, the optimized method
produces an error that is about 40% of that produced by the MO scheme. With
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Fig. 14. L2 norm of the error in the electric field intensity as a function of the CPU time
necessary to complete the simulation for a cosine wave, with κ = 2π, incident on the perfectly
conducting cylinder.

Fig. 15. Electric field intensity along a radial line behind the perfectly conducting cylinder for
an incident cosine wave with κ = 2π.

κ = 10π, the resolution is 8 to 16 PPW, and the distance of travel is 40 wavelengths.
For this wavenumber, the optimized method produces an error that is about 25% of
that produced by the maximum-order scheme. This shows that the benefits of the
optimized scheme increase as the number of wavelengths traveled between reflections
increases.

6. Conclusions. Two high-accuracy finite-difference schemes have been used to
solve the two-dimensional time-domain Maxwell equations to simulate electromagnetic
wave propagation and scattering. The schemes have successfully modeled perfectly
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conducting and dielectric scatterers on Cartesian and curvilinear grids. The high-
accuracy methods have been shown to be more efficient than classical second-order
and fourth-order methods in terms of computing time and memory. The optimized
scheme can produce some error reduction relative to the maximum-order scheme with
no additional expense, especially when the number of wavelengths of travel is large.
Overall, the results demonstrate that these methods are an efficient option for simu-
lating the propagation and scattering of high-frequency electromagnetic waves.

Appendix. The following are the coefficients of the optimized scheme:

a1 = 0.759961, a2 = −0.158122, a3 = 0.0187609,

d0 = 0.1, d1 = −0.0763846, d2 = 0.0322896, d3 = −0.005905,
α1 = 0.168850, α2 = 0.197348, α3 = 0.250038, α4 = 0.333306, α5 = 0.5.

The following are the extrapolation and interpolation schemes used along interfaces:

uj = 6uj+1 − 15uj+2 + 20uj+3 − 15uj+4 + 6uj+5 − uj+6,

uj+1/2 = (3uj−2 − 25uj−1 + 150uj + 150uj+1 − 25uj+2 + 3uj+3)/256,

uj+1/2 = (−7uj−1 + 105uj + 210uj+1 − 70uj+2 + 21uj+3 − 3uj+4)/256,

uj+1/2 = (63uj + 315uj+1 − 210uj+2 + 126uj+1 − 45uj+4 + 7uj+5)/256,

uj =
3

4
(uj−1 + uj+1)− 3

10
(uj−2 + uj+2) +

1

20
(uj−3 + uj+3).

The following can be used to calculate the absolute value of the flux Jacobians and
the split flux Jacobians, for example, |Â| = |Ĵ(ξ)| and B̂± = Ĵ±(η):

|Ĵ(k)| =
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The following are the local characteristic variables in the ξ (use k = ξ) and η (use
k = η) directions:

w+ = ZDz +

(
∂k

∂y
Bx − ∂k

∂x
By

)/
|∇k|,

w− = ZDz −
(
∂k

∂y
Bx − ∂k

∂x
By

)/
|∇k|.
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1. Introduction. In this paper we will be concerned with the numerical solution
of the first order system of nonlinear two-point boundary value problems

dy

dx
= f(x, y), a ≤ x ≤ b, g(y(a), y(b)) = 0.(1.1)

A widely used technique for the solution of such problems is iterated deferred correc-
tion. A single step of a typical deferred correction scheme based on implicit Runge–
Kutta formulae can be defined as follows.

Let φi, φj be two Runge–Kutta formulae of order i and j, respectively, where
i < j. Consider the algorithm defined by

φi(η) = 0,(1.2)

φi(η̄) = −φj(η).(1.3)

Here η is the solution of the Runge–Kutta formula of order i while η̄ denotes the
(more accurate) solution of the deferred correction scheme (1.3). Then, providing
that φi and φj have certain special properties, the deferred correction scheme defined
by (1.2), (1.3) is of order j. There is a nice heuristic argument for this approach which
goes as follows. Let η be the O(hi) approximation obtained from φi(η) = 0, and let
η∗ be the O(hj) approximation corresponding to φj(η

∗) = 0. We could in principal
compute η̄ from φi(η̄) = φi(η

∗). Of course we cannot do this in practice because the
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right-hand side of this expression is unknown. However, it can be estimated in the
following way:

φi(η
∗) = φi(η∗)− φj(η∗)
≈ φi(η)− φj(η)
= −φj(η),

which gives (1.3). The important question now is what are the conditions under which

‖η̄ − y‖ = O(hj),(1.4)

where y is the true solution of (1.1).
Algorithms of this type based on mono-implicit Runge–Kutta (MIRK) methods

have been derived in [7], [8], [9], while deferred correction schemes based on Lobatto
formulae are developed in [1]. Two codes TWPBVP and ACDC which implement
deferred correction schemes are available from NETLIB and from the web page of one
of the authors.1 The first of these codes is based on MIRK formulae, while the second
uses Lobatto formulae with continuation.

A somewhat similar defect correction approach has been given by Schild [18]. His
investigation started from the observation that Gaussian collocation is an excellent
algorithm for the numerical solution of two-point boundary value problems but that
the effort required to compute the collocation spline grows rapidly with order. Schild
proposed to implement Gaussian collocation via defect correction. Whereas our ap-
proach uses only formulae of order 4 and 8, the Schild defect correction scheme uses
Gaussian formulae of orders 2, 4, 6, and 8. In this way Schild’s defect correction algo-
rithm typically reduces the error by a factor of O(h2) per iteration. The question of
whether an order 2 starting formula would be more robust than an order 4 formula
for difficult problems, where a good initial mesh and solution is hard to find, and
whether the complete sequence of orders 2, 4, 6, and 8 gives better a posteriori error
estimates than just orders 4 and 8 is still an open question which is certainly worthy
of further investigation.

In what follows we will consider the rather more general deferred correction
scheme

φ(η) = 0,(1.5)

φ(η̄) = ψ(η) .(1.6)

A general framework for proving accuracy results for deferred correction schemes
of the form (1.5), (1.6) was given in an influential paper by Skeel [19]. In what follows
we present his main theorem.

Consider the approximate numerical solution of (1.1) on a mesh

π : a = x1 < x2 < · · · < xN+1 = b.

Denote by ∆y the restriction of the continuous solution y(x) to the finite grid π. Then
we have the following theorem.
Theorem 1.1. Let φ be a stable numerical method, and assume that the following

conditions hold for the deferred correction scheme (1.5), (1.6):

(i) ‖η −∆y‖ = O(hp),
1http://www.ic.ac.uk/˜jcash/BVP software
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(ii) ‖ψ(∆y)− φ(∆y)‖ = O(hr+p),
(iii) ψ(∆w) = O(hr)

for arbitrary functions w having at least r continuous derivatives. Here ‖.‖ is a suitable
finite norm defined in [19], and h is the maximum grid spacing. If φ(η̄) = ψ(η), then

‖η̄ −∆y‖ = O(hr+p) .
The feature that is common to all of the deferred correction schemes that have

been derived so far is that r = 2 and for these schemes the order of accuracy is
increased by 2 for each application of the deferred correction. See also [16]. In [1] a
sufficient condition to achieve this increase in accuracy was given and this was basically
that the Runge–Kutta formulae φi and φj should be symmetric and that they should
be written in a special way that is appropriate for boundary value problems. This
condition is, of course, straightforward to satisfy. The main reason why it is hard to
get more than two orders of accuracy improvement per iteration is the difficulty in
satisfying condition (iii) for r > 2.

The purpose of the present paper is to address the question of whether it is
possible to choose φi and φj so that we can achieve r > 2 while maintaining the
efficiency of the deferred correction scheme. We will call deferred correction schemes
with r > 2 superconvergent, and, in particular, we will investigate the minimum
number of stages required to obtain superconvergent MIRK schemes. By focussing on
pairs of MIRK formulae of order 4 and 8 we will show that it is possible to achieve this
superconvergence and that the resulting deferred correction schemes have potential
advantages over some other deferred correction schemes that have been derived.

2. MIRK methods. A special class of MIRK formulae for the numerical so-
lution of stiff initial value problems was first proposed in [10]. These formulae were
derived as reflections of standard explicit Runge–Kutta methods, and as a result their
order and stability were easy to determine. A rather more general class of MIRK for-
mulae was derived in [2], [11] for initial value problems and in [12] for boundary value
problems. The analysis of these schemes was simplified considerably by the work of
Enright and Muir [13], who introduced MIRK formulae as a particular class of what
they called parameterized IRK methods. These formulae can be written in the general
form

yn+1 = yn + h

s∑
i=1

bi f(xn + ci h, Yi),(2.1)

Yi = (1− vi) yn + vi yn+1 + h

s∑
j=1

xij f(xn + cj h, Yj), i = 1, . . . , s .(2.2)

Hence, an s-stage parameterized IRK method is completely determined by the tableau
(b, X, c, v), denoted as

c1 v1 x11 x12 . . . x1s

c2 v2 x21 x22 . . . x2s

...
...

...
...

...
...

cs vs xs1 xs2 . . . xss
b1 b2 . . . bs

(2.3)

If we compare this representation with that of a general IRK method in terms of its
Butcher tableau (c, A, b) [4], it is easy to verify that the relationship A = X + v.bT
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holds. For all methods to be derived in this paper, we will assume that the row-sum
condition holds, i.e., A.e = X.e + v = c, where e is the s-vector with unit entries.
By imposing the restriction that X (or X after a rearrangement of its rows and
columns) is a strictly lower triangular matrix, one obtains MIRK methods, and it is
exactly this property of X which characterizes MIRK methods. This characterization
of MIRK formulae in terms of the matrix X considerably helps in their derivation and
shows clearly their special structure. We illustrate this by considering the well-known
Clippinger–Dimsdale formula [17, p. 160].

0 0 0 0
1
2

5
24

1
3 − 1

24

1 1
6

2
3

1
6

1
6

2
3

1
6

(2.4)

At first sight there is nothing remarkable about this formula. However, it is clear that
it can be rewritten in the form

yn+1 − yn =
h

6
(k1 + 4k2 + k3),(2.5)

where

k1 = f(xn, yn), k2 = f

(
xn+ 1

2
,
yn + yn+1

2
− h

8
(k3 − k1)

)
, k3 = f(xn+1, yn+1).

(2.6)
Note that (2.5) and (2.6) are a representation of (2.4) in its “eliminated” form (i.e.,
where the internal stages Yi ,i = 1, 2, . . . s, have been eliminated). In the algorithmic
realization of our deferred correction algorithms, it is the eliminated forms of the
MIRK formulae that are used throughout so that the only unknowns in each mesh
interval are yn and yn+1. If we now introduce the notation used in (2.3), we can
rewrite (2.4) as

0 0 0 0 0

1 1 0 0 0

1
2

1
2

1
8 − 1

8 0

1
6

1
6

2
3

(2.7)

This can now be identified from (2.7) as a MIRK formula since the matrix X is strictly
lower triangular. In [3] several results concerning the order and stability of MIRK
methods have been established. Among the more important of these results are the
following theorems.
Theorem 2.1. An s-stage pth order MIRK method satisfies p ≤ s+ 1.
Theorem 2.2. The stage order of a MIRK method is 3 at most.
Theorem 2.3. For the test equation y′ = λ y, y(x0) = y0 one can write yn =

R(λh)n y0, where R(z) = P (e− v, z)/P (−v, z) with P (w, z) = 1+z bT .(I−z X)−1.w
= 1 +

∑s
i=1 z

i bT .Xi−1.w.
MIRK methods have not been widely used so far for the numerical solution of

initial value problems. This is due primarily to the fact that if the nonlinear algebraic
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equations arising from the application of a MIRK formula are solved using some form
of Newton iteration, then the coefficient matrix of the Newton scheme is a polynomial
in the Jacobian matrix. Furthermore, stability problems may also arise, as explained
in [20]. However, the situation for boundary value problems is quite different. If
the MIRK formulae for the solution of (1.1) are written in a deferred correction
framework, then the deferred corrections ψ(η) are explicit and thus cheap to compute.
Furthermore, the linear algebra cost of computing η̄ from (1.3) is relatively small, and
the required stability properties of the underlying formulae are maintained. This in
turn means that algorithms for local error estimation and mesh changing are relatively
cheap, and this makes deferred correction methods based on MIRK formulae very
competitive with other algorithms for the solution of (1.1).

3. Deferred correction with MIRK methods. As we have mentioned in
the previous section, all deferred correction methods which have so far been used for
the solution of two-point boundary value problems increase the order by 2 for each
deferred correction. The reason why higher increases in the order of accuracy have not
been obtained is because of the difficulty of satisfying condition (iii) of Theorem 1.1.
In this section we examine the possibility of increasing the order of accuracy by 4
for each iteration. This problem has also been looked at in the context of initial
value problems in [20], [21], and many of the ideas contained in these two papers
will be important in what follows. Before we start our analysis we wish to remark
that our derivation holds not only for MIRK methods but also for any paramaterized
Runge–Kutta method.

Let φ be a MIRK method of order p, and define ψ := φ−φ∗, where φ∗ corresponds
to a MIRK method of order p∗ > p. (We will systematically denote the quantities
that relate to φ∗ with a ∗-superscript : s∗, a∗ij , b

∗
i , c

∗
i , . . . .) The formula φ(∆η) can

then be written as

φ(η)n+1 :=
1

h
(ηn+1 − ηn)−

s∑
i=1

bi f(xn + ci h, Yi) .

To analyze the conditions of Theorem 1.1, we write down the B-series expansions
for φ and φ∗. We therefore rewrite φ(η)n+1 as

gi = (1− vi) ηn + vi ηn+1 +

s∑
j=1

xij kj ,

ki = h f(xn + ci h, gi),

φ(η)n+1 =
ηn+1 − ηn −

∑s
i=1 bi ki

h
.

Now if gi = B(gi, ηn), ki = B(ki, ηn), ηn+1 = B(ηn+1, ηn), and hφ(η)n+1 =
B(φn+1, ηn) are all B-series, then Corollary 12.7 in [14] allows us to transcribe these
formulas for each labelled tree t = [t1 · · · tm] as



gi(t) = vi ηn+1(t) +

s∑
j=1

xij kj(t),

ki(t) = ρ(t) gi(t1) gi(t2) · · · gi(tm),

φn+1(t) = ηn+1(t)−
s∑
j=1

bj kj(t)
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with gi(∅) = 1, ki(τ) = 1, and φn+1(∅) = 1.
For condition (i) of Theorem 1.1, it follows from φ(η)n+1 = 0 that φn+1(t) = 0

for all t, such that 


gi(t) =

s∑
j=1

(vi bj + xij)kj(t),

ki(t) = ρ(t) gi(t1) gi(t2) · · · gi(tm),

ηn+1(t) =

s∑
j=1

bj kj(t).

Let yn(h) = B(yn, ηn) be the true solution of y′ = f(x, y), y(xn) = ηn; then
yn(t) = 1 for all t, and the well-known order conditions up to order p are obtained
by comparing the coefficients of the B-series B(yn, ηn) and B(ηn+1, ηn).

Condition (ii) of Theorem 1.1 analogously describes that φ∗ has order p∗.
For the third condition of Theorem 1.1, we replace η by an arbitrary function w

and the corresponding B-series B(ηn+1, ηn) by B(wn+1, ηn). Condition (iii) then
leads to

s∑
j=1

bj kj(t)−
s∗∑
j=1

b∗j k
∗
j (t) = 0(3.1)

for all t with ρ(t) ≤ r, whereby

gi(t) = viwn+1(t) +

s∑
j=1

xij kj(t),

ki(t) = ρ(t) gi(t1) gi(t2) · · · gi(tm),

i = 1, . . . , s,



g∗

i (t) = v
∗
i wn+1(t) +

s∗∑
j=1

x∗ij k
∗
j (t),

k∗
i (t) = ρ(t) g

∗
i (t1) g

∗
i (t2) · · · g∗

i (tm),

i = 1, . . . , s∗.

We thus find for all trees t with ρ(t) ≤ 4

s∑
j=1

bj kj(τ) = 1,

s∑
j=1

bj kj([τ ]) = 2 bT .vwn+1(τ) + 2 bT .X.e,

s∑
j=1

bj kj([τ
2]) = 3 bT .v2wn+1(τ)

2 + 6 bT .(v X.e)wn+1(τ) + 3 bT .(X.e)2,

s∑
j=1

bj kj([2τ ]2) = 3 bT .vwn+1([τ ]) + 6 bT .X.vwn+1(τ) + 6 bT .X2.e,

s∑
j=1

bj kj([τ
3]) = 4 bT .v3wn+1(τ)

3 + 12 bT .(v2X.e)wn+1(τ)
2
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+12 bT .(v (X.e)2)wn+1(τ) + 4 bT .(X.e)3,
s∑
j=1

bj kj([τ [τ ]2) = 4 bT .v2wn+1(τ)wn+1([τ ]) + 4 bT .(v X.e)wn+1([τ ])

+8 [bT .(X.eX.v) + bT .(v X2.e)]wn+1(τ)

+8 bT .(v X.v)wn+1(τ)
2 + 8 bT .(X.eX2.e),

s∑
j=1

bj kj([2τ
2]2) = 4 bT .vwn+1([τ

2]) + 12 bT .X.v2wn+1(τ)
2

+24 bT .X.(v X.e)wn+1(τ) + 12 bT .X.(X.e)2,
s∑
j=1

bj kj([3τ ]3) = 4 bT .vwn+1([2τ ]2) + 12 bT .X.vwn+1([τ ]) + 24 bT .X2.vwn+1(τ)

+4 bT .X3.e.

If condition (3.1) has to be fulfilled for any B-series wn+1 and for any method φ
of order p and any method φ∗ of order p∗, where p∗ ≥ p ≥ r, we obtain an extra set
of conditions. If we assume that both φ and φ∗ have stage order at least 1 and we
take into account that the order conditions up to order r are fulfilled, then we must
have that r ≤ max{i|Ei = 0}, where

E1 := 0,

E2 := |bT.v − b∗T.v∗|,(3.2)

E3 := |bT.v2 − b∗T.v∗2|+ |bT.(c v)− b∗T.(c∗ v∗)|+ |bT.X.v − b∗T.X∗.v∗|,
E4 := |bT.v3 − b∗T.v∗3|+ |bT.(c v2)− b∗T.(c∗ v∗2)|+ |bT.(c2 v)− b∗T.(c∗2 v∗)|

+|bT.X.v2 − b∗T.X∗.v∗2|+ |bT.X2.v − b∗T.X∗2.v∗|
+|bT.(v X.v)− b∗T.(v∗X∗.v∗)|+ |bT.(cX.v)− b∗T.(c∗X∗.v∗)|
+|bT.(X.c v)− b∗T.(X∗.c∗ v∗)|+ |bT.X.(c v)− b∗T.X∗.(c∗ v∗)|,

E5 := · · · .

It is of interest to note that for a general MIRK method the stage order equations
read

kX.ck−1 = ck − v, k = 1, 2, . . . , q,(3.3)

whereas (3.2) involves X.v rather than X.c. To really use the stage order conditions
in this analysis we would need to choose c = v and c∗ = v∗. We will see later that
this is indeed the choice we make.

The expressions Ei can be generalized: each Ei (i ≥ 2) contains all strings of i
elements of which bT and v are the first and last ones. In between is a permutation
with replacement of 3 in groups of i− 2 from the set {c, v, X}.

We thus find that, while the value of r in condition (iii) is 1 in general, it can be
raised to 2 or even higher. In [5], [6], where symmetric methods are used, the value r =
2 is obtained since for all symmetric methods bT .v = 1/2. Symmetry is, however, not
necessary for r = 2. The above result also shows that convergence can be accelerated
if some extra conditions are satisfied. We call such methods superconvergent.

Of course, the question of how to satisfy the conditions (3.2) still remains. For
the case q = 4, for example, there are 13 extra conditions. It would seem that these
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conditions will significantly increase the number of stages required by the method.
Some of these conditions can be eliminated if one uses methods with high stage order,
but most of them remain to be fulfilled. There is, however, one important case for
which (3.2) imposes no extra conditions: indeed, if c = v and c∗ = v∗, then all
expressions which appear in (3.2) are fixed numbers since they are order conditions
(re-expressed in terms of X). If c = v and c∗ = v∗, the value r = p is thus obtained
automatically. In the following section, we will investigate the existence of deferred
correction schemes based on MIRK methods for which c = v. We further restrict
ourselves to symmetric methods, a natural choice in the context of BVPs.

The conditions of symmetry for a Runge–Kutta method are well known and can
be expressed as follows: if xn and xn+1 and yn and yn+1 are swapped, and if h is
replaced by −h, then the original method is obtained. The MIRK formula tableau
is a particularly convenient representation for the investigation of symmetry. The
condition for symmetry comes down to the requirement that there must exist a per-
mutation σ of the stages such that for each stage Yi there exists a stage Yσ(i) for which
cσ(i) = 1− ci, vσ(i) = 1− vi, and xσ(i)σ(j) = −xij .

4. Superconvergent deferred correction schemes based on symmetric
MIRK methods with c = v. It was shown in the previous section that, in the quest
for superconvergent deferred correction schemes, there are some important advantages
to be gained by making the particular choice v = c. In what follows we will refer
to formulae with this particular choice as MIRKA formulae. As was shown in the
previous section, the superconvergence conditions for MIRKA formulae reduce to
standard order conditions. The main result that we will give in this section is a lower
bound on the number of stages of symmetric MIRKA methods of a given (even) order.

A MIRK formula is conveniently characterized by the properties of its X matrix.
Hence in what follows we will develop a framework to derive high order MIRKA
formulae in terms of the elements xij .

Stage order. If c = v, then stage order q is obtained if and only if

C(q) : X.ck−1 =
1

k
(ck − c) , k = 1, . . . , q .

In particular, the row-sum condition A.e = c means X.e = (0, 0, . . . , 0)T .
We now investigate the relationship between the order p and the minimum number

of stages s of a MIRKA formula. The situation for s = 1 is very straightforward.
The implicit midpoint rule is a symmetric MIRKA formula with only one stage

and is of order 2. Its tableau is

1
2

1
2 0

1
(4.1)

For higher values of p (p must be even because we are only considering symmetric
formulae) we have the following theorem.
Theorem 4.1. A symmetric MIRKA formula of order p ≥ 4 requires at least

s = 2 p− 5 stages.
This theorem relies on the following lemmas, which are straightforward to prove.
Lemma 4.2. The stability function of a MIRKA formula is given by

R(h) =
1 + h− hS(h)
1− hS(h) = 1 +

h

1− hS(h) ,
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where S(h) = bT .(I − hX)−1.c =
∑s
i=0(b

T .Xi.c)hi,
Since R(h) is an approximation to exp(h), it follows that S(h) ≈ 1

2 +
1
h− 1

2 coth
h
2 .

Lemma 4.3. If S(h) = 1
2 + 1

h − 1
2 coth

h
2 + O(h2 l+1), then R(h) = exp(h) +

O(h2 l+3).
Lemma 4.4. For a symmetric nonconfluent s-stage MIRK formula, one has

Xs′ = O, where s′ = � s+1
2 
 and where O is the matrix of appropriate size with zero

entries.
With the help of these lemmas, we can now prove Theorem 4.1.
Proof. Suppose we are looking for a symmetric formula of order p ≥ 4. Then,

according to Lemma 4.3, we must have

S(h)−
(
1

2
+

1

h
− 1

2
coth

h

2

)
= O(hp−1) ,

which means that, since 1
h − 1

2 coth
h
2 is odd, S(h) must be a polynomial of degree

p− 3 at least and according to Lemma 4.2, Xp−3 does not vanish. From Lemma 4.4
it follows that

p− 3 < s′ = (s+ 1)/2.

This now gives the result that{
s ≥ 2 p− 4 if s is even,
s ≥ 2 p− 5 if s is odd.

For p = 4 it follows that s = 3 stages is sufficient, as is demonstrated by the
Lobatto formula (2.7). In order to find higher order methods, it is standard practice
to reduce the number of order equations by making various simplifying assumptions.
One possibility is to choose the stage order to be as high as possible. This is the
approach that we will adopt in this paper, and in what follows we will consider only
MIRKA methods with stage-order 3. We now give a lemma which will help in the
construction of symmetric MIRKA methods of this type.
Lemma 4.5. (i) If a symmetric MIRKA method is nonconfluent, then stage order

3 implies that c3 = 1/2 (which means that s will be odd); (ii) the fourth and fifth stages
can only have order of consistency at most 3, while the sixth and seventh stages have
order of consistency (stage order) at most 5, and so on.

For p = 6 and p = 8 the minimum number of stages is given by Theorem 4.1 as 7
and 11, respectively. In the next section we will investigate these two cases. First, we
will show that p = 8 can only be achieved with at least 13 stages. We will construct
such a family of methods with 13 stages, and we will show that it is possible (i) to
add an 8th order interpolant and (ii) to add an embedded method of order 6 with a
6th order interpolant. Second, we will use some ideas from the case p = 8 to show
that p = 6 can be obtained with seven stages.

5. The construction of symmetric MIRKA methods. In this section we
consider the derivation of an order 8 method using the classical approach of Butcher.

5.1. Order 8 methods. It is well known that, if the stage order conditions are
satisfied ad infinitum, the only order conditions that remain to be satisfied are the
quadrature conditions. These take the form

bT .ck =
1

k + 1
, k = 0, 1, . . . .
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However, it is also well known that the stage order of MIRK methods is bounded
by 3. In order to minimize the number of remaining order conditions, we will try
to construct methods for which the stage order reaches the maximum value. If this
is done, it follows that, apart from the quadrature conditions, there are 26 order
conditions left. We will see later that the minimum number of stages for a symmetric
MIRKA method of order 8 is 13, and this leads us to consider the scheme A given in
the appendix.

We will choose b3 = b4 = 0 to reduce the effect of low stage order for stages 3, 4,
and 5. It is clear that in this case xij (1 ≤ j ≤ 3) can be expressed in terms of ci and
xij (4 ≤ j < i).

We note that the matrix X contains 2 by 2 matrices of the form(
xij xi,j+1

−xi,j+1 −xij
)

=
yij
2

(
1 −1
1 −1

)
+
zij
2

(
1 1
−1 −1

)
= yij Y + zij Z,

where yij = xij−xi,j+1 and zij = xij+xi,j+1. The matrices Y and Z appearing on the
right-hand side of this identity are very easy to work with when considering powers
of X. This is first because they are nilpotent, and second, we have the identities
Z Y Z = Z and Y Z Y = Y . This motivates us to work with the y and z variables
instead of the x variables. To complete this transformation we also need to define
zi3 = xi3.

We now constrain all stages to have order of consistency 5, except stages 3, 4,
and 5, which have order of consistency 3. (This is the maximum that we can achieve
for these stages).

These extra conditions imply that all coefficients in the upper seven stages are
constants or are expressed in terms of c4 and c6. In the last six stages, some degrees of
freedom are left and we let the undetermined variables be y86, z86, y10,6, y10,8, z10,6,
z10,8, y12,6, y12,8, y12,10, z12,6, z12,8, and z12,10.

If the conditions that are to be satisfied by the different stages are written in
terms of the yij and zij variables, it can be shown that for i = 2, 3, . . . , 6,

y2i,j = Y [0]
2i,j +

i−1∑
k=3

Y [k]
j y2i,2k , j = 1, 4 ,(5.1)

z2i,j = Z [0]
2i,j +

i−1∑
k=3

Z [k]
j z2i,2k, j = 1, 3, 4 ,(5.2)

where the Y and Z coefficients depend only on the elements of the vector c.

Due to the above choices, many of the remaining conditions are automatically
satisfied. Indeed, the choices made allow us to state that, for example, all order
conditions associated with trees of the form [τ i[τ3]2 and [τ i[τ4]2 (i.e., in the expression
for the order equation the matrix A appears only once) are automatically satisfied.

We now need to satisfy the 14 remaining conditions. We first re-express these
conditions in terms of X instead of A since this will make the equations easier to
work with. Thus, for example, we have the conditions

bT .X.ci = − i

2 (i+ 1) (i+ 2)
,(5.3)
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which still remain to be satisfied for i = 5 and i = 6. However, these conditions are
not independent of each other. Defining



Y1 = b6 y61 + b8 y81 + b10 y10,1 + b12 y12,1,
Y4 = b6 y64 + b8 y84 + b10 y10,4 + b12 y12,4,
Y6 = b8 y86 + b10 y10,6 + b12 y12,6,
Y8 = b10 y10,8 + b12 y12,8,
Y10 = b12 y12,10,

the conditions (5.3) can be rewritten as Ei = 0, where

Ei := Y1 +

5∑
j=2

(ci2 j − (1− c2 j)i)Y2 j +
i

2 (i+ 1) (i+ 2)
.

It can then immediately be shown that

n∑
i=0

(−1)i
(
n

i

)
E2n−i = 0 .

Using the identities

(1− 1)n =

n∑
i=0

(−1)i
(
n

i

)
= 0

and

xn (x− 1)n =

n∑
i=0

(−1)i
(
n

i

)
x2n−i =

n∑
i=0

(−1)i
(
n

i

)
(1− x)2n−i ,

it follows that

n∑
i=0

(−1)i
(
n

i

)(
x2n−i − (1− x)2n−i) = 0 .

From this last term we obtain the expression

xn+2 (1−x)n−xn (1−x)n+2 = xn (1−x)n (2x−1) =
n∑
i=0

(−1)i
(
n

i

)
(2x2n+1−i−x2n−i),

and after integration between 0 and 1 we have

0 =
n∑
i=0

(−1)i
(
n

i

)(
2

2n+ 2− i −
1

2n+ 1− i
)

=

n∑
i=0

(−1)i
(
n

i

)
2n− i

(2n+ 1− i) (2n+ 2− i) .

This shows that E6 = 0 is automatically satisfied if E5 = 0 is satisfied. We can thus
impose the equivalent condition E5 − E6 = 0:

5∑
i=3

Y2 i c2 i (1− c2 i) (c42 i − (1− c2 i)4) = − 1

168
.(5.4)
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To satisfy the remaining 13 conditions, we use the fact that

wj = X c
j − 1

j + 1
(cj+1 − c) , j = 3, 4,(5.5)

has three nonzero components, and we replace every order condition of the form
bT .M.X.cj = · · · (where M is any product of C = diag(c1, . . . , cs) and X matrices)
by bT .M.wj = 0.

This leads to the following five conditions:

0 = Y4,(5.6)

0 =

5∑
i=2

Y2 i z2 i,3,(5.7)

0 =

5∑
i=3

Y2 i z2 i,4,(5.8)

0 =

6∑
i=2

b2 i (2 c2 i − 1) z2 i,3,(5.9)

0 =

6∑
i=3

b2 i (2 c2 i − 1) z2 i,4.(5.10)

Due to the structure of (5.2), (5.9)–(5.10) can be rewritten as

α(c4, c6)Z6 + α(c4, c8)Z8 + α(c4, c10)Z10 =
2− 7 c4 + 7 c24

2520
,(5.11)

β(c6)Z6 + β(c8)Z8 + β(c10)Z10 =
1

2520
(5.12)

in terms of the variables Z6, Z8, and Z10, where



Z6 = b8 (1− 2 c8) z86 + b10 (1− 2 c10) z10,6 + b12 (1− 2 c12) z12,6,
Z8 = b10 (1− 2 c10) z10,8 + b12 (1− 2 c12) z12,8,
Z10 = b12 (1− 2 c12) z12,10 .

The equations (5.4) and (5.6) form a system of two equations in the three un-
knowns Y6, Y8, and Y10. We can solve this system for Y6 and Y8 in terms of Y10 to
give

Y6 = − 1

α(c8, c6) (1− 2 c6)

[
1− 7 c8 + 7 c28

840
+ α(c8, c10) (1− 2 c10)Y10

]
,(5.13)

Y8 = − 1

α(c6, c8) (1− 2 c8)

[
1− 7 c6 + 7 c26

840
+ α(c6, c10) (1− 2 c10)Y10

]
,(5.14)

where α(c, d) = d (1− d) (c− d) (1− c− d).
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Substituting these results into (5.7) and (5.8), the following two relations are
obtained:

7 c24 − 7 c4 + 2

5040
=α(c4, c6)Y10 z10,6 + α(c4, c8)Y10 z10,8(5.15)

− α(c4, c6)

α(c6, c8) (1− 2 c8)
Qz86,

1

5040
=β(c6)Y10 z10,6 + β(c8)Y10 z10,8 − β(c6)

α(c6, c8) (1− 2 c8)
Qz86,(5.16)

where Q =
1−7 c6+7 c26

840 + α(c6, c10) (1− 2 c10)Y10 and β(c) = c (1− c) (1− 2 c)2.
From the above, it follows that solutions can exist only for Y10 �= 0, i.e., b12 �= 0.

This implies that if stage order three is assumed, at least 13 stages are needed!
Although this result is somewhat disappointing, there are actual advantages in

considering 13 stages. First, now that we know we cannot choose b12 = 0, we are able
to choose b6 = 0. It now follows that, for a method of order 8, the four remaining
variables of the b-vector can be uniquely determined in terms of the c-values. Further,
we can also raise the order of consistency of the lower six stages from 5 to 7. This
in turn allows us to construct an eighth order interpolant u8(x). For reasons of
symmetry, we could impose, for example, the following conditions on a polynomial of
degree nine:

u8(xn) = yn, u8(xn + h) = yn+1,
u′8(xn) = k1, u′8(xn + h) = k2,
u′8(xn + c2i h) = f(xn + c2i h, u8(xn + c2i h)) = k2i, i = 4, 5, 6,
u′8(xn + (1− c2i)h) = f(xn + (1− c2i)h, u8(xn + (1− c2i)h)) = k2i+1 , i = 4, 5, 6.

Raising the order of consistency of the last six stages from 5 to 6 means that
(5.1) also holds for j = 6. (We are now left with y10,8, y12,8, and y12,10 �= 0 as free
y-coefficients.) It also follows that (5.4) is automatically satisfied. From (5.6) one
obtains relation (5.14) between Y8 and Y10. If no further conditions are imposed,
then we have the following procedure for obtaining an 8th order method.

• The system (5.15)–(5.16) can be solved for Y10 z10,6 and Y10 z10,8 in terms of
Y10 and z86.

• The system (5.11)–(5.12) can then be solved for Z6 and Z8 in terms of Z10.
If we now analyze the construction process, we can conclude that we have constructed
a family of methods which, apart from c4, c6, c8, c10, and c12, still has four free
parameters: y12,10 (�= 0), z12,10, z86, and either y10,8 or y12,8.

However, the interpolant requires that the order of consistency of the last six
stages is raised from 6 to 7. This means that (5.2) also holds for j = 6 (z10,8, z12,8,
and z12,10 are the remaining free z-coefficients). Due to the structure of (5.2), the
equations can be solved as follows.

• The system (5.15)–(5.16) is linear in Y10 and Y10 z10,8. Solving this system,
we can thus fix Y10 and z10,8 in terms of the c-values.
• The system (5.11)–(5.12) can be solved for Z8 and Z10 in terms of the c-values.
• Y8 is determined by Y10 in (5.14). As a consequence, y12,8 is a function of
y10,8 or vice versa.

In this way we have constructed a family of methods which, apart from c4, c6, c8,
c10, and c12, still has one free parameter: either y10,8 or y12,8. It follows from earlier
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analysis that all of these methods will have the same stability function, which is

R2(h) =
N2(h)

D2(h)
=

1 + h
2 + h2

12 − h4

720 + h6

30240

1− h
2 + h2

12 − h4

720 + h6

30240

.

For IVPs the combination of (2.7), for which the stability function is given by

R1(h) =
N1(h)

D1(h)
=

1 + h
2 + h2

12

1− h
2 + h2

12

,

and any of these 8th order methods leads to an unstable scheme since the stability
function [20] is given by

R(h) =
[D1(h)−D2(h)]R1(h) +N2(h)

D1(h)

=
1− h2

12 + h4

144 + h5

720 − h7

30240(
1− h

2 + h2

12

)2 .

For BVPs, however, the stability function [6] is given by

R(h, n) = R1(h)
n [R1(h) + (n+ 1) (R2(h)−R1(h))] ,

where

R2(h)−R1(h) =
h5

720 − h7

30240(
1− h

2 + h2

12

) (
1− h

2 + h2

12 − h4

720 + h6

30240

) .
Note now that

lim
h→∞

R(h, n) = 1 ,

i.e., the stability function is bounded for all values of h. We give the coefficients of
our 8th order formula in section A of the appendix.

We now construct an embedded MIRK method (b̂, X, c, c) of order 6. To do so,
we note that apart from the quadrature conditions, three conditions remain to be
satisfied: namely,

b̂T .X.X.c3 =
1

240
, b̂T .(cX).c3 = − 1

24
, b̂T .X.c4 = − 1

15
.

It is clear that these conditions are satisfied if b̂3 = 0 = b̂4. In order to have a method
of order 6, we need at least three nonzero b̂-coefficients, and therefore it follows that
there are 6th order embedded methods with nine stages. Due to the fact that all of
the stages with nonzero b̂-weight have order of consistency 5 at least, it follows that
these embedded methods have an interpolant u6(x) of order 6. This can be realized
by imposing the conditions

u6(xn) = yn, u6(xn + h) = yn+1,
u′6(xn) = k1, u′6(xn + h) = k2,
u′6(xn + c2i h) = f(xn + c2i h, u6(xn + c2i h)) = k2 i, i = 3, 4,
u′6(xn + (1− c2i)h) = f(xn + (1− c2i)h, u6(xn + (1− c2i)h)) = k2 i+1, i = 3, 4.

The b̂ coefficients for the embedded formula are given in section B of the appendix.
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5.2. Order 6 methods. We use the same approach as was followed in the
previous section to construct methods of order 6 with seven stages. We propose a
scheme of the form

0 0
1 1 0
1
2

1
2

1
8 − 1

8
c4 c4 x41 x42 x43

1− c4 1− c4 −x42 −x41 −x43 0
c6 c6 x61 x62 x63 x64 x65

1− c6 1− c6 −x62 −x61 −x63 −x65 −x64 0

b1 b1 b3 b4 b4 b6 b6

which has stage order 3, and for which the last two stages have order of consistency 5.
All x-variables can thus be expressed in terms of c4 and c6 only. We choose the same
cis as were used with the 8th order formula. In this case the x variables are exactly
the same as those appearing in the 8th order formula because we impose the same
stage order conditions on both formulae. If this is done, there are three nonquadrature
conditions that remain to be satisfied. It turns out that all of these three conditions
are satisfied if

b3 = −32 c24 (1− c4)2 b4 .(5.17)

The three quadrature conditions together with (5.17) gives a system which uniquely
determines the four b-coefficients. In this way we have constructed a two-parameter
family (c4 and c6) of symmetric mono-implicit methods of order 6 which have c = v
and have seven stages. The coefficients of this 6th order formula are given in section
C in the appendix.

6. Computational aspects. In order to compare the computational effort re-
quired by the superconvergent deferred correction algorithm described in this paper
with that required by a standard deferred correction method such as TWPBVP, we
first recall exactly how the code TWPBVP is implemented. The classical deferred
correction approach on which the code TWPBVP is based is as follows:

φ4(η) = 0,

φ4(η̄) = −φ6(η),(6.1)

φ4(¯̄η) = −φ6(η)− φ8(η̄).

Here the vector solutions η, η̄, and ¯̄η are of order 4, 6, and 8, respectively. We note,
in particular, that since (6.1) is not superconvergent, it is not possible to compute
the 8th order solution before the 6th order one is computed. Once η̄ and ¯̄η have been
computed, we can determine whether or not an accuracy requirement of the form

‖η̄ − ¯̄η‖ < Tol(6.2)

is satisfied, where Tol is the requested tolerance. If (6.2) is satisfied, then the solution
¯̄η is accepted as the final solution, and if not, a remeshing is carried out. The partic-
ular remeshing algorithm used in TWPBVP is one which seeks to equidistribute the
deferred correction term

φ8(η̄).(6.3)
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In the case of superconvergent schemes, however, the situation is quite different. Now
the deferred correction scheme can be regarded as having the form (6.1), where the
third stage is

φ4(¯̄η) = −φ̄8(η).(6.4)

Note, in particular, that both the deferred correction terms in this modified super-
convergent scheme depend only on the 4th order solution η. Furthermore, the only
role of the η̄ term is as an error estimate, and this particular aspect of the algorithm
has some important consequences. The most important of these is the fact that η̄ and
¯̄η can be computed independently of each other. Indeed, in a parallel environment
these two terms can be computed at the same time. This means that in the linear
case we can solve for the error estimate without knowing either η̄ or ¯̄η. This is done
in the following way. From the last two equations of the deferred correction scheme
we have

φ4(¯̄η − η̄) = φ6(η)− φ̄8(η).(6.5)

Thus the revised algorithm for the linear case now is

φ4(η) = 0,

φ4(¯̄η − η̄) = φ6(η)− φ̄8(η).(6.6)

Having computed the error estimate ¯̄η − η̄ from (6.6), we now see if it satisfies the
error criterion (6.2). If it does, then we accept the current grid as the final one and
compute the solution ¯̄η on this grid using the first equation of (6.1) together with
(6.4). If the error estimate (6.2) is not satisfied, then we remesh using an algorithm
based on the equidistribution of φ6(η) − φ̄8(η). The saving in computational effort
results from the fact that we do not need to compute ¯̄η until the error estimate is
satisfied. Ideally we would like to be able to extend this algorithm to the nonlinear
case, but we have been unable to do this.

The computational effort per iteration for the two schemes is rather similar. Both
require the solution of the 4th order formula

φ4(η) = 0(6.7)

initially. The standard scheme (6.1) then requires 14 function evaluations to compute
the deferred correction terms while the modified scheme requires 13. The relative
performance of the two algorithms is, however, very problem dependent due to their
complicated structure. In particular, it depends on the number of iterations required
to solve φ4(η) = 0, the relative cost of the linear algebra compared with that of func-
tion evaluations, and the relative accuracies of the 6th and 8th order formulae in the
deferred correction schemes. However, to give some idea of the relative performance
we consider the following two problems.
Problem 1 (see [15]). The solution has a boundary layer of width O(

√
ε) at

x = 0.

εy′′ − y = 0, y(0) = 1, y(1) = 0.

The exact solution is y(x) = (exp(−x/√ε)− exp((x− 2)/
√
ε))/(1− exp(−2/√ε)).

Problem 2 (see [15]). The solution has a corner layer at x = 0.745.

εy′′ + (y′)2 = 1, y(0) = 1 + ε ln cosh(−0.745/ε), y(1) = 1 + ε ln cosh(0.255/ε).
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The exact solution is y(x) = 1 + ε ln cosh(x− 0.745)/ε).
In Tables 6.1 and 6.2 we give the results obtained for the numerical solution of

these two problems using a tolerance of 10−8. As we explained in the previous section,
there are some arbitrary parameters to be chosen in our 8th order formula. In our
code we chose y12,8 = 0.1, c4=0.2, c6 = 0.25, c8=0.3, c10=0.85, and c12 = 0.6, and
the complete formula is given in the appendix.

Table 6.1
Results for Problem 1.

TWPBVP NEW
ε N Time Mesh err N Time Mesh err

10−1 7 .01 0.1d-8 28 .03 0.3d-13
10−2 25 .03 0.3d-10 24 .02 0.2d-9
10−3 35 .05 0.9d-9 35 .04 0.1d-9
10−4 68 .06 0.7d-11 51 .05 0.2d-10
10−5 52 .05 0.8d-9 45 .05 0.2d-8
10−6 64 .10 0.5d-10 84 .07 0.3d-9
10−7 90 .21 0.7d-11 101 .15 0.3d-9

The headings in the tables can be explained as follows. “N” indicates the number
of mesh subintervals in the final mesh for each problem. “Time” denotes the run time
in seconds. “Mesh err” is the maximum error that results from comparing the order 8
solution (computed at the mesh points) with the analytic solution. Under “NEW” we
list the results obtained using the superconvergent scheme derived in section 5, while
“TWPBVP” indicates the results obtained using the code TWPBVP.f obtained from
NETLIB.

Table 6.2
Results for Problem 2.

TWPBVP NEW
ε N Time Mesh err N Time Mesh err

10−1 44 .13 0.42d-11 26 .09 0.4d-9
10−2 51 .31 0.43d-10 63 .49 0.4d-8
10−3 598 11.1 0.11d-10 94 9.4 0.4d-9

As can be seen from the two tables, the results obtained are quite comparable.
Neither algorithm is consistently better than the other, and what these results in-
dicate is that the superconvergent scheme is competitive with the widely used code
TWPBVP.f. Also it is important to recall that the superconvergent scheme has associ-
ated with it an 8th order interpolant whereas the code TWPBVP.f has no interpolant.
This makes it possible for the superconvergent scheme to provide a continuous solu-
tion, and this is an important advantage over previously derived MIRK schemes.

Finally, we wish to summarize the main points that have been achieved in this
paper. The first important point that we have demonstrated is the possibility of
obtaining superconvergence. In particular, we have derived an algebraic criterion
for superconvergence and shown by some practical examples that this is actually
achieved in practice. In addition, we have derived a framework which will allow
us to derive high order MIRK methods. It is interesting to note that the original
8th order MIRK formula derived by Singhal took more than 40 pages of algebra
to derive. The framework that we have derived makes the derivation of 8th order
MIRK formulae very straightforward. We have not in any way optimized our 8th
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order formula, and this is something worth doing in the future. In addition, we have
derived a superconvergent MIRK formula with an 8th order interpolant. This has
solved a very difficult outstanding problem since previous papers have derived only
interpolants of order 4 and 6. Since our basic algorithm is of order 8, it is clear that
it is an 8th order interpolant that is required. Finally, we remark that the theory
of superconvergence developed in this paper is sufficiently general to be applicable
to large classes of parameterized Runge–Kutta methods. We plan to investigate the
extension of these ideas to other classes of Runge–Kutta methods in the future.

Appendix. In section A we give the MIRKA formula of order 8 in 13 stages.
The b̂ coefficients of the embedded method of order 6 are given in section B. In section
C we present the MIRKA formula of order 6 in seven stages.

A. The 8th order MIRKA method. An 8th order formula in 13 stages is of
the form

0 0
1 1 0
1
2

1
2

1
8

− 1
8

c4 c4 x41 x42 x43
1 − c4 1 − c4 −x42 −x41 −x43 0

c6 c6 x61 x62 x63 x64 x65
1 − c6 1 − c6 −x62 −x61 −x63 −x65 −x64 0

c8 c8 x81 x82 x83 x84 x85 x86 x87
1 − c8 1 − c8 −x82 −x81 −x83 −x85 −x84 −x87 −x86 0
c10 c10 x10,1 x10,2 x10,3 x10,4 x10,5 x10,6 x10,7 x10,8 x10,9

1 − c10 1 − c10 −x10,2 −x10,1 −x10,3 −x10,5 −x10,4 −x10,7 −x10,6 −x10,9 −x10,8 0

c12 c12 x12,1 x12,2 x12,3 x12,4 x12,5 x12,6 x12,7 x12,8 x12,9 x12,10 x12,11
1 − c12 1 − c12 −x12,2 −x12,1 −x12,3 −x12,5 −x12,4 −x12,7 −x12,6 −x12,9 −x12,8 −x12,11 −x12,10 0

b1 b1 b3 b4 b4 b6 b6 b8 b8 b10 b10 b12 b12

In what follows we give the coefficients of this formula.
c1 = 0, c2 = 1.0, c3 = 0.5, c4 = 0.2, c5 = 0.8, c6 = 0.25, c7 = 0.75,

c8 = 0.3, c9 = 0.7, c10 = 0.85, c11 = 0.15, c12 = 0.6, c13 = 0.4.

b1 = 2663
59976 , b3 = 0, b4 = 0, b6 = 0, b8 = 100

14553 ,

b10 = 24320
106029 , b12 = 995

4536 .

x3,1 = 1
8 , x3,2 = −x3,1, x4,1 = 14

125 ,

x4,2 = −6
125 , x4,3 = −8

125 ,

x6,1 = 237
4096 , x6,2 = −81

4096 ,

x6,3 = −61
576 , x6,4 = 4625

36864 , x6,5 = −2125
36864 ,

x8,1 = 155471
4000000 , x8,2 = −74479

4000000 , x8,3 = −7661
140625 , x8,4 = 40801

126720 ,

x8,5 = −9473
126720 , x8,6 = −33004

171875 , x8,7 = −3604
171875 ,

y12,8 = 0.1,

x10,1 = 569379313995403
56995228416000000 + 111639.0

15564800.0 y12,8,

x10,2 = −2759611659786347
56995228416000000 − 111639

15564800 y12,8,

x10,3 = −198705503
2439000000 , x10,4 = 6805491736321

85981373153280 − 213129
622592 y12,8,

x10,5 = −12000874456673
85981373153280 + 213129

622592 y12,8, x10,6 = −86344040636419
524788654500000 + 23681

30400 y12,8,

x10,7 = −77917712095669
524788654500000 − 23681

30400 y12,8, x10,8 = 1224392774341
6839427409920 − 37213

77824 y12,8,

x10,9 = 2149691448091
6839427409920 + 37213

77824 y12,8,

x12,1 = 480654349561207
17343030480562500 − 3

400 y12,8,
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x12,2 = −349408852772543
17343030480562500 +

3
400 y12,8, x12,3 = 15647244464

53086359375x12,4 = −3470436703
1539011780460 +

63
176 y12,8,

x12,5 = 367646969159
1539011780460 − 63

176 y12,8, x12,6 = 719445043186076
1202352953484375 − 224

275 y12,8,

x12,7 = 358555969186076
1202352953484375 + 224

275 y12,8, x12,8 = −702597274
1308047895 + 1

2 y12,8, x12,9 = −702597274
1308047895.0 −

1
2 y12,8,

x12,10 = −168424068
536350969 , x12,11 = −25336068

536350969 .

B. The 6th order embedded MIRKA method. The three nonzero b̂ coeffi-
cients for the 6th order embedded formula are

b̂1 = 1431859
17459442 ,

b̂6 = 10346336
52378326 ,

b̂8 = 11547250
52378326 .

C. The 6th order MIRKA method. The b coefficients for the 6th order
formula appearing in section 5.2 are

b1 = 6623
79920 ,

b3 = 18944
239760 ,

b4 = −23125
239760 ,

b6 = 37888
79920 .

The ci and xi,j coefficients are the same as in section A.
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FAST SOLUTION OF THE RADIAL BASIS FUNCTION
INTERPOLATION EQUATIONS: DOMAIN DECOMPOSITION

METHODS∗
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Abstract. In this paper we consider domain decomposition methods for solving the radial
basis function interpolation equations. There are three interwoven threads to the paper. The first
thread provides good ways of setting up and solving small- to medium-sized radial basis function
interpolation problems. These may occur as subproblems in a domain decomposition solution of a
larger interpolation problem. The usual formulation of such a problem can suffer from an unfortunate
scale dependence not intrinsic in the problem itself. This scale dependence occurs, for instance, when
fitting polyharmonic splines in even dimensions. We present and analyze an alternative formulation,
available for all strictly conditionally positive definite basic functions, which does not suffer from this
drawback, at least for the very important example previously mentioned. This formulation changes
the problem into one involving a strictly positive definite symmetric system, which can be easily
and efficiently solved by Cholesky factorization. The second section considers a natural domain
decomposition method for the interpolation equations and views it as an instance of von Neumann’s
alternating projection algorithm. Here the underlying Hilbert space is the reproducing kernel Hilbert
space induced by the strictly conditionally positive definite basic function. We show that the domain
decomposition method presented converges linearly under very weak nondegeneracy conditions on the
possibly overlapping subdomains. The last section presents some algorithmic details and numerical
results of a domain decomposition interpolatory code for polyharmonic splines in 2 and 3 dimensions.
This code has solved problems with 5 million centers and can fit splines with 10,000 centers in
approximately 7 seconds on very modest hardware.

Key words. radial basis functions, interpolation equations, fast solution method
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PII. S1064827599361771

1. Introduction. One of the most basic problems in approximation theory is to
construct an approximation to data specified at m distinct points x1, . . . , xm in Rn.
A simple approach consists of choosing m functions and then looking for the unique
combination of these functions which interpolates the data at the given points. For
this process to be successful, the set of functions chosen must be linearly independent
over the set of interpolation points x1, . . . , xm. If the functions are u1, . . . , um, then
this is equivalent to the matrix

(
uj(xi)

)
being invertible. To implement this program,

the user must make a choice of the functions u1, . . . , um. However, it is sometimes
more natural to specify not the actual basis to be used, but rather the subspace
given by span{u1, . . . , um}. This is the approach we intend to study. We consider
interpolants of the form

s = p+

m∑
j=1

λjΦ(·, xj).(1.1)

∗Received by the editors September 30, 1999; accepted for publication (in revised form) June 14,
2000; published electronically December 28, 2000.

http://www.siam.org/journals/sisc/22-5/36177.html
†Department of Mathematics and Statistics, University of Canterbury, Private Bag 4800,

Christchurch, New Zealand (r.beatson@math.canterbury.ac.nz). The work of this author was par-
tially supported by PGSF Subcontract DRF 601 and EPSRC Visiting Fellowship GR/M/52595.

‡Department of Mathematics and Computer Science, University of Leicester, Leicester, LE1
7RH, United Kingdom (pwl@mcs.le.ac.uk). The work of this author was supported by EPSRC
grant GR/L/36222.

§Geophysical Technology Ltd., P.O. Box U9, The University of New England, Armidale, NSW
2351, Australia (stephenbillings@yahoo.com).

1717



1718 R. K. BEATSON, W. A. LIGHT, AND S. BILLINGS

Here X = {x1, . . . , xm} is a given set of distinct centers, p is a polynomial of total
degree at most k−1, and Φ is a mapping from Rn×Rn → R. Because there are more
parameters than data, we impose the further conditions that the coefficient vector λ
satisfies

m∑
j=1

λjq(xj) = 0(1.2)

for all polynomials q of degree at most k − 1. The related interpolation problem
follows.

Problem 1.1. Given distinct nodes X = {x1, . . . , xm} ⊂ Rn unisolvent with
respect to the polynomials of degree at most k−1, and a vector d ∈ Rm, find a function
s of the form specified by (1.1) and (1.2), satisfying the interpolation conditions

s(xi) = di, 1 ≤ i ≤ m.

Let πk−1 denote the subspace of C(Rn) consisting of all polynomials of total degree
k− 1, and let {p1, p2, . . . , p�} be a basis for πk−1. Then the corresponding system of
equations is often written in matrix terms as(

A P
PT O

)(
λ
c

)
=

(
d
0

)
,(1.3)

in which

Aij = Φ(xi, xj), i, j = 1, . . . ,m,(1.4)

and

Pij = pj(xi), i = 1, . . . ,m, j = 1, . . . , �.(1.5)

Note that in this system, and throughout the paper, we use the symbol O to rep-
resent the zero matrix of appropriate size, while the symbol 0 is used for the zero
vector/scalar.

The above setting covers natural spline interpolation in R and interpolation by
radial basis functions in Rn. In the latter case, the function Φ has the form Φ(x, y) =
φ(|x−y|) for x, y ∈ Rn, where φ : R → R, and | · | is the Euclidean norm in Rn. This
case is of considerable practical importance. Problem 1.1 is known to have a unique
solution for many choices of Φ. To discuss these results we will need the following
definition.

Definition 1. A symmetric function Φ : Rn ×Rn → R is strictly conditionally
positive definite of order k on Rn if for all sets X = {x1, . . . , xm} ⊂ Rn of dis-
tinct points, and all vectors λ ∈ Rm satisfying the orthogonality condition (1.2), the
quadratic form

λTAλ =

m∑
i,j=1

λiλjΦ(xi, xj)

is positive whenever λ �= 0.
The paper of Micchelli [11] showed that the interpolation system (1.3) is invertible

whenever the function Φ(x, y) = φ(|x− y|) is strictly conditionally positive definite of
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order k, and X is unisolvent for πk−1.
1 Earlier work in a similar vein can be found

in Schoenberg [21]. It is worth noting that if a function Φ is conditionally positive
definite of order k, then it is also conditionally positive definite of order k′ for any
k′ ≥ k, and so there is some flexibility over the choice of the parameter k.

For radial basis function interpolation, the most popular choices of the function
Φ are strictly conditionally positive definite, notably the multiquadrics and the poly-
harmonic splines. These interpolation methods are popular for a number of reasons.
First, the interpolant depends only on the radial distance between the interpolation
points. This feature makes radial basis function interpolation suitable for treating
unstructured data—particular data which does not fall on, or close to, the points of
some rectangular or regular triangular grid. Such data is often described as scattered.
We have already indicated that in practical cases, the types of geometry for which the
interpolant is not specified uniquely are extremely simple. For example, interpolation
by thin-plate splines in R2 requires only that the nodes must not lie on a line. With a
scattered data set, one can almost guarantee that this condition will be satisfied. This
is in sharp contrast to the situation for polynomial interpolation, where the conditions
on the data sets required in order that a unique interpolant exists get progressively
more complex as the number of interpolation points increases. Furthermore, all the
radial basis function interpolants in use have the feature that they minimize a semi-
norm. Sometimes (as is the case with polyharmonic spline interpolants—see below)
the seminorm can be seen to force the interpolant to be the “smoothest” interpolant
in some sense. This smoothness property can actually be seen in graphical representa-
tions of the interpolant and is akin to the smoothness experienced when interpolating
by a low degree polynomial spline in R.

Despite the many nice features of radial basis function interpolation, early workers
in the field encountered significant computational difficulties. A small part of these
difficulties was due to the computing equipment available at the time, but the major
problem was that system (1.3) led to an very ill-conditioned system of equations
with a full matrix. We refer the reader to [1] for quotes concerning these difficulties.
Further discussion of the ill-conditioning can be found in [10]. In [12] lower bounds on
the condition number were given, which showed the poor conditioning of the matrix
of system (1.3) as a function of the minimum separation between the interpolation
points. It is clear that direct solution methods are not feasible for large data sets.
Therefore, a number of iterative methods have been proposed, of which [1] and [4] are
recent examples.

This paper focuses on various aspects of the numerical solution of interpolation
problems using interpolants of the type described in (1.1). Our prime objective is
to present a method for large problems with many, many nodes. However, we will
also need good methods for small subproblems that occur naturally in our solution
strategy. Two questions arise immediately. First, is (1.1) the best way of couching
the interpolation problem, or are there other bases for the finite-dimensional space

S =


p+

m∑
j=1

λjΦ(·, xj) :
∑m
j=1 λjq(xj) = 0 for all q ∈ πk−1




which are numerically superior? Second, once we have decided on a suitable choice of
basis, what solver do we use for the linear system generated by this basis?

1A suitably modified statement holds when X is not unisolvent for πk−1.
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In section 2 we investigate the choice of a basis. We have a number of objectives
in this section. First, we do not want to work with a spanning set for S which is
“overspecified” in the sense that it consists of more functions than the dimension of
S. Second, we would like the basis to have some natural link to the problem. Third,
many of the problems which come within our remit have a certain natural feature—
that of scale independence. We want a basis for S, and certainly a method of solution
which possesses this same scale independence. Let us be a bit more precise.

Definition 2. Consider an interpolation method LX,d defined for some suitable
class of finite subsets of points X ⊂ Rn and data values d. The interpolation method
LX,d will be called scale independent if for all suitable sets of interpolation points X
and data values d, the interpolant s fitted at the points X to data values d, and the
interpolant sh fitted at the scaled points hX to the unscaled data values d, are related
by sh(h ·) = s.

As an example, consider the polyharmonic spline interpolants, corresponding to
the strictly conditionally positive definite function of order k + 1,

Φ(x, y) = (−1)k+1|x− y|2k ln |x− y| for x, y ∈ Rn.
If n is even, then the interpolant corresponding to strict conditional positive defi-
niteness of order k′ = k + (n/2), p ∈ πk′−1 and sums of shifts of Φ, minimizes the
seminorm

|g|2 =

∫
Rn

∑
|α|=k′

(
k′

α

)(
Dαg

)2
dx

over all suitably smooth interpolating functions.2 This condition, and the scaling of
derivatives, clearly implies that polyharmonic spline interpolation is scale indepen-
dent. However, we shall see that the numerical methods commonly used for fitting
such splines are not scale independent. This is because the chosen basis, or spanning
set, behaves badly with respect to scale. We will propose a basis which behaves much
better with respect to scale, and which will be very useful for the direct solution of
small- to moderately-sized radial basis function interpolation problems.

One particular application for our basis is the direct solution of subproblems aris-
ing in a domain decomposition code for large problems. This is the subject of section 4.
We wish to suggest that the domain decomposition iterative method of solving a linear
system is an effective strategy for the systems considered here. Section 3 introduces
a form of the domain decomposition algorithm. This may be viewed as multiplicative
Schwarz, or as the alternating projection algorithm of von Neumann [13]. The main
benefits of the latter viewpoint are that there is a lot of information available about
the convergence of the alternating algorithm and the fact that in favorable circum-
stances the rate of convergence is linear. We will establish linear convergence of our
domain decomposition method, and give some theoretical estimates of the rate, based
on the idea of an angle between two subspaces in a Hilbert space.

The description of the domain decomposition method in section 3 is quite gen-
eral and abstract. In section 4 we present some details of the functioning domain
decomposition code and some numerical results.

We conclude this introduction with some remarks about notation. The sign | · |
appears frequently throughout the paper and has a number of different meanings. For

2It should be clear to the discerning reader that a number of technicalities have been omitted
here. Furthermore, it is not really necessary to impose the restriction that n is even, but we wanted
to keep the discussion simple.
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example, if x ∈ Rn, then |x| means the Euclidean norm of x. If α is a nonnegative
multi-integer, that is, α ∈ Zn+, then |α| is the “length” of α—the sum of its coor-
dinates. Frequent use will be made of the subspace πk−1 of C(Rn) consisting of all
algebraic polynomials of total degree at most k − 1.

2. Alternative bases for the interpolation problem. If the data values
d1, . . . , dm are given on x1, . . . , xm ∈ Rn, then the radial basis function interpolant
we seek is a function drawn from the subspace

S =

{
s : s = p+

m∑
j=1

λjφ(| · −xj |) : p ∈ πk−1, λ1, . . . , λm ∈ R

and

m∑
j=1

λjq(xj) = 0 for all q ∈ πk−1

}
.

Because the interpolation problem is well posed when Φ is strictly conditionally pos-
itive definite of order k, it must be that this space has dimension m. An alternative
approach is therefore to develop a basis consisting of only m functions. The first re-
sults in this direction were obtained by Sibson and Stone [23], who used the thin-plate
spline radial basic function Φ(x, y) = |x− y|2 log |x− y| together with linear polyno-
mials in R2. As pointed out in the introduction, this choice of radial basic function
is a very popular one that has been very successful in applications. In this section
we present an alternative approach which is simple to follow both conceptually and
numerically and can be carried out for any of the radial basis functions in common
usage. It will turn out that our approach is equivalent to that of Sibson and Stone in
the case of thin-plate splines in R2.

The technical fact on which our approach is based is that every basic function
which is strictly conditionally positive definite of some order generates a reproducing
kernel Hilbert space. That is, there is a Hilbert space H consisting of continuous
functions on Rn and such that for each x ∈ Rn the mapping f �→ f(x) for f ∈ H is
bounded. It then follows easily from the Riesz representation theorem that there is a
unique kernel K : Rn ×Rn → R with the following properties.

(i) K(x, y) = K(y, x) for all x, y ∈ Rn.
(ii) K(·, x) ∈ H for all x ∈ Rn.
(iii) K is strictly positive definite. That is, for any choice of points x1, . . . , xm ∈

Rn and numbers λ1, . . . , λm ∈ R,
∑m
i,j=1 λiλjK(xi, xj) ≥ 0, with equality

only when λ = 0.
(iv) f(y) = 〈f,K(·, y)〉 for all f ∈ H and y ∈ Rn.
Some other results about reproducing kernels help us in our analysis. Once Φ is

given, and the degree of conditional positive definiteness is known, it is possible to
write down the reproducing kernel for H explicitly. To do this we must first make a
choice about how to define H. Suppose Φ is strictly conditionally positive definite of
order k on Rn. Let dim (πk−1) = �, and let {x1, . . . , x�} ⊂ Rn be a set of points
which is unisolvent with respect to πk−1. The conditional positive definiteness of Φ
allows us to define a seminorm | · |, with H then being the set of all functions for which
this seminorm is finite. The seminorm has kernel πk−1. The seminorm is modified
into a norm simply by choosing an appropriate norm on πk−1 and adding it to the
seminorm. We always make the choice

‖f‖2 =

�∑
i=1

(
f(xi)

)2
+ |f |2 for f in H.
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Let p1, . . . , p� be the Lagrange basis for πk−1 with respect to the points x1, . . . , x�.
That is, the pj are chosen such that pj(xi) is 1 if i = j and is zero otherwise, 1 ≤
i, j ≤ �. Then the reproducing kernel K is given by

K(x, y) = Φ(x, y)−
�∑
j=1

pj(y)Φ(x, xj)−
�∑
i=1

pi(x)Φ(xi, y)

+

�∑
i=1

�∑
j=1

pi(x)pj(y)Φ(xi, xj) +

�∑
i=1

pi(x)pi(y) for x, y ∈ Rn.
(2.1)

Here we have tried to give a very rapid sketch of matters which are peripheral to
our concerns in this paper. Full details may be found in [8]. Our reason for giving a
little of the detail here is that we need the following observations. First, it is easily
calculated from (2.1) that K(·, xj) = pj for j = 1, . . . , �. Second, because of the form
of the induced inner product in H (see (3.1)), p1, . . . , p� are an orthonormal basis for
πk−1. This follows from the observation that

〈pµ, pν〉 =
�∑
i=1

pν(xi)pµ(xi)

for ν, µ = 1, . . . , �. Let P : C(Rn) → πk−1 be defined by Pf =
∑�
j=1 f(xj)pj for

each f ∈ C(Rn). The above remarks then show that

Pf =

�∑
j=1

f(xj)pj =

�∑
j=1

〈f,K(·, xj)〉pj =

�∑
j=1

〈f, pj〉pj ,

and so P is the orthogonal projection fromH onto πk−1. It is now possible to compress
(2.1) significantly:

K = (I ⊗ I − P ⊗ I) (I ⊗ I − I ⊗ P )Φ +

�∑
j=1

pj ⊗ pj .(2.2)

The operator P ⊗ I + I ⊗ P − P ⊗ P is the Boolean sum (P ⊗ I) ⊕ (I ⊗ P ). The
radial basis interpolant defined in (1.1) and (1.2) can be expressed in the form s =∑m
j=1 µjK(·, xj) as long as the interpolation points x1, . . . , xm are assumed to contain

the set x1, . . . , x� which is unisolvent for πk−1. This allows us to immediately achieve
our first objective: {K(·, x1), . . . ,K(·, xm)} is a basis for the subspace S, and the
interpolant s =

∑m
j=1 µjK(·, xj) is specified by the equations

m∑
j=1

µjK(xi, xj) = fi, 1 ≤ i ≤ m.(2.3)

The matrix K with elements

Kij = K(xi, xj) for 1 ≤ i, j ≤ m(2.4)

is positive definite, and so (2.3) gives a potentially very attractive alternative to (1.3)
for solving the interpolation equations. Table 1 compares the conditioning of the
matrix K with that of the matrix

B =

(
A P
PT O

)
(2.5)
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Table 1
Two-norm condition numbers of various matrices corresponding to different formulations of the

thin-plate spline interpolation problem. The model problem is on a uniform grid including corners
of the unit square with interpoint spacing h along each edge.

Spacing Conventional Reproducing kernel Homogeneous
h matrix B matrix K matrix C

1/8 3.5158(3) 1.8930(4) 7.5838(3)
1/16 3.8938(4) 2.6514(5) 1.1086(5)
1/32 5.1363(5) 4.0007(6) 1.6864(6)
1/64 7.6183(6) 6.2029(7) 2.6264(7)

Table 2
Two-norm condition numbers of various matrices corresponding to different formulations of

the thin-plate spline interpolation problem. The model problem is on a uniform 5× 5 grid in [0, α]2.

Scale parameter Conventional Reproducing kernel Homogeneous
α matrix B matrix K matrix C

0.001 2.4349(8) 8.4635(8) 5.4938(2)
0.01 2.4364(6) 8.4640(6) 5.4938(2)
0.1 2.5179(4) 8.5134(4) 5.4938(2)
1.0 3.6458(2) 1.3660(3) 5.4938(2)
10 1.8742(6) 1.2609(3) 5.4938(2)

100 1.1520(11) 1.1396(5) 5.4938(2)
1000 3.4590(15) 1.1386(7) 5.4938(2)

of the usual system (1.3), in which the monomials are used as a basis for the polyno-
mials. Also included is a comparison with a different formulation of the interpolation
problem to be developed later. The comparison is over sets of uniformly distributed
points in [0, 1]2, using the radial basis function φ(r) = r2 log r with the order of condi-
tional positive definiteness equal to 2. In this table an entry of the form d0.d1d2d3(e),
with d0, d1, d2, d3 decimal digits, represents the number d0.d1d2d3×10e. It can be seen
that the conditioning of the matrices corresponding to all three approaches is roughly
the same, when the problem is posed on the unit square. However, the spectrum of
the matrix K of (2.4) and also of the matrix (2.5) are affected by the scale of the
problem. For example, Table 2 shows calculated condition numbers for the matrices
B of (2.5), the matrix K of (2.4), and the matrix C of the different formulation to be
developed later (see Theorem 2.4). These matrices correspond to different ways of
casting the interpolation problem. The model problem considered is thin-plate spline
interpolation on a uniform 5 × 5 grid in [0, α]2 with interpoint spacing of α/4. The
table shows the effect of varying the scale parameter α.

Recall from the introduction that the problem itself is scale independent, so that
the scale dependence displayed in Table 2 is not intrinsic to the problem. Rather,
it is a consequence of the approach taken to the solving the interpolation system.
Some years ago Newsam [15] pointed out to one of us that in the case of the usual
interpolation system (1.3) the problem is that the matrix A and the matrix P (using the
monomial basis for πk−1) scale differently. We will see later that a similar phenomena
is happening in the reproducing kernel setting.

If the solution function we seek is scale independent, then the supplying of data
at hx1, . . . , hxm, h > 0, instead of x1, . . . , xm ought not to change the numerical
difficulty of the fitting task. The ideal situation would be ifK were homogeneous, that
is, if for all h > 0 and x, y ∈ Rn, there were some number γ > 0 such thatK(hx, hy) =
hγK(x, y). This would have the effect that the eigenvalues of the scaled interpolation
problem would be scaled versions of the eigenvalues of the unscaled interpolation



1724 R. K. BEATSON, W. A. LIGHT, AND S. BILLINGS

matrix. Thus, conditioning and eigenvalue clustering would be unaffected by changes
of scale. We investigate this possibility next.

Lemma 2.1. Let x1, . . . , x� ∈ Rn be unisolvent with respect to πk−1. Let
p1, . . . , p� in πk−1 be such that pi(xj) is 1 if i = j and is zero otherwise, 1 ≤ i, j ≤ �.
Define T : C(Rn ×Rn)→ C(Rn ×Rn) by

(Tg) (x, y) = g(x, y)−
�∑
i=1

g(xi, y)pi(x)−
�∑
j=1

g(x, xj)pj(y)

+

�∑
i=1

�∑
j=1

pi(x)pj(y)g(xi, xj)

for x, y ∈ Rn and g ∈ C(Rn ×Rn). Then T annihilates any function g of the form
g(x, y) = p(x− y) with p ∈ π2k−1.

Proof. It will suffice to establish the result in the case p(x) = pα(x) = xα, where
x ∈ Rn and α ∈ Zn+ with |α| < 2k. The binomial theorem provides constants aβ ,
β ∈ Zn+, 0 ≤ β ≤ α such that

p(x− y) =
∑

0≤β≤α
aβx

α−βyβ =
∑

0≤β≤α
aβpα−β(x)pβ(y), x, y ∈ Rn.

Define gαβ by gαβ(x, y) = pα−β(x)pβ(y). Then,

Tpα =
∑

0≤β≤α
aβTgαβ .(2.6)

Now recall the operator P : C(Rn)→ πk−1 given by Pf =
∑�
j=1 f(xj)pj . Then

Tgαβ = gαβ − (Ppα−β) pβ − pα−βPpβ + Ppα−βPpβ
= (pα−β − Ppα−β)⊗ (pβ − Ppβ) .

Now since |α| ≤ 2k − 1, it follows that either |β| ≤ k − 1 or |α− β| ≤ k − 1 in (2.6).
Because the operator I − P annihilates πk−1, the result follows.

Theorem 2.2. Let the symmetric function Φ ∈ C(Rn × Rn) be such that
Φ(hx, hy) = hλΦ(x, y) + qh(x − y) for all h > 0 and x, y ∈ Rn, where λ ∈ R and
qh ∈ π2k−1. Let x1, . . . , x� be a unisolvent set of points with respect to πk−1, and let
p1, . . . , p� be the associated Lagrange basis for πk−1: pi(xj) = δij, 1 ≤ i, j ≤ �, where
δij is the Kronecker delta. Define the symmetric function H : Rn ×Rn → R by

H(x, y) = Φ(x, y)−
�∑
i=1

pi(x)Φ(xi, y)−
�∑
j=1

pj(y)Φ(x, xj)

+

�∑
i=1

�∑
j=1

pi(x)pj(y)Φ(xi, xj) for x, y ∈ Rn.

For h > 0, let Hh be defined in the same way except using points hx1, . . . , hx� and
the associated Lagrange basis for πk−1, p

h
1 , . . . , p

h
� . Then Hh(hx, hy) = hλH(x, y) for

all x, y ∈ Rn.
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Proof. From the definition

Hh(x, y) = Φ(x, y)−
�∑
i=1

phi (x)Φ(hxi, y)−
�∑
j=1

phj (y)Φ(x, hxj)

+

�∑
i=1

�∑
j=1

phi (x)p
h
j (y)Φ(hxi, hxj).

Hence,

Hh(hx, hy) = Φ(hx, hy)−
�∑
i=1

phi (hx)Φ(hxi, hy)−
�∑
j=1

phj (hy)Φ(hx, hxj)

+

�∑
i=1

�∑
j=1

phi (hx)p
h
j (hy)Φ(hxi, hxj).

Clearly phj (hx) = pj(x) for all x ∈ Rn and 1 ≤ j ≤ �. Thus,

Hh(hx, hy) = hλ




Φ(x, y)−
�∑
i=1

pi(x)Φ(xi, y)−
�∑
j=1

pj(y)Φ(x, xj)

+

�∑
i=1

�∑
j=1

pi(x)pj(y)Φ(xi, xj)




+ (Tv)(x, y),

where v(x, y) = qh(x − y) for some qh ∈ π2k−1, and T is as in Lemma 2.1. By that
lemma, Tv = 0 and so Hh(hx, hy) = hλH(x, y) for all h > 0 and x, y ∈ Rn.

We now give an application of Theorem 2.2 to the popular polyharmonic splines.
Corollary 2.3. The function Φ defined by Φ(x, y) = (−1)k+1|x−y|2k ln |x−y| is

strictly conditionally positive definite of order k′ for any k′ ≥ k+1. The corresponding
function H satisfies Hh(hx, hy) = h2kH(x, y) for all x, y ∈ Rn.

Proof. The conditional positive definiteness can be found in Micchelli [11]. It
follows that the reproducing kernel K, and hence the kernel H, are built using points
x1, . . . , xm ∈ Rn which are unisolvent with respect to πk′−1. Furthermore,

Φ(hx, hy) = (−1)k+1|hx− hy|2k ln |hx− hy| = (−1)k+1h2k|x− y|2k (ln |x− y|+ lnh)

= h2kΦ(x, y) + (−1)k+1h2k|x− y|2k lnh

= h2kΦ(x, y) + qh(x− y),
where qh ∈ π2k ⊂ π2k′−1. Theorem 2.2 now applies and Hh(hx, hy) =
h2kH(x, y).

The problem with the reproducing kernel matrix is now clearly highlighted. We
can write

Kh(x, y) = Hh(x, y) +

�∑
i=1

phi (x)p
h
i (y) for x, y ∈ Rn.(2.7)

In many cases the Hh function scales at a rate controlled by the basis function with
which it is associated. As we just saw in Corollary 2.3, in the thin-plate case with
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φ(r) = (−1)k+1r2k ln r, the kernel Hh scales as a function of h2k. The last term∑�
i=1 p

h
i (x)p

h
i (y) does not scale at all. Consequently, the general position is that the

reproducing kernel is made up of two pieces which scale in fundamentally different
ways.

An alternative approach consists of trying to use
{
H(·, xj)

}m
j=1

as a basis for

S. This is, of course, doomed to failure, because we somehow need the terms∑�
i=1 p

h
i (x)p

h
i (y) which differentiate between K and H. Indeed, one simply checks

that H(·, xj) = 0 for j = 1, . . . , �. Consequently, we choose as a potential basis the
functions

{
p1, . . . , p�, H(·, x�+1), . . . , H(·, xm)

}
. To solve the interpolation problem

using this basis we must find c1, . . . , c�, γ�+1, . . . , γm such that

�∑
j=1

cjpj(xi) +

m∑
j=�+1

γjH(xi, xj) = di, i = 1, . . . ,m.

This system of equations has some special structure which we now investigate. First,
from the remark above that H(·, xj) = 0 for 1 ≤ j ≤ � and symmetry, it follows in
particular that H(xi, xj) = 0 for 1 ≤ i ≤ � and all j. Thus our system of equations
can be written (

I O
ET C

)(
c
γ

)
= d,(2.8)

where I is the �× � identity, C is the matrix
(
H(xi, xj)

)m
i,j=�+1

, ET is the (m− �)× �
matrix

(
pj(xi)

)m, �

i=�+1,j=1
, and c, γ, d are the vectors (c1, . . . , c�)

T , (γ�+1, . . . , γm)T ,

and (d1, . . . , dm)T , respectively.
Theorem 2.4. The matrix C =

(
H(xi, xj)

)m
i,j=�+1

is strictly positive definite.

Proof. As before, define P : C(Rn)→ πk−1 by Pf =
∑�
j=1 f(xj)pj . Then P is a

projection onto πk−1. Furthermore, from (2.2),

PK(·, xj) = [(P ⊗ I)K] (·, xj)

= [(P ⊗ I) (I ⊗ I − P ⊗ I) (I ⊗ I − I ⊗ P ) Φ] (·, xj) +

�∑
i=1

pi(xj)Ppi.

Because P ⊗ I is a projection, (P ⊗ I) (I ⊗ I − P ⊗ I) = 0 and so PK(·, xj) =∑�
i=1 pi(xj)pi. This calculation shows that for j = �+ 1, . . . ,m,

H(·, xj) = K(·, xj)−
�∑
i=1

pi(xj)pi = K(·, xj)− PK(·, xj).(2.9)

Now let v = (v�+1, . . . , vm) ∈ Rm−�. Then,

vTCv =

m∑
i,j=�+1

vivjH(xi, xj)

=

m∑
i,j=�+1

vivj
〈
H(·, xi),K(·, xj)

〉
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=

m∑
i,j=�+1

vivj
〈
H(·, xi), H(·, xj) + PK(·, xj)

〉

=

m∑
i,j=�+1

vivj
{〈
H(·, xi), H(·, xj)

〉
+
〈
H(·, xi), PK(·, xj)

〉}

=

m∑
i,j=�+1

vivj
{〈
H(·, xi), H(·, xj)

〉
+
〈
K(·, xi)− PK(·, xi), PK(·, xj)

〉}

=

m∑
i,j=�+1

vivj
〈
H(·, xi), H(·, xj)

〉
=

∥∥∥∥∥∥
m∑

j=�+1

vjH(·, xj)
∥∥∥∥∥∥

2

≥ 0.

In the second line we have used the reproducing property of K; in the third line we
have used (2.9); and in the last line we have used the fact that K(·, xj) − PK(·, xj)
is orthogonal to polynomials of degree at most k − 1. Furthermore, by the linear
independence of

{
K(·, xj)

}m
j=1

and the fact that K(·, xj) = pj , 1 ≤ j ≤ �, the

functions {H(·, xj), j = �+ 1, . . . ,m} are linearly independent in the Hilbert space.
Hence,

∑m
j=�+1 vjH(·, xj) is nonzero unless v = 0. It follows that vTCv > 0 unless

v = 0 and so C is strictly positive definite.
To summarize, we have shown that using a basis of the Lagrange polynomials,

{pj}�j=1, supplemented by the functions {H(·, xj) : �+1 ≤ j ≤ m} casts the interpola-
tion problem, Problem 1.1, in the form of (2.8) in which C is a strictly positive definite,
symmetric matrix. One way to solve this system is as follows. First “solve” for the
coefficients of the Lagrange polynomials setting c = (d1, . . . , d�)

T . Next substitute
the value for c back into the second row of the partitioned system (2.8), obtaining
with d∗ = (d�+1, . . . , dm)T the equation

Cγ = d∗ − ET c =
(−ET I

)
d.

In this system the right-hand side
(−ET I

)
d is cheap to calculate as each row of

ET has at most � nonzero entries. Once the right-hand side is calculated, the system
can be efficiently solved for γ via Cholesky decomposition of C followed by forward
and back substitution. This of course takes approximately half the operations of any
Gauss elimination routine that does not exploit symmetry, such as might be applied
to the usual system (1.3). Also, throughout this whole process one needs to store only
ET and the lower triangle of C, so that the method is efficient in storage as well as
operations.

We conclude this section with a brief exploration of the connection between our
work and that of Sibson and Stone [23]. Sibson and Stone examined the radial basis
function φ(r) = r2 ln r supplemented by linear ploynomials, using data specified at
points of R2. An extension of their approach to general dimension d, and general
order k of polynomial, is as follows. Pre- and postmultiply the usual system(

A P
PT O

)(
λ
c

)
=

(
d
0

)
(2.10)

by an m× (m− �) matrix Q whose columns span the orthogonal complement of the
column space of P. This implies in particular that Q has full rank. Then any λ ∈ Rm
satisfying PTλ = 0 can be uniquely expressed in the form λ = Qγ, where γ ∈ Rm−�.
Thus, the constraints on λ are automatically satisfied, and we need only solve the
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unconstrained system AQγ + Pc = d. Premultiplying by QT gives

(QTAQ)γ = QT d.(2.11)

Observe that for any u ∈ Rm−� with u �= 0, uT
(
QTAQ

)
u = (Qu)T A (Qu) > 0, since

Q has full rank and Φ is strictly conditionally positive definite of order k. Hence,
QTAQ is a strictly positive definite, symmetric matrix. Therefore, (2.11) uniquely
specifies γ and λ = Qγ. Note also that (2.11) can be rewritten as

0 = QT (d− AQγ) = QT (d− Aλ) .

Hence, d− Aλ is in the column space of P, and there is a unique c such that

Pc = d− Aλ.

Thus, we may solve the interpolation problem, Problem 1.1, in the following way.
• Choose an m × (m − �) matrix Q whose columns span the orthogonal com-

plement of the column space of P.
• Find γ by solving the (m − �) × (m − �) system (2.11), for example, via

Cholesky factorization.
• Set λ = Qγ.
• Find the polynomial from πk−1 interpolating to the following residual function

r = d−
m∑
j=1

λjΦ(x, xj),

at the nodes {x1, . . . , x�}.
A possible choice for Q is

Q =




−p1(x�+1) −p1(x�+2) −p1(x�+3) . . . −p1(xm)
...

...
...

...
−p�(x�+1) −p�(x�+2) −p�(x�+3) . . . −p�(xm)

1 0 0 . . . 0
0 1 0 . . . 0
...

. . .
...

0 0 0 . . . 1




.

This choice of Q is clearly of full rank. Also, we claim that the columns of Q are
orthogonal to the columns of P, that is, PTQ = O. Since each row of PT is of the
form

(
q(x1), . . . , q(xm)

)
, for some q ∈ πk−1, a typical element of PTQ has the form

q(x�+i)−
�∑
j=1

q(xj)pj(x�+i) = q(x�+i)− q(x�+i) = 0,

by the properties of the Lagrange basis.
For the particular choice of Q given above, the matrix C in (2.8) obtained via

homogenizing the reproducing kernel turns out to be identical with the matrix QTAQ
obtained via the generalized Sibson and Stone approach.

Powell [16], in the setting of thin-plate splines in R2, and building on the Sibson
and Stone approach, proposes a different choice of Q. His choice is based upon a
Householder QR factorization of P.
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Our choice of Q reduces the operation count for the setup of the lower triangle
of the QTAQ, and the modified right-hand side QT d. When the iterative solution of
the large system requires solution of a large number of different small systems, the
accumulated setup cost can be a considerable part of the overall cost of a solve. A
further convenience of our choice of Q is that it does not intermix the terms Φ(·, xj) as
much. In certain situations this can allow one to curtail Cholesky back substitutions
early, thus saving additional operations.

3. Convergence and the alternating algorithm. This section discusses the
convergence of a domain decomposition method for solving the interpolation equa-
tions. In the language of the domain decomposition literature the method analyzed
is a multiplicative Schwarz type method. It can be viewed equally well as an in-
stance of the von Neumann alternating projection algorithm. We will show that the
method presented converges linearly under very weak assumptions on the choice of
the subdomains.

The key to the analysis is to view the algorithm as a sequence of orthogonal
projections onto overlapping subspaces. Such an approach is standard in the domain
decomposition literature [24, 2] and in the analysis of the von Neumann alternat-
ing algorithm [13, 14, 25]. In the radial basis function literature, related Hilbert
space ideas are used to advantage by Madych and Nelson [9], Faul and Powell [4],
Schaback [18, 19] and Schaback and Wendland [20]. After completing this work we
learned of some work on different projection methods by Wenz [26].

As was already emphasized in the previous section, interpolation problems involv-
ing translates of a basic function can be solved with the aid of the reproducing kernel
K : Rn×Rn → R. It has been known for some time now that this reproducing kernel
can be used to define an inner product on a suitable space of continuous functions. It
is not necessary for us to operate at the full level of generality of this result. We can
simply suppose that f and g mapping Rn → R have the form

f =

m∑
i=1

aiK(·, xi) and g =

m∑
j=1

bjK(·, xj).

Define

〈f, g〉 =
m∑

i,j=1

aibjK(xi, xj).(3.1)

There are a number of minor observations at this point. First of all, there is no
loss of generality in our requirement that f and g are both linear combinations of
K(·, x1), . . . ,K(·, xm). If this is not the case, then one simply coalesces the sets on
which f and g are based, and sets the appropriate coefficients amongst the ai and bj
to zero. Second, the symmetry of the reproducing kernel produces the symmetry of
the inner product. Third, since K is a reproducing kernel, the matrix

(
K(xi, xj)

)m
i,j=1

is positive definite. In all cases of interest to us this matrix is, in fact, strictly positive
definite,3 and so 〈·, ·〉 defines an inner product on the set


m∑
j=1

ajK(·, xj) : m ∈ N , a1, . . . , am ∈ R, x1, . . . , xm are distinct points of Rn

 .

3For some discussion of what can happen in the exceptional cases, see Shapiro [22, p. 71].
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Let H denote the completion of this space with respect to our inner product. In all
cases of interest to us, H ⊂ C(Rn), and so we shall assume this throughout what
follows.

Throughout this section we will employ the following notation. Given a finite set
of distinct points in Rn, X = {x1, . . . , xm}, we will use the symbol X to denote the
subspace of functions in H “carried” by X. That is,

X =

{
f ∈ H : f =

∑
x∈X

λxK(·, x), where λx ∈ R
}
.

This notation will chiefly be employed with sets of points X or Y , and corresponding
sets of functions X and Y. All these sets will on occasion carry integer subscripts.

Given such a finite set of distinct points X ⊂ Rn we consider interpolation prob-
lems of the following form:

Given f ∈ H, find the element of X that interpolates to f on X.

One version of the domain decomposition method is to let X1, X2, . . . , Xk be
subsets of X, such that ∪ki=1Xi = X. Given f ∈ H, we let Pif , i = 1, . . . , k, denote
the function from Xi that interpolates to f on Xi. Thus,

Pif =
∑
x∈Xi

λxK(·, x) and (Pif) (y) = f(y) for all y ∈ Xi.

The domain decomposition algorithm now generates the sequence of residual vectors
{fnk+r}, where n ∈ N0 and r = 1, 2, . . . , k via the relationships

f0 = f and fnk+r = fnk+r−1 − Prfnk+r−1.

The corresponding sequence of approximations {snk+r} is generated via the relation-
ships

s0 = 0 and snk+r = snk+r−1 + Prfnk+r−1.

The next two results identify interpolation on a subset as the orthogonal pro-
jection onto the function space “carried” by that subset. They are key observations
utilized by Faul and Powell [4] and Schaback and Wendland [20].

Lemma 3.1. Let X be a finite set of distinct points in Rn. Let f ∈ H be such
that f(x) = 0 for all x ∈ X. Let g ∈ X . Then 〈f, g〉 = 0.

Proof. Let X = {x1, . . . , xm} and g =
∑m
j=1 ajK(·, xj). First suppose that f has

the form f =
∑n
j=1 bjK(·, xj), where n ≥ m. Set am+1 = · · · = an = 0. Then

〈f, g〉 =
n∑

i,j=1

aibjK(xi, xj)

=

m∑
i=1

ai

n∑
j=1

bjK(xi, xj)

=

m∑
i=1

aif(xi) = 0.



FAST FITTING OF RADIAL BASIS FUNCTIONS 1731

If f ∈ H does not have the form above, then we can find a sequence {h�} ⊂ H
such that each h� has the form h� =

∑n�

j=1 bj�K(·, xj) and 〈f − h�, f − h�〉 → 0 as
�→∞. The above calculations show that

〈h�, g〉 =
m∑
i=1

aih�(xi).

Since the point evaluation functionals lie in H∗ (because H is a reproducing kernel
Hilbert space) it follows that h�(xi)→ 0 as �→∞ for i = 1, . . . ,m. Hence,

〈f, g〉 = lim
�→∞

〈h�, g〉 =
m∑
i=1

ai lim
�→∞

h�(xi) = 0.

Corollary 3.2. Let X be a finite set of distinct points of Rn, and let X ={
f ∈ H : f =

∑
x∈X λxK(·, x), where λx ∈ R

}
be the space “carried” by X. Then

X⊥ = {f ∈ H : f(x) = 0 for all x ∈ X} .
Furthermore, let P denote the operator defined by interpolation from X at the nodes
in X. Then P is the orthogonal projection from H onto X .

Proof. That functions f ∈ H zero everywhere on X are in X⊥ follows directly
from Lemma 3.1. In the other direction if f is nonzero at a point y ∈ X, then consider
the function g := K(·, y) ∈ X . By an argument similar to that of the lemma we find
〈f, g〉 = f(y) �= 0. Hence f �∈ X⊥. This establishes the first claim of the corollary.

Now turn to the second claim. From the interpolation conditions, f − Pf is zero
at every point of x ∈ X. Hence, by the lemma f − Pf is orthogonal to X . The
second claim now follows from the characterization of the orthogonal projection of
f ∈ H onto a closed subspace G of H, as the unique g ∈ G such that the error f − g
is orthogonal to G.

It is now possible to understand the domain decomposition algorithm as a version
of the alternating projection algorithm of von Neumann [13, 14] or the Kacmarz
procedure [6]. Each operator Pi in the domain decomposition algorithm is, in fact,
the orthogonal projection from H onto the subspace

Xi =
{
f ∈ H : f =

∑
x∈Xi

λxK(·, x), where λx ∈ R
}
.

If we define Qi = I−Pi, then Qi is the orthogonal projection onto X⊥
i , and � complete

cycles of the domain decomposition algorithm computes (Qk · · ·Q1)
�
f .

The convergence of the alternating algorithm is well understood in terms of the
angles between these subspaces X⊥

i .
Definition 3. Let U1 and U2 be closed subspaces of a Hilbert space H with

U = U1 ∩ U2. Then the angle α between U1 and U2 is given by

cosα = sup
{〈u, v〉 : u ∈ U1 ∩ U⊥, v ∈ U2 ∩ U⊥ and ‖u‖, ‖v‖ ≤ 1

}
.

The following theorem of Smith, Solmon, and Wagner [25] then shows that the
alternating algorithm usually converges linearly.4

4It is well known that the rate estimate of Theorem 3.3 is often pessimistic. However, our interest
at this point is to guarantee linear convergence, rather than to obtain the best rate. Rate estimates
for the alternating algorithm which are often improvements on the estimate of Theorem 3.3 can be
found in [5, 7].
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Theorem 3.3. Let Q1, . . . , Qk be orthogonal projections onto closed subspaces
U1, . . . ,Uk in a Hilbert space H. Let U = ∩ki=1Ui. Let Q : H → U be the orthogonal
projection onto U , and let αj be the angle between Uj and Aj+1 = ∩ki=j+1Uj. Then
for any f ∈ H, ∥∥∥(Qk · · ·Q1)

�
f −Qf

∥∥∥2

≤ c2� ‖f −Qf‖2 ,

where

c2 ≤ 1−Πk−1
j=1 sin2 αj .

Of course it is possible that the angle between some pair Uj and Aj+1 may be
zero so that c = 1, thus denying us the chance of verifying convergence. However, we
will soon see that for our application some very weak conditions on the intersections
of the node sets are sufficient to rule out this possibility.

Definition 4. Let X1, . . . , Xk be nonempty subsets of Rn and let Yj = ∪ki=jXi,
j = 1, . . . k. The sets X1, . . . , Xk will be called weakly distinct if for each j =
1, . . . , k − 1, Xj �= Yj and Yj+1 �= Yj.

Note that if each Xj has a point which belongs only to it, and to no other Xi,
then the sets X1, . . . , Xk are weakly distinct.

Lemma 3.4. Let X1, . . . , Xk be finite subsets of Rn, and let Yj = ∪ki=jXi,
j = 1, . . . , k. Then,

(i) Y⊥
j = ∩ki=jX⊥

i for j = 1, . . . , k.

(ii) If the sets X1, . . . , Xk are weakly distinct, then the subspaces X⊥
j ∩ Yj and

Y⊥
j+1 ∩ Yj contain nonzero functions for j = 1, . . . , k − 1.

Proof. First,

k⋂
i=j

X⊥
i =

k⋂
i=j

{f ∈ H : f(x) = 0 for all x ∈ Xi}

=


f ∈ H : f(x) = 0 for all x ∈

k⋃
i=j

Xi




=


f ∈ H : f =

∑
x∈Yj

θxK(·, x) : θx ∈ R



⊥

= Y⊥
j .

This shows the first claim of the lemma.
Since X1, . . . , Xk are weakly distinct, there is a point z ∈ Yj such that z �∈ Xj .

Now consider an element u ∈ Yj of the form

u =
∑
x∈Xj

θxK(·, x) +K(·, z).

We claim there is a choice of the θx’s such that u ∈ X⊥
j . In order that u ∈ X⊥

j , we
have to satisfy the equations∑

x∈Xj

θxK(a, x) = −K(a, z) for all a ∈ Xj .
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Since the matrix
(
K(a, x)

)
a,x∈Xj

is invertible, this set of equations has a unique

solution for {θx : x ∈ Xj}. The corresponding u is nontrivial since the coefficient of
K(·, z) in its expansion is 1. The proof that Y⊥

j+1 ∩Yj contains a nonzero function is
similar and will be omitted.

Theorem 3.5. Let f ∈ H and let X1, . . . , Xk be weakly distinct finite subsets of
Rn. Set Yj = ∪ki=jXi, j = 1, . . . , k. Let Q : H → Y⊥

1 be the orthogonal projection

onto Y⊥
1 . Let f� be the element of H obtained by applying � complete cycles of the

domain decomposition algorithm to f on X1, . . . , Xk. Then there exists a number
0 ≤ c < 1 such that

‖f� −Qf‖2 ≤ c2�‖f −Qf‖2 ≤ c2�‖f‖2, � = 1, 2, . . . .

Proof. We know from our earlier discussion that f� = (Qk · · ·Q1)
�
f , where Qi :

H → X⊥
i is the orthogonal projection. An application of Theorem 3.3 shows that∥∥∥(Qk · · ·Q1)

�
f −Qf

∥∥∥2

≤ c2�‖f −Qf‖2, � = 1, 2, . . . ,

where c may be estimated in terms of the angles between subspaces.
It remains to show that c < 1. In the notation of Theorem 3.3, this involves

examining αj , the angle between the subspaces Uj = X⊥
j and Aj+1 = ∩ki=j+1X⊥

i . A
critical ingredient of this analysis is the orthogonal complement of the intersection of
these two spaces, namely the subspace

Bj =


X⊥

j

⋂
 k⋂
i=j+1

X⊥
i






⊥

=


 k⋂
i=j

X⊥
i




⊥

.

In Lemma 3.4 it was shown that Y⊥
j =

(∩ki=jX⊥
i

)
for j = 1, . . . , k. It follows that

Aj+1 = Y⊥
j+1 and Bj = Yj . Lemma 3.4 also guarantees that the subspaces X⊥

j ∩ Yj
and Y⊥

j+1 ∩ Yj contain nonzero elements. Now suppose that cosαj = 1. That is,

sup
{〈u, v〉 : u ∈ X⊥

j ∩ Yj , v ∈ Y⊥
j+1 ∩ Yj , ‖u‖, ‖v‖ ≤ 1

}
= 1.

For the purposes of the convergence of the algorithm, we can consider ourselves
to be working in the finite-dimensional space spanned by f and the elements of
{K(·, y) : y ∈ Y1}. Hence, by compactness, we can find elements u∗ ∈ X⊥

j ∩ Yj
and v∗ ∈ Y⊥

j+1 ∩ Yj with ‖u∗‖ = ‖v∗‖ = 1 such that 〈u∗, v∗〉 = 1. By the condi-
tion for equality in the Cauchy–Schwarz inequality, it follows that u∗ = v∗. Thus,
u∗ ∈ X⊥

j ∩ Y⊥
j+1 = Y⊥

j . However, u∗ is also in Yj . Hence u∗ = 0. This contradicts
the fact that ‖u∗‖ = 1, and so sinαj �= 0 for j = 1, . . . , k.

We now complement the analysis of Theorem 3.5 by showing how to calculate
the angles between subspaces employed in the estimate of the constant c and in the
alternative estimates of [5, 7].

Recall from the proof of Theorem 3.5 that αj is the angle between X⊥
j and Y⊥

j+1.
The following result can be found in [3].

Lemma 3.6. Let U , V be closed subspaces of a Hilbert space H. Then the angle
between U and V is the same as the angle between U⊥ and V⊥.

This allows us to compute the αj as the angle between

Xj =


f ∈ H : f =

∑
x∈Xj

λxK(·, x)


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and

Yj+1 =


f ∈ H : f =

∑
y∈Yj+1

λyK(·, y)

 .

Relabeling if necessary, we enumerate Xj as {x1, . . . , xm2
} and Yj+1 as {xm1+1,

. . . , xm3}, where 1 ≤ m1 < m2 ≤ m3. This enumeration is made so that Xj ∩Yj+1 =
{xm1+1, . . . , xm2}. We now work entirely in the finite-dimensional Hilbert space

H =




m3∑
j=1

λjK(·, xj) : λj ∈ R, j = 1, . . . ,m3


 .

We adopt the “;” notation for stacking rows of partitioned vectors. Then any vector
λ ∈ Rm3 of coefficients can be partitioned into λ = (λ1;λ2;λ3), where λ1 ∈ Rm1 ,
λ2 ∈ Rm2−m1 , and λ3 ∈ Rm3−m2 . The corresponding partitioning of the matrix
K =

(
K(xi, xj)

)m3

i,j=1
is

m1 m2 −m1 m3 −m2
 D1 E1 F1

C2 D2 E2

B3 C3 D3


 m1

m2 −m1

m3 −m2

.

Also the inner product defined in (3.1) of two functions u, v in H is µTKν, where µ
and ν are the coefficient vectors of u and v with respect to the reproducing kernel
basis.

Now let u ∈ Xj ∩ (Xj ∩ Yj+1)
⊥
. Then u has a coefficient vector of the form

(µ1;µ2;0) because u ∈ Xj . However, since u ∈ (Xj ∩ Yj+1)
⊥

we have u(xi) = 0, i =
m1 +1, . . . ,m2. Hence, u satisfies interpolation equations of the form K(µ1;µ2;0) =
(a;0; b), which imply

C2µ1 + D2µ2 = 0.

Since D2 is invertible, µ2 = −D−1
2 C2µ1. Thus any element u ∈ Xj ∩ (Xj ∩ Yj+1)

⊥
has

coefficient vector (µ1;µ2;0), where(
µ1

µ2

)
=

(
I

−D−1
2 C2

)
µ1,

µ1 ∈ Rm1 , ν2 ∈ Rm2−m1 , and I is the m1 ×m1 identity. Note in particular that the
matrix on the right of the equation above has full rank.

In our computation of the angle between Xj and Yj+1, we need to restrict atten-
tion to u ∈ Xj with ‖u‖ = 1. Now,

‖u‖2 =
(
µT1 µT2 0T

)D1 E1 F1

C2 D2 E2

B3 C3 D3




µ1

µ2

0




= µT1

(
I
(−D−1

2 C2

)T)(D1 E1

C2 D2

)(
I

−D−1
2 C2

)
µ1

= µT1
(
D1 − E1D

−1
2 C2

)
µ1

= µT1
(
D1 − CT2 D−1

2 C2

)
µ1 .
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The matrix
(

D1 E1
C2 D2

)
is the interpolation matrix for the set Xj and so is strictly positive

definite and symmetric. Since
(
I (−D−1

2 C2)
T
)

is of full rank we can write ‖u‖2 =

µT1 G1µ1, where G1 is strictly positive definite and symmetric. Let the Cholesky
decomposition of G1 be L1L

T
1 . Then ‖u‖2 = µT1 L1L

T
1 µ1. Letting γ1 = LT1 µ1 gives

‖u‖2 = γT1 γ1.

Similar arguments show that if v ∈ Yj+1∩(Xj ∩ Yj+1)
⊥
, then v has coefficient vec-

tor (0;ν2;ν3). Furthermore, ‖v‖2 can be realized via the expression ‖v‖2 = γT3 γ3 =
ν3L3L

T
3 ν3, where L3L

T
3 is the Cholesky decomposition of the matrix((−D−1

2 E2

)T
I
)(D2 E2

C3 D3

)(−D−1
2 E2

I

)
= D3 − C3D

−1
2 CT3 .

Thus the calculation of the cosine of the angle between Xj and Yj+1 involves finding
the supremum over vectors γ1 ∈ Rm1 and γ3 ∈ Rm3−m2 with ‖γ1‖2 = ‖γ3‖2 = 1 of
the expression

µTKν = µT1

(
I
(−D−1

2 C2

)T
O
)D1 E1 F1

C2 D2 E2

B3 C3 D3




 O
−D−1

2 E2

I


ν3

= µT1

(
I
(−D−1

2 C2

)T
O
)−E1D

−1
2 E2 + F1

O
−C3D

−1
2 E2 + D3


ν3

= µT1 (F1 − E1D
−1
2 E2)ν3

= γT1 L−1
1 (F1 − E1D

−1
2 E2)

(
LT3
)−1

γ3.

We have therefore established the following result.
Theorem 3.7. Adopt the notation prior to the theorem. Then the cosine of the

angle between X⊥
j and ∩ki=j+1X⊥

i is given by the �2 norm of the matrix L−1
1 (F1 −

E1D
−1
2 E2)

(
LT3
)−1

.
An easy adjustment needs to be made to the above theorem if there is no overlap

between the sets Xj and Yj+1. In this case, we write the block matrix as

K =

(
D1 F1

B3 D3

)
,

and find that the angle between the subspaces Xj and Yj+1 is the �2 norm of the
matrix L−1

1 F1(L
T
3 )−1, where L1L

T
1 = D1 and L3L

T
3 = D3.

4. Numerical results of a domain decomposition code. In this section we
will briefly discuss some aspects of the implementation and performance of a domain
decomposition interpolation code employing some of the previous mathematics. As
in section 3, it will be convenient to denote a finite set of distinct points by X and
the space of functions “carried” by that set by X .

We list below what we see as the essential ingredients of a domain decomposition
code for fitting a globally supported radial basis function by interpolation.

Essential ingredients for a domain decomposition interpolatory fitter.

(i) A method for subdividing space.
(ii) An efficient and scale independent method for solving small interpolation sub-

problems. The solutions to the small problems will be used to precondition,
or approximately solve, the large problem.
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(iii) A fast method for computing the action of the large interpolation matrices
that occur at various scales.

(iv) An outer iteration.
The method for subdividing space of item (i) above will be used to form the

subdomains. Currently we are using a point ordering related to a balanced nD-
tree [17] to subdivide space into rectangular boxes. Given that the solution of the
large system is to be built upon the solution of many small systems, the need for
item (ii) above is clear. This need is filled by, and indeed partly motivated, section 2
of this paper. All matrix iterative methods of which we are aware require at least
one matrix-vector product per iteration. Therefore, a prerequisite for the overall
method to achieve convergence in O(N), or O(N logN), operations is that a single
matrix-vector product costs at most O(N) or O(N logN) operations. Thus, for large
interpolation problems with globally supported radial basis functions, item (iii) in
the list above, a fast way of computing the action of the interpolation matrix on a
vector is absolutely essential. Fortunately, such fast evaluators are becoming available
for more and more functions Φ. Item (iv) of the list consists of any suitable means
of updating the current approximation to the interpolant using the current residuals
and quantities derived from the residuals by interpolation on subdomains. It may
be as simple as incrementing the current approximation to the interpolant by an
approximate interpolant to the current residual.

A simplified two-level code built upon the parts specified in the ingredients list
is given below. The method described is a variant of additive Schwarz as opposed to
the multiplicative Schwarz method analyzed in section 3.

A simplified domain decomposition interpolation code.
INPUT

Input the finite node set X, the right-hand side f , and the desired
accuracy ε.

SETUP

(1) Subdivide space (that is, X) into overlapping subdomains
{Xj : j = 1, . . . ,m}. For each subdomain classify some
points as inner points and some as outer, such that the union
of all the inner points is the whole node set.

(2) Choose a coarse grid Y (2) containing some points from each
inner subdomain.

(3) Form and factor the matrices required to solve the radial basis
function (RBF) interpolation problems on the subdomains.
Throughout, rg, sg, λg and cg will denote the current residual,
the current approximation to the interpolant and parameters
of the current approximation to the interpolant at the finest,
or global, level.

(5) rg ← f , sg ← 0, λg ← 0, and cg ← 0.

ITERATIVE SOLUTION

(1) while ‖rg‖ > ε
(2) λ ← 0. λ is the coefficient vector of the fine level correc-

tion.
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(3) for j = 1 to m
(4) Set the coefficients λi corresponding to inner points of

Xj to the coefficients of the interpolant from the spline
space Xj to rg|Xj .

(5) end for
(6) Correct λ to be orthogonal to πk−1.
(7) s1 ←

∑
λjΦ(·, xj).

(8) Evaluate the residual r1 ← rg − s1 at the coarse grid
points.

(9) Interpolate to r1 at the coarse grid points Y (2) using a
spline s2 (including the polynomial part) from Y(2).

(10) sg ← sg + s1 + s2.
(11) Reevaluate the global residuals rg ← f − sg at all the

points of X.
(12) end while

Clearly there are many choices here. For example, one can use a multiplicative
Schwarz (block Gauss–Seidel) like update, rather than the additive Schwarz (block Ja-
cobi) like update of the coefficient vector λ. The analysis of section 3 guarantees that
such a multiplicative Schwarz updated version will converge. Note for the analysis to
apply one must at step 4 of the iterative solution update all the λi’s corresponding
to Xj , not just those for inner points. As is well known [24], an advantage of additive
Schwarz is that it is easier to parallelize as the changes to blocks of coefficient vectors
can be made in parallel. Furthermore, in our application, the evaluation of the resid-
uals, typically performed with a variant of the fast multipole method, is also easily
parallelized.

Other choices occur in the evaluation of the residuals. There is usually more
than one applicable fast evaluation algorithm, and even when the overall fast evalu-
ation algorithm is fixed, there are many detailed implementation decisions to make.
Another possibility is to view the forming of the correction function s1 + s2 as the
action of a preconditioning matrix B on the current residual vector rg. It is then
natural to employ some matrix iterative method, for example GMRES, in the outer
iteration. Furthermore, for really large data sets one clearly employs more than
two levels.

A single pass through the main while loop of the iterative process sketched above
can be viewed as a linear process on the input residuals. Therefore, one can represent
the process as a mapping rg → Rrg. The convergence of the iteration will then be
characterized by the spectral radius of this residual matrix R. Numerical experiments
show that if coarse grid correction is absent, then even with subdomain overlap,
the spectral radius of R can be large. Further, these experiments show that the
eigenvectors corresponding to the largest magnitude eigenvalue typically represent
a low frequency oscillation. Correction by interpolation at coarse grid points can
be expected to damp out such low frequency oscillations. Experiments involving
calculation of the spectral radius of R, with coarse grid correction, show that this
expectation is realized. Specifically calculations of the spectral radius of R have been
performed for small model problems and the thin-plate spline in two dimensions. The
results are tabulated in Table 3. They show that, as expected, the spectral radius of
R is generally small and becomes smaller as the amount of overlap, or the size of the
correction grid, is increased.
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Table 3
Spectral radius of the residual matrix for four subdomains and various values of overlap and

correction size. The grids are all uniform subdivisions of the unit square. The interpolant considered
is the thin-plate spline.

Correction Fine Number of overlap rows/columns
grid grid

2 3 4

10× 10 1.391(-1) 9.152(-2) 5.290(-2)
3× 3 20× 20 1.769(-1) 1.463(-1) 1.355(-1)

40× 40 3.338(-1) 1.823(-1) 1.755(-1)

10× 10 5.606(-2) 4.186(-2) 3.374(-2)
4× 4 20× 20 2.479(-1) 5.758(-2) 5.145(-2)

40× 40 6.975(-1) 1.556(-1) 6.404(-2)

Table 4
Performance of the current C domain decomposition implementation. The table gives times

in seconds to fit the Franke 1 function until the residual is of magnitude less than 1.0 × 10−6. All
computations were carried out using doubles (64 bit reals). The node sets were randomly distributed
in [0, 1]2 and the timings performed on a generic machine with an Intel Celeron processor running
at 450 MHz.

Number of Number of Time taken
nodes level 1 in

iterations seconds
10,000 8 7.0
20,000 8 17.5
40,000 6 35.5
80,000 6 105.7

160,000 7 407.8

The current C implementation is specialized to fitting 2- and 3-dimensional poly-
harmonic splines. This was due mostly to the suitability of these splines for some large
geophysical and image processing problems motivating our work. A subsidiary reason
was that we had in place fast evaluation codes for these functions. However, the ideas
and the mathematics of the previous sections apply in the much more general setting
of interpolants based upon sums of translates of any strictly conditionally positive
definite function Φ. Furthermore, fast evaluation schemes are now being developed
for a wide variety of basic functions. Thus we expect the domain decomposition ap-
proach to have wide applicability. The existing code has been successfully used to
fit data sets of up to 5 million points in 2 dimensions, and up to 250,000 points in
3 dimensions. It is being steadily improved in sophistication, speed, and memory
footprint.

The O(N2) storage requirements, and O(N3) operation counts of direct methods,
imply that direct solution of problems with greater than 10,000 centers will be very
time consuming, even on very well-endowed machines. Indeed, as late as 1992, many
authors have commented on the impracticality of direct, or even iterative, solution of
such large RBF interpolation problems. See the quotes in [1]. Bearing this history in
mind, the timings in Table 4 are highly satisfactory. They are for interpolation to the
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Franke 1 function

F (1)(ξ, η) =
3

4
exp

(
− (9ξ − 2)2 + (9η − 2)2

4

)
+

3

4
exp

(
− (9ξ + 1)2

49
− 9η + 1

10

)

+
1

2
exp

(
− (9ξ − 7)2 + (9η − 3)2

4

)
− 1

5
exp

(−(9ξ − 4)2 − (9η − 7)2
)
.

To the best of our knowledge these timings are superior at the time of writing to
those achieved by any competing RBF fitting code. The closest competitors in terms
of performance on large problems are the preconditioned GMRES iterative methods
discussed in [1]. These are slower but much easier to implement. Numerical experience
with the domain decomposition code seems to indicate an approximately O(N logN)
complexity.

Acknowledgment. We are grateful to Tim Mitchell of the University of Can-
terbury for his careful efforts in coding various versions of the method.

REFERENCES

[1] R.K. Beatson, J.B. Cherrie, and C.T. Mouat, Fast fitting of radial basis functions: Methods
based on preconditioned GMRES iteration, Adv. Comput. Math., 11 (1999), pp. 253–270.

[2] T.F. Chan and T.P. Mathew, Domain decomposition algorithms, in Acta Numer. 1994, Cam-
bridge University Press, 1994, pp. 61–143.

[3] F. Deutsch and H. Hundal, The rate of convergence of Dykstra’s cyclic projections algorithm:
The polyhedral case, Numer. Funct. Anal. Optim., 15 (1994), pp. 537–565.

[4] A.C. Faul and M.J.D. Powell, Proof of the Convergence of an Iterative Technique for
Thin Plate Spline Interpolation in Two Dimensions, Numerical Analysis Technical Re-
port DAMTP 1998/NA08, Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Cambridge, UK, 1998.

[5] C. Hamaker and D.C. Solmon, The angles between the null spaces of X-rays, J. Math. Anal.
Appl., 62 (1978), pp. 1–23.

[6] S. Kacmarz, Angenaherte auflosung von systemen linearer gleichungen, Bull. Acad. Polon.
Sci. Lett., A (1937), pp. 355–357.

[7] S. Kayalar and H.L. Weinert, Error bounds for the method of alternating projections, Math.
Control Signal Systems, 1 (1988), pp. 43–59.

[8] W.A. Light and H.S.J. Wayne, Spaces of distributions and conditionally positive definite
functions, Numer. Math., 81 (1999), pp. 415–450.

[9] W. Madych and S. Nelson, Multivariate interpolation and conditionally positive definite
functions, Approx. Theory Appl., 4 (1988), pp. 77–89.

[10] W. Madych, Miscellaneous error bounds for multiquadric and related interpolators, Comput.
Math. Appl., 24 (1992), pp. 121–138.

[11] C.A. Micchelli, Interpolation of scattered data: Distance matrices and conditionally positive
definite functions, Constr. Approx., 2 (1986), pp. 11–22.

[12] F. Narcowich and J.D. Ward, Norms of inverses and condition numbers for matrices asso-
ciated with scattered data, J. Approx. Theory, 64 (1991), pp. 69–94.

[13] J. von Neumann, On rings of operators. Reduction theory, Ann. of Math. (2), 50 (1949), pp.
401–485.

[14] J. von Neumann, Functional Operators, Vol. II: The Geometry of Orthogonal Spaces, Prince-
ton University Press, Princeton, NJ, 1950.

[15] G.N. Newsam, private communication, Adelaide, Australia, 1996.
[16] M.J.D. Powell, Some algorithms for thin plate spline interpolation to functions of two vari-

ables, in Adv. Comput. Math., H.P. Dikshit and C.A. Micchelli, eds., World Scientific
Publishing Co., New Delhi, India, 1993, pp. 303–319.

[17] H. Samet, The Design and Analysis of Spatial Data Structures, Addison–Wesley, New York,
1989.

[18] R. Schaback, Comparison of radial basis function interpolants, in Multivariate Approxima-
tions: From CAGD to Wavelets, K. Jetter and F. Utreras, eds., World Scientific, Singapore,
1993, pp. 293–305.



1740 R. K. BEATSON, W. A. LIGHT, AND S. BILLINGS

[19] R. Schaback, Multivariate interpolation and approximation by translates of a basis function,
in Approximation Theory VIII, Vol. 1, Approximation and Interpolation, C. K. Chui and
L. L. Schumacker, eds., World Scientific, Singapore, 1995, pp. 491–514.

[20] R. Schaback and H. Wendland, Numerical techniques based on radial basis functions, in
Curves and Surface Fitting: Saint-Malo 1999, A. Cohen, C. Rabut, and L.L. Schumaker,
eds., Vanderbilt University Press, Nashville, TN, 2000, pp. 359–374.

[21] I.J. Schoenberg, Metric spaces and completely monotone functions, Ann. Math. (2), 39 (1938),
pp. 811–841.

[22] H.S. Shapiro, Topics in Approximation Theory, Lecture Notes in Math., 187, Springer-Verlag,
New York, 1971.

[23] R. Sibson and G. Stone, Computation of thin-plate splines, SIAM J. Sci. Statist. Comput.,
12 (1991), pp. 1304–1313.

[24] B. Smith, P. Bjorstad, and W. Gropp, Domain Decomposition: Parallel Multilevel Methods
for Partial Differential Equations, Cambrige University Press, Cambridge, UK, 1996.

[25] K.T. Smith, D.C. Solmon, and S.L. Wagner, Practical and mathematical aspects of the
problem of reconstructing objects from radiographs, Bull Amer. Math. Soc., 83 (1977), pp.
1227–1270.

[26] H.J. Wenz, Projection methods for solving interpolation problems with radial basis functions,
presented to Curves and Surfaces, Saint-Malo, France, 1999.



PRECONDITIONERS FOR ILL-CONDITIONED TOEPLITZ
SYSTEMS CONSTRUCTED FROM POSITIVE KERNELS∗

DANIEL POTTS† AND GABRIELE STEIDL‡

SIAM J. SCI. COMPUT. c© 2001 Society for Industrial and Applied Mathematics
Vol. 22, No. 5, pp. 1741–1761

Abstract. In this paper, we are interested in the iterative solution of ill-conditioned Toeplitz
systems generated by continuous nonnegative real-valued functions f with a finite number of zeros.
We construct new w-circulant preconditioners without explicit knowledge of the generating function
f by approximating f by its convolution f ∗ KN with a suitable positive reproducing kernel KN .
By the restriction to positive kernels we obtain positive definite preconditioners. Moreover, if f has
only zeros of even order ≤ 2s, then we can prove that the property

∫ π

−π
t2kKN (t) dt ≤ CN−2k

(k = 0, . . . , s) of the kernel is necessary and sufficient to ensure the convergence of the PCG method
in a number of iteration steps independent of the dimension N of the system. Our theoretical results
were confirmed by numerical tests.
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1. Introduction. In this paper, we are concerned with the iterative solution of
sequences of “mildly” ill-conditioned Toeplitz systems

ANxN = bN ,

where AN ∈ C
N,N are positive definite Hermitian Toeplitz matrices generated by a

continuous nonnegative function f which has only a finite number of zeros. Often
these systems are obtained by discretization of continuous problems (partial differen-
tial equation, integral equation with weakly singular kernel) and the dimension N is
related to the grid parameter of the discretization. For further applications, see [12]
and the references therein.

Iterative solution methods for Toeplitz systems, in particular the conjugate gra-
dient method (CG method), have attained much attention during the last years. The
reason for this is that the essential computational effort per iteration step, namely, the
multiplication of a vector with the Toeplitz matrixAN , can be reduced to O(N logN)
arithmetical operations by fast Fourier transforms (FFTs). However, the number of
iteration steps depends on the distribution of the eigenvalues of AN . If we allow the
generating function f to have isolated zeros, then the condition numbers of the re-
lated Toeplitz matrices grow polynomial with N and the CG method converges very
slowly [8, 28, 45]. Therefore, the real task consists in the construction of suitable
preconditioners MN of AN so that the number of iteration steps of the correspond-
ing preconditioned CG method (PCG method) becomes independent of N . Here it is
useful to recall a result of Axelsson [1, p. 573] relating the spectrum of the coefficient
matrix to the number of iteration steps to achieve a prescribed precision.
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†Medical University of Lübeck, Institut of Mathematics, Wallstr. 40, D–23560 Lübeck, Germany
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Theorem 1.1. Let A be a positive definite Hermitian (N,N)-matrix which has
p and q isolated large and small eigenvalues, respectively:

0 < λ1 ≤ λ2 ≤ · · · ≤ λq < a ≤ λq+1 ≤ · · · ≤ λN−p ≤ b

< λN−p+1 ≤ λN−p+2 ≤ · · · ≤ λN (0 < a < b <∞).

Let �x� denote the smallest integer ≥ x. Then the CG method for the solution of
Ax = b requires at most

n =

⌈(
ln

2

τ
+

q∑
k=1

ln
b

λk

)/
ln

1 + (ab )
1/2

1− (ab )
1/2

⌉
+ p+ q

iteration steps to achieve precision τ , i.e.,

||xn − x||A
||x0 − x||A ≤ τ ,

where ||x||A :=
√
x̄′Ax and where xn denotes the numerical solution after n iteration

steps.
In literature two kinds of preconditioners were mainly exploited, namely banded

Toeplitz matrices and matrices arising from a matrix algebraAON
:= {Ō′

N (diagd)ON :
d ∈ C

N}, where ON denotes a unitary matrix.
For another approach by multigrid methods see, for example, [23].
Various banded Toeplitz preconditioners were examined [10, 5, 40, 36, 41]. It

was proved that the corresponding PCG methods converge in a number of iteration
steps independent of N . However, there is the significant constraint that the cost
per iteration of the proposed procedure should be upper-bounded by O(N logN).
This implies some conditions on the growth of the bandwidth of the banded Toeplitz
preconditioners [41].

The above constraint is trivially fulfilled if we chose preconditioners from matrix
algebras, where the unitary matrix ON has to allow an efficient multiplication with
a vector in O(N logN) arithmetical operations. Up to now, the only preconditioners
of the matrix algebra class which ensure the desired convergence of the corresponding
PCG method are the preconditioners proposed in [31, 25]. Unfortunately, the con-
struction of these preconditioners requires the explicit knowledge of the generating
function f .

Extensive examinations were done with natural and optimal Tau preconditioners
[6, 3]. Only for sufficiently smooth functions, where the necessary smoothness depends
on the order of the zeros of f , the natural Tau preconditioners become positive definite
and lead to the desired location of the eigenvalues of the preconditioned matrices. The
optimal Tau preconditioner is in general a bad choice if f has zeros of order > 2 (cf.
[6]).

In this paper, we combine our approach in [31] with the approximation of f by
its convolution with a reproducing kernel KN . The kernel approach was given in
[15] for positive generating functions. Interesting tests with B-spline kernels were
performed by Chan, Tso, and Sun in [14]. The advantage of the kernel approach is
that it does not require the explicit knowledge of the generating function. However,
for our theoretical proofs we need some knowledge about the location of the zeros of
the generating function f . See the remarks at the end of this section. We restrict
our attention to positive kernels. This ensures that our preconditioners are positive
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definite. Suppose that f has only zeros of even order ≤ 2s. Then we prove that under
the moment condition∫ π

−π
t2kKN (t) dt ≤ CN−2k (k = 0, . . . , s)

on the kernels KN , the eigenvalues of M
−1
N AN are contained in some interval [a, b]

(0 < a ≤ b <∞) except for a fixed number (independent of N) of eigenvalues falling
into [b,∞) so that PCG converges in O(1) steps.

Note that the above kernel property with s = 1 implies for sufficiently smooth f
the Jackson result

||f −KN ∗ f ||∞ ≤ N−2ω(f (2), 1/N) ,

where ω denotes the modulus of continuity. On the other hand, the classical saturation
result of Korovkin [29, 21] states that we cannot expect a convergence speed of ||f −
KN ∗ f ||∞ better than N−2 even in the presence of very regular functions f .

This paper is organized as follows: In section 2, we introduce our w-circulant
positive definite preconditioners. We show how the corresponding PCG method can
be implemented with only O(N) arithmetical operations per step more than the orig-
inal CG method. Section 3 is concerned with the location of the eigenvalues of the
preconditioned matrices. We will see that under some assumptions on the kernel the
number of CG iterations is independent of N . Special kernels as Jackson kernels and
B-spline kernels are considered in section 5. In section 6, we sketch how our ideas
can be extended to (real) symmetric Toeplitz matrices with trigonometric precondi-
tioners and to doubly symmetric block Toeplitz matrices with Toeplitz blocks (BTTB
matrix). Finally, section 7 contains numerical results.

After sending our manuscript to the SIAM Journal of Scientific Computing, R. H.
Chan informed us that his group produced results similar to those in our preprint. See
[16], and for a refined version, see [17]. The construction of circulant preconditioners
of Chan et al. is only based on Jackson kernels and the proofs are different from
ours. By a trick (see [16, Theorem 4.2]), which can also be applied to our w-circulant
preconditioners, the authors need no knowledge about the location of the zeros of f .

2. Preconditioners from kernels. Let C2π denote the Banach space of 2π-
periodic real-valued continuous functions with norm

‖f‖∞ := max
x∈[−π,π]

|f(x)| .

We are interested in the solution of Hermitian Toeplitz systems

ANx = b, AN = AN (f) := (aj−k)N−1
j,k=0,(2.1)

ak = ak(f) :=
1

2π

∫ 2π

0

f(x) e−ikx dx

generated by a nonnegative function f ∈ C2π which has only a finite number of zeros.
By [10], the matrices AN (f) are positive definite such that (2.1) can be solved by
the CG method. Unfortunately, since the generating function f ∈ C2π has zeros,
the related Toeplitz matrices are asymptotically ill-conditioned and the CG method
converges very slowly. To accelerate the convergence of the CG method, we are looking
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for suitable preconditioners of AN , where we do not suppose the explicit knowledge
of the generating function f . To reach our aim, we use reproducing kernels. This
method was originally proposed for Toeplitz matrices arising from positive functions
f ∈ C2π in [15].

In [14] Chan, Tso, and Sun showed by numerical tests that preconditioners from
special kernels related to B-splines can improve the convergence of the CG method
also if f ≥ 0 has zeros of various order. A theoretical proof of R. H. Chan’s results
was open up to now.

In this paper, we restrict our attention to even trigonometric polynomials

KN (x) := cN,0 + 2

N−1∑
k=1

cN,k cos kx , cN,k = ak(KN ) .(2.2)

If

1

2π

∫ 2π

0

KN (x)dx = cN,0 = 1(2.3)

and KN ≥ 0, then KN is called a positive (trigonometric) kernel. As main examples
of such kernels, we consider generalized Jackson polynomials and B-spline kernels in
section 4. For f ∈ C2π, let fN denote the convolution of f with KN , i.e.,

fN (x) = (f ∗KN )(x) :=
1

2π

∫ 2π

0

f(t)KN (x− t) dt,(2.4)

or equivalently, in the Fourier domain

fN (x) =

N−1∑
k=−(N−1)

ak(f)cN,k e
ikx .(2.5)

We consider so-called reproducing kernels KN (N ∈ N) with the property that

lim
N→∞

‖f − fN‖∞ = 0(2.6)

for all f ∈ C2π.
We chose grids GN (N ∈ N) consisting of equispaced nodes

xN,l := wN +
2πl

N

(
l = 0, . . . , N − 1; wN ∈

[
0,
2π

N

))
(2.7)

such that f(xN,l) �= 0 for all l = 0, . . . , N − 1. Note that the choice of the grids
requires some preliminary information about the location of the zeros of f . By a
trick (cf. [16]) this restriction can be neglected if we accept some more outliers. We
consider matrices of the form

MN (f) :=WNFNDN (f)F̄NW̄N(2.8)

with

FN :=
1√
N

(
e−2πijk/N

)N−1

j,k=0
, WN := diag ( e−ikwN )N−1

k=0 ,

DN (f) = diag (f(xN,l))
N−1
l=0 .
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Obviously, the matrices MN can be written as

MN (f) =




ã0 ãN−1 e
iNwN · · · ã1 e

iNwN

ã1 ã0

...
. . .

...
ãN−1 . . . . . . ã0




with

ãk = ãk(f) :=
1

N

N−1∑
l=0

f(xN,l) e
−ikwN e−2πikl/N .(2.9)

These are ( eiNwN )-circulant matrices (see [20]). In particular, we obtain circulant
matrices for wN = 0 and skew-circulant matrices for wN = π

N .
As preconditioners for (2.1), we suggest matrices of the form

MN :=MN (fN )(2.10)

with suitable positive reproducing kernels KN . By (2.5), the construction of these
preconditioners requires only the knowledge of the Toeplitz matrices AN . It is not
necessary to know the generating function f explicitly. However, for the theoretical
results in this paper, we must have some information about the location of the zeros
of f . Note that by a trick in [16] this information is also superfluous. Here we point
out that the auxiliary nontrivial problem of finding some crucial analytic properties
of the generating function f has been treated and partially solved in [40].

Moreover, our preconditioners have the following desirable properties.
1. Since f ≥ 0 with a finite number of zeros andKN is a positive kernel, it follows

by (2.4) that fN > 0. Thus, the matrices MN (fN ) are positive definite.
2. In the following section, we will prove that under certain conditions on the

kernelsKN , the eigenvalues ofM
−1
N AN are bounded from below by a positive

constant independent of N and that the number of isolated eigenvalues of
M−1

N AN is independent of N . Then, by Theorem 1.1, the number of PCG
steps to achieve a fixed precision is independent of N .

3. By construction (2.8), the multiplication of MN with a vector requires only
O(N logN) arithmetical operations by using FFT techniques. By a technique
presented in [26] it is possible to implement a PCG method with precondi-
tionerMN which takes only O(N) instead of O(N logN) arithmetical oper-
ations per iteration step more than the original CG method with respect to
AN .

3. Eigenvalues of M−1
N AN . In this section, we prove that under certain as-

sumptions on the kernels KN the eigenvalues of M−1
N AN are bounded from below

by a positive constant independent of N and that the number of isolated eigenvalues
of M−1

N AN is independent of N . For the proof of our main result, we need some
preliminary lemmas.

Lemma 3.1. Let p ∈ C2π be a nonnegative function which has only a finite
number of zeros. Let h ∈ C2π be a positive function with

hmin := min
x∈[0,2π]

h(x) , hmax := max
x∈[0,2π]

h(x) .

Then, for f := ph and any N ∈ N, the eigenvalues of A−1
N (p)AN (f) lie in the interval

[hmin, hmax].
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The proof can be found, for example, in [5, 10, 31]. A more sophisticated version
for f, g ∈ L1 was proved in [38, 37].

Lemma 3.2. Let p be a real-valued nonnegative trigonometric polynomial of degree
≤ s. Let N ≥ 2s. Then at most 2s eigenvalues of MN (p)

−1AN (p) differ from 1.
Proof. For arbitrary f ∈ C2π with pointwise convergent Fourier series, we obtain

by replacing f(xN,l) in (2.9) by the Fourier series of f at xN,l

ãk =
1

N

N−1∑
l=0

∑
j∈Z

aj e
ijxN,l e−2πilk/N e−ikwN

=

N−1∑
j=0

aj e
−iwNk eiwN j

(
1

N

N−1∑
l=0

e−2πilk/N e2πilj/N

)

+
N−1∑
j=0

∑
r∈Z\{0}

aj+rNe
−iwNk eiwN (j+rN)

(
1

N

N−1∑
l=0

e−2πilk/N e2πilj/N

)

= ak +
∑

r∈Z\{0}
ak+rN eiwNrN .

This is well known as aliasing effect. Then it follows that

AN (f) =MN (f)−BN (f) ,(3.1)

where

BN (f) := (bj−k(f))N−1
j,k=0 , bk(f) :=

∑
r∈Z\{0}

ak+rN (f) e
iwNrN .

We consider f = p. Since p is of degree smaller than s ≤ N
2 , we have that bk(p) = 0

for |k| ≤ N − 1− s. Consequently, BN (p) is of rank ≤ 2s. Now the assertion follows
by (3.1).

In what follows, we restrict our attention to Toeplitz matrices having a nonnega-
tive generating function f ∈ C2π with a zero of even order 2s (s ∈ N) at x = 0.

We use the trigonometric polynomial

ps(x) := (2− 2 cosx)s =
(
2 sin

x

2

)2s

=

s∑
k=0

αk cos kx (s ≥ 1)(3.2)

of degree s which also has a zero of order 2s at x = 0.
The convergence of our PCG method is related to the behavior of the grid func-

tions

qs,N (x) :=
ps,N (x)

ps(x)
(x ∈ GN ) ,(3.3)

where ps,N (x) := (ps ∗KN )(x). More precisely, for the proof of our main theorem, we
need that {qs,N (x)}N∈N is bounded for all x ∈ GN from above and below by positive
constants independent of N . This will be the content of the following lemmas.

First, we see that the above property follows immediately for all grid points
x ∈ GN having some distance independent of N from the zero of f .
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Lemma 3.3. Let GN be defined by (2.7) with wN �= 0. Let {KN}N∈N be a
sequence of positive even reproducing kernels, and let qs,N be given by (3.3). Then,
for xN ∈ GN ∩ [a, b] ([a, b] ⊂ (0, 2π)) and for every ε > 0 there exists N(ε) such that

1− ε ≤ qs,N (xN ) ≤ 1 + ε

for all N ≥ N(ε).
Proof. Since xN ∈ [a, b] (N ∈ N) for some a > 0, b < 2π, we have that

ps(xN ) ≥ min{ps(a), ps(b)} > 0 .

Further, we obtain by (2.6) that for every ε > 0 there exists N(ε) such that

|ps(x)− ps,N (x)| ≤ εmin{ps(a), ps(b)} (x ∈ [0, 2π))
for all N ≥ N(ε). By rewriting (3.3) in the form

qs,N (xN ) = 1 +
ps,N (xN )− ps(xN )

ps(xN )

we obtain the assertion.
By Lemma 3.3, it remains to consider the sequences {qs,N (xN )}N∈N for xN ∈ GN

with xN → 0 for N →∞ or with xN → 2π for N →∞. Since both cases require the
same ideas, we consider xN ∈ GN with

lim
N→∞

xN = 0 .

The existence of a lower bound of {qs,N (xN )}N∈N does not also require additional
properties of the kernel KN .

Lemma 3.4. Let GN be defined by (2.7) with wN �= 0. Let {KN}N∈N be a
sequence of positive even reproducing kernels, and let qs,N be given by (3.3). Then,
for xN ∈ GN with limN→∞ xN = 0, there exists a constant α > 0 independent of N
such that

α ≤ qs,N (xN ).

Proof. By definition of qs,N and ps,N , we have that

qs,N (xN ) =
1

2π

∫ 2π

0

ps(t)

ps(xN )
KN (xN − t) dt

and since ps ≥ 0 and KN ≥ 0, we obtain for xN < π that

qs,N (xN ) ≥ 1

2π

∫ π

xN

ps(t)

ps(xN )
KN (xN − t) dt .

The polynomial ps is monotonely increasing on [0, π]. Thus

qs,N (xN ) ≥ 1

2π

∫ π

xN

KN (xN − t) dt .

Since KN is even and fulfills (2.3), we get for any sequence xN ∈ GN (xN < π) with
limN→∞ xN = 0 that

qs,N (xN ) ≥ 1

2π

∫ π−xN

0

KN (t) dt ≥ const .
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It remains to examine if

qs,N (xN ) =
ps,N (xN )

ps(xN )
≤ β

for any xN ∈ GN with limN→∞ xN = 0. Here the “moment property” comes into
play.

Lemma 3.5. Let GN (n ∈ N) be defined by (2.7) with

0 < w ≤ wNN ≤ w̃ < 2π .(3.4)

Let {KN}N∈N be a sequence of positive even kernels, and let qs,N (s ≥ 1) be given by
(3.3). Then there exists a constant β <∞ independent of N such that

qs,N (xN ) ≤ β

for all xN ∈ GN with limN→∞ xN = 0 if and only if KN fulfills the “moment property”∫ π

−π
t2kKN (t) dt = O(N−2k) (k = 0, . . . , s) .(3.5)

Note that the restriction (3.4) on the grids GN means that we have for any
xN ∈ GN that w/N ≤ xN .

Proof. Since sin2 x ≤ x2 for all x ∈ R, we obtain by (3.2) that

ps(x) ≤ x2s (x ∈ R) .(3.6)

Similarly, we have for any fixed 0 ≤ y ≤ π/2 that

sin2 x ≥
(
2

π

π
2 − y
π
2 + y

)2

x2
(
x ∈

[
−π
2
− y, π

2
+ y
])

and hence

ps(x) ≥
(
2

π

)2s( π
2 − y
π
2 + y

)2s

x2s (x ∈ [−π − 2y, π + 2y]) .(3.7)

Using (3.6), we conclude by KN ≥ 0 that

ps,N (x) =
1

2π

∫ π

−π
ps(x− t)KN (t) dt

≤ 1

2π

∫ π

−π
(x− t)2sKN (t) dt

=
1

2π

2s∑
k=0

(
2s

k

)
(−1)kx2s−k

∫ π

−π
tkKN (t) dt (x ∈ [−π, π))

and since KN is even

ps,N (x) ≤ 1

2π

s∑
k=0

(
2s

2k

)
x2s−2k

∫ π

−π
t2kKN (t) dt .

Let KN satisfy (3.5). Then

ps,N (x) ≤ c

2π

s∑
k=0

(
2s

2k

)
x2s−2kN−2k .
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By (3.4), we have for any grid sequence xN ∈ GN that xN ≥ w/N . Consequently,

ps,N (xN ) ≤ C x2s
N .

By (3.7) this implies that there exists β <∞ independent of N so that qs,N (xN ) ≤ β.
On the other hand, we see by (3.7) with y := π/4 that

ps,N (x) =
1

2π

∫ π

−π
ps(x− t)KN (t) dt

≥ 1

2π

(
2

3π

)2s s∑
k=0

(
2s

2k

)
x2s−2k

∫ π

−π
t2kKN (t) dt

(
x ∈

[
−π
2
,
π

2

])
.

By definition of GN , there exists a grid sequence {xN}N∈N so that xN approaches
zero as N−1 (N → ∞). Assume that KN does not fulfill (3.5). Then we obtain for
the above sequence that ps,N (xN ) ≥ cN−2s+ε (ε > 0), while we have by (3.6) that
ps(xN ) = O(N−2s). Thus qs,N (xN ) cannot be bounded from above. This completes
the proof.

By Lemmas 3.3–3.5, we obtain that for grids GN defined by (2.7) and (3.4) and
for even positive reproducing kernels with (3.5) there exist

0 < α := inf{qs,N (x) : x ∈ GN ;N ∈ N},
∞ > β := sup{qs,N (x) : x ∈ GN ;N ∈ N}.(3.8)

Now we can prove our main theorem.
Theorem 3.6. Let {AN (f)}N∈N be a sequence of Toeplitz matrices generated by

a nonnegative function f ∈ C2π which has only a zero of order 2s (s ∈ N) at x = 0.
Let the grids GN be defined by (2.7) and (3.4). Assume that {KN}N∈N is a sequence
of even positive reproducing kernels satisfying (3.5). Finally, let MN (fN ) be defined
by (2.10). Then we have the following results:

(i) The eigenvalues of MN (fN )
−1AN (f) are bounded from below by a positive

constant independent of N .
(ii) For N ≥ 2s, at most 2s eigenvalues of MN (fN )

−1AN (f) are not contained
in the interval [ hmin

β hmax
, hmax

αhmin
]. Here α, β are given by (3.8) and hmin, hmax are defined

as in Lemma 3.1, where h := f/ps.
Proof. 1. To show (ii), we consider the Rayleigh quotient

ū′AN (f)u

ū′MN (fN )u
=

ū′AN (f)u

ū′AN (ps)u

ū′AN (ps)u

ū′MN (fN )u
(u �= oN ) .(3.9)

By Lemma 3.1, we have that

ū′AN (f)u

ū′AN (ps)u
∈ [hmin, hmax]

and thus, since the second factor on the right-hand side of (3.9) is positive,

hmin
ū′AN (ps)u

ū′MN (fN )u
≤ ū′AN (f)u

ū′MN (fN )u
≤ hmax

ū′AN (ps)u

ū′MN (fN )u
.(3.10)

By Lemma 3.2, we know that

AN (ps) = MN (ps) + RN (2s)
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with a matrix RN (2s) of rank 2s and consequently

ū′AN (f)u

ū′MN (fN )u
≤ hmax

ū′MN (ps)u

ū′MN (fN )u
+
ū′ hmaxRN (2s)u

ū′MN (fN )u
,

and

ū′ (AN (f)− hmaxRN (2s))u

ū′MN (fN )u
≤ hmax

ū′MN (ps)u

ū′MN (fN )u
.

Since KN and ps are nonnegative, we obtain by (2.4) and by definition of h that

hmin ps,N (x) ≤ fN (x) ≤ hmax ps,N (x) x ∈ [0, 2π] .

This implies by definition of MN (fN ) that

ū′ (AN (f)− hmaxRN (2s))u

ū′MN (fN )u
≤ hmax

hmin

ū′MN (ps)u

ū′MN (ps,N )u

and further by (3.3), (3.8) and since 0 < α ≤ β <∞ that

ū′ (AN (f)− hmaxRN (2s))u

ū′MN (fN )u
≤ hmax

αhmin

for all u �= oN . Assume that RN (2s) has s1 positive eigenvalues. Then, by properties
of the Rayleigh quotient and by Weyl’s theorem [24, p. 184] at most s1 eigenvalues of
MN (fN )

−1AN (f) are larger than
hmax

αhmin
. Similarly, we obtain by consideration of the

left-hand inequality of (3.10) that at most 2s − s1 eigenvalues of MN (fN )
−1AN (f)

are smaller than hmin

β hmax
.

2. To show (i), we rewrite (3.9) as

ū′AN (f)u

ū′MN (fN )u
=

ū′AN (f)u

ū′AN (ps)u

ū′MN (ps)u

ū′MN (fN )u

ū′AN (ps)u

ū′MN (ps)u
(u �= oN ) .

As in the first part of the proof, we see that this implies

ū′AN (f)u

ū′MN (fN )u
≥ hmin

β hmax

ū′AN (ps)u

ū′MN (ps)u
.

Consequently, it remains to show that there exists a constant 0 < c <∞ such that

ū′AN (ps)u

ū′MN (ps)u
≥ 1

c
.

By (3.1), this is equivalent to

1 +
ū′BN (ps)u

ū′AN (ps)u
≤ c .

By the special structure of BN (ps) and AN (ps), assertion (i) follows as in the proof
of Theorem 4.3 in [3]. This completes the proof.

By the following theorem, the “moment property” (3.5) of the kernel is also
necessary to obtain good preconditioners.
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Theorem 3.7. Let {AN (f)}N∈N be a sequence of Toeplitz matrices generated by
a nonnegative function f ∈ C2π which has only a zero of order 2s (s ∈ N) at x = 0.
Let the grids GN be defined by (2.7) and (3.4). Assume that {KN}N∈N is a sequence
of even positive reproducing kernels which do not fulfill (3.5). Finally, letMN (fN ) be
defined by (2.10). Then, for arbitrary ε > 0 and arbitrary c ∈ N, there exist N(ε, c)
such that for all N ≥ N(ε, c) at least c eigenvalues ofMN (fN )

−1AN (f) are contained
in (0, ε).

The proof follows again the lines of the fundamental paper of Di Benedetto [3,
Theorem 5.4]. We include the short proof with respect to our background.

Proof. By the proof of Theorem 3.6, we have for all u �= o that

ū′AN (f)u

ū′MN (fN )u
≤ hmax

hmin

ū′AN (ps)u

ū′MN (ps,N )u
.

Hence it remains to show thatMN (ps,N )
−1AN (ps) has an arbitrary number of eigen-

values in (0, ε) for N sufficiently large. By (3.2) and [32, Theorem 3.1], we have that

TN+2s−2 := S
I
N+2s−2 diag

((
2 sin

jπ

2(N + 2s− 1)

)2s
)N+2s−2

j=1

SIN+2s−2

= SIN+2s−2 diag

(
s∑

k=0

αk cos
jkπ

N + 2s− 1

)N+2s−2

j=1

SIN+2s−2

=
1

2
stoep(2α0, . . . , αs, 0, . . . , 0) − 1

2
shank(α2, . . . , αs, 0, . . . , 0) ,

where SIN−1 := (2/N)1/2(sin (j+1)(k+1)π
N )N−2

j,k=0 is an orthogonal matrix and where
stoepa′ and shanka′ denote the symmetric Toeplitz matrix and the persymmetric
Hankel matrix with first row a′, respectively. Deleting the first s − 1 and the last
s− 1 rows and columns of TN+2s−2 we obtain AN (ps). Thus, we have by Courant’s
minimax theorem for the eigenvalues λ1(AN (ps)) ≤ · · · ≤ λN (AN (ps)) of AN (ps)
that

λj(AN (ps)) ≤ λj+2s−2(TN+2s−2) =

(
2 sin

j + 2s− 2

2(N + 2s− 1)

)2s

≤
(
j + 2s− 2

N + 2s− 1

)2s

.

The later result is due to a technique of Bini and Capovani [7, Proposition 4.2].
Consider AN (ps)− tMN (ps,N ). For t = 0, this matrix has positive eigenvalues, while
we have for arbitrary ε > 0 that

λj(AN (ps)− εMN (ps,N )) ≤ λj(AN (ps)) − ε λmin(MN (ps,N ))

≤
(
j + 2s− 2

N + 2s− 1

)2s

− ε ps,N (wN )

= N−2s

((
j + 2s− 2

1 + 2s−1
N

)2s

− ε
ps,N (wN )

N2s

)
.

Since KN does not fulfill (3.5), we have by Lemma 3.5 that

lim
N→∞

ps,N (wN )

N2s
=∞ .
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Thus, for j ≤ c independent of N and for sufficiently large N ≥ N(ε, c) the values
λj(AN (ps)−εMN (ps,N )) become negative. The eigenvalues of AN (ps)−tMN (ps,N )
are continuous functions of t. Since the smallest c eigenvalues pass from a posi-
tive value for t = 0 to a negative value for t = ε, there exist ε1, . . . , εc ∈ (0, ε)
such that AN (ps) − εjMN (ps,N ) has eigenvalue zero. This is equivalent to the fact
that MN (ps,N )

−1AN (ps) has an eigenvalue εj ∈ (0, ε), and we are done with the
proof.

The generalization of the above results for generating functions with different
zeros of even order

f(x) = (x− y1)2s1 . . . (x− ym)2sm f̃(x) (f̃ > 0)

is straightforward (see [18]). By applying the polynomial

p(x) :=

m∏
i=1

psi(x− yi)

instead of ps and following the above lines, we can show that for grids GN of the form
(2.7) with xN,l �= yi (l = 0, . . . , N − 1; i = 1, . . . ,m) and for kernels KN fulfilling
(3.5) with s := max{sj : j = 1, . . . ,m}, there exist constants 0 < α ≤ β < ∞ such
that for all x ∈ GN

α ≤ (p ∗KN )(x)

p(x)
≤ β .

4. Jackson polynomials and B-spline kernels. In this section, we consider
concrete positive reproducing kernels KN with property (3.5).

The generalized Jackson polynomials of degree ≤ N − 1 are defined by

Jm,N (x) = λm,N

(
sin(nx/2)

sinx/2

)2m

(m ∈ N) ,

where n := �N−1
m �+ 1 and where λm,N is determined by (2.3) [22, p. 203]. It is well

known [22, p. 204] that the generalized Jackson polynomials Jm,N are even positive
reproducing kernels which satisfy property (3.5) for

m ≥ s+ 1 .

In particular, J1,N is the Fejér kernel which is related to the optimal circulant pre-
conditioner [19, 15]. However, the Fejér kernel does not fulfill (3.5) for s ≥ 1 such
that we cannot expect a fast convergence of our PCG method if f has a zero of order
≥ 2. Our numerical tests confirm this result.

By Theorem 3.6, the generalized Jackson polynomials KN = Jm,N with m ≥ s+1
can be used for the construction of preconditioners. Note that preconditioners related
to Jackson kernels were also suggested in [39]. However, the construction of the
Fourier coefficients of Jm,N seems to be rather complicated. See also [10]. Therefore
we prefer the following B-spline kernels.

The “B-spline kernels” were introduced by Chan, Tso, and Sun in [14]. The au-
thors showed by numerical tests that preconditioners from B-spline kernels of certain
order seem to be good candidates for the PCG method. Applying the results of the
previous section, we are able to show the theoretical reasons for these results, at least
for the positive B-spline kernels.
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Let χ[0,1) denote the characteristic function of [0, 1). The cardinal B-splines Nm
(m ≥ 1) of order m are defined by

N1 := χ[0,1) , Nm+1 :=

∫ 1

0

N1(t) Nm(· − t) dt

and their centered version by

Mm := Nm

(
·+ m

2

)
.

Note that Mm is an even function with suppMm = [−m2 , m2 ] and that∫ ∞

−∞
Mm(t) e

−ixt dt =
(
sinc

x

2

)m
,(4.1)

where

sincx :=

{
sinx
x , x �= 0 ,

1, x = 0 .

Let the B-spline kernels Bm,N be defined by [14]

Bm,N (x) := 1 +
2

M2m(0)

N−1∑
k=1

M2m

(
mk

N

)
cos kx .

Note that B1,N again coincides with the Fejér kernel.
For the construction of the preconditioner, it is important that the Fourier coef-

ficient cN,k = M2m(
mk
N )/M2m(0) can be computed in a simple way, for example, by

applying a simplified version of de Boor’s algorithm [9, p. 54].
By (4.1), it is easy to check that Bm,N is a dilated, 2π-periodized version of

(sinc x
2 )

2m, i.e.,

Bm,N (x) =
N

m

1

M2m(0)

∑
r∈Z

(
sinc

(
N

m

(
x+ 2πr

2

)))2m

.(4.2)

Thus

Bm,N ≥ 0 (m ∈ N) .

Moreover, we obtain similar to the generalized Jackson polynomials the following
lemma.

Lemma 4.1. The B-spline kernels Bm,N satisfy (3.5) if and only if m ≥ s+ 1.
Proof. By (4.2), we obtain that∫ π

−π
t2k Bm,N (t) dt =

N

m

1

M2m(0)

∫ π

−π
t2k

∑
r∈Z

(
sinc

(
N

m

(
t+ 2πr

2

)))2m

dt

≤ N

m

1

M2m(0)

∫ ∞

−∞
t2k

(
sin
(
N
m
t
2

)
N
m
t
2

)2m

dt

=
2

M2m(0)

∫ ∞

−∞

(
2mu

N

)2k (
sinu

u

)2m

du

≤ cN−2k

∫ ∞

−∞
u2k−2m du ≤ C N−2k

for m ≥ k + 1. Thus, for m ≥ s+ 1 the kernels Bm,N satisfy property (3.5).
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On the other hand, we have that

∫ π

−π
t2k Bm,N (t) dt ≥ N

m

1

M2m(0)

∫ π

−π
t2k

(
sin N

m

(
t
2

)
N
m

(
t
2

)
)2m

dt

=
2

M2m(0)

∫ Nπ/(2m)

−Nπ/(2m)

(
2mu

N

)2k (
sinu

u

)2m

du

=
2 (2m)2k

M2m(0)
N−2k

∫ Nπ/(2m)

−Nπ/(2m)

(sinu)2m

u2m−2k
du .

If m ≤ k, then the last integral is not bounded for N → ∞. Thus, for m ≤ s, the
kernel Bm,N does not fulfill property (3.5).

By Theorem 3.6, the B-spline kernels KN = Bm,N with m ≥ s+ 1 produce good
preconditioners.

5. Generalizations of the preconditioning technique. In this section, we
sketch how our preconditioners can be generalized to (real) symmetric Toeplitz ma-
trices and to BTTB matrices. We will do this in a very short way since both cases do
not require new ideas. However, we have to introduce some notation to understand
the numerical tests in section 7.

Symmetric Toeplitz matrices. First, we suppose in addition to section 2 that the
Toeplitz matrices AN ∈ R

N,N are symmetric, i.e., the generating function f ∈ C2π is
even. Note that in this case, the multiplication of a vector with AN can be realized
using fast trigonometric transforms instead of FFTs (see [32]). In this way, complex
arithmetic can be completely avoided in the iterative solution of (2.1). This is one of
the reasons to look for preconditioners of type (2.8), where the Fourier matrix FN is
replaced by trigonometric matrices corresponding to fast trigonometric transforms. In
practice, four discrete sine transforms (DST I–IV) and four discrete cosine transforms
(DCT I–IV) were applied (see [46]). Any of these eight trigonometric transforms
can be realized with O(N logN) arithmetical operations (see, for example, [2, 44]).
Likewise, we can define preconditioners with respect to any of these transforms. In
this paper, we restrict our attention to the DST–II and DCT–II, which are determined
by the following transform matrices:

DCT–II : CII
N :=

(
2

N

)1/2 (
εNj cos

j(2k + 1)π

2N

)N−1

j,k=0

∈ R
N,N ,

DST–II : SIIN :=

(
2

N

)1/2 (
εNj+1 sin

(j + 1)(2k + 1)π

2N

)N−1

j,k=0

∈ R
N,N ,

where εNk := 2−1/2 (k = 0, N) and εNk := 1 (k = 1, . . . , N − 1). Similar to (2.10),
(2.8), we introduce the preconditioners (see [31])

DCT− II : MN (fN ,C
II
N ) := (CII

N )′ diag
(
fN

(
lπ

N

))N−1

l=0

CII
N ,

DST− II : MN (fN ,S
II
N ) := (SIIN )′ diag

(
fN

(
lπ

N

))N
l=1

SIIN .

(5.1)

We recall that for the construction of these preconditioners no explicit knowledge of
the generating function is required. Since f is even, the grids GN are simply chosen as
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GN := {xN,l := lπ
N : l = 0, . . . , N − 1} and GN := {xN,l := (l+1)π

N : l = 0, . . . , N − 1}
for the DCT–II and the DST–II preconditioners, respectively. If f(xN,l) �= 0 (l =
0, . . . , N), then we can prove Theorem 3.6 with respect to the preconditioners (5.1)
in a completely similar way. We have only to replace the decomposition (3.1) by

AN (f) =MN (f,C
II
N )− shank(a1, . . . , aN−1, 0),

AN (f) =MN (f,S
II
N ) + shank(a1, . . . , aN−1, 0)

for the DCT–II and for the DST–II, respectively. See also [31].
Remark. Let

AON
:= {Ō′

N (diagd)ON : d ∈ R
N}

denote the matrix algebra with respect to the unitary matrix ON . Then the optimal
preconditionerMN ∈ AON

of AN in AON
is defined by

||MN −AN ||F = min{||P −AN ||F : P ∈ AON
} ,

where ‖ · ‖F denotes the Frobenius norm. As mentioned in the previous section, the
optimal preconditioner in AFN

coincides with our preconditioner (2.10) defined with
respect to the Fejér kernel B1,N and with wN = 0 in (2.7). It is easy to check (see [33])

that the optimal preconditioner in AON
, where ON ∈ {CIV

N ,SIVN }, is equal to our
preconditioner MN (fN ,ON ) in (5.1) defined with respect to ON and with respect
to the Fejér kernel. Unfortunately, the Fejér kernel preconditioners do not lead to a
fast convergence of the PCG method if the generating function f of AN has a zero of
order 2s ≥ 2.

In contrast to these results, the optimal preconditioners in AON
with ON defined

by the DCT I–III or by the DST I–III do not coincide with the corresponding Fejér
kernel preconditionerMN (fN ,ON ) in (5.1). In literature [6, 3], so-called optimal Tau
preconditioners were of special interest. Using our notation, optimal Tau preconditio-
ners are the optimal preconditioners with respect to the DST–I as unitary transform.
The optimal Tau preconditioner realizes a fast convergence of the PCG method if the
generating function f of AN has only zeros of order 2s ≤ 2 [6].

Block Toeplitz matrices with Toeplitz blocks. Next we are interested in the solution
of BTTB matrices. The construction of preconditioners with the help of reproducing
kernels was applied to well-conditioned block Toeplitz systems in [27]. Following
these lines, we generalize our univariate construction to ill-conditioned block Toeplitz
systems with Toeplitz blocks. In the next section we will present good numerical
results also for the block case. However, in general, it is not possible to prove the
convergence of PCG in a number of iteration steps independent of N . Here we refer
to [34].

Note that as in the univariate case there exist banded block Toeplitz precondition-
ers with banded Toeplitz blocks which ensure a fast convergence of the corresponding
PCG method [35]. See also [4, 30].

We consider systems of linear equations

AM,Nx = b ,

where AM,N denotes a positive definite doubly symmetric block Toeplitz matrix with
Toeplitz blocks (BTTB matrix), i.e.,

AM,N := (Ar−s)M−1
r,s=0 with Ar := (ar,j−k)N−1

j,k=0
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and ar,j = a|r|,|j|. We assume that the matrices AM,N are generated by a real-valued
2π-periodic continuous even function in two variables, i.e.,

aj,k :=
1

4π2

∫ 2π

0

∫ 2π

0

ϕ(s, t) e−i(sj+tk) ds dt .

Note that the multiplication of a vector with a BTTB matrix requires only O(MN
log(MN)) arithmetical operations (see [33]). We define our so-called “level-2” pre-
conditioners by

MM,N (ϕM,N ,C
II
M ⊗CII

N ) := (CII
M ⊗CII

N )′ diag

(
col

(
ϕM,N

(
rπ

M
,
jπ

N

))N−1,M−1

j,k=0

)

× (CII
M ⊗CII

N ) ,

MM,N (ϕM,N ,S
II
M ⊗ SIIN ) := (SIIM ⊗ SIIN )′ diag

(
col

(
ϕM,N

(
rπ

M
,
jπ

N

))N,M
j,k=1

)

× (SIIM ⊗ SIIN ) ,(5.2)

with ϕM,N = ϕ ∗KM,N and KM,N (x, y) := KM (x)KN (y). Here col: R
N,M → R

MN

is defined by

col (xj,k)
N−1,M−1
j=0,k=0 := (xr)

MN−1
r=0 with xkN+j := xj,k .

6. Numerical examples. In this section, we confirm our theoretical results by
various numerical examples. The fast computation of the preconditioners and the
PCG method were implemented in MATLAB, where the C programs for the fast
trigonometric transforms were included by cmex. The algorithms were tested on a
Sun SPARCstation 20.

As transform length we choose N = 2n and as right-hand side b of (2.1) the
vector consisting of N entries “1”. The PCG method started with the zero vector
and stopped if ‖r(j)‖2/‖r(0)‖2 < 10−7, where r(j) denotes the residual vector after j
iterations.

We restrict our attention to preconditioners (2.10) and (5.1) constructed from
B-spline kernels KN = Bm,N . The following tables (Tables 1–6) show the number of
iterations of the corresponding PCG method to achieve a fixed precision. The first row
of each table contains the exponent n of the transform length N = 2n in the univariate
case and the block length N in the block Toeplitz case. The kernels are listed in the
first column and the applied unitary transform are listed in the second column of
each table. Here FwN := WNFN with WN := diag( e−ikπ/N )N−1

k=0 , i.e., wN := π/N
in (2.7). For comparison, the second row of each table contains the number of PCG
steps with preconditionerMN (f) defined by (2.8). These preconditioners, which can
be constructed only if the generating function f is known, were examined in [31].

We begin with symmetric ill-conditioned Toeplitz matrices AN (f) arising from
the generating functions

(i) (see [13, 14, 33]): f(x) := x2 (x ∈ [−π, π)) .
(ii) (see [3, 10, 11, 14, 31, 36]): f(x) := x4 (x ∈ [−π, π)) .
Tables 1 and 2 present the number of iteration steps with different preconditioners.
As expected, for f(x) = x2 it is not sufficient to choose a preconditioner based

on the Fejér kernel KN = B1,N and for f(x) = x4 it is not sufficient to choose a
preconditioner based on the cubic B-spline kernel KN = B2,N in order to keep the
number of iterations independent of N .
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Table 1
f(x) = x2 (x ∈ [−π, π)).

KN ON 4 5 6 7 8 9 10 11 12

f Fw
N 4 4 4 5 6 6 6 6 6

B1,N FN 7 8 11 12 14 18 22 29 39

B1,N Fw
N 7 8 9 11 13 17 20 26 37

B1,N CII
N 7 8 10 11 13 16 20 25 33

B1,N SII
N 7 8 9 11 14 17 21 27 38

B2,N FN 6 6 6 7 7 7 6 6 6

B2,N Fw
N 6 6 5 5 5 6 6 6 6

B2,N CII
N 6 6 6 6 6 6 5 5 5

B2,N SII
N 6 6 5 5 5 7 7 7 7

B3,N FN 6 6 6 7 7 7 7 6 6

B3,N Fw
N 6 6 6 6 5 6 6 6 6

B3,N CII
N 6 6 6 6 6 6 6 5 5

B3,N SII
N 6 6 5 7 6 7 7 7 7

Table 2
f(x) = x4 (x ∈ [−π, π)).

KN ON 4 5 6 7 8 9 10 11 12

f Fw
N 6 6 6 8 11 11 11 12 14

B1,N FN 8 15 23 36 61 153 391 > 800 > 800

B1,N Fw
N 8 15 23 36 61 153 390 > 800 > 800

B1,N CII
N 8 13 20 32 53 129 319 > 800 > 800

B1,N SII
N 8 16 24 38 65 158 402 > 800 > 800

B2,N FN 9 9 11 11 13 15 18 22 27

B2,N Fw
N 9 9 10 10 13 14 17 20 26

B2,N CII
N 8 8 9 9 9 11 13 14 16

B2,N SII
N 10 10 10 11 13 14 18 19 22

B3,N FN 9 11 11 12 12 12 13 15 14

B3,N Fw
N 9 9 10 10 12 12 13 13 13

B3,N CII
N 8 9 9 9 9 9 10 10 9

B3,N SII
N 10 10 12 12 14 14 14 15 16

On the other hand, we have a similar convergence behavior for the different uni-
tary transforms. This is no surprise for FwN and for SIIN . However, for FN and for
CII
N , the corresponding grids GN contain the zero of f , namely, xN,0 = 0. This was

excluded in Theorem 3.6. In our numerical tests it seems to play no rule that a grid
point meets the zero of f .
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Table 3
f(x) = (x2 − 1)2 (x ∈ [−π, π)).

KN ON 4 5 6 7 8 9 10 11 12

f Fw
N 7 5 5 7 8 8 7 7 7

B1,N FN 7 13 15 20 27 34 46 63 86

B1,N Fw
N 7 14 16 20 26 32 44 59 83

B1,N CII
N 8 13 15 18 25 30 41 55 75

B1,N SII
N 8 14 16 19 26 33 43 57 79

B2,N FN 8 9 9 9 9 10 9 9 9

B2,N Fw
N 8 9 9 9 9 8 10 9 9

B2,N CII
N 8 8 8 8 9 10 10 9 9

B2,N SII
N 8 10 10 10 9 8 9 9 9

B3,N FN 8 10 10 10 10 9 9 11 11

B3,N Fw
N 8 10 9 9 9 10 10 9 9

B3,N CII
N 8 9 9 9 9 8 9 10 10

B3,N SII
N 8 11 10 10 10 10 9 9 10

Table 4
ϕ(s, t) = s2 + t2 + s2t2 (s, t ∈ [−π, π)).

KN,N ON 8 16 32 64 128 256 512

ϕ SII
N 8 9 9 10 10 10 10

B1,N,N SII
N 10 12 14 16 20 26 36

B2,N,N SII
N 10 10 11 11 11 11 11

B3,N,N SII
N 10 10 11 11 11 11 11

Our next example in Table 3 confirms our theoretical results for the function

(iii) f(x) = (x2 − 1)2

with zeros of order 2 at x = ±1.
Finally, let us turn to BTTB matricesAN,N . In our examples, the matricesAN,N

are generated by the functions

(iv) (see [4]): ϕ(s, t) = s2 + t2 + s2 t2 (s, t ∈ [−π, π)) .
(v) (see [30, 31]): ϕ(s, t) = s2 t4 (s, t ∈ [−π, π)) .
(vi) (see [30, 31]): ϕ(s, t) = (s2 + t2)2 (s, t ∈ [−π, π)) .
These matrices are ill-conditioned and the CG method without preconditioning,

with Strang-type–preconditioning or with optimal trigonometric preconditioning, con-
verges very slow (see [30, 33, 4]). Our preconditioning (5.2) leads to the number of
iterations in Tables 4–6. Here Bk,N,N (x, y) := Bk,N (x) Bk,N (y).

In [34], we proved that the number of iteration steps of PCG is independent of
N in Example (iv) and we explained the convergence behavior of PCG for the other
examples. To our knowledge, at the present time there does not exist a faster PCG
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Table 5
ϕ(s, t) = s2 t4 (s, t ∈ [−π, π)).

KN,N ON 8 16 32 64 128 256 512

ϕ SII
N 13 16 22 29 36 43 52

B1,N,N SII
N 18 67 184 631 2363 > 3000 > 3000

B2,N,N SII
N 16 29 39 56 77 106 158

B3,N,N SII
N 17 29 34 48 63 79 91

Table 6
ϕ(s, t) = (s2 + t2)2 (s, t ∈ [−π, π)).

KN,N ON 8 16 32 64 128 256 512

ϕ SII
N 9 12 14 19 25 35 49

B1,N,N SII
N 10 19 31 63 144 381 1413

B2,N,N SII
N 10 13 15 18 26 39 62

B3,N,N SII
N 10 14 15 18 25 37 48

method if the generating function ϕ is unknown.

Note that by [42, 43] any multilevel preconditioner is not optimal in the sense
that a cluster cannot be proper [45].

Summary. We suggested new positive definite w-circulant preconditioners for
sequences of Toeplitz systems with polynomial increasing condition numbers. The
construction of our preconditioners is based on the convolution of the generating
function with positive reproducing kernels and, by working in the Fourier domain,
does not require the explicit knowledge of the generating function. As our main re-
sult we proved that the quality of the preconditioner depends on a “moment property”
of the corresponding kernel which is related to the order of the zeros of the generat-
ing function. This explains, e.g., why optimal circulant preconditioners arising from
convolutions with the Fejér kernels fail to be good preconditioners if the generating
function has zeros of order ≥ 2.
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Abstract. We present one-sweep parallel algorithms for the inversion of general and symmetric
positive definite matrices. The algorithms feature simple programming and performance optimization
while maintaining the same arithmetic cost and numerical properties of conventional inversion algo-
rithms. Our experiments on a Cray T3E-600 and a Beowulf cluster demonstrate high performance
of implementations for distributed memory parallel computers.
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1. Introduction. Despite the inexpedience of matrix inverse, as Higham sum-
marizes in [13], “there are situations in which a matrix inverse must be computed.”
Examples arise in statistics [4, section 7.5], [15, section 2.3], [16, p. 342], [3]; in nu-
merical integrations in superconductivity computations [12]; and in stable subspace
computation in control theory [17]. The recent years have seen increasing interest in
parallel solutions of large-scale applications [3, 7, 9]. Inversion algorithms for gen-
eral full nonsingular matrices are mostly based on the availability of a complete LU
factorization. The algorithm used by LINPACK [8] and LAPACK [2] proceeds as
follows.

(1) LU factorization with partial pivoting, PA = LU , where P is a per-
mutation matrix, and U, L ∈ �n×n are upper triangular and unit lower
triangular matrices, respectively.

(2) Triangular inversion of U (forward substitution).
(3) Triangular (system) solve for X: XL = U−1 (backward substitution).
(4) Back permutation of columns, A−1 = XP .

The algorithm allows the inverse to be computed in-place, that is, the computed
inverse overwrites the input matrix to be inverted. It sweeps three times across
the array that houses the involved matrices for LU factorization, triangular inver-
sion, and triangular solve. The algorithm is effective on uniprocessor computers and
shared memory parallel computers. A parallel version of the algorithm is imple-
mented in ScaLAPACK [6]. We present in this paper our study of inversion algo-
rithms via Gauss–Jordan elimination (GJE) for general square matrices and a related
algorithm for symmetric positive definite (SPD) matrices. Specifically, we show that
these algorithms are more suitable for parallel computers with physically distributed
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% Input : n x n nonsingular matrix A.

% Output : matrix A overwritten by its inverse

% pivoting

ipivs = [1:n];

for k = 1 : n

[abs_ipiv,ipiv] = max(abs(A(k:n,k)));

ipiv = ipiv+k-1;

[A(k,:),A(ipiv,:)] =

swap(A(ipiv,:),A(k,:));

[ipivs(k),ipivs(ipiv)] =

swap(ipivs(ipiv),ipivs(k));

Akk = A(k,k);

% Jordan transformation

A(:,k) = -[A(1:k-1,k); 0; A(k+1:n,k)]/Akk;

A = A + A(:,k) * A(k,:); \\

A(k,:) = [A(k,1:k-1), 1, A(k,k+1:n)]/Akk;

end

A(:,ipivs) = A;

Fig. 1. Matlab code for matrix inversion via GJE. By also executing the steps on the right,
pivoting is added.

memory.
Matrix inversion using GJE is, in essence, a reordering of the computation per-

formed by matrix inversion methods using Gaussian elimination (LU factorization)
and hence requires the same arithmetic cost. Many classic references to inversion
methods can be found in [13, 14]. Nevertheless, computation arrangements for ma-
trix inversion via GJE (instead of a system solve with multiple right-hand sides) are
rarely presented in the literature. A nonblocked parallel version of the in-place GJE-
based inversion algorithm presented later is given in [10]. An in-place procedure for
inversion of positive definite matrices is given by Bauer and Reinsch [5].

In Figure 1 we describe in Matlab language a Level-2 basic linear algebra
subprogram (BLAS), in-place inversion algorithm via GJE for a general square matrix.
The fact that the sweeps over the intermediate triangular matrices L and U are
computationally eluded has multiple advantages in parallel computations, as we will
describe in sections 5 and 6.

The rest of the paper is organized as follows. In section 2 we present an inver-
sion algorithm via GJE with partial pivoting. The relation of this algorithm with
traditional multistage algorithms is given in section 3. The approach is extended to
SPD matrices in section 4. In section 5 we discuss parallel implementation issues.
In section 6 we present performance results for our parallel implementations of the
algorithm. Concluding remarks can be found in the final section.

2. An inversion algorithm via Gauss–Jordan elimination. Recall how to
invert an n×nmatrix A by creating an augmented system

(
A B

)
with B = In, the

n × n identity matrix, and performing Gauss–Jordan elimination on this augmented
system:

for k = 1, n

Partition
(
A B

)→

 Ik−1 a01 A02 B00 0 0

0 α11 aT12 bT10 1 0
0 a21 A22 B20 0 In−k



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Update
(
A B

)←
 Ik−1 0 A02 + u01a

T
12 B00 + u01b

T
10 u01=−a01/α11 0

0 1 aT12/α11 bT10/α11 1/α11 0
0 0 A22 + l21a

T
12 B20 + l21b

T
10 l21=−a21/α11 In−k




endfor

Magically, upon completion B has been overwritten by A−1.

2.1. An in-place algorithm. After k steps of the above algorithm, it suffices
to store only the first k columns of B and the last n − k columns of A. Thus, an
algorithm that overwrites A with A−1 is given by:

Partition A =
(
AL AR

)
and B =

(
BL BR

)
, where initially AR = A

and BR = In.
for k = 1, n

Partition
(
BL AR

)→

 B00 a01 A02

bT10 α11 aT12
B20 a21 A22


 , where B00 is square.

Update
(
BL AR

)←
 B00 + u01b

T
10 u01 = −a01/α11 A02 + u01a

T
12

bT10/α11 1/α11 aT12/α11

B20 + l21b
T
10 l21 = −a21/α11 A22 + l21a

T
12




endfor

Upon entering the loop
(
BL AR

)
equals A and after its completion it equals A−1.

The above update can also be accomplished by the rank-1 update

(
BL AR

)←

 B00 0 A02

0 0 0
B20 0 A22


+

1

α11


 −a01

1
−a21


 (

bT10 1 aT12
)
.

The entire computation is in the rank-1 update at a cost of 2n2 floating point oper-
ations (flops) per iteration for a total cost of 2n3 flops. A compact Matlab code is
given in Figure 1.

2.2. A blocked algorithm. A blocked variant of the above algorithm can be
developed in a straightforward fashion:

Partition A =
(
AL AR

)
and B =

(
BL BR

)
, where initially AR = A

and BR = In.
for k = 1, n in steps of b

Partition
(
BL AR

)→

 B00 A01 A02

B10 A11 A12

B20 A21 A22


 , where B00 is square

and A11 is b× b.
Update

(
BL AR

)←

 B00 0 A02

0 0 0
B20 0 A22


+


 −A01A

−1
11

A−1
11

−A21A
−1
11


( B10 Ib A12

)

endfor
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The benefit of the blocked algorithm is that most of the computation is now in a
matrix-matrix multiply (rank-k update) which allows high performance to be achieved
in a portable fashion.

2.3. Adding pivoting. As for the LU factorization, in order to improve stability
for general square nonsingular matrices, it is necessary to include row pivoting in the
algorithm. To add pivoting to our nonblocked algorithm, before the update step, the
row with the largest absolute value among elements of α11 and a21 is swapped with
the kth row. If the augmented system is taken to equal

(
A B

)
with B = PT

instead, we can guarantee that after k − 1 steps and after swapping the rows for the
current step the system looks like

 Ik−1 a01 A02 B00 0 0
0 α11 aT12 bT10 1 0
0 a21 A22 B20 0 Pn−k


 ,

where Pn−k is some permutation matrix determined by future iterations of the loop.
The usual update step then proceeds. This time, A−1PT is computed, so that it is
necessary to complete the process by permuting the columns of the result: A−1 =
(A−1PT )P . Figure 1 shows how pivoting can be added to the Matlab code.

Likewise, pivoting is added to the above blocked algorithm by changing the body
of the loop to

Partition (as before)

Compute P

(
A11

A21

)
→
(
L11

L21

)
U11 (LU factorization with pivoting)

Swap

(
B10 A11 A12

B20 A21 A22

)
← P

(
B10 A11 A12

B20 A21 A22

)
Update (as before)

There are a number of ways to compute the update. As for the unblocked algorithm,
a final permutation of the columns is required.

The update in the blocked algorithm is equivalent to the update

(
BL AR

) ←

 B00 0 A02

0 0 0
B20 0 A22




+


 −A01U

−1
11

U−1
11

−L21


( L−1

11 B10 L−1
11 L−1

11 A12

)
,

(2.1)

where L11, L21, and U11 are as computed by the LU factorization with partial pivoting
of the corresponding part of A. Here −A01U

−1
11 , L−1

11 B10, and L
−1
11 A21 are computed

using triangular solves rather than matrix inversion. Forming A−1
11 = U−1

11 L
−1
11 can be

accomplished as in the traditional matrix inversion algorithm. Computing the update
in this fashion has the benefit that since explicit use of A−1

11 is avoided, stability of
the algorithm should be similar to that exhibited by the traditional approach. We
elaborate on this next.

3. Relation with multistage algorithms. The explicit use of A−1
11 in the

blocked algorithm with pivoting should raise eyebrows. In [18], we show that the
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numerical stability of the overall algorithm is only mildly affected by the use of the
inverse, with stability deteriorating as a function of the algorithmic block size b. By
using instead the variant that updates the matrix given in (2.1) these instabilities can
be avoided.

Consider yet another alternative for computing A−1:
(1) LU factorization with partial pivoting, PA = LU .
(2) Triangular inversion of U .
(3) Triangular inversion of L.
(4) Multiplication of triangular matrices X = U−1L−1.
(5) Back permutation of columns, A−1 = XP .

For simplicity we ignore pivoting and give blocked algorithms for the four remaining
stages in Figure 2. If one picks the block size b to be equal at each step of the
algorithms, it becomes clear that all four algorithms can be implemented by merging
the loops. Critical to this observation is the fact that the different algorithms update
four different quadrants of the matrix. Once the four loops have been merged into
one loop, a number of intermediate computations can be eliminated leaving only the
computations in the boxes in Figure 2. In Figure 3 we show that these computations
are exactly the updates of the nine submatrices as given in (2.1). The same conclusion
holds when pivoting is added.

We conclude that the algorithm based on (2.1) is equivalent to this multistage al-
gorithm and thus shares its stability properties. In [13] it is shown that the traditional
approach and this alternative multistage algorithm are essentially equally stable.

4. SPD matrix inversion. The techniques described above can be used to
derive a blocked algorithm for SPD matrix inversion.

Let A be SPD. Then its inverse can be computed by first computing its Cholesky
factor L, where A = LLT , after which A−1 = L−TL−1. Naturally, this can be
accomplished in three stages: (1) Compute the Cholesky factorization, (2) invert the

lower triangular matrix L, and (3) multiply A−1 = L−1TL−1. By putting all these
stages together, a one-sweep algorithm can be derived: Partition the current matrix
A(k), the original matrix A, and the factor L like

A(k) =

(
A

(k)
TL �

A
(k)
BL A

(k)
BR

)
, A =

(
ATL �

ABL ABR

)
, and L =

(
LTL 0

LBL LBR

)
,

where the � indicates the symmetric part not to be updated and A
(k)
TL, ATL, and LTL

are k × k. Repartition

A(k) =

(
A

(k)
TL �

A
(k)
BL A

(k)
BR

)
=


 A00 � �

A10 A11 �
A20 A21 A22


 ,

and consider the update

A(k+b) =

(
A

(k+b)
TL �

A
(k+b)
BL A

(k+b)
BR

)
=


 A00 + L̂T10L̂10 � �

L−T
11 L̂10 L−T

11 L
−1
11 �

A20 − L21L̂10 L21 A22 − L21L
T
21


 ,

where L11 equals the Cholesky factor of A11, L21 = A21L
−T
11 and L̂10 = L−1

11 A10. This
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Factor A← L\U = LU(A): Invert U ← Û = U−1:

Partition A =

(
ATL ATR

ABL ABR

)
where ATL is 0× 0

do until ABR is 0× 0
Determine block size b
View(

ATL ATR

ABL ABR

)
=(

L\U00 U01 U02

L10 A11 A12

L20 A21 A22

)
where A11 is b× b

A11 ← L\U11=LU(A11)

A21 ← L21 =A21U
−1
11

A12 ← U12 =L−1
11 A12

A22 ← Â22 =A22 − L21U12
( =A22 − (A21U

−1
11 )(L−1

11 A12))
Continue with(

ATL ATR

ABL ABR

)
=(

L\U00 U01 U02
L10 L\U11 U12

L20 L21 Â22

)
enddo

Partition U =

(
UTL UTR

0 UBR

)
where UTL is 0× 0

do until UBR is 0× 0
Determine block size b
View(

UTL UTR

0 UBR

)
=

(
Û00 U01 U02

0 U11 U12
0 0 U22

)
where U11 is b× b

U11 ← Û11=U−1
11

U01 ← Û01=−U01U−1
11

U02 ← U�
02=U02 + Û01U12

(=U02 + (U01U
−1
11 )(L−1

11 A12))

U12 ← U�
12=U−1

11 U12
(=U−1

11 (L−1
11 A12))

Continue with(
UTL UTR

0 UBR

)
=

(
Û00 Û01 U�

02

0 Û11 U�
12

0 0 U22

)

enddo

Invert L← L̂ = L−1: Compute Â← ÛL̂ = U−1L−1 = A−1:

Partition L =

(
LTL 0

LBL LBR

)
where LTL is 0× 0

do until LBR is 0× 0
Determine block size b
View(

LTL 0

LBL LBR

)
=

(
L̂00 0 0

L10 L11 0
L20 L21 L22

)
where L11 is b× b

L11 ← L̂11=L−1
11

L10 ← L̂10=L−1
11 L10

L20 ← L�
20=L20 − L21L̂10

(=L20 − (A21U
−1
11 )(L−1

11 L10))

L21 ← L�
21=−L21L−1

11

(=−(A21U
−1
11 )L−1

11 )
Continue with(

LTL 0

LBL LBR

)
=

(
L̂00 0 0

L̂10 L̂11 0

L�
20 L

�
21 L22

)

enddo

Partition L̂\Û =

(
ATL ATR

ABL ABR

)
where ATL is 0× 0

do until ABR is 0× 0
Determine block size b
View(

ATL ATR

ABL ABR

)
=

 Â00 Û01 Û02

L̂10 L̂\Û11 Û12
L̂20 L̂21 L̂\Û22




where L̂\Û11 is b× b

Â00 ← Â�
00 = Â00 + Û01L̂10

(= Â00 − (Û01U
−1
11 )(L−1

11 L10))

L̂10 ← Â�
10 = Û11L̂10

(=U−1
11 (L−1

11 L10))

Û01 ← Â�
01 = Û01L̂11

(=−(U01U
−1
11 )L−1

11 )

L̂\Û11 ← Â�
11= Û11L̂11

(=U−1
11 L

−1
11 )

Continue with(
ATL ATR

ABL ABR

)
=

 Â�
00 Â

�
01 Û02

Â�
10 Â

�
11 Û12

L̂20 L̂21 L̂\Û22




enddo

Fig. 2. Blocked algorithms for a four-stage algorithm to compute A−1.



1768 QUINTANA, QUINTANA, SUN, AND VAN DE GEIJN

Partition A =

(
ATL ATR

ABL ABR

)
,

where ATL is 0× 0
do until ABR is 0× 0

Determine block size b
View(

ATL ATR

ABL ABR

)
=

(
A00 A01 A02

A10 A11 A12

A20 A21 A22

)
,

where A11 is b× b
A11 → L11U11

Continue with(
ATL ATR

ABL ABR

)
=

 A00 − (A01U
−1
11 )(L−1

11 A10) −(A01U
−1
11 )L−1

11 A02 + (U01U
−1
11 )(L−1

11 A12)

U−1
11 (L−1

11 A10) A−1
11 U−1

11 (L−1
11 A12)

A20 − (A21U
−1
11 )(L−1

11 A10) −(A21U
−1
11 )L−1

11 A22 − (A21U
−1
11 )(L−1

11 A12)




= Eqn. (1)
enddo

Fig. 3. Blocked algorithm attained by putting all four stages together.

update maintains the state

A(k) =

(
A

(k)
TL �

A
(k)
BL A

(k)
BR

)
=

(
L−T
TLL

−1
TL �

LBLL
−1
TL ABR − LBLLTBL

)
.

Note that once k = n, A(k) = A−1, which is the desired result.

5. Parallel implementation. Sadly, the above described algorithms yield no
real performance benefits on a sequential computer. The primary reason is that
on sequential architectures the individual stages of the traditional algorithm lend
themselves well to optimization. On distributed memory parallel architectures, the
story is different.

All three stages of the traditional approach suffer from load-imbalance when exe-
cuted on distributed memory parallel architectures: During the LU factorization, the
active part of the matrix shrinks from an n×n matrix to a 1×1 matrix as the compu-
tation unfolds. For the inversion of U , initially the active matrix is 1× 1, eventually
expanding to n × n. In addition, the computation only acts on the upper triangular
portion of the matrix. During the computation of the solution X to XL = U−1, the
active matrix expands from 1 × n to n × n. While cyclic wrapping of the matrices
helps load-balance, there is still a considerable performance hit. Similar issues affect
the three stages for inverting an SPD matrix.

The blocked algorithm presented in the previous section does not suffer the same
fate: The bulk of the computation is in the rank-k update given in section 2.2 which
parallelizes almost perfectly. Indeed, the computation required for the GJE-based
inversion algorithm is almost identical to the sequence of rank-k updates used to
implement highly efficient parallel matrix-matrix multiplication algorithms [1, 11, 19].
Cyclic wrapping of the matrix is not even necessary for load-balance! Even when
the inversion is part of a larger computation and wrapping is desirable, excellent
performance can be achieved, as we will show in the next section. For inverting an
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SPD matrix, wrapping is still needed since only the lower triangular part of the matrix
is updated.

6. Experimental results. We present results for three parallel implementa-
tions of algorithms for inversion of a general matrix and one for inversion of an SPD
matrix. SL IGEP is part of ScaLAPACK [6] and implements the traditional inver-
sion algorithm via LU factorization; SL IGJEP was coded using ScaLAPACK parallel
BLAS kernels (PBLAS). It implements a blocked GJE algorithm with the algorithmic
block size limited by the distribution block size. All operations required to update the
current column panel are performed within a single column of processors. A second
implementation of the blocked GJE algorithm, PLA IGJEP, was coded using PLA-
PACK [20]. In this implementation the current column panel is redistributed so that
all processors participate when the unblocked algorithm is used to update that panel.
This results in better load-balance during this stage of the algorithm and simplifies
the coding when the algorithmic block size is to be larger than the distribution block
size. While SL IGJEP represents a basic implementation of the algorithm, PLA IGJEP

includes a number of optimizations, some of which cannot be (easily) implemented
using ScaLAPACK. PLA ISPD implements a parallel blocked one-sweep algorithm for
the inversion of SPD matrices.

Performance results are given for two different distributed memory architectures
using 64-bit real arithmetic, the Cray T3E-600 (300 MHz), and a Beowulf cluster.
The Cray T3E-600 consists of DEC Alpha EV5 with 128 Mbytes of RAM each, inter-
connected via a three-dimensional toroidal interconnect. The Beowulf cluster consists
of Intel Pentium-II (300 MHz) processors running on a 66 MHz Intel Atlanta moth-
erboard with 128 Mbytes of RAM each, and interconnected via a 1Gbps Myrinet
switch.

We used ScaLAPACK available from Netlib (version 1.6) with the MPIBLACS
precompiled for Cray T3E1 and Linux. The PLAPACK version, implemented using
an alpha release of PLAPACK R2.0, is also MPI-based. Optimized sequential BLASs
were used to attain high performance locally on each processor. The sequential BLAS
routine gemm delivers 400–450 Mflop/s (millions of flops per second) on a single pro-
cessor of the Cray T3E and 175–200 Mflop/s on one Pentium-II (300 MHz) processor.
We report performance of the inverse routines measuring Mflop/s per processor using
the established operation count of 2n3 flops for inversion of a general n × n matrix
and n3 flops for inversion of an SPD matrix.

In Figure 4, we show that very respectable performance is attained on both ar-
chitectures using 32 processors. Algorithmic and distribution block sizes of 48 and
32 were used for SL IGEP and SL IGJEP on the T3E and cluster, respectively. As ex-
pected, SL IGJEP outperforms SL IGEP since it incurs less communication and exhibits
better load-balance. For PLA IGJEP we report performance when algorithmic and dis-
tribution block sizes are both equal to those used for ScaLAPACK (PLA IGJEP 48 48

and PLA IGJEP 32 32). We also show that better performance is attained when a
smaller distribution block size and larger algorithmic block size is used (PLA IGJEP 24 96

and PLA IGJEP 16 64). The larger algorithmic block size allows local matrix-matrix
multiplication to attain higher performance, which explains the asymptotically better
performance attained by PLA IGJEP 24 96. The smaller distribution block size yields

1The Cray Scientific library provides a version of ScaLAPACK that uses the shmem library
for communication. For a fair comparison between PLA IGJEP and SL IGJEP, we chose the MPI-
based version of ScaLAPACK. Only for small matrices is the shmem-based version of ScaLAPACK
noticeably faster than the MPI-based version.
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Fig. 4. Mflop/s per processor on the Cray T3E-600 (left) and the Beowulf cluster (right).

better load-balance. For smaller problems, the additional cost of redistributing the
current column panel results in a reduction in performance relative to the ScaLA-
PACK implementation. Finally, in Figure 4 (left) we report performance of the SPD
inversion routine using an algorithmic block size of 96/64 and distribution block size
of 24/16 (PLA ISPD 24 96 and PLA ISPD 16 64). In Figure 4 (right) we present similar
performance results for the Beowulf cluster.

We do not present scalability results for these algorithms since scalability is clearly
at least as good at that of parallel implementations for the individual stages of the
traditional algorithm, which themselves are known to have very good scalability prop-
erties. For details, see [18].

7. Concluding remarks. We have described matrix inversion via Gauss–Jor-
dan elimination for general matrices and a related algorithm for SPD matrices. The
approaches present the same arithmetic cost as the conventional inversion algorithms
while maintaining their numerical properties. Our matrix inversion algorithms render
simple programming and performance optimization, which are especially appropriate
for parallel computers with distributed memory. The experimental results on a Cray
T3E-600 and a Beowulf cluster show that very high performance is attained by the
parallel Gauss–Jordan inversion algorithm for general matrices and the parallel one-
sweep inversion algorithm for SPD matrices.

Implementations are available at http://www.cs.utexas.edu/users/plapack/inverse/.
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Abstract. We report on several numerical experiments where the rank-one convexification of
an energy density is computed. The explicit examples cover a whole spectrum of typical situations
one may encounter. One of those is especially relevant for the computation of microstructures in
crystalline solids.
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1. Introduction. The relevance of different types of convex hulls for vector
variational problems is by now well established [23], [50]. One of the main driving
forces that has led the effort in examining nonconvex vector variational problems
has been the analysis of phase transitions in crystalline solids where symmetry is
the main cause for this lack of convexity [3], [4]. In such situations, highly oscillatory
minimizing sequences represent optimal behavior from an energetic point of view, and
this in turn reflects rather accurately the configurations observed in experiments (the
so-called microstructures), so that this energetic explanation seems to be the clue to
understanding the behavior of such nonlinear materials. As can be easily inferred, the
numerical analysis and simulation of such nonconvex vector variational problems has
also received a lot of attention: [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [24], [25], [26], [28], [29], [30], [31], [34], [35], [36], [37], [38], [39], [40],
[41], [42], [44], [45], [46], [51]. In particular, the computation and approximation of the
above-mentioned convex hulls can be considered as a first step toward the simulation
of more complex examples with nonaffine boundary conditions [2], [34], [52]. In the
present paper, we would like to explain our efforts in computing, from a practical
point of view, the rank-one convex hull of a function and its meaning with respect to
oscillatory behavior for vector, nonconvex variational problems.

Stable equilibrium configurations of hyperelastic materials are minimizers of the
energy functional

I(u) =

∫
Ω

ϕ(∇u(x)) dx,

where Ω ⊂ R2 is a regular domain and u : Ω → R2 represents a deformation of the
body. As such, u must verify several additional restrictions which are not relevant to
our discussion. Under a global condition of place, we require u = u0 all over ∂Ω. The
direct method [23], [50] to show optimal solutions of the previous variational principle
relies on the property of weak lower semicontinuity of I,
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uj ⇀ u implies I(u) ≤ lim inf
j→∞

I(uj),

where weak convergence takes place on a suitable Sobolev space. This convenient
property is in turn equivalent to the quasi-convexity of the energy density ϕ :M→ R,
whereM designates the space of 2×2 matrices [43]. Such ϕ is said to be quasi-convex if

ϕ(F ) ≤ 1

|T |
∫
T

ϕ(F +∇v(x)) dx

for all matrices F , all test fields v ∈ W 1,∞(T ), and some domain T . This condition
requires, under affine boundary conditions determined by the matrix F , that this
affine deformation all over Q has less (or equal) energy than any other admissible
deformation. When an energy density ϕ does not enjoy the quasi-convexity property,
as is the case of crystalline materials, highly oscillatory behavior is expected in many
circumstances. In such cases the analysis of the corresponding variational problem
proceeds, examining a relaxed formulation where the integrand ϕ is replaced by its
quasi-convexification Qϕ:

Qϕ(F ) = inf

{
1

|T |
∫
T

ϕ(F +∇v(x)) dx : v = 0 on ∂Ω

}
.

T can be any domain since this infimum does not depend on this choice. A typical
relaxation theorem says that, under technical assumptions, the infimum of both vari-
ational problems, the one with integrand ϕ and the one with density Qϕ, are the same
[21]. Moreover, the computation of this quasi-convex hull, as indicated above, can be
considered as the first step towards the numerical analysis of the original nonconvex
variational problem [48], [49].

The difficulties attached to understanding quasi-convexity and the quasi-convex
hull are so great that some other intimately connected convex hulls have been intro-
duced. In particular, rank-one convexity for a function ϕ requires the usual convexity
inequality

ϕ(tA+ (1− t)B) ≤ tϕ(A) + (1− t)ϕ(B), t ∈ [0, 1],

only when the difference matrix A−B is of rank one. It turns out that quasi-convexity
implies rank-one convexity, and this is not hard to see. But the converse is not true
in general [53]. Nonetheless, in most of the explicit examples and experiments known,
replacing the quasi-convex hull by its rank-one convex counterpart produces good
results. In fact, minimizing sequences that arise from the rank-one convex hull of
an energy density (the so-called laminates) provides configurations with a remarkable
degree of accuracy both qualitative and quantitative. For these reasons we will restrict
our attention to the rank-one convex hull in this work.

In a previous paper [1], we proposed to approximate the rank-one convex hull of
a function by exploiting the structure of laminates [22], [47] and obtained an estimate
of the type

0 ≤ ϕ(L)(F )−Rϕ(F ) ≤ CλL, C > 0, 0 < λ < 1,

where L indicates a precise level of approximation to the rank-one convexification
of ϕ, Rϕ, and the constants C and λ are independent of L (see section 2). This
time we would like to complete that analysis by trying to compute, from a practical
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perspective, the approximations to Rϕ indicated by ϕ(L). We have adapted to our
situation an optimization algorithm based on the “simulated annealing” process, and
we test such a procedure with several typical examples. The first one is the minimum
of two quadratic functions where the location of the minima for both quadratics makes
the approximation scheme different. This example was explicitly computed in closed
form in [32] by using Fourier techniques. Since the structure of oscillations hidden in
the nonconvexity of this example is rather simple, our analysis focuses on comparing
the degree of precision for different situations. Our second example corresponds to
the Ericksen–James energy [27]

ϕ(F ) = φ(FTF ),

where for C = (cij) the Cauchy–Green tensor

φ(C) = κ1(trC − 2− δ2)2 + κ2(c
2
12 − δ2)2 + κ3(c11 − 1)2.

κi and δ are given, positive constants. This test energy exhibits most of the rele-
vant features that real energy densities for crystalline materials have, namely, frame
indifference (this is elementary to check)

ϕ(F ) = ϕ(RF ) for all rotations R,

and two potential wells: if

F±
0 = 1± δe1 ⊗ e2,

then ϕ(F±
0 ) = 0 and ϕ > 0 otherwise. By putting together these two pieces of

information we conclude that the zero set of ϕ, K is the disjoint union of two wells

K = SO(2)F0 ∪ SO(2)F−1
0 .

Our simulations make an attempt to compute and approximate Rϕ(F ) for a selection
of F ’s and to determine the underlying laminates. In this case, because of the relevance
of this example with respect to real materials, we depict the information recorded in
such laminates in the form of oscillations, as shown in Figure 1.

Finally, our third example is the remarkable four-matrix configuration where an
infinite order laminate is involved [5], [54]. In this situation, our main concern was to
detect computationally the structure of the laminates and how computations evolved
as we let the number of levels increase. We discover some interesting numerical
facts that speak about the complexity of computing the rank-one convexification
of a function because of the global nature of the underlying optimization problem.
Our pictures for this example show the best computed laminates constrained in the
maximum number of levels allowed. In the sequence of pictures in Figures 2–4 the
last level has been colored differently.

The paper has three more sections. We first describe the algorithm and make
some observations of a technical nature. Next, we precisely describe the three above
situations analyzed by using the algorithm. We make some final remarks in section 4.

2. Description of the algorithm. Our algorithm tries to compute the ap-
proximated rank-one convex hull of a function as described in [1]. Specifically, if
ϕ :Mm×N → R is a continuous function satisfying the technical assumptions

c(|A|p − 1) ≤ ϕ(A) ≤ C(1 + |A|p), p > N, C > c > 0,
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Fig. 1.

its approximated rank-one convex hull of order L is given by

ϕ(L)
ε (F ) = inf

{∑
i

tiϕ(Fi) : {(ti, Fi)} verifies the (HL
ε ) condition(2.1)

and has barycenterF

}
.

Here, ε > 0 is meant to designate a realistic measure of accuracy in our actual com-
putations, and the (HL

ε ) conditions are defined as follows.
Definition 2.1. A set of pairs {(ti, Fi)}1≤i≤l, where ti > 0,

∑
i ti = 1, Fi ∈M,

is said to satisfy the (HL
ε ) condition, ε ≥ 0, if

(i) the only set of pairs satisfying the (H0
ε ) is {(1, F )};

(ii) for L > 0, there exist
(a) {(sj , Zj)}1≤j≤k satisfying the (HL−1

ε ) condition, k ≤ L− 1;
(b) matrices Aj, |Aj | = 1 with rank(Aj) = 1;
(c) nonnegative numbers αj, βj such that either αj = 0 or else αj > ε and

the same for βj
such that all the matrices Zj + αjAj and Zj − βjAj belong to the set {Fi}1≤i≤l and
for every fixed i, 1 ≤ i ≤ l,

ti =
∑

Zj+αjAj=Fi

sj
αj

αj + βj
+

∑
Zj−βjAj=Fi

sj
βj

αj + βj
.
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This definition differs from the typical (HL) condition [22], [47] in a formal way.
We found this format more convenient for our purposes.

The algorithm we present approximates ϕ
(L)
ε (F ) by trying to find one optimal

(HL
ε ) condition with barycenter F according to (2.1). In practice, we have to deal

with and construct (HL
ε ) conditions. In order to generate one of these, we rely on

the basic building block of these conditions. Starting from one arbitrary matrix Y ,
we choose a rank-one direction (eventually a null-direction) A, normalized in some
reasonable way, along which we decompose Y by fixing two distances, x1 ≥ ε and
x2 ≥ ε, from Y along A:

Y1 = Y + x1A, Y2 = Y − x2A.

If

λi =
xj

x1 + x2
, j �= i,

then it is trivial to check

Y = λ1Y1 + λ2Y2, Y1 − Y2, rank-one.

(HL
ε ) conditions are built by applying recursively this decomposition to all of the

matrices obtained. Starting from the first moment F and choosing A, x1, x2 as
above, we find (F1, λ1), (F2, λ2). Applying this same decomposition to each Fi, we
would find

(F11, λ1λ11), (F12, λ1λ12), (F21, λ2λ21), (F22, λ2λ22).

This set of pairs would make up an (H2
ε ) condition. If we keep doing these decompo-

sitions with all of the Fij , we would end up with an (H
3
ε ) condition, and so on. The

parameters that determine one of such (HL
ε ) conditions are the rank-one matrices A

and the associated distances x1, x2.
In the case of 2×2 matrices, rank-one directions can be determined by two angles

α, β in the interval [0, π) in the form

M = (cosα1, sinα1)⊗ (cosα2, sinα2).

Rank-one matrices are recorded in a vector α. On the other hand, the distances
associated to such rank-one matrices are recorded in a vector x. If we are interested in
approximating ϕLε (F ), (H

L
ε ) conditions can be specified by a vector, α, that generates

rank-one matrices, and a corresponding vector x of associated distances. Namely,
matrices and weights in the (HL

ε ) condition are obtained recursively by putting

F2i−1 = Fi−1 + x2i−1Mi, F2i = Fi−1 − x2iMi,

λ2i−1 = λi−1
x2i

x2i−1 + x2i
, λ2i = λi−1

x2i−1

x2i−1 + x2i

for 1 ≤ i ≤ 2L − 1, λ0 = 1, F0 = F , where ε ≤ x ≤ D for some constant D. The
energy associated to such a laminate would be

E(α, x) =

2L+1−2∑
i=2L−1

λiϕ(Fi).



1778 ERNESTO ARANDA AND PABLO PEDREGAL

It is this function E whose global minimum, and vectors where it is taken on, we are
interested in.

In order to tackle the global optimization problem we are faced with, we have
adopted a scheme where the roles of α and x are different. Indeed, we have used
for α a discretization of equidistant nodes in the interval [0, π), generating a set
of discrete rank-one directions Γh, where h is the distance between nodes in [0, π).
The optimization procedure goes alternatively from optimizing on x for given α, and
optimizing on α for given x. For the first part, we have used an algorithm of limited
memory [7], [8] which is a quasi-Newton algorithm that approximates the hessian of
the objective function by limited-memory matrices. For the second part, we have
employed the simulated annealing technique in order to find the best configuration of
rank-one matrices from the discrete set of possibilities Γh, in some instances improving
the optimal solution thus obtained by an easy corrector procedure. Because of the
nature of our problem, the initialization of the algorithm is a delicate point. In some
instances one can simply try to decompose matrices in the best way using only one
level at a time. However, this scheme will not produce nontrivial decompositions
starting from the barycenter in the case of the four well. It is when we allow two or
more levels that we are able to move away from a delta centered at the first moment.
In some cases, several thousands of initial guesses were necessary in order to initialize
the algorithm in a convenient way. This feature actually shows how complex and
tricky these computations may become.

3. Numerical examples. As announced in the introduction, we will be con-
cerned with three quite different situations, and we use our algorithm to make com-
putations.

For the first one we take

ϕ :M→ R, ϕ(A) = min{|A−M |2 , |A|2},

where M is a given matrix. The quasi-convexification (which in this case coincides
with the rank-one convexification) of this type of examples was explicitly computed
in [32]. Namely, one has to distinguish two cases depending on the rank of M . If
it is one, the quasi-convexification equals the usual convexification. If it is two, the
quasi-convexification is given explicitly by

Qϕ(A) =



|A|2 , |A−M |2 − |A|2 ≥ g/2,

|A−M |2 , |A−M |2 − |A|2 ≤ −g/2,
|A|2 − 1

2g

(
|A|2 − |A−M |2 + g

2

)2

, ||A−M |2 − |A|2| ≤ g/2.

When the rank of M is one, g = 2 |M |2, while in the case of rank two, g = 2σ0, where
σ0 represents the greatest of the eigenvalues of the matrix MTM . In both cases, the
rank-one convexification is achieved by ϕ(1) one-level decompositions.

The experiments performed on this family of examples correspond to four different
choices for M , two in the rank-one case and two in the rank-two case. Namely,

M1 =

(
1 0
0 0

)
, M2 =

(
cos

π

5
, sin

π

5

)
⊗
(
cos

π

3
, sin

π

3

)
,

M3 =

(
1 0
0 1

)
, M4 =

(
2 1
1/2 1/2

)
.
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For each one of the corresponding densities, we have computed ϕ
(1)
h , the approximation

to ϕ
(1)
ε provided by our algorithm, over a set of matrices ∆k uniformly distributed

over the cube [−D,D]4, and then we have examined the error∥∥∥ϕ(1)
h −Rϕ

∥∥∥
∞,∆k

= max
{∣∣∣ϕ(1)

h (A)−Rϕ(A)
∣∣∣ : A ∈ ∆k} .

These errors are presented in Tables 1 and 2. The parameter N = π/h is a measure of
the fineness of the discretization of rank-one directions, as explained in the preceding
section.

Table 1

M1 M3

N = 2 0.44408921× 10−15 0.88817842× 10−15

N = 6 0.44408921× 10−15 0.17763568× 10−14

N = 12 0.44408921× 10−15 0.17763568× 10−14

Table 2

M2 M4

N = 2 0.86372827× 10−1 0.36354086
N = 6 0.19029316× 10−8 0.33946668× 10−9

N = 12 0.19029316× 10−8 0.58557923× 10−8

We notice that the approximation is better for the rank-one case, and that the
error depends on how close M , or its projection over the set of rank-one matrices, is
to the discrete set of rank-one directions Γh.

We have also observed, even in this simple setting, the difficulties associated to
local minima. For example, for the density corresponding to M2, the matrix

A =

(
1 −1/2
−1 1/2

)

is such that ϕ(A) = 2.5 while Rϕ(A) = 2.49978037599552. Even if we let N = 12,
the algorithm does not lower the energy, and only when N = 20 does the best energy
have an error of 0.22× 10−10 over the rank-one convexification.

The second situation we have examined concerns the Ericksen–James energy den-
sity

ϕ(F ) = φ(FTF ), φ(C) = κ1(trC − 2− δ2)2 + κ2(c
2
12 − δ2)2 + κ3(c11 − 1)2,

where κi, δ > 0 are constants. This function enjoys the frame indifference property,
and its zero set, K = {ϕ = 0}, has the structure of two potential wells

K = SO2F0 ∪ SO2F
−1
0 , F±1

0 = 1± δe1 ⊗ e2.

We are especially interested in computing the rank-one convexification of ϕ for ma-
trices F that may support stress free microstructures Rϕ(F ) = 0. These matrices F ,
as well as the compatibility of wells, reciprocal twins, and laminates supported in K,
are very well known [4], [50].

The visualization of our experiments has been implemented by showing the struc-
ture of layers within layers for different levels of approximation. In order to represent
the states for the gradients of a minimizing sequence, we have used a color function

ψ(F ) =

∣∣FTF − FT0 F0

∣∣∣∣FTF − FT0 F0

∣∣+ ∣∣FTF − (F−1
0 )TF−1

0

∣∣ ,
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Fig. 5.

which takes on the value 1 if F belongs to SO2F
−1
0 , and its value is 0 if F lies on the

other well SO2F0. We have also utilized the computed normals for the laminates in
order to depict the oscillatory behavior which would be associated to such minimizing
sequences. The width of layers is indicated by the weights on the associated laminate.
We stick to the notation

U i
λ,t = (1− λ)QtRiF0 + λQtF

−1
0 , t ∈ [0, 2π], i = 1, 2, λ ∈ [0, 1],(3.1)

where

Qt =

(
cos t − sin t
sin t cos t

)
, R1 =

(
1 0
0 1

)
, R2 =

1

1 + δ2

(
1− δ2 −2δ
2δ 1− δ2

)
.

R2 represents the reciprocal twin. Our experiments take place on the domain Ω =
(0, 1)2 with κ1 = 10, κ2 = 3, κ3 = 1, and δ = 1.

The first experiments deal with several situations where the uniqueness of the
underlying laminate is known [50]. According to the above notation, we consider
affine boundary values given by the matrices

U1
0.3,0, U1

0.8,π/5, U2
0.3,0, U1

0.6,π/7.

The computed laminates are shown in Figure 5, while computed values of the energy
and volume fractions are contained in Table 3.
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Table 3

U1
0.3,0 U1

0.8,π/5
U2
0.3,0 U1

0.6,π/7

ϕ 9.17280 5.32480 4.05720 5.29920
E 0.43× 10−19 0.13× 10−10 0.19× 10−17 0.45× 10−10

λ 0.3 0.19999970 0.3 0.60000094

We are aware that if the matrix chosen as the underlying barycenter does not
admit a decomposition as in (3.1), then a surprising nonuniqueness for the underlying
microstructure occurs. Indeed, many laminates of the form

(1− µ)(1− λ)δQ̂F0
+ (1− µ)λδQ̂F−1

0
+ µ(1− λ)δF−1

0
+ µλδF0

for

Q̂ =
1

1 + δ2(1− 2λ)2
(
1− δ2(1− 2λ)2 −2δ(1− 2λ)
2δ(1− 2λ) 1− δ2(1− 2λ)2

)
,

for different choices of µ and λ, can be found for the same barycenter [50]. If we take

U =

(
4/5 1/2
−2/5 1

)
,(3.2)

which corresponds to taking µ = 1/2, λ = 3/4, and

Q̂ =

(
3/5 4/5
−4/5 3/5

)
,

the associated laminate is the one in Figure 6(a). However, this particular microstruc-
ture has not been obtained in our numerous experiments, but rather different lami-
nates (with zero energy) for the same underlying affine deformation given by U in (3.2)
have been computed. The one in Figure 6(b) is associated to the convex combination

(1− λ)(1− µ)δF0 + (1− λ)µδRT
2 F

−1
0
+ λ(1− σ)δQF0

+ λσδQF−1
0

,

where

λ =
1√
21− 3 , µ =

2

5
, σ =

7−
√
21

4
,

Q =

(√
21/5 2/5
−2/5 √

21/5

)
, m1 =

1√
29

(−2
5

)
.

m1 is the normal to the interface between (1 − µ)F0 + µRT2 F
−1
0 and (1 − σ)QF0 +

σQF−1
0 , while m2 = (1, 0) is the normal between F0 and RT2 F

−1
0 , and m3 = (1, 0) is

the one corresponding to QF0 and QF−1
0 . Table 4 shows the computed values for all

these parameters.

We have also found laminates with the same barycenter U in (3.2) supported in
three matrices [4]

(1− λi)QsiF
−1
0 + λi(1− µi)QtiF0 + λiµiQtiF

−1
0 , i = 1, 2,
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Fig. 6.

where

λ1 =
17

42
+

4

105

√
85, λ2 =

17

49
+

5

196

√
85,

µ1 = 5−
√
85

2
, µ2 =

8

3
− 4

15

√
85,

cos s1 =
56

97
− 17

485

√
85, cos s2 =

56

97
+
17

485

√
85,

sin s1 =
68

97
+
14

485

√
85, sin s2 =

68

97
− 14

485

√
85,

cos t1 =
9

85

√
85, cos t2 = − 2

85

√
85,

sin t1 =
2

85

√
85, sin t1 =

9

85

√
85.

Figure 7 and Table 5 show the approximated minimizing gradients and computed
numerical values. Finally, Figure 1 corresponds to other different microstructures
associated to the same affine underlying deformation.

Table 4

λ 0.63191385 m1 (−0.37141829, 0.92846565)
µ 0.40001470 m2 (−1, 0)
σ 0.60432472 m3 (0.00002523, 1)

Our last situation refers to the example with four matrices, none of which is rank-
one related to the other three. Despite this fact, nontrivial infinite order laminates
are supported in this set of four matrices. This is one of those examples that must be
tested for any new way of computing laminates and rank-one convex hulls of functions.
We will consider the particular configuration with

A1 =

(−3 0
0 −1

)
, A2 =

(
1 0
0 −3

)
,

A3 =

(
3 0
0 1

)
, A4 =

(−1 0
0 3

)
,
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Fig. 7.

Table 5

λ1 0.24402617 λ2 0.41786234
µ1 0.39022623 µ2 0.20813357

E1 0.14× 10−8 E2 1.07× 10−5

and the integrand ϕ :M2×2 → R given by

ϕ(A) = 10−4
4∏
i=1

|A−Ai|2 .

If

B1 =

(−1 0
0 −1

)
, B2 =

(
1 0
0 −1

)
,

B3 =

(
1 0
0 1

)
, B4 =

(−1 0
0 1

)
,

then it is well known (see the above references) that the rank-one convexification of
ϕ vanishes within the square B1B2B3B4 and that this value can only be achieved by
an infinite order laminate. From a numerical point of view, we would like to see if
our algorithm is capable of capturing the successive approximated (HL) conditions.
Since in this situation we are interested not so much in the structure of the underlying
minimizing gradients as in the structure of the approximated (HL) conditions, we
will draw these in the two-dimensional subspace of diagonal matrices rather than
representing deformation gradients in the reference configuration.

One of the main difficulties in computing optimal (HL) conditions is the fact
that knowing the optimal such configuration for L does not help in finding the one
for L+ 1. Indeed, in many cases these are surprisingly unrelated. In what follows we
will identify points in the plane (x, y) with diagonal matrices

(
x 0
0 y

)
.



1784 ERNESTO ARANDA AND PABLO PEDREGAL

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

0.768

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

0.768

Fig. 8.

We will start by examining optimal (HL) conditions with first moment the zero
matrix, but before we do that we believe it is instructive to describe the basic idea
on the construction of the infinite order laminate which yields a vanishing value for
the rank-one convexification of ϕ. We will describe the situation taking as barycenter
B1, but then it can immediately be adapted to other matrices. Indeed, it is a matter
of checking the decompositions that follow, making sure that they are made along
rank-one matrices, and using them in a recursive manner:

B1 =
1

2
A1 +

1

2
B2, B2 =

1

2
A2 +

1

2
B3,

B3 =
1

2
A3 +

1

2
B4, B4 =

1

2
A4 +

1

2
B1.

Then

B1 =
1

2
A1 +

1

2

(
1

2
A2 +

1

2
B3

)
,

B1 =
1

2
A1 +

1

2

(
1

2
A2 +

1

2

(
1

2
A3 +

1

2
B4

))
· · ·

If we keep doing these decompositions, we build an infinite order laminate sup-
ported on the four matrices Ai, and hence the rank-one convexification of ϕ on B1

vanishes. The same is true for any matrix in the square B1B2B3B4, as pointed out
above, and also for the segments [Ai, Bi], i = 1, 2, 3, 4.

Figure 8 shows the expected (in the sense of the recursive decompositions given
above) (H2) conditions

(0, 0) =
1

2
(1, 0) +

1

2
(−1, 0)

=
1

2

[
3

4
(1, 1) +

1

4
(1,−3)

]
+
1

2

[
3

4
(−1,−1) + 1

4
(−1, 3)

]
,
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or

(0, 0) =
1

2
(0, 1) +

1

2
(0,−1)

=
1

2

[
3

4
(−1, 1) + 1

4
(3, 1)

]
+
1

2

[
3

4
(1,−1) + 1

4
(−3,−1)

]
,

both with energy E = 0.768. Our experiments yield a slight variation on these
decompositions. We see in Figure 2 that the optimal (H1) has not been taken as a
starting point for the best (H2) condition. This in turn is slightly different from the
one shown in Figure 8. The computed matrices are

(1.1493, 1.03359), (1.1493,−2.9066), (−1.1493, 2.9066), (−1.1493,−1.0335)
with an energy value slightly better E = 0.75866. In Figure 3, optimal structures of
level three and four (L = 3 and L = 4, respectively) obtained by our algorithm have
been drawn. The values for the energy are E3 = 0.35185 and E4 = 0.17329, respec-
tively. They are again better than the ones corresponding to the limit laminate (see
Table 6). It is also interesting to notice that the support of optimal (HL) conditions
tends to the zero set, K = {Ai}, of ϕ as L increases. This can be seen in the supports
for the computed optimal (H3) and (H4) conditions

K3 = {(1.2042,−2.9511), (−1.2042, 2.9511), (−2.9094,−1.0851),
(2.9094, 1.0851), (1.0646,−1.0851), (−1.0646, 1.0851)} ,

K4 = {(−2.9793,−1.0951), (1.0960,−2.9589), (2.9088, 1.1063), (−2.9088,−1.1063),
(−1.0960, 2.9589), (2.9793, 1.0951), (−1.0545, 1.1063), (1.0545,−1.1063)} .

For a greater number of levels, this trend is maintained. Optimal values of the energy
are a bit better than the expected values, while the matrices in the support tend to
the wells of ϕ. In Figure 4, we show the optimal (H6) and (H7) conditions.

Table 6

Expected Computed
E2 = 0.768 E2 = 0.75866
E3 = 0.384 E3 = 0.35185
E4 = 0.192 E4 = 0.17329
E5 = 0.096 E5 = 0.08578
E6 = 0.048 E6 = 0.04269
E7 = 0.024 E7 = 0.0213

Similar results have been obtained for matrices located over the boundary of the
square B1B2B3B4. Figure 9 shows computed optimal (H

5) conditions for some of
those matrices.

So far, the experiments have shown a clear similarity with the expected result.
For matrices in the interior of the square mentioned in the last paragraph this is not
so. For instance, let us focus on (1/2, 1/2). Up to level four (L = 4), one would expect
a structure similar to (see Figure 10(a))(

1

2
,
1

2

)
=
3

4

(
1

2
, 1

)
+
1

4

(
1

2
,−1

)

=
3

4

[
5

8
(−1, 1) + 3

8
(3, 1)

]
+
1

4

[
7

8
(1,−1) + 1

8
(−3,−1)

]
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=
15

32

[
1

2
(−1,−1) + 1

2
(−1, 3)

]
+
7

32

[
1

2
(1, 1) +

1

2
(1,−3)

]

+
9

32
(3, 1) +

7

32
(−3,−1)

=
15

64

1

2
(1,−1) + 7

64

1

2
(−1, 1) + 15

64
(−1, 3) + 7

64
(1,−3)

+

(
7

32
+
15

128

)
(−3,−1) +

(
9

32
+

7

128

)
(3, 1).

However, we found that the decomposition (Figure 10(b))

(
1

2
,
1

2

)
=
7

8

(
1

2
, 1

)
+
1

8

(
1

2
,−3

)

=
7

8

[
5

8
(−1, 1) + 3

8
(3, 1)

]
+
1

8

(
1

2
,−3

)
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=
35

64

[
1

2
(−1,−1) + 1

2
(−1, 3)

]
+
21

64
(3, 1) +

1

8

(
1

2
,−3

)

=
35

128

1

2
(1,−1) + 35

128

1

2
(−1, 3) + 35

128
(−3,−1) + 21

64
(3, 1) +

1

8

(
1

2
,−3

)

is the best one up to three levels, and only from four levels on the expected decom-
position beats the last one. The numerical values are in Table 7, and the optimal
structures are in Figure 11. This deviation from expected structures is more clear as
we move toward the boundary of the square. In some cases one needs to let up to five
levels of decomposition in order to see the expected structure for the limit optimal
laminate. For instance, for the matrix (8/10, 8/10) one must go up to seven levels.

Table 7

Expected Computed
E2 = 0.704 E2 = 0.509254
E3 = 0.352 E3 = 0.30375
E4 = 0.176 E4 = 0.15801
E5 = 0.08 E5 = 0.07837

4. Final remarks. We would like to make some comments on the algorithm
used to implement the numerical experiments in this paper.

It is important to notice that the number of variables involved exponentially
increases with the number of levels L, thus making the computations unfeasible for
large values of L. On the other hand, the main estimate in [1] ensures that the error
reduces exponentially with L as well, so that there is no need, in principle, to use
many different levels in real computations. Nonetheless, it would be interesting to
have error estimates in approximating ϕL by our algorithm. Since the computation
of ϕL(A) is essentially a global optimization problem, there is no standard way of
measuring how far we are from the real global optimum. An attempt in this direction
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is made in [24], [25], [26]. In many cases we cannot be sure if we are even close to
the optimum sought, although in our examples that seems to be the case. In most
of the practical algorithms utilized for global optimization problems (like simulated
annealing) several parameters must be tuned for good results. In our case, only the
situation with the four matrices required fine adjustments when the number of levels
increased beyond a certain point. The most delicate point was the choice of the initial
guess to start out the algorithm, in order to avoid local minima. This is again a typical
difficulty of these methods. Finally, it is important to point out that the continuity of
the density ϕ turns out to be vital for good results, which, on the other hand, must
not be surprising. We tried the algorithm with the example [33]

ϕ(A) =

{
1 + |A|2 , A �= 0,
0, A = 0,

and most of the time the algorithm does not go out of a trivial configuration as could
be easily anticipated.
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Abstract. We develop an adaptive method for solving one-dimensional systems of hyperbolic
conservation laws that employs a high resolution Godunov-type scheme for the physical equations, in
conjunction with a moving mesh PDE governing the motion of the spatial grid points. Many other
moving mesh methods developed to solve hyperbolic problems use a fully implicit discretization for
the coupled solution-mesh equations, and so suffer from a significant degree of numerical stiffness.
We employ a semi-implicit approach that couples the moving mesh equation to an efficient, explicit
solver for the physical PDE, with the resulting scheme behaving in practice as a two-step predictor-
corrector method. In comparison with computations on a fixed, uniform mesh, our method exhibits
more accurate resolution of discontinuities for a similar level of computational work.

Key words. moving mesh, adaptivity, equidistribution, shock capturing, hyperbolic conserva-
tion laws, finite volume methods
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1. Introduction. In this paper, we present an adaptive algorithm for computing
solutions to one-dimensional systems of hyperbolic conservation laws. We consider
problems of the form

qt + f(q)x = 0,(1.1a)

q(x, 0) = q0(x),(1.1b)

where q(x, t) ∈ R
m is an m-vector, a ≤ x ≤ b, and t ≥ 0. The system is “hyperbolic”

in the sense that the Jacobian matrix ∂f/∂q has real eigenvalues and is diagonaliz-
able with m linearly independent eigenvectors. Such problems are characterized by
moving discontinuities (i.e., fronts or shocks) that separate regions of flow where the
solution is smooth. The major challenge in solving hyperbolic systems numerically is
to capture the discontinuous solutions with sufficient accuracy while also keeping the
computational cost within acceptable limits.

The vast majority of numerical methods for solving hyperbolic problems have been
developed for fixed, uniform grids. An important class of such methods is based on the
Godunov scheme [16], which is a first order, finite volume method that employs the
exact solution to local Riemann problems at cell interfaces to enhance the resolution of
discontinuities. Accuracy can be further improved by using higher order variants, such
as the flux- and slope-limiter methods reviewed in [28, 31], and computational cost is
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Fig. 1.1. A comparison of the variation in solution from one time step to the next on fixed and
moving meshes.

reduced by linearizing the equations and solving approximate Riemann problems in
each cell instead.

The discontinuities that are characteristic of hyperbolic problems typically move
in time, and so the solution at a particular point in space can change very rapidly (see
Figure 1.1). As a result, computations on a fixed, uniform spatial mesh can require
that the time step be extremely small in order to reduce the error arising from the time
variation in the solution at points near the front. On the other hand, it is possible to
take a much larger time step when the solution is smooth and does not exhibit such
large variation from one mesh point to the next. In principle, therefore, it is desirable
to employ a nonuniform mesh that is sparse in regions where the solution is smooth
and more concentrated near discontinuities. Since the steep fronts are not stationary,
it is attractive to allow the mesh points to move in time so that fine grid resolution
can be maintained near discontinuities, thereby attaining a balance between accuracy
and efficiency.

There has been some success in solving hyperbolic problems on adaptive spatial
meshes, starting with Harten and Hyman [17] who demonstrated how to extend a
Godunov scheme to handle moving grids in one dimension. They employed a static
regridding technique, in which the solution and mesh are evolved separately, with the
mesh points updated in each time step to explicitly track discontinuities. Another
static refinement strategy that has proven very successful, especially for higher di-
mensional problems, is the adaptive mesh refinement method [3] in which the mesh
is refined locally based on some measure of the solution error using Cartesian sub-
grids. Biswas, Flaherty, and Arney [4] combined both mesh movement and local mesh
refinement in a finite element framework.

In contrast with static refinement techniques is the second major class of adaptive
methods based on dynamic refinement, in which one explicitly derives an equation
governing the spatial mesh, which moves mesh points naturally to where they are
most needed. The mesh equation is often derived from an equidistribution principle,
which attempts to equally distribute some measure of solution error over the spa-
tial domain. This approach was used to solve one-dimensional hyperbolic problems
in [30] and [11], employing a flux splitting method for discretizing the physical PDE.
The major disadvantage to this technique is that the coupling between the solution
and mesh equations is nonlinear, often requiring a Newton iteration in each time
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step, which can be very costly. This problem is further exacerbated by the dense
clustering of mesh points near discontinuities, which degrades the convergence of the
iteration.

In many moving mesh methods it has been found necessary to introduce an ad-
ditional artificial viscosity term of the form µ qxx into (1.1), and solve the resulting
parabolic system instead. This approach has been taken in connection with spatial
discretizations based on finite differences [23, 29, 12], finite elements [15, 22], and
collocation [19]. However, even with the viscous regularization, there are still conver-
gence problems associated with taking the hyperbolic limit µ→ 0 that can seriously
degrade performance [15].

In this work, we propose an adaptive method that combines the flexibility and
accuracy afforded by a dynamically moving mesh with the increased shock resolu-
tion capability of a Godunov-type scheme. The resulting method has the potential
to reduce the cost of the moving mesh component of the algorithm significantly by
eliminating the need for such a high concentration of grid points near discontinuities.
We employ the moving mesh PDE (MMPDE) approach of Huang, Ren, and Rus-
sell [18] in which the number of grid points is constant and the points move through-
out the domain, subject to a time-dependent PDE. The main difference from many
of the other moving grid methods mentioned earlier is that the MMPDE incorporates
a temporal smoothing term which improves the performance of the solution-mesh
iteration.

For the physical PDE, we use the wave propagation method introduced by
LeVeque [21] and implemented in the software package Clawpack [20]. The re-
sulting method is similar to that of Chen [9], wherein a Godunov scheme was coupled
with an MMPDE in a fully implicit time discretization based on the method of lines.
However, we construct a more efficient semi-implicit scheme (similar to that devel-
oped in [29] for parabolic problems) that behaves as an explicit, predictor-corrector
step for the test problems considered here. Furthermore, our method satisfies a dis-
crete conservation principle which may not be the case for implicit discretizations
based on a straightforward method-of-lines approach (see [14, 9, 12]). Our strat-
egy is based on the principle that there is no reason to solve the physical PDE and
mesh equation with the same spatial discretization or to the same level of accu-
racy, since they are equations of different type (one hyperbolic, one parabolic) and
have fundamentally different interpretations (one physical, and the other an artificial
construct).

We begin in section 2 with a description of the numerical method, including details
of the wave propagation scheme for the hyperbolic conservation law, the discretiza-
tion of the moving mesh equation, and the iteration that couples the two together.
Section 3 presents several possible monitor functions that are designed specifically to
resolve discontinuous solutions and shows how a monitor function can be generalized
for systems of conservation laws where multiple fronts arise. In section 4, numerical
tests are performed on several problems encompassing both scalar conservation laws
and systems, to demonstrate the accuracy, efficiency, and robustness of the moving
mesh method. Throughout this paper two major issues of concern are choosing a mon-
itor function that is tailored to capturing discontinuous flow features, and temporal
smoothing for controlling mesh motion.

2. The numerical method.

2.1. The physical PDE: Godunov’s method on a moving mesh. We first
describe the finite volume discretization of the hyperbolic conservation law (1.1a) on a
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Fig. 2.1. A computational cell on an adaptive spatial mesh. The dashed lines show the actual,
curved, grid trajectories, which are approximated by straight lines in the xt-plane.

nonuniform, moving mesh derived by Fazio and LeVeque in [13].1 Consider a sequence
of times tn for n = 0, 1, . . . , where the time steps ∆tn = tn+1 − tn need not be equal.
Suppose that the spatial domain [a, b] is subdivided using a set of points which move
in time and are parameterized by xi(t) = x(ξi, t), where ξi =

i
N are the equally spaced

computational coordinates, and

a ≡ x0 < x1(t) < x2(t) < · · · < xN−1(t) < xN ≡ b.

Figure 2.1 depicts a typical computational cell with grid points evolving from time
level tn to tn+1 = tn + ∆tn, and with xni = xi(t

n). In the following discussion, we
develop the method in terms of the scalar quantity q to simplify notation, although
the results extend easily to vectors.

In the Godunov scheme [16], the solution is assumed to be piecewise constant on
each subinterval [xi, xi+1], and the discrete solution is taken to represent the average
value of the actual solution along the lower cell boundary,

Qni+1/2 =
1

∆xni+1/2

∫ xn
i+1

xn
i

q(s, tn) ds,(2.1)

where ∆xni+1/2 = xni+1 − xni is the local mesh spacing. We then integrate the conser-

vation law (1.1a) across the computational cell to obtain the formula

κn+1
i+1/2Q

n+1
i+1/2 = κni+1/2Q

n
i+1/2 −

∆tn

∆ξ

[
(f(Q∗

i+1)− ẋni+1Q
∗
i+1)− (f(Q∗

i )− ẋni Q∗
i )
]
,

(2.2)

where ∆ξ = 1
N and κni+1/2

.
= ∆xni+1/2/∆ξ. The numerical flux f(Q∗

i ) is an approxima-
tion of the actual flux along the left slanted boundary of the cell and is computed using
the solution to the local Riemann problem arising at the interface between the constant
states Qni−1/2 and Qni+1/2. The intermediate state, Q∗

i , is actually the solution to the

Riemann problem that lies along the straight-line characteristic (x−xni )/(t−tn) = ẋni .
Here, we have assumed that the time derivative ẋi = ∂x(ξi, t)/∂t is constant over the
time interval [tn, tn+1], so that the edges of the cell are straight lines. The main

1Fazio and LeVeque used a simple moving mesh strategy for the Euler equations in which the
contact line is tracked explicitly and a piecewise uniform mesh is fit to either side of the discontinuity.
Our moving mesh approach is designed to capture discontinuities naturally as part of the solution
process and is therefore much more flexible.
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difference between this and Godunov’s scheme on a fixed mesh is the appearance of
additional ẋ terms in (2.2) that arise due to the movement of the mesh points.

The method in the form (2.2) is nonconservative but can be modified to get
a conservative discretization. Again assuming ẋi is constant in a cell, we can use
xn+1
i = xni +∆tn ẋni to obtain

κni+1/2Q
n
i+1/2 = κn+1

i+1/2Q
n
i+1/2 −

∆tn

∆ξ
(ẋni+1 − ẋni )Qni+1/2.

Substituting this expression into (2.2) yields the discrete system

κn+1
i+1/2Q

n+1
i+1/2 = κn+1

i+1/2Q
n
i+1/2 −

∆tn

∆ξ

[
(f(Q∗

i+1)− ẋni+1(Q
∗
i+1 −Qni+1/2))

− (f(Q∗
i )− ẋni (Q∗

i −Qni+1/2))
]
.(2.3)

The advantage to this form is that the quantity
∑
i κ

n
i+1/2Q

n
i+1/2 is conserved with n

and constant states Q are preserved.
For reasons which will become clear shortly, we write the Godunov scheme in

wave propagation form:

Qn+1
i+1/2 = Qni+1/2 −

∆tn

κn+1
i+1/2∆ξ

(A+∆Qni +A−∆Qni+1

)
(2.4)

with

A+∆Qni = f(Qni+1/2)− f(Q∗
i )− ẋni (Qni+1/2 −Q∗

i ), and

A−∆Qni = f(Q∗
i )− f(Qni−1/2)− ẋni (Q∗

i −Qni−1/2).

Here, A+∆Qni is the right-going flux difference from solving the Riemann problem
between Qni−1/2 and Qni+1/2 and models the combined effect on the cell average Qni+1/2

of waves entering from the left edge. Similarly, A−∆Qni+1 is the left-going flux differ-
ence from the Riemann problem between Qni+1/2 and Qni+3/2 and models the combined
effect of all waves entering the cell from the right.

The Godunov scheme can be very expensive, particularly for systems of conser-
vation laws, where the Riemann problem at each cell interface requires the solution
of a nonlinear system of equations. In practice, it is possible to solve the Riemann
problem approximately based on the linearized system

qt +A · qx = 0(2.5)

with A an m×m matrix. The well-known approximate Riemann solver of Roe [25] is
the solution to such a linearization and yields a set of m wave speeds λpi and jumps
Wp
i across each wave for p = 1, . . . ,m. Using the wave decomposition from the Roe

solver, we can write

A+∆Qi =

m∑
p=1

(λ̃pi )
+Wp

i ,(2.6a)

A−∆Qi =
m∑
p=1

(λ̃pi )
−Wp

i ,(2.6b)
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where (λ̃pi )
+ = max(0, λ̃pi ), (λ̃

p
i )

− = min(0, λ̃pi ), and λ̃
p
i = λpi − ẋni are “shifted” wave

speeds, incorporating the influence of the moving mesh. One of the major advantages
of using this type of finite volume formulation is the natural way in which mesh motion
is incorporated into the discrete equations, appearing only in the wave speeds. This
should be contrasted with other methods based on finite differences that explicitly
introduce terms of the form qxẋ, which can lead to problems with stability unless
discretized carefully [23].

Godunov’s method is only first order accurate in space, and so it suffers from a
high degree of artificial dissipation which leads to significant smearing of the sharp
fronts as the solution is evolved. To increase the accuracy of the discretization, one
can use a high resolution flux correction (see [13, 21] for details).

Because the scheme is explicit in time, stability requires the time step to satisfy
the Courant–Friedrichs–Levy (CFL) condition ν ≤ 1, where the CFL number is

ν = ∆t max
i,p

{∣∣∣∣∣ (λ̃pi )
+

∆xi+1/2

∣∣∣∣∣ ,
∣∣∣∣∣ (λ̃

p
i+1)

−

∆xi+1/2

∣∣∣∣∣
}
.(2.7)

This inequality requires that the time step be small enough that waves from neigh-
boring cells do not intersect.

It is important to distinguish the difference between the CFL condition for a
moving mesh method and that arising from a fixed nonuniform grid, which is the same
as (2.7) except that λ̃pi is replaced by the unshifted wave speeds λpi . On a fixed mesh,
∆xi+1/2 can be very small, leading to a very strict global requirement on the time
step. In contrast, the moving mesh method allows for a much less restrictive CFL
condition when the shifted wave speeds are close to zero; i.e., provided that mesh
points move at approximately the same speed as solution discontinuities, ẋi ≈ λpi .
The possibility of relaxing the global CFL restriction for explicit calculations on non-
uniform meshes is one of the major advantages of using a moving mesh for hyperbolic
problems.

2.2. The MMPDE. Now we consider the mesh computation and for this formu-
late a moving mesh PDE that is based on an equidistribution principle. Following [18],
we require that the transformation x(ξ, t) from physical to computational coordinates
satisfy ∫ x(ξ,t)

a

M(s, t) ds = ξ ·
∫ b

a

M(s, t) ds.(2.8)

The functionM(x, t) > 0 is called the monitor function and can be the most important
component of the adaptive mesh algorithm. In principle, M can be any appropriately
chosen measure of the numerical error in the solution of the physical PDE. However,
an advantage of the moving mesh approach is that M can be chosen to capitalize
on some underlying property of the solution (for example, self-similarity or scaling
invariance [5]). This is a feature that can be exploited in order to place mesh points
precisely where they are needed in order to achieve optimal accuracy.

It is possible to discretize the integral form (2.8) directly, leading to a set of
algebraic equations for the mesh locations which can be extremely difficult to solve
efficiently when coupled with the physical PDE. Instead we take the MMPDE ap-
proach used by Huang, Ren, and Russell [18], wherein a PDE describing the moving
mesh points is obtained by taking the time derivative of (2.8) and introducing tempo-
ral smoothing. There are a large number of possible MMPDEs, one being MMPDE4
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of [18]:2

∂

∂ξ

(
M
∂ẋ

∂ξ

)
= −1

τ

∂

∂ξ

(
M
∂x

∂ξ

)
.(2.9)

The parameter τ can be thought of as the time scale over which the mesh relaxes
towards equidistribution.

A commonly used form of M is the arclength monitor function

M =
√

1 + |qx|2.(2.10)

The corresponding centered finite difference approximation at cell midpoints is

Mi+1/2 =

√√√√1 +

∣∣∣∣∣Qi+1 −Qi
xi+1 − xi

∣∣∣∣∣
2

,(2.11)

where Qi = (Qi+1/2∆xi−1/2 + Qi−1/2∆xi+1/2)/(∆xi+1/2 + ∆xi−1/2) is a weighted
average of cell-centered solution values, located at cell edges. Notice thatM is largest
where the solution changes most rapidly, and as a result the mesh equation (2.9)
serves to concentrate grid points in regions with large solution gradients.

It is well known that some sort of smoothing of the mesh is required in order
to maintain reasonable accuracy in the computation of a solution on an adaptive
mesh. Rather than smoothing the mesh itself, a commonly applied technique in the
moving mesh framework is to replace the monitor function in the equations above by
a regularized version M̃ given by

M̃i+1/2 =

√√√√√ i+ip∑
k=i−ip

M2
k+1/2

(
γs

1 + γs

)|k−i|/ i+ip∑
k=i−ip

(
γs

1 + γs

)|k−i|
.(2.12)

M̃i+1/2 can be thought of as a weighted average of the neighboring 2ip+1 values ofM
(with weighting factors determined by the parameter γs > 0) that serves to eliminate
local oscillatory or nonsmooth behavior that may arise from solving the MMPDE.

We discretize the MMPDE using centered finite differences in space, yielding

Mi+1/2 (ẋi+1 − ẋi)−Mi−1/2 (ẋi − ẋi−1) = −Ei
τ
,(2.13a)

where Ei is a centered approximation to the term on the right-hand side of (2.9) given
by

Ei =Mi+1/2 (xi+1 − xi)−Mi−1/2 (xi − xi−1) .(2.13b)

Since the monitor function depends on the solution valuesQi+1/2, the discrete physical
equation (2.4) and (2.13a) form a coupled, nonlinear system of equations to be solved
in each time step. In one-dimensional problems, it is common to employ a fully implicit
time discretization and solve the resulting system of stiff ODEs using a package such
as Dassl [24]. In two dimensions this procedure becomes very costly, and other
approaches are needed (see [6], for example). We wish to construct a time-stepping
procedure that preserves the conservation properties of the physical PDE, an issue
addressed in the following section.

2Another MMPDE, MMPDE6, performs better for problems in which there are viscous
shocks [22] or blow-up [5]. Its success is attributable to a certain scaling invariance property. How-
ever, we have found in numerical experiments that MMPDE6 is unsuitable for solving hyperbolic
problems, which may be related to some alternate form of scaling invariance.
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2.3. Time integration. Here we describe an algorithm for solving the discrete
equations (2.4) and (2.13). By itself, the wave propagation scheme is explicit, but
when coupled with the mesh equation, the system becomes implicit due to the depen-
dence of the mesh equation on Q through the monitor function.

In our experience, a straightforward explicit discretization in time will lead to
instabilities, and therefore some form of implicit time differencing is required (see
also [23, 15]). Intuitively, it is easy to see the need for some form of iteration: if we
were to employ a fully explicit algorithm, basing the mesh locations on the solution
for the previous time step, then grid points can lag behind the solution, leading to
serious violations of the CFL condition. However, a fully implicit scheme, wherein
the coupled nonlinear system is solved in each time step, is far too expensive for
practical calculations. Our method is similar to the fully explicit, predictor-corrector
step constructed in [29], except that the step is iterated. Our aim in constructing a
scheme is to leave the solution step for the physical PDE unaltered, so that we can
employ the conservative, high resolution algorithms in Clawpack, and build around
it a fixed point iteration on the mesh.

We propose the following algorithm.

Moving Mesh Algorithm

1. Let n = 0.
2. Given an initial solution Q0 at time t = t0, equidistribute the mesh exactly

using a discretization of the exact equidistribution principle (Mxξ)ξ = 0 (cor-
responding to τ = 0).

3. Step the solution to time level n+ 1 using the following iteration:
(a) Let m = 0. Take a guess at the new mesh positions using xn+1,0

i =
xni +∆tn ẋni , unless this leads to mesh crossings, in which case we take
the conservative guess xn+1,0

i = xni .
(b) Use Clawpack to obtain an initial guess Qn+1,0 for the solution at time

level n + 1 using the mesh xn+1,0
i . Clawpack returns an adaptively-

chosen time step ∆tn which is used for the remainder of the iteration.
(c) Iterate on m:

i. Compute the raw and smoothed monitor function values, Mi+1/2 and

M̃i+1/2, and the quantity Ei from (2.13b), all based on the current

solution iterate Qn+1,m
i+1/2 .

ii. Employ a Crank–Nicolson discretization of (2.13a) for updating the
mesh:

M̃n+1,m
i+1/2 (xn+1,m+1

i+1 −xn+1,m+1
i )− M̃n+1,m

i−1/2 (xn+1,m+1
i −xn+1,m+1

i−1 )

= M̃n+1,m
i+1/2 (xni+1−xni )−M̃n+1,m

i−1/2 (xni −xni−1)−
∆tn

2τ

[
En+1,m
i + Eni

]
,

for which a tridiagonal system is solved for the unknowns xn+1,m+1
i .

iii. Use Clawpack to obtain the new solution approximation Qn+1,m+1
i ,

using mesh positions xn+1,m+1
i , mesh velocities ẋn+1

i = (xn+1,m+1
i −

xni )/∆t
n, and a CFL restriction of ν ≤ 0.9.

iv. If ‖xn+1,m+1−xn+1,m‖1 > TOL, then increment m, and go to step
3(c)(i).
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4. Once the iteration has converged, increment n and begin a new time step in
step 3.

Some of the key aspects of the algorithm worth noting are that
• the physical PDE is integrated explicitly in time using a conservative method;
• the convergence tolerance is applied on the mesh only;
• there is only a single parameter (the temporal smoothing, τ) needed to control
the mesh motion;
• because the physical PDE is solved using the general purpose solver Claw-
pack, the method is easy to generalize to other problems.

These features combine together to yield a method that to our knowledge is distinct
from any other adaptive approach that has appeared in the literature.

3. Monitor functions for resolving discontinuities. The monitor function
should in principle be chosen so that it represents some measure of the error in the
computed solution in an appropriate norm. At points where the error is large, M
should also be large so that mesh points will tend to concentrate in those areas
where higher resolution is needed. While solution arclength (2.10) concentrates mesh
points where the solution has large gradients and gives excellent results for many
parabolic problems, we have found that it is inappropriate for hyperbolic equations.
Particularly when high resolution Godunov schemes are used, computed discontinuous
flow features can be very steep, and so the MMPDE may drive more points than
necessary into the neighborhood of these discontinuities. Several investigations have
already been made into how the arclength monitor function can be modified to avoid
excessive clustering of points and so control the conditioning of the mesh equation [10,
1, 22]. Our objective in this section is to obtain regularized variants of the arclength
monitor, which are still large where discontinuities arise, but not so large that they
over-resolve steep layers.

One way to modify the arclength monitor function so as to balance the number of
points inside and outside a steep internal layer is to introduce a “regularizing factor”
α in the following manner:3

M =

√
1 +

1

α
|qx|2.(3.1)

The factor α allows one to reduce the magnitude of the monitor function in situations
where |qx| is very large, thereby avoiding over-resolution of steep layers, while also
ensuring that M still retains a significant peak near these discontinuities. Beckett
and Mackenzie [1] applied this type of regularization in the context of singularly
perturbed boundary value problems, and using a monitor function based on curvature,
M = 1+ 1

α |qxx|1/m. Taking α to be any constant greater than one in (3.1) will tend to
move points out of a steep front into regions where the solution is smooth. However,
if we are to construct a monitor function that will give reasonably consistent results
for shocks of arbitrary steepness, then α will have to depend on the solution.

A scaling of the arclength function using the maximum solution value (with α ∝
maxx |q|2) was applied in [11] to eliminate large variations in the solution components

3Note that the monitor functions M =
√
α+ |qx|2 and M =

√
1 + |qx|2/α give identical results

because of the invariance of MMPDE4 in (2.9) under the scaling M �→ cM , where c is a constant.
MMPDE6, incidentally, is not invariant under this scaling.
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Fig. 3.1. Plots of density, velocity, pressure, and entropy for a solution to the Euler equations.
In each plot, the rarefaction wave is on the left, the shock on the right, and the contact line lies in
between.

for systems of conservation laws. This monitor will still over-resolve discontinuous
fronts, and so we consider instead a scaling based on the maximum derivative value,

α = αmax
.
= max

x
|qx|2/β,(3.2)

where the parameter β > 1 controls the concentration of mesh points. A related
regularization, used in [1], scaled the derivative term in (3.1) by its average value over
the domain using

α = αavg
.
=

1

|b− a|
∫ b

a

|qx|2 dx.(3.3)

The advantage to this type of monitor function is that there is no free parameter
needed for mesh control.

3.1. Generalization to systems of equations. The discussion of monitor
functions thus far has been restricted to the case where the unknown function is a
scalar. The definition extends naturally to systems of equations in which q is an m-
vector. Perhaps the most obvious approach is to replace the absolute value |qx| with
the vector 2-norm ‖q‖ in (3.1). However, in problems such as the Euler equations
of gas dynamics, the solution components can take on values that differ widely in
magnitude, in which case it makes no sense to weight the individual components
equally. Furthermore, shocks are characterized by jumps in all three components,
whereas contact lines appear as discontinuities in the density only, as pictured in
Figure 3.1. As a result shocks are weighted more heavily in the calculation of the
monitor function and contact lines are essentially ignored. This is undoubtedly what
limits the accuracy of contact line resolution in other moving mesh computations such
as those reported in [8, 22].

In order to obtain a monitor function that is better able to capture all discontin-
uous flow features, some form of rescaling must be performed on the solution com-
ponents. Dorfi and Drury [11] used a weighted 2-norm of the solution in which each
component q(j) is scaled by a factor α(j) ≈ maxx |q(j)|2, and as a result the contribu-
tion of each component to the monitor function is the same.

Rather than using a simple scaled vector norm, we construct two distinct monitor
functions, one tailored to recognizing shocks and one to contact lines, and scale each
separately. Since the velocity, u, is discontinuous only across shocks, a natural choice
for constructing a “shock monitor” is the following:

Ms =

√
1 + β

( |ux|
maxx |ux|

)2

,(3.4)
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although pressure could equally well be used in place of velocity. We choose to regu-
larize the monitor function using αmax, since then the maximum magnitude of M is
independent of the shock steepness or the magnitude of the velocity component. It is
then possible to normalize the monitor functions so that different discontinuities are
given equal weight, something which is not possible with the averaged regularization
parameter αavg.

In a similar manner, we construct a “contact monitor” function defined in terms
of the entropy S = ln (p/ργ) as

M c =

√
1 + β

( |Sx|
maxx |Sx|

)2

.(3.5)

While the entropy is discontinuous across both shocks and contact lines (see Fig-
ure 3.1) and so is not an ideal choice for a contact monitor, entropy typically has a
much smaller jump across a shock than a contact line. Therefore, (3.5) should still
be a good measure of the location of contact discontinuities.

The moving mesh algorithm requires a single monitor function, which we define
using the simple convex combination

M cs = θM c + (1− θ)Ms.(3.6)

In all numerical simulations performed herein, we weight the two classes of disconti-
nuity equally and take θ = 1

2 . The resolution of the shock and contact line is fairly
insensitive to the choice β in (3.4) and (3.5) provided it is taken large enough, and in
practice a value of β = 100 has proven to give satisfactory results.

4. Numerical results. In this section, we will focus on three test problems: the
inviscid Burgers equation; the Buckley–Leverett equation (which is distinguished by a
nonconvex flux function); and the Euler equations of gas dynamics (a system of three
hyperbolic conservation laws). We evaluate the various monitor functions introduced
in section 3 by comparing accuracy and computational cost. We also investigate the
importance of the temporal smoothing parameter τ appearing in the moving mesh
equation and whether there are any particular issues associated with solving problems
that have discontinuous solutions. The solution quality and algorithm performance
are much less sensitive to the level of spatial smoothing, and so we fix the parameters
ip = 4 and γs = 2 in (2.12) for the remainder.

Computational costs are reported as CPU times in seconds measured on a Sun
SPARCstation-20, and in all of our simulations the overhead cost associated directly
with computing the mesh amounted to at most 25% of the total CPU time. As a
result, any differences in total cost between the fixed and moving mesh results can be
attributed primarily to differences in the time step in conjunction with any additional
moving mesh iterations required in each time step.

Errors are reported relative to an “exact” solution which is actually a finely
resolved numerical approximation obtained from a fixed mesh computation with N =
2500. An appropriate norm for measuring errors in discontinuous solutions is the
L1-norm, which we approximate using the formula

‖Q− q‖1 =

N∑
i=1

∣∣Qi+1/2 − q(xi+1/2)
∣∣ ·∆xi+1/2,

where Q is the computed solution and q the exact solution.
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Fig. 4.1. Moving mesh solution to Burgers’s equation at time t = 1.2 sec. On the left is the
solution and on the right are the mesh contours (αavg, τ = 0.05, N = 50).
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Fig. 4.2. Fixed mesh solution with N = 50 points (left) and a blow-up of various fixed and
moving mesh calculations in the neighborhood of the shock (right).

4.1. Inviscid Burgers equation. Our first test of the moving mesh method is
the inviscid Burgers equation

qt +

(
1

2
q2
)
x

= 0(4.1)

for 0 ≤ x ≤ 1, and t ≥ 0, with periodic boundary conditions and an initial solution
profile given by q0(x) = sin(2πx) + 1

2 sin(πx). The solution propagates to the right,
steepening until the singularity time ts = 64/(129π) ≈ 0.15792, at which point a
shock forms.

The solution up to time t = 1.2 is displayed in Figure 4.1 for a moving mesh
calculation with N = 50, τ = 0.05, and regularization parameter αavg, while the
fixed grid solution with the same number of mesh points is given in Figure 4.2 for
comparison. It is evident that the moving mesh computation yields considerably
better shock resolution than the fixed mesh method because of the clustering of mesh
points near the shock. The ability of the mesh to capture and follow the moving shock
is demonstrated by the mesh contour plot in Figure 4.1.

A more quantitative comparison of solution errors is afforded by Table 4.1, which
lists the L1 error in the solution for various fixed and moving mesh calculations. The
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Table 4.1
Comparison of various fixed and moving grid solutions for Burgers’s equation. The NT col-

umn reports the number of time steps and R the mesh racing factor. The arclength computation
flagged with a “∗” experienced difficulties with stability of the mesh equation which accounts for the
exceptionally large CPU time.

Description CPU time NT L1 error R
Fixed mesh:

N = 50 0.44 78 0.0042

N = 100 0.92 149 0.0028

N = 200 2.43 289 0.0015

N = 400 7.36 562 0.0007

Moving mesh (τ = 0.1):

αmax, N = 50 1.66 185 0.0017 0.104

αavg , N = 50 1.58 172 0.0013 0.101

αavg , N = 100 4.84 331 0.0005 0.056

Arclength monitor (N = 50):

τ = 0.2 2.67 323 0.0015 0.022

∗ τ = 0.1 31.20 4256 0.0016 0.001

moving mesh calculations with 50 grid points are as accurate as for a fixed mesh with
200 points, and they require less CPU time.

For the computations using regularization parameters αavg and αmax, the number
of iterations in each time step is at most 2. Therefore, the major factor determining
the efficiency of the method is the CFL condition (2.7) arising from the physical
PDE. The time steps in the moving mesh calculations are considerably larger than
that which would be allowed on a fixed mesh with a similar level of refinement near
the shock. This is illustrated by the time step plots in Figure 4.3(a), which correspond
to a 400-point fixed mesh and a moving grid with αavg. However, the improvement is
not as dramatic as we might have expected from (2.7) because the shifted wave speeds
are never exactly zero. It is not possible to constrain mesh points to lie always along
the front since they must periodically enter the shock layer from the right and leave
from the left, as seen in Figure 4.1. This phenomenon, known as “mesh racing,”4 is
unavoidable in r-adaptive methods for which mesh points are not explicitly added or
removed throughout the adaptation procedure.

The connection between mesh racing and the CFL number (2.7) can be made
more apparent by considering two mesh trajectories, xi−1 and xi, that lie along a
shock as pictured in Figure 4.4. The mesh point xi continues moving along the shock,
and so the wave speed is λ ≈ ẋi. The local CFL number corresponding to the mesh
point xi−1 is then given by

νi−1/2 =
|λ− ẋi−1|∆t
xi − xi−1

≈ |ẋi − ẋi−1|
∆ξ

· ∆ξ

xi − xi−1
·∆t ≈ ∆t

/∣∣∣∣ xξxξt
∣∣∣∣ .(4.2)

Consequently, when mesh racing occurs, there is an accompanying stability constraint
on the time step that is determined by the “mesh racing factor,” R .

= minx |xξ/xξt|.
Table 4.1 and Figure 4.3(b) both show that smaller values of R (associated with
clustering of grid points and large mesh curvature) correspond to reductions in the
time step. More careful investigation shows that this correlation between time step
and mesh racing factor persists for all moving mesh calculations.

4While not standardized in the literature, the term “mesh racing” has been used in the past by
K. Miller.
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Fig. 4.4. A plot of moving mesh trajectories in the x − t plane, depicted in the neighborhood
of a discontinuity, denoted by the thick gray line. Mesh racing is illustrated, in which two mesh
trajectories lying along the shock, xi−1 and xi, diverge from each other between one time level and
the next.

Temporal smoothing plays a central role in the performance of the algorithm
and the resolution of discontinuous solution features. The primary influence of the
parameter τ is to smooth the mesh trajectories, or in other words, to lessen the
mesh “curvature,” xξt. Hence, temporal smoothing is integrally connected to mesh
racing. Too much smoothing prevents the moving mesh algorithm from recognizing a
discontinuity at all, resulting in a mesh that is nearly uniform. On the other hand, too
little smoothing can lead to mesh racing, excessively small time steps, and difficulties
with convergence of the solution-mesh iteration. Table 4.2 displays the CPU time and
errors for several values of τ , from which it is evident that the algorithm can be quite
sensitive to the level of smoothing.

The temporal smoothing parameter can also be interpreted as a time scale over
which the grid relaxes towards equidistribution. Consequently, a secondary effect of
temporal smoothing is a slight time delay in the mesh motion. This is manifested in
Figure 4.1 as a higher concentration of mesh points at the trailing edge of the shock.
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Table 4.2
Comparison of various fixed and moving grid solutions for Burgers’s equation (αavg, N = 50).

The NT column reports the number of time steps and R the mesh racing factor. The arclength
computation marked with a “∗” experienced difficulty with stability of the mesh equation.

τ CPU time NT L1 error R
∗ 0.01 63.38 324 0.0072 0.005

0.025 3.68 261 0.0016 0.050

0.05 1.96 236 0.0022 0.068

0.10 1.58 171 0.0013 0.101

0.20 1.25 117 0.0016 0.200

0.50 0.98 89 0.0035 0.769
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Fig. 4.5. Mesh trajectories for various temporal smoothing parameters (αavg, N = 50).

A tangible connection can be made between mesh racing and the level of temporal
smoothing, based on the analysis of moving mesh methods performed by Smith and
Stuart [26] for a general class of time-dependent scalar PDEs. In this work, the authors
derive the following bounds on the mesh derivatives in terms of τ and M̄

.
= maxx(M):

|xξt| ≤ M̄2

τ
and xξ ≥ 1

M̄
,

which can be combined to obtain a bound on the mesh racing factor,

R ≥ τ

M̄3
.(4.3)

While this is only a lower bound on R, it does suggest that our strategy of combining
temporal smoothing with a regularized monitor function serves to control mesh racing.
This is particularly evident in the case of the αmax regularization, for which M is
bounded by a constant and, in fact, R ≥ τ/β3/2. Referring to the contour plots in
Figure 4.5 and the entries in Table 4.2, τ clearly does have a mollifying influence on
the mesh curvature and hence also on mesh racing.

We now move on to a discussion of the choice of monitor function. Using solution
arclength for problems with steep fronts, the mesh equation is known to become ill-
conditioned as the viscosity, and hence also the front thickness, go to zero [15], causing
mesh points to cluster in the layer. The results in Table 4.1 demonstrate that the
arclength monitor requires a higher value of τ to control the mesh behavior, and the
iteration diverges even when τ is as large as 0.1. As long as the temporal smoothing
is taken large enough the arclength results are comparable to that for other monitor
functions, although the accuracy suffers somewhat because of the time lag in the
mesh motion. However, as we will see later in computations with the Euler equations,
arclength can introduce severe ill-conditioning in the mesh equation, so we do not
advocate its use for hyperbolic problems.



1806 J. M. STOCKIE, J. A. MACKENZIE, AND R. D. RUSSELL

Table 4.3
Comparison of moving grid calculations for Burgers’s equation based on the method of lines

(N = 50, τ = 0.05). The columns NT and NJAC give the number of time steps and number of
Jacobian evaluations, respectively.

Description CPU time NT NJAC L1 error

Inviscid Burgers, αmax 15.70 1264 221 0.0063

Viscous Burgers, α ≡ 1, µ = 10−3 9.08 580 44 0.0041

µ = 10−4 14.70 830 79 0.0039

µ = 10−5 32.90 1523 214 0.0036

0.91 0.915 0.92 0.925 0.93 0.935 0.94
−0.1
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0.6

0.7
exact        
inviscid     
µ=10−3  
µ=10−4  
µ=10−5  
semi−implicit

x

q

Fig. 4.6. Close-up of the solution to the viscous and inviscid Burgers equation at time t = 1.2
using a fully implicit method of lines approach. Our semi-implicit moving mesh solution is shown
for comparison purposes.

We close with a brief comparison to other more common moving mesh approaches,
and report on simulations for which the physical and mesh PDEs are discretized
implicitly in time using a method of lines approach. The resulting nonlinear system
is solved using the backward difference formula (BDF) solver Dassl [24] with error
tolerances atol = rtol = 10−6. We employ two different spatial discretizations: the
first being a centered finite difference approximation of the viscous Burgers equation
with the viscosity µ→ 0, and the second a Godunov scheme for the inviscid problem.
The CPU times and errors are listed in Table 4.3, from which it is easy to see the
significant increase in cost required for a fully implicit method. The close-up plots
of the solution near the shock in Figure 4.6 indicate the clustering together of points
as the layer steepens, with CPU times demonstrating the corresponding increase in
difficulty of solving the mesh equation.

These difficulties can only be expected to worsen for hyperbolic problems which
have no natural dissipative mechanism to control the mesh. In fact, the inviscid
Burgers computation fails to converge at all using the arclength monitor function,
and so an alternate monitor had to be employed. Using the αmax regularization
we were able to compute the solution pictured in Figure 4.6. While the L1 error
is only slightly larger in comparison to the other computations, there is clearly a
significant error in the shock speed. This points to a serious drawback in using a
straightforward method of lines approach for hyperbolic problems: namely, that the
resulting discretization may not be conservative. This is one of our main motivations
for constructing a semi-implicit algorithm using an explicit, conservative step in the
physical solution.
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Fig. 4.7. Moving mesh solution to the Buckley–Leverett equation (αmax, τ = 0.05, N = 50).

4.2. Buckley–Leverett equation. We next consider the scalar Buckley–
Leverett problem which has been used to describe the one-dimensional flow of two
immiscible fluids in a porous medium, neglecting capillary pressure and gravity. This
may be used to model gas and oil in a reservoir, for which the equations take the form
of a scalar conservation law (1.1a), where q is the fluid saturation (water volume/pore
volume) and the flux function is

f(q) =
q2

q2 + 0.5(1− q)2 .(4.4)

The solution is obtained on the interval x ∈ [0, 1], with initial and boundary conditions

q(x, 0) =
1

1 + 10x
, q(0, t) = 1, q(1, t) =

1

11
,

corresponding to an “oil recovery” scenario where water is pumped into the reservoir
at x = 0 and oil is forced out at x = 1. In contrast with Burgers’s equation, the
Buckley–Leverett flux function f(q) is nonconvex, which leads to difficulties with
some numerical schemes and so serves as an excellent test of a numerical method.

The solution to time t = 1.0 sec is shown for a moving mesh in Figure 4.7 and the
corresponding fixed mesh simulation in Figure 4.8. Again, the adaptive mesh does an
excellent job of capturing and following the discontinuity, and it resolves the shock
layer much more accurately than the fixed mesh method with the same number of
points.

4.3. Euler equations. The Euler equations describing the evolution of an in-
viscid, compressible, polytropic gas in one dimension are

∂

∂t


 ρ
ρu
e


+

∂

∂x


 ρu
ρu2 + p
u(e+ p)


 = 0,(4.5)

where ρ is the density, u the velocity, p the pressure, e = p
γ−1 + 1

2ρu
2 the internal

energy, and γ the ratio of specific heats (γ = 1.4 for air). The system (4.5) is in the
form of a conservation law (1.1a) with q = (ρ, ρu, e)T and f(q) = qu+(0, p, pu)T . We
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Fig. 4.8. Fixed mesh solution to the Buckley–Leverett equation (N = 50).

consider Sod’s classical shock tube problem [27] which has the initial conditions

q(x, 0) =

{
(1.0, 0.0, 2.5) if 0 ≤ x < 0.5,

(0.125, 0.0, 0.25) if 0.5 ≤ x ≤ 1,

and reflecting boundary conditions at x = 0 and x = 1.
In contrast with the Burgers or Buckley–Leverett problems of the previous sec-

tions (in which the initial data are smooth), the selection of an appropriate initial
mesh is of particular importance here because the initial conditions are discontinu-
ous. In order to allow mesh points to concentrate on or near initial discontinuities,
the data must be smoothed over some finite width. We therefore replace jumps in
each component of the initial data with smoothed, hyperbolic tangent profiles of the
form

q̃(x) = qL +
1

2
(qR − qL)

(
1 + tanh

(
x− xc
ε

))
,(4.6)

where qL and qR are the left and right jump states, x = xc is the location of the
discontinuity, and ε is the smoothing width. Reasonable mesh distributions are ob-
tained when points are exactly equidistributed (i.e., τ = 0) with a smoothing width
of ε ≈ 0.005. The resulting nonlinear system of equations is solved using a fixed
point iteration starting from an equally spaced mesh, and in order to improve the
convergence of the iteration we use a continuation procedure in which ε is gradually
decreased from 0.1 to 0.005. The iteration proceeds until the difference between mesh
locations for successive iterates goes to zero, and then the resulting mesh and solution
data are used as the initial conditions in the numerical scheme.

The performance of the moving mesh algorithm with the arclength monitor func-
tion was much worse than for Burgers’s equation, requiring an excessively large value
of τ for stability. We therefore consider only regularized monitor functions, and begin
with M =

√
1 + ‖qx‖22/α, based on a straightforward 2-norm of the solution com-

ponents, with α =
∫ ‖qx‖22 dx. The computed density and mesh contour plot are

displayed in Figure 4.9, from which we see that the moving mesh solution provides
much better resolution of the shock and rarefaction wave than the fixed mesh algo-
rithm (shown in Figure 4.10). However, the contact discontinuity is not detected at
all, and consequently, the resolution of the contact line is no better than for a fixed
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Fig. 4.9. Moving mesh solution (left: density component; right: mesh contours) for the Euler
equations, with monitor function based on the 2-norm (αavg, τ = 0.005, N = 60).
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Fig. 4.10. Fixed mesh solution for the Euler equations with N = 60.

mesh. These qualitative observations are supported by the L1 error values reported
in Table 4.4.

We next demonstrate the effectiveness of the monitor functions tailored specifi-
cally to resolving individual elementary waves. The mesh computed with the shock
and contact monitor functions,Ms andM c from (3.4) and (3.5), respectively, are pic-
tured in Figure 4.11. Clearly, both do an excellent job of capturing their corresponding
discontinuity, although the errors in Table 4.4 demonstrate the loss in accuracy suf-
fered when only one of the two discontinuous flow features is resolved. Furthermore,
the computational time is increased, due primarily to reductions in time step from
local CFL violations near the discontinuity that is not being adequately resolved.

The results computed with the monitor functionM cs are displayed in Figure 4.12.
While the solution is not as sharp at the individual fronts as the solution obtained
with each monitor function individually, the averaged monitor function does capture
both discontinuities and improves the overall accuracy in the solution relative to the
fixed mesh method. The resolution of the contact line is especially good considering
the difficulties in resolving this class of wave that are reported for other moving mesh
methods (e.g., [12, 22]). It is also important to mention here that we have made no
effort to optimize the efficiency of the moving mesh component of the code, and it is
certain that considerable gains in CPU time can still be made.

While it is difficult to perform an indepth comparison of accuracy and CPU time
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Table 4.4
Comparison of various fixed and moving grid solutions for the Euler equations.

Description CPU time NT L1 error R
Fixed grid:

N = 60 0.82 56 0.0047

N = 120 2.03 98 0.0026

N = 240 6.60 179 0.0013

N = 480 21.19 339 0.0006

Moving grid (N = 60, τ = 0.005):

αavg (M based on ‖qx‖22) 5.46 152 0.0032 0.0123

Moving grid (N = 60, τ = 0.005, αmax):

M =Mc 5.03 103 0.0041 0.0145

M =Ms 4.50 117 0.0043 0.0136

M =Mcs 3.32 80 0.0026 0.0150
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Fig. 4.11. Mesh contours obtained using the shock and contact monitor functions (τ = 0.005,
N = 60).

with other moving mesh results reported in the literature, we can still make some
general comments. When compared to other methods (e.g., [14, 2, 22]), even those
that employ fully implicit time-stepping, our moving mesh scheme requires at most
the same number of time steps for a comparable level of accuracy. If we then take into
account the added cost of evaluating and inverting the Jacobian matrix in implicit
methods, our scheme is much cheaper. Furthermore, in the case of the Euler equations,
we observe a significant improvement in the resolution of contact lines.

5. Conclusions. We have developed an adaptive method for solving one-dimen-
sional hyperbolic conservation laws that is accurate and efficient. This is despite the
fact that difficulties identified with solving parabolic problems on moving meshes in
the literature (namely, mesh racing and ill-conditioning of the solution-mesh iteration)
are exacerbated for hyperbolic problems due in large part to the absence of a natural
dissipative mechanism in the physical equations.

The method is based on the existing fast, wave propagation algorithms imple-
mented in the software package Clawpack. The accuracy of our results derives from
our combining the high resolution, Godunov-type scheme for the physical equations
with a moving mesh PDE that uses a monitor function specifically designed to capture
solution discontinuities. Numerical results demonstrate the efficacy of the method in
comparison with fixed mesh computations and other moving mesh results reported in
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Fig. 4.12. Moving mesh solution computed with the discontinuity-adaptive monitor function
Mcs (τ = 0.005, N = 60).

the literature, particularly as regards resolution of contact discontinuities.
The efficiency of our solution algorithm stems primarily from our construction of

a semi-implicit iteration for the solution and mesh, which behaves as a two- or three-
step predictor-corrector method for the test problems considered here. This should
be compared with other moving mesh algorithms, which typically employ a fully
implicit time discretization for the coupled solution-mesh system that iterates both
solution and mesh to convergence. The rapid convergence of the iteration is aided by
a combination of a discontinuity-adaptive monitor function that avoids over-resolving
sharp fronts with temporal smoothing that mollifies the effects of mesh racing. The
temporal smoothing parameter τ is the only free parameter required in the moving
mesh algorithm. However, the level of smoothing required varies between problems,
and so this is one area where further work is required. It is likely that performance can
be enhanced by allowing τ to depend on the solution throughout a given computation.

We have come to two fundamental conclusions regarding adaptive solution of
hyperbolic problems. First, the arclength monitor function, which is the one most
commonly used in moving mesh computations, is not appropriate for hyperbolic prob-
lems, where high concentrations of mesh points near discontinuous solution features
can cause the mesh equations to become ill-conditioned. Second, temporal smooth-
ing is essential for controlling mesh racing, which can otherwise cause serious CFL
violations and further degrade the solution-mesh iteration.

We are not advocating r-adaptive methods as a panacea for all hyperbolic prob-
lems, particularly because of the proven success of static refinement methods such as
adaptive mesh refinement (AMR) [3]. However, we have shown that there is consid-
erable advantage to be gained by some degree of dynamic mesh movement, and so
an optimal “overall” solution strategy is likely to derive from a combination of grid
movement (r-refinement) and grid subdivision (h-refinement).

The most obvious extension of this work is to higher dimensional problems where
multiple shock interactions pose particular challenges for mesh adaptation. The
Clawpack code has already proven very effective for problems on nonuniform sta-
tionary grids in two dimensions, and so our next step will be to generalize the wave
propagation scheme to a moving grid. When used in combination with the varia-
tional approach for two-dimensional moving meshes developed in Cao, Huang, and
Russell [7], our discontinuity-adaptive monitor function should exhibit similar advan-
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tages in higher dimensions.
There is also a need for further theoretical work on the behavior of the nonlin-

ear system of equations for the solution and mesh. It is our hope that an analysis
for hyperbolic problems (perhaps in the context of the scalar advection equation)
will provide insight into the importance of both the monitor function and temporal
smoothing, and their relationship to the phenomenon of mesh racing.
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Abstract. This paper studies the solution of quadratic eigenvalue problems by the quadratic
residual iteration method. The focus is on applications arising from finite-element simulations in
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1. Introduction. This paper studies the solution of the quadratic eigenvalue
problem

Ku+ iωCu− ω2Mu = 0, u �= 0,(1.1)

where K, C, and M have dimension n×n and M is symmetric positive definite. The
scalar ω is called an eigenvalue, u is a corresponding eigenvector, and (ω, u) is an
eigenpair. This problem arises from the finite-element simulation of damped acoustic
problems, where K is the stiffness matrix and is symmetric positive (semi)definite, M
is the mass matrix and is symmetric positive definite, and C is the damping matrix
and is symmetric and sometimes complex. The condition number of M is usually
relatively small, since M is the discretization of the continuous identity operator.
Typically, K, C, and M are large (of the order of 10,000 or more unknowns) and
sparse. In engineering applications, the eigenvalue ω is complex. The real part is the
resonance frequency, while the imaginary part represents the exponential damping of
the eigenmode. In applications, all the eigenvalues in a frequency range are wanted;
this is a few tens to a few hundreds of eigenpairs.

The problem (1.1) can be “linearized” into[
K 0
0 M

](
u
ωu

)
= ω

[ −iC M
M 0

](
u
ωu

)
,(1.2)
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which we also denote as Ax = ωBx with

A =

[
K 0
0 M

]
and B =

[ −iC M
M 0

]
.(1.3)

(See [21, Chapter X] and [31] for alternatives.) Note that for acoustic finite-element
applications, A is symmetric positive (semi)definite and B is (in general) complex
symmetric. Since M is nonsingular, this problem has 2n finite eigenvalues. When C
is purely imaginary, Ax = ωBx is a Hermitian problem, so all eigenvalues are real. In
general, C has a real component, and hence complex eigenvalues are present. When
C is real, then the spectrum is symmetric with respect to the imaginary axis: indeed,
if (ω, u) satisfies (1.1) and C is real, then (−ω̄, ū) is also an eigenpair. Note that when
C = 0, the spectral transformation block Lanczos method [7] is a very robust and
efficient solver.

In the literature, methods have been proposed for solving (1.1) and (1.2). The
linearized problem can be solved by the shift-and-invert Arnoldi method [21, 18].
This method computes the eigenpairs of the shift-and-invert transformation (A −
σB)−1B, where σ is called the shift. Alternatively, the rational Krylov method [20]
or the Jacobi–Davidson method [27] may be used. The advantage of the linearized
approach is that existing methods and software can be used. A disadvantage is that
the dimension is doubled.

Methods have been developed for directly tackling (1.1). They solve a sequence
of linear systems

(K + iσC − σ2M)y = r,(1.4)

where σ may change at each iteration. When a direct method is used for solving (1.4),
a matrix factorization on each iteration is inevitable. Neumaier [19] and Huitfeldt and
Ruhe [9] propose methods that use a fixed σ. This allows the same factorization to
be used for several iterations. Another approach is the Jacobi–Davidson method
[26, 28, 32] for the quadratic problem. The methods that we study build a subspace.
For reasons of computational cost and memory, the subspace dimension is limited.
When this limit has been reached without convergence of the sought-after eigenvalues,
the method needs to be restarted. The concept of restarting eigenvalue solvers is very
well understood for linear problems. See the recent work for the Arnoldi method
[29, 11, 16], the Jacobi–Davidson method [5], and the rational Krylov method [20, 3].
When more than one eigenvalue is wanted, it is usually advisable to lock the converged
eigenpairs. This is proposed for subspace iteration [30], Arnoldi’s method [11], Jacobi–
Davidson [5], and rational Krylov [20]. Both restarting and locking use the partial
Schur form.

The purpose of this paper is the development of reliable deflation and restarting
in methods that solve the quadratic problem (1.1). The problem is that the Schur
form is not defined for quadratic problems. We give a definition and show that this
Schur form does not always exist. Therefore, we propose using the Schur form of the
linearized problem (1.2).

We also want to stress that all theory in this paper can be extended to the m
degree polynomial case with m > 2. The polynomial problem

A0u+ λA1u+ · · ·+ λmAmu = 0
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can be solved by linearization into




A0

I
. . .

I







u
λu
λ2u
...

λm−1u


 = λ



−A1 −A2 · · · −Am
I

. . .

I







u
λu
λ2u
...

λm−1u


 .

The paper is organized as follows. In section 2, we present the quadratic residual
iteration method for solving (1.1) and prove a relationship with a modification of
the generalized Davidson method for the solution of the linearized problem (1.2).
In section 3, we use the theory developed in section 2 to link the Jacobi–Davidson
methods for (1.1) and (1.2). In section 4, the notion of partial Schur form is extended
to quadratic eigenvalue problems, and the theory of section 2 is used to efficiently
compute an approximate partial Schur form of the linearized problem by orthogonal
projection of the quadratic problem. In section 5, a deflation or locking technique
is proposed for the linearized problem, and in section 6, we discuss restarting the
linearized problem by purging Schur vectors. In section 7, we explain which vectors
we use to expand the subspace when we want to compute a partial Schur form of
the linearized problem. Section 8 presents a practical algorithm that is illustrated
by numerical examples including one from applications. In section 9, we compare
quadratic residual iteration and Jacobi–Davidson for computing a partial Schur form.
In section 10, we compare the shift-and-invert Arnoldi method with quadratic residual
iteration and Jacobi–Davidson. Finally, we summarize the main conclusions in section
11. Throughout the paper, ‖ · ‖ is used for the 2-norm of matrices and vectors and
‖ · ‖F for the Frobenius norm.

2. Quadratic residual iteration. In this section, we derive a relationship be-
tween methods for solving (1.1) and (1.2). All conclusions assume exact arithmetic.
For results on the backward error and condition of the linearized problem we refer
to Tisseur [31]. For the linearized problem, we consider the generalized Davidson
method [15] (which formally covers the Jacobi–Davidson method [27, 17]) and for the
quadratic problem we consider the residual iteration method [19] with subspace pro-
jection. We also discuss the Jacobi–Davidson variant for this problem. This section is
devoted to the development of a relationship between the two approaches. Therefore,
we also define a modified Davidson technique for the linearized problem (1.2) which
is shown to produce the same results as the quadratic residual iteration on (1.1).

The generalized Davidson method for the linearized problem is described by the
following algorithm [15]. The ωk’s form the sequence of Ritz values, and the σk’s are
chosen shifts.

Algorithm 2.1 (generalized Davidson method).
1. Given v1 ∈ C2n with ‖v1‖ = 1.
2. For k = 1, 2, . . . do

2.1. Let Vk = [v1, . . . , vk].
2.2. Compute the projection matrices Ak = V∗

kAVk, and Bk = V∗
kBVk.

2.3. Compute the eigenpair (ωk, zk) of interest of Akz = ωBkz.
2.4. Compute the corresponding Ritz vector xk = Vkzk.
2.5. Compute the corresponding residual rk = Axk − ωkBxk.
2.6. Solve the linear system (A− σkB)yk = rk.
2.7. Orthonormalize yk against v1, . . . , vk into vk+1.
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This algorithm consists of a sequence of Cayley transformations

yk = (A− σkB)−1(A− ωkB)xk(2.1)

and a projection step for computing the approximate eigenpair. The Cayley transform
aims to improve the approximation of eigenvalues near σk. For projection methods,
approximate eigenpairs are called Ritz pairs. The approximate eigenvalue is a Ritz
value, and the approximate eigenvector a Ritz vector. The small eigenvalue problem
in step 2.3 is usually solved by the QZ method [6]. We select the eigenpair of in-
terest, e.g., corresponding to the eigenvalue nearest σk. When the linear system in
step 2.6 is solved by an iterative method, Algorithm 2.1 is the generalized Davidson
method. In Davidson’s method, one usually employs σk = ωk and step 2.6 is executed
approximately [1], or one can use the Jacobi–Davidson method (see section 3). This
choice of σk leads to quadratic convergence. The generalized Davidson method does
not exploit the special structure of eigenvectors of (1.2). Clearly, it is sufficient to
compute the first n components of the eigenvectors and then construct the remaining
components. The following algorithm is a modification of the generalized Davidson
method that uses the first n components only.

Algorithm 2.2 (modified Davidson method).
1. Given v1 ∈ Cn with ‖v1‖ = 1.
2. For k = 1, 2, . . . do

2.1. Let Vk = [v1, . . . , vk] and V2k = ( Vk 0
0 Vk

).

2.2. Compute the projection matrices A2k = V∗
2kAV2k, and B2k = V∗

2kBV2k.
2.3. Compute the eigenpair (ωk, zk) of interest of A2kz = ωB2kz.
2.4. Compute the corresponding Ritz vector xk = V2kzk.
2.5. Compute the corresponding residual rk = Axk − ωkBxk.
2.6. Solve the linear system (A− σkB)yk = rk.
2.7. Orthonormalize the first n components of yk against v1, . . . , vk into vk+1.

Alternatively, one could select the last n components of yk in step 2.7. As we shall
see, there is no advantage in exact arithmetic. The basis vectors satisfy the projection
equation

AV2k −BV2kH2k = F2k

with projection matrixH2k = B−1
2k A2k and with residual term F2k satisfying V∗

2kF2k =
0. The projection equation is frequently used in section 4.

The quadratic residual iteration is now discussed.
Algorithm 2.3 (quadratic residual iteration).
1. Given v1 ∈ Cn with ‖v1‖ = 1.
2. For k = 1, 2, . . . do

2.1. Let Vk = [v1, . . . , vk].
2.2. Compute the projection matrices Kk = V ∗

k KVk, Ck = V ∗
k CVk, and

Mk = V ∗
k MVk.

2.3. Compute the eigenpair (ωk, zk) of interest of Kkz+ iωCkz−ω2Mkz = 0.
2.4. Compute the corresponding Ritz vector uk = Vkzk.
2.5. Compute the corresponding residual rk = Kuk + iωkCuk − ω2

kMuk.
2.6. Solve the linear system (K + iσkC − σ2

kM)yk = rk.
2.7. Orthonormalize yk against v1, . . . , vk into vk+1.

The algorithm is very similar to Algorithms 2.1 and 2.2, but instead of a regular
Cayley transform, a quadratic Cayley transform

yk = (K + iσkC − σ2
kM)−1(K + iωkC − ω2

kM)uk(2.2)
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is employed. The small eigenvalue problem at step 2.3 is solved by a method for solving
quadratic eigenvalue problems, e.g., Newton’s method, or by solving the corresponding
linearized problem.

In the following, we derive a relationship between Algorithms 2.2 and 2.3. The
main operations in these algorithms are the Cayley transform and the projection step.

Cayley transformation. On each iteration, the subspace is expanded by the Cayley
transformation applied to a Ritz vector. Here we establish a relationship between the
Cayley transforms (2.1) and (2.2) applied to a vector with a special structure.

Lemma 2.1. Let A and B be defined by (1.3) and(
x
y

)
= (A− σB)−1(A− ωB)

(
u
ωu

)
.(2.3)

Then

x = (K + iσC − σ2M)−1(K + iωC − ω2M)u and y = σx.(2.4)

Proof. Write (2.3) as[
K + iσC −σM
−σM M

](
x
y

)
=

[
K + iωC −ωM
−ωM M

](
u
ωu

)

=

(
(K + iωC − ω2M)u

0

)
.

The last row readily produces y = σx. Substituting this in the first row leads to the
first statement in (2.4). This proves the lemma.

Projection. The projection used in Algorithm 2.2 produces the same Ritz pairs
as the projection in Algorithm 2.3 if the Vk’s are the same.

Lemma 2.2. If the projection of (1.1) on Range(V ) produces the Ritz pair (ω, u),
then the projection of (1.2) on

V = Range

((
V 0
0 V

))

produces the Ritz pair (
ω,

(
u
ωu

))
.(2.5)

Proof. The projection of (1.2) on V is(
V 0
0 V

)∗ [
K 0
0 M

](
V 0
0 V

)(
z
t

)

= ω

(
V 0
0 V

)∗ [ −iC M
M 0

](
V 0
0 V

)(
z
t

)
.

This leads to V ∗KV z = ω(−iV ∗CV z + V ∗MV t) and t = ωz. This implies that
V ∗(K + iωC − ω2M)V z = 0, which is the projection of (1.1) on Range(V ). This
completes the proof.

The theory can now be used for establishing the following relationship.
Theorem 2.3. Suppose that v1 is the same for Algorithms 2.2 and 2.3. When

k ≤ n, both algorithms produce the same Ritz pairs.
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Proof. The proof is given by induction. Suppose that we use an initial vector v1 for
Algorithms 2.2 and 2.3. Suppose that the theorem is true at the end of iteration k−1,
i.e., Vk is the same for both algorithms. Following Lemma 2.2, Algorithm 2.3 produces

(ω, u), and Algorithm 2.2 produces (ω, ( u
ωu

) ). Finally, following Lemma 2.1, xk is

the same for both algorithms, so both produce the same vk+1. This implies that Vk+1

is equal in both algorithms, from which the proof follows.
An important question is how much better is the subspace generated by Algo-

rithm 2.2 than Algorithm 2.1. Let ( u
ωu

) be a Ritz vector, and let ( y
σy
) be the result

of the Cayley transformation. In Algorithm 2.2, we add both ( y
0
) and ( 0

y
) to the

subspace. When σ �= 0, this is mathematically equivalent to adding ( y
σy
) and ( y

−σy ),
since both vector pairs have the same span. The first vector is the result of the Cayley
transform (

y
σy

)
= (A− σB)−1(A− ωB)

(
u
ωu

)
.

The first vector tries to improve the eigenvector components corresponding to the
eigenvalues near σ. When C = 0, then the second vector is(

y
−σy

)
= (A+ σB)−1(A+ ωB)

(
u
−ωu

)
,

i.e., tries to improve the eigenvectors corresponding to eigenvalues nearest −σ. In
general, however, ( y

−σy ) does not have a particular meaning. When ‖C‖ is small, this
vector may help finding eigenvalues near −σ.

Stopping criterion. Usually, iterative eigenvalue solvers use a stopping criterion
based on the residual. If Ax − λBx = r, then (λ, x) is an exact eigenpair of the
perturbed problem (A+ E)x = λBx with Ex = −r. So ‖r‖/‖x‖ is a measure of the
backward error. A relationship between the residual and the forward error on the
eigenvalues is given by the Bauer–Fike theorem [21, Theorem 3.6].

Theorem 2.4 (Bauer–Fike). Consider an n×n matrix G that has n independent
eigenvectors. Let λ be an eigenvalue of G, and let (µ, x) be an approximate eigenpair
with residual r = Gx− µx and ‖x‖ �= 0. Then

|λ− µ| ≤ κ‖r‖/‖x‖,
where κ is the condition number of the matrix of eigenvectors.

The residual for the linearized problem with Ritz pair (2.5) becomes

rL = A

(
u
ωu

)
− ωB

(
u
ωu

)
=

(
rP
0

)

with rP = Ku+ iωCu− ω2Mu. The first component of rL is the quadratic residual,
so the 2-norm of both residuals is equal. So, for quadratic problems, the residual can
also be regarded as a backward error. Note, however, that the Ritz vectors, u and
( u
ωu

), have a different norm. In order to use the Bauer–Fike theorem, consider the

residual B−1Ax− ωx, which becomes

B−1A

(
u
ωu

)
− ω

(
u
ωu

)
=

[ −iC M
M 0

]−1(
Ku+ iωCu− ω2Mu

0

)

=

(
0

M−1Ku+ iωM−1Cu− ω2u

)
.
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So the error between the exact eigenvalue λ and an approximation ω can be bounded
by

|ω − λ| ≤ κ‖M−1‖‖Ku+ iωCu− ω2Mu‖
‖u‖√1 + |ω|2 ,

where κ is the condition number of the matrix of eigenvectors of B−1A, and the
denominator is the norm of the Ritz vector.

Accuracy of the Cayley transform. A comment is in order on the solution of the
linear system

(K + iσC − σ2M)y = (K + iωC − ω2M)u ≡ rP .

When we use a linear system solver, we have a residual s so that

(K + iσC − σ2M)y = (K + iωC − ω2M)x− s.

When a direct method is used, ‖s‖ is usually of the order of machine precision times
‖rP ‖ and the quadratic Cayley transform can be considered as exact. When an
iterative solver is used, ‖sk‖ ≤ τ‖rP ‖ with τ as the relative residual tolerance. The
smaller τ is, the more expensive the iterative solver is. We therefore want to choose
the tolerance not too small. There is a relationship with the linear problem, since[

K + iσC −σM
−σM M

](
y
σy

)
=

[
K + iωC −ωM
−ωM M

](
u
ωu

)
−
(

s
0

)
.

When iterative solvers are used for computing the linear Cayley transform in eigen-
value solvers, we talk about the inexact Cayley transform [14, 13, 10, 17]. Two ele-
ments play a role in the convergence of an inexact Cayley transform iteration method.
The first one is the convergence for an exact Cayley transformation, and the second
one is the accuracy of the linear system solver, τ . When τ is not too large, the
convergence is as fast as for τ = 0. We give an example in section 8.3.

Cayley transform and shift-and-invert. A problem arises when σ = ω in the
Cayley transformation. Since y = (A − ωB)−1(A − ωB)x = x, no new direction is
added to the subspace. When the Cayley transform is computed exactly, e.g., with
a direct linear solver (in practice, we have a small backward error on the solution of
the linear system), then

y ≡ (A− σB)−1(A− ωB)x = x+ (σ − ω)(A− σB)−1Bx.(2.6)

The matrix (A − σB)−1B is called the shift-and-invert transformation [21] or the
spectral transformation [4]. The use of the Cayley transform or the spectral trans-
formation in a projection method is equivalent since both add the same direction
orthogonal to x to the subspace. The advantage of the shift-and-invert transform is
that the transformation still works when σ = ω. When an iterative solver is used, it is
usually advantageous to use the Cayley transform instead of shift-and-invert [10, 17].

For the quadratic eigenvalue problem, the shift-and-invert transformation is de-
fined as follows. The Cayley transform can be rewritten as

y ≡ (K + iσC − σ2M)−1(K + iωC − ω2M)u

= u+ (ω − σ)(K + iσC − σ2M)−1(iC − (ω + σ)M)u.

The shift-and-invert transformation is defined as

(K + iσC − σ2M)−1(iC − (ω + σ)M)(2.7)

and can also be used when σ = ω.
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3. The Jacobi–Davidson method. The Jacobi–Davidson method is an alter-
native to the shift-and-invert transformation when an iterative linear solver is used
and σ = ω.

The combination of the Newton method applied to the set of nonlinear equations

Ax− ωBx = 0,

x∗x = 1

in ω and x and the generalized Davidson method (Algorithm 2.1) is called the Jacobi–
Davidson method [27, 26]. It adds the x component of the solution of the Newton
iteration to a subspace and computes Ritz pairs by projection. The algorithm for the
linear problem (1.2) is the same as Algorithm 2.1 except for the transformation in
step 2.6. Instead, a “correction equation” is solved. Let (ω, x) be a Ritz pair; then
the subspace is expanded with y satisfying(

I − Bxx∗

x∗Bx

)
(A− ωB)

(
I − xx∗

x∗x

)
y = (A− ωB)x.(3.1)

The solution y is computed by an iterative method with a suitable preconditioner
if available. For the quadratic problem (1.1), the Jacobi–Davidson method is Algo-
rithm 2.3 where step 2.6 is replaced by(

I − (−iC + 2ωM)uu∗

u∗(−iC + 2ωM)u

)
(K + iωC − ω2M)

(
I − uu∗

u∗u

)
v

= (K + iωC − ω2M)u,(3.2)

where (ω, u) is a Ritz pair [26, 32]. This can be derived from one Newton iteration
on (1.1) and u∗u = 1.

The Jacobi–Davidson method is strongly related to the Davidson method. When
we require that y ⊥ x, we can rewrite (3.1) as

(A− ωB)y − εBx = (A− ωB)x(3.3)

or y = x+ ε(A− ωB)−1Bx,

where ε is so that y ⊥ x [27]. Note the resemblance with (2.6). When y is added to
the subspace, the new direction vk+1 is independent of ε, since x is in the subspace.
We can write y also as

y = (A− ωB)−1(A− (ω − ε)B)x.

We immediately see the connection with the generalized Davidson method, where the
pole (σ) is now ω and the zero (ω) is now ω + ε. It is shown in [17] that ω + ε is the
harmonic Ritz value with target ω. The value ε converges to zero when ω converges
to an eigenvalue [27].

Similarly, with v ⊥ u, (3.2) can be rewritten as

(K + iωC − ω2M)v − η(−iC + 2ωM)u = (K + iωC − ω2M)u,(3.4)

v = u+ η(K + iωC − ω2M)−1(−iC + 2ωM)u,

where η is so that v ⊥ u. Note the resemblence with (2.7) for σ = ω.
In section 2, we showed the equivalence of the modified Davidson method in Al-

gorithm 2.2 and quadratic residual iteration in Algorithm 2.3. The following lemma
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shows that, when step 2.6 is replaced by the solution of the Newton correction equa-
tions (3.1) and (3.2), respectively, the subspace V is expanded in the same way for
both Algorithms 2.2 and 2.3.

Lemma 3.1. Let (ω, u) be a Ritz pair for (1.1), and assume ε �= 0. Let x = ( u
ωu

),

and let y = ( y1
y2
) be the solution of (3.1). Then (η/ε)y1 is a solution of (3.2).

Proof. Assume that y ⊥ x and rewrite (3.3) as[
K + iωC −ωM
−ωM M

](
y1

y2

)
− ε

[ −iC M
M 0

](
u
ωu

)

=

[
K + iωC −ωM
−ωM M

](
u
ωu

)

or

(K + iωC)y1 − ωMy2 − ε(−iC + ωM)u = Ku+ iωCu− ω2Mu,

−ωMy1 +My2 − εMu = 0,

from which y2 = ωy1 + εu. This gives

(K + iωC − ω2M)y1 − ε(−iC + 2ωM)u = Ku+ iωCu− ω2Mu,

which looks like (3.4). The only difference is that η �= ε. Since (η/ε)y1 and v in (3.4)
have the same component orthogonal to u, (η/ε)y1 satisfies (3.2). This gives the proof
of the lemma.

Finally, it is important to note that the projections used in (3.1) and (3.2) can also
be used for σ �= ω. An example is given in [12, section 3.3.6]. However, when the linear
systems are solved exactly (e.g., using a direct linear solver), there is no advantage
in doing this. The search space Vk will be expanded with the same direction. This is
discussed in more detail in [10, (6.3) and (6.4)] and [17]. When an iterative solver is
used, the projections may help speed up the convergence of the iterative solvers, since
the projection may remove a small eigenvalue of the matrix in the linear system. An
example is given in section 9.

4. The Schur factorization. Methods for solving linear eigenvalue problems
use the Schur factorization when more than one eigenvalue needs to be computed. The
reasons are that a set of 2n independent Schur vectors always exists in contrast with
the eigenvectors, Schur bases are orthogonal, and they can easily be used for locking
and restarting purposes as we will discuss in the coming sections. This section is
devoted to the Schur factorization for the linear problem and the quadratic problem.
We show some properties of the Schur factorization of the linear problem and define
one for the quadratic problem. We also show that the quadratic Schur form may not
exist. Therefore, we suggest the use of the Schur form of the linearized problem.

4.1. Linear problems. When B is invertible, the Schur form or Schur factor-
ization of Ax = λBx is defined by

B−1AX = XS ⇔ AX = BXS,(4.1)

where X is an n× n unitary matrix and S is an n× n upper triangular matrix with
the eigenvalues on the main diagonal. The columns of X are the Schur vectors, and
S is the Schur matrix. The Schur form (4.1) can be computed by the QR method



QUADRATIC EIGENVALUE SOLVERS 1823

applied to B−1A or the QZ method applied to the pair (A,B) [6]. Using the QR
method assumes a nonsingular B and the formation of B−1A. One could avoid this
computation by using the generalized Schur form computed by the QZ method. This
complicates the notation, but the concept is very similar. In this paper, we use the
Schur form from (4.1) computed by the QR method.

A partial Schur form of order p with 1 ≤ p ≤ n is defined by

AXp = BXpSp,

where Xp ∈ Cn×p has orthonormal columns and Sp ∈ Cp×p is upper triangular with
eigenvalues of Ax = λBx on the main diagonal.

When A and B are large and sparse, the QR method is not suitable for computing
a partial Schur form. One usually employs a projection method, i.e., approximate
Schur vectors Uk are computed in the subspace spanned by the (orthonormal) columns
of the matrix Vk so that

AUk −BUkSk = Fk,(4.2)

where Uk = VkXk and Fk is a residual term. Using the concept of orthogonal pro-
jection, i.e., we force V∗

kFk = 0, we find that Xk and Sk satisfy the k × k Schur
problem

AkXk −BkXkSk = 0 with Ak = V∗
kAVk and Bk = V∗

kBVk,(4.3)

which can easily be solved by the QR method on Hk = B−1
k Ak. We call (4.2) the

approximate partial Schur form.
We can describe an orthogonal projection method in terms of Uk instead of Vk

since both form an orthonormal basis for the same subspace. The use of the Schur
basis instead of Vk makes it easier to lock and restart as we shall see later. After the
kth iteration we thus have (4.2) with U∗

kFk = 0. In the k+1st iteration, a new vector
vk+1 is added and a new projection matrix Hk+1 is computed so that

A
( Uk vk+1

)−B
( Uk vk+1

)
Hk+1 = Fk+1

with (Uk vk+1 )
∗Fk+1 = 0. Note that the basis (Uk vk+1 ) has the Schur vectors

in the front, which is useful for locking as we shall discuss in section 5. In practice,
we never compute Uk at each iteration. Instead, we store Vk and Xk. Only Xk needs
to be computed, which is much cheaper.

4.2. Quadratic problems. The existence of a partial Schur form is guaranteed
for the linearized problem (1.2):[

K 0
0 M

](
U2k

Y2k

)
=

[ −iC M
M 0

](
U2k

Y2k

)
S2k,(4.4)

with U2k, Y2k ∈ Cn×2k, and S2k a 2k × 2k upper triangular matrix. Note that U2k

does not need to be of full rank. For example, when C = 0 and (ω, u) is an eigenpair,
(−ω, u) is also one. The corresponding U matrix is U2 = (αu βu ) for some constants
α and β which has rank smaller than two.

We define the partial quadratic Schur form as

KW2k + iCW2kT2k −MW2kT
2
2k = 0,(4.5)
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where W2k ∈ Cn×2k has orthonormal columns and T2k ∈ C2k×2k is upper triangular
with the eigenvalues on its main diagonal. The following lemma shows a condition
for which a partial quadratic Schur form exists.

Lemma 4.1. If U2k from (4.4) has full rank, then a partial Schur form (4.5) of
(1.1) exists.

Proof. From (4.4), it follows that Y2k = U2kS2k and

KU2k + iCU2kS2k −MU2kS
2
2k = 0.(4.6)

Consider the QR factorization W2kZ2k = U2k, where W2k ∈ Cn×2k has orthonormal
columns and Z2k ∈ C2k×2k is upper triangular. Define the upper triangular matrix
T2k = Z2kS2kZ

−1
2k . Then (4.5) is satisfied.

We propose computing (4.4) instead of (4.5), since this Schur form is guaranteed
to exist. Due to the relationship between the quadratic problem and its linearization
and the corresponding solvers, we can use quadratic residual iteration for building the
subspace and computing Ritz pairs.

On the kth iteration, we project the linearized problem (1.2) on the subspace
with basis

V2k =

[
Vk 0
0 Vk

]
(4.7)

for computing the Schur basis, where the Schur vectors have the form

U2k =

(
U2k

Y2k

)
=

[
Vk 0
0 Vk

](
X1

X2

)
.(4.8)

With Kk = V ∗
k KVk, Ck = V ∗

k CVk, and Mk = V ∗
k MVk, this projection gives[

Kk

Mk

](
X1

X2

)
=

[ −iCk Mk

Mk

](
X1

X2

)
S2k,(4.9)

from which X2 = X1S2k. Hence, the approximate partial Schur form is[
K

M

](
U2k

U2kS2k

)
−
[ −iC M

M

](
U2k

U2kS2k

)
S2k =

(
F2k

0

)

and

KU2k + iCU2kS2k −MU2kS
2
2k = F2k.(4.10)

Note that (even with F2k = 0) (4.10) is not a partial quadratic Schur factorization
since U2k does not have orthogonal columns and is not guaranteed to have full rank.

As mentioned before, we can use the Schur basis U2k instead of V2k. Instead of
adding one vector at the k + 1st iteration, we now add two vectors to the basis, so
the basis at iteration k + 1 becomes(

U2k

(
vk+1 0
0 vk+1

) )
.

Using (4.8), we can rewrite this as

[
Vk vk+1 0 0
0 0 Vk vk+1

]
X1 0 0
0 1 0
X2 0 0
0 0 1


 .
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It is thus sufficient to store Vk, vk+1 and X1, X2 to represent the basis.
For the computation of the Schur form of the linearized problem, we need H2k =

B−1
2k A2k. This is cheaply computed and in a numerically stable way: let

B2k =

[ −iCk Mk

Mk 0

]
and A2k =

[
Kk

Mk

]
.

Then H2k = B−1
2k A2k can be computed as follows.

Algorithm 4.1 (computation ofH2k=B−1
2k A2k).Compute H2k=[ 0 I

M−1
k
Kk iM−1

k
Ck

],

where the action of M−1
k is performed using the Cholesky factorization Mk = LkL

∗
k

with Lk lower triangular. The matrix Mk = V ∗
k MVk is well conditioned since M is

positive definite and has a small condition number.

5. Locking. Locking of converged eigenvalues is widely used in linear eigenvalue
calculations [30, 11, 20, 5]. We first explain the idea of locking for linear problems
and then apply this to the quadratic problem (1.2).

5.1. Linear problems. The idea of locking is as follows. Suppose that, at the
kth iteration, the Schur factorization is reordered so that we have the decomposition

A
( Uq Uk−q

)−B
( Uq Uk−q

) [ Sq Sq,k−q
0 Sk−q

]
=
( Fq Fk−q

)
,(5.1)

with ‖Fq‖ smaller than the convergence tolerance. We consider the first q Ritz values
and corresponding Schur vectors as converged. In fact, we assume that Fq = 0. The
first q Schur vectors Uq and the Schur matrix Sq are fixed or “locked” in the subsequent
iterations, i.e., when new directions are added to the subspace and the Schur vectors
are recomputed, the locked vectors are not changed. On the k + 1st iteration, after
the addition of vk+1, we have a new basis (Uq Vk−q+1 ) = (Uq Uk−q vk+1 ), and,
after projection, we have the projection equation

A
( Uq Vk−q+1

)−B
( Uq Vk−q+1

) [ Hq Hq,k−q+1

Hk−q+1,q Hk−q+1

]
=
( Gq Gk−q+1

)
(5.2)
with (Uq Vk−q+1 )

∗(Gq Gk−q+1 ) = 0, and with the projection matrix[
Hq Hq,k−q+1

Hk−q+1,q Hk−q+1

]
= B−1

k Ak and(5.3a)

Ak =
( Uq Vk−q+1

)∗
A
( Uq Vk−q+1

)
,(5.3b)

Bk =
( Uq Vk−q+1

)∗
B
( Uq Vk−q+1

)
.(5.3c)

Since ‖Fq‖ is small, we can replace the projection matrix by[
Sq Hq,k−q+1

Hk−q+1

]

without making a big error. This is deflation or locking. The error made is given by
the following theorem.

Theorem 5.1. Let

U∗
qAUq − U∗

qBUqSq = 0,(5.4)

AUq −BUqSq = Fq,(5.5)
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and let (Uq Vk−q+1 ) have orthonormal columns. Then, with the definition of (5.3),∥∥∥∥
[

Hq Hq,k−q+1

Hk−q+1,q Hk−q+1

]
−
[

Sq Hq,k−q+1

0 Hk−q+1

]∥∥∥∥
F

≤ ‖B−1
k ‖‖V∗

k−q+1Fq‖F .

Proof. We drop the subscripts for Uq and Vk−q+1. From (5.3), it follows that

U∗AU − U∗BUHq − U∗BVHk−q+1,q = 0,

V∗AU − V∗BUHq − V∗BVHk−q+1,q = 0.

From (5.4) and (5.5), we have that

U∗BU(Sq −Hq)− U∗BVHk−q+1,q = 0,

V∗BU(Sq −Hq)− V∗BVHk−q+1,q = −V∗Fq.

This gives the linear system

( ( U V )∗ B ( U V ) )( Sq −Hq

Hk−q+1,q

)
=

(
0

−V∗Fq
)

,

which implies that

‖Sq −Hq‖2F + ‖Hk−q+1,q‖2F ≤
∥∥( ( U V )∗ B ( U V ) )−1∥∥2

2
‖V∗Fq‖2F .

This completes the proof.
The projection equation can now be decomposed as

A
( Uq Vk−q

) − B
( Uq Vk−q+1

) [ Sq Hq,k−q+1

0 Hk−q+1

]
(5.6)

=
( Fq Fk−q+1

)
.

The new Schur vectors must have the form

( Uq Vk−q+1

) [ I 0
0 Zk−q+1

]
.

By multiplying (5.6) on the right by ( I 0
0 Zk−q+1

), it follows that with Uk−q+1 =

Vk−q+1Zk−q+1

A
( Uq Uk−q+1

)−B
( Uq Uk−q+1

) [ Sq Hq,k−q+1Zk−q+1

Sk−q+1

]

=
( Fq Fk−q+1Zk−q+1

)
,

where Hk−q+1Zk−q+1 = Zk−q+1Sk−q+1 is the Schur form of Hk−q+1. This allows us
to compute Zk−q+1 and Sk−q+1.

5.2. Quadratic problems. Locking in quadratic residual iteration can be per-
formed via the linearized problem. The mathematics in the last section remains, but
two vectors instead of only one are added at each iteration. It is also important to
note that it is not necessary to store U2k, but only Vk, X2k, and S2k. Locking then
corresponds to locking the first q columns of X2k and S2k.
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6. Restarting. The number of basis vectors, k, grows as the algorithms proceed.
In practice, this number is limited by storage and computational costs for the Gram–
Schmidt orthogonalization. It is possible that convergence to the desired eigenpairs
has not occurred when this limit is reached. One way to solve this problem is to
reduce the dimension of the subspace by throwing away the uninteresting part. This
is called purging.

6.1. Linear problems. We can keep the locked Schur vectors as well as the
Schur vectors of interest in the subspace and throw away those we are not interested
in. This idea was used for restarting the block Arnoldi method [24], the implicitly
restarted Arnoldi method [11, 16], the Jacobi–Davidson method [5], and the rational
Krylov method [20, 3]. The main idea is to reorder the Schur form so that unwanted
Schur vectors are moved toward the end of the matrix of Schur vectors and to cut the
Schur factorization after the pth column. So

A
( Up Uk−p

)−B
( Up Uk−p

) [ Sp Sp,k−p
0 Sk−p

]
=
( Fp Fk−p

)
is reduced to

AUp −BUpSp = Fp
by purging the last k − p Schur vectors. This equation can be expanded by adding
new vectors.

In practice, the Schur vectors are computed from the projected Schur form (4.3)
as Uk = VkXk by decomposing Xk = (Xp Xk−p ) and by using Vp = VkXp as the
new basis.

6.2. Quadratic problems. We want to reduce the approximate Schur form

A

(
U2k

U2kS2k

)
−B

(
U2k

U2kS2k

)
S2k =

(
F2k

0

)

to

A

(
U2p

U2pS2p

)
−B

(
U2p

U2pS2p

)
S2p =

(
F2p

0

)

by chopping off the last 2k − 2p columns of U2k and S2k. This is not possible since
the new basis must have the form

Y2p =

[
Wp 0
0 Wp

](
Z11 Z12

Z21 Z22

)
.

We can, however, keep the first p columns of U2k, denoted by Up, as follows. Consider
the QR factorization Up = WpTp, where Wp has orthonormal columns and Tp is upper
triangular. Let Z11 = Tp and Z21 = TpSp with Sp as the upper left p × p submatrix
of S2p. The remaining blocks Z12 and Z22 must be chosen so that(

Tp Z12

TpSp Z22

)
(6.1)

is square and unitary. The last p columns do not represent Schur vectors but are
necessary to keep the basis in the form (4.7).

In practice, we proceed as follows.
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Algorithm 6.1.
1. Let the first p columns of U2k = VkX1 be Up and let Up = VkX11.
2. Compute the QR factorization X11 = QTp.
3. Decompose (

X1

X2

)
=

(
X11 X12

X21 X22

)

with X11, X21 ∈ Ck×p and X12, X22 ∈ Ck×2k−p.
4. Apply Q (

Q∗X1

Q∗X2

)
=

(
Tp Q∗X12

TpSp Q∗X22

)
.

Remove the last 2k − 2p columns of X1 and X2.
5. Orthogonalize this matrix to get (6.1).
Note that the first p columns of Y2p are the same as those of U2k. When the first

q columns of U2k are locked Schur vectors and q ≤ p, then

AY2p −BY2p

[
Sq Hq,2p−q
0 H2p−q

]
=
( Fq G2p−q

)
,

where the lower left block in the Schur matrix is forced to be zero. (See Theorem 5.1.)

7. Building the Schur factorization. We have discussed how to compute an
approximate partial Schur form by projection on a subspace and how to use the partial
Schur form for restarting purposes and for locking eigenvectors (or Schur vectors). We
still have to discuss which vectors will be added to the subspace. Instead of building
a basis of eigenvectors in the subspace Range(Vk), we can build a partial Schur form.
A Schur form always exists, while the eigendecomposition does not. Moreover, Schur
vectors are orthogonal, which is in favor of the numerical stability of the method. In
this section, we discuss how we can expand a partial Schur form.

7.1. Linear problems. The Jacobi–Davidson QR (JDQR) and Jacobi–Davidson
QZ (JDQZ) methods [5] for solving linear eigenvalue problems compute the partial
Schur form AUk = BUkSk column by column. Decompose the partial Schur form into

A
( Uk−1 x

)
= B

( Uk−1 x
) [ Sk−1 s

ω

]
.

In order to simplify the notation, we use S to denote Sk−1 and U for Uk−1. Define Q
so that Q∗BU = I. As a result, I −BUQ∗ is a projector that maps BU to zero. Also
note that BUQ∗(A − ωB)x = BUs. We will discuss later how to choose Q. Since
(I − UU∗)x = x, we can consider (ω, x) as an eigenpair of

(I −BUQ∗)A(I − UU∗)x = ω(I −BUQ∗)B(I − UU∗)x.(7.1)

Note the resemblance with the Jacobi–Davidson correction equation in (3.1). Suppose
U and S are already computed and we wish to compute x, s, and ω. Suppose an
approximation for (ω, x) is available that satisfies the approximate Schur factorization

A
( U x

)−B
( U x

) [ S s
ω

]
=
(
0 r

)
,
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with Q∗r = 0. We want to compute an improvement by using the Cayley transform
on (7.1). The Cayley transform y is solved from the system

(I −BUQ∗)(A− σB)(I − UU∗)y = (I −BUQ∗)(A− ωB)(I − UU∗)x.

Since U∗x = 0 and assuming that U∗y = 0, we get

(I −BUQ∗)(A− σB)y = (I −BUQ∗)r,(7.2)

and so

(A− σB)y = r +BUz,(7.3)

where z = Q∗(A − σB)y is chosen so that U∗y = 0. If A − σB is invertible, the
solution can be written as

y = (A− σB)−1BUz + (A− σB)−1r.

Since (A− σB)−1BU = U(S − σI)−1,

y = U z̃ + (A− σB)−1r,(7.4)

where z̃ is such that y ⊥ U . The second term in the right-hand side can be considered
as the Cayley transform for the Schur vector x.

7.2. Quadratic problems. In quadratic residual iteration, we want to expand
the subspace by the first n components of y without explicitly solving a linear system
with A − σB. With U denoting Uk−1, recall from Uk = ( Uk

UkSk
) that U = ( U

US
) and

x = ( u
Us+ ωu

). Decompose r = ( r1
r2
), and then from r = (A−ωB)x−BUs, we derive

r1 = Ku+ iωCu− ω2Mu+ iCUs− ωMUs−MUSs,

r2 = 0.

Note that r1 is the last column of the approximate partial Schur factorization

K
(

U u
)
+ iC

(
U u

) [ S s
ω

]

−M (
U u

) [ S s
ω

]2
=
(
0 r1

)
.

With y = ( y1
y2
), (7.3) becomes

(K + iσC)y1 − σMy2 = r1 − iCUz +MUSz(7.5a)

−σMy1 +My2 = MUz.(7.5b)

Decompose Q = (Q1

Q2
); then Q∗r = 0 = Q∗

1r1 and

z =

(
Q1

Q2

)∗(
(K + iσC)y1 − σMy2

−σMy1 +My2

)
.

By multiplying (7.5b) by σ and adding to (7.5a), we get

(K + iσC − σ2M)y1 = r1 + (−iCU +MU(S + σI))z(7.6)

−σMy1 +My2 = MUz,
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with, similarly,

z =

(
Q1

Q2 − σQ1

)∗(
(K + iσC − σ2M)y1

−σMy1 +My2

)
.

The dependence on y2 disappears when Q2 = σQ1. Equation (7.4) becomes

y1 = Uz̃ + (K + iσC − σ2M)−1r1,

y2 = USz̃ + σ(K + iσC − σ2M)−1r1

and shows that y1 and y2 point in the same direction orthogonal to U . In a projection
method, it is only this direction that matters, so it is sufficient to add y1 to the
subspace. By rearranging (7.6) we obtain

(I − (−iCU +MU(S + σI))Q∗
1)(K + iσC − σ2M)y1 = r1,

where we still have the condition that U∗y = 0. Since z̃ is determined by this condition
but since U z̃ does not contribute to the expansion of the subspace, we can just as well
use the orthogonality condition U∗y1 = 0, which produces another z̃ but produces the
same component of y1 orthogonal to U . This also produces y2 with the same direction
orthogonal to U .

In practice we solve the equation

(I − PQ∗)(K + iσC − σ2M)(I − ZZ∗)y1 = r1(7.7)

by an iterative method with P = iCU −MU(S + σI) and ZT = U , the QR factor-
ization of U . We still have to make a choice of Q. When U and S are computed
by orthogonal projection within quadratic residual iteration or Jacobi–Davidson, the
obvious choice is Q = ZR since Z∗r1 = 0, where R is chosen so that Q∗P = I. The
problem is that PQ∗ is an oblique projector and is not guaranteed to exist. A more
robust choice is Q = PR, but then we first must orthogonalize r1 against the columns
of Q. In our numerical experiments we used Q = ZR.

8. Algorithm and numerical examples. The first two examples are easily
generated and are included to allow the reader to reproduce the results. The last
example is the numerical simulation of poro-elastic material and is less easily repro-
duced. This is added to illustrate the method on a more realistic problem.

The algorithm that we use for the computation of Ritz pairs is the following one. It
uses locking of converged Schur vectors and purging for restarting purposes. On each
iteration, the Schur basis of the projected linearized problem is computed. The basis
vectors are obtained by Gram–Schmidt orthogonalization with reorthogonalization [2].
The major work lies in the solution of the linear system in step 2.10 and the Gram–
Schmidt orthogonalization in step 2.11. When the number of vectors becomes large,
the operations on the small scale linearized problem may also become significant. We
allow σ to be chosen differently at each iteration. When a direct linear solver is used,
however, we prefer to keep σ unchanged for a number of iterations in order to avoid
a factorization on each iteration.

Algorithm 8.1. In this algorithm, k is the actual dimension of the subspace, q is
the number of locked Schur vectors, satisfying ‖KUqej+iCUqSqej−MUqS

2
qej‖ ≤ TOL

for j = 1, . . . , q, where ‖( Uq

UqSq
)‖ = 1, p is the dimension after a restart, and m is the

maximum subspace dimension.
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1. Given v1 ∈ Cn with ‖v1‖ = 1.
Let k = 1 and q = 0.

2. Until q ≥ number of wanted eigenvalues:
2.1. Compute the kth row and column of Kk = V ∗

k KVk, Ck = V ∗
k CVk, and

Mk = V ∗
k MVk.

2.2. Compute H2k by Algorithm 4.1.
2.3. Map H2k in the Schur basis:

H2k =




X1 0 0
0 1 0
X2 0 0
0 0 1




∗

H2k




X1 0 0
0 1 0
X2 0 0
0 0 1


 .

2.4. Compute the Schur form H2k(
X1

X2
) = (X1

X2
)S2k, where the first q Schur

vectors are locked.
2.5. Order the Schur form so that the main diagonal elements of S2k nearest

σ are in the upper left position.
2.6. For j = q + 1 to k:
2.6.1. Compute the jth column of Rk = KVkX1+iCVkX1S2k−MVkX1S

2
2k.

2.6.3. If ‖Rkej‖ ≤ TOL, then q = q + 1.
Else Go to 2.7.

End for
2.7. If k ≥ m, then
2.7.2. Compute the QR factorization X1 = QkTk.
2.7.3. Compute the basis vectors Vp = VkQp.
2.7.4. Update the Schur vectors: X1 = Tp and X2 = Q∗

pX2.
2.7.5. Add columns to X1 and X2 so that they have appropriate size and

form an orthonormal basis (see Algorithm 6.1).
2.7.6. Update: Kp = Q∗

pKkQp, Cp = Q∗
pCkQp, Mp = Q∗

pMkQp.
2.8. Increase the subspace dimension k = k + 1.
2.9. Select a pole σ.
2.10. Solve the linear system (K + iσC − σ2M)w = Rkeq+1.
2.11. Orthogonalize w against v1, . . . , vk by Gram–Schmidt into vk+1.

For our examples, K, C, and M are real symmetric matrices, so, in step 2.1 it
is sufficient to compute the kth column. The subspace is expanded by a quadratic
Cayley transform applied to a Schur vector. When an iterative solver is used, we can
expand the subspace by solving the correction equation (3.2) instead of the Cayley
linear system in step 2.10, and we also take into account the locked Schur vectors by
employing (7.7), where Z also contains the last (unlocked) Schur vector and Q is the
corresponding left-hand side basis. (See sections 9 and 10 for examples.)

8.1. A “linear” problem. For the first example, M is the identity matrix,
C is zero, and K is the diagonal matrix with 12, 22, . . . , n2 on its main diagonal
for n = 1000. The 10 eigenvalues nearest zero are ±j for j = 1, . . . , 5, and the
corresponding eigenvectors are ej for the eigenvalue ±j, where ej is the jth identity
vector. Note that the Schur form, defined by (4.5), does not exist, but it does exist for
the linearized problem. Incidentally, the linearized problem has 2n eigenvectors. We
can solve this problem by the spectral transformation Lanczos method [4] since C = 0,
but we want to illustrate that the algorithm is able to compute linearly dependent
eigenvectors of the quadratic eigenvalue problem.
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We computed the 10 eigenvalues nearest zero by the use of Algorithm 8.1 with
a fixed pole σ = 0 and m = 30 iteration vectors. The initial vector v1 was 1/

√
n

everywhere. All the eigenvalues were computed within 20 iterations to a tolerance
(TOL) of 10−7. When onlym = 17 vectors are used and we compress the dimension to
p = 15, then before the first restart, 8 eigenvalues have converged. For the convergence
of the remaining two eigenvalues, two restarts are required. In total, this corresponds
to 20 iterations, which is exactly the same number as for the run with m = 30
vectors. This shows that the purging of the Ritz values far away from the pole σ
does not necessarily slow down the convergence. A similar result was shown for the
implicitly restarted Arnoldi method [16] and for the implicitly filtered rational Krylov
method [3].

8.2. A simple quadratic problem. We use the same K and M as for the pre-
vious example, but now C = αI with α = 0.1. We again computed the 10 eigenvalues
nearest zero. We used the same parameters as for the previous example, i.e., m = 17,
p = 15, σ = 0, and a tolerance of 10−7. The eigenvalues of this example and the
previous one are related as follows.

Lemma 8.1. Let u �= 0, and let Ku + iωCu − ω2Mu = 0; then there is an
eigenvalue λ of Kv = λ2Mv so that

|λ− ω| ≤ |ω|‖M−1‖1/2 ‖Cu‖
u∗Mu

.

Proof. Let L be so that M = L∗L. Define v = Lu so that

Ku− ω2Mu = −iωCu,

L−∗KL−1v − ω2v = −iωL−∗Cu.

The proof follows from the Bauer–Fike theorem (Theorem 2.4) with κ = 1, since
L−∗KL−1 is Hermitian. Note that ‖L−∗‖ = ‖M−1‖1/2.

Since ‖C‖ = 0.1 the eigenvalues lie close to those of the previous example. There-
fore, the convergence is very similar. It took 20 iterations to compute the ten Ritz
values. The first ten Ritz values are given by Table 8.1.

Table 8.1
Ritz values for the example in section 8.2.

Real part Imaginary part Residual norm
0.99874921 0.0500000 6.94 10−8

−0.99874921 0.0500000 6.94 10−8

1.9993749 0.0500000 9.58 10−8

−1.9993749 0.0500000 9.57 10−8

−2.9995833 0.0500000 2.88 10−8

2.9995833 0.0500000 2.88 10−8

3.9996875 0.0500000 9.75 10−9

−3.9996875 0.0500000 9.87 10−9

−4.9997500 0.0500000 2.84 10−8

4.9997500 0.0500000 2.85 10−8
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Fig. 8.1. The eigenvalues of the acoustic simulation of a poro-elastic material between 0 and
800 Hz are shown as dots. The Ritz values computed by Algorithm 8.1 are denoted as circles. Only
eight circles are shown, since there are two pairs of double eigenvalues. Notice the different scales
for real and imaginary axes.

8.3. Acoustic simulation of poro-elastic material. This example is related
to the acoustic simulation of a 0.4m × 0.4m × 0.06m sample made of a poro-elastic
material. The material is modelled using a two-phase Biot model accounting for
kinematic and mechanical interactions between the (elastic) skeleton and the pore
(acoustic) fluid [23, 25]. The following material properties have been selected: for
the skeleton, the Young modulus is 140000N/m2, the Poisson ratio is 0.35(−), and
the density is 1300kg/m3. The pore fluid has density 1.225kg/m3, the sound speed
is 340m/s, the porosity is 0.95(−), the flow resistivity is 5000Ns/m4, the Biot factor
is 1(−), the fluid bulk modulus is 141600N/m2, and the tortuosity is 1.2(−). The
discrete finite-element model relies on a u-w formulation [25], where skeleton displace-
ment components (u) and relative fluid displacement components (weighted by the
local porosity) (w) are selected as nodal variables. The finite-element mesh has 324
nodes and 192 HEXA8 elements. The total number of degrees of freedom is 1944.

We used Algorithm 8.1 with m = 30, p = 15, and the number of wanted Ritz val-
ues 10. The first pole was 300. A new pole σ was selected after every 10 iterations, as

σ = min
j≥q+1

{µ = Re((ωj + ωj+1)/2), |ωj − µ| ≥ 10},

where q is the number of converged Ritz values so that the pole is never close to a
Ritz value. This prevents the matrix factorization of almost singular matrices. The
tolerance for the eigenvalue problem was TOL = 10−5. (This tolerance is relatively
large, since the initial residual norm ‖rP ‖ is of the order 1.)

The results are obtained by a direct and an iterative method for solving the linear
system in step 2.12 of Algorithm 8.1. The direct solver is the package ME47 from
the Harwell Subroutine Library (HSL) [8]. The iterative solver is GMRES [22]. The
linear systems are solved with a relative residual tolerance τ = 10−2 and τ = 10−4,
i.e., (K + iσC − σ2M)w = rP + s and ‖s‖ ≤ τ‖rP ‖, where s is the residual of the
linear system and rP = Rkeq+1 is the quadratic residual of the Ritz pair. The real
part K − σ2M was used as preconditioner, where the HSL package MA47 was used
for the solution of the corresponding linear system. The preconditioner is perhaps not
very advisable for practical computations, but this example shows that an iterative
method can be used. Recall from section 2 that the quadratic Cayley transform need
not be computed very accurately for fast convergence.

The eigenvalues and computed Ritz values are displayed in Figure 8.1. The iter-
ative solver for τ = 10−2 required between 21 and 27 iterations to attain the required
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residual tolerance. From the numerical results in Table 8.2, it can be seen that about
the same number of Ritz values have converged after 40 iterations, independent of
the choice of linear solver. From the 40th iteration on, there is a significantly differ-
ent convergence behavior. Quadratic residual iteration requires 46 iterations when a
direct linear solver is used and 59 iterations when the iterative solver with τ = 10−2

is used. Note that the relative residual tolerance τ = 10−2 for GMRES is quite large.
Accurate solves are not necessary. With τ = 10−4, the convergence speed is the same
as when a direct linear system solver is used, but the cost per iteration is higher than
when τ = 10−2.

Table 8.2
Number of converged Ritz pairs for some iteration numbers when a direct and iterative linear

solver are used. τ is the relative residual tolerance of the iterative method.

Iteration Number of converged Ritz values
Direct Iterative Iterative

τ = 10−2 τ = 10−4

10 1 1 1
20 3 3 4
30 6 5 6
40 8 7 8
46 10 10
50 9
59 10

9. Jacobi–Davidson for the quadratic eigenvalue problem. In this sec-
tion, we compare the Jacobi–Davidson method with quadratic residual iteration. The
only difference from Algorithm 8.1 is in step 2.12, where we solve the correction equa-
tion (3.2) instead of computing a Cayley transformation. Since we compute more
than one eigenpair, we also add the locked Schur vectors to this basis, i.e., we solve a
problem of the form (7.7), where Z spans the q + 1 first columns of VkX1 and Q the
first q + 1 columns of iC(VkX1)−M(VkX1)(S2k + σI).

We now compare the following methods for the application from section 8.3. The
purpose is to compute the ten eigenvalues nearest 300.

QRI-D. Quadratic residual iteration with a direct linear solver. The solver used
is ME47 from HSL. The pole changes every ten iterations. The first pole
is 300.

QRI-G. Quadratic residual iteration with GMRES(30) as linear solver, precon-
ditioned by the direct solver MA47 from HSL for K −σ2M . The pole σ
changes every ten iterations. The first pole is 300.

QRI-GP. Quadratic residual iteration with GMRES(30) applied to (7.7), with Z
and Q defined as above, preconditioned by MA47. The pole σ changes
every ten iterations. The first pole is 300.

QJD. Jacobi–Davidson, where the linear systems are solved by GMRES(30)
preconditioned by MA47. For the first ten iterations, the pole was kept
constant to 300. From the eleventh iteration on, the pole σ = ω and
changes each iteration. The preconditioner changes every ten iterations,
so we factorize only a few times.
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Table 9.1
The number of linear solves for the different algorithms.

Method Linear solver Direct linear Eigensolver
tolerance τ solves iterations

QRI-D — 45 46
QRI-G 10−2 1412 58
QRI-G 10−3 1545 48
QRI-G 10−4 1976 45
QRI-G 10−6 2998 47
QRI-G 10−8 4130 47
QRI-GP 10−2 1432 57
QRI-GP 10−3 1499 47
QRI-GP 10−4 1739 46
QRI-GP 10−6 2318 46
QRI-GP 10−8 3503 45
QJD 10−2 — —
QJD 10−3 — —
QJD 10−4 1469 33
QJD 10−6 2208 27
QJD 10−8 2918 25

Table 9.1 contains results for the methods listed above for different values of the
tolerance of the linear solver. The bold values give the minimum number of linear
solves for each method. Clearly, QRI-D is much faster than any other method, but this
is because the linear systems with K+ iσC−σ2M are solved exactly. Note, however,
that a direct solver for complex linear systems is used while the other methods use
a direct solver for real matrices. Let us concentrate on the results obtained with
GMRES. The preconditioner is the real part of K + iσC − σ2M , which is in this case
K − σ2M . Note that the factorization cost is about the same for all methods since
factorization is only performed every ten outer iterations. For QRI-G and QRI-GP,
the linear systems need not be solved very accurately to obtain fast convergence.
It is remarkable that the number of outer iterations is much larger for the optimal
cases. For τ = 10−6 and τ = 10−8 the linear systems are solved more accurately than
necessary, since the number of outer iterations does not change significantly. Using
a larger τ gives roughly the same number of outer iterations, but less global work.
Also note that QRI-GP is more efficient than QRI-G when τ is smaller. We also tried
QRI-G with σ ≡ ω as for QJD, but then GMRES stagnates rather quickly. Without
the projections in the correction equation (3.2), the matrix of the linear system has
an eigenvalue near zero that hinders the convergence. The projections filter away
this eigenvalue. For small τ , QJD is definitely faster than any other algorithm. For
large τ , QJD stagnates after the locking of the first Ritz value. The first and second
eigenvalue form a double one at 303.624 + 0.589i, and it seems to be difficult to find
the second of the double eigenvalue when τ is large. A more important danger arises
in the following situation. When we use τ = 10−8 and change the pole after the 6th
iteration instead of after the 10th, the Ritz value is ω � 303.624+0.589i and QJD tries
to improve the corresponding Ritz vector by solving (7.7). The problem is that there
is an eigenvalue at 303.624 + 0.589i with multiplicity two, while only one eigenvector
is filtered away by the projector I − ZZ∗. This means that the linear system is still
nearly singular and GMRES stagnates.

10. Shift-and-invert Arnoldi for the linearized problem. The most widely
used method in applications is probably the shift-and-invert Arnoldi method applied
to the linearized problem (1.2). This method is criticized because it doubles the
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size of the problem, leading to an increase in storage cost for the iteration vectors
Vk and in the overall computational cost. The shift-and-invert transformation, y =
(A − σB)−1Bx, however, can be efficiently computed by the solution of the block
structured linear system

(A− σB)y = Bx,[
K + iσC −σM
−σM M

](
y1

y2

)
=

( −iCx1 +Mx2

Mx1

)
.

By multiplying the last row by σ and adding to the first row, we get[
K + iσC − σ2M 0

−σM M

](
y1

y2

)
=

( −iCx1 +M(x2 + σx1)
Mx1

)
,

from which

y1 = (K + iσC − σ2M)−1(−iCx1 +M(x2 + σx1)),

y2 = x1 + σy1.

This requires the matrix factorization of K + iσC − σ2M as in the solution of the
quadratic problem.

The Arnoldi method does not produce Ritz vectors that satisfy (2.5) exactly, so
the relationship between Algorithms 2.2 and 2.3 is lost. On the other hand, there is
a link with Algorithm 2.1, since in exact arithmetic and with the exact linear solves
the Davidson method produces the same subspace as the shift-and-invert Arnoldi
method when σ is fixed. The major difference between Algorithms 2.1 and 2.3 lies
in the construction of the subspaces. In the Algorithms 2.2 and 2.3, the subspace is
expanded so that the two components from the Cayley transform applied to a Ritz
vector are added. Both algorithms are designed to improve one Ritz vector at a time.
In the Arnoldi method, all Ritz vectors converge together.

This is illustrated by the following example. Consider the example from section
8.3. We performed 30 steps of Arnoldi’s method applied to (A − σB)−1B starting
with a random initial vector. The left-hand picture in Figure 10.1 shows the residual
norms ρj = ‖Axj−BXjSj‖ of the six Ritz values nearest σ = 300 as a function of the
iteration number. The Ritz values nearest σ converge faster, where Xj = [x1, . . . , xj ]
denote the first j Schur vectors and Sj denotes the corresponding Schur matrix. Most
of the Ritz values have decreasing residuals from the first to the last iteration. The
central picture shows the results of 30 iterations of quadratic residual iteration. We
used Algorithm 8.1 without a restart. We consider a Ritz value as converged when
the residual norm ρj = ‖rP ‖ = ‖(KUj + iCUjSj −MUjS

2
j )ej‖ is smaller than the

convergence tolerance, 10−7. The horizontal dashed line indicates the tolerance TOL
used by Algorithm 8.1 in step 2.3.6. Two different kinds of convergence behavior
can be observed. The residual norm of the third Ritz value (dotted line) makes a
significant decrease during the convergence of the first and the second. This looks
like the convergence behavior of the Arnoldi method. The other Ritz values show
a completely different behavior. Each time a Ritz value has converged, it is locked
and another Ritz value is targeted and starts converging. This is very clear from
the dashed convergence curves. The residuals decrease at the beginning, but most of
them stagnate until a new eigenpair is targeted. Peaks in the curves indicate a Ritz
value that starts converging to another eigenvalue.
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Fig. 10.1. Convergence behavior of shift-and-invert Arnoldi, quadratic residual iteration
(QRI-D), and Jacobi–Davidson (QJD) for the problem from section 8.3. The lines show the evolu-
tion of ρj = ‖(KUj + iCUjSj −MUjS

2
j )ej‖ of the six Ritz values nearest σ.

The tolerance TOL plays an important role in the overall convergence speed. In
the example mentioned above, Arnoldi requires 21 iterations for finding six eigenvalues
with the required accuracy when TOL= 10−7 and quadratic residual iteration 28
iterations. When TOL= 10−4 instead, Arnoldi’s method requires only 18 iterations,
but quadratic residual requires no more than 14. This illustrates that we cannot make
a decision on which method is the best.

The right-hand picture shows the results for the Jacobi–Davidson method pre-
conditioned with K + iσC − σ2M with σ = 300 and linear solver tolerance τ = 10−5.
The first three iterations used a fixed pole σ = 300, and then σ = ω, while the precon-
ditioner is computed once for σ = 300. The picture shows quadratic convergence for
the Ritz values. The algorithm converges in 13 iterations but requires 118 complex
linear solves, while less than 30 for the other two algorithms. Stagnation is not as
pronounced as for the QRI-D method.

The quadratic residual iteration method has some advantages. First, the modi-
fied Davidson framework (Algorithm 2.2) uses a larger subspace than the Davidson
approach (Algorithm 2.1) constructed by adding two vectors per iteration step to the
subspace. This may lead to some minor gain in convergence speed. The potential gain
is in the storage of the iteration vectors. Often, however, one stores the matrices KVk,
MVk, and CVk in order to calculate the residuals more efficiently or the projection
matrices Kk, Mk, and Ck, and then the advantage is lost. In our implementation,
these additional vectors are not stored.

11. Conclusions. In this paper, we have shown there is a close connection be-
tween solution methods for the quadratic eigenvalue problem and its linearized form.
Solution methods that solve the quadratic problem without linearization appear to
be equivalent to methods that solve the linearized problem by projection on a larger
subspace. The Jacobi–Davidson correction equation for the linearized problem is
connected to the correction equation of the quadratic problem.

If direct linear system solvers are used for the Cayley transform, the gain of the
residual iteration method is small compared to the shift-and-invert Arnoldi method.
The Gram–Schmidt orthogonalization cost is significantly lower due to the smaller
dimension. When the vectors KVk, CVk, and MVk are not stored, about half of
the memory is needed, but otherwise the memory consumption is higher than for
the shift-and-invert Arnoldi method. The convergence of the Arnoldi method is not
focused on a single eigenvalue, but all eigenvalues start converging from the begin-
ning. The quadratic method targets one eigenvalue, which may lead to a fast local
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convergence, but a slow global convergence. Therefore, we suggest the use of the
shift-and-invert Arnoldi method when direct linear system solvers are used. However,
as the last example illustrates, when the convergence tolerance is large, quadratic
residual iteration is faster. If iterative linear system solvers are used, we suggest the
use of quadratic residual iteration or the Jacobi–Davidson method for the quadratic
problem in conjunction with a deflation and restarting scheme based on the linearized
case. It is important to note that none of the discussed methods can be flagged as
optimal: there are always situations for which one method outperforms the other.

Finally, we want to stress that a practical code should use a block version, i.e.,
a number of Cayley transforms is applied to more than one Ritz vector at a time.
This allows us to compute multiple or clustered eigenvalues more efficiently and may
improve the reliability of the method since more than one eigenvalue is targeted
simultaneously. When Jacobi–Davidson is used, some care with the choice of poles σ
is in order when multiple eigenvalues are expected, since this may lead to the solution
of nearly singular linear systems.
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Abstract. Computing the linear least-squares estimate of a high-dimensional random quantity
given noisy data requires solving a large system of linear equations. In many situations, one can
solve this system efficiently using a Krylov subspace method, such as the conjugate gradient (CG)
algorithm. Computing the estimation error variances is a more intricate task. It is difficult because
the error variances are the diagonal elements of a matrix expression involving the inverse of a given
matrix. This paper presents a method for using the conjugate search directions generated by the CG
algorithm to obtain a convergent approximation to the estimation error variances. The algorithm
for computing the error variances falls out naturally from a new estimation-theoretic interpretation
of the CG algorithm. This paper discusses this interpretation and convergence issues and presents
numerical examples. The examples include a 105-dimensional estimation problem from oceanography.
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1. Introduction. The goal of finite-dimensional linear least-squares estimation
is to estimate an l-dimensional random vector x with a linear function of another m-
dimensional random vector y so as to minimize the mean squared error [11, Chapter 4].
That is, one minimizes E[‖x−x̂(y)‖2] over x̂(y) to find the linear least-squares estimate
(LLSE).

Write the relationship between x and y as y = z+n, where n is noise, uncorrelated
with x, and

z = Cx(1.1)

for a matrix C reflecting the type of measurements of x. In the Bayesian framework, x,
z, and n have known means and covariances. The covariance matrices are denoted by
Λx, Λz, and Λn, respectively, and, without loss of generality, the means are assumed
to be zero. The LLSE of x given y is

x̂(y) = ΛxC
TΛ−1

y y,(1.2)

where Λy = Λz + Λn = CΛxC
T + Λn is the covariance of y.

Direct computation of x̂(y) is difficult if x and y are of high dimension. In par-
ticular, the work in this paper was motivated by problems in which x represents
a spatially distributed phenomenon and y represents measurements encountered in
applications ranging from image processing to remote sensing. For example, when x
and y represent natural images, they typically consist of 256 × 256 = 65536 pixels.
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In problems from physical oceanography, the dimensions of x and y are typically
upwards of 105 and 104, respectively (e.g., see [7]). Furthermore, in applications such
as remote sensing in which the measurement sampling pattern is highly irregular, Λz
is typically a full matrix that is far from Toeplitz. This prevents one from solving
the linear system (1.2) by spectral or sparse matrix methods. However, Λy often
has a considerable amount of structure. For example, the covariance, Λx, of the full
spatial field, is often either Toeplitz or well-approximated by a very sparse matrix in
an appropriate basis, such as a local cosine basis [12]. The measurement matrix C is
often sparse, and the noise covariance Λn is often a multiple of the identity. Thus,
multiplying vectors by Λy is often efficient, and an iterative method for solving linear
systems that makes use of multiplications by Λy, such as a Krylov subspace method,
could be used to compute x̂(y).

For linear least-squares estimation problems, one is interested not only in com-
puting the estimates but also some portion of the estimation error covariance matrix.
The covariance of the estimation error,

Λex(y) = Λx − ΛxCTΛ−1
y CΛx,(1.3)

is the difference between the prior covariance and the error reduction. The terms on
the diagonal of this matrix are the estimation error variances, the quantities most
sought after for characterizing the errors in the linear estimate. A natural question to
ask is whether a Krylov subspace method for computing the linear estimate x̂(y), such
as the method of conjugate gradients (CG), could be adapted for computing portions
of the error covariance matrix. This paper presents an interpretation of CG in the
context of linear least-squares estimation that leads to a new algorithm for computing
estimation error variances.

Many researchers in the geosciences have used CG for computing LLSEs. In
particular, Bennett, Chua, and Leslie [1, 2, 3] and da Silva and Guo [4] use CG
for computing LLSEs of atmospheric variables. The structures of these estimation
problems are very similar to the ones considered here. In particular, the quantities to
be estimated, x, are spatially varying processes, and the measurement matrices, C,
are sparse. However, they do not consider using a Krylov subspace method for the
computation of error variances. We not only propose such a method in this paper but
also provide a detailed convergence analysis.

Paige and Saunders [13] and Xu et al. [19, 20, 21, 22] have developed Krylov
subspace methods for solving statistical problems that are closely related to linear
least-squares estimation. The LSQR algorithm of Paige and Saunders solves a regres-
sion problem and can compute approximations to the standard errors. The regression
problem is a more general version of linear least-squares estimation in which a prior
model is not necessarily specified. In the special case of linear least-squares estima-
tion, the standard errors of the regression problem are the estimation error variances.
Thus, LSQR can compute approximations to the error variances. The novelty of our
work is that it focuses specifically on linear least-squares estimation and takes advan-
tage of the structure inherent in many prior models for image processing problems.
In particular, many such prior models imply a covariance of the data, Λy = Λz +Λn,
in which the signal covariance matrix, Λz, has eigenvalues that decay rapidly to zero
and the noise covariance matrix, Λn, is a multiple of the identity. Such properties
are exploited by our algorithm. These assumptions were also made in the work of
Xu, Kailath, et al. for signal subspace tracking. For that problem, one is interested
in computing the dominant eigenvectors and eigenvalues of Λz. Although computing
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the dominant eigenvectors and eigenvalues of Λz is sufficient to compute an approx-
imation to the estimation error variances, it is not necessary. We do not explicitly
compute eigenvectors or eigenvalues. This provides us with the opportunity to exploit
preconditioning techniques in a very efficient manner.

Section 2 discusses our interpretation of CG as used to compute LLSEs. This
naturally leads to the presentation of a new iterative algorithm for computing estima-
tion error variances. Section 3 proposes two alternative stopping criteria. The main
convergence result is presented in section 4. Techniques for accelerating convergence,
including preconditioned and block algorithmic forms, are discussed in section 5. The
main convergence result is proved in section 6. Finally, section 7 illustrates the pro-
posed techniques with various numerical examples.

2. The estimation algorithm. The primary difficulty in computing the LLSE
x̂(y) in (1.2) is the large dimension of the data y. The signal in the data, however,
typically lies in a much lower dimensional subspace. One can take advantage of this
fact to compute an approximation to x̂(y) by computing, instead of x̂(y), the LLSE
of x given a small number of linear functionals of the data, pT1 y, p

T
2 y, . . . , p

T
k y. For a

particular sequence of linearly independent linear functionals, pT1 , p
T
2 , . . . , p

T
k , let x̂k(y)

denote the LLSE of x given pT1 y, p
T
2 y, . . . , p

T
k y. If most of the signal components in y

lie in the span of p1, p2, . . . , pk, then the estimate x̂k(y) approximates x̂(y). In this
case, the covariance of the error in the estimate x̂k(y), Λex,k(y) � Cov(x − x̂k(y)),

approximates the optimal error covariance, Λex(y) � Cov(x− x̂(y)).
The principal novelty of the algorithm we propose in this paper is the use of linear

functionals that form bases for Krylov subspaces. The use of Krylov subspaces for
solving linear algebra problems is not new, but the application of Krylov subspaces
to the computation of error covariances is new. A Krylov subspace of dimension k,
generated by a vector s and the matrix Λy, is the span of s,Λys, . . . ,Λ

k−1
y s and is

denoted by K(Λy, s, k) [8, section 9.1.1]. The advantage of using linear functionals that
form bases for Krylov subspaces is twofold. One reason is theoretical. Specifically,
one can consider the behavior of the angles between K(Λy, s, k) and the dominant
eigenvectors, ui, of Λy: arcsin ‖(I−πk)ui‖/‖ui‖, where πk is the orthogonal projection
onto K(Λy, s, k). As noted in [16], these angles are rapidly decreasing as k increases.
Thus, linear functionals from Krylov subspaces will capture most of the dominant
components of the data. Another reason for using functionals from Krylov subspaces
is computational. As discussed in the introduction, the structure of Λy in many
problems is such that multiplying a vector by Λy is efficient. A consequence of this
fact is that one can generate bases for the Krylov subspaces efficiently.

The specific linear functionals used in this paper are the search directions gen-
erated by standard CG for solving a linear system of equations involving the matrix
Λy. The conjugate search directions, p1, . . . , pk, form a basis for K(Λy, s, k) and are
Λy-conjugate [8, section 10.2]. The Λy-conjugacy of the search directions implies that
Cov(pTi y, p

T
j y) = δij ; so, these linear functionals of the data are white. Thus, we can

draw the novel conclusion that CG whitens the data. The whiteness of the linear
functionals of the data allows one to write

x̂k(y) =

k∑
j=1

(
ΛxC

T pi
)
pTi y,(2.1)

Λex,k(y) = Λx −
k∑
j=1

(
ΛxC

T pi
) (
ΛxC

T pi
)T

,(2.2)
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which follows from Cov(pT1 y, . . . , p
T
k y) = I.1 One can now write recursions for the

estimates and error variances in terms of the quantities by,k = ΛxC
T pk. We call

these the filtered backprojected search directions because the prior covariance matrix
Λx typically acts as a low-pass filter and CT is a backprojection (as the term is used
in tomography) since C is a measurement matrix. In terms of the by,k, the recursions
have the following form:

x̂k(y) = x̂k−1(y) + by,kp
T
k y,(2.3)

(Λex,k(y))ii = (Λex,k−1(y))ii − ((by,k)i)2,(2.4)

with initial conditions

x̂0(y) = 0,(2.5)

(Λex,0(y))ii = (Λx)ii,(2.6)

where i = 1, . . . , l. Unfortunately, the vectors p1, p2, . . . generated by standard CG
are not Λy-conjugate to a reasonable degree of precision because of the numerical
properties of the method.

The numerical difficulties associated with standard CG can be circumvented using
a Lanczos iteration, combined with some form of reorthogonalization, to generate the
conjugate search directions [8, sections 9.1 and 9.2]. The Lanczos iteration generates
a sequence of vectors according to the following recursion:

αk = qTk Λyqk,(2.7)

hk = Λyqk − αkqk − βkqk−1,(2.8)

βk+1 = ‖hk‖,(2.9)

qk+1 =
hk

βk+1
,(2.10)

which is initialized by setting q1 equal to the starting vector s, q0 = 0, and β1 = 0.
The Lanczos vectors, q1, q2, . . . , are orthonormal and such that

[
q1 q2 · · · qk

]T
Λy
[
q1 q2 · · · qk

]
(2.11)

is tridiagonal ∀k. Let Ty,k denote this tridiagonal matrix, and let Ly,k denote the
lower bidiagonal Cholesky factor. Then, the vectors defined by

[
p1 p2 · · · pk

]
=
[
q1 q2 · · · qk

]
L−T
y,k(2.12)

are equal, up to a sign, to the conjugate search directions generated by CG in exact
arithmetic. That Ly,k is lower bidiagonal allows one to use a simple one-step recursion
to compute the pi from the qi. Note also that the by,k = ΛxC

T pi can be computed
easily in terms of a recursion in ΛxC

T qi. These latter quantities are available since
the computation of qk+1 requires the product Λyqk = C(ΛxC

T )qk + Λnqk.

One of the main advantages to using the Lanczos iteration followed by the Cholesky
factorization is that one can use a variety of reorthogonalization schemes to ensure

1Specifically, (2.1) and (2.2) follow from (1.2) and (1.3) with the substitution of I for Λy and
pT1 C, . . . , p

T
k C for the rows of C.
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that the Lanczos vectors remain orthogonal and, in turn, that the associated conju-
gate search directions are Λy-conjugate. The simplest scheme is full orthogonalization
[5, section 7.4]. This just recomputes hk as

hk := hk −
[
q1 · · · qk

] [
q1 · · · qk

]T
hk(2.13)

between the steps in (2.8) and (2.9). This is typically sufficient to ensure orthogonality
among the qi. However, one can also use more complicated schemes that are more
efficient such as selective orthogonalization [15]. A discussion of the details can be
found in [18, Appendix B]. We have found that the type of orthogonalization used
does not significantly affect the quality of the results.

Although one must use an orthogonalization scheme in conjunction with the Lanc-
zos iteration, the added complexity is not prohibitive. Specifically, consider counting
the number of floating point operations (flops) required to perform k iterations. We
will assume that full orthogonalization is used and that the number of flops required
to multiply vectors by Λy is linear in either the dimension m of the data or the dimen-
sion l of the estimate. Then, the only contribution to the flop count that is second
order or higher in k, l, and m is from the orthogonalization, 2mk2. For comparison,
consider a direct method for computing the error variances that uses Gaussian elimi-
nation to invert the symmetric positive definite Λy. The flop count is dominated by
the elimination, which requires m3/3 flops [8, p. 146]. Thus, our algorithm typically
provides a gain if k < m/6. For many estimation problems, a reasonable degree of
accuracy is attained for k � m. Some examples are given in section 7.

A summary of the steps outlined above to compute an approximation to the
optimal linear least-squares estimate and associated estimation error variances is as
follows.

Algorithm 2.1.
1. Initialize x̂0(y) = 0, (Λex,0(y))ii = (Λx)ii for i = 1, . . . , l.
2. Generate a random vector s to initialize the Lanczos iteration.
3. At each step k,

(a) compute the conjugate search direction pk and filtered backprojection by,k
using a reorthogonalized Lanczos iteration, and

(b) update

x̂k(y) = x̂k−1(y) + by,kp
T
k y,(2.14)

(Λex,k(y))ii = (Λex,k−1(y))ii − ((by,k)i)2 for i = 1, . . . , l.(2.15)

3. Stopping criteria. A stopping criterion is needed to determine when a suf-
ficient number of iterations has been run to obtain an adequate approximation to the
error variances. Two alternative stopping criteria are proposed in this section. The
first is a simple scheme that we have found works well. However, there is no system-
atic method for setting the parameters of the criterion to guarantee that a specified
level of accuracy is achieved. The second stopping criterion is a more complicated
scheme for which one can establish bounds on the approximation error. However,
the criterion tends to be overly conservative in establishing the number of iterations
needed to achieve a specified level of accuracy.

3.1. Windowed-maximal-error criterion. Under this first criterion, the al-
gorithm stops iterating after k steps if

τk,εmin � max
k−Kwin≤j≤k

max
i

((by,j)i)
2

max((Λex,k(y))ii, εmin)
< εtol,(3.1)
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where Kwin, εmin, and εtol are parameters. This criterion guarantees that no compo-
nents of the error variances have been altered over the last Kwin+1 iterations by more
than εtol relative to the current approximation to the error variances. The motiva-
tion for this criterion is the theorem in section 4 which implies that the vectors by,k,
representing the contribution to error reduction from pTk y, get smaller as k increases.
However, this behavior is not always monotone; so, the criterion takes into account
gains over a window of the last few iterations.

3.2. Noiseless-estimation-error criterion. The second stopping criterion ex-
amines how well the Krylov subspace at the kth step, K(Λy, s, k − 1), captures the
significant components of the signal z, as defined in (1.1). The motivation for such a
criterion is the convergence analysis of section 4. A portion of the analysis examines
the optimal error covariance for estimating z from y, Λez (y), and its relation to the
optimal error covariance for estimating z from pT1 y, . . . , p

T
k y, Λez,k(y). The implica-

tion is that as Λez,k(y) − Λez (y) gets smaller, the difference between Λex,k(y) and
Λex(y) also decreases, albeit possibly at a slower rate. So, a relatively small difference
between Λez,k(y) and Λez (y) implies a relatively small difference between Λex,k(y)
and Λex(y). This fact motivates the interest in efficiently computable bounds for
Λez,k(y) − Λez (y). One such bound can be written, as follows, in terms of the error
covariance for the noiseless estimation problem of estimating x from z.

Proposition 3.1. Suppose Λn = σ2I for σ2 > 0. Let Λez,k(z) be the optimal
estimation error covariance for estimating z from pT1 z, . . . , p

T
k z. Then, the difference

between the error covariance for estimating z from y and z from pT1 y, . . . , p
T
k y is

bounded by

Λez,k(y)− Λez (y) ≤ Λez,k(z) + fkf
T
k ,(3.2)

where

‖fk‖2 ≤ ‖Λzpk−1‖2 + ‖Λzpk‖2 + ‖Λzpk+1‖2 + ‖Λzpk+2‖2.(3.3)

Proof. The proof makes use of the Lanczos vectors qi discussed at the end of
section 2. The Lanczos vectors are useful because they form bases for the Krylov
subspaces, and they tridiagonalize both Λy and Λz since Λn = σ2I, by assumption.
Since the Lanczos vectors tridiagonalize Λy, q

T
i y is correlated with qTj y if and only

if i and j differ by at most one. Let Λrz,k+1(y) denote the error reduction obtained
from estimating z with qTk+2y, q

T
k+3y, . . . . Furthermore, let Λ

⊥
rz,k+1(y) denote the error

reduction obtained from estimating z with the random variable formed by making
qTk+1y uncorrelated with qTi y for i 	= k + 1. Then,

Λez (y)− Λez,k(y) = Λrz,k+1(y) + Λ
⊥
rz,k+1(y).(3.4)

Since y is simply a noisy version of z, Λrz,k+1(y) ≤ Λrz,k+1(z), where Λrz,k+1(z)
is the error reduction obtained from estimating z with qTk+2z, q

T
k+3z, . . . . Furthermore,

Λrz,k+1(z) ≤ Λez,k(z) because Λez (z) = 0 and qTi z is uncorrelated with qTj z if i and j
differ by more than one. Combining the last two inequalities with (3.4) yields

Λez,k(y)− Λez (y) ≤ Λez,k(z) + Λ⊥
rz,k+1(y).(3.5)

The matrix Λ⊥
rz,k+1(y) in (3.5) is bounded above by the optimal error reduction

for estimating z from qTk y, q
T
k+1y, and qTk+2y since Λ

⊥
rz,k+1(y) is the error reduction
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for an estimator that is linear in these three functionals of y. Furthermore, Λ⊥
rz,k+1(y)

is bounded above by the optimal error reduction for estimating z from pTk−1y, . . . ,

pTk+2y since qk, qk+1, and qk+2 are linear combinations of pk−1, . . . , pk+2. Now, write

the rank-one matrix Λ⊥
rz,k+1(y) as fkf

T
k . Then, the latter bound on Λ

⊥
rz,k+1(y) implies

(3.3).
Although Proposition 3.1 provides a bound on ‖fk‖2, the argument in the proof

suggests that the bound is very weak. Recall from the proof that fkf
T
k = Λ⊥

rz,k+1(y),
the error reduction obtained for estimating z from the random variable formed by
making qTk+1y uncorrelated with qTk y and qTk+2y. Both qk and qk+2, as vectors from

a Krylov subspace generated by Λy, are such that qTk y and qTk+2y are significantly

correlated with z. Thus, making qTk+1y uncorrelated with qTk y and qTk+2y will often
significantly reduce the correlation of the resulting quantity with z. As a result,
Λ⊥
rz,k+1(y) is typically much smaller than the error reduction for estimating z from

qTk+1y alone, which, in turn, is smaller than the right-hand side of (3.3). Thus, the
bound on ‖fk‖2 is weak, and Λez,k(z), the dominant term in (3.2), could be used
alone as the basis of a stopping criterion.

One of the main advantages of the bound in Proposition 3.1 is that the diagonal el-
ements of Λez,k(z) are easily computable. As discussed in the proof of Proposition 3.1,
the Lanczos vectors q1, q2, . . . generated by Algorithm 2.1 not only tridiagonalize Λy;
they also tridiagonalize Λz:[

q1 q2 · · · qk
]T
Λz
[
q1 q2 · · · qk

]
= Tz,k.(3.6)

Let Lz,k be the lower bidiagonal Cholesky factor of Tz,k, and let the vectors r1, r2, . . .
be defined by [

r1 r2 · · · rk
]
=
[
q1 q2 · · · qk

]
L−T
z,k .(3.7)

Then, the linear functionals of the signal rT1 z, r
T
2 z, . . . are white. So, a simple recursion

can be used to compute Λez,k(z):

(Λez,k(z))ii = (Λez,k−1(z))ii − ((bz,k)i)2(3.8)

with the initialization

(Λez,0(z))ii = (Λz)ii,(3.9)

where i = 1, . . . ,m and bz,k = Λzrk. Note that bz,k can be computed without an
additional multiplication by Λz since Algorithm 2.1 computes Λzqi. The computations
for calculating Λez,k(z) are summarized as follows.

Algorithm 3.2.
1. Initialize (Λez,0(z))ii = (Λz)ii.
2. At each iteration k:

(a) compute bz,k using qk and the one-step recursion specified by LTz,k, and
(b) update

(Λez,k(z))ii = (Λez,k−1(z))ii − ((bz,k)i)2.(3.10)

Stopping Algorithm 2.1 when a function of (Λez,k(z))ii falls below some threshold
has a variety of advantages and disadvantages. Although it may appear that one of
the main disadvantages is the requirement that Λn must be a multiple of the identity,
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this is not the case. There is an extension to the nonwhite case that makes use
of preconditioning ideas, as discussed in section 5. In fact, the main disadvantage
stems from the bound in Proposition 3.1 being based on the noiseless estimation
problem (i.e., Λn = 0). If Λn is not small, the bound may not be tight. Thus, a
stopping criterion based on Λez,k(z) may be conservative in determining the number
of iterations needed to guarantee a specified level of accuracy. On the other hand,
the bound is easy to compute and provides a good indication of the fraction of error
reduction that has been attained by a specific iteration.

4. The main convergence result. In this section, we state the main conver-
gence result. It establishes a bound on the rate at which the approximation to the
error variances, in exact arithmetic, converges to the optimal estimation error vari-
ances. The result leads naturally to a consideration of the two acceleration techniques
discussed in the next section. The proof of the main result is left for section 6.

Establishing the convergence result requires making a few assumptions concerning
the estimation problem and starting vector for the algorithm. The first is that the
starting vector s in Algorithm 2.1 is a zero-mean Gaussian random vector. This
assumption is needed to guarantee the independence of uncorrelated components of
s. The covariance matrix of s, Λs, is assumed to equal Λy or to be proportional to the
identity. As regards the estimation problem for the purposes of this section, Λn is not
necessarily a multiple of the identity. However, we do assume that Λy and Λz have the
same eigenvectors u1, u2, . . . , um and that the corresponding eigenvalues λy,1 ≥ λy,2 ≥
· · · ≥ λy,m and λz,1 ≥ λz,2 ≥ · · · ≥ λz,m satisfy the inequality, λz,i/λy,i ≤ λ̄i/σ

2

for some σ2 > 0 and sequence λ̄i. Note that both of these statements would hold
for λ̄i = λz,i if Λn were σ2I. The conditions are stated this generally because Λn
may not be a multiple of the identity if some of the preconditioning techniques of
section 5.1 are used. We also assume that the eigenvalues of Λy are distinct and
have a relative separation (λy,i − λy,i+1)/(λy,i+1 − λy,m) that is bounded below by
a constant λsep > 0. Furthermore, the λy,i are assumed to decrease slowly enough
(not faster than a geometric decay) that one can find constants ζ > 0 and 0 < Γ < 1
of reasonable magnitude (ζ not much larger than ‖Λy‖) for which 1/(λy,kγk) < ζΓk,
where

γ � 1 + 2
(
λsep +

√
λsep + λ2

sep

)
.(4.1)

This last assumption is a very weak assumption that is almost never violated. All
of these assumptions concerning the estimation problem are not restrictive because
they can be guaranteed using appropriate preconditioning techniques, as described in
section 5. The assumptions are summarized as follows.

Assumptions.
1. The starting vector s in Algorithm 2.1 is a zero-mean Gaussian random vector,
and Λs = Λy or Λs ∝ I.

2. There exist constants ζ > 0 and 0 < Γ < 1 such that 1/(λy,kγ
k) < ζΓk.

3. Λy and Λz have the same eigenvectors.
4. There exist a constant σ2 > 0 and a sequence λ̄i such that λz,i/λy,i ≤ λ̄i/σ

2.
5. There exists a constant λsep > 0 such that (λy,i − λy,i+1)/(λy,i+1 − λy,m) ≥

λsep > 0.
These assumptions lead to the main convergence result, as stated next in Theo-

rem 4.1. The theorem consists of two bounds, one concerning the error variances for
estimating x, and one concerning the error variances for estimating only the measured
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components of x, z = Cx. Two bounds are given because one may need fewer itera-
tions to obtain a good estimate of z than of x. Moreover, the rate of convergence of
the error variance for estimating z is of interest since z is often a subsampled version
of x.2

Theorem 4.1. If Assumptions 1–5 hold, then

m∑
j=1

(Λex,k(y)− Λex(y))jj ≤
‖s‖2ζη‖Λx‖‖Λy‖

σ2(1− 1
γ2 )(1− 1

4
√
γ )

γ−k/4 +
‖Λx‖
σ2

m−1∑
i=k

(i− k + 4)λ̄� i
4


(4.2)

and

(4.3)
m∑
j=1

(Λez,k(y)− Λez (y))jj ≤
‖s‖2ζη‖Λy‖

(1− 1
γ2 )(1− 1√

γ )
γ−k/2

+

m−1∑
i=k

(i− k + 4)min

(
λ̄� i

4
λz,� i
4


σ2
, λ̄� i

4

)
,

where γ is given by (4.1) and η is a random variable whose statistics depend only on
λsep, γ, and Γ.

The bounds in Theorem 4.1 provide a characterization of the difference between
the optimal error variances and the computed approximation. The bounds are a sum
of two terms. The first terms on the right-hand sides of (4.2) and (4.3) characterize
how well the Krylov subspaces have captured the dominant components of Λy. The
bigger λsep is, the larger γ is, and the smaller the first terms in (4.2) and (4.3) become.
Thus, the more separated the eigenvalues (as measured by λsep) are, the better the
algorithm will perform. The second term is a sum of bounds λ̄i on the ratio of
eigenvalues λz,i/λy,i. The sum is over those λ̄i corresponding to eigenvectors of Λz
that are not well captured by the Krylov subspaces at step k. Note that the sum is
over the more rapidly decreasing λ̄iλz,i in (4.3).

The bounds are useful principally for two reasons. First, they indicate how the
errors will scale as s, σ2, ‖Λx‖, ‖Λy‖, and the eigenvalues of Λz change. In particular,
note that the only dependence on the starting vector s is through the norm ‖s‖. Thus,
the performance of the algorithm does not depend strongly on s. Second, the bounds
indicate that the rate of convergence can be increased by transforming the estimation
problem in order to make γ big enough so that the second terms in (4.2) and (4.3)
dominate. Such transformations are discussed next in section 5.1.

5. Techniques for improving convergence properties. This section presents
two different techniques for improving the convergence properties of the proposed al-
gorithm for computing error variances. These techniques can be used to guarantee
convergence in the case that a given estimation problem violates any of the assump-
tions of Theorem 4.1. One can also use these techniques to increase γ so as to improve
the theoretical convergence rates.

5.1. Preconditioning. In the estimation context, preconditioning consists of
determining an invertible transformation B such that estimating x from the trans-
formed data By can be theoretically done more efficiently by the proposed algorithm

2That the two bounds differ is a consequence of the fact that, for a given number of iterations
k, we are not computing the best k linear functionals of the data for estimating x.
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than estimating x directly from y. This will be the case if the covariances of the
transformed data, BΛyB

T , and of the transformed signal, BΛzB
T , satisfy Assump-

tions 3 and 5 of Theorem 4.1 but Λy and Λz do not. The convergence properties
will also be improved if γ for the transformed problem is higher than for the untrans-
formed problem. The principal novelty of the preconditioning approaches described
here is that they focus on these particular goals, which are very different than those
of standard CG preconditioning and differ significantly from those of preconditioning
for eigenvector algorithms [17, Chapter 8]. Although the goals of the preconditioning
discussed here are different than for standard CG, the implementation details are very
similar. In particular, explicit specification of a transformation B is not necessarily
required for preconditioning techniques because preconditioning can be implemented
in such a way that only multiplications by BTB are needed instead of multiplications
by B and BT .

There are three different implementations of preconditioning, each of which is
mathematically equivalent in exact arithmetic. Symmetric preconditioning simply
consists of applying the Krylov subspace algorithm to estimating x from By =
BCx + Bn. Essentially, x is estimated given linear functionals from Krylov sub-
spaces K(BΛyBT , Bs, k) applied to By. There are also left and right preconditioning
techniques. The following discussion focuses on right preconditioning, and analogous
statements can be made concerning left preconditioning. Right preconditioning differs
from symmetric preconditioning in that it involves estimating x given linear function-
als from the Krylov subspaces K(ΛyBTB, s, k) applied to BTBy. Note that this is
equivalent to the estimation performed in the case of symmetric preconditioning. Al-
though ΛyB

TB is not symmetric, it is self-adjoint with respect to the BTB inner
product. As in Algorithm 2.1, we do not compute the conjugate search directions for
the preconditioned estimation problem using a standard preconditioned CG iteration.
Instead, we use Lanczos iterations that compute a series of BTB-conjugate vectors
that tridiagonalize BTBΛyB

TB, as follows:

αk = tTkΛytk,(5.1)

hk = Λytk − αkqk − βkqk−1,(5.2)

dk = BTBhk,(5.3)

βk+1 =
√

dTk hk,(5.4)

qk+1 =
hk

βk+1
,(5.5)

tk+1 =
dk

βk+1
,(5.6)

where t1 = BTBs, q1 = s, q0 = 0, and β1 = 0. The qk are the BTB-conjugate
Lanczos vectors that tridiagonalize BTBΛyB

TB, and the tk = BTBqk tridiagonalize
Λy. This latter tridiagonal matrix can be factored, as in Algorithm 2.1, to compute
the Λy-conjugate search directions pk. The only difference is that the tk replace the
qk in (2.11) and (2.12). Moreover, one can compute the filtered backprojected search
directions by,k = ΛxC

T pk as a by-product. Overall, the steps of the preconditioned
Krylov subspace algorithm are the same as those in Algorithm 2.1 except that a
preconditioned Lanczos iteration replaces the normal Lanczos iteration. Note that
the Lanczos method for tridiagonalizing a left-preconditioned system is the same as
the generalized Lanczos algorithm for solving generalized eigenvalue problems [14,
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section 15.11]. What follows are some examples of preconditioners in squared up
form, BTB, that one can consider using in various contexts.

One choice for a preconditioner when the noise covariance Λn is not a multiple
of the identity but is invertible is to choose BTB = Λ−1

n . This choice of precon-
ditioner will effectively shape the noise covariance to be a multiple of the identity.
The transformed data covariance, BΛyB

T , and signal covariance, BΛzB
T , will then

satisfy Assumption 3. Multiplying a vector by Λ−1
n is often easy because Λn is often

diagonal.

If the noise covariance is, or has been transformed to be, a multiple of the identity,
one can consider preconditioners that will maximally separate the eigenvalues of Λy.
Such preconditioners can guarantee that the transformed data covariance, BΛyB

T ,
satisfies Assumption 5 and can increase γ to improve the bounds in Theorem 4.1.
Note that such preconditioning will do little to change the bound λ̄i on λz,i/λy,i in
Assumption 4 because the preconditioner will transform both λz,i and λy,i. The ideal
preconditioner would simply operate on the spectrum of Λy and force a geometric
decay in the eigenvalues to the noise level σ2. The geometric decay guarantees a
constant relative separation in the eigenvalues as measured by the ratio in Assump-
tion 5. However, operating on the spectrum is difficult because one doesn’t know the
eigendecomposition of Λy. When the rows of C are orthogonal (which is often the
case in the applications mentioned in the introduction) and the eigendecomposition of
Λx is known, one practical preconditioner is the following. Let Λp be a matrix whose
eigenvectors are the same as those of Λx and whose eigenvalues decay geometrically.
Then, let the preconditioner be given by BTB = CΛpC

T . Although this precondi-
tioner has worked well in practice, as described in section 7, we have no theoretical
results concerning the properties of the transformed estimation problem.

One can use extensions of each of the stopping criteria of section 3 in conjunction
with preconditioning; however, the preconditioner must satisfy certain assumptions
for the extension of the noiseless-estimation stopping criterion of section 3.2 to be
used. What follows is a discussion of the extension and the underlying assumptions
concerning the preconditioner for the right-preconditioned case. Recall that the dis-
cussion in section 3.2 assumes that the noise covariance is a multiple of the identity.
This assumption ensures that the Lanczos vectors tridiagonalize both Λy and Λz so
that one can compute Λez,k(z) efficiently. Now, suppose one is using a preconditioning
transformation B. Let Λn′ = Λn−(BTB)−1. Assume that Λn′ is positive semidefinite
so that it is a valid covariance matrix. Let n′ be a random vector with covariance
Λn′ and uncorrelated with z. Then, z′ = z + n′ has covariance Λz′ = Λz + Λn′ . One
can compute Λez,k(z

′) efficiently because the tk in (5.1)–(5.6) tridiagonalize both Λy
and Λz′ . For Λez,k(z

′) to be useful, the pseudosignal z′ should not have any signif-
icant components not in z. Note that an example of a preconditioner satisfying the
above two assumptions is given by BTB = Λ−1

n . For this preconditioner, Λn′ = 0; so,
Λez,k(z) = Λez,k(z

′). Thus, one can use Λez,k(z
′) as part of a stopping criterion in

conjunction with preconditioning provided that the preconditioner satisfies the two
assumptions outlined above.

5.2. Using multiple starting vectors. Another technique for improving con-
vergence properties in the case where Λy has repeated eigenvalues is to use a block
form of Algorithm 2.1. Block Krylov subspace algorithms have been developed for
other computations, particularly eigendecompositions [8, section 9.2.6]. The principal
novelty of the algorithm we present here is the application to estimation.

Now consider the subspace spanned by the columns of
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[
S ΛyS Λ2

yS · · · Λk−1
y S

]
,(5.7)

where S is an m × r matrix of independent identically distributed random starting
vectors whose marginal statistics satisfy the restrictions for Algorithm 2.1 starting
vectors. Denote this subspace by K(Λy, S, k). Then, one can consider forming m ×
r matrices P1, . . . , Pk whose columns form bases for K(Λy, S, k) and which satisfy
PTi ΛyPj = δijI. As for the single starting vector case in section 2, the LLSE of x
given the random vectors PT1 y, . . . , PTk y and the associated error variances can be
computing using a recursion:

x̂k(y) = x̂k−1(y) +By,kP
T
k y,(5.8)

(Λex,k(y))ii = (Λex,k−1(y))ii −
r∑
j=1

((By,k)ij)
2,(5.9)

with initial conditions

x̂0(y) = 0,(5.10)

(Λex,0(y))ii = (Λx)ii,(5.11)

where i = 1, . . . , l and By,k = ΛxC
TPk.

The Pi and By,i can be computed using a reorthogonalized block Lanczos al-
gorithm [8, section 9.2.6]. The block Lanczos iteration generates, according to the
following recursions, a sequence of orthogonal matrices Qi that are orthogonal to
each other:

Ak = QT
kΛyQk,(5.12)

Hk = ΛyQk −QkAk −Qk−1Rk,(5.13)

Qk+1Rk+1 = Hk (QR factorization of Hk),(5.14)

where Q1 and R1 are a QR factorization of the starting matrix S, and Q0 = 0. The
Qi block tridiagonalize Λy; so, one can write[

Q1 · · · Qk

]T
Λy
[
Q1 · · · Qk

]
= Ty,k,(5.15)

where Ty,k is a block tridiagonal matrix. Let Ly,k be the lower block bidiagonal
Cholesky factor of Ty,k. Then, the Pi are defined by[

P1 · · · Pk
]

�
[
Q1 · · · Qk

]
L−T
y,k .(5.16)

Thus, the Pi can be computed from the Qi using a one-step recursion. Moreover, the
Bi = ΛxC

TPi can be computed as a by-product, as with a single starting vector.
As for the single starting vector case in section 2, the block Lanczos iteration

must be combined with some form of reorthogonalization. Unlike the previous case,
however, there are not as many methods for reorthogonalizing the block Lanczos
iteration. Full orthogonalization is very common and is the method we have used.
This simply recomputes Hk as

Hk := Hk −
[
Q1 · · · Qk

] [
Q1 · · · Qk

]T
Hk(5.17)

between steps (5.12) and (5.13).
The algorithm is summarized as follows.
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Algorithm 5.1.
1. Initialize x̂0(y) = 0, (Λex,0(y))ii = (Λx)ii for i = 1, . . . , l.
2. Generate a random m× r matrix S to initialize the block Lanczos iteration.
3. At each step k,

(a) compute the block of search directions Pk and filtered backprojections
By,k using a reorthogonalized block Lanczos iteration, and

(b) update

x̂k(y) = x̂k−1(y) +By,kP
T
k y,(5.18)

(Λex,k(y))ii = (Λex,k−1(y))ii −
r∑
j=1

((By,k)ij)
2 for i = 1, . . . , l.(5.19)

The advantage of using the block form is that there may be small angles between
the subspaces K(Λy, S, k) and multiple orthogonal eigenvectors of Λy associated with
the same repeated eigenvalue, even in exact arithmetic. This is because each of the
columns of S may have linearly independent projections onto the eigenspace associ-
ated with a repeated eigenvalue. The following theorem establishes convergence rates
for the block case when there may be repeated eigenvalues. It is an extension of
Theorem 4.1 to the block case. The proofs of both theorems are very similar, so the
proof of Theorem 5.2 is omitted.3

Theorem 5.2. Suppose the following.
1. There exists a constant λsep,r > 0 such that (λy,i − λy,i+r)/(λy,i+r − λy,m) ≥

λsep,r.
2. There exist constants ζ > 0 and 0 < Γ < 1 such that 1/(λy,iγ

i
r) < ζΓi, where

γr � 1 + 2
(
λsep,r +

√
λsep,r + λ2

sep,r

)
.(5.20)

3. Λy and Λz have the same eigenvectors.
4. There exist a constant σ2 > 0 and a sequence λ̄i such that λz,i/λy,i ≤ λ̄i/σ

2.
5. (λy,i−λy,i+)/(λy,i+ −λy,m) is bounded away from zero, where i+ is the index

of the next smallest distinct eigenvalue of Λy after i, and then,

m∑
j=1

(Λex,k(y)− Λex(y))jj ≤
η‖Λx‖‖Λy‖

σ2(1− 1
γ2
r
)(1− 1

4
√
γr
)
γ−k/4
r +

‖Λx‖
σ2

m−1∑
i=k

(i− k + 4)λ̄� i
4


(5.21)

and

(5.22)
m∑
j=1

(Λez,k(y)− Λez (y))jj ≤
η‖Λy‖

(1− 1
γ2
r
)(1− 1√

γr
)
γ−k/2
r

+

m−1∑
i=k

(i− k + 4)min


 λ̄� i

4
λ
2
z,� i

4

σ2

, λ̄� i
4



 ,

where the statistics of the random variable η depend on the starting matrix S.
There are two key differences between the statements of Theorems 4.1 and 5.2.

The first addresses the possibility of repeated eigenvalues. Specifically, the bounds in

3A proof may be found in [18, Appendix A].
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Theorem 5.2 depend on the eigenvalue separation through λsep,r, which measures the
relative separation between eigenvalues whose indices differ by r. Thus, the proposi-
tion establishes a convergence rate in the case where there may be groups of up to
r repeated or clustered eigenvalues. The second key difference is that the bounds in
Theorem 5.2 may have a strong dependence on the starting matrix. This contrasts
with the bounds in Theorem 4.1 which depend on the starting vector s only through
the norm ‖s‖. However, our numerical results have not indicated that the block
algorithm’s performance depends strongly on the starting matrix S.

One can use natural extensions of the preconditioning techniques and either of the
stopping criteria of section 3 with Algorithm 5.1. Thus, Algorithm 5.1 is a simple re-
placement for Algorithm 2.1 that can be used to obtain better convergence properties
when Λy has repeated eigenvalues.

6. Convergence analysis. The bounds in Theorem 4.1 are proved in this sec-
tion in several steps. The first few steps place bounds on the norms of the filtered
backprojected conjugate search directions, ‖ΛxCT pi‖ and ‖CΛxCT pi‖. The bounds
are proved using Saad’s convergence theory for the Lanczos algorithm [16]. These
bounds are stated in terms of an extremum of independent random variables. The
extremum arises because the starting vector affects the angles between the Krylov sub-
spaces and the dominant components of Λy. However, we prove that the extremum
is part of a sequence of extrema that are converging in probability to a finite random
variable (η in Theorem 4.1). Thus, the starting vector has no strong effect on the
quality of the approximation to the error variances. This result is the principal nov-
elty of our convergence analysis. After establishing the convergence of the extrema,
we prove Theorem 4.1.

6.1. Bounds on the filtered backprojected search directions. One is in-
terested in bounding the norms of the filtered backprojected search directions because
the quality of the approximation to the error variances depends on the norms as fol-
lows:

l∑
j=1

(Λex,k(y)− Λex(y))jj =
l∑

i=k+1

‖ΛxCT pi‖2,(6.1)

l∑
j=1

(Λez,k(y)− Λez (y))jj =
l∑

i=k+1

‖CΛxCT pi‖2.(6.2)

Proposition 6.1. Write the conjugate search directions in the basis of eigenvec-
tors of Λy as follows:

pi = υi,1u1 + · · ·+ υi,mum.(6.3)

Then

‖ΛxCT pi‖2 ≤ ‖Λx‖
m∑
j=1

λz,jυ
2
i,j ,(6.4)

and

‖CΛxCT pi‖2 =
m∑
j=1

λ2
z,jυ

2
i,j .(6.5)
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Proof. ‖ΛxCT pi‖2 ≤ ‖Λx‖‖Λ1/2
x CT pi‖2 = ‖Λx‖

∑m
j=1 λz,jυ

2
i,j . This proves the

first inequality. The second inequality follows from Parseval’s theorem.
As we now show, one can bound the coefficients υi,j in terms of ‖(I−πi)uj‖/‖πiuj‖,

where πi is the operator that produces the orthogonal projection onto K(Λy, s, i) with
respect to the standard inner product.

Proposition 6.2. Write pi = υi,1u1 + · · ·+ υi,mum as in Proposition 6.1. Then

|υi+1,j | ≤ ‖Λy‖
1/2

λy,j

‖(I − πi)uj‖
‖πiuj‖ .(6.6)

Proof. Note that

λy,j |υi+1,j | = |pTi+1Λyuj |
= |pTi+1Λyπiuj + pTi+1Λy(I − πi)uj |
= |pTi+1Λy(I − πi)uj |

(6.7)

since pi+1 is Λy-conjugate to vectors in the range of πi. Thus, λy,j |υi+1,j | ≤ ‖Λypi+1‖·
‖(I−πi)uj‖ ≤ ‖Λy‖1/2‖(I−πi)uj‖ because of the Cauchy–Schwarz inequality and the
fact that pi+1 is Λy-normal. The inequality in (6.6) then follows from ‖πiuj‖ ≤ 1.

The bound in Proposition 6.2 can be refined. In particular, a theorem due to Saad
[16, Theorem 1] implies the following result concerning the ratio ‖(I−πi)uj‖/‖πiuj‖,
which we state without proof.

Theorem 6.3. Let γ be defined by (4.1), and let Kj be defined by

Kj �
{ ∏j−1

k=1
λy,k−λy,m

λy,k−λy,j
if j 	= 1,

1 if j = 1.
(6.8)

Then

‖(I − πi)uj‖
‖πiuj‖ ≤ 2Kj

γi−j
1

‖π1uj‖ .(6.9)

Recall, from the definition of angles between subspaces given in section 2, that
‖(I−πi)uj‖/‖πiuj‖ is the tangent of the angle between the Krylov subspace K(Λy, s, i)
and the eigenvector uj . Theorem 6.3 bounds the rate at which these angles decrease
as the subspace dimension i increases. The bound has three components. The rate
of decay is γ, the relative separation between eigenvalues as defined in (4.1). The
constant in the numerator, 2Kj , depends on the eigenvalues according to (6.8). The
numerator, ‖π1uj‖, is the norm of the projection of the starting vector, s, onto uj .
The primary importance of the theorem is that it establishes the decay rate γ.

One can refine the bound in Proposition 6.2 by splitting the coefficients υi,j into
two groups: those that are getting small by Proposition 6.2 and Theorem 6.3 and those
that may be large but do not significantly affect ‖ΛxCT pi‖ because the corresponding
eigenvalues of Λz are small. This idea leads to the following proposition.

Proposition 6.4.

‖ΛxCT pi+1‖2 ≤ 4‖Λx‖‖Λy‖
� i

4
−1∑
j=1

K2
j

1

γ2(i−j)‖π1uj‖2
λz,j
λ2
y,j

+ ‖Λx‖
∞∑

j=� i
4


λz,j
λy,j

,(6.10)
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and

‖CΛxCT pi+1‖2 ≤ 4‖Λy‖
� i

4
−1∑
j=1

K2
j

1

γ2(i−j)‖π1uj‖2
λ2
z,j

λ2
y,j

+

∞∑
j=� i

4


λ2
z,j

λy,j
.(6.11)

Proof. The first term in each of (6.10) and (6.11) follows immediately from Propo-
sitions 6.1 and 6.2 and Theorem 6.3. The second term follows from Proposition 6.1
and the fact that pTi+1Λypi+1 =

∑m
j=1 λy,jυ

2
i+1,j = 1.

The first terms in the bounds of Proposition 6.4 may get large if 1/(γi‖π1uj‖2)
or Kj are not well behaved. However, the standing assumptions concerning the eigen-
values of Λy, Λz, and Λs imply that Kj and 1/(γ

i‖π1uj‖2) are bounded by quantities
of a reasonable magnitude, as we now show.

6.2. Convergence of infinite products and extrema of independent se-
quences. The main result regarding the convergence of infinite products and extrema
of independent sequences is the following.

Proposition 6.5. Let Fi(v), i = 1, 2, . . . , be a sequence of functions such that
1. 1 − Fi(v) is a cumulative distribution function, i.e., right-continuous and

monotonically increasing from zero to one;
2. for every interval [V,∞) over which 1− Fi(v) are positive, there exist a con-

stant A(V ) and an absolutely summable sequence F̄i(V ) such that Fi(V ) ≤
F̄i(V ) ≤ A(V ) < 1 ∀i; and

3. limv→∞
∑∞
i=1 Fi(v) = 0.

Then, F (v) =
∏∞
i=1(1− Fi(v)) is a distribution function. Moreover, F (v) is positive

over every interval such that 1− Fi(v) is positive ∀i.
Proof. For F (v) to be a distribution function, it must be right-continuous and

monotonically increasing from zero to one.
Consider the interval [V,∞). Now, ∑I

i=1 log(1 − Fi(v)) is right-continuous for
each I since each Fi(v) is right-continuous. Furthermore,

∣∣∣∣∣log(F (v))−
I∑
i=1

log(1− Fi(v))

∣∣∣∣∣ =
∣∣∣∣∣

∞∑
i=I+1

log(1− Fi(v))

∣∣∣∣∣ ≤
∣∣∣∣∣

∞∑
i=I+1

log(1− F̄i(V ))

∣∣∣∣∣
(6.12)

=

∣∣∣∣∣
∞∑

i=I+1

∞∑
j=1

F̄ ji (V )

j

∣∣∣∣∣ ≤
∣∣∣∣∣

∞∑
i=I+1

F̄i(V )

1−A(V )

∣∣∣∣∣ .
Since F̄i(V ) is absolutely summable,

∑I
i=1 log(1− Fi(v)) converges to log(F (v)) uni-

formly for v ∈ [V,∞). Thus, log(F (v)) and, in turn, F (v) are right-continuous.
That F (v) is monotonic follows from the monotonicity of the 1 − Fi(v). Now,

limv→−∞ F (v) = 0 since limv→−∞(1− F1(v)) = 0. Moreover,

lim
v→∞ log(F (v)) ≥ lim

v→∞

∞∑
i=1

−Fi(v)
1−A(V )

= 0,(6.13)

where V is such that 1− Fi(v) is positive over [V,∞) ∀i. So, limv→∞ F (v) = 1.
Furthermore, if 1− Fi(v) is positive ∀i over an interval [V,∞), then

log(F (v)) ≥
∞∑
i=1

−F̄i(V )
1−A(V )

> −∞.(6.14)
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Hence, F (v) is positive over every interval such that 1− Fi(v) is positive ∀i.
A particular example of such a sequence of functions Fi(v) satisfying the assump-

tions of Proposition 6.5 is

Fi(v) =




1, v < 0,
(1− v)i, 0 ≤ v ≤ 1,

0, v > 1.
(6.15)

Thus, any product of numbers converging geometrically fast towards one is bounded
away from zero, and the product is continuously varying from zero to one as the
geometric rate changes from one to zero. This fact is used in the proof of the following
proposition, which bounds the constants Kj .

Proposition 6.6. There exists a function K(v) which is continuous and mono-
tonically decreasing from infinity to one as v ranges from zero to infinity and satisfies

Kj ≤ K(λsep).(6.16)

Proof.

1

Kj
=

j−1∏
k=1

λy,k − λy,j
λy,k − λy,m

≥
j−1∏
k=1

(
1−

(
1

1 + λsep

)k)
,

(6.17)

where the inequality follows from Assumption 5. By Proposition 6.5, the product is
monotonically decreasing to a limit as j tends to infinity. The limit is a continuous
function of λsep that varies monotonically from zero to one as λsep increases from zero
to infinity. Denote the limit by 1/K(λsep). Then, Kj ≤ K(λsep), as desired.

The bound on 1/(γi‖π1uj‖2) is stochastic because π1 = sT /‖s‖, where s is the
starting vector. By Assumption 1, one can write ‖π1uj‖2 = λs,j |wj |2/‖s‖2, where
λs,j are eigenvalues of Λs and wj are independent, zero-mean, unit variance Gaussian
random variables. Thus,

1

γi‖π1uj‖2 ≤ ‖s‖
2 max

1≤k≤m
1

λs,kγk|wk|2(6.18)

for m ≥ i ≥ j. Suppose that the λy,k satisfy

1

λy,kγk
< ζΓk(6.19)

for constants ζ > 0 and 0 < Γ < 1. Then, (6.19) holds for λs,k for the same ζ and Γ
if Λs = Λy and for a different ζ and Γ = 1/γ if Λs ∝ I. Let

µk = max
1≤j≤k

Γj

|wj |2 .(6.20)

The quantity µk is an extremum of an independent, nonidentically distributed se-
quence of random variables. Bounding the rate at which extrema grow is a classic
problem in statistics [10]. The following result states that the µk do not grow without
bound but converge in probability.
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Proposition 6.7. Suppose w1, w2, w3, . . . is an independent sequence of zero-
mean, unit variance Gaussian random variables. Let µk be as in (6.20). Then, the µk
converge in probability to a finite-valued random variable.

Proof. First, we show the µk converge in distribution.

P{µk ≤M} =
k∏
i=1

P

{
|wi| ≥

√
Γi

M

}
.(6.21)

Let

Fi(M) = P

{
|wi| ≥

√
Γi

M

}
.(6.22)

Then

Fi(M) ≤
√
2

π

√
Γi

M
,(6.23)

which satisfies the conditions of Proposition 6.5. Thus, limk→∞ P{µk ≤M} = F (M)
for some distribution function F .

To show that the µk converge in probability, consider the following. For n > k
and ε > 0,

P{µn − µk > ε} =
∫
P{µn > ε+ v|µk = v}dGk(v),(6.24)

where Gk is the distribution of µk. Now

P{µn > ε+ v|µk = v} = P

{
max

1≤j≤n−k+1

Γj

|wj |2 >
ε+ v

Γk−1

}

≤ 1− F

(
ε+ v

Γk−1

)
.

(6.25)

Let V be such that 1− F (V ) < ε/2, and let N be such that

1− F

(
ε+ v

Γk−1

)
<

ε

2
for k ≥ N .(6.26)

For n > k ≥ N ,

∫
P{µn > ε+ v|µk = v}dGk(v) =

∫ V

0

P{µn > ε+ v|µk = v}dGk(v)

+

∫ ∞

V

P{µn > ε+ v|µk = v}dGk(v)

≤
∫ V

0

ε

2
dGk(v) +

∫ ∞

V

dGk(v) < ε.

(6.27)

Thus, the µk satisfy the Cauchy criterion and converge in probability to a random
variable whose distribution function is F [6, pp. 226–227].
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6.3. Proof of Theorem 4.1. The results of the preceding two subsections com-
bine to form a proof of Theorem 4.1 as follows.

Proof. By Propositions 6.4 and 6.6,

(6.28)

m∑
j=1

(Λex(p
T
1 y, . . . , p

T
k y))jj − (Λex(y))jj =

m∑
i=k+1

‖ΛxCT pi‖2

≤ 4‖Λx‖‖Λy‖‖s‖2K2(λsep)ζµm

m−1∑
i=k

� i
4
−1∑
j=1

λz,j
λ2
y,j

1

γ(i−2j)
+ ‖Λx‖

m−1∑
i=k

m∑
j=� i

4

λz,j
λy,j

,

and

(6.29)
m∑
j=1

(Λez (p
T
1 y, . . . , p

T
k y))jj − (Λez (y))jj =

m∑
i=k+1

‖ΛxCT pi‖2

≤ 4‖Λy‖‖s‖2K2(λsep)ζµm

m−1∑
i=k

� i
4
−1∑
j=1

λ2
z,j

λ2
y,j

1

γ(i−2j)
+

m−1∑
i=k

m∑
j=� i

4


λ2
z,j

λy,j
.

By Assumptions 4 and 2, λz,j/λy,j ≤ λ̄j/σ
2 and λ̄j/(γ

jλy,j) ≤ ξ for a constant ξ.
Moreover, λz,i/λy,j ≤ 1, in general. Thus

(6.30)
m∑
j=1

(Λex(p
T
1 y, . . . , p

T
k y))jj − (Λex(y))jj =

m∑
i=k+1

‖ΛxCT pi‖2

≤ 4‖Λx‖‖Λy‖‖s‖2K2(λsep)ζµmξ

σ2(1− 1
γ2 )

m−1∑
i=k

1

γi/4
+
‖Λx‖
σ2

m−1∑
i=k

(i− k + 4)λ̄� i
4
,

and

(6.31)
m∑
j=1

(Λez (p
T
1 y, . . . , p

T
k y))jj − (Λez (y))jj =

m∑
i=k+1

‖CΛxCT pi‖2

≤ 4‖Λy‖‖s‖2K2(λsep)ζµm

(1− 1
γ2 )

m−1∑
i=k

1

γi/2
+

m−1∑
i=k

(i− k + 4)min

(
λ̄� i

4
λz,� i
4


σ2
, λ̄� i

4

)
.

The increasing µm converge in probability to a random variable µ by Proposition 6.7.
Equations (4.2) and (4.3) follow immediately from (6.30) and (6.31).

The analysis presented here predicts actual convergence behaviors, as illustrated
next with the numerical examples in section 7.

7. Numerical examples. The following numerical examples illustrate the ac-
tual performance of the algorithm in relation to the theory of the previous sections.
There are four different examples. Each one illustrates a different aspect of the theory.
The estimation problems in each of the examples is different. The breadth of estima-
tion problems provides a glimpse at the range of applicability of the Krylov subspace
estimation algorithm. For each of the following problems, full orthogonalization was
used, except as noted.
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Performance Comparison for 1D Processes with Geometric PSD
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Fig. 7.1. The four curves plotted here show the convergence behaviors when computing error
variances for estimating two different quantities in two slightly different estimation problems. One
of the quantities to be estimated is a 1-D process, x, and the other is a subsampled version of the
same process, z. Both quantities are estimated from measurements consisting of z embedded in
additive noise. The only difference between the two estimation problems is the variance of the noise,
σ2, which is 1 in one case and 10−8 in the other. The curves indicate that convergence is slower
for lower σ2 and for estimating x, as predicted by Theorem 4.1.

The results in Figure 7.1 illustrate the relationship between the actual perfor-
mance of the algorithm and that predicted by Theorem 4.1. The estimation problem
consists of estimating 1024 samples of a stationary process, x, on a 1-D torus from
512 consecutive point measurements, y. The power spectral density (PSD) of x has a
geometric decay, Sxx(ω) ∝ (0.3)|ω|, and is normalized so that the variance of x is one.
Depicted in Figure 7.1 are the fractions of error reduction obtained for estimating x,∑l

i=1(Λex,k(y)− Λex(y))ii∑l
i=1(Λx − Λex(y))ii

,(7.1)

and z, ∑l
i=1(Λez,k(y)− Λez (y))ii∑l

i=1(Λz − Λez (y))ii
,(7.2)

where Λn = σ2I for σ2 = 1 and σ2 = 10−8. Note that the numerators in (7.1) and (7.2)
are the terms bounded in Theorem 4.1 and that the denominators are independent
of the iteration index, k. The reference values Λex(y) and Λez (y) are computed
using direct methods in MATLAB. The numerical errors in these direct methods
tend to dominate after several iterations especially for σ2 = 10−8. Note that the
eigenvalues of Λx and Λz satisfy λx,i ≥ λz,i ≥ λx,l−m+i as a consequence of Cauchy’s
interlace theorem [9, Theorem 4.3.15] and the rows of the measurement matrix C being
orthogonal. Since the PSD (collection of eigenvalues) display a two-sided geometric
decay, Λz and, in turn, Λy = Λz+σ2I may have eigenvalue multiplicities of order two.
However, the plots show a geometric rate of convergence consistent with a geometrical
decay of Λy despite the fact that the block form of the algorithm is not used. A
block form is not necessary because roundoff error will introduce components of the
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Stopping Criteria for 1D Processes with Geometric PSD
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Fig. 7.2. The results plotted here indicate how the computable quantities making up the two
stopping criteria of section 3 relate to the difference between the computed approximation to the error
covariance for estimating x at iteration k and the optimal error covariance, Λex,k(y)−Λex (y). The
solid line is the maximal difference between the computed and optimal error variances for estimating
x, maxi(Λex,k(y) − Λex (y))ii. Each of the other two curves plot the quantities making up the two
stopping criteria. The dashed line is the maximal error variance for estimating z, maxi(Λez,k(z))ii,
and the dotted line is the maximum change made to the error variances at the current iteration,
τk,0, as defined in (3.1) for Kwin = 0.

eigenvectors of Λy into the Krylov subspaces that are not present in the starting vector
[15, p. 228]. Note also that, as suggested by Theorem 4.1, the rate of convergence is
faster for the error variances at measurement locations, i.e., for estimates of z, than
away from measurement locations, i.e., for estimates of all of x. The theorem also
suggests that convergence is slower for smaller σ2, which is evident in Figure 7.1.
Thus, Theorem 4.1 accurately predicts convergence behavior.

Figure 7.2 depicts how the two stopping criteria relate to the difference between
the computed approximation to the error covariance for estimating x at iteration k
and the optimal error covariance, Λex,k(y)−Λex(y). The process to be estimated is the
same one previously described. The measurement locations are chosen randomly. At
any given location, the chance that there is a measurement is 50% and is independent
of there being a measurement at any other sample point. The measurement noise
covariance matrix is a diagonal matrix whose elements vary according to the following
triangle function:

(Λn)ii =

{
9 i−1
�m/2�−1 + 1 for 1 ≤ i ≤ �m/2
,

9 m−i
m−�m/2�−1 + 1 for �m/2
+ 1 ≤ i ≤ m.

(7.3)

A whitening preconditioner, Λ−1
n , is used. The figure contains plots of the maxi-

mal difference between the computed and optimal error variances for estimating x,
maxi(Λex,k(y)−Λex(y))ii. There are also plots of the two quantities making up each
of the two stopping criteria. One is of the maximal error variance for estimating z,
maxi(Λez,k(z))ii, and the other is of the maximum change made to the error vari-
ances at the current iteration, τk,0, as defined in (3.1). Note that Λez,k(z) is a bound
on Λex,k(y) − Λex(y), but that the rates of convergence of these two quantities are
different. The τk,0, on the other hand, are more erratic but decrease at a rate close



KRYLOV SUBSPACE ESTIMATION 1861

0 20 40 60 80 100 120
10

3

10
2

10
1

10
0

Subspace Dimension

Fr
ac

tio
n 

of
 E

rr
or

 R
ed

uc
tio

n

Acceleration Techniques for a 2D Process with Hyperbolic PSD
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Fig. 7.3. The results plotted here indicate that various acceleration techniques can be used to
achieve nearly optimal performance. The curves depict the fraction of error reduction for estimating
x for different methods of choosing linear functionals of the data. The figure shows the results for the
standard Krylov subspace estimation algorithm (KSE), a block form with a block size of 2 (BKSE),
and a preconditioned block form (PBKSE), also with a block size of 2. For comparison, the figure
shows two additional curves. One (Start Vector) is of the results for Algorithm 2.1 modified to start
with a linear combination of the first 60 eigenvectors of Λy. The other (Bound on Gain) is of the
fraction of error reduction attained by using the optimal linear functionals of the data.

to Λex,k(y)−Λex(y). Stopping when τk,εmin falls below a threshold has been the most
successful criterion because the τk,εmin give a good indication of the rate of decrease
of maxi(Λex,k(y)− Λex(y))ii. However, stopping when maxi(Λez,k(z))ii falls below a
threshold is a preferable criterion when the noise intensity is small primarily because
maxi(Λez,k(z))ii provides a tight bound on maxi(Λex,k(y)− Λex(y))ii.

A comparison among various techniques to accelerate convergence is provided in
Figure 7.3. The estimation problem consists of estimating a stationary random field,
x, on a 32× 32 toroidal grid from point measurements, y, of equal quality taken over
one 32× 16 rectangle. The PSD of x is proportional to 1/(|ω|+1)3 and is normalized
so that the variance of x is one. The measurement noise covariance matrix Λn is 4I.
The plots are of the fraction of error reduction attained for estimating x, as defined
by (7.1), versus the Krylov subspace dimensions. Both a right-preconditioned and a
block form are considered. The preconditioner has the form CΛpC

T , as described in
section 5.1. A simple block algorithm (BKSE) with a block size of 2 does not do much
better than the standard algorithm (KSE). However, a preconditioned block form
(PBKSE) requires considerably fewer iterations to achieve a given level of accuracy
than the standard algorithm. The error reduction attained by using the optimal linear
functionals of the data is also plotted in Figure 7.3. The performance of PBKSE is
close to the optimal performance. Figure 7.3 also shows the results of an experiment
to determine whether one can gain much by picking a good starting vector. A starting
vector with components in each of the first 60 eigenvectors of Λy was used to start
a run. The results are plotted in Figure 7.3 and are comparable to those of BKSE,
indicating that one does not gain much by picking a good starting vector. That the
choice of starting vector should have little impact on the results is a consequence of
Proposition 6.7.
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Fig. 7.4. The number of iterations required for a practical 2-D problem of interest is not very
large and grows no more than linearly with the area of the region of interest.
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Fig. 7.5. These data are satellite measurements of sea surface temperature. Measurements are
taken only along satellite tracks with no obscuring cloud cover.

Lastly, Figure 7.4 shows how the number of iterations grows with the region size
for the problem of estimating deviations from mean sea surface temperature, x, from
the satellite data, y, in Figure 7.5 [7]. The temperature deviations are estimated on a
rectangular grid and are assumed to be stationary with a Gaussian-shaped covariance
function. The width of the Gaussian is 60 pixels, and the height is 9 × 104. The
measurements are very scattered because they exist only along the satellite tracks
where there is no obscuring cloud cover (see Figure 7.5). The measurement noise
covariance Λn is 400I. Figure 7.4 shows how the number of iterations needed to
satisfy τk,10−2 < 10−2 for Kwin = 8 grows as a region of interest grows. Note that
the measurement density in these regions varies from approximately 10 − 20%. The
growth in the number of iterations is less than linear as the area of the region grows.
One expects this behavior because one should need an increasing number of linear
functionals as the region grows, but the growth should be no more than linear in the
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Fig. 7.6. The Krylov subspace estimation algorithm generated these error variances on a 1/6-
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area, provided that the process is stationary (as it is in this case). Figure 7.6 shows the
error variances for estimating sea surface temperature given all 42,298 measurements
in Figure 7.5. A selective orthogonalization scheme was used to generate this result
[18, Appendix B]. Although the number of iterations is growing with problem size, the
number of iterations needed for this moderately large 320,400-dimensional estimation
problem is 249. That only a relatively small number of iterations was used indicates
that the algorithm has found a very low-rank but very good estimator. Hence, the
algorithm described here can be used to solve high-dimensional, practical problems
with relatively few iterations.

8. Conclusion. In this paper, a statistical interpretation of CG has been used
to derive a Krylov subspace estimation algorithm. The algorithm computes a low-
rank approximation to the linear least-squares error reduction term which can be
used to recursively compute LLSEs and error variances. An analysis of the conver-
gence properties explains behaviors of the algorithm. In particular, convergence is
more rapid at measurement locations than away from them when there are scattered
point measurements. Furthermore, the analysis indicates that a randomly generated
vector is a good starting vector. The theory also suggests preconditioning methods
for accelerating convergence. Preconditioning has been found to increase the rate of
convergence in those cases where convergence is not already rapid.

The low-rank approximation to the error reduction term is a very useful statisti-
cal object. The computation of estimates and error variances is just one application.
Another is the simulation of Gaussian random processes. Simulation typically re-
quires the computation of the square root of the covariance matrix of the process, a
potentially costly procedure. However, the Krylov subspace estimation algorithm can
be adapted to generate a low-rank approximation to the square root of the covari-
ance matrix. Yet another application is the fusion of existing estimates with those
generated by additional data. The resulting fusion algorithm can also be used as the
engine of a Kalman filtering routine, thereby allowing the computation of estimates
of quantities evolving in time. This is the subject of ongoing research.
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Abstract. The determination of the value function associated with a given reward and stochastic
process represents an important class of stochastic control problem. In particular, the expectations
of such processes may be represented as solutions of variational inequalities of evolutionary type
typically characterized by their high number of degrees of freedom, unbounded domains, and lack
of “natural” boundary conditions. In this paper, we introduce two methodologies for computing
the value function of optimal stopping associated with general stochastic processes. Our results
are implemented utilizing finite elements and are validated using problems taken from financial
mathematics.
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1. Introduction. We consider in this paper the outcome of making a decision
based upon present information pertaining to a random process Xt relative to which
there exist two possibilities at each moment of time t > 0: exit the process or continue
on. We remark that the two decisions are generally not equally favorable but depend
on efficiencies represented by a given reward function g(ξ) ≥ 0. The issue is then
to decide whether future gains will outweigh the loss due to stopping at the present
moment or due to future unfavorable moves. Since the process on which these decisions
are based is random, it is not possible to know at the time if the decision will turn out
to be optimal. We therefore consider determining a stopping strategy which provides
the best result “in the long run”; that is, which optimizes the expectation relative
to the reward function. Such a scenario constitutes an optimal stopping problem.
More specifically, if Xt is an Itô diffusion on R

n starting at X0 = x ∈ R
n and g is

continuous, we seek a stopping time τ∗ such that

E [g(Xτ∗)] = sup
τ

E [g(Xτ )]

and the corresponding optimal expected reward

g∗(x) = E [g(Xτ∗)] ,

where the supremum is taken over all stopping times τ for {Xt} and E denotes the
expectation with respect to the probability law associated with the process Xt.

The determination of the value function associated with a given reward g and
stochastic process Xt represents an important class of stochastic control problem.
When early stopping is anticipated, the value function may be approximated either
through dynamic programming algorithms or their associated variational inequality.
Indeed, traditionally, dynamic programming algorithms (i.e., approximating Markov
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chains, lattice techniques) have been developed by formally applying an explicit first-
order accurate in time, second-order accurate in space finite difference approximation
scheme to the Feynman–Kac partial differential equation. For single sources of un-
certainty, dynamic programming has remained popular due more to its pedagogical
simplicity than its computational efficiency.

The main difficulty toward implementing dynamic programming algorithms for
multiple noise processes has largely stemmed from their inherent computational inef-
ficiencies. That is, the discretization of the diffusion generator produces stiff systems
which are more efficiently handled through implicit methods, possibly utilizing adap-
tive mesh refinement and time stepping techniques. However, precisely because they
are based on explicit time stepping strategies, dynamic programming algorithms enjoy
the feature that boundary information may be inherently propagated from the initial
condition, thereby making any explicit statement of boundary conditions redundant,
at the cost of possibly excessively large mesh sizes (a problem particularly acute for
processes in higher dimensions). This has led, in particular, to the näıve belief that
general so-called field equation methods (e.g., finite difference, finite element) are un-
suitable for stopping problems. Indeed, while a few recent attempts have been made
to apply field equation methods to some stopping problems involving two sources of
uncertainty, these attempts have led exclusively to formulations which are neither
well-posed in a mathematical sense nor may they be generalized.

The fundamental issue in applying field equation methods for computing the
value function associated with a stopping process lies in the development of appro-
priate computationally viable formulations. To this end, we show that one poses
restrictions of the original problem on a sequence of exhausting approximating do-
mains such that boundary conditions are inferred from the reward function. Using
these calculations as a benchmark, this paper also introduces an entirely new implicit
formulation wherein boundary conditions are not employed. In particular, we note
that this new “natural (no) boundary condition” formulation has the potential to re-
duce the size of the computational domain (thereby reducing the associate size of the
discretization) by eliminating error introduced by the artificial boundary condition, a
feature particularly important for multiple noise processes.

As an application, we consider stopping problems derived from financial mathe-
matics. To this end, we note that a vanilla American option is a contract to buy or
sell a prescribed asset (which follows a diffusion process) for a predetermined amount
(the exercise price) up until a specified time in the future (the expiration date). The
purpose of option pricing is to determine the present value of the option and its (ex-
pected) optimal exercise time. Options which may only be exercised at the expiration
date are known as European. As represented by Black and Scholes [9] and Merton
[42], the value of an option formally equates to the value of a portfolio consisting
of a position in a safe asset, typically a money-market account, and the risky assets
on which the option is written. The determination of the investment distribution
which eliminates arbitrage opportunities in a risk-neutral measure is a stochastic con-
trol (stopping) problem and dictates the value of the portfolio and consequently the
option.

The outline of this paper is as follows: in section 2, we detail the mathematical
formulation of the stopping problem and the representation of the (deterministic)
value function as the solution to a variational inequality. The interpretation of the
mathematical framework in a financial context is presented. We introduce in section
3 two new methodologies for approximating the associated value functions. Estimates
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are presented for a backward Euler finite element scheme which quantify the quality
of the approximations. Finally, section 4 validates each method’s performance for
a number of problems arising in finance. To this end, we consider valuing options
written on multiple (up to three) assets as well as an option written on a foreign
currency acting within a stochastic interest rate global economy.

2. Stochastic equation; definition of the economy. We consider in section
2.1 the mathematical formulation of the stopping problem and the representation of
its (deterministic) value function as the solution to a variational inequality. In section
2.2, we present a brief discussion of the mathematical framework vis-à-vis its financial
context. Our intent here is to relate the assumptions necessary for the well-posedness
of the variational formulation to those required for there to be unique existence of the
option valuation problem.

2.1. Variational characterization of the stopping problem. In the follow-
ing, we consider m independent exogenous sources of uncertainty represented in the
model by the m-dimensional Brownian motion {Bt}t≥0 defined on the probability
space (Ω,F ,P). Here we assume that F = {Ft}t≥0 denotes the standard augmen-
tation of the natural filtration associated with {Bt}t≥0. We suppose that the state
variable Xt ∈ R

n evolves according to the Itô process

dXs = b(Xs, s) ds+ σ(Xs, s) dBs, s > t ,(2.1a)

Xt = x ,(2.1b)

such that x is deterministic. We make the following additional assumptions.

(A1) The drift vector b : R
n × [0,∞)→ R

n is C1 and has bounded derivatives.
(A2) The dispersion matrix σ : R

n × [0,∞) → R
n×m is C2,1, bounded, and has

bounded derivatives.
(A3) The coercivity condition holds; that is, there exists a constant η > 0 such that

ξT a ξ ≥ η ‖ξ‖2

for all ξ ∈ R
m and each (x, t) ∈ R

n × (0,∞). The (n × n)-matrix a(x, t) :=
σ(x, t)σ(x, t)T is known as the diffusion matrix.

In particular, the functions b and σ satisfy the global Lipschitz condition

‖b(x, t)− b(y, t)‖+ ‖σ(x, t)− σ(y, t)‖ ≤ c ‖x− y‖

for every 0 ≤ t <∞, x ∈ R
n, y ∈ R

n, and for some constant c > 0, which then suffices
to ensure that there exists a unique t-continuous strong solution of (2.1) (e.g., [35]).
Formally, the characteristic operator A associated with (2.1) is given by

Af := −1
2

∑
i,j

∂

∂xi

(
aij

∂f

∂xj

)
+
∑
j

aj
∂f

∂xj
,(2.2a)

where

aj =
∑
i

∂aij
∂xi
− bj ; j = 1, . . . , n .(2.2b)
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Associated with the flow (2.1), the decision variable (i.e., stopping time) θ, and
the constraint ψ, the (expected) cost function is defined as

Jxt (θ) = EP

[
exp

(
−
∫ θ

t

a0(Xs, s) ds

)
ψ(Xθ, θ)

]
(2.3a)

and the stopping problem is defined as

u(x, t) = sup
θ∈T[t,T ]

Jxt (θ) ,(2.3b)

where T < ∞ represents the (time) horizon and T [t,T ] the set of stopping times in
[t, T ]. The cost (or reward) function associated with (2.3) is

exp

(
−
∫ θ

t

a0(Xs, s) ds

)
ψ(Xθ, θ),

where the exponential term may be interpreted as an actualization of the (final)
reward.

In order to characterize the deterministic valuation function (2.3) as the solution
of a variational inequality, we introduce the weighted Sobolev spaces Wm,p,µ; the
space of functions u ∈ Lp(Rn, e−µ |x| dx) whose weak derivatives of all orders ≤ m
belong to Lp(Rn, e−µ |x| dx), where m denotes a nonnegative integer, 1 ≤ p ≤ ∞, and
0 < µ <∞. We equip Wm,p,µ with the norm

‖u‖m,p,µ =


∑
k≤m

∫
Rn

|Dk u(x)|p · e−µ |x| dx




1/p

.

If X is equipped with norm ‖ · ‖X , the space Lp([0, T ];X ) consists of the set of
measurable functions g : [0, T ] → X such that

∫
[0,T ]
‖g(t)‖pX dt < ∞. Subject to the

additional assumption
(A4) the constraint ψ ∈ Lp([0, T ];W 2,p,µ), where p > (n/2) + 1, is nonnegative and

bounded,
we consider the following (strong) variational inequality. Determine u ∈ L2([0, T ];H1

loc)
∩ Lp([0, T ];W 2,p,µ), ∂u/∂t ∈ L2([0.T ];L2

loc) ∩Lp([0, T ];W 0,p,µ) such that

∂u

∂t
−Au− a0u ≥ 0, u ≥ ψ ,(2.4a)

{
∂u

∂t
−Au− a0u

}
· {u− ψ} = 0 ,(2.4b)

where

u(x, T ) = ψ(x, T )(2.4c)

for all x ∈ R
n. Supposing (A1)–(A4), that a0 satisfies (A1), and that ∂ψ/∂t−Aψ −

a0ψ ∈ Lp([0, T ];W 0,p,µ), there exists a unique solution to (2.4) represented by (2.3)
for all p sufficiently large and µ sufficiently small (cf. [8] for the case a0 ∈ R; see
also [32], [38], [24]). In particular, it follows from the Sobolev embedding theorem
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that u(·, t) ∈ C0 for all t ∈ [0, T ). For n = 1, the solution u may be seen to be
infinitely smooth on the continuation region and C1 globally (cf. [48]). The current
assumptions are not strict. We note that the boundedness imposed in (A4) is a
formal restriction and may be circumvented by the process indicated in the following
paragraph. Subsequently, all examples in what follows may be considered to lie within
the present framework.

Practically, the solution u may be realized as the limit of a (pointwise) conver-
gent sequence obtained through approximating (2.4) on bounded exhausting domains.
That is, let {Ωk} denote an increasing sequence of bounded open domains for which
∪Ωk = R

n and Ψ ∈ Lp([0, T ];W 2,p,µ) a regularization of ψ such that ψ̃ := ψ−Ψ→ 0
as ‖x‖ → ∞. Of course, one may consider as a special case that Ψ = ψ, but this

is not required and consequently ψ̃ does not necessarily vanish on ∂Ωk. We con-
sider ũk := uk − Ψ, where uk approximates u − ψ on Ωk and ũk|∂Ωk

≡ ψ̃|∂Ωk
, by

construction. In particular, there exists a unique ũk ∈ L2([0, T ];H1

ψ̃
(Ωk) ∩H2(Ωk)),

∂ũk/∂t ∈ L2([0, T ];L2(Ωk)) such that

∂ũk
∂t
−A ũk−a0ũk ≥ f̃ almost everywhere (a.e.) on Ωk×[0, T ) ; ũk ≥ ψ̃ on Ωk×[0, T ] ,

(2.5a) {
∂ũk
∂t
−A ũk − a0ũk − f̃

}
·
{
ũk − ψ̃

}
= 0 a.e. on Ωk × [0, T ) ,(2.5b)

where f̃ = −∂ψ̃/∂ t+Aψ̃ + a0ψ̃ and

ũk(x, T ) = ψ̃(x, T )(2.5c)

for all x ∈ Ωk, where H1

ψ̃
(Ωk) := {v ∈ H1(Ωk) | v = ψ̃ on ∂Ωk }. It follows then for

any compact set G ⊂ R
n that

max
t∈[0,T ]

‖u(x, t)− uk(x, t)‖L∞(G ) → 0 as k →∞(2.6)

(cf. [8], proof of Theorem 3.19 and section 3.4.9 or [32], Proposition 4.1 in the case

supp {ψ̃} ⊆ Ωk for k sufficiently large). The result (2.6) may be intuitively understood
in that the asymptotic behavior (that is, ũk|∂Ωk

) cannot “appreciably” affect the
solution in any fixed bounded region within a finite interval of time (n.b. the behavior
of the Green’s function; cf. also [23]).

Remark. It is precisely this result which justifies the essentially arbitrarily pre-
scribed boundary information associated with the approximation (2.5) in use exclu-
sively throughout the literature for multidimensional state spaces (n > 1) and single
dimensional state spaces (n = 1) when the asymptotic behavior of the value function
is not readily apparent. That is, generalizing the above, we see that any well-posed
problem on Ωk yields the estimate (2.6) and so suffices as an approximation to (2.4)
provided that k is taken sufficiently large and the validity of the approximation is
considered on the compact region G only. Indeed, in Barles, Daher, and Romano [5]
the influence of the artificial boundary data ũk|∂Ωk

, which is noted to be local near
∂Ωk, is attributed to “boundary-layer” effects, presupposing an advection dominated
region, which is not the case. This effect is, in fact, the natural consequence of the
restriction of the problem from R

n to Ωk and is essentially a purely local influence
confined to a neighborhood of ∂Ωk.
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The starting point for most applications typically assumes that the problem is
posed on a bounded domain. For example, in Clarke and Parrot [15], Dirichlet data
is utilized along one axis and Neumann data (set to vanish) along a second. Barles,
Daher, and Romano [5] examine both Dirichlet and Neumann data for a single state
variable application. Generally, the ad hoc nature of the boundary information causes
the ill-posedness of the formulation such as in the studies by Zvan, Forsyth, and Vetzal
[51] and Haber, Schönbucher, and Wilmott [28] involving two state variables and the
one-dimensional studies of Dewynne and Wilmott [21] and Das [19]. In a footnote
in Amin and Bordurtha [1] (referring to a problem to be considered in section 4 and
justifying the need for a lattice type implementation which does not employ explicit
boundary information), it is stated that “even if such a partial differential equation
can be derived, the boundary conditions are extremely complicated with three state
variables. In fact, no attempts have been made to numerically solve three state partial
differential equations in the finance literature.” We remark that all of the above cited
studies may be formulated within the present unifying framework.

2.2. Economic context. In an economic context, we consider (n − 1) risky
processes Xt within a given market; a0 representing the rate of return from the nth
asset which is supposed “risk-free,” such as a U.S. government bond or money-market
account, ψ a contract which specifies a payoff at the exercise time, and T the expiration
date of the contract. The purpose of option pricing is to determine the “fair” value
(and expected exercise time) of the contingent claim (cf. [3], [43], [34], [7]). Of course,
the ability to value a claim lies within the assumptions imposed upon the economy.
In particular, we require (cf. [6]) the following conditions.

• Equivalent martingale measure. An equivalent martingale measure is a mea-
sure Q equivalent to P, under which the discounted securities (that is, nor-
malized by one of the asset within the market) are all Q-martingales.
• Arbitrage-free. A market is arbitrage-free if there exists no “wealth” process
(self-financing trading strategy) having zero initial value which generates a
“risk-free” profit (that is, a positive expectation under the P equivalent “risk-
free” measure Q).
• Completeness. A market is complete if any possible derivative claim can be
“hedged” by trading with a “self-financing” portfolio of securities (that is,
the value process lies within the span of the securities).

The ability to value options is predicated on the following result (cf. [29], [20]):

1. A market is arbitrage-free if and only if there exists an equivalent martingale
measure Q.

2. A market is complete if and only if it is arbitrage-free and the measure Q is
unique.

From a mathematical perspective, there exists a unique value for a derivative security
if and only if there exists a unique equivalent martingale measure Q. In order to
represent the unique “fair” value of the derivative security, the expectation (2.3) is
necessarily considered with respect to the P-equivalent measure Q. In a financial
context, a portfolio consisting of positions in the n − 1 risky assets and the riskless
security may be constructed to “replicate” (hedge) the behavior of the derivative
security (the value process) in such a manner that an investor cannot secure a profit
starting out with no investment in the market. Put another way, an investor cannot
make a profit without incurring some risk (this means that the market is arbitrage-
free). Martingales are necessary for there to be no arbitrage and hedging results in
unique prices.
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With respect to the above, we note that coercivity (A3) and the regularity as-
sumptions (A1), (A2), and (A4) provide for the unique existence of an equivalent
martingale measure through a Girsanov transformation and consequently for market
completeness. These same arguments are essential for the well-posedness of (2.4) and
consequently allow for the valuation of options through variational techniques.

In a complete market it is possible to define the so-called market price of risk γt
as the change in drift associated with Girsanov’s transformation from the measure
P to Q. In general, γt is dependent only on the traded assets Xt and time t, not
on the underlying derivative security valuation u. As such, under the Q-measure,
an asset is tradable if and only if its market price of risk is zero. In this case, all
(normalized) tradable assets in the economy have the same growth rate as the money-
market account (and consequently it is not possible to generate a risk-free profit).
It is for this reason that the Q-measure is said to be risk-neutral or arbitrage-free.
Financially, γt represents the return (per unit of risk) above the risk-free rate; an
investor expects to be compensated for the uncertainty associated with his investment.
By specifying a particular measure, such as the one which minimizes inherent risk,
variational techniques may be used as well in incomplete markets, although in this
case there is in general no unique option valuation (cf. [36]).

3. Approximation of the stopping problem. Standard results for the ap-
proximation of variational problems on bounded domains are utilized to construct an
approximating sequence for the stopping problem (2.4) on unbounded domains via
the exhausting sequence of restrictions (2.5). We implement this procedure as method
(i) below. Clearly, any convergence realized beyond the estimate (2.6) will rely on
the quality of the artificial boundary conditions imposed upon the frontier of Ωk. In
order to avoid this difficulty, we introduce a so-called natural (or no) boundary condi-
tion approximation. This constitutes method (ii) below. In section 3.1 we introduce
the weak formulation of (2.5) followed in section 3.2 by an implicit differencing in
time, finite element approximation in space. A pointwise approximating sequence is
constructed in section 3.3 for (2.4) on G. Estimates are provided which quantify the
quality of the approximation.

3.1. Weak formulation on bounded domains. We introduce now the (weak)
variational form of (2.5). Formally, we consider a class of so-called test functions v

such that v ≥ ψ̃. It follows then from (2.5a) that for a given t{
∂ũk
∂t
−A ũk − a0ũk − f̃

}
·
{
v − ψ̃

}
≥ 0 .(3.1a)

Subtracting (2.5b) from (3.1a), we obtain{
∂ũk
∂t
−A ũk − a0ũk − f̃

}
· {v − ũk} ≥ 0 .(3.1b)

The weak form of (2.5) then follows by integrating (3.1b) over Ωk and applying the
Green’s formula in the usual manner (e.g., [8], [38], [49]). For simplicity, we suppose
aij ∈ R, then for each t ∈ (0, T ), u, v ∈ H1(Ωk), we define

ak(t;u, v) :=
1

2

∑∫
Ωk

aij
∂u

∂xj

∂v

∂xi
dx+

∑∫
Ωk

aj
∂u

∂xj
v dx+

∫
Ωk

a0 u v dx

and

bk(t;u, v) :=
∑∫

∂Ωk

aij
∂u

∂xj
v ni dx ,
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where ni denotes the ith component of the outward unit normal vector to ∂Ωk. In
what follows we denote the L2(Ωk) inner product by (·, ·) and recall that H2,1(Ωk ×
(0, T )) := {v | vxi , vxij , vt ∈ L2}. The two formulations below differ solely in the
manner in which boundary information is inherited from (2.4) by (2.5).

(i) Constraint as boundary condition. We consider here that supp {ψ̃} ⊆ Ωk (in
which case ũk|∂ΩK

= 0) for all k sufficiently large. In this case, the solution ũk ∈
◦
Kt:=

{v ∈ H2,1(Ωk × (0, T )) | v ≥ ψ̃ a.e. in Ωk × (0, T ); v = 0 a.e. on ∂Ωk × (0, T )} of
(2.5) is equivalently a solution to the evolutionary variational inequality(

∂ũk
∂t

, v

)
− ak(t; ũk, v) ≥

(
f̃ , v

)
a.e. in t ,(3.2a)

such that

ũk(x, T ) = ψ̃(x, T ) on Ωk(3.2b)

for all v ∈ ◦
Kt. The equation (3.2) is the statement of (2.5) in weak form. The ap-

plication of ũk|∂Ωk
= 0 represents a so-called (essential) artificial boundary condition

for (3.2) or (2.5) relative to (2.4). We remark that the quality of the regularization Ψ
affects the efficiency of this implementation through the Dirichlet condition.

(ii) Natural (no) boundary condition. Supposing that ũk ∈ Kt := {v ∈ H2,1(Ωk×
(0, T )) | v ≥ ψ̃ a.e. in Ωk × (0, T )} is a solution of (2.5), it is equivalently a solution
of the variational inequality(

∂ũk
∂t

, v

)
− ak(t; ũk, v)− bk(t; ũk, v) ≥

(
f̃ , v

)
a.e. in t ,(3.3a)

such that

ũk(x, T ) = ψ̃(x, T ) on Ωk(3.3b)

for all v ∈ Kt. Note that here the boundary conditions are formally represented
by allowing x ∈ Ωk → xo ∈ ∂Ωk such that ∂u/∂t − Au − a0u − f̃ → 0; that is,
by considering one-sided derivatives in A on ∂Ωk. Indeed, no explicit boundary
information is transmitted by this condition.

We label this approach as “natural” in that boundary information is not imposed
in the space of test functions Kt. Nor is boundary information transmitted through
the variational equation (3.3a). In particular, we require only a growth constraint on
the solution which is enforceable on the finite domain Ωk, for all k sufficiently large,
by the well-posedness of the formulation (3.3) alone. This “trivial (no)” boundary
condition has important ramifications relative to the numerical implementation of the
scheme (cf. section 4).

3.2. Discretization on bounded domains. When, for a given fixed k, the
constraint is imposed as an artificial boundary condition in (2.5) (that is, when
ũk|∂Ωk

= 0), numerical methods for the approximation of ũk are well known (cf.
[27], [26], [14], [17]). As such, we now consider the approximation of the evolution-
ary variational inequality (2.5) by (implicit) semidiscretization. To this end, we let
∆t = T/M , for some positive integer M , tm = m ·∆t, and define the sequence {ũmk },
ũmk ∈ Vk, by recurrence starting with

ũMk = ψ̃ ,(3.4a)
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where, for m = 1, . . . ,M − 1,

−
(
1

∆t
ũmk , v

)
− ak(tm; ũmk , v)− ι · bk(tm; ũmk , v) ≥

(
f̃ − 1

∆t
ũm+1
k , v

)
(3.4b)

for all v ∈ Vk, where ι = 0, Vk =
◦
K:= {v ∈ H2(Ωk) | v ≥ ψ̃ in Ωk ; v = 0 on ∂Ωk}

and ι = 1, Vk = K := {v ∈ H2(Ωk) | v ≥ ψ̃ in Ωk } when approximating (3.1) and
(3.2), respectively. In particular, we note that for each 1 ≤ m < M , the relation
(3.4b) is a stationary variational inequality which is known to be uniquely solvable

in the case Vk =
◦
K, for all ∆t sufficiently small (and, by transformation, for all ∆t).

Allowing piecewise continuation on the interval [m∆t, (m+ 1)∆t) and imposing the
constraint at the boundary, it can be shown in addition that the solution ũmk converges
weakly to ũk in H

2,1(Ωk × (0, T )) (cf. [8], [26]).
In order to obtain a fully discrete approximation of (3.2) (resp., (3.3)), we let {Sh}

denote a family of finite-dimensional subspaces of H1
0 (Ωk) ∩H2(Ωk) (resp., H

2(Ωk))
such that {φh,1, φh,2, . . . , φh,N} forms a basis for Sh. For definiteness, we suppose that
Ωk is rectangular and that Sh consists of piecewise linear (componentwise) functions
on a quasi-uniform rectangular “triangulation” of Ωk with mesh size (length of the
longest side) h. Letting Nh denote the set of nodes of the space Sh (i.e., the set of all
vertices), we define

Kh = {vh ∈ Sh | for all b ∈ Nh , vh(b) ≥ ψ̃(b) } .

In general, the set Kh is not contained in either
◦
K or K. Replacing Vk with Kh, we

obtain the following discretization in space and time of (3.4). Determine the sequence
{ũmh }, ũmh ∈ Kh, by recurrence starting with

ũMh = ψ̃ ,(3.5a)

where, for m = 1, . . . ,M − 1,

−
(
1

∆t
ũmh , v

)
− ak(tm; ũmh , v)− ι · bk(tm; ũmh , v) ≥

(
f̃ − 1

∆t
ũm+1
h , v

)
(3.5b)

for all v ∈ Kh, where ι = 0 (resp., ι = 1) for the fully discrete approximation of (3.2)
(resp., (3.3)). In particular, we have the representations

ũmh =

N∑
i=1

ui(t) · φh,i(x)(3.6a)

and

v =

N∑
i=1

vi · φh,i(x) ,(3.6b)

where ui(t) and vi are elements of R. Substituting (3.6) into (3.5), we obtain the
sequence (one for eachm) of linear complimentary problems for um = (u1(tm), u2(tm),
. . . , uN (tm)) and v = (v1, v2, . . . , vN ): determine the sequence {um} by recurrence
such that

uM = ψ̃(b, tM ) for all b ∈ Nh,(3.7a)
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where

v ·Aum ≥ v · Fm+1(3.7b)

for m = 1, . . . ,M − 1 (cf. [16], [39]). Here, A = (Aij) such that

Aij = − 1

∆t
(φh,i, φh,j)− (∇φh,i · ei,∇φh,j · ej)− ι · (∇φh,i · ni, φh,j) ,

Fm+1 = f̃ −B um+1 ,

where B = (Bij),

Bij =
1

∆t
(φh,i, φh,j) ,

and ei and ni denote the ith component of the unit coordinate and unit outward
normal vectors, respectively.

In particular, the sequence {ũmh } constitutes an implicit Euler finite element ap-
proximation of ũk utilizing regular n-rectangles of type 1 (and globally of class C

0),
where the rectangular partitions are hierarchical and consist of quasi-uniform elements
parameterized by h (cf. [14], [27], [26]). The quality of the approximation (3.5) to
(3.2), for fixed k, is known to satisfy the estimate

max
t∈[0,T ]

‖ũk − ũmh ‖L∞(Ωk) ≤ O(l + h2−ε)(3.8)

for any ε > 0 and all l := ∆t, h sufficiently small (cf. [27]). The estimate (3.8) is
a statement that the finite element discretization (3.5) is first-order accurate in time
and second-order accurate in space over Ωk.

3.3. Discrete approximation on unbounded domains. The approximating
methods (i) and (ii) are then defined by considering the pointwise limit on G of the
sequence ũmh for ι = 0 and 1, respectively, as k → ∞. More precisely, for a given k,
a finite element approximation ũmhk

is constructed which satisfies (3.7) for a specific
time/mesh size lk and hk. By induction, the approximation ũ

m
hk+1

is constructed with

Ωk ⊂ Ωk+1, lk > lk+1, and hk > hk+1. Letting u
m
hk
:= ũmhk

|G+Ψ|G , the diagonalizing
sequence {umhk

} approximating the solution u of (2.4) is now fully specified on G.
Combining (3.8) with (2.6), it then follows that

max
t∈[0,T ]

‖u(x, t)− umhk
(x, t)‖L∞(G) ≤ O(lk + h2−ε

k ) + o(Π−1
k ) as k →∞(3.9)

for any ε > 0, where G ⊂ Ωk denotes the (fixed) so-called approximation domain
and Πk := diam{Ωk} is the diameter of the computational domain Ωk. Clearly, the
first term in the estimate bounds the time discretization error, the second bounds the
space discretization error, and the third bounds the error due to the truncation of
the domain. We note (cf. section 4) (a) that asymptotic performance may only be
realized on the approximating region G and not over the entire computational domain
Ωk, (b) the futility of refining a mesh relative to a fixed computational domain, and
(c) the detriment of stipulating a time/mesh sizing lk and hk without refining Πk. The
practices (a)–(c) are utilized exclusively in the literature (e.g., [25], [5]). Relative to
method (ii), we remark that it is not known if (3.3) or its finite element approximation
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(3.5) is solvable. However, we verify the estimate (3.9) in this case computationally
in the next section.

Remark. We note that in Jaillet, Lamberton, and Lapeyre [32], Zhang [50], and
Barles, Daher, and Romano [5], for example, the estimate (2.6) and a finite difference
analogue of (3.8) relative to (3.2) are obtained. The estimate (3.9) addresses the more
general case where lk, hk → 0 and Πk → ∞. In particular, each of the cited works
develops a “localization” of the expectation (cf. (2.3)) onto a bounded domain (that
is, the diffusion is absorbed on ∂Ωk), the value function being then characterized as
the solution to a variational problem such that ũk|∂Ω = 0 (for fixed k). This approach
fails to develop the local approximation to u on G through the construction of the
sequence {umhk

}. In this context, the localization employed by method (ii) would be
consistent with a specific reflected diffusion imposed on Ωk.

4. Computational results. In order to validate the estimate (3.9), and conse-
quently verify the convergence and efficiency of the proposed methods, we consider
as an application a variety of optimal stopping problems derived from mathematical
finance. To this end, we value options written on multiple assets (e.g., stocks) as well
as an option written on a foreign currency. In section 4.1 we present the specifics of
implementing the proposed methods. In section 4.2 we discuss case related details
and summarize our general conclusion.

Since analytic solutions do not generally exist for optimal stopping problems,
numerical methods are necessitated. In terms of approximating the value function
of a stopping process, we remark that dynamic programming based algorithms have
typically been employed, particularly in the single state space case when boundary
information may be ignored (so-called lattice methods) without any great computa-
tional cost (cf. [25]). When the time horizon is known to be realized (e.g., European
options), Monte Carlo and Quasi-Monte Carlo methods have been shown to be effec-
tive in higher dimensions (cf. [44], [10]). Recently, attempts at combining these two
approaches have lead to dynamic programming simulation based techniques (cf. [12]).
These appear attractive when possible early exit times are limited to a “small” set.

4.1. Numerical implementation. In the following, we solve the discretization
(3.7) by projected successive-over-relaxation (SOR) (cf. [18]). Projection methods
have been shown to be efficient solvers for (3.7) (cf. [11], [40], [30], [37]). An in-
troductory treatment of finite elements and projected SOR can be found in [49], for
example. Additionally, we note that for most numerical implementations it is not
actually necessary to introduce the intermediate function ũk and the formulation
(2.5). One simply constructs an approximation for u|Ωk

directly; it is not necessary
to introduce the regularization Ψ and consider that the Dirichlet data vanish on the
computational boundary ∂Ωk. This is the procedure utilized unless otherwise noted.
In the exceptional cases, we approximate ũk via (2.5) and determine u|Ωk

= ũk + Ψ
assuming Ψ = ψ and consequently that uk|∂Ωk

= 0 (cf. section 3.3).

Relative to the implementation of method (i) and the imposition of Dirichlet
boundary data, the array A and vector Fm+1 from (3.7) are constructed (assembled)
and then the values of the discrete solution (overwrite) are set equal to the constraint
Ψ at each boundary node. Method (ii) is implemented such that no overwriting
occurs. In the single state variable case and a finite difference setting, method (ii)
would be analogous to employing a second-order central differencing scheme for space
discretization at the interior nodes and a second-order one-sided differencing scheme
at the boundary nodes.
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Fig. 1. Figure index. Note: Rc is the radius of the computational domain in the maximum norm.

When early exercise (stopping) is not anticipated (e.g., European options), com-
parisons will be made to the analytic solution where possible. In the case of early
stopping (e.g., American options), or when analytic solutions are not available for
processes which run to completion, we will compute solutions anticipated to be at
least two orders of magnitude more accurate than the approximations and utilize
these as benchmarks (the validity of this approach will be evidenced by the realized
convergence rates) (cf. (III) below).

In order to computationally validate the estimate (3.9), we fix lk/h
2
k = β, where

we choose for computational purposes β = 1, a sufficiently small constant (as verified
by the asymptotic behavior obtained). As such, we expect to achieve asymptotic
convergence as k → ∞; that is, as hk → 0 and Πk → ∞. Note that the choice of β
effects the relative performance (accuracy) of the method.

The approximation and computational domains were constructed as n-squares
with (maximum norm) radius, Ra and Rc, respectively. The center of G and Ωk were
aligned. In particular, the radius Ra = 0.1 for all computations. Mesh spacing was
uniform (that is, ∆xi = ∆xj = ∆x) such that hk = ∆x.

Computations were performed on a variety of platforms, the most powerful of
which was a PIII 500MHz machine. The largest mesh size considered contained on
the order of 36,000 nodes. The multivariate normal probabilities utilized for the
multiple asset analytical solutions were computed using a double precision archived
implementation of the code presented in [46].

4.2. Asymptotic analysis. The following formulations are provided in the so-
called risk neutral measure Q, designating complete markets and unique option prices
(cf. section 2.2). We remark that the process (2.1) is fully specified by its drift and
volatility, whereas the options themselves are uniquely determined by their payoff
attributes represented by the function ψ in (2.3). Figure 1 provides the key which is
utilized in all subsequent graphics.

(I) European put option on the minimum of n-assets. In this case, the logarithm
of each stock’s price is represented by a component of the diffusion Xt, the discounting
factor a0 and drifts bj are taken to be the (fixed) risk-free rate of return r ∈ R, and
the payoff is defined such that

ψ(XT , T ) = max
{
E −min [eX1 , eX2 , . . . , eXn

]
, 0
}
,

where E denotes the exercise price of the option. The constraint utilized for the
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Fig. 2. European put option on the minimum of n assets.

European options was the depreciated payoff

ψ(Xt, t) = max
{
E · e−r (T−t) −min [eX1 , eX2 , . . . , eXn

]
, 0
}
.

In the case of a single asset, the European put price is given by the celebrated Black–
Scholes formula. For the two asset case, the Black–Scholes formula is generalized in
Stultz [47]. The stochastic process (2.1) was defined such that σii = 0.3, σij = 0 (i �=
j), r = 0.1, T = 1.0, while for the payoff we assumed E = 100. The center of the
computational grid (and of G) was taken to be ln(E) in the single asset case and
(ln(E), ln(E)) in the two asset case.

Figure 2 presents the convergence of methods (i) and (ii) on the approximating
domain G for the one (n = 1) and two (n = 2) asset European cases. As European
options do not exercise early, the variational inequality (2.5) reduces to a standard
parabolic partial differential equation in this case. Computationally, when a Euro-
pean option is implemented as a variational inequality, the constraint would not be
expected to enter into the projected SOR algorithm (thus, the problem would im-
plicitly be solved as a parabolic partial differential equation). Indeed, we found that
solving the equations via projected SOR, as opposed to SOR, resulted in slightly
larger computed errors. The exception to this was the method (ii) formulation of the
single asset put, which converged for significantly smaller computational domains in
the variational setting (when projected SOR was employed), as opposed to a par-
tial differential equation formulation (solved by SOR). The variational formulation
(projected SOR) values are recorded in Figure 2 in the single asset case.

(II) Call option on the minimum of n-assets. As with the put, here we take the
logarithm of each stock’s price to be a component of the diffusion Xt, the discounting
factor a0 and drifts bj again taken to be the risk-free rate of return r, and the payoff
defined such that

ψ(XT , T ) = max
{
min

[
eX1 , eX2 , . . . , eXn

]− E, 0},
where E denotes the exercise price of the option. In this case, the time evolving
constraint is the payoff

ψ(Xt, t) = max
{
min

[
eX1 , eX2 , . . . , eXn

]− E, 0} .
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Calls, as defined here, do not exercise early. For a single asset, the sum of the European
call plus the depreciated exercise price of the option equates to the European put price
added to the asset’s value; a principle known as put-call parity. For multiple assets,
a variety of call options valuations are derived in Johnson [33] (cf. also [47]).

We found it necessary in the single asset case (n = 1) to run computations for
the function ũk and to compute u|∂Ωk

= ũk+Ψ (rather than calculate u|∂Ωk
directly,

cf. section 4.1) in order to make method (ii) stable. We note that by (A4) we require
the payoff function ψ to have bounded growth. Therefore, it is not surprising that
we needed to compute ũk as per (2.5) rather than u|∂Ωk

directly. By contrast (and
perhaps surprisingly), we were able to compute u|∂Ωk

directly for the multiple asset
cases (n = 2, 3 trials), which afforded significant coding simplifications.

Figure 3 pertains to the convergence of the approximations on G to the analytic
European call value for up to three assets. Here the stochastic process and payoff
are defined by σii = 0.3, σij = 0 (i �= j), r = 0.1, T = 1.0, E = 100, and the
computational grid centered about ln(E) in each component. As with the European
put on a single asset, we utilized the variational inequality setting (i.e., projected
SOR) only in the case of the call on a single asset for method (ii), convergence being
obtained without the use of the constraint (that is, with SOR) for suitably large
computational domains. The method (ii) implementation for calls on multiple assets
(n > 1) was always stable (for any mesh and computational sizes) without the use
of the constraint (the results represented in Figure 3). As with the European puts,
utilizing the constraint for the European call options on multiple assets (that is,
projected SOR as opposed to SOR) generally resulted in slightly larger computed
errors.

(III) Put option on the geometric average of n-assets. As above, the logarithm of
each stock’s price is represented by a component of the diffusion Xt and the discount-
ing factor a0 and drifts bj are taken to be the risk-free rate of return r. The payoff in
this case is defined to be

ψ(XT , T ) = max
{
E − (eX1 · eX2 · . . . · eXn

)1/n
, 0
}
,

the constraint for a European option is given by the depreciated payoff

ψ(Xt, t) = max
{
E · e−r (T−t) − (eX1 · eX2 · . . . · eXn

)1/n
, 0
}
,

while for an American option it is

ψ(Xt, t) = max
{
E − (eX1 · eX2 · . . . · eXn

)1/n
, 0
}
,

where E again denotes the exercise price of the option. Unlike the previous cases,
no analytic solution exists here for the European (n > 1) or American options (any
n > 0). However, by introducing the process Yt = X1+X2+· · ·+Xn such that ψ(Yt) =
max{E − eYt/n, 0}, we are able to value these options by numerically approximating
4(Yt), which has only a single source of uncertainty (that is, by solving the single
state variable variational inequality for Yt). The computed solutions for 4(Yt) were
then utilized as benchmarks for both the European and American cases when solved
according to methods (i) and (ii) (with h = 0.001).

Figure 4 presents convergence results for the European case and Figure 5 the
analogous results for the American case for up to three assets (n ≤ 3), where σii = 0.3,
σij = 0 (i �= j), r = 0.1, T = 1.0, and E = 100, and again the computational
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Fig. 3. European call option on the minimum of n assets.

grid was centered about ln(E) per coordinate axis. Note that the European put on
the geometric average of a single asset is provided in Figure 2(a). We remark that
the presence of the free boundary appears to upset the stability of the method (ii)
implementation in the single asset American case for “small” computational domain
sizes. (Again, for “larger” computational domain sizes, this was not a problem.) This
occurrence was not present for the multiple asset (n > 1) tests.

(IV) Option on a foreign currency. Here, we denote the (stochastic) instantaneous
risk-free rate of return at time t within the domestic economy by a0 = X1, the foreign
economy by X2, and the logarithm of the cross-currency exchange rate by X3. It
follows then that the payoff of a put on a foreign currency is given by

ψ(XT , T ) = max
{
E − eX3 , 0

}
,

such that in the European case the time varying constraint is specified as

ψ(Xt, t) =

{
max

{
E − eX3 , 0

}
if X1 < 0,

max
{
E · e−X1 (T−t) − eX3 , 0

}
if X1 ≥ 0,

and by

ψ(Xt, t) = max
{
E − eX3 , 0

}
,
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Fig. 4. European put option on the geometric average of n assets.

0.01 0.1
1E-4

1E-3

0.01

0.1

1

10

||u
-u

h|
| m

ax
(G

)

mesh size, h
0.01 0.1

1E-4

1E-3

0.01

0.1

1

10

||u
-u

h|
| m

ax
(G

)

mesh size, h

a. Single asset. b. Two assets.

0.01 0.1
1E-4

1E-3

0.01

0.1

1

10

||u
-u

h|
| m

ax
(G

)

mesh size, h

c. Three assets.

Fig. 5. American put option on the geometric average of n assets.
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in the American case, where E is the exercise price of the option. The specific model
utilized is introduced in Choi and Marcozzi [13]. The general model for American
options on a foreign currency under stochastic interests rates was first developed in
Amin and Jarrow [2], which includes an analytic solution applicable to the European
case specified here. The convergence results for the approximation schemes of section
3 are presented in Figure 6 for the European option. In particular, we suppose

σ =


 0.05 0.005 0.005
0.005 0.05 0.005
0.03 0.03 0.3




in addition to taking b1 = 0.005, b2 = 0.005−
∑3
i=1 σ2iσ3i, b3 = X1−X2−

∑3
i=1 σ

2
3i/2,

an exercise price of E = 1, and a duration of T = 1.
We note that for a computational mesh radius of Rc = 0.8 and a mesh size of

h = 0.05, we obtained a computed solution utilizing method (i) of uk = 0.114450
at (0.05, 0.05, 0), the center of the computational domain. This compares to the
analytic value of u = 0.114477, for a difference of 0.02%. We remark by way of
comparison that the two-step discrete formulation in Amin and Bordurtha [1] was
never demonstrated to have attained asymptotic convergence nor an accuracy greater
than possibly 2–10% in spite of having employed a mesh of up to 2.6 million nodes
(versus about 36,000 nodes for the present computations) and a graded time step
(which significantly reduced the number of nodes). For the corresponding American
option, we obtained a value of 0.117160, or only approximately 2% greater than for
the European case.

We summarize the following points.
1. Method (ii) demonstrates the feasibility (and desirability) of solving evo-
lutionary partial differential equations and variational inequalities on un-
bounded regions by implicit time discretization without the use of explicit
boundary information. For European options written on a single asset (n =
1), we did, however, find it preferable to actually employ a variational in-
equality format and projected SOR when using method (ii).

2. The estimate (3.9) appears valid for method (ii) as well as method (i). In all
tests, both methods converged at the anticipated asymptotic rate and realized
comparable accuracies on the fixed approximation domain for suitably large
computational domains. Conversely, for both methods (i) and (ii), and in
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all cases considered, mesh refinement without suitably large computational
domains resulted in no improvement of accuracy.

3. It appears that method (ii) becomes increasingly more efficient relative to
method (i) as the number of state variables (the dimension n) increases;
that is, method (ii) reaches its asymptotic limit with smaller computational
domains. Indeed, in almost all cases tested involving three sources of un-
certainty, method (ii) was able to obtain comparable accuracies to method
(i) while simultaneously employing significantly fewer nodes in the mesh, the
generality of this conclusion being predicated, however, on the particular
choice of the constraint employed.

4. In the case of early stopping involving calculations employing a uniform mesh
(or without an adaptive mesh strategy to locate the free boundary), the use
of a smaller computational domain coupled with finer mesh sizing (relative to
the nonearly stopping case) seems optimal. This may prove to be a necessary
approach as adaptive mesh strategies for complicated free surfaces in dimen-
sions greater than two may not be practical to implement. Conversely, when
early stopping occurs, some form of adaptive meshing or local mesh refine-
ment appears necessary in order to achieve asymptotic convergence rates and
accuracies. We remark that this has consequences relative to the efficiency of
projected solvers.

With the exception of dynamic programming (e.g., lattice) methods, which can
be developed as a special case of variational techniques (cf. [23], [31]), there exist
no alternative methodologies for determining the value function when continuous
early exercise is allowed. Additionally, because lattice techniques rely on explicit time
discretization and do not employ explicit boundary conditions, they are inherently less
efficient than variational methods, particularly as greater accuracy is sought. With the
exception of example (IV) above, we note that no existing benchmark computations
exist at this time with which to compare the performance of the proposed methods.
Ongoing research indicates that so-called hp-methods, featuring relatively large mesh
sizing and adaptive time stepping (cf. [4], [45], [22]), and high performance computing
appear to hold particular potential for multiple state variables applications. The
present framework may also be extended to include path dependent processes (cf.
[41]). Finally, this paper validates the asymptotic efficiency of methods (i) and (ii)
for computing the value functions associated with general optimal stopping problems
through their field equation representations.
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Abstract. We discuss the balancing of Hamiltonian matrices by structure preserving similarity
transformations. The method is closely related to balancing nonsymmetric matrices for eigenvalue
computations as proposed by Osborne [J. ACM, 7 (1960), pp. 338–345] and Parlett and Reinsch
[Numer. Math., 13 (1969), pp. 296–304] and implemented in most linear algebra software packages.
It is shown that isolated eigenvalues can be deflated using similarity transformations with symplec-
tic permutation matrices. Balancing is then based on equilibrating row and column norms of the
Hamiltonian matrix using symplectic scaling matrices. Due to the given structure, it is sufficient
to deal with the leading half rows and columns of the matrix. Numerical examples show that the
method improves eigenvalue calculations of Hamiltonian matrices as well as numerical methods for
solving continuous-time algebraic Riccati equations.
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1. Introduction. The eigenvalue problem for Hamiltonian matrices

H =

[
A G
Q −AT

]
,(1.1)

where A,G,Q ∈ R
n×n and G, Q are symmetric, plays a fundamental role in many

algorithms of control theory and other areas of applied mathematics as well as compu-
tational physics and chemistry. Computing the eigenvalues of Hamiltonian matrices is
required, e.g., when computing the H∞–norm of transfer matrices (see, e.g., [9, 10]),
when calculating the stability radius of a matrix [14, 30], when computing response
functions [23], and when performing many other calculations. Hamiltonian matrices
are also closely related to continuous-time algebraic Riccati equations (CARE) of the
form

0 = Q+ATX +XA−XGX(1.2)

with A,G,Q as in (1.1): X ∈ R
n×n is a symmetric solution matrix. Many numerical

methods for solving (1.2) are based on computing certain invariant subspaces of the
related Hamiltonian matrices; see, e.g., [20, 22, 27, 29]. For a detailed discussion of
the relations of Hamiltonian matrices and CARE (1.2) we refer to [19].

In eigenvalue computations, matrices and matrix pencils are often preprocessed
using a balancing procedure as described in [24, 26] for a general matrix A ∈ R

n×n.
First, A is permuted via similarity transformations in order to isolate eigenvalues, i.e.,
a permutation matrix P ∈ R

n×n is computed such that

PTAP =


 T1 X Y

0 Z W
0 0 T2


 ,(1.3)
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where T1 ∈ R
p×p and T2 ∈ R

q×q are upper triangular matrices. Then a diagonal
matrix

D :=


 Ip 0 0

0 DZ 0
0 0 Iq


 , DZ := diag(dp+1, . . . , dn−q),

is computed such that rows and columns of D−1
Z ZDZ are as close in norm as possible.

That is, balancing consists of a permutation step and a scaling step. In the scaling
step, the rows and columns of a matrix are scaled, which usually leads to a decrease
of the matrix norm. This preprocessing step often improves the accuracy of computed
eigenvalues significantly; isolated eigenvalues (i.e., those contained in T1 and T2) are
even computed without roundoff error.

Unfortunately, applying this balancing strategy to a Hamiltonian matrix H as
given in (1.1) will in general destroy the Hamiltonian structure. This is no problem if
the subsequent eigenvalue algorithm does not preserve or use the Hamiltonian struc-
ture. But during the past fifteen years, several structure preserving methods for the
Hamiltonian eigenproblem have been suggested. In particular, the square-reduced
method [32], the Hamiltonian QR algorithm (if in (1.1), rankG = 1 or rankQ = 1)
[13], the recently proposed algorithm based on a symplectic URV-like decomposition
[7], or the implicitly restarted symplectic Lanczos method of [5] for large sparse Hamil-
tonian eigenproblems are appropriate choices for developing subroutines for library
usage and raise the need for a symplectic balancing routine. Similarity transforma-
tions by symplectic matrices preserve the Hamiltonian structure. Thus, in order to
balance a Hamiltonian matrix and to preserve its structure, the required permutation
matrix and the diagonal scaling matrix should in general be symplectic—only in very
special cases can these goals be achieved by nonsymplectic similarity transformations,
e.g., if A = 0 in (1.1).

In section 2 we will give some necessary background. Isolating eigenvalues of
Hamiltonian matrices without destroying the structure can be achieved using sym-
plectic permutation matrices. This will be the topic of section 3. How to equilibrate
rows and norms of Hamiltonian matrices in a similar way as proposed in [26] using
symplectic diagonal scaling matrices will be presented in section 4. When invariant
subspaces, eigenvectors, or solutions of algebraic Riccati equations are the target of
the computations, some postprocessing steps are required. These and some other
applications of the proposed symplectic balancing method are discussed in section 5.
Some numerical examples on the use of the proposed balancing strategy for eigenvalue
computation and the numerical solution of algebraic Riccati equations are given in
section 6.

2. Preliminaries. The following classes of matrices will be employed in what
follows.
Definition 2.1. Let

J := Jn :=

[
0 In
−In 0

]
,(2.1)

where In is the n×n identity matrix. If the size of the matrix is clear from the context,
we leave off the subscript.

(a) A matrix H ∈ R
2n×2n is Hamiltonian if (HJ)T = HJ . The Lie algebra of

Hamiltonian matrices in R
2n×2n is denoted by H2n.



SYMPLECTIC BALANCING OF HAMILTONIAN MATRICES 1887

(b) A matrix H ∈ R
2n×2n is skew-Hamiltonian if (HJ)T = −HJ . The Jordan

algebra of skew-Hamiltonian matrices in R
2n×2n is denoted by SH2n.

(c) A matrix S ∈ R
2n×2n is symplectic if SJST = J or, equivalently, STJS = J .

The Lie group of symplectic matrices in R
2n×2n is denoted by S2n.

(d) A matrix U ∈ R
2n×2n is unitary symplectic if U ∈ S2n and UUT = I2n. The

compact Lie group of unitary symplectic matrices in R
2n×2n is denoted by US2n.

Observe that every H ∈ H2n has the block representation given in (1.1).
In [12], an important relation between symplectic and Hamiltonian matrices is

proved.
Proposition 2.2. Let S ∈ R

2n×2n be nonsingular. Then S−1HS is Hamiltonian
for all H ∈ H2n if and only if STJS = αJ for some α ∈ R \ {0}.

This result shows that, in general, similarity transformations that preserve the
Hamiltonian structure have to be symplectic up to scaling with a real scalar.

The following proposition shows that the structure of 2n × 2n orthogonal sym-
plectic matrices permits them to be represented as a pair of n × n matrices. Hence,
the arithmetic cost and storage for accumulating orthogonal symplectic matrices can
be halved.
Proposition 2.3 (see [25]). An orthogonal matrix U ∈ R

2n×2n is symplectic if

and only if it takes the form U = [ U1 U2

−U2 U1
], where Ui ∈ R

n×n, i = 1, 2.

We have the following well-known property of the spectra of Hamiltonian matrices
(see, e.g., [19, 22] and the references given therein).
Proposition 2.4. The spectrum of a real Hamiltonian matrix H, denoted by

σ (H) is symmetric with respect to the imaginary axis, i.e., if λ ∈ σ (H), then −λ ∈
σ (H). The spectrum of H ∈ H2n can therefore be partitioned as

σ (H) = {λ1, . . . , λk} ∪ {−λ1, . . . ,−λk} ∪ {±λk+1, . . . ,±λn} =: ∆ ∪ (−∆) ∪∆0,

where Re(λj) > 0, j = 1, . . . , k, and Re(λj) = 0, j = k + 1, . . . , n.
In many applications, ∆0 = ∅. Note that the multiplicities of the eigenvalues

collected in ∆0 play an essential role for the existence of structured Schur forms for
Hamiltonian matrices as outlined below.

Real Schur forms play an important role when solving eigenvalue problems for
nonsymmetric matrices. For Hamiltonian matrices, Schur forms should be computed
in a structure-preserving way.
Definition 2.5. (a) Let Ĥ ∈ H2n. If Ĥ has the form

Ĥ =

[
Â Ĝ

0 −ÂT
]
,(2.2)

where Â ∈ R
n×n is in real Schur form (quasi-upper triangular) and Ĝ = ĜT , then Ĥ

is real Hamiltonian quasi-triangular.
(b) If H ∈ H2n and there exists U ∈ US2n such that Ĥ = UTHU is real Hamilto-

nian quasi-triangular, then Ĥ is in real Hamiltonian Schur form and UTHU is called
a Hamiltonian Schur decomposition.
Definition 2.6. A subspace V ⊂ R

2n is called isotropic if xTJy = 0 for all
x, y ∈ V. It is called Lagrangian if it is isotropic and maximal, i.e., if it is not
contained in a larger isotropic subspace W ⊂ R

2n.
If a Hamiltonian Schur decomposition exists such that Ĥ is as is (2.2), then U

can be chosen such that σ (Â) is contained in the closed right half plane. Moreover,
the first n columns of the orthogonal symplectic matrix U in the Hamiltonian Schur



1888 PETER BENNER

decomposition span a Lagrangian H-invariant subspace. Using the notation from
Proposition 2.4, if ∆0 = ∅ and σ (Â) = −∆, then we say that thisH-invariant subspace
is c-stable. That is, if it exists, the c-stable H-invariant subspace corresponds to the
n eigenvalues of H in the open left half plane.

Most of the structure-preserving methods for the Hamiltonian eigenproblem, i.e.,
those using symplectic (similarity) transformations, rely on the following result. For
Hamiltonian matrices with no purely imaginary eigenvalues this result was first stated
in [25], while in its full generality as given below it has been proved in [21].
Theorem 2.7. Let H ∈ H2n, and let iα1, . . . , iα	 be its pairwise distinct nonzero

purely imaginary eigenvalues. Furthermore, let the associated H-invariant subspaces
be spanned by the columns of Uk ∈ R

2n×pk , k = 1, . . . , �. Then the following are
equivalent.

(i) There exists S ∈ S2n such that S−1HS is real Hamiltonian quasi-triangular.
(ii) There exists U ∈ US2n such that UTHU is in real Hamiltonian Schur form.
(iii) UH

k JnUk is congruent to Jpk for all k = 1, . . . , �.
Note that from Theorem 2.7 it follows that purely imaginary eigenvalues of H ∈

H2n (if any) must have even algebraic multiplicity in order for the Hamiltonian Schur
form of H to exist.

3. Isolating eigenvalues by symplectic permutations. Let P denote any
n × n permutation matrix. It is easy to see that symplectic permutation matrices
have the form

Ps =

[
P 0
0 P

]
.(3.1)

With matrices of type (3.1) it is possible to transform a Hamiltonian matrix to the
form

H̃ = PsHPs =




A11 A12 A13 G11 G12 G13

0 A22 A23 GT
12 G22 0

0 0 A33 GT
13 0 0

0 0 Q13 −AT
11 0 0

0 Q22 Q23 −AT
12 −AT

22 0
QT
13 QT

23 Q33 −AT
13 −AT

23 −AT
33




}p
}n− p− q =: r
}q
}p
}n− p− q = r
}q

,(3.2)

︸︷︷︸ ︸︷︷︸ ︸︷︷︸ ︸︷︷︸ ︸︷︷︸ ︸︷︷︸
p r q p r q

where A11, A33 are upper triangular and either Q13 = 0 or G13 = 0. The existence of
such a Ps will be proved in a constructive way later by Algorithm 3.4, which transforms
a Hamiltonian matrix to the form given in (3.2). From a Hamiltonian matrix having
the form (3.2) a total of 2(p+ q) eigenvalues of H can be read off directly as seen by
the following result.
Lemma 3.1. Let H ∈ H2n and p, q, r ∈ N0 with r = n− p− q, where H is of the

form (3.2) and either G13 = 0 or Q13 = 0. Then there exists a permutation matrix
P ∈ R

2n×2n such that

T = PTHP =


 T1 Y Z

0 H22 W
0 0 T2


 ,(3.3)

where T1, T2 ∈ R
(p+q)×(p+q) are upper triangular with

σ (T1) = σ (−T2)(3.4)
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and

H22 =

[
A22 G22

Q22 −AT22

]
(3.5)

is a 2r × 2r Hamiltonian submatrix of H.
Proof. Let H be as in (3.2) and

P1 :=




0 Ip 0 0 0 0
0 0 Ir 0 0 0
0 0 0 0 0 Iq
0 0 0 0 Ip 0
0 0 0 Ir 0 0
Iq 0 0 0 0 0



.(3.6)

Then

PT
1 HP1 =




−AT33 QT
13 QT

23 −AT23 −AT13 Q33

GT
13 A11 A12 G12 G11 A13

0 0 A22 G22 GT
12 A23

0 0 Q22 −AT22 −AT12 Q23

0 0 0 0 −AT11 Q13

0 0 0 0 G13 A33



.(3.7)

Define

Πm :=




1

�
1


 ∈ R

m×m.(3.8)

If G13 = 0, then set P2 := diag (Πq, Ip, Ir, Ir, Πp, Iq). Otherwise (Q13 = 0), set

P2 :=




0 Πq
Ip 0

Ir 0
0 Ir

0 Πp
Iq 0



.

Thus, T := PT
2 PT

1 HP1P2 has the desired form. The relation (3.4) follows from[
0 Ip
−Iq 0

]−1 [ −AT11 Q13

G13 A33

] [
0 Ip
−Iq 0

]
= −

[ −AT33 QT
13

GT
13 A11

]T
.

Lemma 3.1 is merely of theoretical interest and demonstrates that in order to
solve the Hamiltonian eigenvalue problem, we can proceed by working only with H22.
But the transformations we have used in the proof are, in general, not symplectic. If
we want to compute invariant subspaces, eigenvectors, and/or the Hamiltonian Schur
form given in Theorem 2.7, we can transform the Hamiltonian matrix in (3.2) such that
it has Hamiltonian Schur form in rows and columns 1, . . . , p+q and n+1, . . . , n+p+q.
But this cannot, in general, be accomplished using only symplectic permutation ma-
trices of the form (3.1). Therefore, we need another class of transformation matrices.
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Definition 3.2. A matrix PJ ∈ R
2n×2n is called a J-permutation matrix if

(a) it is symplectic, i.e., PT
J JPJ = J ,

(b) (PJ)j,k ∈ {−1, 0, 1 } for j, k = 1, . . . , 2n, and
(c) each row and column have exactly one nonzero entry.
As PJ ∈ US2n, it is clear that a similarity transformation by a J-permutation

matrix preserves the Hamiltonian structure. In analogy to standard permutations,
similarity transformations with PJ can be performed without floating point opera-
tions. Moreover, they can be represented by a signed integer vector IP of length n,
where IP(k) = ±j, k = 1, . . . , n, j = 1, . . . , 2n, if rows and columns k, j are to be
interchanged while the sign indicates if the corresponding entry in PJ is +1 or −1.
The entries of PJ in rows n + 1 to 2n can be deduced from IP and Proposition 2.3.
Furthermore, symplectic permutation matrices as given in (3.1) are J-permutation
matrices.
Lemma 3.3. For any H ∈ H2n having the form (3.2), there exists a J-permutation

matrix PJ such that

Ĥ = PT
J HPJ =




Â11 Â12 Ĝ11 Ĝ12

0 Â22 ĜT
12 Ĝ22

0 0 −ÂT11 0

0 Q̂22 −ÂT12 −ÂT22



}p+ q

}n− p− q = r

}p+ q

}n− p− q = r

,(3.9)

where Â11 is upper triangular and, with the notation in (3.2),

Â22 = A22, Ĝ22 = G22, Q̂22 = Q22.

Proof. Let a Hamiltonian matrix H be given as in (3.2). We need a J-permutation
matrix only in the first step. Let

P1 :=




Ip 0 0 0 0 0
0 Ir 0 0 0 0
0 0 0 0 0 Iq
0 0 0 Ip 0 0
0 0 0 0 Ir 0
0 0 −Iq 0 0 0



.

Obviously, P1 is a J-permutation matrix and

H1 := PT
1 HP1 =




A11 A12 −G13 G11 G12 A13

0 A22 0 GT
12 G22 A23

−QT
13 −QT

23 −AT33 AT13 AT23 −Q33

0 0 0 −AT11 0 Q13

0 Q22 0 −AT12 −AT22 Q23

0 0 0 GT
13 0 A33



.

Now assume G13 = 0. Set P2 := diag(P̃2, P̃2), where

P̃2 :=


 0 Ip 0

0 0 Ir
Iq 0 0


 .
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Then

H2 := PT
2 H1P2 =




−AT33 −QT
13 −QT

23 −Q33 AT13 AT23
0 A11 A12 A13 G11 G12

0 0 A22 A23 GT
12 G22

0 0 0 A33 0 0
0 0 0 Q13 −AT11 0
0 0 Q22 Q23 −AT12 −AT22



.

We thus obtain the form (3.9) by another similarity transformation with

P3 := diag(Πq, Ip, Ir, Πq, Ip, Ir),

where Πq is defined in (3.8). For the other case, i.e., Q13 = 0, set

P̃2 =


 Ip 0 0

0 0 Ir
0 Iq 0


 ,

and P2 := diag(P̃2, P̃2), P3 := diag(Ip, Πq, Ir, Ip, Πq, Ir).

In both cases, P̂ := P1P2P3 is a J-permutation matrix and Ĥ := P̂THP̂ is a
Hamiltonian matrix having the desired form (3.9).

In order to isolate eigenvalues, it is sufficient to restrict ourselves to symplectic
permutations. But having computed the form (3.2), it is possible that there are still
isolated eigenvalues in H22. Applying the same procedure used to isolate eigenvalues
in H to H22, we can transform H22 to the form (3.2). This process can then be
repeated until no more isolated eigenvalues are found. Accumulating all permuta-
tions in a symplectic permutation matrix Ps of the form (3.1) results in a similarity
transformation

H̃ = PT
s HPs(3.10)

=




A11 . . . A1,t . . . A1,s G11 . . . G1,t . . . G1,s

0
. . .

...
...

...
... � 0

...
. . . At,t . . . At,s GT

1,t . . . Gt,t 0
...

...
. . .

. . .
...

... � 0
...

0 . . . . . . 0 As,s GT
1,s 0 . . . . . . 0

0 . . . . . . 0 Q1,s −AT
11 0 . . . . . . 0

... 0 �
...

...
. . .

. . .
...

... 0 Qt,t . . . Qt,s −AT
t,s . . . −AT

t,t

. . .
...

0 �
...

...
...

...
. . . 0

QT
1,s . . . QT

t,s . . . Qs,s −AT
1,s . . . −AT

t,s . . . −AT
s,s




}p1
}p2 + ...+ pt−1

}pt
}pt+1 + ...+ ps−1

}ps
}p1
}p2 + ...+ pt−1

}pt
}pt+1 + ...+ ps−1

}ps

.

Here, Aj,j ∈ R
pj×pj , j = 1, . . . , s, j �= t, are upper triangular and for j = 1, . . . , t− 1,

either Qj,s−j+1 = 0 or Gj,s−j+1 = 0 and the Hamiltonian submatrix

Ht,t =

[
At,t Gt,t

Qt,t −ATt,t

]
(3.11)
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has no isolated eigenvalues. If we now define p :=
∑t−1
j=1 pj , q :=

∑s
j=t+1 pj , then we

can partition H̃ in (3.10) as in (3.2). Then the first step in the proof of Lemma 3.1
can be performed to obtain the form (3.7). Just the block-structure of the upper left
and lower right diagonal blocks in (3.7) is more complicated. But it is still possible to
bring them to upper triangular form using repeatedly the same sequence of permu-
tations used in the proof of Lemma 3.1. This shows that 2(p + q) eigenvalues of the
Hamiltonian matrix can be read off directly from (3.10) and that H̃ is permutationally
similar to


 T̃1 Ỹ Z̃

0 Ht,t W̃

0 0 T̃2


 =




❅

❅


 .

Further, we have Ht,t ∈ R
2r×2r, where now r := pt = n− p− q, and

σ(H) = σ(Ht,t) ∪
s⋃

j=1
j �=t

σ(Aj,j) ∪
s⋃

j=1
j �=t

σ(−ATj,j).(3.12)

If only eigenvalues are required, we can continue working only with Ht,t. If also eigen-
vectors and/or invariant subspaces are required, the similarity transformations used
to solve the reduced-order eigenproblem for Ht,t have to be applied to the whole ma-

trix H̃. In that case, H̃ should be transformed to the form given in (3.9). Partitioning
H̃ from (3.10) as in (3.2), we can perform the first step of the proof of Lemma 3.3
with the J-permutation matrix P1. The subsequent steps to achieve upper triangular
form in the first p + q rows and columns then have to be performed for each of the
first t − 1 block columns, distinguishing the cases Qj,s−j+1 = 0 or Gj,s−j+1 = 0 for
j = 1, . . . , t− 1.

A procedure to transform a Hamiltonian matrix H to the form in (3.10) is given in
the following algorithm. Note that in the given algorithm, pj = 1 for all j = 1, . . . , s,
j �= t.
Algorithm 3.4.

Input: Matrices A,G,Q ∈ R
n×n, where Q = QT , G = GT , defining a Hamilto-

nian matrix H ∈ R
2n×2n.

Output: A symplectic permutation matrix Ps; matrices A,G,Q with G = GT ,
Q = QT defining a Hamiltonian matrix H = PT

s HPs having the form
(3.10); integers il = p1 + · · ·+ pt−1 +1 = p+1 and ih = il + pt = n− q.

Ps = I2n
il = 1, ih = n

ĩl = 0, ĩh = n

WHILE (il �= ĩl) AND (ih �= ĩh)
ĩl = il, ĩh = ih
i = ih
WHILE (i > il) AND (ih = ĩh)

ĩh = ih

r =

ih∑
j=il
j �=i

|aij |+
ih∑
j=il

|gij |
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IF (r = 0) THEN
P̃ = In + eie

T
ih
+ eihe

T
i − eie

T
i − eihe

T
ih

A = P̃TAP̃ , G = P̃TGP̃ , Q = P̃TQP̃
P = P · diag(P̃ , P̃ )
ih = ih − 1

END IF

i = i− 1
END WHILE

i = il
WHILE (i < ih) AND (il = ĩl)

ĩl = il

c =

ih∑
j=il
j �=i

|aji|+
ih∑
j=il

|qji|

IF (c = 0) THEN
P̃ = In + eie

T
il
+ eile

T
i − eie

T
i − eile

T
il

A = P̃TAP̃ , G = P̃TGP̃ , Q = P̃TQP̃
P = P · diag(P̃ , P̃ )
il = il + 1

END IF

i = i+ 1
END WHILE

END WHILE

END

In each execution of the outer WHILE-loop, we first search a row isolating an
eigenvalue. If such a row is found, we look for a column isolating an eigenvalue. In this
fashion it can be guaranteed that at the end, there are no more isolated eigenvalues,
although we always only touch the first n rows and columns of the Hamiltonian matrix.

In an actual implementation one would of course never form the permutation
matrices explicitly but store the relevant information in an integer vector. Multipli-
cations by permutation matrices are realized by swapping the data contained in the
rows or columns to be permuted; for details, see, e.g., [3].

It is rather difficult to give a complete account of the cost of Algorithm 3.4. If
there are no isolated eigenvalues, the algorithm requires 4n2− 2n floating point addi-
tions and 2n comparisons as opposed to 8n2−4n additions and 4n comparisons for the
unstructured permutation procedure from [26] as implemented in the LAPACK sub-
routine xGEBAL [3] when applied to H ∈ R

2n×2n. The worst case for Algorithm 3.4
would be that in each execution of the outer WHILE-loop, an isolated eigenvalue is
found in the last execution of the second inner WHILE-loop. In that case, the cost con-
sists of 4n3/3 + n2 +O(n) floating point additions, n2 + n comparisons, and moving
2n2 + 2n floating point numbers. But in this worst-case analysis, all eigenvalues are
isolated such that after permuting, there is nothing left to do, and the Hamiltonian
matrix is in Hamiltonian Schur form. A worst-case study for xGEBAL shows that
the permutation part requires 8n3/3 − 2n2 + O(n) additions, 2n2 + n comparisons,
and moving 4n2 + 2n floating point numbers. We can therefore conclude that Algo-
rithm 3.4 is about half as expensive as the procedure proposed in [26] applied to a
Hamiltonian matrix.
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4. Symplectic scaling. Suppose now that we have transformed the Hamilto-
nian matrix to the form (3.10). Since all subsequent transformations are determined
from Ht,t, the scaling parameters to balance Ht,t now have to be chosen such that

the rows and columns of Ht,t (instead of H̃) are as close in norm as possible.
In order to simplify notation, in what follows we will call the Hamiltonian matrix

again H. Let Hoff be the off-diagonal part of H, i.e.,

Hoff = H − diag(H).

We may without loss of generality assume that none of the rows and columns of Hoff

vanishes identically. Otherwise, we could isolate another pair of eigenvalues.
Now we want to scale H such that the norms of its rows and columns are close

in norm. As noted before, employing the technique of Parlett and Reinsch [26] de-
stroys the Hamiltonian structure. Diagonal scaling has thus to be performed using a
symplectic diagonal matrix Ds. Such a matrix must have the form,

Ds =

[
D 0
0 D−1

]
,(4.1)

where D ∈ R
n×n is a nonsingular diagonal matrix.

Let us at first note an obvious result for Hamiltonian matrices. Here and in what
follows we will use the colon notation (see, e.g., [16]) H(:, k), H(j, :) to indicate the
kth column and jth row, respectively, of a matrix H.
Lemma 4.1. Let H ∈ R

2n×2n be a Hamiltonian matrix. Then for all p ≥ 1 and
for all i = 1, . . . , n,

‖H(:, i)‖p = ‖H(n+ i, :)T ‖p,(4.2)

‖H(i, :)T ‖p = ‖H(:, n+ i)‖p,(4.3)

i.e., the p-norm of the ith column equals the norm of the (n+ i)th row and the norm
of the ith row equal the norm of the (n+ i)th column.

Proof. The result is obvious by noting that ‖x‖p = (
∑2n
k=1 |xk|p)

1
p for x ∈ R

2n

and by observing that from the structure of Hamiltonian matrices, we have

H(:, i) = [a1,i, a2,i, . . . , an,i, q1,i, q2,i, . . . , qn,i]
T ,

H(n+ i, :) = [qi,1, qi,2, . . . , qi,n,−a1,i,−a2,i, . . . ,−an,i],
and, furthermore, qij = qji for all 1 ≤ i, j ≤ n. Equation (4.3) follows analogously by
noting that gij = gji for all 1 ≤ i, j ≤ n.

We can now conclude that it is sufficient to equilibrate the norms of the first
n rows and columns of a 2n × 2n Hamiltonian matrix by using a consequence of
Lemma 4.1.
Corollary 4.2. Let H ∈ R

2n×2n be a Hamiltonian matrix. Then for all p ≥ 1
and for all i = 1, . . . , n,

‖H(:, i)‖p = ‖H(i, :)‖p ⇐⇒ ‖H(:, n+ i)‖p = ‖H(n+ i, :)‖p.
Since a similarity transformation with any diagonal matrix does not affect the

diagonal elements of the transformed matrix, it is in the following sufficient to consider
Hoff . We will employ the notation

hi := Hoff(:, i) = ith column of Hoff ,

hi := Hoff(i, :)
T = transpose of the ith row of Hoff .
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In what follows, we will for convenience use p = 1. The results also hold for any
other p-norm. From a computational point of view it is also reasonable to use the
1–norm since its computation does not involve any floating point multiplications, and,
furthermore, reducing the norm of H in one norm usually implies also a reduction in
the other norms.

Equilibrating ‖hi‖1 and ‖hi‖1 can now be achieved in a similar way as in the
Parlett–Reinsch method. If β denotes the base of the floating point arithmetic and
σi is any signed integer, then they compute βσi closest to the real scalar

δi =
√
‖hi‖1/‖hi‖1.

Thus, with D(i) = I2n+ (δi− 1)eie
T
i and Ĥ = (D(i))−1HD(i), it follows that ‖ĥi‖1 =

‖ĥi‖1. But if δi �= 1, Ĥ is in general no longer Hamiltonian. Unfortunately, using the
symplectic diagonal matrix

D(i)
s =

[
Di 0
0 D−1

i

]
,

where Di = In + (δi − 1)eie
T
i , and computing

H̃ = (D(i)
s )−1HD(i)

s ,(4.4)

we obtain

‖h̃i‖1 = ‖ĥi‖1 − δi|qii|+ δ2
i |qii|, ‖h̃i‖1 = ‖ĥi‖1 − 1

δi
|gii|+ 1

δ2
i

|gii|(4.5)

and thus in general, ‖h̃i‖1 �= ‖h̃i‖1.
Nevertheless, equilibrating the 1-norms of hi and hi can be achieved by requiring

‖h̃i‖1 = ‖h̃i‖1 and solving the resulting quartic equation

δi(‖hi‖1 − |qii|) + δ2
i |qii| =

1

δi
(‖hi‖1 − |gii|) + 1

δ2
i

|gii|.(4.6)

It remains to show that (4.6) has a positive solution.
Theorem 4.3. Let H ∈ R

2n×2n be a Hamiltonian matrix, and denote its off-
diagonal part by Hoff . Assume that none of the rows and columns of Hoff vanishes
identically. Then there exists a unique real number δi > 0 such that for H̃ as in (4.4)
we have

‖h̃i‖1 = ‖h̃i‖1 = ‖h̃n+i‖1 = ‖h̃n+i‖1.
Proof. Solutions of (4.6) are nonzero solutions of

0 = |qii|δ4
i + (‖hi‖1 − |qii|)δ3

i + (|gii − ‖hi‖1)δi − |gii| =: p(δi),(4.7)

where p(t) =
∑4
k=0 akt

k. Recalling that gii = (hi)n+i, qii = (hi)n+i, the coefficients
of the polynomial p satisfy

a0 = −|gii| ≤ 0, a1 = |gii| − ‖hi‖1 ≤ 0, a2 = 0,

a3 = ‖hi‖1 − |qii| ≥ 0, a4 = |qii| ≥ 0.

Since there is at most one change of sign in the coefficients of the polynomial p,
Descartes’ rule of signs shows that there is at most one positive zero of p. So if
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there exists a positive solution of (4.6), it is unique. By assumption, ‖hi‖1 �= 0 and
‖hi‖1 �= 0. Therefore, either a0 < 0 or a1 < 0 (as gii is part of h

i), and either a3 > 0
or a4 > 0 (as qii is part of hi). Thus, we know that p is a polynomial of degree at
least 3 with positive leading coefficient, and hence limt→∞ p(t) = +∞.

On the other hand, if gii �= 0, then p(0) < 0, and, using the mean value theorem,
it follows that there exists a positive zero of p. If gii = 0, then t = 0 is a zero of p
and a1 < 0. The third order polynomial q(t) = a4t

3 + a3t
2 + a1 has a positive zero

because of the mean value theorem and q(0) = a1 < 0 as well as limt→∞ q(t) = +∞.
Thus, by p(t) = tq(t), p has again at least one positive zero, and hence (4.6) has at
least one positive real solution regardless of the value of gii. On the other hand, it
was already observed that there is at most one such solution, and we can conclude
that there exists a unique δi > 0 solving (4.6) whence ‖h̃i‖1 = ‖h̃i‖1.

The other equalities follow immediately from Corollary 4.2.

Computing the exact value of δi that is needed to equilibrate the ith and (n+ i)th
rows and columns would require the solution of the fourth-order equation (4.6). Since
the diagonal similarity transformations are to be chosen from the set of machine
numbers, it is sufficient to find the machine number βσi closest to δi. This can be
done similarly to the computation in the general case as proposed in [26] and as
implemented in the Fortran 77 subroutines BALANC from EISPACK [15] or in its
successor xGEBAL from LAPACK [3]. That is, starting with δi = 1, the quantities in
(4.5) are evaluated and compared. If ‖h̃i‖1 < ‖h̃i‖1, then this is repeated for δi = βk,
k = 1, 2, . . . until ‖h̃i‖1 > ‖h̃i‖1. Otherwise, if ‖h̃i‖1 > ‖h̃i‖1, then we use δi = β−k,
k = 1, 2, . . . until ‖h̃i‖1 < ‖h̃i‖1. This is achieved by the following algorithm.

Algorithm 4.4.
Input: Hamiltonian matrix H ∈ H2n having no isolated eigenvalues, β = base

of floating point arithmetic.

Output: Diagonal matrix Ds ∈ S2n, H is overwritten by D−1
s HDs ∈ H2n with

row and column norms equilibrated as far as possible.

Ds = I2n
FOR k = 1, 2, . . . until convergence,

FOR i = 1, . . . , n,
δ = 1
c = ‖hi‖1, qa = |hn+i,i|, ca = c− qa,
r = ‖hi‖1, ga = |hi,n+i|, ra = r − ga,

WHILE c < r
ca = βca, qa = β2qa, c = ca + qa,
ra = ra/β, ga = ga/β

2, r = ra + ga,
δ = βδ,

END WHILE

IF δ = 1 THEN

WHILE r < c
ca = ca/β, qa = qa/β

2, c = ca + qa,
ra = β(ra − ga), ga = β2ga, r = ra + ga,
δ = δ/β,

END WHILE

END IF

Di = I + (δ − 1)eie
T
i , Ds = Dsdiag

(
Di, D

−1
i

)
,

H = diag
(
D−1
i , Di

) ·H · diag (Di, D
−1
i

)
,
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END FOR i

END FOR k

END

One execution of the outer FOR-loop of Algorithm 4.4 can be considered as a
sweep. The algorithm is terminated if, for a whole sweep, all Di = In. Usually, the
row and column norms are approximately equal after very few sweeps. Afterwards, the
iteration makes only very limited progress. Therefore, Parlett and Reinsch propose a
modification in [26] that, translated to our problem, becomes the following.

Let δi be determined by the two inner WHILE-loops of Algorithm 4.4,
and compute

ci = δi(‖hi‖1 − |qii|) + δ2
i |qii|, ri =

1

δi
(‖hi‖1 − |gii|) + 1

δ2
i

|gii|.

If (ci + ri) < γ(‖hi‖1 + ‖hi‖1) (where γ is a given positive constant),
then compute Di as in Algorithm 4.4. Otherwise, set Di = In.

(4.8)

For γ = 1, the behavior is essentially the same as for Algorithm 4.4. (In a few
cases, Algorithm 4.4 increases ‖hi‖1 + ‖hi‖1, which cannot happen if γ = 1.) For
γ slightly smaller than one, a step is skipped if it would produce an insubstantial
reduction of ‖hi‖1 + ‖hi‖1.

In an actual computation, the similarity transformations with the Di’s can be
applied directly to the blocks A, G, and Q of the Hamiltonian matrix without forming
the Hamiltonian matrix itself. Thus, each similarity transformation can be performed
using only 4n − 4 multiplications. When the standard (not structure-preserving)
scaling procedure from [26] is applied to H, each similarity transformation requires
4n − 2 multiplications. (Recall that in Algorithm 4.4, two rows and columns are
equilibrated at a time, while only one row and column are treated in each step of the
inner FOR-loop of the standard procedure.)

The number of sweeps required to converge is similar to that for the general case
since the theory derived in [26] requires only the assumption of similarity transfor-
mations with diagonal matrices and that in step i of each sweep, the ith rows and
columns are equilibrated as far as possible with δi = βσi . But this is accomplished by
Algorithm 4.4. Moreover, if δi is taken as the exact solution of (4.6), the convergence
of the sequence of similarity transformations to a stationary point can be proved as

in [24, 17]. That is, if δ
(k)
i is the solution of (4.6) in sweep k, then limk→∞ δ

(k)
i = 1

for all i = 1, . . . , n, and hence, in the limit, H is a balanced Hamiltonian matrix.
Note that here each sweep has length n, while in the standard balancing algorithm

one has to go through each row/column pair of the matrix, and thus each sweep has
length 2n. Thus, the computational cost for scaling a 2n × 2n Hamiltonian matrix
by Algorithm 4.4, assuming k1 sweeps are required, is 4n2k1 + O(k1n) as opposed
to 8n2k2 + O(k2n) for the standard scaling procedure as given in [26] with assumed
k2 sweeps required for convergence. In general, k1 ≈ k2 such that the structure-
preserving scaling strategy is about half as expensive as the standard procedure.
These flop counts are based on the assumption that the cost for determining the δi
can be considered as small (O(1)) compared to the similarity transformations.

Remark 4.5. In [18] it is proposed to solve the matrix balancing problem using
a convex programming approach. To compare the complexity of this approach to
that of Algorithm 4.4, suppose that Algorithm 4.4 terminates after k1 sweeps with
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| ‖hi‖1 − ‖hi‖1 | < µi. For the matrix H to be balanced, let

E := {(i, j) ∈ {1, . . . , n} × {1, . . . , n} | i �= j, hij �= 0},

τ =
∑

(i,j)∈E |hij |, and hmin = min{|hij | | (i, j) ∈ E}. Assume that
∑n
i=1 µ

2
i =: µ

2 and

µ < eτ . (Here, e = exp(1).) Then Theorem 5 in [18] states that the complexity of
computing a diagonal matrix Y with positive diagonal entries such that the rows and
columns of Y −1HY are balanced with the same accuracy as achieved by Algorithm 4.4
is O(n4ln(neτµ ln τ

hmin
)). From numerical experience, it can be assumed that k1 = O(1)

with respect to n. Hence, Algorithm 4.4 can be considered to be of complexity O(n2).
This complexity is clearly superior to that of the convex programming approach which
is still the case if k1 = O(n).

Algorithm 4.4 requires a careful implementation to guard against over- and un-
derflow due to a very large/small δi. Here, we can use the bounds discussed in [26] and
implemented in LAPACK subroutine xGEBAL [3]; we just have to take into account
that in each step we scale by β±2 rather than β as in xGEBAL.

5. Backtransformation, ordering of eigenvalues, and applications. So far
we have considered only the problem of computing the eigenvalues of a Hamiltonian
matrix. In order to compute eigenvectors, invariant subspaces, and the solutions of
algebraic Riccati equations, we have to transform the Hamiltonian matrix to real Schur
form. As we are considering structure-preserving methods, the goal is to transform the
Hamiltonian matrix to real Hamiltonian Schur form as given in Theorem 2.7(a)—if it
exists.

Assume that we have applied Algorithm 3.4 to the Hamiltonian matrix and ob-
tained a symplectic permutation matrix Ps such that PT

s HPs has the form given in
(3.10). Then, we have applied a J-permutation PJ to the permuted Hamiltonian
matrix such that its rows and columns numbered 1, . . . , p + q, n + 1, . . . , n + p + q
are in Hamiltonian Schur form, i.e., PT

J PT
s HPsPJ has the form given in (3.9). (From

Lemma 3.3 we know that such a PJ exists.) Next, we have applied Algorithm 4.4 to
the Hamiltonian submatrix Ht,t ∈ H2r from (3.11) and obtained a diagonal matrix
D = diag

(
Dt, D

−1
t

) ∈ S2r. Let

Ds =




Ip+q 0 0 0
0 Dr 0 0
0 0 Ip+q 0
0 0 0 D−1

r


 .

Then

Ĥ := D−1
s PT

J PT
s HPsPjDs =




Â11 Â12 Ĝ11 Ĝ12

0 Â22 ĜT
12 Ĝ22

0 0 −ÂT11 0

0 Q̂22 −ÂT12 −ÂT22


 ,

where Â11 ∈ R
(p+q)×(p+q) is upper triangular and the Hamiltonian submatrix Ĥ22 :=

[
Â22 Ĝ22

Q̂22 −ÂT
22

] has no isolated eigenvalues and its rows and columns are equilibrated by

Algorithm 4.4. Now assume that the Hamiltonian Schur form of Ĥ22 exists and that

we have computed U22 = [Û22 −V̂22

V̂22 Û22
] ∈ US2r, transforming Ĥ22 into real Hamiltonian
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Schur form. Set

U :=




Ip+q 0 0 0

0 Û22 0 −V̂22

0 0 Ip+q 0

0 V̂22 0 Û22




and S := PsPJDsU . Then H1 := S−1HS is real Hamiltonian quasi-triangular and
S ∈ S2n. The first n columns of S span a Lagrangian H-invariant subspace. In most
applications, the c-stable H-invariant subspace is desired. Let us assume the method
used to transform Ĥ22 to Hamiltonian Schur form chooses U22 such that the first r

columns of U22, i.e., the columns of [Û22

V̂22
], span the Ĥ22-invariant subspace of choice.

But there is no guarantee that the isolated eigenvalues in Â11 are the desired ones.
In that case, we have to reorder the Hamiltonian Schur form in order to move the
undesired eigenvalues to the lower right block of Ĥ and the desired ones to the upper
left block. Assume that we want to compute the Lagrangian H-invariant subspace
corresponding to a set Λ = {λ1 . . . , λn} ⊂ σ (H), which is closed under complex
conjugation. (Note that this is a necessary condition in order to obtain a Lagrangian
invariant subspace [2].) Using the standard reordering algorithm for the real Schur
form of an n×n nonsymmetric matrix as given in [16, 31], we can find an orthogonal
matrix ŨΛ such that with the orthogonal symplectic matrix UΛ = diag(ŨΛ, ŨΛ) we
have that

H2 := UT
Λ H1UΛ =




Ã11 Ã12 G̃11 G̃12

0 Ã22 G̃T
12 G̃22

0 0 −ÃT11 0

0 0 −ÃT12 −ÃT22



}n− k
}k
}n− k
}k

,(5.1)

where A11, A22 are quasi-upper triangular, and that

Λ = σ (Ã11) ∪ σ (−ÃT22), −Λ = σ (Ã22) ∪ σ (−ÃT11).(5.2)

Therefore, we have to swap the eigenvalues in Ã22 and−ÃT22. Note that the eigenvalues
to be reordered are among the isolated eigenvalues and hence are real. This implies
that Ã22 is upper triangular. The reordering can be achieved analogously to the
reordering of eigenvalues in the real Schur form as given in [16, 31]. The following
procedure uses this standard reordering in order to swap eigenvalues within Ã22 (and
−ÃT22) and requires rotations working exclusively in rows and columns n and 2n
in order to exchange eigenvalues from Ã22 with eigenvalues from −ÃT22. Assume

(H2)n,n = (Ã22)kk = −λn. Then (H2)2n,2n = (−ÃT22)kk = λn. Let [cλn −sλn
sλn cλn

] be a

2× 2 Givens rotation matrix that annihilates the second component of [ g̃nn

−2λn
], where

g̃nn = (H2)n,2n = (G̃22)kk. Define

Uλn := I2n + (c− 1)(ene
T
n + e2ne

T
2n) + s(e2ne

T
n − ene

T
2n).

Then Uλn is a symplectic Givens rotation matrix acting in planes n and 2n, and

UT
λn

H2Uλn =




Ã11 Ã12 ā1,n G̃11 G̃12 ḡ1n

0 Ã22

... G̃T
12 G̃22

...
0 0 λn ḡ1n . . . ḡnn
0 0 0 −ÃT11 0 0

0 0 0 −ÃT12 −ÃT22 0
0 0 0 −ā1,n . . . −λn




}n− k
}k − 1
}1
}n− k
}k − 1
}1

.
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Here, the bar indicates elements changed by the similarity transformation.
The next step is now to move λn up in the upper diagonal block using again the

standard ordering subroutine such that we obtain again the form given in (5.1), just
Ã11 ∈ R

(n−k+1)×(n−k+1), and again the relations (5.2) hold. This procedure has now
to be repeated until k = 0 and Λ = σ (Â11).

Remark 5.1. If the Hamiltonian matrix has the form H = [ A BBT

CTC −AT ], which

corresponds to a linear system ẋ = Ax + Bu, y = Cx, with (A,B) stabilizable and
(C,A) detectable (see, e.g., [19, 29]), then each isolated eigenvalue in (5.1) given by
the diagonal elements of Ã11 has negative real part. Otherwise, these eigenvalues are
unstable or undetectable and cannot be stabilized/detected. Therefore, if we have not
mixed up blocks by the J-permutation matrix PJ (i.e., in Algorithm 3.4, ih = n) and
the c-stable H-invariant subspace is required, no reordering is necessary.

Remark 5.2. When solving algebraic Riccati equations using any approach based
on the Hamiltonian eigenproblem, the symplectic balancing strategy proposed here is
often not enough to minimize errors caused by ill-scaling. This is due to the effect that

for a balanced Hamiltonian matrix H = [A G

Q −AT ] we may still have ‖Q‖ � ‖G‖, which
can cause large errors when computing invariant subspaces [28]. Therefore, another
symplectic scaling using a similarity transformation with diag(

√
ρIn,

1√
ρIn) ∈ S2n,

ρ ∈ R, should be applied to H in order to achieve ‖A‖ ≈ ‖G‖ ≈ ‖Q‖ as far as
possible; see [4] for details and a discussion of several heuristic strategies to achieve
this.

Remark 5.3. Everything derived so far for Hamiltonian matrices can be applied

in the same way to skew-Hamiltonian matrices. If N ∈ SH2n, then N = [
A G

Q AT ]

with G = −GT , Q = −QT . The skew-Hamiltonian structure is again preserved
under symplectic similarity transformations. Hence, isolating eigenvalues, reordering,
etc., can be achieved in the same way as for Hamiltonian matrices as all considered
transformations do not depend on the signs in the matrix blocks A, G, Q but only
on the distinction zero/nonzero when isolating eigenvalues and on the absolute values
of the entries when equilibrating rows and norms. Note that Algorithm 4.4 even
simplifies quite a lot for real skew-Hamiltonian matrices. As qii = gii = for all i =
1, . . . , n, the scaling factor δi can be computed as in the general balancing algorithm
for nonsymmetric matrices because in (4.5) we obtain ‖h̃i‖1 = ‖h̃i‖1.

Eigenvalues of skew-Hamiltonian matrices as well as a skew-Hamiltonian Schur
form can be computed in a numerically strong backward stable way by Van Loan’s
method [32]. It is advisable to balance skew-Hamiltonian matrices using the proposed
strategies prior to applying this algorithm.

Remark 5.4. We have considered so far only real Hamiltonian and skew-Hamiltonian
matrices. Isolating eigenvalues and equilibrating rows and columns for complex
(skew-)Hamiltonian matrices can be achieved in exactly the same way. A structure-
preserving, numerically backward stable (and hence numerically strong backward
stable [11]) method for solving the complex (skew-)Hamiltonian eigenproblem has
recently been proposed [8]. The proposed symplectic balancing method can (and
should) also be used prior to applying this algorithm.

6. Numerical examples. We have tested the symplectic balancing strategy for
eigenvalue computations. The computations were done in Matlab1 version 5.2 with
machine precision ε ≈ 2.2204 × 10−16. Algorithms 3.4 and 4.4 were implemented as

1Matlab is a trademark of The MathWorks, Inc.
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Matlab functions. We used the modified algorithm as suggested by (4.8), where
we set γ = 0.95 as suggested in [26] and as implemented in the LAPACK subroutine
xGEBAL [3]. The eigenvalues of the balanced and the unbalanced Hamiltonian matrix
were computed by the square-reduced method using aMatlab function sqred, which
implements the explicit version of the square-reduced method (see [32]).

We also tested the effects of symplectic balancing for the numerically backward
stable, structure-preserving method for the Hamiltonian eigenvalue problem presented
in [7]. Like the square-reduced method, this algorithm uses the square of the Hamilto-
nian matrix. But it avoids forming the square, explicitly using a symplectic URV-type
decomposition of the Hamiltonian matrix.

As reference values we used the eigenvalues computed by the unsymmetric QR
algorithm with Parlett–Reinsch balancing as implemented in the LAPACK expert
driver routine DGEEVX [3], applied to the Hamiltonian matrix and using quadruple
precision.

Moreover, we tested the effects of balancing when solving algebraic Riccati equa-
tions with the structure-preserving multishift method presented in [1] for the examples
from the benchmark collection [6]. We only present some of the most intriguing re-
sults.

Example 6.1 (see [6, Example 6]). The system data come from an optimal control
problem for a J-100 jet engine as a special case of a multivariable servomechanism
problem. The resulting Hamiltonian matrixH ∈ R

60×60 has eight isolated eigenvalues:
triple eigenvalues at ±20.0 and simple eigenvalues at ±33.3.

Algorithm 3.4 returns il = 5 and ih = 30, and for the permuted Hamiltonian
matrix we have

H1:il−1,1:il−1 = diag(−33.3, −20.0, −20.0, −20.0 ),
Hn+1:n+il−1,n+1:n+il−1 = diag( 33.3, 20.0, 20.0, 20.0 ).

Next, the Hamiltonian submatrix

H22 =

[
H5:30,5:30 H5:30,35:60

H35:60,5:30 −HT
5:30,5:30

]

is scaled using Algorithm 4.4. After six sweeps, we obtain the balanced Hamiltonian
matrix Hb. We have ‖H‖2 = 1.44 × 108 and ‖Hb‖2 = 6.54 × 102; that is, we have
decreased the 2-norm of the matrix used in the subsequent eigenvalue computation by
more than five orders of magnitude. If the eigenvalues are computed by the square-
reduced method applied to the unbalanced Hamiltonian matrix, the triplet of isolated
eigenvalues is returned as a pair of conjugate complex eigenvalues with relative errors
≈ 4.06 × 10−11 and a simple eigenvalue with relative error ≈ 3.96 × 10−11. For
the simple eigenvalue at 33.3, the relative error is ≈ 7.7 × 10−15. For the balanced
version, these eigenvalues are returned with full accuracy since they are not affected
by roundoff errors. The relative errors for the other (not isolated) eigenvalues are
given in Figure 6.1, where we use the relative distance of the computed eigenvalues
to those computed by DGEEVX as an estimate of the real relative error.

Figure 6.1 only contains the relative errors for the eigenvalues with positive real
parts as sqred returns the eigenvalues as exact plus-minus pairs. The “+” for the 26th
eigenvalue is missing as the computed relative error for the balanced version is zero
with respect to machine precision. The eigenvalues are ordered by increasing absolute
values. From Figure 6.1, the increasing accuracy for decreasing ratio ‖H‖2/|λ| is
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Fig. 6.1. Square-reduced method.
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Fig. 6.2. Symplectic URV + periodic QR.

obvious—with or without balancing. All computed eigenvalues of the balanced matrix
are more accurate than for the unbalanced one. The increase in accuracy is more
significant for the eigenvalues of smaller magnitude. This reflects the decrease of
the ratios ‖H‖2/|λ|, which more or less determines the accuracy of the computed
eigenvalues; see [32]. The decrease factor for ‖H‖2 is about 5 × 10−6. The accuracy
for the eigenvalues of smaller magnitude increases by almost the same factor.

From Figure 6.2 we see that symplectic balancing also improves the eigenvalues
computed by the method proposed in [7]. As the method does not suffer from the
‖H‖2/|λ| perturbation, the accuracy for all computed eigenvalues is similar. Also note
that in the unbalanced version, the isolated eigenvalues are computed with a relative
accuracy ranging from 7.0× 10−14 to 1.2× 10−15.

Using the balanced matrix in order to solve algebraic Riccati equations by the
multishift method as described in [1], we obtain the following results. If the multishift
method is applied to the unbalanced data, the computed solution yields a residual

rF := ‖Q+ATX +XA−XGX‖F(6.1)

of size 1.5 × 10−6, while using the balanced Hamiltonian matrix we get rF = 8.1 ×
10−10. This shows that numerical methods for solving algebraic Riccati equations can
be substantially improved by employing balancing.

Example 6.2 (see [6, Example 13]). The Hamiltonian matrix is defined as in (1.1)
with

A =




0 0.4 0 0
0 0 0.345 0
0 −0.524 · τ −0.465 · τ 0.262 · τ
0 0 0 −τ


 ,

G = τ2e4e
T
4 ,

Q = diag (1, 0, 1, 0) ,

where τ = 106 and e4 denotes the fourth unit vector. After four sweeps of Algo-
rithm 4.4, ‖H‖2 is reduced from 1012 to 1.5 × 106. The accuracy of the computed
eigenvalues did not improve significantly, but for the stabilizing solution of the alge-
braic Riccati equation, the Frobenius norm of the residual as defined in (6.1) dropped
from rF = 5.4× 10−11 to rF = 1.8× 10−15.
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7. Concluding remarks. We have seen that isolated eigenvalues of a real
Hamiltonian matrix can be deflated using similarity transformations with symplectic
permutation matrices, the deflated problem can be scaled in order to reduce the norm
of the deflated Hamiltonian matrix and to equilibrate its row and column norms, and
the remaining (not isolated) eigenvalues then can be determined by computing the
eigenvalues of the deflated, balanced Hamiltonian submatrix. If invariant subspaces
are required, then we can use J-permutation matrices and a symplectic reordering
strategy in order to obtain the desired invariant subspaces. The same method can
be applied in order to balance skew-Hamiltonian and complex (skew-)Hamiltonian
matrices.

Numerical examples demonstrate that symplectic balancing can significantly im-
prove the accuracy of eigenvalues of Hamiltonian matrices as well as the accuracy of so-
lutions of the associated algebraic Riccati equations computed by structure-preserving
methods.

Final remark and acknowledgments. The work presented in this article con-
tinues preliminary results derived in [4]. The author would like to thank Ralph Byers,
Heike Faßbender, and Volker Mehrmann for helpful suggestions.
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Abstract. We study large, sparse generalized eigenvalue problems for matrix pencils, where
one of the matrices is Hamiltonian and the other is skew-Hamiltonian. Problems of this form arise
in the numerical simulation of elastic deformation of anisotropic materials, in structural mechan-
ics, and in the linear quadratic control problem for partial differential equations. We develop a
structure-preserving skew-Hamiltonian, isotropic, implicitly restarted shift-and-invert Arnoldi algo-
rithm (SHIRA). Several numerical examples demonstrate the superiority of SHIRA over a competing
unstructured method.
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1. Introduction. In this paper we study the numerical computation of a small
number of eigenvalues (and the associated eigenvectors) of large-scale generalized
eigenvalue problems having a certain structure that arises frequently in applications.
A 2n× 2n real matrix pencil

αN − βH = α

[
F1 G1

H1 FT
1

]
− β

[
F2 G2

H2 −FT
2

]
,(1.1)

where G1 = −GT
1 , H1 = −HT

1 , G2 = GT
2 , and H2 = HT

2 , is called a skew-
Hamiltonian/Hamiltonian pencil or, more briefly, an SHH pencil. Throughout this
paper we will assume that N and H are large and sparse. Several examples of ap-
plications that give rise to large, sparse generalized eigenvalue problems with SHH
pencils are given in section 2.

The reason for the terminology is simply this: matrices the form of N and H in
(1.1) are called skew-Hamiltonian and Hamiltonian, respectively. If

J =

[
0 In
−In 0

]
,(1.2)

where In is the n×n identity matrix, then skew-Hamiltonian matrices satisfy (NJ)T =
−(NJ) and Hamiltonian matrices satisfy (HJ)T = HJ .
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An SHH pencil and, in particular, its spectrum have considerable structure. The
eigenvalues occur in quadruplets (λ, λ̄,−λ,−λ̄) or in real or purely imaginary pairs
(λ,−λ) [24, 25, 26]. The objective of this paper is to develop algorithms that preserve
and exploit this structure. The payoffs are more efficient and more accurate algo-
rithms. In some cases, preservation of the structure is crucial to the stable solution
of a problem.

Typical applications require the few eigenvalues that are smallest in magnitude
or closest to the imaginary axis. To achieve this we must apply transformations that
have the effect of shifting the desired eigenvalues to the periphery of the spectrum,
so that they can be computed efficiently by Krylov subspace methods, e.g., Arnoldi
or Lanczos, possibly with implicit restarts. This is a standard procedure in methods
for large sparse eigenvalue problems, [33, 39]. What is special to this paper is that
our transformations and our Krylov subspace methods respect the structure of the
problem.

Our approach requires that the skew-Hamiltonian matrix N be presented as a
product in the special form

N = Z1Z2, where ZT2 J = ±JZ1,(1.3)

with Z1 and Z2 sparse. This allows us to transform the pencil αN −βH to a standard
eigenvalue problem αI−βW = αI−βZ−1

1 HZ−1
2 , in which the matrixW = Z−1

1 HZ−1
2

turns out to be Hamiltonian.
This procedure is analogous to the technique by which a symmetric pencil A−λB,

with B positive definite, is transformed to a standard eigenvalue problem using a
Cholesky decomposition B = LLT . Because of the symmetry of the decomposition,
the matrix L−1AL−T inherits the symmetry of A. In the current context, if we
introduce the skew-symmetric “inner product” 〈x, y〉J = yTJx, we find that a matrix
is Hamiltonian if and only if it is skew-symmetric with respect to this J-inner product,
i.e., 〈Hx, y〉J = −〈x,Hy〉J for all x, y ∈ R2n. The relationship between Z1 and Z2

given in (1.3) implies that Z2 is (plus or minus) the adjoint of Z1 with respect to the J-
inner product, i.e., 〈Z1x, y〉J = ±〈x,Z2y〉J for all x, y ∈ R2n. Thus the decomposition
N = Z1Z2 is a symmetric, Cholesky-like decomposition of N . Consequently, W =
Z−1

1 HZ−1
2 inherits the J-skew symmetry of H; that is, W is Hamiltonian.

We discuss two approaches that make different transformations of the Hamiltonian
operator W. The first maps W to a skew-Hamiltonian operator, from which the
eigenvalues can be extracted by an implicitly restarted Arnoldi (IRA) method that
has been modified to preserve the structure. For this approach we provide numerical
results demonstrating its effectiveness. The second approach mapsW to a symplectic
operator by a generalized Cayley transform. The desired eigenvalues can then be
extracted by an implicitly restarted symplectic Lanczos method. We only outline this
approach and discuss its advantages and disadvantages.

2. Applications. The need to solve SHH generalized eigenvalue problems arises
in many applications. The best-known example is the linear quadratic optimal control
problem for descriptor systems, where the pencil typically has the particular form

α

[
E 0
0 ET

]
− β

[
A −BBT

CTC −AT

]
,(2.1)

with B of size n×m, C of size p×n, and m << n, p << n; see [3, 4, 26]. Large sparse
problems of this type arise, for example, in the control of semidiscretized parabolic
partial differential equations [18, 31, 32].
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Here the skew-Hamiltonian matrix can be written in factored form as

N = Z1Z2 =

[
E 0
0 I

] [
I 0
0 ET

]
,(2.2)

with ZT2 J = JZ1.
The application that we will discuss in detail in this paper arises from quadratic

eigenvalue problems of the form

λ2Mx+ λGx+Kx = 0,(2.3)

where M =MT is positive definite, K = KT , and G = −GT .
Large sparse eigenvalue problems of this form arise, for example, in finite element

discretization in structural analysis [35] and in the elastic deformation of anisotropic
materials [19, 21, 34]. In these applications M is a mass matrix, and −K is a stiffness
matrix. Depending on the applications, different parts of the spectrum are of interest;
typically, one is interested in the eigenvalues with smallest real part or the eigenvalues
smallest or largest in modulus.

At first glance the quadratic eigenvalue problem (2.3) and the SHH generalized
eigenvalue problem (1.1) seem not to have much in common. However, it is well
known that the eigenvalues of (2.3) occur in quadruplets (λ, λ̄,−λ,−λ̄) or real or
purely imaginary pairs (λ,−λ) [20], just as they do for (1.1). The reason for this
similarity is that (2.3) can be “linearized” to have the form (1.1). This can be done
in several different ways. For example, if we make the substitution

y = λMx(2.4)

in (2.3) and rewrite the substitution as λx−M−1y = 0, we obtain the SHH generalized
eigenvalue problem

λN z −Hz = λ

[
I G
0 I

] [
y
x

]
−
[

0 −K
M−1 0

] [
y
x

]
= 0.(2.5)

Since N is invertible, the pencil λN −H is regular, i.e., det(λN −H) does not vanish
identically.

The skew-Hamiltonian matrix N can be written in factored form as

N = Z1Z2 =

[
I 1

2G
0 I

] [
I 1

2G
0 I

]
,(2.6)

with ZT2 J = JZ1. We note that Z1 = Z2 is a skew-Hamiltonian square root of N .
A second approach is to use the substitution

y = λx(2.7)

in (2.3) and rewrite the substitution as λMx−My = 0. This yields the SHH gener-
alized eigenvalue problem

λN z −Hz = λ

[
M G
0 M

] [
y
x

]
−
[
0 −K
M 0

] [
y
x

]
= 0.(2.8)

In this case the skew Hamiltonian matrix N can be written in factored form as

N = Z1Z2 =

[
I 1

2G
0 M

] [
M 1

2G
0 I

]
,(2.9)
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with ZT2 J = JZ1. This linearization has also been discussed in the context of Lanczos-
like algorithms for quadratic eigenvalue problems in [14].

An approach that is intermediate to the previous two uses the Cholesky factor-
ization M = LLT and the substitution

y = λLTx(2.10)

in (2.3) to obtain the SHH generalized eigenvalue problem

λN z −Hz = λ

[
L G
0 LT

] [
y
x

]
−
[
0 −K
I 0

] [
y
x

]
= 0.(2.11)

The skew-Hamiltonian matrix N can be written in the factored form

N = Z1Z2 =

[
I 1

2G
0 LT

] [
L 1

2G
0 I

]
,(2.12)

with ZT2 J = JZ1.
It turns out that all three of these linearizations give rise to the same Hamiltonian

operator W = Z−1
1 HZ−1

2 , so which one we use is just a matter of convenience.
If the matrix K is nonsingular, the substitution (2.7) together with the equiv-

alent equation Ky = λKx leads to the Hamiltonian/skew-Hamiltonian generalized
eigenvalue problem

λ

[
0 −M
K 0

] [
x
y

]
−
[

K G
0 K

] [
x
y

]
= 0.(2.13)

We prefer not to use this linearization. If K is nearly singular, as is typically the case
in practice, then the matrix pencil in (2.13) is close to a singular pencil [11].

Other linearizations that have been used are

λ

[
I 0
G M

] [
x
y

]
−
[

0 I
−K 0

] [
x
y

]
= 0(2.14)

or, equivalently,

λ

[
I 0
0 M

] [
x
y

]
−
[

0 I
−K −G

] [
x
y

]
= 0,(2.15)

which are both obtained with the substitution (2.7). Neither (2.14) nor (2.15) is SHH.

Although, in particular, (2.15) seems attractive, since the matrix
[
I
0

0
M

]
is Hermitian

positive definite, it is still preferable to use an SHH linearization, which reflects the
structure of the spectrum. Since we construct methods that respect this structure
also in finite arithmetic, the computed eigenvalues will be the exact eigenvalues of
a perturbed SHH pencil. Thus the computed eigenvalues will occur in quadruplets,
as they should. See the perturbation analysis in [3, 7, 8, 9]. Furthermore, the com-
parison of the perturbation theory for quadratic eigenvalue problems and the related
linearization, as it has been analyzed in [41], show that even numerically backward
stable methods that do not respect the special structure of the eigenvectors of the
quadratic eigenvalue problem in its linearization may be unstable.

Surveys of numerical methods for the quadratic eigenvalue problem (in various
forms) have been given in [23, 37, 38]. In particular, the Lanzcos and Arnoldi methods
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[17, 29, 33] as well as the Jacobi–Davidson iterations [36] are compared. Simultaneous
iteration methods for quadratic eigenvalue problems have been studied in [13, 28, 38].

Some of the methods can be directly applied to the quadratic problem, while
others only work for the linearizations. The major difference between the direct
solution of the quadratic problem and its linearizations is that in order to solve the
projected problems and to use implicit restarts, one needs some kind of generalized
Schur form for the problem. Such a form is not known for quadratic problems, while
for matrix pencils this is the generalized Schur form [17], and for SHH pencils there
is a structured generalized form that was analyzed in [24, 25]. Numerical methods for
its computation have been derived in [3, 4].

3. Rational transformations of Hamiltonian matrices. If the skew-Hamil-
tonian matrix N in the SHH pencil αN − βH is invertible and given in the factored
form N = Z1Z2 with ZT2 J = ±JZ1, then the pencil is equivalent to the pencil

αI − βW := αI − βZ−1
1 HZ−1

2 .(3.1)

As we explained in the introduction, W is again Hamiltonian. Hence we can consider
first transformations of Hamiltonian matrices, and then apply these to SHH pencils
by rewriting them in terms of the original data.

Suppose we want to find the eigenvalues ofW that lie nearest to some target value
λ0. The standard transformation for this purpose is (W − λ0I)

−1, which, however,
fails to preserve the structure. Each eigenvalue near λ0 is related to eigenvalues near
λ̄0, −λ0, and −λ̄0. If we are to hope to preserve the structure, we must extract all four
of these eigenvalues together. Thus we should also bring (W − λ̄0I)

−1, (W + λ0I)
−1,

and (W + λ̄0I)
−1 into play.

3.1. Transformation to a skew-Hamiltonian operator. For finding the
eigenvalues nearest the quadruplet (λ0, λ̄0,−λ0,−λ̄0) the obvious rational transfor-
mation is

R1(λ0,W) = (W − λ0I)
−1(W + λ0I)

−1(W − λ̄0I)
−1(W + λ̄0I)

−1.(3.2)

If the target λ0 is either real or purely imaginary, one may choose to use the simpler
transformation

R2(λ0,W) = (W − λ0I)
−1(W + λ0I)

−1.(3.3)

Both R1 and R2 turn out to be skew-Hamiltonian. In what follows we will focus on
the operator R1. In every case we can make similar assertions about R2.

The transformation R1(λ0,W) maps all eigenvalues near to λ0,−λ0, λ̄0,−λ̄0 si-
multaneously to values of large modulus. Hence fast convergence of the eigenvalues
near these points can be expected if we apply any of the standard iterative methods,
[33, 39].

In order to apply an iterative method such as subspace iteration or the Arnoldi
process, we need to be able to multiply the matrix R1 by an arbitrary vector at
reasonable cost, since this operation is performed repeatedly by these algorithms.
Thus we need to be able to apply operators of the form (W − σI)−1 inexpensively.
We can either work with W directly or we can refer back to the original data H and
N . Substituting Z−1

1 HZ−1
2 for W in (3.2) and simplifying, we find that

R1 = R1(λ0,H,N ,Z1,Z2)(3.4)

= Z2(H− λ0N )−1N (H+ λ0N )−1N (H− λ̄0N )−1N (H+ λ̄0N )−1Z1.
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Since Z1, Z2, and N are sparse matrices, they can be applied easily. The only
question, then, is how to apply operators of the form (H−σN )−1 inexpensively. This
question will be discussed in connection with specific applications in section 4.

We now consider the structural properties of R1(λ0,W) and R2(λ0,W), beginning
with a well-known lemma.

Lemma 3.1.
(i) If W is Hamiltonian, then W2 is skew-Hamiltonian.
(ii) If W is skew-Hamiltonian, then W2 is skew-Hamiltonian.
(iii) If W is skew-Hamiltonian and invertible, then W−1 is skew-Hamiltonian.
We omit the proof, which is straightforward, see, e.g., [1].
Proposition 3.2. If W ∈ R2n×2n is a Hamiltonian matrix, then R1(λ0,W)

in (3.2) is real and skew-Hamiltonian. If, in addition, λ0 is either real or purely
imaginary, then R2(λ0,W) in (3.3) is also real and skew-Hamiltonian.

Proof. Direct calculation shows that

R1(λ0,W) = (|λ0|4I + [2|λ0|2 − 4(�(λ0))
2]W2 +W4)−1.

Hence R1(λ0,W) is a real matrix, and by Lemma 3.1 it is skew-Hamiltonian, since the
skew-Hamiltonian matrices form a real vector space that contains the identity matrix.

A similar but simpler argument shows that R2(λ0,W) is skew-Hamiltonian.
Notice that the eigenvalues λ and −λ of W both get mapped to µ = (λ4+ c2λ

2+
c0)

−1 of R1 and to ν = (λ2−λ2
0)

−1 of R2, where c0 = |λ0|4 and c2 = 2|λ0|2−4(�(λ0))
2.

Thus all eigenvalues of R1 and R2 have even multiplicity. This fact, which is true of
skew-Hamiltonian matrices in general, must be taken into account by our numerical
methods.

Recall that the Krylov subspace Kj(A, v) is defined by

Kj(A, v) = span
{
v,Av,A2v, . . . , Aj−1v

}
.

The Arnoldi method and other Krylov subspace methods generate Krylov subspaces,
where v is the starting vector and A is the operator being applied, e.g., R1 in our
case; see [33]. Recall, furthermore, that a subspace S of R2n is called isotropic if and
only if yTJx = 0 for all x, y ∈ S. In other words, S is isotropic if and only if JS
is orthogonal to S with respect to the standard inner product on R2n; see [2]. The
beauty of skew-Hamiltonian operators is that the Krylov subspaces that they generate
are isotropic.

Proposition 3.3. Let A ∈ R2n×2n be a skew-Hamiltonian matrix, let v ∈ R2n,
and let j be a positive integer. Then the Krylov subspace Kj(A, v) is isotropic.

Proof. Since A is real skew-Hamiltonian, one easily shows that all of its powers Ai,
i = 0, 1, 2, 3, . . ., are also skew-Hamiltonian. This means that JAi is skew-symmetric.
To establish isotropy of Kj(A, v), it suffices, by linearity, to prove that (Aiv)TJAkv =
0 for all i ≥ 0 and k ≥ 0. Since ATJ = JA, we have (Aiv)TJAkv = vTJAi+kv, which
equals zero because JAi+k is skew-symmetric.

We now introduce an isotropic Arnoldi process, which will form the basis for
our numerical method. At first we allow A to be an arbitrary 2n × 2n real matrix.
Recall that the Arnoldi process starts with an arbitrary unit vector q1 and produces
orthonormal vectors as follows. Given orthonormal vectors q1, . . . , qj , the next vector
qj+1 is generated by forming Aqj and then orthogonalizing it against q1, . . . , qj . Thus

qj+1hj+1,j = Aqj −
j∑
i=1

qihij ,
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where hij = qTi Aqj , i = 1, . . . , j, and hj+1,j is a positive constant chosen so that
||qj+1||2 = 1.

If we wish to build isotropic subspaces, we should orthogonalize against the vectors
Jq1, . . . , Jqj as well. Thus the jth step of the isotropic Arnoldi process is

qj+1hj+1,j = Aqj −
j∑
i=1

qihij −
j∑
i=1

Jqitij ,(3.5)

where

hij = qTi Aqj and tij = (Jqi)
TAqj ,(3.6)

and hj+1,j is a positive constant chosen so that ||qj+1||2 = 1. This generates orthonor-
mal vectors that span isotropic subspaces.

If A is real skew-Hamiltonian, then the coefficients tij in (3.5, 3.6) will all be
zero, by Proposition 3.3. Thus the isotropic Arnoldi process reduces to the ordinary
Arnoldi process in this case, at least in theory.

If the quantity on the right-hand side of (3.5) is zero, then the process breaks
down. It can be continued by setting hj+1,j = 0 and taking qj+1 to be any unit
vector that is orthogonal to q1, . . . , qj and Jq1, . . . , Jqj . Equation (3.5) holds in this
case, too. In exact arithmetic, the process terminates after n− 1 steps, as q1, . . . , qn
together with Jq1, . . . , Jqn form an orthonormal basis of R2n.

Let Q ∈ R2n×n be the matrix whose columns are q1, . . . , qn. Then (3.5) can be
rewritten as

AQ =
[

Q −JQ
] [ H
−T

]
,(3.7)

where H is an upper Hessenberg matrix built from the coefficients hij and T is an
upper triangular matrix built from the coefficients tij .

Recall that a matrix S ∈ R2n×2n is symplectic if STJS = J . The next lemma
recalls a few simple properties that we need; see [2].

Lemma 3.4.
(i) If the columns of Q ∈ R2n×n are orthonormal and span an isotropic subspace,

then the matrix
[

Q −JQ
]
is both orthogonal and symplectic.

(ii) If N is skew-Hamiltonian and S is symplectic, then S−1NS is skew-Hamiltonian.

Equation (3.7) implies that

A
[

Q −JQ
]
=
[

Q −JQ
] [ H N
−T P

]
(3.8)

for some N and P . The matrix U = [ Q −JQ
]
is orthogonal and symplectic by

Lemma 3.4, and we have

U−1AU =
[

H N
−T P

]
.

If A is skew-Hamiltonian, then, since the skew-Hamiltonian property is preserved
under symplectic similarity by Lemma 3.4, we must have P = HT , TT = −T , and
NT = −N . Since T is upper triangular, the additional equation TT = −T implies
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T = 0, which we had already noted. This gives the following result, which is not new
[42].

Proposition 3.5. Let N be a real skew-Hamiltonian matrix. Then for every
unit vector q1 ∈ R2n there exists an orthogonal symplectic matrix U that has q1 as its
first column such that

UTNU =
[

H N
0 HT

]
,(3.9)

and H is in Hessenberg form.
The multiplicity of the eigenvalues of N is reflected in the structure of the matrix

in (3.9). For each double eigenvalue of N , one copy resides in H, and the other copy
is in HT .

When we apply the Arnoldi process to a large, sparse matrix in practice, we have
neither the time nor the storage space to carry the process to completion. Instead we
stop after k steps with k � n. The coefficients hij computed to this point form a k×k
submatrix of H whose eigenvalues (Ritz values) we can compute and use as estimates
of eigenvalues of H, and hence of N . Since the eigenvalues do not appear in duplicate
in H, we get each eigenvalue once, not twice. This is important to the success of the
numerical method. If we make the effort to compute, say, six eigenvalues, we would
like to get six distinct eigenvalues, not three eigenvalues in duplicate.

The developments outlined here are valid only for real matrices. However, it has
been shown in [10] that for complex problems an embedding of the problem into a
double sized real problem can be used to get a real skew-Hamiltonian problem from
which all the spectral information can be obtained.

3.2. Transformation to symplectic form. Another natural rational transfor-
mation that is sometimes applied to Hamiltonian matrices is the generalized Cayley
transform. See [27] for a detailed analysis. Given a target λ0, the generalized Cayley
transform of the Hamiltonian matrix W is

S1(λ0,W) = (W − λ0I)
−1(W + λ̄0I)(W − λ̄0I)

−1(W + λ0I).(3.10)

By using four factors we obtain a real matrix, even when the target λ0 is complex. If
λ0 is real, we can use the simpler two-factor Cayley transform

S2(λ0,W) = (W − λ0I)
−1(W + λ0I).(3.11)

Notice that for i = 1, 2, S−1
i (λ) = Si(−λ). Thus it is no more expensive to apply

S−1
i than Si.
In terms of the original data we have

S1 = S1(λ0,H,N ,Z1,Z2)

= Z2(H− λ0N )−1(H+ λ̄0N )(H− λ̄0N )−1(H+ λ0N )Z−1
2 .(3.12)

A similar expression holds for S2.
We now discuss the structural properties of S1 and S2. The following proposition

is well known [27].
Proposition 3.6.
(i) If W ∈ R2n×2n is Hamiltonian, then S1(λ0,W) in (3.10) is real symplectic.
(ii) If W ∈ R2n×2n is Hamiltonian and λ0 is real, then S2(λ0,W) in (3.11) is

real symplectic.
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The use of symplectic matrices has several advantages and disadvantages com-
pared with skew-Hamiltonian matrices. First of all, in contrast to the skew-Hamiltonian
case, not every symplectic matrix has a symplectic Schur form [22]. What is worse in
the symplectic case is that in order to achieve a symplectic Hessenberg-like form with
an orthogonal symplectic transformation matrix Q, we must choose a first column of
Q that has a very special form [2]. Thus Arnoldi methods, with or without restarts,
cannot be used with symplectic matrices, which is definitely a disadvantage of this
rational transformation.

The transformation S1 maps all eigenvalues near λ0, λ̄0 simultaneously to values
of large modulus. At the same time the eigenvalues near −λ0,−λ̄0 are mapped close
to 0. These correspond to large eigenvalues of the inverse transformation S−1

1 . The
coexistence of extremely large and small eigenvalues is an inevitable consequence of
the fact that eigenvalues of a symplectic matrix occur in quadruplets µ, µ̄, µ−1, µ̄−1.
Any method that preserves the symplectic structure must extract quadruplets intact.
This can be achieved by structure-preserving Lanczos-like methods that employ both
S and S−1 in a symmetric manner. See [5, 6, 15] for structure-preserving implicitly
restarted Lanczos-like methods applicable to symplectic problems. These are the sorts
of methods we must apply to S1 and S2.

Another disadvantage of the Cayley transform is that it is effective only if the
target λ0 is not too close to the imaginary axis. Notice that if λ0 is purely imaginary,
then S1 = I, which is not useful for extracting spectral information about W.

An advantage of the Cayley transform approach is that, unlike the skew-Hamil-
tonian approach, it can be extended to complex matrices and matrix pencils in a
straightforward way.

4. Applying the operators. In our two applications the matrices N , H, Z1,
and Z2 have further structure that can be used to simplify the formulas.

4.1. Quadratic eigenproblems. Let us first study the quadratic eigenvalue
problem in the linearization (2.8) with N in factored form (2.9). First,

H− σN = −
[

σM σG+K
−M σM

]

=

[
I −σI
0 I

] [
0 −Q(σ)
M 0

] [
I −σI
0 I

]
,(4.1)

where

Q(σ) := σ2M + σG+K.(4.2)

Thus

(W − σI)−1 = Z2(H− σN )−1Z1

=

[
M 1

2G
0 I

] [
I σI
0 I

] [
0 M−1

−Q(σ)−1 0

] [
I σI
0 I

] [
I 1

2G
0 M

]
.(4.3)

We can obtain an expression that does not involve M−1 by using one or the other of
the factorizations[

0 M−1

−Q(σ)−1 0

]
=

[
0 I

−Q(σ)−1 0

] [
I 0
0 M−1

]
(4.4)
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and [
0 M−1

−Q(σ)−1 0

]
=

[
M−1 0
0 I

] [
0 I

−Q(σ)−1 0

]
.(4.5)

Substituting (4.4) into (4.3) and combining the last three matrices, we obtain

(W − σI)−1 =

[
M 1

2G
0 I

] [
I σI
0 I

] [
0 I

−Q(σ)−1 0

] [
I 1

2G+ σM
0 I

]
.(4.6)

If we use (4.5) instead of (4.4), we obtain instead

(W − σI)−1 =

[
I 1

2G+ σM
0 I

] [
0 I

−Q(σ)−1 0

] [
I σI
0 I

] [
I 1

2G
0 M

]
.(4.7)

Both of these expressions are useful.
To apply this operator in either form (4.6) or (4.7) we will need a sparse LU

decomposition of the sparse, nonsymmetric matrix Q(σ) [17]. In R1(λ0,W) there are
four factors of the form (W − σI)−1, corresponding to σ = ±λ0 and σ = ±λ̄0. Thus
it might appear that we need four sparse LU factorizations in order to apply R1.
However, one immediately observes that

Q(σ̄) = σ̄2M + σ̄G+K = Q(σ),

Q(−σ) = σ2M − σG+K = Q(σ)
T
,

Q(−σ̄) = σ̄2M − σ̄G+K = Q(σ)
T
.(4.8)

An LU factorization of Q(σ) immediately yields factorizations of Q(σ̄), Q(−σ), and
Q(−σ̄). Thus one sparse LU factorization is all we need.

There are several other ways to apply (W − σI)−1 efficiently to a real vector for
real W and complex σ. One possibility is described in [30]. Another possibility is
to embed the matrix in a double sized real matrix and then use a real factorization.
Which of these different approaches is best will depend on the structure of the matrices
G, K, amd M and also on the choice of shifts.

To derive the formulas for applying the operator R1, we first discuss the applica-
tion of R2. If we combine expressions (4.6) and (4.7), replacing σ by λ0 in (4.6) and
by −λ0 in (4.7), we obtain

R2(λ0,W) = (W − λ0I)
−1(W + λ0I)

−1

=

[
M 1

2G
0 I

] [
I λ0I
0 I

] [
0 I

−Q(λ0)
−1 0

] [
I G
0 I

]
(4.9)

×
[

0 I
−Q(−λ0)

−1 0

] [
I −λ0I
0 I

] [
I 1

2G
0 M

]
,

which can be readily translated into an algorithm for applying the operator R2, i.e.,

for multiplying R2 by a vector. For example, to multiply the factor
[
I
0

1
2G
M

]
by the

vector
[
x
y

]
, we only need to perform the operations x ← x + 1

2Gy and y ← My,

which requires two sparse n × n matrix-vector products and one saxpy operation.

To multiply
[

0
−Q(−λ0)−1

I
0

]
by
[
x
y

]
, we perform the operations x̂← −x, x← y, and

y ← Q(λ0)
−1x̂. Given a sparse LU factorization ofQ(λ0), we obtain y ← Q(λ0)

−1x̂ by
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two sparse triangular solves. Applying these observations to (4.9), we easily determine
the total work for multiplying R2(λ0,W) by a vector.

The sparse LU factorization of Q(λ0) needs to be computed only once; then R2

can be applied repeatedly. No further LU factorizations are needed unless the target
λ0 is changed. If λ0 is real, then all operations are real and we may use R2 instead of
R1.

Since R1(λ0,W) = R2(λ0,W)R2(λ̄0,W), we obtain an expression for R1(λ0,W)
by combining two copies of (4.9), one with λ0 replaced by λ̄0. Combining two matrices
in the middle of the product, we eliminate one sparse matrix-vector product and one
saxpy operation. Thus the cost of applying R1 is just slightly less than twice that of
applying R2. We summarize the costs in Table 4.1.

Table 4.1
Operation count for applying the operator R1, assuming a sparse LU factorization of Q(λ0) is

available.

8 Sparse triangular solves
4 Symmetric sparse matrix-vector products Mz
5 Skew symmetric sparse matrix-vector products Gz
9 Saxpy operations

In general the arithmetic is complex; however, if λ0 is real, then all operations
are real.

If λ0 is neither real nor purely imaginary, there is a trick that halves the cost of
computing R1(λ0,W) [30]. In this case one easily verifies that R1(λ0,W) is propor-
tional to the imaginary part of R2(λ0,W), so we can obtain R1(λ0,W) at the costs
listed in Table 4.2 (with complex arithmetic) by simply computing R2(λ0,W) and
keeping the imaginary part.

Table 4.2
Operation count for applying the operator R2, assuming a sparse LU factorization of Q(λ0) is

available.

4 Sparse triangular solves
2 Symmetric sparse matrix-vector products Mz
3 Skew symmetric sparse matrix-vector products Gz
5 Saxpy operations

The symplectic operators S1 and S2 can be applied similarly. Inverting (4.7) and
replacing σ by −σ, we obtain

(W + σI) =

[
I 1

2G
0 M

]−1 [
I σI
0 I

] [
0 −Q(−σ)
I 0

] [
I σM − 1

2G
0 I

]
.(4.10)

Now combining (4.7) with (4.10) and replacing σ by λ0, we get the expression

S2(λ0,W) = (W − λ0I)
−1(W + λ0I)

=

[
I λ0M + 1

2G
0 I

] [
0 I

−Q(λ0)
−1 0

] [
I 2λ0I
0 I

]
(4.11)

×
[
0 −Q(−λ0)
I 0

] [
I λ0M − 1

2G
0 I

]
,

which can be readily translated into an algorithm for applying the operator S2. The
total work for multiplying S2(λ0,W) by a vector is summarized in Table 4.3.
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Table 4.3
Operation count for applying the operator S2, assuming a sparse LU factorization of Q(λ0) is

available.

2 Sparse triangular solves
3 Symmetric sparse matrix-vector products Mz
3 Skew symmetric sparse matrix-vector products Gz
1 Symmetric sparse matrix-vector product Kz
7 Saxpy operations

We have counted the operation Q(−λ0)v as three matrix-vector products, one
each by M , G, and K, and two saxpy operations. The work can be decreased by
computing Q(−λ0) in advance and storing it if there is sufficient storage space. If λ0

is real, then all operations are real.
Juxtaposing two copies of (4.11), we obtain the following expression for S1(λ0,W):

S1(λ0,W) = (W − λ0I)
−1(W + λ0I)(W − λ̄0I)

−1(W + λ̄0I)

=

[
I λ0M + 1

2G
0 I

] [
0 I

−Q(λ0)
−1 0

] [
I 2λ0I
0 I

]

×
[
0 −Q(−λ0)
I 0

] [
I 2�(λ0)M
0 I

] [
0 I

−Q(λ̄0)
−1 0

]
(4.12)

×
[

I 2λ̄0I
0 I

] [
0 −Q(−λ̄0)
I 0

] [
I λ̄0M − 1

2G
0 I

]
,

which can be translated into an algorithm for applying the operator S1. The total
work for multiplying S1(λ0,W) by a vector is summarized in Table 4.4.

Table 4.4
Operation count for applying the operator S1, assuming a sparse LU factorization of Q(λ0) is

available.

4 Sparse triangular solves
5 Symmetric sparse matrix-vector products Mz
4 Skew symmetric sparse matrix-vector products Gz
2 Symmetric sparse matrix-vector products Kz

11 Saxpy operations

In general the arithmetic is complex; however, if λ0 is real, then all operations
are real.

Typically, the triangular LU factors are sparse, but not nearly as sparse as the
original matrices. Thus the most expensive operations listed in Tables 4.2–4.4 are the
sparse triangular solves. The matrix-vector products are cheaper, but still significant.
The saxpy operations are relatively insignificant. Bearing these facts in mind and
comparing Tables 4.1 and 4.4, we conclude that the symplectic operator S1 can be
applied significantly less expensively than R1 can.

4.2. Optimal control problems. Consider the SHH pencil

α

[
E 0
0 ET

]
− β

[
A −BBT

CTC −AT

]
(4.13)

from the linear quadratic optimal control problems for descriptor systems, and con-
sider the decomposition of N given by (2.2). We have

R1 = R1(λ0,H,N ,Z1,Z2)

= Z2(H− λ0N )−1N (H+ λ0N )−1N (H− λ̄0N )−1N (H+ λ̄0N )−1Z1
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from (3.4). In this case each of the terms (H− σN )−1 can be factored as

(H− σN )−1 =

[
A− σE −BBT

CTC − (AT + σET
) ]−1

=

[
F−1 0
0 I

] [
I BBT

0 I

] [
F 0
0 D−1

] [
I 0

−CTC I

] [
F−1 0
0 I

]
,(4.14)

where F = A−σE and D = − (AT + σET
)
+CTCF−1BBT . To apply this operator

we will certainly need an LU factorization of A − σE. We will also need an LU
factorization of AT + σET , which we will use together with the Sherman–Morrison–
Woodbury formula [17] to evaluate D−1.

We have to apply (4.14) with σ = λ0, λ̄0, −λ0, and −λ̄0. If we have sparse
LU factorizations associated with one choice of σ, then we automatically get the
other factorizations. For example, if we have LU factorizations A− λ0E = L1U1 and
AT + λ0E

T = L2U2, then we also have

A− λ̄0E = L̄1Ū1, AT + λ̄0E
T = L̄2Ū2,

A+ λ0E = UT
2 LT2 , AT − λ0E

T = UT
1 LT1 ,

A+ λ̄0E = ŪT
2 L̄T2 , AT − λ̄0E

T = ŪT
1 L̄T1 .

(4.15)

To apply D−1 efficiently, we exploit the fact that the term CTCF−1BBT has low
rank. Recalling that m and p are the number of columns in B and CT , respectively,
let us assume that p ≤ m. (Otherwise, exchange the roles of B and C.) Then, with
A − σE = T1V1, −

(
AT + σET

)
= T2V2 being any of the factorizations listed above,

we can apply the Sherman–Morrison–Woodbury formula [17] to obtain

D−1 = (T2V2 + CTCV −1
1 T−1

1 BBT )−1

= V −1
2 (I − T−1

2 CTN−1CV −1
1 T−1

1 BBTV −1
2 )T−1

2 ,(4.16)

where N = I + CV −1
1 T−1

1 BBTV −1
2 T−1

2 CT is by assumption a very small matrix
(p× p) and typically full. The cost to compute N consists of 4p triangular solves plus
4nmp+ 2mp2 flops (much less if B is sparse). An additional 2p3 flops are needed to
invert this small matrix. This part of the computation must be done four times, once
for each choice of σ.

With N−1 available we see from (4.16) that the cost of multiplying D−1 by a
vector is essentially that of six sparse triangular solves. The other operations, such as
multiplication of B by a vector, are relatively insignificant if B and C are sparse. Thus
the cost of applying (H − σN )−1 in (4.14) is 10 sparse triangular solves plus small
change, and the cost of applying R1 in (3.4) is 40 sparse triangular solves plus change.
Similarly, the cost of applying S1 (3.12) is a bit more than 20 sparse triangular solves.

4.3. Skew-Hamiltonian versus symplectic operators. We have already dis-
cussed some of the advantages and disadvantages of the two rational transformations
that lead to skew-Hamiltonian and symplectic operators, respectively.

The advantage of the skew-Hamiltonian operator is that we can apply the IRA
method, while for the symplectic operator we have to use special symplectic Lanc-
zos methods with all their possible stability problems due to breakdowns or near-
breakdowns. Due to the possible breakdowns, these latter methods are also more
difficult to implement in practice; see [16]. Furthermore, as we have discussed, the



1918 VOLKER MEHRMANN AND DAVID WATKINS

symplectic operator cannot be used when the target shift is close to or on the imagi-
nary axis, which is a frequent situation in optimal control problems.

But the symplectic operators also have advantages, since the cost of applying the
operator is roughly half of that for the skew-Hamiltonian operator, and the method is
also applicable for complex pencils. It should be noted, though, that in the symplectic
Lanczos method we need to apply both the operator and its inverse at each step.

Taking this comparison into account, we have implemented the IRA method based
on the skew-Hamiltonian operator for its simplicity and numerical robustness, and
since we can also use it with shifts near or on the imaginary axis.

5. Implementation of the skew-Hamiltonian Arnoldi method. We imple-
mented a modified version of the IRA method [39] that applies the skew-Hamiltonian
operator R1 (3.4). Since our method is a skew-Hamiltonian, isotropic, IRA method,
we call it SHIRA.

In order to preserve the structure, instead of a standard Arnoldi step we use the
isotropic Arnoldi step (3.5), (3.6) with A = R1. In exact arithmetic the coefficients
tij should all be zero, but in practice roundoff errors cause them to be nonzero. By
subtracting out the tiny components Jqitij , we ensure that the spaces span{q1, . . . , qj}
are isotropic to working precision. For accuracy we use the modified Gram–Schmidt
method [17] to compute the coefficients hij and tij , rather than applying the formulas
(3.5) literally. Finally, since modified Gram–Schmidt does not always generate vectors
that are orthogonal to working precision [12], we perform two orthogonalization sweeps
on q1, . . . , qj . After j steps of the isotropic Arnoldi process we have vectors q1, . . . ,
qj+1 satisfying

AQj = QjHj + JQjTj + qj+1hj+1,je
T
j ,(5.1)

where Qj = [q1 · · · qj ], and Hj and Tj are matrices of coefficients. Our method ignores
Tj and so depends on the fact that the elements of Tj are tiny. Our implementation of
the IRA method is standard [39]; the shifts are chosen to select for the eigenvalues of
A of largest magnitude. Each implicit restart, i.e., each iteration of the IRA method,
produces a new configuration of the form (5.1) with a different starting vector q1 and,
typically, a smaller hj+1,j . After several restarts, hj+1,j becomes negligible, and we
have, up to roundoff errors,

AQj = QjHj .

The eigenvalues of Hj are j of the eigenvalues of A = R1(λ0,W), and they are
typically the j largest in magnitude. If we actually want fewer than j eigenvalues,
we can monitor hk+1,k for k ≤ j. If we stop when hk+1,k is negligible, we get k
eigenvalues.

5.1. Eigenvalue computation. The Arnoldi process yields eigenvalues of the
matrix R1(λ0,W), but we actually want eigenvalues of the Hamiltonian matrix W.
Each eigenvalue µ of R1 corresponds to two eigenvalues ±λ of W satisfying (λ2 −
λ2

0)(λ
2 − λ̄2

0) = 1/µ. A seemingly straightforward approach is to solve the quadratic
equation

(ν − λ2
0)(ν − λ̄2

0) = 1/µ(5.2)

for ν, and then compute ±√ν to get the eigenvalues. Unfortunately, (5.2) has two
solutions, only one of which corresponds to eigenvalues of W. Thus one is faced with
deciding which ν is the correct one.
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We have adopted a different approach which dodges this decision and also allows
us to make a final test of the backward stability of the result. Once hk+1,k is negligible,
the space span{q1, . . . , qk} is, up to roundoff errors, an invariant subspace under R1.
Normally it is also invariant under W2 (but not under W) since R1 is a function of
W2. The space span{q1, . . . , qk} can fail to be invariant underW2 only if two distinct
eigenvalues of W2 are mapped to the same eigenvalue of R1. We calculate the Ritz
values of W2 with respect to the space span{q1, . . . , qk}; that is, we calculate the
eigenvalues µi of B = QT

kW2Qk. Then ±√µi are the eigenvalues of W that we seek.
As a byproduct of the computation of B, we obtain the vectors W2Qk, which we

use to compute the residual ∣∣∣∣W2Qk −QkB
∣∣∣∣
F

(5.3)

and thereby check whether or not span{q1, . . . , qk} really is invariant underW2. This
test is necessary because, as we have already mentioned, it can happen that a space
that is invariant under R1 fails to be invariant under W2. For example, if λ0 is
chosen so unfortunately that two distinct eigenvalues of W2 are mapped to the same
eigenvalue of R1, then R1 will have a four-dimensional eigenspace spanned by two two-
dimensional eigenspaces of W2. If the Arnoldi process picks up only one vector from
this space, it will typically not be an eigenvector ofW2, and the space span{q1, . . . , qk}
will not be invariant under W2.

It is interesting to note that the practical need for such a stability test is related
to our insistence upon enforcing isotropy. In principle a Krylov subspace can contain
at most a one-dimensional subspace of a multidimensional eigenspace, so the Arnoldi
process will find at most one copy of a geometrically multiple eigenvalue. However,
as is well known [40], roundoff errors will turn multiple eigenvalues into simple ones,
and hence we will detect different approximations of the multiple eigenvalues. This is
mostly a nuisance for us, because the eigenvalues ofW2 are all geometrically multiple,
and we would rather not pay to calculate two copies of each eigenvalue. Therefore, we
use the isotropic Arnoldi method which enforces isotropy. It has the effect that each
eigenvalue is picked up only once in practice. It has the unfortunate side effect that
when a four-dimensional invariant subspace of R1 consists of two two-dimensional
invariant subspaces of W2, only one vector from that space is found, from which it is
impossible to deduce eigenvectors of W2. Fortunately the merging of eigenspaces is a
rare event.

Finally, we should note that this approach to eigenvalue calculation requires ap-
plication of the operator W2. In our quadratic eigenvalue applications, linearized as
in (2.5) or (2.8), we have

W =

[
I − 1

2G
0 I

] [
0 −K

M−1 0

] [
I − 1

2G
0 I

]
.

To apply M−1, we need to compute the Cholesky decomposition of M . Typically the
Cholesky factor is quite sparse, and this step does not add substantially to the overall
computing time. At this point in the computation we no longer need the LU factors
of Q(λ0) (used for applying R1), so we can use that storage space for the Cholesky
factor of M .

5.2. Eigenvector computation. In the course of the eigenvalue computation
we can easily obtain the corresponding Ritz vectors, which are eigenvectors of W2.
Each of these is a particular member of a two-dimensional eigenspace of W2 but
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in general not an eigenvector of W. Thus, if we want eigenvectors to go with our
eigenvalues, we need to do more work. This is a shortcoming of the skew-Hamiltonian
approach.

Given eigenvalues, the quickest way to obtain corresponding eigenvectors is to
perform inverse iteration. In the case of the quadratic eigenvalue problem, in view of
[41], we refer back to the original form of the problem:

Q(λ)v = λ2Mv + λGv +Kv = 0.

For each eigenvalue λ we form a sparse LU decomposition of Q(λ) and use the de-
composition to perform one step of inverse iteration

v = Q(λ)−1w.

Due to the form of linearization that we have used in (2.8), the bottom half of the
eigenvector of W corresponds to an eigenvector of the quadratic eigenvalue problem.
Therefore we use as starting vector w the bottom half of the 2n-dimensional Ritz
vector of W2 associated with λ2. We have found that the choice of starting vectors
is not crucial. Even random starting vectors produce good results. Note further
that the residual ||Q(λ)v||2 / ||v||2 gives another measure of backward stability of the
computation.

To compute the eigenvector associated with the eigenvalue −λ, we exploit the
relationship Q(−λ) = Q(λ)T . Thus, as in (4.8), the LU decomposition of Q(λ) can
also be used for the computation v = Q(−λ)−1w.

If the complex eigenvalue λ has eigenvector v, then λ̄ has eigenvector v̄.
In summary, the cost of computing the eigenvectors associated with a pair {λ,−λ}

or a quadruple {λ,−λ, λ̄,−λ̄} is one sparse LU decomposition plus four sparse tri-
angular solves. If several sets of eigenvectors are wanted, they can be computed in
parallel, given available processors and memory, or they can be computed sequentially,
reusing the memory space for the LU decompositions.

6. Numerical results. We applied the skew-Hamiltonian Arnoldi method to
solve numerous quadratic eigenvalue problems

λ2Mx+ λGx+Kx = 0.(6.1)

All computations were done in Matlab version 5.2 on a Linux machine.
In one class of problems that we considered, we built matrices of order n = m2

by a tensor product construction. Let B denote the m×m nilpotent Jordan block

B =



0 0
1
. . .

1 0


 ,

and define M̃ = 1
6 (4Im +B +BT ), G̃ = B −BT , and K̃ = −(2Im −B −BT ). Then

we set

M = c11Im ⊗ M̃ + c12M̃ ⊗ Im,

G = c21Im ⊗ G̃+ c22G̃⊗ Im,

K = c31Im ⊗ K̃ + c32K̃ ⊗ Im,

(6.2)
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Fig. 6.1. Eigenvalues of 100× 100 quadratic pencil.

where the coefficients cij are positive constants. We have M = MT > 0, G = −GT ,
and K = KT < 0.

Example 6.1. If we take m = 10 and

c11 = 1.00, c12 = 1.30,
c21 = 1.35, c22 = 1.10,
c31 = 1.00, c32 = 1.20,

(6.3)

then we obtain a 100 × 100 quadratic pencil, whose 200 eigenvalues are shown in
Figure 6.1. These were computed by applying Matlab’s eig command to the 200×200
matrix pencil (2.8), ignoring all structure, at a cost of 885× 106 flops.

Suppose we want to use SHIRA to compute the 12 eigenvalues that are closest
to the imaginary axis. Then, supposing that we know nothing about where the
eigenvalues lie, our safest course of action is to choose a target shift λ0 that lies on
the imaginary axis. Table 6.1 shows the flop counts for computing these eigenvalues
using three different choices of purely imaginary target. Results are given for our
structured method SHIRA and a competing unstructured method, which applies the
IRA method (in complex arithmetic) to the shifted inverted Hamiltonian operator
(W − λ0I)

−1; see (4.7). Because of the shift, this operator has no structure.

Table 6.1
Flop count for computing the 12 smallest eigenvalues (and associated eigenvectors) of the pencil

in Example 6.1 using structured and unstructured methods.

Flops (106)
λ0 SHIRA Unstructured
0.1i 17.3 71.8
1.0i 11.4 26.3
5.0i 44.9 98.2
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We see that both methods benefit from a good choice of shift, but regardless
of shift, SHIRA outperforms the unstructured method by a factor of two or more.
SHIRA applies IRA (in real arithmetic) to the skew-Hamiltonian operator R1 (3.2)
and finds the six largest eigenvalues (three complex-conjugate pairs), which corre-
spond to three quadruplets of eigenvalues of (6.1). We used 10 Arnoldi steps per
implicit restart. Using the shift λ0 = i, for example, the competing method finds the
six eigenvalues (in the upper half-plane) that are closest to the shift, not realizing
that they constitute three pairs (λ,−λ̄). We then deduce six other eigenvalues by
taking complex conjugates. Again we used 10 Arnoldi steps per implicit restart. For
both methods we used a deflation tolerance of 10−10. In all cases the errors in the
computed eigenvalues and eigenvectors were less than 10−9.

Example 6.2. Consider another pencil built from matrices of the form (6.2), this
time with m = 5. Use the same coefficients as in (6.3), except that c21 = 0.1. This
results in a pencil whose smallest eigenvalues are real. The three smallest positive
eigenvalues are

λ1 = 0.6726432397672,
λ2 = 0.9866442639296,
λ3 = 1.0689101679903.

Using SHIRA with an appropriate tolerance and any reasonable shift (e.g., λ0 = 0,
i, or 0.5), we can compute these eigenvalues quickly, with any desired accuracy up to
machine precision. The purpose of this example is to show that an unfortunate choice
of shift can cause our eigenvalue computation scheme to fail. If we take λ0 = λ̂0 =√
(λ2

1 + λ2
2)/2, then the two eigenvalues λ2

1 and λ2
2 of W2 are mapped to the same

eigenvalue of R1(λ0,W), which then has a four-dimensional eigenspace associated
with that eigenvalue. With this choice of λ0, SHIRA is unable to calculate correct
values for λ1 and λ2. Checking the residual (5.3), we find that

∣∣∣∣W2Qk −QkB
∣∣∣∣
F
≈

.37
∣∣∣∣W2Qk

∣∣∣∣
F
, indicating that the space span{q1, . . . , qk} is not invariant under W2.

This is a red flag that tells us that our results cannot be trusted.
A simple remedy is to change λ0. Even a tiny change suffices. For example,

if we run SHIRA with λ0 = λ̂0 + 10
−5 (and deflation tolerance 10−10), we get the

three smallest eigenvalues correct to twelve decimal places compared with the eigen-
values computed by the QZ-algorithm [17]. The residual (5.3) is

∣∣∣∣W2Qk −QkB
∣∣∣∣
F
≈(

4× 10−11
) ∣∣∣∣W2Qk

∣∣∣∣
F
, indicating that the subspace is invariant under W2 to within

the desired tolerance.
Example 6.3. Finally, we consider a quadratic eigenvalue problem obtained by

a finite element discretization of equations of elastic deformation of an anisotropic
material [19, 21, 34]. The matrices have dimension 2223. Suppose we wish to find
the twelve eigenvalues closest to the imaginary axis. It is known a priori that the
eigenvalues lie near the real axis, so it makes sense to use a real target shift. In fact,
the six smallest eigenvalues in the right half-plane are

λ1 = 0.96269644895,
λ2 = 0.98250961158 + 0.00066849814i,
λ3 = 0.98250961158− 0.00066849814i,
λ4 = 1.35421843051,
λ5 = 1.39562564903,
λ6 = 1.49830518846.

The flops needed to compute these eigenvalues by SHIRA using R1, R2, and the
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Table 6.2
Flop count for computing smallest 12 eigenvalues of the quadratic pencil in Example 6.3 using

structured and unstructured methods.

Flops (107) —
λ0 SHIRA R1 SHIRA R2 Unstructured
0 32.6 28.4 140.1
0.3 32.6 28.5 79.6
0.6 28.4 25.7 69.8
0.9 28.4 23.0 50.7
1.2 19.8 17.5 31.5

unstructured method using various choices of real target shift are given in Table 6.2.

Again we used a deflation tolerance of 10−10. We see that SHIRA can benefit
from a good choice of λ0 but also does well if a good shift is not known. In particular,
it performs well even for the poor but safe choice λ0 = 0. In each case SHIRA
computes the six largest eigenvalues of R1(λ0,W) or R2(λ0,W), which turn out to be
one complex pair and four real eigenvalues. These yield twelve eigenvalues of W, one
complex quadruplet, and four real {λ,−λ} pairs. In all of these runs we used nine
Arnoldi steps per implicit restart.

In contrast with SHIRA, the unstructured method is highly dependent on a good
choice of shift. Given a good shift, such as λ0 = 1.2, the unstructured method was
nearly competitive with SHIRA. It computed the six positive eigenvalues closest to
λ0, which turned out to be the eigenvalues that we wanted. We then deduced the six
negative eigenvalues −λ1, . . . ,−λ6 from the structure. We used nine Arnoldi steps
per implicit restart.

The problem with the unstructured approach is that if we choose a target that
is too large, we might miss the smallest eigenvalues. On the other hand, if we take a
shift that is too close to the origin, then since an unstructured method does not reflect
the relationship between the paired eigenvalues λ,−λ, λ̄,−λ̄, we end up computing
some of the left half-plane eigenvalues explicitly. For example, in the case λ0 = 0.3, λ6

is not among the six smallest eigenvalues of the shifted operator. We had to compute
nine eigenvalues in order to find λ1, . . . , λ6; we also got −λ1, −λ2, and −λ3. We took
twelve Arnoldi steps per restart.

Using the shift λ0 = 0, the safest choice, we have to compute all twelve eigenvalues
explicitly. We used fifteen Arnoldi steps per restart. As Table 6.2 shows, many more
flops were needed in this case than in all other cases.

Table 6.2 shows only the cost of the eigenvalue computation, which is SHIRA’s
strength. If one wants eigenvectors as well, the cost is an extra 15.7 × 107 flops for
SHIRA and only 2.3 × 107 flops for the unstructured approach. If one adds these
numbers to those in Table 6.2, one sees that SHIRA is still faster, indeed much faster
in the cases where the best shift is not known in advance.

7. Conclusion. We have discussed structure preserving shift-and-invert Krylov
subspace methods for the computation of a few eigenvalues and eigenvectors of large,
sparse SHH pencils. We have demonstrated that a skew-Hamiltonian shift-and-invert
IRA method can speed up the computation of desired eigenvalues in the interior of
the spectrum significantly. Furthermore, by this approach it is guaranteed that the
computed spectrum has the correct symmetry structure.
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203–222.

[5] P. Benner and H. Faßbender, An implicitly restarted symplectic Lanczos method for the
Hamiltonian eigenvalue problem, Linear Algebra Appl., 263 (1997), pp. 75–111.

[6] P. Benner and H. Faßbender, The symplectic eigenvalue problem, the butterfly form, the
SR algorithm, and the Lanczos method, Linear Algebra Appl., 275/276 (1998), pp. 19–47.

[7] P. Benner, V. Mehrmann, and H. Xu, A new method for computing the stable invariant
subspace of a real Hamiltonian matrix, J. Comput. Appl. Math., 86 (1997), pp. 17–43.

[8] P. Benner, V. Mehrmann, and H. Xu, A numerically stable, structure preserving method for
computing the eigenvalues of real Hamiltonian or symplectic pencils, Numer. Math., 78
(1998), pp. 329–358.

[9] P. Benner, V. Mehrmann, and H. Xu, A note on the numerical solution of complex Hamilto-
nian and skew-Hamiltonian eigenvalue problems, Electron. Trans. Numer. Anal., 8 (1999),
pp. 115–126.

[10] P. Benner, V. Mehrmann, and H. Xu, Perturbation Analysis of the Eigenvalue Problem
of a Formal Matrix Product, Berichte aus der Technomathematik, Report 00–01, FB3–
Mathematik und Informatik, Universität Bremen, 28334 Bremen, Germany, 2000. Available
online from http://www.math.uni-bremen.de/zetem/berichte.html.

[11] R. Byers, C. He, and V. Mehrmann, Where is the nearest non-regular pencil?, Linear Algebra
Appl., 285 (1998), pp. 81–105.

[12] J. Daniel, W. Gragg, L. Kaufman, and G. Stewart, Reorthogonalization and stable al-
gorithms for updating the Gram-Schmidt QR factorization, Math. Comp., 30 (1976), pp.
772–795.

[13] E. D’yakunov and A. Knyazev, The group iterative method for finding low-order eigenvalues,
Vestnik Moskov. Univ. Ser. XV Vychisl. Mat. Kibernet., 2 (1982), pp. 29–34.

[14] W. Ferng, W.-W. Lin, and C.-S. Wang, Numerical algorithms for undamped gyroscopic
systems, Comput. Math. Appl., 37 (1999), pp. 49–66.

[15] R. Freund, Transpose-free quasi-minimal residual methods for non-hermitian linear systems,
in Recent Advances in Iterative Methods, IMA Vol. Math. Appl. 60, G. Golub, A. Green-
baum, and M. Luskin, eds., Springer-Verlag, New York, 1994, pp. 69–94.

[16] R. W. Freund, M. H. Gutknecht, and N. M. Nachtigal, An implementation of the look-
ahead Lanczos algorithm for non-Hermitian matrices, SIAM J. Sci. Comput., 14 (1993),
pp. 137–158.

[17] G. Golub and C. Van Loan, Matrix Computations, 3rd ed., Johns Hopkins University Press,
Baltimore, MD, 1996.

[18] A. S. Hodel and K. Poolla, Heuristic approaches to the solution of very large sparse Lya-
punov and algebraic Riccati equations, in Proceedings of the 27th IEEE Conference on
Decision and Control, Austin, TX, 1988, pp. 2217–2222.

[19] V. Kozlov, V. Maz’ya, and J. Roßmann, Spectral properties of operator pencils generated by
elliptic boundary value problems for the Lamé system, Rostock. Math. Kolloq., 51 (1997),
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Abstract. The relationship between the so-called nonstandard finite-difference schemes and the
nodal integral method (NIM) is investigated using the Fisher equation as a model problem. Exact and
best finite-difference schemes are reviewed first. Next, the NIM for the Fisher equation is developed.
It is shown that the NIM leads to a nonstandard evaluation of the derivatives. Moreover, the resulting
scheme possesses the desirable characteristics of the nonstandard finite difference schemes, such as
the nonlocal evaluation of the nonlinear terms. Thus, the NIM provides a systematic framework to
obtain schemes similar to the best finite-difference schemes. Numerical results for a propagating
front problem show that the NIM can capture the shape and speed of the front very accurately.
Results also show that the best finite-difference scheme is stable for large grid sizes but only at
the cost of inaccuracy in the front propagation speed. Additional results are obtained using the
NIM for symmetric and asymmetric initial conditions. These describe the interaction of two fronts
of advantageous genes that approach each other and merge. It is noted that the traveling fronts
evolving from certain asymmetric initial conditions become indistinguishable from those that evolve
from symmetric initial conditions.

Key words. nodal integral method, best finite-difference schemes, semianalytical numerical
schemes, Fisher equation, wave propagation
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1. Introduction. Several nodal methods have been developed over the last two
decades to solve partial differential equations (PDEs) [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11]. A common feature among these is the analytical or semianalytical treatment
of at least a part of the PDE(s). This is accomplished, for example, by introducing
known solutions of one-dimensional, steady-state problems in multidimensional or
time-dependent problems, or by reducing the PDEs to a set of ordinary differential
equations (ODEs) via the transverse integration process, and then approximately
solving the ODEs. Hence, a class of these methods is also known as analytical nodal
methods [6, 8]. A major advantage of these methods is that they yield an accurate
solution over large grid/step sizes. Consequently, these methods are especially suitable
for problems with large spatial and/or time domains. The details of one particular
kind of nodal method—the so-called nodal integral (or integration) method (NIM) [2,
5]—will be given in section 3 in the context of the Fisher equation (FE).

A different approach for the solution of PDEs (and ODEs) that also relies on
analytical solutions or conservation laws leads to nonstandard finite-difference (NSFD)
schemes such as the exact finite-difference (EFD) and/or the best finite-difference
(BFD) schemes [12, 13, 14, 15, 16]. A finite-difference (FD) scheme is called an EFD
scheme if the solution for all step sizes at all grid points is equal to the exact analytical
solution of the differential equation at the corresponding grid points. It is intuitively
expected that only those differential equations that have a closed form exact solution
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will lead to EFD schemes. Not surprisingly, the interest in the EFD schemes—which
are available for a limited number of ODEs and even fewer PDEs—is in their utility in
gaining numerical insight for the development of improved FD schemes for problems
that do not admit EFD schemes. For differential equations that do not admit EFD
schemes, the corresponding notion of BFD schemes is developed—as the next best
thing to an EFD scheme. While the idea of the EFD scheme is fairly well defined,
the notion of the BFD scheme is a little vague. An FD scheme is called a BFD
scheme if the important properties of its solutions correspond exactly to the related
properties of the solutions to the differential equation for all values of the step size
[15]. Specific important properties may include conservation laws, special cases of
known exact solutions, and stability properties of fixed points, etc. BFD schemes for
complex problems are developed by taking advantage of the known EFD schemes for
simpler problems—imparting an analytical component to the BFD schemes.

A word on terminology: a node in the NIM (which roughly corresponds to the
grid point in the FD methods) refers to a finite region in the space of independent
variables. The discrete unknowns in the NIM are the phase variables averaged over
(n − 1) dimensional surfaces of these nodes, where n is the number of independent
variables in the problem.

Given the properties of the BFD schemes and the NIM, and their similar semi-
analytical background, it is desirable to investigate the common features in these
schemes with the goal of providing insight for the development of improved schemes.
The fact that both schemes rely on specialized procedures specific to the problem at
hand necessitates that this exercise be carried out in the context of a specific problem.
The FE is chosen here to be the model problem for such a comparison.

The FE

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
+ λu(x, t)(1− u(x, t))(1)

describes the propagation of an advantageous gene in a one-dimensional infinite
medium [17]. Kolmogoroff, Petrovsky, and Piscounov [18] studied this equation and
showed, among other properties, that for all bounded initial conditions (ICs) in an
infinite domain, the results remain bounded. Canosa [19] developed a second order
perturbation solution for the FE for large characteristic speeds. Later, Gazdag and
Canosa [20] used the accurate space derivative (ASD) technique [21] to numerically
solve the FE and showed the evolution of various ICs into the traveling wave of min-
imal speed. Convergence of the ASD method required cutting off the right-hand tail
of the wave moving toward the right. Moreover, the speed with which an IC evolved
to the time-asymptotic minimum speed wave also depended upon the point at which
the right-hand tail was cut off. As is shown below, the NIM does not have such re-
strictions. An excellent review of the FE (and other nonlinear diffusion problems), its
properties, and its numerical solutions is given by Sachdev [22].

The rest of this paper is divided into five sections. The EFD and BFD schemes
are briefly reviewed in section 2. The NIM is developed for the FE in section 3. The
NIM scheme is compared in section 4 with the BFD scheme of Mickens [15], and
similarities and differences between the two schemes are identified. Numerical results
and discussion are in section 5. Section 6 summarizes the paper.

2. Review of EFDs and BFDs. This section is based on the material in [12,
15, 16]. Consider the following first and second order ODEs:

dy(t)

dt
= µy(t),(2)
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d2y(x)

dx2
+ νy(x) = 0.(3)

Various discrete approximations for the derivative in these equations lead to the stan-
dard FD schemes for the two equations. By standard FD schemes (SFD), we mean
ones in which the derivatives are approximated by, for example, the backward, for-
ward, or central difference formulas. With forward differences for the first derivative
and central differences for the second derivative, the discrete forms of (2) and (3) are

yj − yj−1

∆t
= µyj−1(4)

and

yi+1 − 2yi + yi−1

(∆x)2
+ νyi = 0,(5)

where the subscript i indicates the spatial grid points and the subscript j indicates
the time level. Later, for space- and time-dependent problems, the same subscripts,
separated by a comma, will be used. Equations (4) and (5) will be referred to as
the SFD schemes for (2) and (3), respectively. But, given the fact that the exact
solution of (2) and (3) is known to any sophomore, one can easily construct the exact
FD schemes for them by first (exactly) solving the differential equations with the
corresponding initial and boundary conditions, and then by rewriting the solution in
the same format as (4) and (5) [12]. This leads to

yj − yj−1(
eµ∆t − 1

µ

) = µyj−1(6)

and

yi+1 − 2yi + yi−1

4

ν

[
sin

(√
ν∆x

2

)]2 + νyi = 0.(7)

The SFD schemes—(4) and (5)—and the EFD schemes—(6) and (7)—differ from each
other only by the denominators in the approximations of the derivatives. However, the
latter schemes have no restrictions on the size of the time step or grid size—the results
will always be exact (to machine accuracy). On the other hand, restrictions on the
size of these parameters for the SFD schemes are well known. Note that the approxi-
mations for the derivatives in the SFD schemes are functions of the discrete variables
and the grid size (∆t or ∆x), whereas the “approximations” for the derivatives in the
EFD schemes depend also on the system parameters (µ, ν).

This observation that the EFD schemes differ from the SFD schemes by so little
(at least in these very simple cases), motivated a similar approach for real problems
with no exact solution. As a generalization of the approximation for the first and
second order derivatives, a general FD scheme has been suggested [15] in which the
denominator in the FD approximations of the derivatives is generalized to functions
of the grid size and problem parameters

yj − yj−1

Ψ(∆t, µ)
= µyj−1(8)
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and

yi+1 − 2yi + yi−1

φ(∆x, ν)
+ νyi = 0,(9)

where Ψ(∆t, µ) and Φ(∆x, ν) behave like

Ψ(∆t, µ) = (∆t) +O((∆t)2),(10)

Φ(∆x, ν) = (∆x)2) +O((∆x)3).(11)

The fact that (2) and (3) have known exact solutions made it easy, in fact possible,
to find EFD schemes for them. For nonlinear ODEs that do not admit exact solutions,
other conditions—some generic and some specific to each equation—are imposed to
arrive at a BFD scheme. Consider the following equation:

d2y

dx2
+ νy(1− y) = 0.(12)

There is no EFD scheme for (12). Hence, a BFD scheme is developed by preserving
the constant of motion of the above ODE (the energy, E, of the nonlinear conservative
oscillator) [13]. In arriving at the BFD scheme for (12), it is also required that the
BFD scheme for the nonlinear problem must reduce to the EFD for the linear problem
when the nonlinear term is absent. The details are given in [13, 16].

While the development of the EFD and BFD schemes for ODEs is seemingly
straightforward, extensions to PDEs have relied on somewhat ad hoc methods. One
approach is to first develop the EFD/BFD schemes for the subproblems of the PDE
in question. Subproblems are simply obtained from the original PDE by considering,
for example, the steady-state case, the space-independent case, the linear version
of the PDE, etc. These schemes are then combined in such a way that the discrete
representation of the PDE reduces to the discrete version of the appropriate continuous
subproblem in the corresponding limit [15]. For example, the BFD scheme for the FE
is obtained by combining the EFD scheme for the space-independent case (d2u/dx2 =
0), the SFD scheme for the λ = 0 case, and the BFD scheme for the time-independent
case (du/dt = 0, (12)). The BFD scheme for the FE is constructed such that in
the appropriate limit the scheme reduces to the proper discrete model of the relevant
subequation [16]. This leads to the following discretization for the FE:

ui,j − ui,j−1(
eλ∆t − 1

λ

) =
ui+1,j − 2ui,j + ui−1,j

4

λ

[
sin

(√
λ∆x

2

)]2

+ λui,j−1 − λ
(
ui+1,j + ui,j + ui−1,j

3

)
ui,j−1,(13)

where i indicates the spatial grid point and j is the time step counter. Here, the first
order time- and the second order space derivatives are approximated by nonstandard
approximations similar to those in (6) and (7) for the linear equations with EFD
schemes. The nonlinear term in the discretized FE is represented nonlocally, i.e., it
is evaluated not at one grid point but rather as the product of the local population
density at the previous time step and a population density averaged over the three
consecutive grid points at the current time step. This feature—nonlocal evaluation of
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the nonlinear terms—appears repeatedly in such schemes. Despite the implicit nature
of the other terms, the linear term is evaluated at the previous time step, and so is one
of the u variables in the nonlinear (u2) term. These features make this BFD scheme
significantly different from SFD schemes.

In the next section, where the NIM is developed for the FE, it is shown that
the discrete set of equations for the NIM—obtained through a much more systematic
procedure than those used to obtain the BFD scheme—also has many of the same
features.

3. NIM formulation for the FE. The space-time domain is divided into lay-
ers of nx spatial elements, or nodes, each of width 2a in the horizontal (spatial)
direction and of height ∆t. Nonuniform nodes in space can easily be incorporated.
A coordinate system local to each space-time node is defined with the origin at the
bottom-center of the node. See Figure 1. Hence, −a ≤ x′ ≤ a, tj ≤ t′ ≤ tj + ∆t.
The space-averaged/time-dependent and time-averaged/space-dependent population
densities over each node (i, j) are defined as

ūxi,j(t
′) ≡ 1

(2a)

∫ +a

−a
u(x′, t′) dx′,(14)

ūti,j(x
′) ≡ 1

∆t

∫ tj+∆t

tj

u(x′, t′) dt′.(15)

The discrete variables associated with the node (i, j) are ūxi,j(≡ ūxi,j(t
′ = tj + ∆t))

and ūti,j(≡ ūti,j(x
′ = +a)). Having defined the transverse-averaged, local phase vari-

ables, the next step in the development of the NIM is to reduce the PDE to a set of
ODEs—one for each independent variable, obtained by averaging over all independent
variables except one. As explained in detail below, the ODEs are then solved, and the
constant(s) are eliminated in favor of the discrete variables at node interfaces. A set
of coupled algebraic equations for the discrete variables is then obtained by imposing
appropriate interface conditions (C0, C1, etc.) at node interfaces.

In general, the ODEs for transverse-averaged variables cannot be solved exactly.
Hence, all the terms that can lead to an exact homogeneous solution are retained
on the left-hand side, while the other terms are lumped into what is often called
the pseudosource term on the right-hand side of the transverse-integrated equations.
Complete solutions of the ODEs are written as the sum of the homogeneous and
particular solutions. The pseudosource terms, being a function of the dependent
variables, must be approximated before the particular solutions for the ODEs can be
explicitly written. The pseudosource terms are hence projected onto a complete set
of basis functions and truncated at a desired order. The number of terms kept in the
expansion determine the order of the numerical scheme [5]. Since the pseudosource
terms are unknown, this projection is only formal, and a scheme must be identified
to determine the coefficients. Nodal schemes vary based on how these coefficients
are determined. One approach is to approximate the pseudosource terms using the
discrete variables from the previous iteration [2]. A second approach involves the
imposition of certain constraint conditions to arrive at additional algebraic equations
to eliminate the coefficients [5]. This is the procedure used below in the development
of the NIM for the FE.

The FE allows us the freedom to incorporate the linear term in either the solution
of the time-averaged equation, or in the solution of the space-averaged equation, or in
both. A priori it is difficult to decide exactly how the linear term must be “divided”



NODAL INTEGRAL METHOD AND NONSTANDARD FD SCHEMES 1931

Fig. 1. Schematic diagram of the space-time nodes and discrete variables in the nodal integral
method.

between the two ODEs for best results. Hence, we proceed with a general approach
which allows us to numerically investigate the role of the linear term in each of the
ODEs. The linear term in the FE is hence written as

λu(x, t) ≡ λ(α+ β)u(x, t),(16)

where (α+ β) = 1.

Operating on the FE by 1
∆t

∫ tj+∆t

tj
dt′, the equation for the time-step averaged,

space-dependent, local population density becomes

d2ūt(x′)
dx′2

+ λαūt(x′) = S̄t(x′)

≡ 1

∆t

∫ tj+∆t

tj

(
∂u(x′, t′)

∂t′
− λβu(x′, t′) + λu2(x′, t′)

)
dt′,(17)

and the nodal space-averaged, time-dependent equation—obtained by operating on
the FE by 1

2a

∫ +a

−a dx
′—is



1932 RIZWAN-UDDIN

dūx(t′)
dt′

− λβūx(t′) = S̄x(t′)

≡ 1

2a

∫ +a

−a

(
∂2u(x′, t′)
∂x′2

+ λαu(x′, t′)− λu2(x′, t′)
)
dx′,(18)

where the subscript (i, j) has been omitted for convenience. The two ODEs are now
solved. Note that different combinations of α and β will yield different functional
forms for node interior variation of the space-averaged/time-dependent and time-
averaged/space-dependent population densities. Specifically, assuming λ is always
positive, a positive, zero, or negative α will yield (for zeroth order approximation
for the pseudosource term), respectively, a trigonometric, quadratic, or exponential
variation over the space dimension. Similarly, a positive/negative or zero β will yield,
respectively, an exponential or linear variation for the space-averaged population den-
sity over time. In the development below, α may be negative, and hence the trigono-
metric functions with complex arguments in those cases will actually be exponential
(or hyperbolic) functions.

À la nodal integral scheme [5], the pseudosource terms S̄t(x′) and S̄x(t′) in (17)
and (18) are expanded in, say, Legendre polynomials, and truncated at the zeroth
order—which is known to lead to a second order scheme. Hence, S̄t(x′) ∼= S̄t0 and
S̄x(t′) ∼= S̄x0. Equations (17) and (18) are now solved over the node (i, j) with initial
and boundary conditions (Figure 1)

ūx(t′ = tj) = ūxi,j−1,

ūt(x′ = −a) = ūti−1,j , ūt(x′ = a) = ūti,j .
(19)

The results are

ūt(x′) =

[
S̄t0i,j
λα

]
−
[
2S̄t0i,j − (λα)(ūti,j + ūti−1,j)

2(λα) cos(
√
λαa)

]
cos(
√
λαx′)

+

[
(ūti,j − ūti−1,j)

2 sin(
√
λαa)

]
sin(
√
λαx′)(20)

and

ūx(t′) = − S̄x0i,j
(λβ)

+

[
S̄x0i,j
(λβ)

+ ūxi,j−1

]
eλβ(t′−tj),(21)

where, again, it is understood that these are local solutions within the space-time
node (i, j).

The discrete equation for the time-step-averaged population density, ūti,j , is ob-
tained by requiring the first derivative of the time-step-averaged u to be continuous at
the node interface (continuity of flux condition). Hence, two expressions are evaluated
and equated for the derivative dūt(x′)/dx′ at the common interface between nodes
i and (i + 1), i.e., (20)—which is for node (i, j)—is differentiated and evaluated at
x′ = a, and the result is equated to the derivative of the corresponding equation for
the node (i + 1, j) evaluated at x′ = −a. This yields the three point scheme that
relates ūti−1,j , ū

t
i,j , and ū

t
i+1,j :

ūti+1,j − 2ūti,j + ūti−1,j

4

λα

[
sin

(√
λα∆x

2

)]2 + λαūti,j =
(S̄t0i,j + S̄t0i+1,j)

2
.(22)
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The discrete equation for the space-averaged population density for the node, ūxi,j , is
obtained by simply evaluating (21) at t′ = (tj +∆t):

ūxi,j − ūxi,j−1[
eλβ∆t − 1

λβ

] − λβūxi,j−1 = S̄x0i,j .(23)

To eliminate the pseudosource terms S̄t0i,j and S̄x0i,j , two conditions are imposed [5].
First the FE (1) is integrated over the space-time node

1

2a∆t

∫ +a

−a

∫ tj+∆t

tj

(
∂u(x′, t′)

∂t′
− ∂2u(x′, t′)

∂x′2

− λαu(x′, t′)− λβu(x′, t′) + λu2(x′, t′)
)
dx′ dt′ = 0,(24)

which, using the definitions of the pseudosource terms S̄t0i,j and S̄x0i,j from (17) and
(18), becomes

S̄t0i,j = S̄x0i,j + λ(ūxti,j)
2,(25)

where the average of the product has been approximated by the product of the av-
erages, which is known to lead to a second order error [5], and the space-time-node-
averaged velocity ūxti,j is defined in (26). The second condition is obtained by requiring
that the space-time-node-averaged population density obtained by first averaging in
time and then in space should be equal to the average population density obtained
by first averaging in space and then in time, i.e.,

ūtx ≡ 1

2a

∫ +a

−a
ūt(x′) dx′ =

1

∆t

∫ tj+∆t

tj

ūx(t′) dt′ ≡ ūxt.(26)

Equation (26) is evaluated by substituting the expressions for ūt(x′) and ūx(t′) from
(20) and (21), respectively.

The node-averaged population density and the pseudosource terms are eliminated
using (25) and (26) from the set of discrete equations (22) and (23). Expressions for
ūxi,j and ūti,j obtained after eliminating the pseudosource terms, S̄t0i,j and S̄x0i,j , are
given in the appendix. Equations (22), (23), and (25)—with pseudo source terms—
are, however, much more instructive in analyzing the discrete form of the FE for the
NIM than those given in the appendix (with pseudosource terms eliminated). Here,
to explicitly bring out the nonlinear terms in the discrete equations, (23) and (22) are
combined with (25) and rewritten below.

ūxi,j − ūxi,j−1[
eλβ∆t − 1

λβ

] − λβūxi,j−1 + λ(ūxti,j)
2 = S̄t0i,j ,(27)

ūti+1,j − 2ūti,j + ūti−1,j

4

λα

[
sin

(√
λα∆x

2

)]2 + λαūti,j − λ
[
(ūxti,j)

2 + (ūxti+1,j)
2

2

]
=

(S̄x0i,j + S̄x0i+1,j)

2
.(28)
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The structure of the discrete equations and their relationship to each other can now
clearly be seen. Both (27) and (28) represent a discrete version of the FE. Hence, when
compared with the FE, these equations’ RHSs must represent the terms missing on
their LHSs. Equation (27) is missing the diffusion term and the α-fraction of the linear
term. The zeroth order approximation of the time-step-averaged pseudosource term,
RHS of (27), indeed represents these terms missing from the LHS of (27); see (17).
Equation (28), on the other hand, is missing the time derivative and the β-fraction
of the linear term. Equation (18) shows that the RHS of (28) indeed represents the
terms missing on the LHS, calculated in an average sense over the nodes on both
sides of the surface on which the continuity of the derivative condition (C1) is being
imposed. Additional comments on the structure of these discrete equations are made
in the next section.

4. Comparison of the BFD scheme and the NIM. The most obvious dif-
ference between the NIM and the BFD scheme (or the FD schemes in general) is
that unlike point values in the FD schemes, the discrete variables in the NIM are the
transverse-averaged variables at node surfaces. The number of discrete unknowns per
node in the NIM is equal to the number of independent variables. Consequently for
the FE, while there is only one unknown, the population density ui,j , per grid point
in the FD schemes, there are two unknowns (and hence two equations) for each of the
space-time node, (i, j), in the NIM: the space-averaged population density at the top
surface ūxi,j and the time-averaged population density at the right surface ūti,j . Hence,
care should be exercised when comparing the two schemes.

The implicit BFD scheme for the FE is given by (13). Corresponding discrete
equations for the NIM are (27) and (28), which clearly show the similarities with the
BFD scheme. In the discrete equation for ūxi,j , (27), the time-derivative for the space-
averaged population density is represented by the nonstandard form, as is the second
derivative with respect to x in the discrete equation for the time-averaged population
density ūti,j , (28). The linear term in the discrete equation for ūxi,j (27) is, as in the
BFD scheme, evaluated at the previous time step. On the other hand, the linear
term in (28) (second term on the LHS) is, in terms of the only appropriate discrete
variable, the time-averaged population density at the point where the derivative is
being evaluated. For comparison, the (entire) linear term in the BFD scheme is
evaluated at the previous time step.

As stated previously, one of the characteristics of the BFD schemes is that the
nonlinear terms in the discrete schemes are evaluated nonlocally. In fact, nonlocal
evaluation of the nonlinear terms is considered to be essential in a BFD scheme [15].
Precisely how the nonlinear term must be evaluated is not known a priori and varies
from one problem to another. For the FE, the u2 term is represented by the product
of the local u variable at the previous time step and the average of the population
density at three grid points at the current time step. As in the BFD scheme, the
NIM also leads to a discrete set of equations that requires nonlocal evaluation of the
nonlinear terms. Moreover, the form of the nonlinear terms in the NIM has a precise
physical meaning—each of the u variables is simply the average u over the immediate
space-time domain that influences the discrete variable being evaluated. Marching
in time—given ūxi,j−1, find ū

x
i,j—involves only a single node, and hence the nonlinear

term in (27) is simply the square of the average population density in that node, (i, j).
See Figure 1. On the other hand, evaluation of the time-step-averaged population
density, ūti,j (28), depends upon two nodes, (i, j) and (i+1, j), the unknown being at
the interface of these two nodes. The nonlinear term is hence approximated nonlocally
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as the arithmetic average of the square of the space-time-averaged population density
in the neighboring nodes on each side.

Both schemes preserve some of the constants of motion. While only the time-
independent subproblem of the BFD scheme conserves energy, the general space- and
time-dependent NIM does satisfy the original PDE over each space-time node in an
integral sense—a direct consequence of one of the conditions imposed to evaluate
expressions for the pseudosource terms.

The systematic approach of the NIM for PDEs clearly shows that FD-type schemes
that have the properties of the BFD schemes can be developed via a transverse integra-
tion process. This systematic approach of the NIM is in contrast with the combining
process of the BFD schemes that requires the assembly of the FD schemes for subprob-
lems such that the full model reduces to the BFD or EFD model of the subproblems
in the appropriate limits [16].

5. Results and discussion. Four numerical examples are presented. The first
example is used to compare the BFD scheme and the NIM. This example is also used
to carry out parametric studies on time step size, grid/node size, optimum values
of α and β, etc. The other three problems are chosen to investigate the evolution
from different ICs, representing symmetric and asymmetric initial distributions of the
population density, leading to the asymptotic solution. Neither the BFD scheme nor
the NIM required cutting off the tails of the moving fronts for convergence as required
by the ASD method [20, 21].

Example 1. The initial population density is 1 for x < 0 and zero for x > 0.
Boundary conditions are set at 0 for x → ∞, and 1 for x → −∞. The initial
step-profile in this case evolves to a front with (minimum) wave speed of c = 2 and
propagates to the right [19]. Boundary conditions for the numerical calculations are
specified at x = −20 and x = 80. The calculations were repeated with boundary
conditions specified at x = −10 and x = 30, and no noticeable differences were found
in the results. Results of the BFD scheme at t = 10 for ∆t = 0.01 and for various
spatial grid sizes are shown in Figure 2a. At a grid size of about 0.333, the solution
reaches its asymptotic behavior, and there is no noticeable change in the solution for
∆x = 0.25. The profile compares very well with the second order asymptotic solution
given by Canosa [19]. There are no wiggles in the solution even at very coarse grid
sizes. However, the wave speed is clearly much higher than the minimum speed of
2 for simulations with large ∆x. The original motivation for the BFD schemes was
to take advantage of the EFD schemes of similar equations and develop FD schemes
that will be free of elementary instabilities [16]. That goal for simulations with large
∆x is achieved for the FE, so it seems, only by sacrificing the correct propagation
speed. The effect of the time step size on accuracy is reported in Figure 2b. The BFD
scheme yields fairly good results even with ∆t = 0.05, and the profile obtained using
∆t = 0.01 is essentially indistinguishable from that obtained with ∆t = 0.005. The
population density profiles at different times, obtained with ∆x = 0.5 and ∆t = 0.01,
are presented in Figure 2c. As expected, after the initial transient, the front moves
with the minimum speed of 2 to the right.

Corresponding results for the NIM are shown in Figures 3 and 4. For all NIM
results in this paper, values of the time-step-averaged u variable ūti,j are plotted at
discrete values of the x coordinate. Recall that these are u values at discrete x
coordinates but are averaged over the jth time step. For the NIM, the role of α and
β on the accuracy of the results is first investigated with ∆t = 0.01 and a relatively
coarse spatial grid size of ∆x = 1 (All combinations of α and β studied resulted in
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Fig. 2. Parametric studies for the best finite difference scheme: (a) Grid effect, (b) time step
size effect, (c) propagating front starting from a step function.

very accurate results at fine mesh sizes.) Results in Figure 3, when compared with
the fine grid solution of the BFD scheme (as well as the fine grid NIM solutions),
show that the combination (α, β) = (−1, 2) yields the most accurate solution. Notice
that this means that the node interior spatial solution for the time-step-averaged
population density is being represented by hyperbolic functions. It is believed that
this choice is dictated by the fact that local spatial segments of the propagating
front are better represented (modeled) by hyperbolic functions than by trigonometric
functions. Hence, for α = −1, the (local) solution for ūt(x′) is of the form

ūt(x′) = − S̄
t0

λ
+ C1 sinh(

√
λx′) + C2 cosh(

√
λx′).

For problems with a more wavy (oscillatory) spatial solution, a positive value of α
is expected to be optimal. For the rest of the calculations reported in this paper we
used (α, β) = (−1, 2).

The effect of node size on the results of the NIM is shown in Figure 4a. Compar-
ison of results in Figures 2a and 4a clearly shows that the NIM—though very slightly
contaminated by an undershoot for the very large node size of 2.0—yields the same
level of accuracy with ∆x = 1 as the BFD scheme yields with ∆x = 0.25. Recalling
that there are two unknowns in the NIM for each node, compared to the single un-
known per grid point for the BFD scheme, the above comparison shows that for the
same number of unknowns, the results obtained using the NIM with nx/2 nodes are
comparable in accuracy to the results from the BFD scheme with nx grid points.

The time step can similarly be rather large in the NIM. As shown in Figure 4b, for
∆t as large as 0.2, the NIM yields very good accuracy. The “error” in the simulation
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Fig. 3. Parametric study to determine the effects of the parameters α and β on the accuracy of
the numerical result for the nodal integral method. ūti,j is plotted at t = 10 for different combinations
of α and β.

Fig. 4. Parametric studies for the nodal integral method. Shown are values of ūti,j at discrete

values of the x coordinate: (a) Grid effect, (b) time step size effect, (c) propagating front starting
from a step function.
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Fig. 5. Comparison of the BFD scheme and the NIM for the propagating front problem with
their respective reference solutions. For the NIM, ūti,j are plotted at discrete values of the x coordi-
nate.

with an even larger time-step of ∆t = 0.5 is not as big as it might appear from
Figure 4b. Recall that for the NIM, the discrete variable being plotted here is the
u variable averaged over the last time-step. Hence, ūti,j for different ∆t cases are
averaged over different time segments: over 9.99 < t < 10.0 for the ∆t = 0.01 case,
and over 9.5 < t < 10 for the ∆t = 0.5 case. Consequently, with a propagating speed
of 2, the front for the latter case is expected to be about 0.5 units behind the former.
Figure 4c shows the traveling front profile at different times obtained using the NIM.
As in the BFD case, the front moves with a velocity of 2 to the right after the initial
transient.

Results obtained using the BFD scheme and the NIM are compared with their cor-
responding reference results in Figure 5. For the BFD scheme, the population density
u obtained using ∆t = 0.1 and ∆x = 0.5 is plotted at t = 10. The corresponding ref-
erence solution was obtained using the BFD scheme with (∆x,∆t) = (0.25, 0.01). For
the NIM, the time-step averaged population density is calculated with ∆t = 0.1 and
∆x = 1.0, leading to the same number of discrete unknowns as those in the BFD cal-
culation. The reference result for the NIM was calculated with (∆x,∆t) = (0.5, 0.01).
(See the comment made above in reference to Figure 4b when comparing the results
obtained using the NIM with two different time steps.) The propagating front calcu-
lated using the BFD scheme is moving faster than the reference solution. The NIM
results, however, match very well with the corresponding reference results.

Examples 2–4. Evolution of three different ICs is studied in these problems using
the NIM. All problems were solved with ∆x = 1.0, (α, β) = (−1, 2), and with zero
boundary conditions specified at x = −40 and x = 40.
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The evolution of the initially concentrated population density of the advantageous
gene, u(x, 0) = 1 for −1 ≤ x ≤ 1 and zero elsewhere, is shown in Figure 6a. As
expected, strong diffusion initially causes the population density to drop at the site
of its initial concentration, but it recovers with time as a result of the (nonlinear)
generation term. As time increases, two fronts of the advantageous gene, symmetric
about the origin, travel to the left and right with the minimum speed.

To study the interaction of two wave fronts approaching each other, the FE is
solved with ICs that are symmetric or asymmetric about the origin. The interaction
of two symmetric concentrations of the population density is studied with the IC
u(x, 0) = 1 for −5 ≤ x ≤ −4 and 4 ≤ x ≤ 5, and zero elsewhere. The symmetric
evolution of the initial profile is shown in Figure 6b. To study the asymmetric IC and
its effect on front propagation, the FE was solved with u(x, 0) = 1.0 for 4 ≤ x ≤ 5 and
u(x, 0) = 0.5 for −5 ≤ x ≤ −4, and u(x, 0) = 0 elsewhere. The resulting population
density profiles at different times are shown in Figure 6c. An interesting feature in
the asymmetric IC problem is that at large times (t > 10), the effect of the initial
asymmetry disappears and the left moving front and the right moving front have
shapes and positions that are almost mirror images of each other (Figure 6c) and,
more importantly, are almost the same as those at the corresponding time for the
symmetric IC problem; see Figure 6b. For the asymmetric problem, the right moving
front—while maintaining the evolution of its own shape and speed that matches with
the right moving front in the symmetric problem—helps the left moving front, which
is initially smaller, to gain its amplitude. This is accomplished by the asymmetry
at the origin which causes diffusion from the right to the left. Being a nonzero-sum
game—due to the generation term—the shape and speed of the right moving front is
little affected by this generosity.

6. Summary and conclusions. An NIM has been developed for the FE and
compared with the corresponding NSFD scheme. It was shown that the nodal integral
approach is relatively more systematic than the rather ad hoc development of the
NSFD scheme. The discrete variables in the two schemes are different: there are
point values in the NSFD scheme and locally averaged variables in the case of the
NIM. This, for the FE, leads to twice as many discrete unknowns in the NIM for the
same number of grid points as in the NSFD scheme. A higher number of discrete
unknowns per node, however, does not pose a limitation on the NIM due to its high
accuracy even on coarse meshes.

There are many similarities in the final sets of discrete equations obtained via
the two significantly different approaches. Specifically, a rearrangement of the set of
discrete equations for the NIM—which is developed without explicitly approximating
the derivatives as is common in the FD-type schemes—showed that the first order
time- and second order space-derivatives in this approach are indeed approximated
by nonstandard representations similar to those used in the NSFD scheme. Moreover,
it was shown that the nodal integral scheme has some of the desirable features of the
NSFD schemes such as the nonlocal evaluation of the nonlinear terms.

In reference to other possible applications, it must be pointed out that extension
of the NIM to higher dimensions is fairly straightforward. Moreover, it has already
been applied to sets of PDEs [2, 5, 7]. The major drawback of the (standard) NIM
is that the scheme is limited to geometric domains that can be formed by a union
of rectangles. This limitation results from the transverse-integration step that is
used to reduce a PDE in N independent variables to a set of N ODEs. Recently
developed hybrid nodal schemes for the heat conduction equation [23] and for the
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Fig. 6. Evolution from different initial conditions (NIM results): (a) A single lump of con-
centrated gene at and around the center, (b) two symmetric lumps of concentrated gene, (c) two
asymmetric lumps of concentrated gene.
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multidimensional, convection-diffusion equation [24] have, however, relaxed this re-
striction. Hybrid schemes applicable in irregular geometries for other sets of PDEs
are under development.

Numerical results presented for the FE for various symmetric and asymmetric ICs
showed that both schemes are very accurate on fine mesh sizes. The NIM, however,
yields very accurate results even for a relatively coarse mesh size. In fact, results
obtained using the NIM with half as many grid points (nodes) as those used in the
NSFD scheme—leading to the same number of discrete unknowns in both schemes—
were better than the corresponding results obtained using the NSFD scheme.

Appendix. The expressions for ūxi,j and ū
t
i,j are given by

ūxi,j = ūxi,j−1f2 + f5f3S̄
x0,

ūti,j =
f1
(
ūti−1,j + ūti+1,j

)
/2− f10ūti+1,j − λ

(
uavg 2
i,j + uavg 2

i+1,j

)
− (gi + gi+1)

f12

where

f1 =
λα

sin2(
√
λαa)

, f2 = e2λβτ , f3 =
f2 − 1

2λβτ
,

f4 =
tan(
√
λαa)√

λαa
, f5 = 2τ, f6 = f1 − 2λα,

f7 =
f3 − 1

λβ
, f8 =

f4 − 1

λα
, f9 = f7 + f8,

f10 =
f4
2f9

, f11 = −λf8, f12 = f1 − 2λα+ f10,

gi =
f4ū

t
i−1,j/2 + f11u

avg 2
i,j − f3ūxi,j−1

f9
, S̄x0i,j = f10ū

t
i,j + gi,

uavgi,j =

f3ū
x
i,j−1 + f7

(
f10ū

t
i,j +

f4ū
t
i−1,j − f3ūxi,j−1

f9

)
1− (f7f11/f9)u

avg
i,j

.
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Abstract. We consider solving three-dimensional electromagnetic problems in parameter regimes
where the quasi-static approximation applies and the permeability, permittivity, and conductivity
may vary significantly. The difficulties encountered include handling solution discontinuities across
interfaces and accelerating convergence of traditional iterative methods for the solution of the linear
systems of algebraic equations that arise when discretizing Maxwell’s equations in the frequency
domain.

The present article extends methods we proposed earlier for constant permeability [E. Haber,
U. Ascher, D. Aruliah, and D. Oldenburg, J. Comput. Phys., 163 (2000), pp. 150–171; D. Aruliah,
U. Ascher, E. Haber, and D. Oldenburg, Math. Models Methods Appl. Sci., to appear.] to handle
also problems in which the permeability is variable and may contain significant jump discontinuities.
In order to address the problem of slow convergence we reformulate Maxwell’s equations in terms
of potentials, applying a Helmholtz decomposition to either the electric field or the magnetic field.
The null space of the curl operators can then be annihilated by adding a stabilizing term, using
a gauge condition, and thus obtaining a strongly elliptic differential operator. A staggered grid
finite volume discretization is subsequently applied to the reformulated PDE system. This scheme
works well for sources of various types, even in the presence of strong material discontinuities in
both conductivity and permeability. The resulting discrete system is amenable to fast convergence
of ILU-preconditioned Krylov methods.

We test our method using several numerical examples and demonstrate its robust efficiency.
We also compare it to the classical Yee method using similar iterative techniques for the resulting
algebraic system, and we show that our method is significantly faster, especially for electric sources.

Key words. Maxwell’s equations, solution discontinuities, Helmholtz decomposition, Coulomb
gauge, finite volume, Krylov methods, mixed methods, preconditioning

AMS subject classifications. 65N06, 65N22

PII. S1064827599360741

1. Introduction. The need for calculating fast, accurate solutions of three-
dimensional electromagnetic equations arises in many important application areas
including, among others, geophysical surveys and medical imaging [34, 40, 3]. Con-
sequently, a lot of effort has recently been invested in finding appropriate numerical
algorithms. However, while it is widely agreed that electromagnetic phenomena are
generally governed by Maxwell’s equations, the choice of numerical techniques to solve
these equations depends on parameter ranges and various other restrictive assump-
tions, and as such is to a significant degree application-dependent [24, 40, 3].

The present article is motivated by remote sensing inverse problems, e.g., in geo-
physics, where one seeks to recover material properties—especially conductivity—in
an isotropic but heterogeneous body, based on measurements of electric and magnetic
fields on or near the earth’s surface. The forward model, on which we concentrate
here, consists of Maxwell’s equations in the frequency domain over a frequency range
which excludes high frequencies. Assuming a time-dependence e−ıωt, these equations
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are written as

∇× E − ıωµH = 0,(1.1a)

∇× H − σ̂E = Js,(1.1b)

∇ · (εE)− ρ = 0,(1.1c)

∇ · (µH) = 0,(1.1d)

where µ is the magnetic permeability, σ is the conductivity, ε is the electrical permit-
tivity,

σ̂ = σ − ıωε,(1.2)

Js is a known source current density, and ρ is the (unknown) volume density of free
charges. In our work we assume that the physical properties µ > 0, ε > 0, and σ ≥ 0
can vary with position, and µεω2L2 � 1, where L is a typical length scale (cf. [43]).
The electric field E and the magnetic field H are the unknowns, with the charge
density defined by (1.1c). Note that as long as ω �= 0, (1.1d) is redundant and can
be viewed as an invariant of the system, obtained by taking the ∇· of (1.1a). The
system (1.1) is defined over a three-dimensional spatial domain Ω. In principle, the
domain Ω is unbounded (i.e., Ω = R

3), but, in practice, a bounded subdomain of
R

3 is used for numerical approximations. In this paper we have used the boundary
conditions (BCs)

H × n
∣∣∣
∂Ω

= 0,(1.3)

although other BCs are possible.
A number of difficulties arises when attempting to find numerical solutions for this

three-dimensional PDE system. These difficulties include handling regions of (almost)
vanishing conductivity, handling different resolutions in different parts of the spatial
domain, handling the multiple scale lengths over which the physical properties can
vary, and handling regions of highly varying conductivity, magnetic permeability, or
electrical permittivity, where jumps in solution properties across interfaces may occur.

On the other hand, the nature of the data (e.g., measurements of the electric
and/or magnetic fields at the surface of the earth) is such that one cannot hope to
recover to a very fine detail the structure of the conductivity σ or the permeability µ.
We therefore envision, in accordance with the inverse problem of interest, a possibly
nonuniform tensor product grid covering the domain Ω, where σ̂ and µ are assumed
to be smooth or even constant inside each grid cell, but they may have significant
jump discontinuities that can occur anywhere in Ω across cell interfaces. The source
Js is, however, assumed not to have jumps across interfaces. The relative geometric
simplicity resulting from this modeling assumption is key in obtaining highly efficient
solvers for the forward problem.

Denoting quantities on different sides of an interface by subscripts 1 and 2, it can
be easily shown [41] that across an interface

n · (σ̂1E1 − σ̂2E2) = 0,(1.4a)

n× (E1 −E2) = 0,(1.4b)

n · (µ1H1 − µ2H2) = 0,(1.4c)

n× (H1 −H2) = 0.(1.4d)
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These conditions imply that neither E nor H are continuous in the normal direction
when σ̂ and µ have a jump discontinuity across a cell face, and likewise, σ̂E and
µH are not necessarily continuous in tangential directions. Care must therefore be
exercised when numerical methods are employed which utilize these variables if they
are to be defined where they are double-valued.

By far the most popular discretization for Maxwell’s equations is Yee’s method [46]
(see discussions and extensions in [40, 30, 21]). This method employs a staggered grid,
necessitating only short, centered first differences to discretize (1.1a) and (1.1b). In the
more usual application of this method, the electric field components are envisioned on
the cell’s edges and the magnetic field components are on the cell’s faces—see Figure
1. It is further possible to eliminate the components of the magnetic field from the
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Fig. 1. A staggered discretization of E and H in three dimensions: E-components are on the
edges, and H-components are on the faces.

discrete equations, obtaining a staggered discretization for the second order PDE in
E,

∇× (µ−1∇× E)− ıωσ̂E = ıωJs.(1.5)

Related methods include the finite integration technique and certain mixed finite
element methods [44, 6, 29, 16]. Although these methods are often presented in
the context of time-domain Maxwell’s equations, the issues arising when applying an
implicit time-discretization (a suitable technique under our model assumptions) are
somewhat similar to the ones we are faced with here.

The popularity of Yee’s method is due in part to its conservation properties and
other ways in which the discrete system mimics the continuous system [21, 17, 6, 5].
However, iterative methods to solve the discrete system may converge slowly in low
frequencies, due to the presence of the nontrivial null space of the curl operator, and
additional difficulties arise when highly discontinuous coefficients are present [34, 28,
38, 19]. There are two major reasons for these difficulties. First, the conductivity
can essentially vanish (for example, in the air, which forms part of Ω); from an
analytic perspective, the specific subset of Maxwell’s equations used typically forms
an almost-singular system in regions of almost-vanishing σ̂. Even in regions where the
conductivity is not close to vanishing, the resulting differential operator is strongly
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coupled and not strongly elliptic [7, 2]. Second, in cases of large jump discontinuities,

care must be taken to handle H and Ĵ = σ̂E carefully, since these are located, as in
Figure 1, where they are potentially discontinuous.

In [2], we addressed the often slow convergence of iterative methods when used
for the equations resulting from the discretization of (1.5) by applying a Helmholtz
decomposition first, obtaining a potential formulation with a Coulomb gauge condi-
tion. This change of variables (used also in [4, 13, 26, 32], among many others) splits
the electric field into components in the active and the null spaces of the curl oper-
ator. A further reformulation, reminiscent of the pressure-Poisson equation for the
incompressible Navier–Stokes equations [15, 37], yields a system of strongly elliptic,
weakly coupled PDEs for which more standard preconditioned Krylov space methods
are directly applicable.

In [17], we further addressed possible significant jumps in the conductivity while
µ is assumed constant by employing a finite volume discretization on a staggered grid,
akin to Yee’s method with the locations of E- and H-components exchanged, as in
Figure 2. The normal components of E are now double-valued, but this is taken care
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Fig. 2. A staggered discretization of E and H in three dimensions: E-components are on the
faces, and H-components are on the edges.

of in an elegant way by the Helmholtz decomposition of E and by introducing the
(generalized) current

Ĵ = σ̂E = (σ − ıωε)E(1.6)

into the equations. The curl operators in (1.5) are replaced by the vector Laplacian
according to the vector identity

∇× ∇× = −∇2I + grad∇·(1.7)

for sufficiently smooth vector functions (not E).
In this paper we generalize our approach from [2, 17] to the case where the mag-

netic permeability µ may be highly discontinuous as well. This is a realistic case of
interest in geophysical applications, although usually the jump in conductivity domi-
nates the jump in permeability. Now the roles of E and H are essentially dual, and
it is possible to apply a Helmholtz decomposition to either E orH, keeping the other
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unknown vector function intact. We choose to decompose the electric field E, refer-
ring to Figure 2 for the locations of the H-unknowns in the ensuing discretization.
The major departure from our previous work is in the fact that the identity (1.7)
does not directly extend for the operator ∇× (µ−1∇× ) appearing in (1.5). We can,
however, stabilize this operator by subtracting grad(µ−1∇· ) (see, e.g., [24]), and this
forms the basis for our proposed method. In cases of constant magnetic permeability
or electric conductivity the formulation can be reduced to our previous formulation
in [17] or a variant thereof.

Our approach to dealing with possible discontinuities can be viewed as using
a set of variables which are continuous across cell faces and another set which are
continuous along cell edges. The introduction of such unknowns is strongly connected
to mixed finite elements which are used for highly discontinuous problems [8, 9, 19].

The paper is laid out as follows. In section 2, we reformulate Maxwell’s equations
in a way which enables us to extend our methods. The resulting system is amenable
to discretization using a finite volume technique described in section 3.

The extension and generalization of our approach from [2] through [17] to the
present article is not without a price. This price is an added complication in the spar-
sity structure of the resulting discrete system and a corresponding added cost in the
iterative solution of such systems. We briefly describe the application of Krylov space
methods to solve the system of algebraic equations in section 4. We use BICGSTAB
(see, e.g., [35]) together with one of two preconditioners: an incomplete block LU
decomposition (which is a powerful preconditioner in the case of diagonally dominant
linear systems) and SSOR. The system’s diagonal dominance is a direct consequence
of our analytic formulation.

We present the results of numerical experiments in section 5 and compare re-
sults obtained using our method with those obtained using a more traditional Yee
discretization. If the source is not divergence-free, as is the case for electric (but not
magnetic) sources, then our method is better by more than two orders of magnitude.
The method works well also for a case where the problem coefficients vary rapidly.
We conclude with a short summary and further remarks.

2. Reformulation of Maxwell’s equations. Maxwell’s equations (1.1a) and
(1.1b) can be viewed as flux balance equations, i.e., each term describes the flux
which arises from a different physical consideration, and the equations are driven by
the conservation of fluxes. (In fact, this was how they were originally developed [27].)
Therefore, in both (1.1a) and (1.1b) we have a flux term which should be balanced.

In (1.1b) the generalized current density Ĵ defined in (1.6) is balanced with the source
and the flux which arise from magnetic fields, and in (1.1a) the magnetic flux

B = µH(2.1)

is balanced with the flux which arises from electric fields. In our context these fluxes
are well defined on cell faces, but they may be multivalued at cell edges.1

Furthermore, the leading differential operator in (1.5), say, has a nontrivial null
space. Rather than devising iterative methods which directly take this into account
(as, e.g., in [3, 19, 39, 33]), we transform the equations before discretization.

We decompose E into its components in the active space and in the null space of

1Under appropriate conditions, B, Ĵ ∈ H(div; Ω), whereas E,H ∈ H(curl; Ω); see, e.g., [14].
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the curl operator:

E = A+ gradφ,(2.2a)

∇ · A = 0.(2.2b)

We could decompose H instead in a similar way, but we would not decompose both.
Here we have chosen to concentrate on the decomposition of E. Substituting (2.2)
into Maxwell’s equations, we obtain

∇× A− ıωµH = 0,(2.3a)

∇× H − σ̂(A+ gradφ) = Js,(2.3b)

∇ · A = 0.(2.3c)

Furthermore, (1.5) becomes

∇× (µ−1∇× A)− ıωσ̂(A+ gradφ) = ıωJs,(2.4a)

∇ · A = 0.(2.4b)

Note that across an interface between distinct conducting media we have, in
addition to (1.4),

n× (A1 −A2) = 0,(2.5a)

n · (A1 −A2) = 0,(2.5b)

n · (ε1 gradφ1 − ε2 gradφ2) = ρs,(2.5c)

n · (Ĵ1 − Ĵ2) = 0,(2.5d)

where ρs in (2.5c) is an electric surface charge density. These conditions and the

differential equations (1.1) imply that while Ĵ ·n is continuous, E ·n is not. Moreover,
gradφ inherits the discontinuity of E ·n, while A is continuous, and both ∇ · A and
∇× A are bounded (cf. [14]).

In [17] we had the relation ∇ × ∇ × A = −∇2A holding. However, when µ
varies, the identity (1.7) does not extend directly, and we must deal with the null
space of ∇× A in a different way.

Let us define the Sobolev spaces

W (Ω) = {v ∈ [L2(Ω)]3; ∇× v ∈ [L2(Ω)]3,∇ · v ∈ L2(Ω)}(2.6a)

equipped with the usual norm (see, e.g., [14])

‖v‖W (Ω) = {‖v‖2 + ‖∇× v‖2 + ‖∇ · v‖2}1/2(2.6b)

(the L2(Ω)- and [L2(Ω)]3- norms are used on the right-hand side of (2.6b)), and

W 0(Ω) =
{
v ∈W (Ω); ∇ · v

∣∣∣
∂Ω

= 0, ∇× v × n
∣∣∣
∂Ω

= 0
}
.(2.6c)

Green’s formula yields, for any u ∈W (Ω), v ∈W 0(Ω),

(∇× (µ−1∇× u),v)− (grad(µ−1∇ · u),v)
= µ−1[(∇× u,∇× v) + (∇ · u,∇ · v)]
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(see, e.g., [24]), where the usual notation for inner product in L2(Ω) and [L2(Ω)]3 is
used. Thus, for any u ∈W 0(Ω), if u �= 0, then

(∇× (µ−1∇× u),u)− (grad(µ−1∇ · u),u) > 0.

We may therefore stabilize (2.4a) by subtracting a term which by (2.4b) vanishes:

∇× (µ−1∇× A)− grad(µ−1∇ · A)− ıωσ̂(A+ gradφ) = ıωJs,(2.7)

obtaining a strongly elliptic operator for A, provided A ∈W 0(Ω). The latter condi-
tion is guaranteed by the choice (2.10b) together with (2.10a), as elaborated below.

A similar stabilization (or penalty) approach was studied with mixed success in
[11, 24]. However, our experience and thus our recommendation are more positive
because of the discretization we utilize. We elaborate further upon this point in the
next section.

Using (2.3c), we can write (2.3b) as

∇× H − gradψ − Ĵ = Js,(2.8a)

ψ − µ−1∇ · A = 0.(2.8b)

This may be advantageous in the case of discontinuous µ, similarly to the mixed
formulation used for the simple div-grad system

∇ · (σ gradφ) = q
in [8, 31, 9, 12] and elsewhere.

Our final step in the reformulation is to replace, as in [17], the gauge condition
(2.3c) on A by an indirect one, obtained upon taking ∇· of (2.8a) and simplifying
using (2.8b) and (2.3c). This achieves only a weak coupling in the resulting PDE
system. We note that the replacing of the gauge condition (2.3c) is similar to the
pressure-Poisson equation in computational fluid dynamics [37, 15]. The complete
system, to be discretized in the next section, can now be written as

∇× H − gradψ − Ĵ = Js,(2.9a)

ıωµH −∇× A = 0,(2.9b)

µψ −∇ · A = 0,(2.9c)

−∇ · Ĵ = ∇ · Js,(2.9d)

Ĵ − σ̂(A+ gradφ) = 0.(2.9e)

In order to complete the specification of this system, we must add appropriate
BCs. First, we note that the original BC (1.3) can be written as

(∇× A)× n
∣∣∣
∂Ω

= 0.(2.10a)

An additional BC on the normal components of A is required for the Helmholtz
decomposition (2.2) to be unique. Here we choose (corresponding to (2.6c))

A · n
∣∣∣
∂Ω

= 0.(2.10b)

This, together with (2.2), determines A for a given E.
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Moreover, since (2.9d) was obtained by taking the ∇· of (2.9a), additional BCs
are required on either ∂φ/∂n or φ. For this we note that the original BC (1.3) together
with the PDE (1.1b) imply also

Ĵ · n
∣∣∣
∂Ω

= −Js · n
∣∣∣
∂Ω
.(2.10c)

The latter relation (2.10c), together with (2.10b), implies ∂φ
∂n = 0 at the boundary.2,3

The above conditions determine φ up to a constant. We pin this constant down
arbitrarily, e.g., by requiring ∫

Ω

φ dV = 0.(2.10d)

Finally, we note that (2.10c), together with (2.9a) and (1.3), imply, in turn, that
∂ψ
∂n = 0 at the boundary. Since (2.9a) and (2.9d) imply that

∇2ψ = 0,

we obtain ψ ≡ 0, and thus we retrieve (2.3c) by pinning ψ down to 0 at one additional
point. From this and (2.10a) it then follows that A ∈W 0(Ω) (see (2.6c)).

The system (2.9) subject to the BCs (2.10) and ψ pinned at one point is now
well-posed.

3. Deriving a discretization. As in [17], we employ a finite volume technique

on a staggered grid, where Ĵ and A are located at the cell’s faces, H is at the cell’s
edges, and φ and ψ are located at the cell’s center. Correspondingly, the discretizations
of (2.9d) and (2.9c) are centered at cell centers, those of (2.9e) and (2.9a) are centered
at cell faces, and that of (2.9b) is centered at cell edges. The variables distribution
over the grid cell is summarized in Table 1.

Table 1
Summary of the discrete grid functions. Each scalar field is approximated by the grid functions

at points slightly staggered in each cell ei,j,k of the grid.

Axi+ 1
2 ,j,k

≈ Ax(xi+ 1
2
, yj, zk) Ĵx

i+ 1
2 ,j,k

≈ Ĵx(xi+ 1
2
, yj, zk)

Ayi,j+ 1
2 ,k
≈ Ay(xi, yj+ 1

2
, zk) Ĵy

i,j+ 1
2 ,k
≈ Ĵy(xi, yj+ 1

2
, zk)

Azi,j,k+ 1
2
≈ Az(xi, yj, zk+ 1

2
) Ĵz

i,j,k+ 1
2

≈ Ĵz(xi, yj, zk+ 1
2
)

Hx
i,j+ 1

2 ,k+
1
2

≈ Hx(xi, yj+ 1
2
, zk+ 1

2
)

Hy

i+ 1
2 ,j,k+

1
2

≈ Hy(xi+ 1
2
, yj, zk+ 1

2
)

Hz
i+ 1

2 ,j+
1
2 ,k
≈ Hz(xi+ 1

2
, yj+ 1

2
, zk)

ψi,j,k ≈ ψ(xi, yj, zk)
φi,j,k ≈ φ(xi, yj, zk)

To approximate ∇ · u for u = (ux, uy, uz)T over a grid cell ei,j,k, we integrate at
first over the cell using the Gauss divergence theorem

1

|ei,j,k|
∫
ei,j,k

∇ · u dV =
1

|ei,j,k|
∫
∂ei,j,k

u · n dS,
2In cases where the original BC is different from (1.3) we still use the BC ∂φ/∂n = 0 as an

asymptotic value for an infinite domain. Alternatively, note the possibility of applying the Helmholtz
decomposition to H, although generally there are good practical reasons to prefer the decomposition
(2.2) of E (for one, because the jumps in σ are typically much larger than in µ—see section 5).

3In our geophysical applications, Js ·n vanishes at the boundary.
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and then we use midpoint quadrature on each face to evaluate each component of the
surface integrals appearing on the right-hand side above. Thus, define

∇i,j,k · u =
ux
i+ 1

2 ,j,k
− ux

i− 1
2 ,j,k

hxi
+
uy
i,j+ 1

2 ,k
− uy

i,j− 1
2 ,k

hyj
+
uz
i,j,k+ 1

2

− uz
i,j,k− 1

2

hzk
(3.1)

and express the discretization of (2.9d) and (2.9c) on each grid cell as

∇i,j,k · Ĵ +∇i,j,k · Js = 0,(3.2a)

ψi,j,k = µ
−1
i,j,k∇i,j,k · A,(3.2b)

where µi,j,k = µ(xi, yj , zk). Note that we are not assuming a uniform grid: each cell
may have different widths in each direction. The BCs (2.10) are used at the end
points of (3.2).

Next, consider the discretization at cell faces. Following [17], we define the har-
monic average of σ̂ between neighboring cells in the x-direction by

σ̂i+ 1
2 ,j,k

= hx
i+ 1

2

(∫ xi+1

xi

σ̂−1(x, y, z)dx

)−1

,(3.3a)

where hx
i+ 1

2
= xi+1 − xi = (hxi+1 + h

x
i )/2. If σ̂ is assumed constant over each cell, this

integral evaluates to

σ̂i+ 1
2 ,j,k

= hx
i+ 1

2

(
hxi

2σ̂i,j,k
+

hxi+1

2σ̂i+1,j,k

)−1

.(3.3b)

Then, the resulting approximation for the x-component of (2.9e) is (see [17])

Ĵxi+ 1
2 ,j,k

= σ̂i+ 1
2 ,j,k

(
Axi+ 1

2 ,j,k
+
φi+1,j,k − φi,j,k

hx
i+ 1

2

)
.(3.3c)

Next, we discretize (2.9a) as in [46]. Writing the x-component of these equations,

(∂zH
y − ∂yHz)− ∂xψ − Ĵx = sx,

where we denote Js = (sx, sy, sz)T , a discretization centered at the center of the cell’s
x-face results in

Hy

i+ 1
2 ,j,k+

1
2

−Hy

i+ 1
2 ,j,k− 1

2

hzk
−
Hz
i+ 1

2 ,j+
1
2 ,k
−Hz

i+ 1
2 ,j− 1

2 ,k

hyj

−ψi+1,j,k − ψi,j,k
hx

i+ 1
2

− Ĵxi− 1
2 ,j,k

= sxi+ 1
2 ,j,k

.(3.4)

Similar expressions to those in (3.3c) and (3.4) can be derived in the y- and z-

directions. The BCs (1.3) are used to close (3.4). Using (3.3c), we can eliminate Ĵ
from (3.2a) and obtain a discrete equation in which the dominant terms all involve φ.
The resulting stencil for φ has seven points. We also apply the obvious quadrature
for the single condition (2.10d).

Finally, we discretize the edge-centered (2.9b). Consider, say, the x-component
of (2.9b), written as

∂zA
y − ∂yAz = ıωµHx.
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Integrating this equation over the surface of a rectangle with corners

(xi, yj, zk), (xi, yj+1, zk), (xi, yj+1, zk+1), (xi, yj, zk+1),

the expression on the left-hand side is integrated using the Gauss curl theorem, and
µ on the right-hand side is averaged over the rectangular area to obtain a value on
the edge. We do not divide through by µ before this integration because we wish to
integrate the magnetic flux, which is potentially less smooth around an edge than the
magnetic field. This yields

µi,j+ 1
2 ,k+

1
2
= [hy

j+ 1
2
hz

k+ 1
2
]−1

(∫ yj+1

yj

∫ zk+1

zk

µ(xi, y, z)dydz

)
.(3.5a)

If µ is assumed to be constant over each cell, this integral evaluates to

(3.5b)

µi,j+ 1
2 ,k+

1
2

= [hy
j+ 1

2
hz

k+ 1
2
]−1

(
µi,j,kh

y
j h
z
k + µi,j+1,kh

y
j+1h

z
k + µi,j+1,k+1h

y
j+1h

z
k+1 + µi,j,k+1h

y
j h
z
k+1

4

)
.

Then, the resulting approximation for the x-component of (2.9b) is

Hx
i,j+ 1

2 ,k+
1
2
= (ıωµi,j+ 1

2 ,k+
1
2
)−1

(
Ay
i,j+ 1

2 ,k+1
−Ay

i,j+ 1
2 ,k

hz
k+ 1

2

(3.5c)

−
Az
i,j+1,k+ 1

2

−Az
i,j,k+ 1

2

hy
j+ 1

2

)
.

Using (3.2b) as well as (3.5c) and similar expressions derived in the y- and z-directions,
we substitute for H and ψ in (3.4) and obtain a discrete system of equations for
A. The resulting stencil for A has 19 points and the same structure as for the
discretization of the operator

∇× (µ−1∇× ) − grad(µ−1∇· ) .

The difference between this discretization and a direct discretization of the latter is
that µ at the interface is naturally defined as an arithmetic average and not a harmonic
average.

The discretization described above can be viewed as a careful extension of Yee’s
method, suitable for discontinuous coefficients and amenable to fast iterative solution
methods. It is centered, conservative, and second order accurate. Note that through-
out we have used a consistent, compact discretization of the operators ∇· , ∇× , and
grad. We can denote the corresponding discrete operators by ∇h· , ∇h× , and gradh
and immediately obtain the following identities (cf. [38, 23, 22, 20]):

(∇h× ) gradh = 0,(3.6a)

(∇h· )(∇h× ) = 0,(3.6b)

gradh(∇h· )− (∇h× )(∇h× ) = (∇h· ) gradh .(3.6c)



SIMULATION OF 3D ELECTROMAGNETIC PROBLEMS 1953

These are, of course, analogues of vector calculus identities which hold for sufficiently
differentiable vector functions. The BCs (2.10) are discretized using these discrete
operators as well.

Next, note that upon applying∇h· to (3.4) and using (3.6b) and (3.2a), we obtain

∇h · gradh ψ = 0.

Moreover, from (3.4) and (2.10c), the discrete normal derivative of ψ vanishes at the
boundaries as well. Setting ψ to 0 arbitrarily at one point,

ψ1,1,1 = 0

then determines that ψ ≡ 0 throughout the domain (as a grid function). We obtain
another conservation property of our scheme, namely, a discrete divergence-free A:

∇h · A = 0.(3.7)

Recall the stabilizing term added in (2.7). For the exact solution this term obvi-
ously vanishes. Now, (3.7) assures us that the corresponding discretized term vanishes
as well (justifying use of the term “stabilization,” rather than “penalty”). This is not
the case for the nodal finite element method which was considered in [24, 11]. For an
approximate solution that does not satisfy (3.7), the stabilization term may grow in
size when µ varies over a few orders of magnitude, or else ∇h · A grows undesirably
in an attempt to keep µ−1∇h · A approximately constant across an interface [24].

The particular way we average across discontinuities, namely, arithmetic averag-
ing of µ at cell edges and harmonic averaging of σ̂ at cell faces, can be important. The
averaging can be viewed as a careful approximation of the constitutive relationship
for discontinuous coefficients (see, e.g., [36, 38, 1] and many others). To show that,
we look first at the relation

Ĵx = σ̂Ex

across a face whose normal direction is x. This flux flows in series, and therefore
an approximate σ̂ that represents the bulk property of the flow through the volume
is given by the harmonic average (corresponding to an arithmetic average of the
resistivities). Next, we look at the relation

Bx = µHx,

where µ is an edge variable and Bx is the flux through four cells which share that
edge. Here the flow is in parallel, which implies that we need to approximate µ on
the edge by an arithmetic average.

Note also that if we use the more common implementation of Yee’s method (i.e.,
H on the cell’s faces and E on the cell’s edges), then the roles of σ̂ and µ interchange
and we need to average µ harmonically and σ̂ arithmetically (see also [1]).

4. Solution of the discrete system. After the elimination of H, ψ, and Ĵ
from the discrete equations, we obtain a large, sparse system for the grid functions
corresponding to A and φ:

K u =

(
H1 − ıωS ıωSDT

−DS H2

)(
A
φ

)
=

(
bA
bφ

)
= b.(4.1)
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Here

H1 = C
TMC +DTMcD

is the result of the discretization of the operator ∇ × µ−1∇ × − gradµ−1∇· , C
corresponds to the discretization of the operator ∇× , D likewise corresponds to the
discretization of the operator∇· , the diagonal matrix S results from the discretization
of the operator σ̂(·), M and Mc similarly arise from the operator µ−1(·) at cell edges
and at cell centers, respectively, and H2 = DSDT represents the discretization of
∇ · (σ̂ grad(·)). In regions of constant µ the matrix H1 simplifies into a discretization
of the vector Laplacian. The blocks are weakly coupled through interfaces in µ.
A typical sparsity structure of H1 for variable µ, as contrasted with constant µ, is
displayed in Figure 3. The structure of the obtained system is similar to that in [17],

Fig. 3. Sparsity structure of the matrix H1 corresponding to variable µ (right) and to constant
µ (left).

although the main block diagonal is somewhat less pleasant.
Note that as long as the frequency is low enough that the diffusion number satisfies

d = ωµσh� 1

(where h is the maximum grid spacing), the matrix is dominated by the diagonal
blocks. This allows us to develop a block preconditioner good for low frequencies ω
based on the truncated ILU (ILU(t)) decomposition of the major blocks [35]. Thus,
we approximate K by the block diagonal matrix

K̂ =

(
H1 0
0 H2

)
(4.2)

and then use ILU(t) to obtain a sparse approximate decomposition of the matrix
K̂. This decomposition is used as a preconditioner for the Krylov solver. Note that,
although K is complex, the approximation K̂ is real, and therefore we need to apply
the ILU decomposition only to two real matrices, which saves memory.

The block approximation (4.2) makes sense for our discretization but not for the
direct staggered grid discretization of (1.1). Thus, the reformulation and subsequent
discretization of Maxwell’s equations allow us to easily obtain a good block precondi-
tioner in a modular manner, while the discretization of (1.1) does not.

5. Numerical examples. In this section we present numerical results using
our method with standard Krylov-type methods and preconditioners for solving the
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resulting discrete systems. We vary the type of source used, the size of jumps in the
coefficients σ and µ, the preconditioner, and the grid size.

We have verified second order convergence of the method and compared our results
to those from another code in [17, 18]. Here our goal is to demonstrate the efficacy
of our proposed method for variable µ.

In the tables below, “iterations” denotes the number of BICGSTAB iterations
needed for achieving a relative accuracy of 10−7, “operations” denotes the number of
giga-flops required, the SSOR parameter (when used) equals 1, and the ILU threshold
(when used) equals 10−2. The latter threshold is such that in our current Matlab
implementation iterations involving these two preconditioners cost roughly the same.

5.1. Example set 1. We derive the following set of experiments. Let the air’s
permeability be µ0 = 4π · 10−7 H/m and its permittivity be ε0 = 8.85 · 10−12 F/m.
We assume a cube of constant conductivity σc and permeability µc embedded in
an otherwise homogeneous earth with conductivity σe = 10−3 S/m and permeability
µe = µ0; see Figure 4. In a typical geophysical application, the conductivity may range
over four orders of magnitude and more, whereas the permeability rarely changes over
more than one order of magnitude. Therefore, we experiment with conductivity σc
ranging from 10−2 S/m to 103 S/m and permeability µc ranging from µ0 to 1000µ0.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Fig. 4. The setting of our first numerical experiment. A cube of conductivity σc and perme-
ability µc is embedded inside a homogeneous earth with conductivity σe and permeability µe. Also,
in the air σ̂ = −ıωε0 and µ = µ0.

We experiment with two different sources: (i) a magnetic source (a plane wave),
and (ii) an electric dipole source in the x direction centered at (0, 0, 0). The fact
that the first source is magnetic implies that it is divergence-free. This source lies
entirely in the active space of the curl operator. In contrast, the electric source is not
divergence-free.

Both sources are assumed to oscillate with different frequencies ranging from 1
to 106 Hz. The solution is obtained, unless otherwise noted, on a nonuniform tensor
grid (see Figure 4) consisting of 323 cells. There are 95232 (complex) E unknowns
corresponding to this grid and 128000 (complex) A, φ unknowns. We then solve the
system using the method described in the previous section.
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5.1.1. Example 1a. In order to be able to compare the resulting linear algebra
solver with that corresponding to Yee’s method, we discretize the system

∇× [µ−1∇× (Ĵ/σ̂)]− ıωĴ = ıωJs(5.1)

using the staggered grid depicted in Figure 2, i.e., where Ĵ is on the cell’s faces, which
is similar to the discretization in [28]. This yields the discrete system

(CTMC − ıωS)e = b̂
for the unknown vector e corresponding to grid values of Ĵ/σ̂, where the matrices

C,M , and S are defined in section 4 and b̂ depends on the source. In order to solve
this system as well as ours, we use BICGSTAB and an SSOR preconditioner. The
comparison between the methods for the case σc = 103σe, µc = 100µ0, and different
frequencies is summarized in Table 2.

Table 2
Iteration counts and computational effort for our method (A, φ) and the traditional implemen-

tation of Yee’s method (applied to E, or Ĵ) for example set 1 using both an electric source and a
magnetic source.

Electric source Magnetic source
ω Iterations Operations Iterations Operations

A, φ E A, φ E A, φ E A, φ E
100 46 9856 3.8 640 77 86 5.0 5.6
102 66 10323 4.3 670 82 91 5.3 5.9
104 77 10878 5.0 706 89 103 5.8 6.7
106 97 11212 6.3 728 99 113 6.4 7.3

Table 2 shows that our method converges in a moderate number of iterations
for both sources, despite the presence of significant jumps in µ and σ. On the other
hand, the more traditional discretization performs poorly for the electric source and
comparably to our method for the magnetic source. Slow convergence of the direct
staggered discretization of Maxwell’s equations in the case of an electric source will
happen also when E is defined on the grid’s edges.

These results clearly show an advantage of our formulation over the original Yee
formulation, even for a simple preconditioning, especially for electric sources and in
low frequencies. In such circumstances, the discretized first term on the left-hand
side of (5.1) strongly dominates the other term, and the residual in the course of the
BICGSTAB iteration has a nontrivial component in the null space of that operator;
hence its reduction is very slow. The magnetic source, on the other hand, yields a
special situation where, so long as the discrete divergence and the roundoff error are
relatively small, the residual component in the null space of the leading term operator
is also small; hence the number of iterations using the traditional method is not much
larger than when using our method.

5.1.2. Example 1b. Next, we test the effect of discontinuities on our method.
We use the electric source and record the number of BICGSTAB iterations needed
for our method to converge for various values of µ̃ = µc/µe and σ̃ = σc/σe, when
using block ILU(t) preconditioning as described in the previous section. The results
are summarized in Table 3.

Note that large jump discontinuities in σ do not significantly affect the rate of
convergence of the iterative linear system solver for our method, but large jump dis-
continuities in µ have a decisive effect. Results in a similar spirit were reported in [19]
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Table 3
Iteration counts for different frequencies, conductivities, and permeabilities in example set 1.

The conductivity/permeability structure is a cube in a half-space.

σ̃
ω µ̃ 101 102 103 104 105 106

0 101 35 36 36 31 27 28
102 67 55 54 52 47 51
103 143 143 140 142 140 148

1 101 41 40 35 34 35 32
102 63 51 50 53 63 51
103 165 158 169 160 161 165

10 101 42 39 39 39 35 36
102 75 59 60 61 61 60
103 201 166 182 178 185 187

102 101 46 43 44 40 47 39
102 71 64 66 64 63 63
103 201 190 199 184 220 177

103 101 44 44 39 38 38 41
102 75 69 59 61 67 69
103 219 224 202 240 216 204

104 101 47 44 41 44 44 44
102 85 72 80 80 65 68
103 238 246 201 259 293 252

105 101 57 50 44 44 47 48
102 91 79 78 82 75 81
103 321 232 245 244 261 242

106 101 62 56 50 52 57 53
102 105 95 89 89 91 80
103 365 290 301 270 286 287

regarding the effect of discontinuities in µ on a specialized multigrid method for an
edge-element discretization. However, even for large discontinuities in µ the number
of iterations reported in Table 3 remains relatively small compared with similar ex-
periments reported in [34] (for constant µ) and [10]. We attribute the increase in the
number of iterations as the jump in µ increases in size to a corresponding degradation
in the condition number of K in (4.1). This degradation, however, does not depend
strongly on grid size, as we verify next.

5.1.3. Example 1c. In the next experiment, we use the cube model with the
electric source to evaluate the influence of the grid on the number of iterations. We
fix ω = 102 and test our method on a case with a modest coefficient jump µ̃ = 10 and
on a case with a large jump µ̃ = 103. A set of uniform grids in the interval [−1, 1]3 is
considered. For each grid we record the resulting number of iterations using both the
SSOR and the block ILU preconditioners. The results of this experiment are gathered
in Table 4.

Table 4
Iteration counts for different grids, for two sets of problem coefficients and using two precon-

ditioners.

µ̃ = σ̃ = 10 µ̃ = σ̃ = 1000
Grid size ILU SSOR ILU SSOR

83 6 20 58 268
163 10 32 108 453
323 23 52 213 789
643 31 76 396 1302
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We observe that the number of iterations increases as the number of unknowns
increases. The increase appears to be roughly proportional to the number of unknowns
to the power 1/3. The growth in number of iterations as a function of grid size is
also roughly similar for both preconditioners, although the block ILU requires fewer
iterations (about 1/4 for µ̃ = 1000) for each grid. However, ILU requires more memory
than SSOR, which may prohibit its use for very large problems. The increase rate
is also similar, as expected, for both values of µ̃. The rate of increase in number of
iterations as µ̃ increases appears essentially independent of the grid size. Practically,
however, this increase is substantial and may be hard to cope with for (perhaps
unrealistically) large values of µ̃ using the present techniques.

5.2. Example 2. In our next experiment we consider a more complicated earth
structure. We employ a random model, which is used by practitioners in order to
simulate stochastic earth models [25]. Two distinct value sets (σ1, µ1), (σ2, µ2) and a
probability P are assumed for the conductivities and permeabilities: for each cell, the
probability of having values σ1, µ1 is P , and the probability of having values σ2, µ2

is 1− P . This can be a particularly difficult model to work with, as the conductivity
and permeability may jump anywhere from one cell to the next, not necessarily just
across a well-defined manifold. A cross-section of such a model is plotted in Figure 5.
We then carry out experiments as before for frequencies ranging from 0 to 106 Hz.

Conductivity slice log(S/m)

5 10 15 20 25 30 35 40

5

10

15

20

25

30

35

40

3

4

5

6

7

8

9

Fig. 5. The setting of example set 2.

We use the random model with different conductivities, permeabilities, and fre-
quencies and the electric source, with P = 0.5 on the domain [−1, 1]3 (in km). We
employ a uniform grid of size 443 and use both the block ILU and the SSOR precon-
ditioners. The results of this experiment in terms of iteration counts are summarized
in Table 5. The results show that our solution method is effective even for highly
varying conductivity. As before, the method deteriorates when very large variations
in µ are present.

We can also see from Table 5 that the block ILU preconditioner works very well
for low frequencies, but it is not very effective for high frequencies. It is easy to check
that in all cases where the block ILU preconditioner fails to achieve convergence
(denoted “nc,” meaning failure to achieve a residual of 10−7 in 800 iterations) the
maximum grid spacing h satisfies ωµσ h � 1. In such a case the discretization of
the leading terms of the differential operator no longer yields the dominant blocks in
the matrix equations (4.1), and therefore our block ILU preconditioner fails. Thus,
for high frequency and high conductivity we require more grid points in order for this
preconditioner to be effective. This is also consistent with the physics, as the skin
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Table 5
Iteration counts for different frequencies, conductivities, and permeabilities for example set 2.

σ2/σ1
102 104 106

ω µ2/µ1 ILU SSOR ILU SSOR ILU SSOR

0 101 12 35 13 32 13 48
102 27 85 29 69 31 83
103 143 215 142 272 148 229

1 101 14 34 13 35 15 47
102 28 80 34 81 26 81
103 158 270 160 306 165 269

10 101 18 47 17 39 16 44
102 33 90 34 94 35 105
103 201 329 182 303 185 354

102 101 17 47 19 45 19 59
102 37 104 35 101 34 119
103 190 393 184 380 177 365

103 101 21 44 22 45 25 60
102 42 141 47 113 57 136
103 224 434 240 453 204 434

104 101 24 46 23 51 46 65
102 60 140 41 149 nc 151
103 246 503 259 508 252 487

105 101 25 58 27 54 nc 76
102 66 151 72 149 nc 157
103 232 581 244 588 242 591

106 101 26 62 55 62 nc 77
102 56 180 nc 170 nc 157
103 290 641 270 643 241 655

depth [45] decreases and the attenuated wave can be simulated with fidelity only on
a finer grid.

6. Summary and further remarks. In this paper we have developed a fast
finite volume algorithm for the solution of Maxwell’s equations with discontinuous
conductivity and permeability. The major components of our approach are as follows.

• Reformulation of Maxwell’s equations. The Helmholtz decomposition is ap-
plied to E; then a stabilizing term is added, resulting in a strongly elliptic
system; the system is written in first order form to allow flexibility in the
ensuing discretization; and finally, the divergence-free Coulomb gauge condi-
tion is eliminated using differentiation and substitution, which yields a weakly
coupled PDE system enabling an efficient preconditioner for the large, sparse
algebraic system which results from the discretization.

• Discretization using staggered grids, respecting continuity conditions, and
carefully averaging material properties across discontinuities. For this dis-
cretization, the stabilizing term vanishes at the exact solution of the discrete
equations, which is important for cases with large contrasts in µ.
• Solution of the resulting linear system using fast preconditioned Krylov meth-
ods.

The resulting algorithm was tested on a variety of problems. We have shown dra-
matic improvement over the more standard algorithm when the source is electric.
Good performance was obtained even when the coefficients µ and σ were allowed to
vary rapidly on the grid scale—a case which should prove challenging for multigrid
methods.
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The project that has motivated us is electromagnetic inverse problems in geophys-
ical prospecting [42]. Solving the forward problem, i.e., Maxwell’s equations as in the
present article, is a major bottleneck for the data inversion methods—indeed, it may
have to be carried out dozens, if not hundreds, of times for each data inversion. Thus,
extremely fast solvers of the problem discussed in our paper are needed. Based on the
algorithm described here an implementation has been carried out which solves real-
istic instances of this forward problem in less than two minutes on a single-processor
PC, enabling derivation of realistic algorithms at low cost for the inverse problem.
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Abstract. Row-merge trees for forming the QR factorization of a sparse matrix A are closely
related to elimination trees for the Cholesky factorization of ATA. Row-merge trees predict the
exact fill-in (assuming no numerical cancellation) provided A satisfies the strong Hall property, but
overestimate the fill-in in general. However, here a fast and simple postprocessing step for row-
merge trees is presented that predicts the exact fill-in for sparse QR factorization using Householder
reflectors for general matrices.
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1. Introduction. Matrix factorizations of sparse matrices typically result in
creating further nonzero entries, or fill-in. If this fill-in can be accurately predicted
in advance, then the factorization can be performed in less time, as the additional
memory needed can be allocated once in advance. Notice that fill-in can be reduced
with some matrix reordering algorithms. After that, the algorithms presented in
this paper can be used. The algorithms discussed here do not affect the amount of
fill-in but predict the fill-in before the factorization [17]. Performance comparisons
between our algorithms and the Dulmage–Mendelsohn decomposition [20, 19] will be
presented at the end of the paper, but notice that even though our new algorithms
perform well in these comparisons, the Dulmage–Mendelsohn decomposition can be
used to predict fill-in and to achieve other goals as well (such as re-ordering rows and
columns to give a block-triangular form); see, for example, [15, 20, 19]. Also notice
that the algorithms in [19] can compute the fill-in in time O(nnz(A)) if no column
permutation is allowed, where nz(A) is the number of nonzeros in A. The elimination
tree algorithms presented in this paper appear to be significantly faster than this.
Perhaps what is most significant about the algorithms presented here is that they are
developed by modifying the construction of elimination trees or row-merge trees and
may give new insight into the graphical prediction of fill-in. Furthermore, elimination
trees [13] can be used to compute symbolic factorizations, to direct the factorization
of matrices in multifrontal methods [13, 14], and also to assist in parallelizing sparse
systems solvers. The QR fill-in problem considered in this paper is similar to the
sparse Gaussian elimination with partial pivoting considered in [7] in the sense that
the fill-in for QR factorization is the union of the fill-in for Gaussian elimination with
partial pivoting, over all pivot sequences.

The elimination tree of a symmetric positive definite matrix B is readily defined
in terms of its Cholesky factors: if B = RTR with R upper triangular, then ET(B) is
the forest with nodes {1, 2, . . . , n}, where node p is the parent of node j if p = min{ i |
i > j, rji �= 0 }. That is, p is the first row/column to be updated at the jth stage of
the Cholesky factorization of B. The elimination tree for Cholesky factorizations can
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be efficiently computed from the original matrix B; indeed, it can be computed in
O(nz(B)α(nz(B))) time, where nz(B) is the number of nonzeros of the n×nmatrix B,
and α(·) is the inverse Ackermann function of Tarjan [22]. Whenever j ≥ i, if bjk �= 0
and i is an ancestor of k in the elimination tree, then rij �= 0 [13]. Furthermore,
there are no other nonzeros in R. Note that each node is regarded as an ancestor of
itself. Unless there is numerical cancellation, ET(B) does not depend on the numerical
values in B. The elimination tree is sometimes called the elimination forest since it
is not necessarily connected.

The graph of an n × n symmetric matrix B (denoted G(B)) is the graph on n
nodes {1, 2, . . . , n} with an edge connecting nodes i and j (denoted i ∼ j) if and only if
bij �= 0 and i �= j; nodes are labeled by the row or column number. Unsymmetric and
rectangular matrices are represented by bipartite graphs. For a symmetric positive
definite matrix B, unless there is numerical cancellation in the Cholesky factorization
B = RTR, the symbolic factorization is the graph G(R+RT ) and is denoted G+(B).
Forming G+(B) can be defined in graph theoretic terms: i ∼ j in G+(B) if and only
if there is a path from i to j in G(B) whose nodes are all less than min(i, j).

For the QR factorization of an m×n matrix A it is more appropriate to consider
the bipartite graph ofA (BG(A)) whose nodes consist of the rowsR = { r1, r2, . . . , rm }
and columns C = { c1, c2, . . . , cn } (which are disjoint sets), and ri ∼ cj if and only if
aij �= 0. The symbolic QR factorization of A can be computed similarly to the way
the Cholesky factorization of a symmetric positive definite matrix is computed and
is based on the row-merge tree of A, which we define in section 1.2. We consider QR
factorizations obtained by Householder orthogonalization. Each jth step of a House-
holder orthogonalization of A is achieved by multiplying matrix A(j) by a Householder
reflector Hj = I − βjwjw

T
j [10]. The matrices Hj are constructed to zero all the col-

umn entries below the jth diagonal of matrix A(j). We then set A(j+1) = HjA
(j).

At the nth step we are finally left with an upper triangular matrix R = A(n). The
Q = H1H2 . . . Hn factor is usually represented by the matrix W of Householder vec-
tors (column j of W is the wj vector used to construct the Householder reflector Hj)
and the vector β. Thus, the main problem is to determine the sparsity structures of
W and R. In this paper, the fill-in for the QR factorization will be determined from
the graphs and related row-merge trees mentioned above, for any full-rank matrix.

1.1. Hall matrices and graphs. A bipartite graph G = (V1, V2, E) is a Hall
graph if for every set N ⊂ V2, there are no fewer nodes (in V1) adjacent to N than are
in N . For example, if N = V2, then the set of nodes adjacent to N must be no smaller
than N ; thus |V1| ≥ |V2|. The bipartite graph G is strong Hall if for all N ⊂ V2 such
that N �= V2, the set of nodes adjacent to N has size at least |N |+ 1.

A matrix A is said to be a Hall matrix (resp., a strong Hall matrix) if BG(A) is
a Hall graph (resp., strong Hall graph). Consider V1 to be R and V2 to be C. If A
is a full-rank matrix with m ≥ n, then it is a Hall matrix [8, Cor. 2.4]. In addition,
if A is a strong Hall matrix, then the fill pattern of the Cholesky factor R of the
symbolic product ATA is equal to the fill pattern for the symbolic R factor in the
QR factorization of A [1]. Problems arise for matrices A that are not strong Hall
matrices. Consider, for example,

A =



× × × . . . ×
×
×

. . .
×


 ,(1.1)
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for i = 1, . . . ,m: S(ui)← { cj | aij �= 0 } ∪ {ci}
for j = 1, . . . , n: S(pj)← S(uj)
for j = 1, . . . , n: S(pj)←

⋃
x∈U∪P:cj∈S(x) S(x)

⋂{cj+1, . . . , cn}
Fig. 1.1. Symbolic QR factorization.

which is a matrix with nonzeros in the first row and diagonal only. This matrix is
a Hall matrix but not a strong Hall matrix. The QR factorization of A is trivial.
However, forming ATA symbolically gives a dense matrix (due to the dense row in
A). Thus from the nonzero structure of ATA, it appears that the R in the QR
factorization is dense, although it clearly is not. On the other hand,

A′ =




× × × . . . ×
× × × . . . ×
×
×

. . .
×




(1.2)

is a strong Hall matrix, and the R in the QR factorization is dense. As we will show
in this paper, distinguishing these cases can be done by postprocessing the row-merge
tree. A paper which finds the fill-in structure of Q and R is [11]. Their methods are
based on matchings and Hall matrices properties, which differ from the methods used
here. In this paper, the fill-in for the QR factorization for nonstrong Hall matrices
will be determined from the graphs and related row-merge trees.

1.2. QR factorizations and row-merge trees. Hereafter, we assume that A
is an m × n Hall matrix with m ≥ n, and the rows and columns have been matched
so that aii �= 0 for all i. As mentioned before, if A is not a Hall matrix, it cannot be
full rank.

The appropriate generalization of elimination trees to QR factorizations is the
row-merge tree [12, 18] of a nonsymmetric matrix A. This can be derived from the
crude symbolic QR factorization of A. Let A be m × n, with m ≥ n. Let U =
{u1, u2, . . . , um} denote the unprocessed rows of A, and let P = {p1, p2, . . . , pn} denote
the processed rows of A (existing rows of R, after the QR factorization has been
performed). Define index(ul) = l and index(pk) = k. Define S(x) to be the set of
nonzero entries in x, and specifically consider S(ui) to be the set of nonzero entries
columns in the ith row before the factorization algorithm is started, plus the diagonal
column (vertex number for the diagonal column). The set S(pj) is built through the
last loop in Figure 1.1 pseudocode. It gives an upper bound on the set of nonzero
entries in row j (j ≤ m) after the jth step of Householder QR factorization, less
the entries before the (j + 1)th column. We define the set Rj ⊂ R to be the set of
rows x which have a nonzero in the jth column (cj ∈ S(x)) at the jth step of the
Householder QR with index(x) ≥ j. At the jth step of this loop, the union is over all
rows in U or in P such that the row x is in Rj . The set of nonzero entries of row pj
(S(pj)) is then defined as this union intersected with the set of posterior columns (i.e.,
cj+1, . . . , cn). Unless there is numerical cancellation, if any row in Rj has a nonzero
in column k > j, after performing the jth step, all rows in this set will have a nonzero
entry in column k.

The symbolic QR factorization described in Figure 1.1 gives an upper bound on
the sparsity patterns of the matrix R: rij �= 0 only if i = j or cj ∈ S(pi). It is not
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for k = 1, 2, . . . , n
for each i such that aik �= 0

j ← max{ r < k | air �= 0 }
s← top of tree containing j
if s �= k

parent(s)← k

Fig. 1.2. Algorithm for constructing ET(CIG(A)).

exact in general, since it assumes |Rj | > 1 for all j; in other words, a row with a
nonzero in column j (sparsity pattern S(pj)) is assumed to participate in succeeding
stages of the QR factorization, even if it is the only row with a nonzero in column
j. The algorithm of Figure 1.1 is exact if A is a strong Hall matrix (since |Rj | > 1
for all j, in this case); however, if A is a Hall matrix but not a strong Hall matrix,
then the fill-in predicted by Figure 1.1 can greatly overestimate the true fill-in. In
addition, the cost of this algorithm is similar to the cost of actually performing the
QR factorization, so row-merge trees have been developed [12].

Note that if A has nonzeros on the diagonal, then the first line of Figure 1.1 can be
replaced by: for i = 1, . . . ,m : S(ui)← { cj | aij �= 0 }. Nonzeros on the diagonal can
usually be achieved by computing a maximal matching of columns to rows; in fact, for
Hall matrices the maximal matching will also be a complete matching (that is, every
column will be matched to a row). Consequently, for Hall matrices, swapping the
row matched to column j with row j for all j will put nonzeros in all of the diagonal
entries without creating additional fill-in.

The row-merge tree on nodes R ∪ C can then be defined by the condition that
cj is the parent node of ri if j = min{ k | ck ∈ S(ui) }, and the parent of node ck is
cj where j = min{ l | cl ∈ S(pk) }. Hereafter, we denote the row-merge tree of A as
RM(A).

Related to these graphs is the column intersection graph of A [8]. Providing there
is no numerical cancellation in forming ATA, the column intersection graph CIG(A)
is just G(ATA) . More formally, the column intersection graph of A is defined as the
graph on the nodes {c1, . . . , cn}, where ck ∼ cl (ck is connected to cl) if there is a
j where both ajk and ajl are nonzero. Liu [12] showed that the elimination tree of
CIG(A) (ET(CIG(A))) is equal to RM(A) minus all nodes in R and edges incident
to R. Computationally, ET(CIG(A)) is a useful tool because it can be computed
directly from A without needing to construct CIG(A) or ATA, by using the algorithm
in Figure 1.2. We also refer the reader to the algorithm of [9, Fig. 2], which achieves
the same task and is similar in nature. Other papers where this task is achieved are
[3, 4], which use an unrelated algorithm.

The algorithm in Figure 1.2 is a modification of Liu’s algorithm for the symmetric
case [13], which is shown in Figure 1.3. Note that the line “s← top of tree containing
j” can be computed using a union-find data structure with path compression in amor-
tized time O(log(n)) time [2, p. 449], or in amortized time O(α(nz(A), n)), where α
is an inverse of the Ackermann function if the method also uses the union-by-rank
heuristic [2, pp. 450–457]. However, the union-by-rank heuristic requires additional
work since the representative of a subset is determined by the algorithm, and is not
necessarily the root of a component of the currently constructed elimination tree or
forest.

Notice that the elimination tree T = ET(CIG(A)) is the smallest tree or forest T



1966 SUELY OLIVEIRA

for k = 1, 2, . . . , n
for each i < k where bik �= 0

s← top of tree containing i
if s �= k

parent(s)← k

Fig. 1.3. Liu’s algorithm for computing ET(B).

for j = 1, 2, . . . , n: [ count(j)← 0 ]
for i = 1, 2, . . . ,m: [ k ← min{ s | ais �= 0 }; count(k)← count(k) + 1 ]

(Note: if the set is empty, jump to the end of the loop.)

for j = 1, 2, . . . , n: [ count(j)← count(j) +
(∑

x:x col. child of j count(x)
)
− 1 ]

for j = 1, 2, . . . , n: if count(j) = 0 then [ parent(j)← null ]
Fig. 2.1. Postprocessing step.

that satisfies the relations “l is an ancestor of k” whenever l > k and ajk, ajl �= 0 for
some j. The row-merge tree RM(A) can be formed from T by adding R to the set
of nodes and adding edges from ri to ck if k = min{ s | ais �= 0 }. For an arbitrary
tree or forest T , let RM(T ) denote the tree or forest formed by adding R to the set
of nodes and by adding edges from ri to ck, where k = min{ s | ais �= 0 }.

Given the elimination tree T = ET(CIG(A)), the fill-in can be estimated as
follows [13]: Column j of R has nonzeros in rows rk, where ck is an ancestor of some
row ri in RM(T ), where aij �= 0 and k ≤ j. Row i of W has nonzeros in columns
ck, where ck is an ancestor of ri in RM(T ) and k ≤ i. The estimated fill-in based
on the ET (CIG(A)) is the same as the fill-in predicted by the crude symbolic QR
factorization algorithm in Figure 1.1.

The fill-in for the QR factorization can be computed from ET(CIG(A)) and A
with just O(n) storage overhead and O(nz(R) + nz(W ) + n) time; just to count the
number of nonzeros requires just O(1) additional storage and O(nz(R) + nz(W ) + n)
time.

2. Postprocessing the row-merge tree. If |Rk| > 1 for all k, then the as-
sumptions underlying the algorithm in Figure 1.1 are correct, and the methods of the
previous paragraph for computing the sparsity patterns of R and W give the correct
fill-in. However, if |Rk| = 1 for some k, then we must have Rk = {rk}. In this case,
the elimination tree T must be postprocessed to give the correct fill-in.

In this section we introduce a postprocessing algorithm which should be applied
when |Rk| = 1 for some k. This algorithm should be performed after constructing
ET(CIG(A)) and adding the row nodes to construct the row-merge tree of A as
described in the previous section. This postprocessed row-merge tree predicts fill-in
at least as well as the original row-merge tree does. How to predict fill-in given a
row-merge tree was described near the end of the last section. We have to thread the
tree so that the children of a given node can be found in O(1) time per child node.
Threading a tree of n nodes (defined by a parent array) requires just O(n) operations
and O(n) storage. The postprocessing step for an m×n matrix A takes just O(m+n)
operations, including the tree threading step.

The postprocessing algorithm is shown in Figure 2.1. Note that the final computed
value of count(j) is the number of rows that participate in the jth stage of the QR
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Fig. 2.2. Row-merge trees and the effects of postprocessing on example matrices A and A′.

factorization minus one. It is also the number of row nodes in the row-merge tree
rooted at cj minus the number of column nodes in this tree. The first loop in Figure 2.1
initializes the array count(j) for all n columns. The second loop finds out for each
row i what is the column number of the first nonzero appearance in that row and
adds 1 to the count for that column. In other words, count(k) states how many rows
have the first nonzero in column k (the number of row children of k). In example
(1.1) in section 1 we have count(1) = count(2) = count(3) = count(4) = 1 after the
second loop. The third loop finds the number of row descendents of node j minus the
number of its column descendents (including itself). The final values of count(j) are
shown for examples (1.1) and (1.2) in Figure 2.2. If the value of count(j) is equal to
zero, then that node is disconnected from the tree above. For the example matrices
A and A′ in ((1.1) and (1.2)), the row-merge trees and the effect of postprocessing
are shown in Figure 2.2.

The basis for this postprocessing algorithm is a more refined understanding of the
symbolic Householder QR factorization shown in Figure 1.1. As mentioned earlier,
that algorithm is expensive and previous approaches based on row-merge trees exist.
Our new algorithms show that we can do better by postprocessing the row merge
trees. The set S(pj) is the set of nonzero entries in row j after the jth step of the
QR algorithm, minus the cj entry. Note that the jth row no longer participates in
the succeeding steps of the QR factorization after the jth step. If only row j has a
nonzero in column j at the jth stage of the QR factorization, then no Householder
operation needs to be performed, and thus S(pj) is irrelevant to the calculation of
S(pl) for l > j. This fact is ignored by the symbolic QR factorization in Figure 1.1.

If we reconsider the algorithm in Figure 1.1 with this in mind, then for j =
1, 2, . . . , n there should be a count of the number of rows in Rj (which is count(j)+1).
If |Rj | ≤ 1, then the jth step of the QR factorization is trivial, and S(pj) is irrelevant
for future steps in the factorization. If we add one to count(j) at the end of the
algorithm in Figure 2.1, we obtain the number of rows participating in the jth stage of
the factorization. This explains why we should disconnect the tree when count(j) = 0,
creating the postprocessed tree T ′. Now we have new row-merge trees from which we
can obtain improved estimates of the fill-in.
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for k = 1, 2, . . . , n: parent(j)← NULL
for k = 1, 2, . . . , n

for each i such that aik �= 0
p← min{ q | aiq �= 0 }
j ← max{ r < k | air �= 0 }
s← top of tree containing j
if k, s, and p all belong to the same component of T ′ and s �= k

parent(s)← k

Fig. 2.3. Reprocessing step which constructs T ′′ based on T ′.

After postprocessing, nz(W ) can be computed from ET(CIG(A)) and A in O(n)
time by the formula

nz(W ) =

n∑
j=1

(count(j) + 1).(2.1)

If we postprocess the elimination tree T ′ again, we do not change the value of the
count array and have no affect on nz(W ). However, this postprocessed elimination
tree T ′ can be used to compute a new elimination tree T ′′ which will give more
information about nz(W ). This reprocessing creates a new elimination tree or forest
T ′′. To illustrate the necessity of reprocessing the postprocessed elimination tree,
consider the matrix

A′′ =



× × × ×
×
×

× ×


 .(2.2)

The steps of the reprocessing algorithm are shown in Figure 2.3. The algorithm
mirrors the earlier algorithm in Figure 1.2 for computing ET(CIG(A)), except that
T ′ is used to filter the construction of the elimination tree. This means that if two
nodes are connected in T ′′, they must be connected in T ′. The elimination tree
ET(CIG(A′′)) and the results of postprocessing and reprocessing the elimination tree
using the algorithm of Figure 2.3 are shown in Figure 2.4.

To explain how the algorithm proceeds for the this example, start by looking at
T ′ (the tree obtained after the postprocessing scheme is applied). The generated tree
T ′′ by the reprocessing algorithm is similar to the original tree T ′ until the second
loop reaches the value k = 3. When k = 3 (p = 1, j = 2, and s = 2), the statement
parent(s) ← k of algorithm 2.3 is not executed, since k, s, and p do not belong to
the same component of T ′. Nevertheless, during the next iteration of this loop, when
k = 4, that same statement will connect node 2 to its new parent, node 4.

The postprocessing and subsequent reprocessing steps can be applied recursively
until postprocessing does not alter the elimination tree or forest (that is, count(j) > 0
for all j). Define T ′′ = ET∗(A, T ) to be the elimination forest that results from
the following two-step process: (1) applying postprocessing to the elimination tree T
and then (2) reprocessing the resulting forest T ′ to produce T ′′, using algorithms in
Figures 2.1 and 2.3, respectively.

Since ET ∗(A, T ) is either unchanged (T ′′ = T ) or more disconnected than T ,
recursive applications of T (k+1) ← ET∗(A, T (k)) will terminate after at most n iter-
ations. In practice, the number of iterations needed to obtain T (k+1) = T (k) is very
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Fig. 2.4. Original, postprocessed, and recomputed elimination trees for A′′.

small. Let T ∗ be this final elimination forest where T ∗ = ET∗(A, T ∗). Then, for
this forest, count(j) > 0 for all nodes j that are not root nodes. Thus, the predicted
sparsity structure of the rows in each tree of T ∗ is correct, and the sparsity structure
predicted by T ∗ is the exact fill-in pattern for the Householder QR factorization.

Determining if two nodes are in a common connected component of a tree or forest
T (as done in the core of loop k) can be performed in O(1) time after an ancestor
array is constructed containing the top-most ancestor of each node in T , which can
be done in O(n log n) time, where n is the number of nodes of T .

3. Computational results. The following operations were implemented: com-
puting the elimination tree of the column intersection graph ET(CIG(A)) (including
threading the trees), the postprocessing algorithms of Figures 2.1 and 2.3, a maximal
matching algorithm [6] for bipartite graphs, and the Dulmage–Mendelsohn decomposi-
tion [20]. Note that only path compression was used for the union-find data structures
in the construction of the elimination trees [2, p. 447], and not union-by-rank. This
is the approach used for constructing ET(CIG(A)) in the recent SuperLU code under
development by Demmel et al., which is referred to in [5]. The implementation of the
maximal matching algorithm follows the recommendations of [6]. These algorithms
were implemented in terms of the Meschach matrix library in C [21]. Our algorithms
predicted the exact fill-in for all test matrices, as expected. Our test matrices included
all rectangular matrices plus some square matrices from the Harwell–Boeing collec-
tion. Matrices which had more columns than rows were transposed before performing
any calculations. No column or row reordering was performed on these matrices, since
we aim solely to analyze the performance of our fill-in prediction algorithms.

Other test problems were 10 × 10 matrices with nonzeros only in the first row
and the diagonal. Our new routines correctly deduced the number of nonzero en-
tries for R, which for this matrix has just 19 nonzeros, using the postprocessed
ET(CIG(A)) tree (i.e., no fill-in), while the unprocessed tree predicted 55 nonzeros
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Table 3.1
Data for test matrices and their QR factorizations.

Name m× n #nz nz(R) nz(W )
impcol b 59× 59 312 877 671
watson1 58× 59 340 1711 696
watson2 66× 67 409 2211 1233
impcol c 137× 137 411 3835 3233
ash219 219× 85 438 1238 7367
impcol a 207× 207 572 3615 2216
ash331 331× 104 662 1026 13984
watson3 124× 125 780 7750 3840
lop163 163× 163 935 3251 2046
fs183 1 183× 183 1069 15889 14440
ash608 608× 188 1216 2970 43637
impcol e 225× 225 1308 6603 5594
impcol d 425× 425 1339 21626 13677
abb313 313× 176 1557 6794 22928
ash958 958× 292 1916 4516 104314
1138 bus 1138× 1138 2596 99137 62572
fs680 1 680× 680 2646 204152 203518
mcca 180× 180 2659 5882 1730

watson4 467× 468 2869 109278 88452
wm1 207× 277 2909 18222 22776
wm2 207× 260 2942 19879 23120
wm3 207× 260 2948 19925 23121

bcspwr07 1612× 1612 3718 66519 43260
bcspwr08 1624× 1624 3837 87029 54749
bcspwr09 1723× 1723 4117 122463 109684
illc1033 1033× 320 4732 8756 92309
gre 1107 1107× 1107 5664 328891 130060
fs760 1 760× 760 5976 235707 223292
illc1850 1850× 712 8758 71849 474111
watson5 1853× 1854 10847 1717731 447291
bcspwr10 5300× 5300 13571 2653153 2432762
zenios 2873× 2873 15032 97430 94444
add20 2395× 2395 17319 2565125 2178211
add32 4960× 4960 23884 9381844 8687422
mcfe 765× 765 24382 91277 24548

gemat12 4929× 4929 33111 5407842 5071559
gemat11 4929× 4929 33185 5415469 5071185
beause 497× 507 44551 120727 116106
gemat1 4929× 10595 47369 235707 223292
beacxc 497× 506 50409 100373 110571
beaflw 497× 507 53403 120855 114601
orani678 2529× 2529 90158 2776652 1835474
memplus 17758× 17758 126150 156383209 141158005

(i.e., complete fill-in, as was expected from ATA). Also, matrix A′′ of (2.2) was used
as a test matrix, and the results confirmed expectations. Our routines were compiled
and run on a Hewlett–Packard Visualize C3000 with standard optimization switches
set on.

The basic data for the matrices are listed in Table 3.1, and the timings for the
operations are listed in Table 3.2. In Table 3.1, #nz is the number of nonzeros of
the original matrix, nz(R) is the number of nonzeros of R in the QR factorization,
and nz(W ) is the number of nonzeros in the matrix of Householder vectors that
represents Q. In Table 3.2, ETCIG1 refers to the time to compute the elimination
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Table 3.2
Timings for operations on various matrices. Entry x.xx(yy) means x.xx× 10yy seconds.

Name ETCIG1 ETCIG2 Thread/Postproc Coarse/Fine MM
impcol b 1.05(−4) 1.31(−4) 1.20(−5)/2.60(−5) 2.95(−4)/3.97(−4) 1.38(−4)
watson1 1.10(−4) — 1.10(−5)/2.40(−5) 4.02(−4)/3.87(−4) 1.41(−4)
watson2 1.29(−4) — 1.20(−5)/2.90(−5) 4.27(−4)/4.45(−4) 1.31(−4)
impcol c 1.43(−4) 2.36(−4) 1.50(−5)/4.20(−5) 3.09(−4)/6.14(−4) 2.09(−4)
ash219 1.38(−4) — 1.30(−5)/3.50(−5) 5.70(−4)/7.60(−4) 1.82(−4)
impcol a 1.90(−4) 3.58(−4) 2.00(−5)/6.10(−5) 3.66(−4)/1.41(−3) 6.30(−4)
ash331 1.83(−4) — 1.40(−5)/4.20(−5) 7.00(−4)/1.05(−3) 2.58(−4)
watson3 2.03(−4) — 1.50(−5)/3.80(−5) 5.60(−4)/7.52(−4) 1.84(−4)
lop163 2.63(−4) 3.76(−4) 1.70(−5)/4.80(−5) 3.30(−4)/8.83(−4) 1.24(−4)
fs183 1 2.89(−4) 4.25(−4) 1.80(−5)/5.20(−5) 3.75(−4)/1.03(−3) 1.31(−4)
ash608 3.13(−4) — 1.80(−5)/8.80(−5) 1.04(−3)/1.82(−3) 4.04(−4)
impcol e 3.28(−4) — 2.00(−5)/6.60(−5) 3.86(−4)/1.83(−3) 3.01(−4)
impcol d 3.65(−4) 7.20(−4) 2.80(−5)/1.04(−4) 4.61(−4)/1.68(−3) 4.28(−4)
abb313 3.40(−4) — 1.80(−5)/5.70(−5) 8.85(−4)/1.54(−3) 2.84(−4)
ash958 4.57(−4) — 2.30(−5)/9.90(−5) 1.42(−3)/2.87(−3) 6.70(−4)
1138 bus 8.51(−4) 1.84(−3) 6.20(−5)/2.70(−4) 7.63(−4)/3.86(−3) 6.95(−4)
fs680 1 6.70(−4) 2.75(−4) 4.00(−5)/1.65(−4) 5.85(−4)/2.87(−3) 4.49(−4)
mcca 5.05(−4) 1.51(−3) 1.90(−5)/5.20(−5) 3.77(−4)/1.67(−3) 1.61(−4)

watson4 8.01(−4) — 3.00(−5)/1.19(−4) 1.25(−3)/2.52(−3) 3.88(−4)
wm1 5.65(−4) 7.70(−4) 1.90(−5)/6.10(−5) 1.07(−3)/1.92(−3) 3.25(−4)
wm2 5.72(−4) 7.78(−4) 1.90(−5)/6.00(−5) 1.09(−3)/1.92(−3) 5.62(−4)
wm3 5.78(−4) 8.28(−4) 1.80(−5)/6.10(−5) 1.12(−3)/1.97(−3) 5.80(−4)

bcspwr07 1.09(−3) — 8.10(−5)/3.74(−4) 9.13(−4)/5.45(−3) 8.23(−4)
bcspwr08 1.18(−3) 3.43(−3) 8.20(−5)/3.86(−4) 9.43(−4)/6.37(−3) 8.35(−4)
bcspwr09 1.14(−3) 2.80(−3) 9.00(−5)/4.12(−4) 9.44(−4)/5.83(−3) 8.81(−4)
illc1033 8.78(−4) 1.21(−3) 2.50(−5)/1.06(−4) 2.18(−3)/4.34(−3) 9.46(−4)
gre 1107 1.74(−3) 2.81(−3) 5.90(−5)/2.68(−4) 8.40(−4)/5.43(−3) 7.71(−4)
fs760 1 1.54(−3) 2.29(−3) 4.40(−5)/1.90(−4) 6.75(−4)/4.61(−3) 2.76(−4)
illc1850 1.72(−3) 2.50(−3) 4.10(−5)/2.22(−4) 3.65(−3)/7.92(−3) 2.67(−3)
watson5 2.50(−3) — 9.40(−5)/4.67(−4) 4.12(−3)/9.69(−3) 1.37(−3)
bcspwr10 4.47(−3) 1.02(−2) 2.40(−4)/1.30(−3) 2.21(−3)/1.85(−2) 2.31(−3)
zenios 3.27(−3) 5.94(−3) 1.44(−4)/6.93(−4) 1.61(−3)/1.36(−2) 1.53(−3)
add20 4.95(−3) 7.25(−3) 1.14(−4)/6.05(−4) 1.60(−3)/1.45(−2) 1.51(−3)
add32 7.07(−3) 1.20(−2) 2.77(−4)/1.32(−3) 2.70(−3)/2.45(−2) 2.66(−3)
mcfe 4.53(−4) 5.66(−3) 4.30(−5)/2.71(−4) 1.33(−3)/1.47(−2) 8.28(−4)

gemat12 1.03(−2) 1.50(−2) 2.30(−4)/1.27(−3) 2.79(−3)/3.46(−2) 6.71(−3)
gemat11 9.35(−3) 1.45(−2) 2.26(−4)/1.63(−3) 2.85(−3)/3.62(−2) 6.51(−3)
beause 2.05(−2) 2.83(−2) 3.60(−5)/2.89(−4) 1.15(−2)/3.60(−2) 7.68(−3)
gemat1 1.72(−2) — 2.52(−4)/2.29(−3) 3.07(−2)/6.82(−2) 2.71(−2)
beacxc 2.26(−2) 2.96(−2) 3.20(−5)/2.74(−4) 1.49(−2)/4.25(−2) 1.00(−2)
beaflw 2.39(−2) 3.15(−2) 3.10(−5)/2.85(−4) 1.51(−2)/4.30(−2) 1.04(−3)
orani678 4.38(−2) 5.60(−2) 1.43(−3)/1.10(−3) 8.62(−3)/1.01(−1) 7.17(−2)
memplus 8.20(−2) 1.14(−1) 1.07(−3)/7.83(−3) 2.51(−2)/3.69(−1) 1.84(−2)

tree of the column intersection graph of the matrix, and ETCIG2 is the amount
of additional time needed for all subsequent computations of ET∗(A, T ) in order to
compute the final elimination tree, T ∗. The columns “Thread” and “Postproc” give
the time needed to thread the elimination tree and to perform the postprocessing of
the algorithm in Figure 2.1, respectively.

The Dulmage–Mendelsohn decomposition gives an alternative way of predicting
the exact fill-in of QR factorization. The decomposition itself is a reordering of the
rows and columns of the matrix so that the matrix is put into block-upper-triangular
form with strong Hall diagonal blocks. The columns “Coarse” and “Fine” of Table 3.2



1972 SUELY OLIVEIRA

give the times needed for the coarse and fine phases of the Dulmage–Mendelsohn
decomposition [20] after the computation of a maximal matching. Finally, the column
“MM” gives the time needed to compute a maximal matching, which is an essential
step in the Dulmage–Mendelsohn algorithm. Note that the times given do not include
the times for computing the fill-in for the QR factorization using either approach.

When we add the times ETCIG1 and ETCIG2 and compare with the sum of the
times for the coarse and fine phases of the Dulmage–Mendelsohn method, we always
get smaller times for the sum of elimination tree times (ETCIG1 plus ETCIG2).
Notice that after the Dulmage–Mendelsohn decomposition, there are still other steps
for the prediction of the QR fill-in which are not taken into account. Our results show
that our new algorithms based on postprocessed row-merge trees are usually faster
than methods based on Dulmage–Mendelsohn approaches.

Acknowledgments. I would like to thank David Stewart for proofreading the
paper, Alex Pothen and Esmond Ng for interesting conversations, and, finally, the
referees for comments which improved the paper.
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Abstract. The Schwarz alternating method can be used to solve linear elliptic boundary value
problems on domains which consist of two or more overlapping subdomains. The solution is approx-
imated by an infinite sequence of functions which result from solving a sequence of elliptic boundary
value problems in each of the subdomains.

This paper considers four Schwarz alternating methods for the N -dimensional, steady, viscous,
incompressible Navier–Stokes equations, N ≤ 4. It is shown that the Schwarz sequences converge to
the true solution provided that the Reynolds number is sufficiently small.

Key words. domain decomposition, Schwarz alternating method, Navier–Stokes
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1. Introduction. The Schwarz alternating method was devised by H. A. Schwarz
more than one hundred years ago to solve linear boundary value problems. It has gar-
nered interest recently because of its potential as a very efficient algorithm for parallel
computers. In Tai and Espedal [11] and Dryja and Hackbusch [4], the authors show
convergence of Schwarz methods for some nonlinear problems. In Lui [10], proofs
of convergence of Schwarz alternating methods for some 2nd-order nonlinear elliptic
PDEs were attained. In this sequel, we prove convergence of four Schwarz methods for
the N -dimensional, steady, incompressible, viscous Navier–Stokes equations, N ≤ 4,
provided that the Reynolds number is sufficiently small.

Many authors have demonstrated numerically the effectiveness of Schwarz meth-
ods in solving fluid problems at moderate Reynolds numbers. See, for example, the
proceedings of the annual domain decomposition conferences, beginning with [7], [3],
[2], [8], [6], and references therein. This list is of course far from complete.

This paper appears to be the first attempt to prove convergence of Schwarz meth-
ods for the Navier–Stokes equations, though only for small Reynolds numbers. It
follows closely the framework developed in the fundamental paper of Lions [9], where
the convergence of the Schwarz method for the Stokes equations is proved. We treat
the Navier–Stokes equations as a nonlinear perturbation of the Stokes equations. Al-
though we concentrate mostly on the two-subdomain case, we shall derive an additive
version which converges for multiple subdomains.

Let Ω be a bounded connected domain in R
N with a smooth boundary. Suppose

Ω = Ω1 ∪Ω2, where the subdomains Ωi have smooth boundaries and are overlapping.
Let H1

0 (Ω)N denote the Cartesian product of N Sobolev spaces H1
0 (Ω) (consisting of

all functions whose first derivatives are in L2(Ω) and whose value vanishes on ∂Ω in
the trace sense), and define L2(Ω)N as the Cartesian product of N copies of L2(Ω).
The space H1/2(∂Ω)N is defined similarly. Let

V = {u ∈ H1
0 (Ω)N , div u = 0}
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and

Vi = {u ∈ H1
0 (Ωi)

N , div u = 0}, i = 1, 2.

Let ui denote the ith component of the vector u. Denote the inner product in the
Sobolev space H1

0 (Ω)N by

[u, v] =
N∑
i=1

∫
Ω

∇ui · ∇vi,

and let ‖u‖1 = [u, u]1/2. In this paper, a function in H1
0 (Ωi)

N is considered as a
function defined on the whole domain by extension by zero.

Given f from the dual space H−1(Ω)N with norm ‖ · ‖−1, the Stokes problem for
u ∈ H1

0 (Ω)N and p ∈ L2
0(Ω) ≡ {q ∈ L2(Ω),

∫
Ω
q = 0} is

−�u+∇p = f and div u = 0 on Ω.

It is well known ([12], for instance) that there is a unique solution (u, p) ∈ H1
0 (Ω)N ×

L2
0(Ω). Write u = S−1f , where S−1 : H−1(Ω)N → V is the solution operator for the

velocity u. It is again well known that (‖u‖1 +‖p‖L2(Ω)) ≤ C ‖f‖−1 for some constant

C. In particular, ‖S−1‖1 ≤ C. Similarly, define S−1
i as the solution operator for the

velocity for the Stokes problem on Ωi.
The subdomains Ωi are said to overlap if H1

0 (Ω)N = H1
0 (Ω1)N + H1

0 (Ω2)N . In
this case, the work of Lions [9] shows that V = V1 +V2. Let Pi denote the orthogonal
(with respect to the inner product [·, ·]) projection from V onto Vi, i = 1, 2. It is well
known that

d ≡ max (‖(I − P2)(I − P1)‖1, ‖(I − P1)(I − P2)‖1) < 1.(1.1)

See Lions [9] and Bramble et al. [1]. Throughout this paper, C will denote a positive
constant which may not be the same at different occurrences.

In the next section, we give a statement of the problem including an estimate for
the nonlinear term. Following that, we prove convergence for a nonlinear Schwarz se-
quence where each subdomain problem is a nonlinear one. In the next three sections,
we develop three variations of the nonlinear Schwarz sequence and prove convergence.
These sequences are more practical in that only linear subdomain problems are en-
countered and that in two of these, the subdomain problems are independent so that
they can be solved concurrently. In the final section, we discuss the case of many
subdomains and nonhomogeneous boundary conditions. This paper concludes with
some suggestions for future work.

2. Navier–Stokes equations. TheN -dimensional, steady, viscous, incompress-
ible Navier–Stokes equations in nondimensional form are

(u · ∇)u = −∇p+
1

R
�u+ f on Ω,

div u = 0 on Ω,

with the boundary conditions

u = g on ∂Ω,
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where u ∈ H1(Ω)N , g is the given velocity on the boundary with ‖g‖H1/2(∂Ω)N ≤ 1,

f is the forcing term in L2(Ω)N , p is the pressure, and R is the Reynolds number.
We assume that g satisfies the compatibility condition

∫
∂Ω
g · ν = 0, where ν denotes

the (outward) unit normal. We use u to denote the unique solution to this equation.
We shall need the following lemma. A similar version states the continuity of a

certain trilinear form containing the convective term of the Navier–Stokes equations.
See, for instance, Temam [12].

Lemma 1. Let U = {u ∈ H1(Ω)N , div u = 0}. For N ≤ 4, define the function
F : U × U → V by F (u, v) = S−1(u · ∇)v. Then ‖F (u, v)‖1 ≤ C‖u‖1 ‖v‖1.

Proof. Let z = F (u, v) ∈ V . Then Sz = (u · ∇)v, which implies

[z, z] =

∫
Ω

z · (u · ∇)v = −
∫

Ω

v · (u · ∇)z.

By Holder’s inequality, we have for any 0 < ε ≤ 1/2∣∣∣∣
∫

Ω

vjui
∂zj
∂xi

∣∣∣∣ ≤ ‖vj‖L2/ε(Ω)‖ui‖L2/ε(Ω)‖zj‖H1
0 (Ω).

By the Sobolev embedding theory, we have a continuous embeddingHs(Ω)→ L2/ε(Ω)
for s = N(1 − ε)/2. When N ≤ 4, we can arrange s = 1 by choosing an appropriate
ε. (For N = 2, let ε→ 0; for N = 3 or 4, pick ε = 1− 2/N .) Thus

‖z‖21 ≤ C‖z‖1 ‖u‖1 ‖v‖1,

and the conclusion of the lemma follows.
In light of this lemma, we restrict our work to the case N ≤ 4 in the remainder

of this paper. Initially, we only discuss the case g ≡ 0, which has a clearer exposition.
The general case will be addressed in the last section. In the next section, we define
a Schwarz sequence and prove its convergence.

3. Nonlinear Schwarz sequence. Let u(0) ∈ V . For n = 0, 1, 2, . . ., define the
nonlinear Schwarz sequence as

(u(n+ 1
2 ) · ∇)u(n+ 1

2 ) = −∇p(n+ 1
2 ) +

1

R
�u(n+ 1

2 ) + f on Ω1,

div u(n+ 1
2 ) = 0 on Ω1,

u(n+ 1
2 ) = u(n) on ∂Ω1

and

(u(n+1) · ∇)u(n+1) = −∇p(n+1) +
1

R
�u(n+1) + f on Ω2,

div u(n+1) = 0 on Ω2,

u(n+1) = u(n+ 1
2 ) on ∂Ω2.

Here, u(n+ 1
2 ) is considered as a function in V by defining it to be u(n) on Ω \Ω1, and

u(n+1) is defined as u(n+ 1
2 ) on Ω\Ω2. The first thing to check is that the compatibility

conditions ∫
∂Ω1

u(n) · ν = 0 =

∫
∂Ω2

u(n+ 1
2 ) · ν
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are satisfied. We claim that they are satisfied for all n provided that∫
Γ1

u(0) · ν = 0(3.1)

holds, where Γ1 = ∂Ω1 ∩ Ω2.
The claim is proved by induction. For n = 0,∫

∂Ω1

u(0) · ν =

∫
Γ1

u(0) · ν = 0

by (3.1). Since div u(
1
2 ) = 0 on Ω1 ∩ Ω2,

0 =

∫
Γ1

u(
1
2 ) · ν +

∫
Γ2

u(
1
2 ) · ν =

∫
Γ1

u(0) · ν +

∫
Γ2

u(
1
2 ) · ν =

∫
Γ2

u(
1
2 ) · ν.

Here Γ2 = ∂Ω2 ∩ Ω1. The induction step is proved by a similar calculation.
The main result is that this Schwarz sequence converges to the true solution

provided that the Reynolds number is sufficiently small.
Theorem 1. Assuming that u(0) ∈ V satisfies (3.1) and that R is sufficiently

small (see (3.9 and 3.10), the nonlinear Schwarz sequence converges geometrically to
the true solution u in the norm ‖ · ‖1.

Proof. Let v1 ∈ V1. Multiply the PDE in Ω1 by v1, and then integrate by parts
to obtain the weak form∫

Ω1

v1 · (u(n+ 1
2 ) · ∇)u(n+ 1

2 ) = − 1

R
[u(n+ 1

2 ), v1] +

∫
Ω1

f · v1.

Note that v1 is divergence-free and hence the pressure term drops out. Now

[u(n+ 1
2 ) − u(n), v1] = [−P1u

(n), v1]−R
∫

Ω1

v1 · (u(n+ 1
2 ) · ∇)u(n+ 1

2 ) +R

∫
Ω1

f · v1.

Since u(n+ 1
2 ) − u(n) ∈ V1, we have

u(n+ 1
2 ) − u(n) = −P1u

(n) −RS−1
1 (u(n+ 1

2 ) · ∇)u(n+ 1
2 ) +RS−1

1 f.

Define e(n) = u(n)−u and e(n+ 1
2 ) = u(n+ 1

2 )−u. Since P1u = −RS−1
1 (u·∇)u+RS−1

1 f ,
we obtain

e(n+ 1
2 ) − e(n) = P1u+RS−1

1 (u · ∇)u−RS−1
1 (u(n+ 1

2 ) · ∇)u(n+ 1
2 ) − P1u

(n)

or

e(n+ 1
2 ) = (I − P1)e(n) +RF1(e(n+ 1

2 )),(3.2)

where

F1(e(n+ 1
2 )) = −S−1

1 ((u(n+ 1
2 ) · ∇)u(n+ 1

2 ) − (u · ∇)u),

= −S−1
1 ((e(n+ 1

2 ) · ∇)e(n+ 1
2 ) + (u · ∇)e(n+ 1

2 ) + (e(n+ 1
2 ) · ∇)u).(3.3)

Similarly,

e(n+1) = (I − P2)e(n+ 1
2 ) +RF2(e(n+1)),(3.4)
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where

F2(e(n+1)) = −S−1
2

(
(e(n+1) · ∇)e(n+1) + (u · ∇)e(n+1) + (e(n+1) · ∇)u

)
.(3.5)

Combining these equations, we obtain

e(n+ 1
2 ) = (I − P1)(I − P2)e(n−

1
2 ) +R(I − P1)F2(e(n)) +RF1(e(n+ 1

2 ))(3.6)

and

e(n+1) = (I − P2)(I − P1)e(n) +R(I − P2)F1(e(n+ 1
2 )) +RF2(e(n+1)).(3.7)

Having developed the error equations, the rest of the proof can be divided into
three steps. The first is to derive an estimate for ‖Fi‖1, and then show that {‖e(n)‖1}
is bounded and, finally, that it is convergent to zero.

In the first step, we give a bound on ‖F1(e(n+ 1
2 ))‖1. This is accomplished by

directly applying the lemma (on Ω1):

‖F1(e(n+ 1
2 ))‖1 ≤ C‖e(n+ 1

2 )‖1(2‖u‖1 + ‖e(n+ 1
2 )‖1).

A similar bound holds for ‖F2(e(n))‖1.
In the second step of the program, we show by induction that, provided R is

sufficiently small, ‖e(n+ 1
2 )‖1, ‖e(n)‖1 ≤M for every n, where

M = max(‖e(0)‖1, ‖e( 1
2 )‖1).

Suppose ‖e(n− 1
2 )‖1, ‖e(n)‖1 ≤M . From (1.1) and (3.6),

‖e(n+ 1
2 )‖1 ≤ d‖e(n− 1

2 )‖1 +RC‖e(n)‖1(2‖u‖1 + ‖e(n)‖1)(3.8)

+RC‖e(n+ 1
2 )‖1(2‖u‖1 + ‖e(n+ 1

2 )‖1)

or

0 ≤ εa2 − (1− 2ε‖u‖1)a+ α,

where ε = RC, a = ‖e(n+ 1
2 )‖1, and α = dM + εM(M + 2‖u‖1). The roots of the

associated quadratic equation are

r± =
1− 2‖u‖1ε±

√
(1− 2‖u‖1ε)2 − 4εα

2ε

=
1

ε
− (dM + 2‖u‖1) +O(ε), dM +O(ε).

Hence the inequality is equivalent to a ≥ r+ or a ≤ r−. The first root, r+, is
extraneous because in this case, as ε → 0, a = ‖e(n+ 1

2 )‖1 → ∞, which is absurd.

Hence we have ‖e(n+ 1
2 )‖1 ≤ r− ≤ M for ε sufficiently small. Here, sufficiently small

means ε ≤ (1− d)/2(M + 2‖u‖1) or

R ≤ 1− d
2C(M + 2‖u(R)‖1)

.(3.9)

Here, we emphasize the dependence of u on R by writing u(R). From (3.7), with the

same bound onR, we also have ‖e(n+1)‖1 ≤M . Hence by induction, ‖e(n)‖1, ‖e(n+ 1
2 )‖1 ≤

M for every n.
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Finally, we are ready to show the convergence of the Schwarz sequence. As a
consequence of the above, we have

‖F1(e(n+ 1
2 ))‖1 ≤ C(M + 2‖u‖1)‖e(n+ 1

2 )‖1
and similarly for ‖F2(e(n))‖1. By applying (I −P2) to (3.4) with n replaced by n− 1,

we obtain (I − P2)e(n) = (I − P2)e(n−
1
2 ). From (3.6)

‖e(n+ 1
2 )‖21 = ‖P1e

(n+ 1
2 )‖21 + ‖(I − P1)e(n+ 1

2 )‖21
≤ ε2‖e(n+ 1

2 )‖21 + (d+ ε)2‖e(n)‖21,
where ε = RC(2‖u‖1 +M) < 1 by (3.9). From this, we obtain

‖e(n+ 1
2 )‖1 ≤ d+ ε√

1− ε2 ‖e
(n)‖1.

Similarly,

‖e(n+1)‖1 ≤ d+ ε√
1− ε2 ‖e

(n+ 1
2 )‖1.

Hence a sufficient condition for convergence is that d+ ε <
√

1− ε2 or

R <

√
2− d2 − d

2C(2‖u(R)‖1 +M)
.

This condition is weaker than (3.9).
We now strengthen (3.9) slightly to ensure that the resulting condition does not

lead to a vacuous set of problems. It is known ([12], for instance) that if

R2‖f‖−1 < C1,

where C1 is a known constant, then the Navier–Stokes equations have a unique solu-
tion u with the bound ‖u‖1 ≤ R‖f‖−1 <

√
C1 ‖f‖−1. Hence (3.9) can be replaced

by the stronger condition

R ≤ min

(
1− d

2C(M + 2
√
C1 ‖f‖−1)

,

√
C1

‖f‖−1

)
,(3.10)

where the right-hand side consists of known quantities. Thus we conclude that if
(3.10) is satisfied, the nonlinear Schwarz sequence converges geometrically.

Strictly speaking, e(
1
2 ) is not part of the data of the problem. Instead of the

definition of M above, we can define M = 2‖e(0)‖1. Using (3.2), ‖e( 1
2 )‖1 ≤ M

provided that R−1 ≥ 4C(u+ ‖e(0)‖1). An inequality corresponding to (3.9) is

R ≤ 1− d
4C(‖e(0)‖1 + ‖u(R)‖1)

.

4. Linear Schwarz sequence. In the previous section, each Schwarz iteration
requires the solution of a nonlinear PDE in each subdomain. From a practical point
of view, we of course prefer to solve linear problems whenever possible. Now, we
demonstrate a version of the Schwarz method where only linear PDEs need to be
solved.
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Let u(0) ∈ V , and assume it satisfies (3.1). For n = 0, 1, 2, . . ., define the linear
Schwarz sequence as

(u(n) · ∇)u(n+ 1
2 ) = −∇p(n+ 1

2 ) +
1

R
�u(n+ 1

2 ) + f on Ω1,

div u(n+ 1
2 ) = 0 on Ω1,

u(n+ 1
2 ) = u(n) on ∂Ω1

and

(u(n+ 1
2 ) · ∇)u(n+1) = −∇p(n+1) +

1

R
�u(n+1) + f on Ω2,

div u(n+1) = 0 on Ω2,

u(n+1) = u(n+ 1
2 ) on ∂Ω2.

Notice that the above equations are linear and that the compatibility conditions are
satisfied.

The main result is that this Schwarz sequence converges to the true solution
provided that the Reynolds number is sufficiently small.

Theorem 2. Assuming that u(0) ∈ V satisfies (3.1) and that R is sufficiently
small, the linear Schwarz sequence converges to the true solution u in the norm ‖ · ‖1.

Proof. The proof is similar to before, and we only give the key steps. We have
expressions for the error sequence that are similar to those used before:

e(n+ 1
2 ) = (I − P1)e(n) +RF1(e(n+ 1

2 ), e(n)),

e(n+1) = (I − P2)e(n+ 1
2 ) +RF2(e(n+1), e(n+ 1

2 )),

where

F1(e(n+ 1
2 ), e(n)) = −S−1

1 ((e(n) · ∇)e(n+ 1
2 ) + (u · ∇)e(n+ 1

2 ) + (e(n) · ∇)u),

F2(e(n+1), e(n+ 1
2 )) = −S−1

2 ((e(n+ 1
2 ) · ∇)e(n+1) + (u · ∇)e(n+1) + (e(n+ 1

2 ) · ∇)u).

Note that we have the estimates

‖F1(e(n+ 1
2 ), e(n))‖1 ≤ C(‖e(n+ 1

2 )‖1‖e(n)‖1 + ‖u‖1‖e(n+ 1
2 )‖1 + ‖e(n)‖1),

‖F2(e(n+1), e(n+ 1
2 ))‖1 ≤ C(‖e(n+1)‖1‖e(n+ 1

2 )‖1 + ‖u‖1‖e(n+1)‖1 + ‖e(n+ 1
2 )‖1).

Combining the error sequences, we obtain the error equations

e(n+ 1
2 ) = (I − P1)(I − P2)e(n−

1
2 ) +R(I − P1)F2(e(n), e(n−

1
2 )) +RF1(e(n+ 1

2 ), e(n)),

e(n+1) = (I − P2)(I − P1)e(n) +R(I − P2)F1(e(n+ 1
2 ), e(n)) +RF2(e(n+1), e(n+ 1

2 )).

As before, we show that, provided R is sufficiently small, (R ≤ (1− d)/2C(M +

‖u‖1 + 1)) for every n, ‖e(n)‖1, ‖e(n+ 1
2 )‖1 ≤ M , where M = max(‖e(0)‖1, ‖e( 1

2 )‖1).
From this we obtain

‖F1(e(n+ 1
2 ), e(n))‖1 ≤ C(M + ‖u‖1)‖e(n+ 1

2 )‖1 + C‖e(n)‖1,
‖F2(e(n+1), e(n+ 1

2 ))‖1 ≤ C(M + ‖u‖1)‖e(n+1)‖1 + C‖e(n+ 1
2 )‖1.
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Applying these inequalities to the error equations, we have[ ‖e(n+1)‖1
‖e(n+ 1

2 )‖1

]
≤ A

[ ‖e(n+ 1
2 )‖1

‖e(n)‖1

]
and

[ ‖e(n+ 1
2 )‖1

‖e(n)‖1

]
≤ A

[ ‖e(n)‖1
‖e(n− 1

2 )‖1

]
,

where

A =

[
ε(M+‖u‖1+1)
1−ε(M+‖u‖1)

d+ε
1−ε(M+‖u‖1)

1 0

]
,

where ε = RC. For convergence, it is sufficient that the spectral radius of A is less
than one:

ε(M + ‖u‖1 + 1)±√ε2(M + ‖u‖1 + 1)2 + 4(d+ ε)(1− ε(M + ‖u‖1))

2(1− ε(M + ‖u‖1))
< 1.

This is equivalent to

R <
1− d

2C(M + ‖u‖1 + 1)
.(4.1)

Of course, a variation of (3.10) can be used as an upper bound.

5. Parallel Schwarz sequence. For the two previous Schwarz methods, the
iterates must be computed sequentially. In this section, we suggest a Schwarz sequence
where the two subdomain problems are independent, and thus they can be solved
simultaneously. This sequence also converges provided that the Reynolds number is
sufficiently small.

Let u(0) ∈ V , and assume that it satisfies∫
Γi

u(0) · ν = 0, i = 1, 2.(5.1)

Define u(−
1
2 ) = u(0). For n = 0, 1, 2, . . ., define the parallel Schwarz sequence as

(u(n) · ∇)u(n+ 1
2 ) = −∇p(n+ 1

2 ) +
1

R
�u(n+ 1

2 ) + f on Ω1,

div u(n+ 1
2 ) = 0 on Ω1,

u(n+ 1
2 ) = u(n) on ∂Ω1

and

(u(n−
1
2 ) · ∇)u(n+1) = −∇p(n+1) +

1

R
�u(n+1) + f on Ω2,

div u(n+1) = 0 on Ω2,

u(n+1) = u(n−
1
2 ) on ∂Ω2.

We define u(n+1) as u(n−
1
2 ) on Ω \Ω2. Notice that the above equations are linear and

can be solved independently. We again can check that the compatibility conditions
are satisfied.

Theorem 3. Assuming that u(0) ∈ V satisfies (5.1) and that R is sufficiently
small, the parallel Schwarz sequence converges to the true solution u in the norm ‖·‖1.
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Proof. The proof is similar to before, and we only give the key steps. We have
expressions for the error sequence that are similar to those used before:

e(n+ 1
2 ) = (I − P1)e(n) +RF1(e(n+ 1

2 ), e(n)),

e(n+1) = (I − P2)e(n−
1
2 ) +RF2(e(n+1), e(n−

1
2 )).

Combining the error sequences, we obtain the error equations

e(n+ 1
2 ) = (I − P1)(I − P2)e(n−

3
2 ) +R(I − P1)F2(e(n), e(n−

3
2 )) +RF1(e(n+ 1

2 ), e(n)),

e(n+1) = (I − P2)(I − P1)e(n−1) +R(I − P2)F1(e(n−
1
2 ), e(n−1)) +RF2(e(n+1), e(n−

1
2 )),

where e(−
3
2 ) ≡ e(0).

As before, we show that, provided R is sufficiently small, (R ≤ (1− d)/2C(M +

‖u‖1 + 1)) for every n, ‖e(n)‖1, ‖e(n+ 1
2 )‖1 ≤ M , where M = max(‖e(0)‖1, ‖e( 1

2 )‖1).
Hence we have the estimates

‖F1(e(n+ 1
2 ), e(n))‖1 ≤ C(M + ‖u‖1)‖e(n+ 1

2 )‖1 + C‖e(n)‖1,
‖F2(e(n+1), e(n−

1
2 ))‖1 ≤ C(M + ‖u‖1)‖e(n+1)‖1 + C‖e(n− 1

2 )‖1.
Applying these inequalities to the error equations, we have


‖e(n+1)‖1
‖e(n+ 1

2 )‖1
‖e(n)‖1
‖e(n− 1

2 )‖1


 ≤ A



‖e(n)‖1
‖e(n− 1

2 )‖1
‖e(n−1)‖1
‖e(n− 3

2 )‖1


 ,

where

A =




0 ε(M+‖u‖1+1)
1−ε(M+‖u‖1)

d+ε
1−ε(M+‖u‖1)

0
ε(M+‖u‖1+1)
1−ε(M+‖u‖1)

0 0 d+ε
1−ε(M+‖u‖1)

1 0 0 0
0 1 0 0


 ,

and ε = RC. For convergence, it is sufficient that the spectral radius of A is less than
one. This is equivalent to

R <
1− d

2C(M + ‖u‖1 + 1)
,(5.2)

which is the same estimate as that of the linear Schwarz method.

6. Additive Schwarz sequence. In this section, we demonstrate the conver-
gence of the additive Schwarz sequence, which was originally introduced in [5] for
linear elliptic equations and has been used successfully in practice.

Let u(0) ∈ V . For n = 0, 1, 2, . . ., define d(n+ 1
2 ) ∈ V1 and d(n+1) ∈ V2 as the

solutions of

[d(n+ 1
2 ), v1] = R

∫
Ω1

f · v1 −R
∫

Ω1

v1 · (u(n) · ∇)u(n) − [u(n), v1], v1 ∈ V1,

and of

[d(n+1), v2] = R

∫
Ω2

f · v2 −R
∫

Ω2

v2 · (u(n) · ∇)u(n) − [u(n), v2], v2 ∈ V2.
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The additive Schwarz sequence is defined as

u(n+1) = u(n) + ω(d(n+ 1
2 ) + d(n+1)),

where ω is a relaxation parameter. Roughly speaking, d(n+ 1
2 ) and d(n+1) are correc-

tions to the iterate u(n) in the subdomains Ω1 and Ω2, respectively, and the right-hand
sides of the above equations defining the corrections are the residuals of u(n) in the
subdomains. Ignoring the nonlinear terms, the above sequence is precisely the addi-
tive Schwarz sequence for the Stokes problem. Notice that the above Stokes equations
can be solved independently and no additional assumption on u(0) is required.

Theorem 4. Suppose u(0) ∈ V . Assuming that 0 < ω < 1/2 and that R is
sufficiently small, the additive Schwarz sequence converges geometrically to the true
solution u in the norm ‖ · ‖1.

Proof. We sketch only the proof, recording the key equations. From the defining
equations, we have

d(n+ 1
2 ) = −P1e

(n) +RF1(e(n)),

d(n+1) = −P2e
(n) +RF2(e(n)),

from which we obtain

e(n+1) = (I − ω (P1 + P2))e(n) + ωR(F1(e(n)) + F2(e(n))),

where F1 and F2 were defined in (3.3) and (3.5). When 0 < ω < 1/2, ‖I − ω (P1 +
P2)‖1 < 1. Applying the estimates for Fi and the condition

R <
1− ‖I − ω (P1 + P2)‖1

2ωC(‖u(0) − u‖1 + 2‖u‖1)
,(6.1)

we can show that ‖e(n)‖1 ≤ ‖e(0)‖1 for all n. This condition (or a variation of
(3.10)) is also sufficient to guarantee geometric convergence of the additive Schwarz
sequence.

7. Discussion and conclusion. In this paper, we show the convergence of four
Schwarz alternating methods for the N -dimensional, steady, incompressible Navier–
Stokes equations provided that the Reynolds number is sufficiently small and N ≤ 4.
Our results are valid only for the two-subdomain case. It is interesting to see that
the bounds (3.9, 4.1, 5.2, 6.1) on the Reynolds number for the four methods are
approximately the same. (The constant C appearing in these four estimates can be
taken to be the same number.)

The result for finitely many subdomains is again that the Schwarz sequence con-
verges provided that R is sufficiently small. Except for the additive Schwarz scheme,
we cannot give an explicit bound for R. The difficulty is in obtaining an explicit
expression for the spectral radius of a certain matrix. We elaborate on this point
below. To simplify the analysis, assume that any three distinct subdomains have an
empty intersection.

First, we need the following lemma which was shown by Lions [9] for the two-
subdomain case. The general case is true by induction. We include a proof for
completeness.

Lemma 2. Suppose H1
0 (Ω)N = H1

0 (Ω1)N + · · ·+H1
0 (Ωm)N . Let V and Vi be sub-

spaces of H1
0 (Ω)N and H1

0 (Ωi)
N , respectively, consisting of divergence-free functions.

Then V = V1 + · · ·+ Vm.
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Proof. First consider the case when m = 2. Let u ∈ V . We need to show that
u = v1 + v2 for some vi ∈ Vi, i = 1, 2. Since the domains are overlapping, we have
u = u1 + u2 for some ui ∈ H1

0 (Ωi)
N . Let h = div u1. Let Ω12 = Ω1 ∩ Ω2 and

Ω11 = Ω1 ∩ Ω2
c
. We claim that

∫
Ω12
h = 0, and so the PDE

div w = h on Ω12

has a solution w ∈ H1
0 (Ω12)N . By extending w by 0 to Ω, we can define v1 = u1 − w

and v2 = u2 + w. By construction, div v1 = 0 and div v2 = − div u1+ div w = 0.
The claim can be shown by the following calculation. Let ν be the unit outward

normal to ∂Ω12, and let ν1 be the unit outward normal to ∂Ω11. Then∫
Ω12

h =

∫
∂Ω12

u1 · ν =

∫
Γ2

u · ν = −
∫
∂Ω11

u · ν1 = −
∫

Ω11

div u = 0.

Now consider the m subdomain case. By induction hypothesis and the fact that
the subdomains are overlapping,

U ≡ V1 + · · ·+ Vm−1 = {v ∈ H1
0 (Ω1 ∪ · · · ∪ Ωm−1), div v = 0}.

Since H1
0 (Ω)N = H1

0 (Ω1∪ · · ·∪Ωm−1)N +H1
0 (Ωm)N , the result of the two-subdomain

case yields the desired conclusion V = U + Vm.
For m subdomains, we can obtain an error equation analogous to (3.6). For

instance,

e(n+1) = (I − Pm) · · · (I − P1)e(n) + · · · ,
where Pi is the orthogonal projection (with respect to [·, ·]) of V onto Vi and [+ · · ·]
is a sum of m quadratic terms. Armed with Lemma 2, it is well known [9], [1] that

d = ‖(I − Pm) · · · (I − P1)‖1 < 1

for overlapping subdomains. In a similar way as before, we can show that the nonlinear
Schwarz sequence is bounded and that


‖e(n+m−1
m )‖1

‖e(n+m−2
m )‖1

...

‖e(n+ 1
m )‖1

‖e(n)‖1



≤ Amn




‖e(m−1
m )‖1

‖e(m−2
m )‖1
...

‖e( 1
m )‖1

‖e(0)‖1



, A =




ε
1−ε

ε
1−ε · · · ε

1−ε
d

1−ε
1 0 · · · · · · 0

0 1
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 1 0



,

where ε = RC(M + 2‖u‖1) and e(n+ i
m ) is the error of the iterate defined on the ith

subdomain. Hence a sufficient condition for convergence is that the spectral radius of
A is less than one. The spectral radius is d1/m + o(ε), and thus for all ε sufficiently
small, the Schwarz sequence converges. Because it does not seem possible to write
down an explicit expression for the spectral radius, we cannot give an explicit bound
on R.

The additive Schwarz method generalizes directly to the m-subdomain case. It
converges if

R <
1− ‖I − ω (P1 + · · ·+ Pm)‖1
mωC(‖u(0) − u‖1 + 2‖u‖1)

,
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where 0 < ω < 1/K, where K is the minimum number of colors needed to color the
subdomains in such a way that overlapping subdomains are assigned different colors.

Nonhomogeneous boundary conditions can also be treated by making a change of
variable. Define w = u− g, where g is the Dirichlet data on ∂Ω which is extended to
be a divergence-free function in H1(Ω)N . Then the Navier–Stokes equations become

(w · ∇)w + (g · ∇)w + (w · ∇)g = −∇p+
1

R
�w +G

for w ∈ V and

G =
1

R
�g + f − (g · ∇)g.

The analysis goes through as before. For instance, the nonlinear Schwarz sequence
for w(n+ 1

2 ) is defined by

(w(n+ 1
2 ) · ∇)w(n+ 1

2 ) + (g · ∇)w(n+ 1
2 ) + (w(n+ 1

2 ) · ∇)g

= −∇p(n+ 1
2 ) +

1

R
�w(n+ 1

2 ) +G on Ω1,

div w(n+ 1
2 ) = 0 on Ω1,

w(n+ 1
2 ) = w(n) on ∂Ω1,

the existence of which is guaranteed provided that the compatibility condition∫
Γ1

w(0) · ν = 0

is satisfied. In a similar manner as before, we obtain e(n+ 1
2 ) = (I − P1)e(n) +

RG1(e(n+ 1
2 )), where

G1(e(n+ 1
2 )) = −S−1

1 ((g · ∇)e(n+ 1
2 ) + (e(n+ 1

2 ) · ∇)g) + F1(e(n+ 1
2 ))

and e(n+ 1
2 ) = w(n+ 1

2 ) − (u− g). Hence we have the estimate

‖G1(e(n+ 1
2 ))‖1 ≤ C ‖e(n+ 1

2 )‖1(2(‖u‖1 + ‖g‖1) + ‖e(n+ 1
2 )‖1).

Following the analysis as before, we obtain convergence provided that

R <
1− d

2C(M + 2(‖u‖1 + ‖g‖1))
.

To prove convergence for a Reynolds number which is not small, we need to get
a sharper norm estimate for (3.6) than the simple one given by (3.8) (or a completely
different approach than the perturbational one taken here). For example, for the
nonlinear Schwarz method, if we estimate (3.6) by (3.8), then, even if we assume a
stronger inequality than (3.8) by dropping the quadratic terms

‖e(n+ 1
2 )‖1 ≤ d‖e(n− 1

2 )‖1 + 2RC‖u‖1‖e(n)‖1 + 2RC‖u‖1‖e(n+ 1
2 )‖1,

convergence still requires R < (1− d)/4C‖u‖1.
Other future work includes extending our results to the time dependent case and

the consideration of Schwarz methods on nonoverlapping subdomains.
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Abstract. The solution of elliptic problems is challenging on parallel distributed memory com-
puters since their Green’s functions are global. To address this issue, we present a set of precondi-
tioners for the Schur complement domain decomposition method. They implement a global coupling
mechanism, through coarse-space components, similar to the one proposed in [Bramble, Pasciak, and
Shatz, Math. Comp., 47 (1986), pp. 103–134]. The definition of the coarse-space components is alge-
braic; they are defined using the mesh partitioning information and simple interpolation operators.
These preconditioners are implemented on distributed memory computers without introducing any
new global synchronization in the preconditioned conjugate gradient iteration. The numerical and
parallel scalability of those preconditioners are illustrated on two-dimensional model examples that
have anisotropy and/or discontinuity phenomena.

Key words. domain decomposition, two-level preconditioning, Schur complement, parallel
distributed computing, elliptic partial differential equations

AMS subject classifications. 65N55, 65F10, 65F50, 65Y05

PII. S1064827598340809

1. Introduction. In the recent years, there has been an important develop-
ment of domain decomposition algorithms for solving numerically partial differential
equations. Elliptic problems are challenging since their Green’s functions are global:
the solution at each point depends upon the data at all other points. Nowadays some
methods possess optimal convergence rates for given classes of elliptic problems. It can
be shown that the condition number of the associated preconditioned systems is inde-
pendent of the number of subdomains and is either independent of or logarithmically
dependent on the size of the subdomains. That optimality and these quasi-optimality
properties are often achieved thanks to the solution of a coarse problem defined on
the whole physical domain. Through the use of coarse spaces, this approach captures
the global behavior of the elliptic equations.

Various domain decomposition techniques, from the eighties and nineties, have
suggested different global coupling mechanisms and various combinations between
them and the local preconditioners. In the framework of nonoverlapping domain
decomposition techniques, we refer, for instance, to BPS (Bramble, Pasciak, and
Schatz) [2], vertex space [6, 19], and some extended balancing Neumann–Neumann
[13, 14, 15], as well as FETI (finite element tearing and interconnection) [8, 16], for
the presentation of major two-level preconditioners.

Even though the theory for domain decomposition techniques is well developed
(see [4, 18, 20] and the references therein) for regular enough elliptic two-dimensional
and three-dimensional equations, there are situations, even in two dimensions, that
either are not covered by the theory or have constants appearing in the theoretical
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bounds for the condition numbers which can be very large. Such situations might oc-
cur, for instance, in the solution of scalar heterogeneous, anisotropic elliptic problems.
In that respect we consider in this paper two-level domain decomposition methods
based on algebraic constructions of the coarse space for the solution of heterogeneous,
anisotropic two-dimensional elliptic problems defined on structured or unstructured
discretizations. Such numerical difficulties arise in the equations involved in semicon-
ductor device simulation that was actually one of the main motivations for this work,
as illustrated in one of our numerical examples. Through an experimental study of the
numerical and parallel scalability of the preconditioned Schur complement method,
we investigate some new coarse-space preconditioners. They are closely related to
BPS [2], although we propose different coarse spaces to construct their coarse com-
ponents. Furthermore, we propose a parallel implementation of the preconditioned
Schur complement method that does not require any new global synchronization in
the iteration loop of the preconditioned conjugate gradient solver.

The paper is organized as follows. In section 2, we formulate the problem and
introduce the notation. In section 3, we describe the various coarse spaces we have
considered when defining the preconditioners’ coarse-space components. Section 4
provides some details on the parallel distributed implementation of the resulting do-
main decomposition algorithm. Computational results illustrating the numerical and
parallel scalability of the preconditioners are given in section 5.

2. Preliminaries and notation. The purpose of this section is two-fold. First,
we formulate a two-dimensional elliptic model problem. Then we introduce the nota-
tion that will allow us to define the coarse spaces we have considered in our precon-
ditioners.

We consider the following 2nd order self-adjoint elliptic problem on an open polyg-
onal domain Ω included in R

2:{
− ∂
∂x
(a(x, y)∂v

∂x
)− ∂

∂y
(b(x, y)∂v

∂y
) = F (x, y) in Ω,

v = 0 on ∂Ω,
(1)

where a(x, y), b(x, y) ∈ R
2 are bounded positive functions on Ω. We assume that the

domain Ω is partitioned into N nonoverlapping subdomains Ω1, . . . ,ΩN with bound-
aries ∂Ω1, . . . , ∂ΩN . We discretize (1) either by finite differences or finite elements
resulting in a symmetric and positive definite linear system with sparse possibly un-
structured matrix

Au = f.

Let B be the set of all the indices of the discretized points which belong to the
interfaces between the subdomains. Grouping the points corresponding to B in the
vector uB and the ones corresponding to the interior I of the subdomains in uI , we
get the reordered problem(

AII AIB
ATIB ABB

) (
uI
uB

)
=

(
fI
fB

)
.(2)

Eliminating uI from the second block row of (2) leads to the following reduced equation
for uB :

SuB = fB −ATIBA
−1
II fI , where S = ABB −ATIBA

−1
II AIB(3)
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is the Schur complement of the matrix AII in A and is usually referred to as the Schur
complement matrix.

To describe the preconditioners, we need to define a partition of B. Let Vj be the
singleton sets that contain one index related to one cross point and let V = ∪jVj be
the set with all those indices; each cross point is represented by × in Figure 1.

Fig. 1. A 4× 4 box decomposition with edge (•) and vertex (×) points.

If j �= l, (j, l) ∈ {1, 2, . . . , N}2 and j and l are such that Ωj and Ωl are neighboring
subdomains (i.e., ∂Ωj and ∂Ωl share at least one edge of the mesh), then we can define
each edge Ei by

Ei = (∂Ωj ∩ ∂Ωl)− V.

In Figure 1, the points belonging to the m edges (Ei)i=1,m are represented by •.
We can thus describe the set B as

B =

(
m⋃
i=1

Ei

)
∪ V,(4)

which is a partition of the interface B into m edges Ei and the set V .
Here, we remark that we mix continuous curves, ∂Ωi, with sets of indices. This

ambiguity can be disregarded if we consider that, in order to minimize notation,
the symbols Ωi and ∂Ωi represent either continuous sets or discrete sets of indices
associated with the grid points. In addition we will refer to as the support of a sparse
vector the set of indices of its nonzero entries.

3. The preconditioners. The classical BPS preconditioner [2] can be briefly
described as follows. We first define a series of projection and interpolation operators.
Specifically, for each Ei we define Ri = REi as the standard pointwise restriction of
nodal values on Ei. Its transpose extends grid functions in Ei by zero on the rest
of the interface B. Similarly we define RV the canonical restriction on V . Thus, we
set Sij ≡ RiSR

T
j and SV ≡ RV SR

T
V . Additionally, let’s assume that Ω1, . . . ,ΩN

form the elements of a coarse grid mesh, τH , with mesh size H. We then define grid
transfer operators between the interface and the coarse grid. RT is an interpolation
operator which corresponds to using linear interpolation between two adjacent cross
points Vj , Vk (i.e., adjacent points in τH connected by an edge Ei) to define values on
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the edge Ei. Finally, AH is the Galerkin coarse grid operator AH = RART defined
on τH .

With these notations a very close variant of the BPS preconditioner is defined by

MBPS =
∑
Ei

RTi S
−1
ii Ri +RTA−1

H R,(5)

as described, for instance, in this algebraic form in [4]. It can be interpreted as a
generalized block Jacobi preconditioner for the Schur complement system (3) where
the block diagonal preconditioning for SV is omitted and a residual correction is used
on a coarse grid. The coarse grid term RTA−1

H R allows us to incorporate a global
coupling between the interfaces.

This global coupling is critical for scalability. In particular, it has been shown
in [2] that, when applying the original BPS technique to a uniformly elliptic operator,
the preconditioned system has a condition number

κ(MBPSS) = O(1 + log2(H/h)),

where h is the mesh size. This implies that the condition number depends only
weakly on the mesh spacing and on the number of processors. Therefore, such a
preconditioner is appropriate for large systems of equations on large processor systems.

Similarly to BPS, we consider a class of preconditioners described in a generic
way as

M =Mlocal +Mglobal,

where
• Mlocal is a block diagonal preconditioner with one block for each edge Ei;
• Mglobal is also computed using a Galerkin formula, but involving S instead
of A and using different coarse spaces and restriction operators.

In the rest of this paper, we will define various preconditioners that differ only
in the definition of Mglobal. Our goal is to obtain performance similar to those of the
original BPS preconditioner even in the presence of anisotropy or heterogeneity, with
a simple algebraic structure and a parallel implementation strategy. In particular, for
practical implementation purposes within a general purpose computer code, we do not
want to refer explicitly to an underlying coarse grid, or to underlying basis functions,
since these notions are always hard to identify in practice when using general grids,
finite elements, or mixed finite elements.

Let U be the algebraic space of nodal vectors where the Schur complement matrix
is defined, and let U0 be a q-dimensional subspace of U . Elements of U0 are charac-
terized by the set of nodal values that they can achieve. This subspace will be called
coarse space.

Let R0 : U → U0 be a restriction operator which maps full vectors of U into
vectors in U0, and let R

T
0 : U0 → U be the transpose of R0, an extension operator

which extends vectors from the coarse space U0 to full vectors in the fine space U .
The Galerkin coarse-space operator

A0 = R0SR
T
0 ,(6)

in some way, represents the Schur complement on the coarse space U0.
The global coupling mechanism is introduced by the coarse component of the

preconditioner which can thus be defined as Mglobal = RT0 A
−1
0 R0.
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The following lemma ensures the correctness of the operators with which we work.
Lemma 1. If the operator RT0 is of full rank and if S is nonsingular, symmetric,

and positive definite, then the matrix A0, defined in (6), is nonsingular, symmetric,
and positive definite.

The coarse-space preconditioners will differ only in the choice of the coarse space
U0 and the interpolation operator R

T
0 . For convergence reasons, and similarly to the

Neumann–Neumann and balancing Neumann–Neumann preconditioner [13, 14], RT0
must be a partition of the unity in U in the sense that

RT0 1 = 1,(7)

where the symbol 1 denotes the vectors of all 1’s that have different size in the right-
and left-hand sides of (7).

With these notations and definitions, all the preconditioners presented in what
follows can be written as

M =
∑
Ei

RTi S̃
−1
ii Ri +RT0 A

−1
0 R0,(8)

where we usually replace Sii in (5) by an approximation S̃ii computed using a probing
technique [5, 11].

In the next section, we define various coarse spaces and restriction operators
which can be used in a very general framework. The support of the basis vectors
Zk has inspired the name of the coarse spaces. Although a large number of different
preconditioners can then be proposed, we restrict our study to five combinations of
coarse spaces and restriction operators.

3.1. Vertex-based coarse space. The first coarse space we consider is similar
to the BPS one. Each degree of freedom of U0 is associated with one vertex Vj , and
the basis vectors generating the nodal values of the elements of U0 can be defined
as follows. Let Vk ⊂ V be a singleton set that contains the index associated with a
cross point and (Ej)(j∈Jk) be the adjacent edges to Vk. Let mc denote the number of

vertex points; then

Ĩk =
⋃

(j∈Jk)

Ej ∪ Vk

is the set of indices we associate with the cross point Vk to define the support of the
basis vectors.

Let Zk be a vector defined on B and Zk(i) its ith component. Then the vertex-
based coarse space U0 can be defined as

U0 = span[Zk : k = 1, . . . ,mc], where Zk(i) =

{
1 if i ∈ Ĩk,
0 elsewhere.

The set Ĩk associated with a cross point Vk is depicted in Figure 2. The set of vectors
B = {Z1, Z2, . . . , Zmc

} forms a basis for the subspace U0, as these vectors span U0 by
construction and they are linearly independent.

For this coarse space, we consider three different restriction operators R0 and
their associated prolongation operator RT0 .
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Fig. 2. Support of one basis vector of the “vertex” coarse space.

3.1.1. Flat restriction operator. This operator returns for each set Ĩk the
weighted sum of values of all the nodes in Ĩk. The weights are determined by the
inverse of the number of sets Ĩk, k ∈ {1, 2, . . . ,mc}, that a given node belongs to. For
two-dimensional problems, the weight for the cross points is 1 and for an edge point
is 1/2.

3.1.2. Linear interpolation operator. The interpolation operators in this sec-
tion and the next are basically one-dimensional interpolations on the edges Ei of values
defined at the cross points that are its endpoints. In this respect, let us describe them
in the one-dimensional framework obtained by mapping the edge Ei on the inter-

val (0,1) through the map φ(Mj) =

∑
k ≤ j|Mk−1Mk|∑
k ∈ Ei|Mk−1Mk| . We consider the following

one-dimensional model problem:
 −

d

dx

(
a(x)

d

dx
u(x)

)
= f in (0.1),

u(x) = 0 at x = 0 and 1.
(9)

Let H1(0, 1) be the standard Sobolev space on the interval (0,1) and H1
0 (0, 1) its

subspace whose functions vanish at x = 0 and x = 1. Given a grid xhj = jh, j =
0, . . . , n, on (0, 1) as the image of the original discretization of Ei, define the fine grid
linear finite element space to be

V h = {vh ∈ H1
0 (0, 1) : v

h is linear on [xhj , x
h
j+1], j = 0, . . . , n− 1}

and denote the set of nodal basis by {φhj }nj=0.

Let (xHi )i=1,m be the set of coarse grid points defined by the vertices of the
partitioning of (0, 1) into nonoverlapping subdomains. Now, we define the coarse
subspace V H = span{φHi : i = 1, . . . ,m}, where φHi are the coarse grid nodal basis
functions.

Since {φHi } is a basis of V H , which is a subspace of V h, there exists a unique
matrix RT0 of size n− 1×m such that

[φH1 · · ·φHm] = [φh1 · · ·φhn−1]R
T
0 ,
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which is usually referred to as the local interpolation matrix. We depict in Figure 3
an example of a coarse grid basis function that defines the linear interpolation.

...................................................................
................................................................................

............. ...................................................................
.............� � � � �✱

✱
✱

✱
✱

✱
✱

✱❜❜❜❜❜❜❜❜❜❜❜❜

1

xH1 xH3xH2xh4 xh5 xh6 xh7 xh8

φH2

Fig. 3. Coarse grid basis function φH2 associated with the linear interpolation.

When we use block Jacobi as the local preconditioner combined with the vertex
coarse space using this linear prolongation operator, the resulting preconditioner is
equivalent to the one proposed in [2].

Let A be the matrix defined in (2). Let AV be the Galerkin coarse grid operator
associated with A defined by

AV = R̃0AR̃
T
0 ,(10)

where R̃0 is a restriction operator from Ω to the coarse space U0. It has been shown [2,
20] that, in general, for elliptic problems the operator AV is spectrally equivalent to

R0SR
T
0 ,(11)

and for a few cases these coarse operators are even equal.
If we have used the approach defined by (10), the construction of the coarse

space would have been reduced to some matrix-vector multiplications with A and the
factorization of AV . Nevertheless, we deal with problems for which only the spectral
equivalence between (10) and (11) is ensured. For this reason, we have preferred to use
the Galerkin coarse grid correction with the Schur complement matrix as described
in (11) rather than the one proposed in a similar matrix form in [4] that used AV
defined by (10).

3.1.3. Operator-dependent restriction operator. The origin of the operator-
dependent restriction is the operator-dependent transfer operator proposed in the
framework of multigrid methods; see [23] and references therein. In [10], the authors
proposed an extension of these operators for two-dimensional nonoverlapping domain
decomposition methods. The general purpose of these operators is to construct from
u defined on V an interpolation ũ defined on B that is piecewise linear so that a∂ũ∂x
and b∂ũ∂y are continuous even when either a or b in (1) are discontinuous along an edge
Ei.

Similarly to the linear interpolation, we can define the operator-dependent inter-
polation in one-dimension through the definition of the coarse grid basis functions
φHi . In that case those basis functions are constructed by solving the following local
problem in [xHi−1, x

H
i ]:


 −

d

dx
(a(x)

d

dx
φHi ) = 0 in [xHi−1, x

H
i ],

φHi (x
H
i−1) = 0, φ

H
i (x

H
i ) = 1.

(12)
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In Figure 4, we depict the basis function φH2 when the function a(x) is piecewise
constant with some discontinuities at xh5 and xh7 .
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Fig. 4. Coarse grid basis function φH2 associated with the operator-dependent interpolation.

We omit the computational details and notice only that such operators
• can be constructed by solving one tridiagonal linear system for each Ei, which
corresponds to the solution of (12). The size of the tridiagonal matrices is
the number of nodes on Ei;

• reduce to a linear interpolation when a ≡ 1 and b ≡ 1;
• in one dimension reduce to the multigrid energy minimization approach [21,
22] or to the multigrid operator-dependent interpolation with harmonic av-
eraging [10], when every other point is a coarse point (i.e., each subdomain
contains only one point).

3.2. Subdomain-based coarse space. With this coarse space, we associate
one degree of freedom with each subdomain. Let B be as defined in (4). Let Ωk be a
subdomain and ∂Ωk its boundary. Then

Ik = ∂Ωk ∩B
is the set of indices we associate with the domain Ωk. Figure 5 shows the elements of
a certain set Ik.

Let Zk be a vector defined on B and let Zk(i) be its ith component. Then the
subdomain-based coarse space U0 can be defined as

U0 = span[Zk : k = 1, . . . , N ], where Zk(i) =

{
1 if i ∈ Ik,
0 otherwise.

Notice that for the example depicted in Figure 5, [Zk] is rank deficient. Indeed,

if we consider ṽ =
∑N
i=1 αiZi, where the αi are in a checkerboard pattern, equal to

−1 and +1, it is easy to see that ṽ = 0.
Nevertheless, this rank deficiency can be easily removed by discarding one of the

vectors of [Zk]. In this particular situation, the set of vectors B = {Z1, Z2, . . . , ZN−1}
forms a basis for the subspace U0.

The considered restriction operator R0 returns for each subdomain (Ωi)i=1,N−1

the weighted sum of the values at all the nodes on the boundary of that subdomain.
The weights are determined by the inverse of the number of subdomains in (Ωi)i=1,N−1

each node belongs to. For all the nodes but the ones on ∂ΩN (in our particular
example) this weight is 1/2 for the points on an edge and 1/4 for the cross points.
These weights can be replaced as in [13] by operator dependent weights R0(i, k) =
ai/(ai + aj) on the edge separating Ωi from Ωj , but this choice has not been tested
numerically in the present work.
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Fig. 5. Support of one basis vector of the “subdomain” coarse space.

Remark 1. Although used in a completely different context, this coarse space
is similar to the one used in the balancing Neumann–Neumann preconditioner for
Poisson-type problems [14]. We use one basis vector for each subdomain, whereas in
balancing Neumann–Neumann the basis vectors are defined only for interior subdo-
mains for solving the Dirichlet problem (1), which are the subdomains where the local
Neumann problems are singular.

3.3. Edge-based coarse space. We refine the coarse space based on the subdo-
mains, and we introduce one degree of freedom per interface between two neighboring
subdomains, that is, when ∂Ωi and ∂Ωj share at least one edge of the mesh.

Let Ek be an edge and Vj and Vl its adjacent cross points; then

Îk = Ek ∪ Vj ∪ Vl
is the set of indices we associate with the edge Ek.

Let Zk be defined on B, and let Zk(i) be its ith component. Let me denote the
number of edges Ei ⊂ B; then the edge-based coarse space U0 can be defined as

U0 = span[Zk : k = 1, . . . ,me], where Zk(i) =

{
1 i ∈ Îk,
0 otherwise.

The set Îk associated with an element of the coarse space U0 is depicted in
Figure 6. The set of vectors B = {Z1, Z2, . . . , Zme} forms a basis for the subspace U0;
as before, these vectors span U0 by construction and are linearly independent.

The considered restriction operator R0 returns for each edge the weighted sum of
the values at all the nodes on that edge. The weights are determined by the inverse
of the number of edges each node belongs to. For the decomposition depicted in
Figure 1, the weights for the restriction operator are 1 for points belonging to Ek and
1/4 for those belonging to Vl and Vj .

4. Parallel implementation. The independent solutions of local PDE prob-
lems expressed by the domain decomposition techniques are particularly suitable for
parallel distributed computation. In a parallel distributed memory environment each
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Fig. 6. Support of one basis vector of the “edge” coarse space.

subdomain can be assigned to a different processor. With this mapping, all but two
of the basic linear algebra operations in the preconditioned conjugate gradient can be
implemented either without communication or with neighbor-to-neighbor communica-
tion only. The only two steps that require global communication are the dot product
computation and the solution of the coarse problem performed at each iteration. In
what follows, we will describe how the construction of the coarse components of our
preconditioners can be performed in parallel with only one reduction. We will also
show how the coarse problem solution can be implemented without any extra global
communication within the iteration loop.

4.1. Construction of the preconditioner. The linear systems associated with
the coarse spaces described above are much smaller than the linear systems associated
with the local Dirichlet problems, which have to be solved when computing the matrix-
vector product by S. In this respect, we construct the coarse matrix A0 once and
assemble it on all the processors so that we can redundantly perform in parallel its
solution at each preconditioned conjugate gradient iteration. Furthermore, we can
take advantage of the structure of S and R0 to construct A0 in parallel. Without any
communication each processor can compute the contribution of its subdomain to the
entries of A0 via matrix-vector and scalar products that involve only its local Schur
complement and the vectors whose support intercepts the boundary of its subdomain.
At this stage, all the processors have some nonassembled entries of A0, and a global
sum reduction (MPI Allreduce) enables them to assemble A0 on all the processors
that can then factorize it. As the Schur complement matrix is not assembled, the
most expensive part of the construction is the matrix-vector product with the local
Schur complement that requires the solution of the Dirichlet problems. For each
processor, the number of solutions is equal to the number of basis vector supports
that intercept the boundary of the subdomain the processor is in charge of. For a box
decomposition of a uniform finite elements or finite differences mesh, the number of
Dirichlet problem solutions to be performed by an internal subdomain is

• four for the vertex-based coarse component,
• eight for the subdomain based coarse component (that can reduce to four for
a five-point finite difference scheme as the row in A associated to the cross
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points is unchanged in S),
• four for the edge-based coarse component.

4.2. Application of the preconditioner. Having made the choice of a redun-
dant solution of the coarse component on each processor, we can further exploit this
formulation to avoid introducing any new global synchronization in the preconditioned
conjugate gradient iterations described below.

x(0) = 0, r(0) = b

repeat

z(k−1) =Mr(k−1)(13)

if k = 1 then

p(1) = z(0)

else

β(k−1) = z(k−1)T r(k−1) /z(k−2)T r(k−2),(14)

p(k) = z(k−1) + β(k−1)p(k−1)(15)

endif

q(k) = Sp(k),

α(k) = z(k−1)T r(k−1)/ p(k)T q(k) ,

x(k) = x(k−1) + α(k)p(k),

r(k) = r(k−1) − α(k)q(k)

until convergence

The steps involving a potential global synchronization are boxed, while the cal-
culation of Mr and Sp involve only neighbor-to-neighbor communication.

If we now unroll (13) in the preconditioned conjugate gradient algorithm using
the general definition of the preconditioner, we have

zk =

(∑
Ei

RTi S̃
−1
ii Ri +RT0 A

−1
0 R0

)
rk

=
∑
Ei

(RTi S̃
−1
ii Rirk) +RT0 A

−1
0 R0rk.(16)

Each term of the summation in (16) is computed by one processor with possible
one neighbor-to-neighbor communication. Furthermore, the numerator of (14) can
also be rewritten as

(rk, zk) = (rk,Mrk)

=

(
rk,

(∑
Ei

RTi S̃
−1
ii Ri +RT0 A

−1
0 R0

)
rk

)

=
∑
Ei

(Rirk, S̃
−1
ii Rirk) + (R0rk, A

−1
0 R0rk).(17)

The right-hand side of (17) has two parts. The first is naturally local because it is
related to the diagonal block preconditioner. The second, with the presented for-
mulation, is global but does not require any new global reduction. R0rk is actually
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composed of entries that are calculated in each subdomain (“interface” coarse space)
or group of neighboring subdomains (“vertex” and “domain” coarse spaces). After
being locally computed, the R0rk entries are gathered on all the processors thanks to
the reduction used to assemble each local partial dot product (Rirk, S̃

−1
ii Rirk). At

this stage the solution A−1
0 R0rk can be performed redundantly on each processor, and

β in (14) can be computed by each processor. Rewriting these steps in the iteration
loop allows us to introduce the coarse component without any extra global synchro-
nization. With this approach, we avoid a well-known bottleneck when using Krylov
methods on parallel distributed memory computers.

5. Numerical experiments. We consider the solution of (1) discretized by a
five-point central difference scheme on a uniform mesh using a preconditioned Schur
complement method. We illustrate the numerical scalability of the proposed precon-
ditioners on academic two-dimensional model test cases that have both anisotropy
and discontinuity.

For all the experiments, the convergence is attained when the 2-norm of the
residual normalized by the 2-norm of the right-hand side is less than 10−5. All the
computations are performed using 64-bit arithmetic. The S̃ii approximations in (8)
are tridiagonal matrices.

5.1. Model problems. For the numerical experiments, we consider model prob-
lems that have both discontinuous and anisotropic phenomena. These difficulties arise
in the equations involved in semiconductor device simulation, which was actually one
of the main motivations for this study.

Figure 7 represents a unit square divided into six regions with piecewise constant
functions gj , j = 1 or 3. We consider the problems as having low intensity if j = 1
and high intensity if j = 3. Let a and b be the functions of the elliptic problem as
described in (1). Using this notation, we can define different problems with different
degrees of difficulty. In the following description, the acronyms in capital letters are
used to refer to the problems in Tables 2 and 3:

• high discontinuity (HD): a = b = g3,
• low discontinuity (LD): a = b = g1,
• high anisotropy (HA): a = 103 and b = 1,
• low anisotropy (LA): a = 10 and b = 1,
• high discontinuity and high anisotropy (HDA): a = g3 and b = 1,
• low discontinuity and low anisotropy (LDA): a = g1 and b = 1.

The preconditioners with the coarse components are denoted in the tables:

sd: subdomain defined in section 3.2,
vl: vertex-linear defined in section 3.1 with the linear interpolation,
vo: vertex-operator-dependent defined in section 3.1.3 with the operator-dependent
interpolation,

vf: vertex-flat defined in section 3.1 with the flat interpolation,
ed: edge defined in section 3.3,
no: without coarse space in this case we only use the local preconditioner (block
diagonal).

5.2. Numerical behavior. We study the numerical scalability of the precon-
ditioners by investigating the dependence of the convergence on the number and on
the size of the subdomains. First, in Table 1, we give the figures for the five coarse
spaces when solving the Poisson’s problem. As we could expect, the behavior of all
coarse-space options does not depend on the number of subdomains. There is only a
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gj = 10
j gj = 1 gj = 10

j

gj = 1 gj = 10
j gj = 1

Fig. 7. Definition of two discontinuous functions on Ω, the unit square of R
2.

Table 1
The number of PCG iterations varying the number of subdomains with 16 × 16 points per

subdomain for Poisson’s problem.

# subdomains 16 64 256 1024

no 15 28 48 90
sd 15 19 19 18
vf 15 18 18 18
vl 10 10 10 10
vo 10 10 10 10
ed 15 18 18 18

small growth in the number of iterations for subdomain, vertex-flat and edge, when
the number of subdomains goes from 16 to 64.

5.2.1. Dependency of the coarse preconditioners on H. In Table 2, we
report the number of preconditioned conjugate gradient iterations for each model
problem. For these tests, we vary the number of subdomains while keeping constant
their sizes (i.e., H variable with H

h constant). In this table each subdomain is a
16 × 16 grid and the number of subdomains goes from 16 up to 1024 using a box
decomposition; that is 4× 4 decomposition up to 32× 32 decomposition.

In the first row, we see the growth of the number of iterations of a block Jacobi
preconditioner without using any coarse grid correction. Its numerical behavior is well
known and is governed by the following theoretical bound for its condition number
(see, for instance, [4]):

cond(MbJS) ≤ CH−2(1 + log2(H/h)),(18)

where MbJ denotes the block Jacobi preconditioner and C is a constant independent
of H and h. The number of iterations of the block Jacobi preconditioner, reported in
the first row of the tables, doubles successively, which is consistent with the theoretical
upper bound in (18).

For HD and LD the behavior of all coarse alternatives is similar to the one ob-
served for Poisson’s problem in Table 1, that is, the number of iterations is independent
of the number of subdomains. For LA and LDA, this similarity is still true for vertex-
linear and vertex-operator-dependent; the three others exhibit a slight insignificant
increase in the number of iterations.

For HA, the coarse spaces subdomain-based and vertex-flat do not improve the
convergence for a number of subdomains less than 1024. For vertex-linear and vertex-
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Table 2
The number of PCG iterations varying the number of subdomains with 16 × 16 points per

subdomain.

LA LD LDA
# subdomains 16 64 256 1024 16 64 256 1024 16 64 256 1024

no 17 33 59 114 25 47 83 158 29 55 104 194
sd 18 25 27 28 19 19 19 19 22 30 33 34
vf 19 24 29 31 20 21 21 21 23 28 31 32
vl 15 17 17 17 13 13 12 12 14 16 17 17
vo 15 17 17 17 11 11 11 11 14 16 17 17
ed 19 26 27 28 20 20 18 18 21 26 27 28

HA HD HDA
# subdomains 16 64 256 1024 16 64 256 1024 16 64 256 1024

no 19 42 69 127 25 50 87 172 37 149 302 629
sd 30 64 75 86 18 19 19 19 30 64 81 83
vf 27 52 72 85 21 22 22 21 31 76 86 99
vl 26 45 66 73 16 18 18 16 21 63 81 89
vo 26 45 66 73 11 11 11 11 20 60 81 88
ed 24 43 57 69 17 19 19 18 31 62 70 77

operator the improvement is modest for 256 processors. It seems that on this ex-
ample the condition numbers of the preconditioned linear systems with and without
the coarse components are comparable, for instance, 2 × 102 with and 6 × 102 with-
out the vertex-linear coarse component using 256 subdomains. More precisely, the
smallest eigenvalue is not as affected by the use of the coarse component as it is for
the other model problems. In the presence of high anisotropy (HA and HDA), the
convergence rate of all the alternatives is comparable and depends on the number
of subdomains, while an asymptotic behavior tends to appear when the number of
subdomains increases.

5.2.2. Dependency of the coarse preconditioners on H
h
. To study the

sensitivity of the preconditioners to the size of the subdomains (i.e., Hh variable with
H constant), we report in Table 3 the experiments observed with 256 subdomains
(16× 16 box decomposition) when the size of the subdomains varies from 8× 8 up to
32× 32.

We observe that the convergence of all the preconditioners depends slightly on the
size of the subdomains. Furthermore, in the anisotropic experiments (HA and HDA),
this dependence is surprisingly negligible for the vertex-linear and vertex-operator-
dependent alternatives. The number of iterations of those two preconditioners tends
to be stable around 64 and 80 for the problems HA and HDA, respectively.

5.2.3. General comments. Summarizing the 48 experiments reported in Ta-
bles 2 and 3, operator-dependent had the best behavior on 19 experiments, edge on
11, and vertex-linear on one. Operator-dependent and vertex-linear had the same
behavior on 15 tests, operator-dependent and edge on one, and vertex-linear, edge,
and operator-dependent presented the same number of iteration in only one exper-
iment. Although the closest variant to genuine BPS, that is, vertex-linear, appears
to be quite robust on the examples considered in this paper, it is outperformed by
operator-dependent for discontinuous problems and by edge on anisotropic problems.
In addition, as the other vertex-based coarse components, BPS and its variants are
no longer applicable when the domain partitioning does not exhibit a coarse mesh, as
might be the case on unstructured meshes, while both domain- and edge-based coarse
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Table 3
The number of PCG iterations varying the grid size of the subdomains from 8×8 up to 64×64

using a 16× 16 decomposition.

LA LD LDA
Subdomain size 64 256 1024 4096 64 256 1024 4096 64 256 1024 4096

no 66 69 78 96 73 83 106 133 97 104 119 150
sd 30 27 36 42 16 19 23 30 29 33 36 45
vf 25 29 32 35 18 21 24 31 27 31 34 40
vl 15 17 19 21 12 14 15 19 15 18 19 22
vo 15 17 19 21 9 11 12 16 15 17 19 22
ed 24 27 32 34 16 18 22 29 24 27 31 36

HA HD HDA
Subdomain size 64 256 1024 4096 64 256 1024 4096 64 256 1024 4096

no 66 69 73 76 78 87 116 141 280 302 297 389
sd 65 75 76 76 17 19 23 31 65 81 87 96
vf 66 72 75 76 20 22 25 31 80 86 89 91
vl 60 64 64 63 16 18 18 23 79 81 80 77
vo 60 66 64 63 10 11 13 16 77 81 79 80
ed 51 57 59 63 16 19 22 29 63 70 79 86

components are still well defined.

On problems that are not highly anisotropic, all the coarse components give rise
to preconditioners that are independent of or weakly dependent on the number of
subdomains and that have a mild dependence on the size of the subdomains.

If we compare the LD and HD columns, we see that all the preconditioners are
quite insensitive to discontinuity. Further, the vertex-operator-dependent alterna-
tive, specifically designed to handle interfaces that cross a discontinuity, has the best
performance.

The numerical experiments tend to show that the most dominating component is
not the granularity of the coarse space (the finest is not necessarily the best) but the
restriction/interpolation operator R0, as shown in the experiments with vertex. The
restriction operator governs, in most cases, the quality of the coarse representation
of the complete equation. The flat interpolation operator is always the worst and
operator-dependent behaves the best on problems with discontinuities for which it
was designed.

For discontinuous problems, LD and HD, vertex-operator-dependent is the most
efficient, while for highly anisotropic problems, HA and HDA, edge is the most efficient
for all cases but one. For LA and LDA operator-dependent and vertex-linear had
the same behavior. The good performance of edge on anisotropic problems can be
explained by the fact that we consider anisotropies aligned with the discretization,
and because we use regular box decompositions, two opposite edges Ei of a subdomain
are strongly coupled. The edge coarse space captures the strong coupling, while the
other alternatives mix, and therefore miss, this information. This latter behavior is
related to the fact that the supports of the basis vectors of all coarse spaces, excluding
edge, contain at least two weakly coupled edges. So the transfer operators are not
able, in this specific case, to retrieve and to spread the most appropriate information.

To conclude with the numerical experiments we consider results observed with a
semiconductor simulation code, similar to the one described in [17], that solves the
drift-diffusion equations using finite difference discretization. We omit the details
of the drift-diffusion equation solution and mention only that it involves two nested
iterations: the outer is a continuation loop, the inner a nonlinear Gauss–Seidel itera-
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tion (Gummel’s algorithm) that requires the solution of three linear systems at each
step; we refer the reader to [3] and the references therein for further details on those
equations and the numerical solution techniques, as well as for the description of the
MOSFET semiconductor device considered for these experiments. The numbers of
iterations displayed in Table 4 correspond to the average number of iterations for the
linear system solutions involved in the Gummel’s iterations for the last continuation
step. The equations are discretized on a 257× 257 nonuniform grid. This table shows
that the use of one of the coarse-space preconditioners proposed in this paper enables
us to significantly prevent the increase of the number of iterations when the number
of subdomains is increased for the solution of a real life application.

Table 4
Average number of PCG iterations for the linear solutions involved in the MOSFET semicon-

ductor device simulation.

# subdomains 16 64 256
no 40 70 201
vo 33 54 70

5.3. Parallel behavior. We investigate the parallel scalability of the proposed
implementation of the preconditioners. For each experiment, we map one subdomain
on each processor of the parallel computer. In what follows, the number of subdomains
and the number of processors will be always the same. The target computer is a
128-node T3D located at CERFACS, using MPI as message passing library. The
solution of the local Dirichlet problem is performed using either the sparse direct solver
MA27 [7] from the Harwell Subroutine Library or a skyline [9] solver. The factorization
of the tridiagonal probed matrices, used in the local part of the preconditioners (see
(8)) is performed using a LAPACK [1] band solver.

To study the parallel behavior of the code, we report the maximum elapsed time
(in seconds) spent by one of the processors in each of the main steps of the domain
decomposition method when the number of processors is varied for solving the stan-
dard Poisson’s equation. In the following tables, the rows titled “init.” correspond
mainly to the time for factorizing the matrix associated with the local Dirichlet prob-
lems; “setup local” is the time to construct and factorize the probing approximations
S̃ii; “setup coarse” is the time required to construct and factorize the matrix associ-
ated with the coarse problem; “iter.” is the time spent in the iteration loop of the
preconditioned conjugate gradient. Finally, the row “total” permits us to evaluate
the parallel scalability of the complete methods (i.e., numerical behavior and parallel
implementation), while “time per iter.” illustrates only the scalability of the paral-
lel implementation of the preconditioned conjugate gradient iterations. The elapsed
time corresponds to a maximum, and there is some unbalance among the processors
in different kernels. Therefore the reported total time differs from the sum of the time
for each individual kernel.

To illustrate the extra cost introduced by the construction and the solution of the
coarse problem at each iteration, we give in Tables 5, 6, and 7 the time spent in each
step of the algorithm with (left column) and without (right column) the considered
coarse component of the preconditioner.

We report experiments with the domain-based coarse space in Table 5. Results
with the vertex-based coarse space are displayed in Table 6. For those experiments, we
use MA27 to solve the local Dirichlet problems defined on 100× 100 grids. That sub-
domain size was the largest we could use according to the 128 MB memory available



ALGEBRAIC TWO-LEVEL PRECONDITIONERS 2003

Table 5
Poisson-MA27: Elapsed time in each main numerical step varying the number of processors

with 100× 100 points per subdomain using the domain-based coarse space.

# procs 4 8 16 32 64 128

init. 2.58 2.58 2.57 2.57 2.57 2.57 2.57 2.57 2.57 2.57 2.57 2.57
setup local 0.99 0.80 1.00 1.01 1.40 1.31 1.40 1.30 1.40 1.31 1.40 1.32
setup coarse 0.25 0.00 0.48 0.00 0.86 0.00 0.85 0.00 0.87 0.00 0.93 0.00

iter. 1.84 1.98 2.55 3.93 3.01 5.14 4.12 7.16 3.79 9.80 4.91 13.26
total 5.33 5.65 6.23 7.26 7.14 8.50 8.25 10.51 7.93 13.13 9.14 16.60
# iter. 16 20 22 33 26 41 35 58 32 80 40 109

time per iter. 0.12 0.12 0.12 0.12 0.12 0.13 0.12 0.12 0.12 0.12 0.12 0.12

Table 6
Poisson-MA27: Elapsed time in each main numerical step varying the number of processors

with 100× 100 points per subdomain using the vertex-based coarse space.

# procs 4 8 16 32 64 128

init. 2.58 2.58 2.57 2.57 2.57 2.57 2.57 2.57 2.57 2.57 2.57 2.57
setup local 0.66 0.80 0.94 1.01 1.24 1.31 1.24 1.30 1.24 1.31 1.25 1.32
setup coarse 0.72 0.00 0.74 0.00 0.90 0.00 0.90 0.00 0.92 0.00 1.07 0.00

iter. 1.85 2.31 1.97 3.93 2.10 5.14 2.36 7.16 2.03 9.80 2.45 13.26
total 5.61 5.65 6.09 7.26 6.65 8.50 6.91 10.51 6.59 13.13 7.16 16.60
# iter. 16 20 17 33 18 41 20 58 17 80 20 109

time per iter. 0.12 0.12 0.12 0.12 0.12 0.13 0.12 0.12 0.12 0.12 0.12 0.12

Table 7
Poisson-Skyline: Elapsed time in each main numerical step varying the number of processors

with 80× 80 points per subdomain using the vertex-based coarse space.

# procs 4 8 16 32 64 128

init. 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05 2.05
setup local 0.79 0.82 1.10 1.14 1.39 1.49 1.39 1.50 1.39 1.49 1.40 1.49
setup coarse 0.49 0.00 0.83 0.00 0.98 0.00 0.98 0.00 1.00 0.00 1.14 0.00

iter. 2.06 2.60 2.26 4.37 2.43 5.83 2.66 8.07 2.31 10.41 2.80 14.38
total 5.45 5.58 6.31 7.67 6.91 9.43 7.15 11.67 6.81 14.02 7.43 17.98
# iter. 15 19 16 31 17 41 19 58 16 73 19 101

time per iter. 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.15 0.14

on each node of the target computer.

We can first observe that the numerical behavior of those preconditioners is again
independent of the number of subdomains. It can be seen that the parallel imple-
mentation of the Schur complement method with only a local preconditioner scales
perfectly as the time per iteration is constant and does not depend on the number of
processors (i.e., 0.115 seconds on 4 processors and 0.118 on 128 nodes; both figures
were rounded to 0.12 seconds when reported in Table 5 and 6).

The above scalable behavior is also observed when the coarse components, vertex
or subdomain, are introduced. For instance, with the vertex-based preconditioner, the
time per iteration grows from 0.116 seconds on 4 processors up to 0.122 seconds on 128
processors (again rounded to 0.12 seconds in Table 6). There are two main reasons for
this scalable behavior. First, the solution of the coarse problems is negligible compared
to the solution of the local Dirichlet problems. Second, the parallel implementation
of the coarse components does not introduce any extra global communication.
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In any case the methods scale fairly well, when the number of processors grows
from 8 (to solve a problem with 80,000 unknowns) up to 128 (to solve a problem
with 1.28 million unknowns). The ratios between the total elapsed time expended for
running on 128 and on 8 processors are 1.18, with the vertex-based coarse precondi-
tioner, and 1.47, with the domain-based one. That latter larger value is only due to
an increase of the number of iterations.

One of the most expensive kernels of this method is the factorization of the local
Dirichlet problems. Therefore, the tremendous reduction in the number of itera-
tions induced by the use of the coarse alternatives—five times fewer iterations for the
vertex-based preconditioner—is not reflected directly on a reduction of the total time.
The total time is an affine function of the number of iterations with an incompress-
ible overhead due to the Cholesky factorization at the very beginning of the domain
decomposition method.

Nevertheless, if we use a less efficient local solver, which will slow down the itera-
tion time, the gap between the solution time with and without the coarse component
would increase. To illustrate this behavior, we display in Table 7 the parallel perfor-
mance of the vertex-based coarse preconditioner, where we replace MA27 by a skyline
solver. The size of the subdomains is smaller than the size used for testing with MA27
because the skyline solver is more memory-consuming than MA27, and 80× 80 is the
biggest size that fits in the memory of the computer.

6. Concluding remarks. We have presented two-level preconditioners for Schur
complement domain decomposition methods in two dimensions built by combining a
block diagonal preconditioner, a variant of the local component of the BPS precon-
ditioner, with a set of new algebraic coarse-space components. They are defined
using the mesh partitioning information and simple interpolation operators that fol-
low a partition of unity principle. We have illustrated their numerical behavior on
a set of two-dimensional model problems that have both anisotropy and discontinu-
ity. Those experiments tend to show that the most dominating component is not the
granularity of the coarse space (the finest is not necessarily the best) but the restric-
tion/interpolation operator R0. This operator governs, in most cases, the quality of
the coarse representation of the complete equation. Two of the new coarse alternatives
present a number of iterations equal to or less than the traditional BPS on problems
which have anisotropy and/or discontinuity. One of these alternatives, edge-based, is
a little more expensive. Nevertheless, as the coarse part of the preconditioner impacts
neither the overall construction of the two-level preconditioner nor the cost of each
iteration, these alternatives are a valid contribution on the development of this area.

The experiments have been performed on regular meshes, but there is no limita-
tion for the implementation of the proposed two-level preconditioners on unstructured
grids, whereas the possible rank deficiency, which appears in the domain-coarse alter-
native, may be more tricky to discard.

Those numerical methods are targeted for parallel distributed memory comput-
ers. In this respect, we have proposed a message-passing implementation that does
not require any new global synchronization in the preconditioned conjugate gradient
iterations, which is a well-known bottleneck for Krylov methods in distributed mem-
ory environments. We illustrated that the numerical scalability of the preconditioners
combined with the parallel scalability of the implementation result in a set of parallel
scalable numerical methods.

Finally, we point out that two-dimensional problems with anisotropy and discon-
tinuity arise in device modeling. In an ongoing work, some of our new coarse pre-
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conditioners have been successfully implemented in a two-dimensional unstructured
mixed finite element code for the simulation of semiconductor devices [12].
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Abstract. We consider the laminar viscous channel flow over a porous surface. The size of the
pores is much smaller than the size of the channel, and it is important to determine the effective
boundary conditions at the porous surface. We study the corresponding boundary layers, and, by a
rigorous asymptotic expansion, we obtain Saffman’s modification of the interface condition observed
by Beavers and Joseph. The effective coefficient in the law is determined through an auxiliary
boundary-layer type problem, whose computational and modeling aspects are discussed in detail.
Furthermore, the approximation errors for the velocity and for the effective mass flow are given as
powers of the characteristic pore size ε. Finally, we give the interface condition linking the effective
pressure fields in the porous medium and in the channel, and we determine the jump of the effective
pressures explicitly.

Key words. homogenization, periodic structures, Navier–Stokes, Beavers–Joseph, interface law,
boundary layer, unbounded domain, finite elements, multigrid
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1. Introduction. Finding effective boundary conditions at the surface which
separates a channel flow and a porous medium is a classical problem.

Supposing a laminar incompressible and viscous flow, we find out immediately
that the effective flow in a porous solid is described by Darcy’s law. In the free
fluid we obviously keep the Navier–Stokes system. Hence we have two completely
different systems of partial differential equations. First, Darcy’s law combined with
the incompressibility gives a second order equation for the pressure and a first order
system for the velocity. In the Navier–Stokes system, the orders of the corresponding
differential operators are different, and it is not clear what kind of conditions one
should impose at the interface between the free fluid and the porous part. Clearly, due
to the incompressibility, the normal mass flux should be continuous. Other classically
used conditions are the continuity of the pressure and, for a free fluid, the vanishing
of the tangential velocity at the interface.

Let us discuss the mathematical background of the interface conditions. It is well
known that Darcy’s law is a statistical result giving the average of the momentum
equation (the Navier–Stokes equations) over the pore structure. Its rigorous derivation
involves the weak convergence in H(Ω,div) (respectively, the two-scale convergence)
of velocities, and only the continuity of the normal velocities is preserved. Other
continuity conditions at the interface are generally lost, such that further analysis is
required.

Concerning other interface conditions used in engineering literature, the vanishing
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of the tangential velocity is found to be an unsatisfactory approximation, and in [2]
a new condition is proposed. The condition reads

∇�ueff · �ν · �τ = αK−1/2(�ueff − �vf ) · �τ ,(1.1)

where �ueff is the effective velocity in the channel, �vf is the mean filtration velocity
given by Darcy’s law, �τ is a tangent vector to the interface, �ν is the normal into the
fluid, K is the permeability of the porous medium, and the scalar α is a function of
the geometry of the porous medium.

In [2], this law is derived by heuristic arguments and is justified experimentally.
A theoretical attempt to derive (1.1) is undertaken in [17], and, using a statistical ap-
proach, a Brinkman type approximation in the transition layer is derived. A matching
argument then allows us to obtain the formula

�ueff · �τ =
1

α
K1/2∇�ueff · �ν · �τ +O(K).(1.2)

The interested reader can also consult the lecture notes [4].
Different considerations can be found in [5] and [12]. They distinguish two cases.
(a) The pressure gradient on the side of the porous solid of the interface is normal

to the interface. Consequently, we have a balanced flow on both sides of the
interface. Then, using an asymptotic point of view, the following laws are
obtained in [12]:

�ueff · �ν = �vf · �ν , p = const.(1.3)

on the interface. This case describes the flows in cavities. The mathematical
justification is in [9]. We shall not consider it in this paper.

(b) The pressure gradient on the side of the porous solid at the interface is not
normal. This case is considered in the fundamental paper [5]. After discussing
the orders of magnitude of the unknowns, it is found that on the interface
the velocity of the free fluid is zero, and the pressure is continuous.

All results cited above are not mathematically rigorous. Furthermore, different
approaches give different results, and two natural questions arise immediately.

(Q1) What are the correct matching conditions (i.e., conditions at the interface)
between those two flow equations?

(Q2) What are the effective constants entering the matching conditions?
We are going to answer those questions in the following. In section 2, we define

our problem and discuss some simple approximations. In section 3, we introduce an
important auxiliary problem of boundary-layer type which we need to construct a
better approximation, and section 4 gives additional results for an analogous problem
on a finite strip. Then, in section 6, we show how the computation of the constants
involved in the interface conditions works in practice. Finally, in section 7, the effective
equations with the Beavers–Joseph type boundary condition are presented together
with improved error estimates. It turns out that the difference between Darcy’s
pressure in the porous part and the effective channel pressure is equal to a constant
multiple of the effective channel shear stress, thus contradicting [12].

2. Setting of the problem. This section deals with the equations describing
fluid motion over a porous bed, under a uniform pressure gradient. We assume the
condition of the experiment by Beavers and Joseph [2], i.e., a stationary laminar
incompressible viscous flow.
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Fig. 2.1. The flow region Ωε.

For simplicity reasons, we consider a flow over a periodic porous medium with a
characteristic pore size ε. The flow region Ωε ⊂ Ω = (0, b)× (−L,H) consists of two
parts; see Figure 2.1. The upper part Ω1 = (0, b)×(0, H) is the channel, and the lower
part Ωε

2 is the porous medium which is obtained by putting solid obstacles of size ε � b
into the domain Ω2 = (0, b) × (−L, 0). With Σ we denote the (permeable) interface
between Ω1 and Ω2. More precisely, let Y = (0, 1)2 be made of two complementary
parts, the solid part Z∗ and the fluid part Y ∗. It is assumed that Z∗ is a smooth
closed subset of Y , strictly included in Y , Y ∗∩Z∗ = ∅, and Y ∗∪Z∗ = Y . Now assume
that both b and L are integer multiples of ε. Then the domain Ω2 = (0, b)× (−L, 0)
can be covered by a regular mesh of N(ε) cells of size ε. Each cell Y ε

k = ε(Y + k) is
divided into a fluid part ε(Y ∗ + k) and a solid part ε(Z∗ + k). The fluid part Ωε

2 of
the porous medium is therefore

Ωε
2 = Ω2 \

N(ε)⋃
k=1

ε(Z∗ + k) = Ω2 ∩
N(ε)⋃
k=1

ε(Y ∗ + k) ,(2.1)

and the whole flow region is

Ωε = Ω1 ∪ Σ ∪ Ωε
2 .(2.2)

After specifying the geometry, we consider the equations determining the velocity
field uε and the pressure field pε in the Beavers–Joseph experiment:

−µ��uε + (�uε∇)�uε + ∇pε = 0 in Ωε ,(2.3)

div �uε = 0 in Ωε ,(2.4)

�uε = 0 on (∂Ωε \ ∂Ω) ∪ (0, b)× ({−L} ∪ {H}) ,(2.5)

uε2 = 0 on ({0} ∪ {b})× (−L,H) ,(2.6)

pε = p0 on {0} × (−L,H) ,(2.7)

pε = pb on {b} × (−L,H) .(2.8)

For small ε, this problem is extremely difficult to solve, so one has to look for
approximations. Classically, the system (2.3)–(2.8) used to be approximated by a
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Poiseuille flow in Ω1, i.e., by

�v0 =

(
pb − p0

2bµ
x2(x2 −H), 0

)
for 0 ≤ x2 ≤ H,

�v0 = 0 for −L ≤ x2 < 0,

p0 =
pb − p0

b
x1 + p0 for 0 ≤ x1 ≤ b,

(2.9)

and, indeed, it could be shown in [10] that (2.9) is an approximation in the following
sense: ∫

Ωε
p

|�uε(x)|2 dx ≤ Cε3 ,(2.10)

∫
Ω1

|�uε(x)− �v0(x)|2 dx+

∫
Σ

|�uε(x1, 0)|2 dx1 ≤ Cε2 ,(2.11) ∫
Ω1

|pε(x)− p0(x)|2 dx+

∫
Ωε

|∇�uε(x)−∇�v0(x)|2 dx ≤ Cε ,(2.12)

∀γ > 0 : b

∫ H

0

|uε1(0, x2)− v0
1(x2)| dx2 ≤ Cε3/4−γ .(2.13)

The above estimates indicate that in the L2-sense �uε = �v0+O(ε) in Ω1, �u
ε = O(ε3/2)

in Ω2, ∇�uε = ∇�v0+O(
√
ε) in Ωε, pε = p0+O(

√
ε) in Ω1, p

ε = O(1) in Ωε
2, �u

ε = O(ε)
on Σ, and the effective mass flow behaves as −H3 pb−p0

12µ + O(ε3/4−γ).
As shown in [2] and [17], this O(ε) approximation often is not good enough.

Therefore, we would like to continue with the asymptotic expansion for �uε and pε.
Energy estimates from [10] imply that ∇�uε = ∇�v0 + O(ε) in the interior of Ω1 but
that ∇�uε = ∇�v0+O(

√
ε) globally in Ω. Further, they show that there is an oscillatory

boundary layer confined to the neighborhood of Σ which can be represented in the
form

�βbl,ε(x) = ε�βbl
(x
ε

)
and ωbl,ε(x) = ωbl

(x
ε

)
, x ∈ Ωε,(2.14)

where �βbl , ωbl are solutions to a Stokes problem on an infinite strip Zbl, which we
discuss in section 3.

3. The auxiliary boundary layer problem. Let Zbl = Z+ ∪ S ∪ Z− with
Z+ = (0, 1)×(0,+∞), S = (0, 1)×{0}, and Z− = (0, 1)×(−∞, 0)\∪∞

k=1(Z
∗−{0, k});

see Figure 3.1. For later use, we also introduce the following notation (k ∈ Z):

Zk = Zbl ∩ (0, 1)× (k, k + 1) , Zk
l = Zbl ∩ (0, 1)× (l, k) ,

Z<k = Z0
−∞ , Z>k = Z+∞

0 .(3.1)

Now {�βbl , ωbl} are the solutions to the problem

−�y
�βbl +∇yω

bl = 0 in Z+ ∪ Z− ,(3.2)

divy �βbl = 0 in Z+ ∪ Z− ,(3.3) [
�βbl
]
S
(·, 0) = 0 on S ,(3.4) [

(∇y
�βbl − ωblI)e2

]
S
(·, 0) = e1 on S ,(3.5)

�βbl = 0 on

∞⋃
k=1

{∂Z∗ − (0, k)}, {�βbl , ωbl} is y1 − periodic.(3.6)
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Fig. 3.1. The boundary layer cell Zbl.

Further, in order to define ωbl uniquely, we require

ωbl(y1, y2) → 0 (y2 → −∞) .(3.7)

A variational formulation of this problem is as follows. Find a locally square
integrable vector field �βbl ∈ W satisfying∫

Zbl

∇�βbl∇�ϕ = −
∫
S

�e1�ϕ ∀�ϕ ∈ W,(3.8)

where W is the function space which contains all y1-periodic, divergence-free, lo-
cally square integrable vector fields �z defined on Zbl, having finite viscous energy∫
Zbl |∇�z(y1, y2)|2 dy , and satisfying the no-slip boundary condition at the solid bound-
aries ∪∞

k=1(∂Z
∗ − {0, k}).

In [9, Proposition 3.22, pp. 462–463] the following result is proved.

Theorem 3.1. The problem (3.8) has a unique solution �βbl ∈ W . It is locally
infinitely differentiable outside of the interface S. Furthermore, a pressure field ωbl

exists, which is unique up to an additive constant and locally infinitely differentiable
outside of the interface S, such that (3.2) holds. In a neighborhood of S, �βbl − ((y2 −
y2
2/2)e

−y2H(y2), 0) ∈ W 2,q and ωbl ∈ W 1,q for all q ∈ [1,+∞).

The following lemma states some simple properties of {�βbl , ωbl}:
Lemma 3.2. Extend �βbl with �βbl = 0 on ∪lk=1(Z

∗ − (0, k)). Then {�βbl , ωbl}
satisfies ∫ 1

0

βbl
2 (y1, a) dy1 = 0 ∀a ∈ R,(3.9)

∫ 1

0

ωbl(y1, a) dy1 =

∫ 1

0

ωbl(y1, b) dy1 ∀a, b ≥ 0,(3.10)

∫ 1

0

βbl
1 (y1, a) dy1 =

∫ 1

0

βbl
1 (y1, b) dy1 ∀a, b ≥ 0,(3.11)

∫ 1

0

βbl
1 (y1, 0) dy1 = −

∫
Zbl

|∇�βbl(y)|2 dy .(3.12)
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Proof. See [11].
We expect that the problem (3.2)–(3.7) represents a boundary layer. This means

that changes of the velocity and the pressure fields are concentrated around the inter-
face S and vanish very rapidly with increasing distance from S. In linear elasticity,
results of this type are called Saint-Venant’s principle. Saint-Venant’s principle is also
valid in our case, and we want to discuss this in more detail.

We start our considerations with Z+ (the part of Zbl filled by the fluid). Here, one
can obtain sharp decay estimates by using results for the decay of solutions of general
elliptic equations (see Theorem 10.1 from [13], which is an application of Tartar’s
lemma).

Theorem 3.3. Let

ξbl = curl �βbl =
∂βbl

1

∂y2
− ∂βbl

2

∂y1
.(3.13)

Then, for every a > 0 and α ∈ N
2, we have∣∣Dαξbl(y1, y2)

∣∣ ≤ C(α, a)e−2πy2 ∀y1 ∈ (0, 1), y2 > a .(3.14)

Proof. See [11].

With the help of this estimate for ξbl = curl �βbl , we can prove exponentially fast
stabilization of �βbl .

Corollary 3.4. Let

Cbl
1 :=

∫ 1

0

βbl
1 (y1, 0) dy1 .(3.15)

Then for every α ∈ N
2, a > 0, and δ < 2π we have∣∣∣�βbl(y1, y2)− (Cbl

1 , 0)
∣∣∣+ ∣∣∣Dα�βbl(y1, y2)

∣∣∣ ≤ C(a, δ, α)e−δy2 ∀y2 > a .(3.16)

Proof. See [11].
For the pressure field ωbl, we have the following.
Corollary 3.5. For

Cbl
ω :=

∫ 1

0

ωbl(y1, 0) dy1(3.17)

we have ∣∣ωbl(y1, y2)− Cbl
ω

∣∣ ≤ Ce−2πy2 ∀y2 > 0 .(3.18)

Proof. See [11].
Now we turn our attention to the porous part Z−. Due to the presence of the

solid obstacles, our estimates are much less precise in this case.
Lemma 3.6. Let the distance between the solid obstacles and the boundary of the

unit cell Y be bigger than or equal to 2d∗. Let �βbl be the solution of (3.2)–(3.7), and

let l ∈ Z, l < −1. We introduce a function �βlower by

�βlower (y) = �βbl for y2 ≥ l,(3.19)

�βlower (y) = 0 for y2 ≤ l − d∗,(3.20)
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βlower
1 (y) =

−y2 + l − d∗
d2∗

[
(−y2 + l − d∗)

(
βbl

1 (y1, y2) +
2

d∗

∫ y1

0

βbl
2 (ξ, 2l − y2) dξ

)

+ 2

∫ l

y2

βbl
1 (y, η) dη + 2

∫ y1

0

βbl
2 (ξ, l)dξ +

4

d∗

∫ 2l−y2

l

∫ y1

0

βbl
2 (ξ, η) dξ dη

]
,(3.21)

βlower
2 (y) =

(y2 − l − d∗)2

d2∗

(
βbl

2 (y1, y2) +
2

d∗

∫ 2l−y2

l

βbl
2 (y1, η) dη

)
(3.22)

for y ∈ [0, 1]× (l − d∗, l) .

Then �βlower ∈ W ∩H1(Zbl)2, and with Zl,l−1 := Zl ∪ (0, 1)× {l} ∪ Zl−1, we have

‖∇�βlower‖2
L2(Zl)4

≤ C lower‖∇�βbl‖2
L2(Zl,l−1)4

,(3.23)

where the constant C lower satisfies

C lower ≤ 28

d3∗
+ CP

392

d4∗
(3.24)

with CP denoting the Poincaré constant appearing in

∥∥βbl
j

∥∥2

L2(Zl,l−1)
≤ CP

∥∥∇βbl
j

∥∥2

L2(Zl,l−1)2
.(3.25)

If we further assume that the ball Bρ(1/2, 1/2) with radius ρ and center (1/2, 1/2) is
contained in Z∗, an easy calculation in polar coordinates yields the estimate

CP ≤ 1

4
ln

1

ρ
√
2
,(3.26)

which (together with d∗ ≤ 1) results in the estimate

‖∇�βlower‖2
L2(Zl)4

≤ 14

ρd4∗

(
2d∗ + 7 ln

1

ρ
√
2

)
‖∇�βbl‖2

L2(Zl∪Zl−1)4
.(3.27)

Proof. This is a tedious but straightforward calculation; for details see [11].

With the help of Lemma 3.6, we are able to deduce the exponential decay of ∇�βbl .
Proposition 3.7. Assume that l ∈ Z with l < 0. Define Z<l as in (3.1). Then

the solution �βbl of problem (3.8) fulfills

‖∇�βbl‖L2(Z<l) ≤ ‖∇�βbl‖L2(Z−)4e
−γlower |l| ,(3.28)

where

γlower =
1

2
ln

(
C lower + 1

C lower

)
.(3.29)

Proof. If we test (3.8) with some function �βbl−�βlower , where �βlower is the function
constructed in the previous lemma, this results in the estimate

‖∇�βbl‖2
L2(Z<l)4

≤ C lower‖∇�βbl‖2
L2(Zl,l−1)4

.(3.30)
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Using the hole-filling technique as in [9, Lemma 2.4] (we add Clower‖∇�βbl‖2
L2(Z<l−2)

to both sides of (3.30) and evaluate the resulting recursion), we obtain exponential
decay with rate γlower given by (3.29).

Applying local regularity results, one immediately obtains the following corollary.
Corollary 3.8. For any a < 0, α ∈ N, the solution {�βbl , ωbl} decays exponen-

tially for y2 → −∞, i.e.,

|Dα�βbl(y1, y2)|+ |Dαωbl(y1, y2)| ≤ C(a, α)e−γ
lower |y2|(3.31)

for all y2 < a < 0.
The above results imply that �βbl is a boundary-layer type velocity field and ωbl is a

boundary-layer type pressure. Only the constants Cbl
1 and Cbl

ω from (3.15) and (3.17)
will enter the effective flow equations in the channel. They contain the information
about the geometry of the porous bed.

Remark 3.9. As we shall see from the numerical examples, in general Cbl
ω �= 0.

However, if the geometry of Z− is axisymmetric with respect to reflections around
the axis y1 = 1/2, i.e., ∂Z∗(y1, y2) = ∂Z∗(1 − y1, y2), then Cbl

ω = 0. This result is
obtained by the following simple argument.

Let Z− be axisymmetric around the axis y1 = 1/2 . Let �βbl be a solution for
(3.2)–(3.7). Then (βbl

1 (1−y1, y2), −βbl
2 (1−y1, y2), −ωbl(1−y1, y2)) is also a solution.

By uniqueness, it must be equal to (�βbl , ωbl) and we conclude that ωbl(1 − y1, y2) =
−ωbl(y1, y2). Therefore, (3.10) implies Cbl

ω = 0.

4. Approximation of the boundary layer problem on a finite domain.
In this section we propose a scheme for computing the actual values of Cbl

1 and Cbl
ω

for cases where the geometry of the porous medium is known. Since problem (3.2)–
(3.7), respectively, (3.8) is defined on an infinite domain Zbl, the first step is to
approximate its solution with solutions of problems defined on finite domains of the
form Zk

l := Zbl ∩ (0, 1) × (l, k), where l < 0 < k. Let, therefore, {�βbl
k,l, ω

bl
k,l} be the

solution of

−�y
�βbl
k,l +∇yω

bl
k,l = 0 in Z0

l ∪ Zk
0 ,(4.1)

divy �βbl
k,l = 0 in Z0

l ∪ Zk
0 ,(4.2) [

�βbl
k,l

]
S
(·, 0) = 0 on S ,(4.3) [{∇y

�βbl
k,l − ωbl

k,lI}e2

]
S
(·, 0) = e1 on S ,(4.4)

�βbl
k,l = 0 on

∞⋃
n=1

{∂Z∗ − (0, n)}, {�βbl
k,l, ω

bl
k,l} is y1 − periodic ,(4.5)

with the following additional boundary conditions motivated by Corollary 3.4 and
Proposition 3.7:

�βbl
k,l(y1, l) = (0, 0) , (βbl

k,l)2(y1, k) =
∂(βbl

k,l)1

∂y2
(y1, k) = 0 ∀y1 ∈ [0, 1] .(4.6)

Further, to define the pressure field ωbl
k,l uniquely, we require∫

y2=l

ωbl
k,l dy = 0 .(4.7)
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Let us define

Cbl
1,k,l :=

∫ 1

0

(βbl
k,l)1(y1, 0) dy1(4.8)

and

Cbl
ω,k,l :=

∫ 1

0

ωbl
k,l(y1, 0) dy1 =

∫ 1

0

ωbl
k,l(y1, a) dy1 ∀ 0 < a ≤ k .(4.9)

Then, analogous to the estimates on (�βbl , ωbl) of the previous section, one can prove

the following properties for the solution (�βbl
k,l, ω

bl
k,l) of (4.1)–(4.7).

Lemma 4.1. For every 0 < a < k, 0 < δ < 2π, and α ∈ N
2, there are constants

C(a, δ, α) such that for all y ∈ Zk
a we have

|�βbl
k,l(y1, y2)− (Cbl

1,k,l, 0)|+ |Dα�βbl
k,l(y1, y2)| ≤ C(a, α, δ)e−δy2 ,(4.10)

and ∣∣ωbl
k,l(y1, y2)− Cbl

ω,k,l

∣∣ ≤ Ce−2πy2 .(4.11)

For m ∈ Z, l < m < −1, we have

‖�βbl
k,l‖L2(Z0

l
\Z0

m)4
≤ Ce−γ

lower |m|(4.12)

with γlower from (3.29). Furthermore, for y ∈ Z0
l

|�βbl
k,l(y)|+ |∇�βbl

k,l(y)|+ |ωbl
k,l(y1, y2)| ≤ Ce−γ

lower |y2| .(4.13)

From these estimates we obtain the following proposition.
Proposition 4.2. Let {�βbl

k,l, ω
bl
k,l} be the solution of problem (4.1)–(4.7). Then,

for every δ < 2π, a constant C exists such that

‖∇�βbl
k,l −∇�βbl‖L2(Zk

l
) ≤ C(e−δk + e−γ

lower |l|) .(4.14)

Proof. Let ξ := �βbl − �βbl
k,l and ω := ωbl−ωbl

k,l. Then (ξ, ω) is y1-periodic, vanishes

on ∪lk=1(∂Z
∗ − (0, k)), and solves the Stokes equation in Zk

l . Set

ξ̂ :=




ξ , l + 1 ≤ y2,
ξlower , l + 1− d∗ ≤ y2 < l + 1,
0 , l < y2 < l + 1− d∗,

(4.15)

where ξlower is derived from ξ in the same way as �βlower was derived from �βbl in
Lemma 3.6. Testing the momentum equation with ξ̂, we obtain∫

Zk
l+1

|∇ξ|2 +
∫ l+1

l+1−d∗

∫ 1

0

∇ξ∇ξlower =

∫ 1

0

(∇ξ − ωI )�e2ξ dy1 |y2=k .(4.16)

Now note that ω may be replaced by ω−c for an arbitrary c ∈ R due to
∫
y2=const

ξ2 = 0.

Then we can apply the exponential stabilization results for {�βbl , ωbl} and {�βbl
k,l, ω

bl
k,l}

from (3.16), (3.18), (4.10), and (4.11) to obtain (4.14).
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The approximation error between Cbl
1 and Cbl

1,k,l can then be estimated as follows.
Corollary 4.3. For every δ < 2π, there is a constant C such that∣∣Cbl

1 − Cbl
1,k,l

∣∣ ≤ C(e−2πk + e−γ
lower |l|) .(4.17)

Proof. Note that

∣∣Cbl
1 − Cbl

1,k,l

∣∣ = ∣∣∣∣
∫
Z0

βbl
1 − (βbl

k,l)1

∣∣∣∣ ≤ ∥∥βbl
1 − (βbl

k,l)1
∥∥
L2(Z0)

,(4.18)

which can be estimated as desired by using Poincaré’s inequality on Z0∪Z−1 together
with (4.14).

In order to obtain estimates for the pressure difference ωbl
k,l − ωbl, we need the

following result.
Lemma 4.4. For each F ∈ L2(Zk

l ) satisfying
∫
Zk

l
F = 0, there is a function

�ϕ ∈ H1(Zk
l ) vanishing on the boundaries y2 = k, y2 = l, and ∪lk=1(∂Z

∗ − (0, k)) and
satisfying div �ϕ = F together with the stability estimate

‖∇�ϕ‖L2(Zk
l
) ≤ C(k + |l|)‖F‖L2(Zk

l
) .(4.19)

More generally, if F ∈ Hr(Zk
l ) for some integer r ≥ 0, then �ϕ can be chosen such

that

‖�ϕ‖Hr(Zk
l
) ≤ C(k + |l|)‖F‖Hr−1(Zk

l
) .(4.20)

Proof. The proof is similar to the proof of Lemma 3.4 in [9] and can be found
in [11].

With the help of this lemma we obtain the following proposition.
Proposition 4.5. Let ωbl and ωbl

k,l be the pressure fields determined by (3.2)–
(3.7), respectively, (4.1)–(4.7). Then, for every δ < 2π, there is a constant C such
that ∥∥ωbl − ωbl

k,l

∥∥
L2(Zk

l
)
≤ C(k + |l|)(e−δk + e−γ

lower |l|) .(4.21)

For the difference Cbl
ω − Cbl

ω,k,l we have the better estimate∣∣Cbl
ω − Cbl

ω,k,l

∣∣ ≤ C
√
|l|(e−δk + e−γ

lower |l|) .(4.22)

Proof. Set ω̄ := 1

|Zk
l |
∫
Zk

l
(ωbl−ωbl

k,l), and let F := ωbl−ωbl
k,l− ω̄. Since

∫
Zk

l
F = 0,

Lemma 4.4 yields a function �ϕ which we can use as a test function in the difference
of momentum equations

−�(�βbl − �βbl
k,l) +∇(ωbl − ωbl

k,l) = 0 .(4.23)

Inserting ω̄ in the pressure term, testing with �ϕ, and doing a partial integration, we
obtain ∫

Zk
l

∇(�βbl − �βbl
k,l)∇�ϕ dx =

∫
Zk

l

F 2 dx .(4.24)

If we now use the stability estimate (4.19) together with (4.14), this yields∥∥ωbl
k,l − ωbl − ω̄

∥∥
L2(Zk

l
)
≤ C(k + |l|)(e−2πk + e−γ

lower |l|) .(4.25)
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Finally, to estimate ω̄, let rj :=
∫
Zj

ω(y). Then we have |ω̄| ≤ |rl|+
∑−1

j=l |rj+1 − rj |.
By Theorem 3.7 of [9], we also have

|rj+1 − rj | ≤ C‖∇(�βbl − �βbl
k,l)‖L2(Zj+2

j
) ,(4.26)

which can be used together with (4.13) to estimate

|ω̄| ≤ Ce−γ
lower |l| + C

√
|l|‖∇(�βbl − �βbl

k,l)‖L2(Z1
l
) .(4.27)

Using the triangle inequality in (4.25) together with (4.27) and (4.14), we obtain (4.21).
In order to get (4.22), we note that

∣∣Cbl
ω − Cbl

ω,k,l

∣∣ = |r0| ≤ |rl|+
−1∑
j=l

|rj+1 − rj | ,(4.28)

such that the estimate follows directly from (4.27) and (4.14).
We complete this section with a regularity result, which we will need in the

following.
Proposition 4.6. Let f ∈ L2(Zk

l )
2, and let {ξ, π} be the y1-periodic solution of

the nonhomogeneous Stokes system with right-hand side f in Zk
l , boundary conditions

ξ = 0 on {y2 = l} ∪
l⋃

k=1

(∂Z∗ − (0, k)) , ξ2 =
∂ξ1
∂y2

= 0 on {y2 = k} ,(4.29)

and pressure normalization
∫
y2=l

π dy = 0. Then we have the estimate

‖∇ξ‖L2(Zk
l
) + ‖ξ2‖L2(Zk

l
) +

∥∥∥∥ ξ1
1 + max{y2, 0}

∥∥∥∥
L2(Zk

l
)

+
∥∥D2ξ

∥∥
L2(Zk

l
)
+ ‖∇π‖L2(Zk

l
)

≤ C(‖f2‖L2(Zk
l
) + ‖f1(1 + max{y2, 0})‖L2(Zk

l
))(4.30)

with a constant C independent of k and l.
Proof. The proof is rather technical but standard. For details, see [11].

Corollary 4.7. Let {�βbl
k,l, ω

bl
k,l} be the solution to (4.1)–(4.7), and let

β̃ := �βbl
k,l − �e1 max

{
y2 − y2

2

2
, 0

}
(k − 1)e−y2 + e−k(1− 2k + k2

2 )

k − 1 + e−k(1− 2k + k2

2 )
.(4.31)

Then

‖D2β̃‖L2(Zk
l
) +

∥∥∇ωbl
k,l

∥∥
L2(Zk

l
)
≤ C ,(4.32)

where C can be chosen independent from k and l.

5. Discretization. Now we turn our attention to the discretization of prob-
lem (4.1)–(4.7). Essentially, we use a stabilized finite element discretization in the
sense of [8], [3]. Unfortunately, in both of these papers only polygonal domains were
considered, so the direct application of these results to our domain Zk

l is unsatisfying
because of the curved boundaries ∪lk=1(∂Z

∗− (0, k)). We resolve this difficulty by us-
ing generalized domain partitions given by nonlinear mappings of the elements while
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essentially keeping the approximation results known for usual domain partitions with
linear mappings; see [19], [20], [1], [15]. While this is very convenient theoretically, the
practical implementation will usually be too complicated. Therefore, it is important
that the use of a simpler polygonal approximation of the domain can be interpreted
as a perturbation of this approach; see the discussion at the end of this section.

Let Ω be a Lipschitz domain, and let Th be a partition of Ω in subsets e, called
elements, where each element e is the image of a reference element ê under a mapping
Φe : ê → e, where ê is either the reference triangle T̂ := {(x1, x2) | x1 ≥ 0, x2 ≥
0, x1 + x2 ≤ 1} or the reference quadrangle Q̂ := [0, 1]2.

We require the following properties of the partition Th.
1. ∪e∈Th

e = Ω̄.
2. For two elements e �= e′ we have int(e) ∩ e′ = ∅.
3. A side of an element e (which is defined as the image of a side of ê) is either

a subset of ∂Ω or the side of exactly one other element e′ �= e. In the second
case, we require that the mapping Φ−1

e′ ◦ Φe restricted to the corresponding
side of ê is linear.

4. The Φe : ê → e are bi-Lipschitzian mappings with

‖∇Φe‖∞ ≤ C1 diam(e) ,
∥∥∇Φ−1

e

∥∥
∞ ≤ C1 diam(e)−1(5.1)

for some constant C1 > 0.
5. Φe ∈ W 2,∞, with ‖D2Φe‖∞ ≤ C2 diam(e)2.
6. For simplicity reasons, we consider only quasi-uniform partitions, i.e., a con-

stant C3 > 0 exists such that for h := maxe∈Th
diam(e) we have diam(e) ≥

C3h for all e ∈ Th.
Arbitrarily fine triangulations of this kind exist, which can be shown by modifying
triangulations of polygonal approximations of the domain Ω; see [19]. The quality of
the domain partition Th is determined by the constants C1, C2, C3. Uniform refine-
ment of such a partition results in a new partition which still has the above properties
(especially property 5).

Next let

FE(ê) =
{

P1 if e = T̂ ,

Q1 if e = Q̂,
(5.2)

where P1 is the space of linear polynomials, and Q1 is the span of P1 and the poly-
nomial x1x2. With these finite elements, we can define the space

Sh := {ψ ∈ H1(Ω) | ∀e : ψ ◦ Φe ∈ FE(ê)} .(5.3)

The following approximation result is then the substitute for approximation re-
sults on triangulations with linear element mappings.

Theorem 5.1. Let Ω, Th, and Sh be as above. Then, for u ∈ H1(Ω), a uh ∈ Sh
exists such that

‖u− uh‖L2(Ω) + h‖∇uh‖L2(Ω) ≤ Ch‖∇u‖L2(Ω) .(5.4)

Second, for u ∈ H2(Ω), a uh ∈ Sh exists such that
‖u− uh‖L2(Ω) + h‖∇(u− uh)‖L2(Ω) ≤ Ch2(‖∇u‖L2(Ω) +

∥∥D2u
∥∥
L2(Ω)

) .(5.5)

Additionally, if u has zero boundary values on some component of ∂Ω, then uh can
also be chosen such that it has zero boundary values on that boundary component.
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In all cases, the constants depend only on the smoothness of the domain and the
quality of the domain partition Th.

Proof. See [19], [20] for the case of (deformed) triangular elements, and see [15],
where the case of (deformed) quadrilaterals is also handled by using a generalized
interpolation operator of Clément type.

Remark 5.2. In contrast to standard interpolation results for triangulations with
linear element mappings, the term ‖∇u‖L2(Ω) appears on the right-hand side of (5.5).

This is due to the fact that linear functions are no more interpolated exactly (in
contrast to constant functions). Note that this estimate is possible only because of the
Φe approximating linear mappings in the limit diam(e) → 0 (see property 5 required
for the partition Th).

Now, let Ω = Zk
l , and let Th be a domain partition of Zk

l (fitting across the lateral
boundaries, where periodic boundary conditions are prescribed for problem (3.2)–
(3.7)). Then define Sh analogously to (5.3) as

Sh := {ψ ∈ H1(Zk
l ) | ψ is y1 − periodic ∧ ∀e : ψ ◦ Φe ∈ FE(ê)} ,(5.6)

and ansatz spaces for velocity and pressure

�Hh :=

{
�ϕh ∈ S2

h | �ϕh = 0 on {y2 = l} ∪
l⋃

k=1

(∂Z∗ − (0, k)),

(�ϕh)2 = 0 on {y2 = k}
}

,(5.7)

Lh :=

{
ψh ∈ Sh |

∫
y2=l

ψh dy = 0

}
.(5.8)

We now search for (�βbl
k,l,h, ω

bl
k,l,h) ∈ �Hh × Lh, which is the solution to∫

Zk
l

∇�βbl
k,l,h∇�ϕk,l,h dy +

∫
Zk

l

∇ωbl
k,l,h�ϕk,l,h dy = −

∫
S

�ϕk,l,h · �e1 ,(5.9)

∫
Zk

l

div �βbl
k,l,hχk,l,h + α

∑
Q∈Th

h2
Q

∫
Q

∇ωbl
k,l,h∇χk,l,h dy = 0(5.10)

for all (�ϕk,l,h, χk,l,h) ∈ �Hh × Lh. The second term in (5.10) must be included for the
above pair of ansatz spaces to stabilize the discretization; see [8], [3]. The constant α
can be any positive number. The following error estimates then hold.

Proposition 5.3. Let Th, �Hh, Lh be defined as above. Assume that the interior
boundary S = {y2 = 0} is aligned with the sides of the elements of Th, let (�βbl

k,l, ω
bl
k,l)

be the solution of problem (4.1)–(4.7), and let (�βbl
k,l,h, ω

bl
k,l,h) ∈ �Hh×Lh be the solution

of (5.9)–(5.10). Furthermore, let

R(�βbl
k,l, ω

bl
k,l) = ‖∇�βbl

k,l‖L2(Zk
l
) + ‖D2�βbl

k,l‖L2(Zk
0 ) + ‖D2�βbl

k,l‖L2(Z0
l
) + ‖∇ωbl

k,l‖L2(Zk
l
) .

Then we have an error estimate in the viscous energy norm of the form

‖∇(�βbl
k,l,h − �βbl

k,l)‖L2(Zk
l
) ≤ ChR(�βbl

k,l, ω
bl
k,l) ,(5.11)

together with a stability estimate for the pressure gradient of the form(∑
Q

h2
Q

∥∥∇(ωbl
k,l,h − ωbl

k,l)
∥∥2

L2(Q)

) 1
2

≤ ChR(�βbl
k,l, ω

bl
k,l) .(5.12)
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We further have the L2-error estimate for the pressure∥∥∥∥∥ωbl
k,l,h −

(
ωbl
k,l −

1∣∣Zk
l

∣∣
∫
Zk

l

ωbl
k,l dy

)∥∥∥∥∥
L2(Zk

l
)

≤ C(k + |l|)hR(�βbl
k,l, ω

bl
k,l)(5.13)

and the velocity

‖�βbl
k,l,h − �βbl

k,l‖L2(Zk
l
) ≤ C(k + 1)h2R(�βbl

k,l, ω
bl
k,l)(5.14)

with a constant C which is independent of k and l.

Proof. The proof can be done as in [8], [3], or [7] with the following modifications.
First, on our more general domain partitions, the approximation results from The-
orem 5.1 replacing the standard ones. Second, [8], [3], [7] handle only the Dirichlet
case. However, one can easily check that their proofs can be transferred with almost
no changes because the slip boundary condition still allows for partial integration with
vanishing boundary terms. For (5.13), the proof uses the assertion of Lemma 4.4 such
that the factor k+ |l| needs to be included in the estimate. For (5.14), one needs the
H2-regularity estimate from Proposition 4.6 which introduces the factor k+1.

We now describe the definition of the discrete approximations to Cbl
1,k,l and Cbl

ω,k,l.
First, we set

Cbl
1,k,l,h :=

∫
S

(βbl
k,l,h)1 .(5.15)

Second, in order to obtain good error estimates for the numerical approximation of
Cbl
ω,k,l, we define Cbl

ω,k,l,h as a smoothly weighted average of the pressure field in the
following way. Let λ : [0, 1] → [0, 1] be a Lipschitz-continuous function satisfying

λ(0) = 0, λ(1) = 1, and
∫ 1

0
λ(x) dx = 1. Then define λ̃ : Zk

l → R as

λ̃(y1, y2) =




λ(y2 − (k − 1)) for y2 ≥ k − 1,

−
(∫

Z−1
λ(−y2) dy

)−1

λ(l + 1− y2) for y2 ≤ l + 1,

0 elsewhere.

(5.16)

It is obvious that
∫
Zk

λ̃(y) dy = − ∫
Zl

λ̃(y) dy = 1, such that we may approximate

Cbl
ω,k,l by

Cbl
ω,k,l,h :=

∫
Zk

l

λ̃(y)ωbl
k,l,h(y) dy .(5.17)

Then we can prove the following proposition.

Proposition 5.4. For Cbl
1,k,l,h, C

bl
ω,k,l,h given by (5.15), (5.17) we have the esti-

mates ∣∣Cbl
1,k,l,h − Cbl

1,k,l

∣∣ ≤ C(k + 1)h2 ,(5.18) ∣∣Cbl
ω,k,l,h − Cbl

ω,k,l

∣∣ ≤ C(k + 1)(k + |l|)h2 + Ce−γ
lower |l| .(5.19)

Proof. In order to show (5.18), we use the definitions (4.8) and (5.15) in the
momentum equations (4.1) and (5.9) to obtain
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Cbl
1,k,l,h − Cbl

1,k,l =

∫
S

(�βbl
k,l,h − �βbl

k,l)�e1 ds

=

∫
Zk

l

∇�βbl
k,l∇(�βbl

k,l − �βbl
k,l,h) dx +

∫
Zk

l

∇ωbl
k,l(

�βbl
k,l − �βbl

k,l,h) dx

=

∫
Zk

l

|∇(�βbl
k,l − �βbl

k,l,h)|2 dx −
∫
Zk

l

∇(ωbl
k,l − ωbl

k,l,h)
�βbl
k,l,h dx +

∫
Zk

l

∇ωbl
k,l(

�βbl
k,l − �βbl

k,l,h) dx .

Here, the first term is of order O(h2) by (5.11), the second term can be estimated as∫
Zk

l

∇(ωbl
k,l − ωbl

k,l,h)
�βbl
k,l,h dx =

∫
Zk

l

∇(ωbl
k,l − ωbl

k,l,h)(
�βbl
k,l,h − �βbl

k,l) dx = O((k + 1)h2)

by (5.14), and, if one applies (5.10), the third term can be estimated as∫
Zk

l

∇ωbl
k,l(

�βbl
k,l−�βbl

k,l,h) dx =

∫
Zk

l

∇(ωbl
k,l−ωbl

k,l,h)(
�βbl
k,l−�βbl

k,l,h)+α
∑
Q∈Th

h2
Q

∫
Q

∣∣∇ωbl
k,l,h

∣∣2 .
Next, if we use (5.14) and (5.12), we can see that the resulting terms are of order
O((k + 1)h2) and O(h2), respectively. Thus we have shown (5.18).

In order to show the estimate (5.19), we first note that

Cbl
ω,k,l − Cbl

ω,k,l,h =

∫
Zk

l

(ωbl
k,l(y)− ωbl

k,l,h(y))λ̃(y) dy +O(e−γ
lower |l|)(5.20)

by (4.13), (4.9), and (5.17). Next let �ϕ ∈ H2(Zk
l ) be the vector field given by

Lemma 4.4, which satisfies div �ϕ = λ̃, �ϕ = 0 on ∂Zk
l , and∥∥D2�ϕ

∥∥
L2(Zk

l
)
≤ C(k + |l|) .(5.21)

Furthermore, Theorem 5.1 yields the existence of an interpolating vector field �ϕh ∈ �Hh

which fulfills

‖�ϕ− �ϕh‖L2(Zk
l
) + h‖∇(�ϕ− �ϕh)‖L2(Zk

l
) ≤ Ch2

∥∥D2�ϕ
∥∥
L2(Zk

l
)
.(5.22)

By using this, we can estimate the first term from the right-hand side of (5.20) as
follows:∫
Zk

l

(ωbl
k,l − ωbl

k,l,h) λ̃ dy =

∫
Zk

l

(ωbl
k,l − ωbl

k,l,h) div �ϕ dy =

∫
Zk

l

∇(ωbl
k,l − ωbl

k,l,h) �ϕ dy

=

∫
Zk

l

∇(ωbl
k,l − ωbl

k,l,h) (�ϕ− �ϕh) dy −
∫
Zk

l

∇(�βbl
k,l − �βbl

k,l,h)∇�ϕh dy .

Here, the first term is of order C(k + |l|)h2 by (5.12), (5.22), and (5.21). The second
term can be estimated by replacing first �ϕh by �ϕ, which can be done up to an error of
order C(k+ |l|)h2 due to (5.11), (5.22), and (5.21). For the rest, a partial integration
yields ∫

Zk
l

∇(�βbl
k,l − �βbl

k,l,h)∇�ϕ dy =

∫
Zk

l

(�βbl
k,l − �βbl

k,l,h)∆�ϕ dy ≤ C(k + 1)(k + |l|)h2(5.23)

if one uses (5.14) and (5.21). Thus, (5.19) is also proved.



LAMINAR VISCOUS FLOW OVER A POROUS BED 2021

Fig. 6.1. Symmetric cell and its coarsest grid.

Table 6.1
Results for the symmetric cell (k = l = 2).

j Cbl
1,k,l,h(j) Cbl

1,k,l,h(j)− Cbl
1,k,l,h(j − 1)

0 -0.6083663 —
1 -0.6134767 −5.11041129 · 10−3

2 -0.6096270 3.8496901 · 10−3

3 -0.6081967 1.4302327 · 10−3

4 -0.6077899 4.0679752 · 10−4

5 -0.6076814 1.0854489 · 10−4

∞ −0.6076417 ± 5.0 · 10−8

As mentioned at the beginning of this section, the practical implementation of
domain partitions with nonlinear element mappings is rather complicated. It is usually
easier to approximate a domain Ω with curved boundaries by polygonal domains Ωh,
which then can be partitioned in triangles and/or quadrangles (see, for example, [18]).
However, it can be shown that, on a discrete level, this simpler approach is equivalent
to our theoretically more convenient formulation up to a quadrature error of optimal
order; see [16].

6. Numerical results. We are now ready to demonstrate our method for com-
puting the constants Cbl

1 and Cbl
ω on specific examples. First, we consider the symmet-

ric geometry shown on the left part of Figure 6.1. The boundary ∂Z∗ is a circle with
radius 0.25 and center at (0.5, 0.5). On the right-hand side of Figure 6.1, the initial
polygonal approximation and the initial grid Th0 with quadrangle elements (see sec-
tion 5) is depicted. Th0

is then uniformly refined, yielding further grids Th1
, . . . , ThJ

.
By using the discretization described in the previous section, we obtain for every
Thi , i = 1, . . . , J , a system of linear equations which must be solved to obtain the

discrete solution {�βbl
k,l,h, ω

bl
k,l,h}.

Since the arising linear systems are very large, we have applied the multigrid
method, which is known to be of optimal complexity for a large range of problems;
see [6]. However, due to the pressure stabilization and the polygonal approximation
of the smooth boundary ∪lk=1(∂Z

∗ − (0, k)), we are not in a Galerkin setting. In
this case, it is known that the simple multigrid V-cycle (one coarse-grid correction
between pre- and postsmoothing) does not have to converge independently of the
number of levels. We therefore used the W-cycle (two coarse-grid corrections between
smoothing). Both pre- and postsmoothing are done by two steps of a block incomplete
decomposition, where each block contains the unknowns of one grid node (the corners
of the elements). And, indeed, our numerical observations confirm that this method
is robust with respect to the number of levels and variations of the parameters k, l;
see also Table 6.5 below.
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Fig. 6.2. Unsymmetric cell and coarsest grid.

Table 6.2
Results for the unsymmetric cell (k = l = 2).

j Cbl
1,k,l,h(j)

Cbl
1,k,l,h(j)−
Cbl
1,k,l,h(j − 1)

Cbl
ω,k,l,h(j)

Cbl
ω,k,l,h(j)−
Cbl

ω,k,l,h(j − 1)
0 -0.552980 — -0.192913 —
1 -0.542858 1.012 · 10−2 -0.437585 −2.446 · 10−1

2 -0.529998 1.286 · 10−2 -0.459770 −2.205 · 10−2

3 -0.525892 4.106 · 10−3 -0.449916 9.880 · 10−3

4 -0.524860 1.032 · 10−3 -0.447415 2.507 · 10−3

5 -0.524602 2.584 · 10−4 -0.446836 5.798 · 10−4

∞ −0.524501 ± 4.9 · 10−6 −0.4464 ± 1.4 · 10−4

In Table 6.1, the results for a computation with k = l = 2 are shown. Starting
from the coarsest level, which contains 20 elements, we refine five times, which yields
a grid with 20480 elements (61440 unknowns). On each level j = 0, . . . , 5, we solve
the discretized equation and compute the approximations Cbl

1,k,l,h and Cbl
ω,k,l,h, given

by (5.15) and (5.17) (with the choice λ(x) = x in (5.16)). The value given for j = ∞ is
computed by polynomial extrapolation. We see that both Cbl

1,k,l,h and Cbl
ω,k,l,h converge

to limit values with rate O(h2), which we expected from Proposition 5.3. As shown
in Remark 3.9, Cbl

ω must be zero. Since our grid is symmetric, the solution of the
discrete problem also has the same symmetry property, such that the approximations
Cbl
ω,k,l,h are zero up to machine accuracy.

Table 6.3
Cbl
1,k,l (extrapolated) for varying k, l.

l \ k 1 2 3
1 -0.524500 -0.524500 -0.524500
2 -0.524500 -0.524501 -0.524501
3 -0.524500 -0.524501 -0.524501

Let us now assume that the porous part is generated by the unsymmetric cell
from Figure 6.2, where the boundary curve is given by the ellipse

[0, 2π] � φ  → (0.5, 0.5) +
0.25

1.0 + 0.3 cos(2φ+ 1.5708)
(cosφ, sinφ) .(6.1)

For this domain we obtain the results shown in Table 6.2. Both Cbl
1,k,l,h and Cbl

ω,k,l,h

converge again with order O(h2), which is in accordance with Proposition 5.3. The
error arising from the cutting of the domain is not noticeable any more already for
k = l = 2. This is shown in Tables 6.3 and 6.4, where the results for varying k and l
are given. Note that even the values for k = l = 1 are accurate up to the extrapolation
error.
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Table 6.4
Cbl

ω,k,l (extrapolated) for varying k, l.

l \ k 1 2 3
1 -0.3750 -0.3750 -0.3750
2 -0.4464 -0.4464 -0.4464
3 -0.4464 -0.4464 -0.4464

Fig. 6.3. Detail from a picture showing βbl
1 , βbl

2 , and ωbl.
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Table 6.5
Multigrid convergence rates.

k, l \ j 1 2 3 4 5
k, l = 1 0.093 0.144 0.193 0.168 0.176
k, l = 2 0.209 0.152 0.194 0.168 0.176
k, l = 3 0.247 0.168 0.194 0.168 0.176

Figure 6.3 shows the three solution components βbl
1 , βbl

2 , and ωbl. From here and
from the values of Cbl

ω in Table 6.2, it is obvious that a pressure jump occurs inside
the boundary layer.

Finally, Table 6.5 shows the convergence rates of our multigrid iteration. As we
expected from the discussion above, it is perfectly robust with respect to the number
of levels. So far, we did not observe a significant dependency on k or l, even if one
might expect some deterioration, since the error estimates from Proposition 5.3 are
needed in the usual W-cycle convergence theory. The reason might be that sharper
error estimates are possible in suitably weighted norms.

7. The effective equations. It turned out that �βbl stabilizes exponentially
fast to a constant vector (Cbl

1 , 0) for y2 → +∞ (and to 0 for y2 → −∞), which

translates into �βbl,ε tending to ε(Cbl
1 , 0) for x2 → +∞. This forces us to consider

the corresponding counter-flow in the channel, which is described by the following
two-dimensional (2D) Oseen–Couette system in Ω1:

−µ��d+∇g + v0
1

∂ �d

∂x1
+ d2

∂v0
1

∂x2
�e1 = 0 in Ω1 ,(7.1)

div �d = 0 in Ω1 ,(7.2)

�d = �e1 on Σ, �d = 0 on (0, b)× {H},(7.3)

d2 = 0 , g = 0 on ({0} ∪ {b})× (0, H) .(7.4)

If we assume that Re := 1
8µ2 |pb − p0|H2 is not too big, the problem (7.1)–(7.4) has

a unique solution in the form of 2D Couette flow �d = (1− x2

H )�e1 and g = 0.
Following the ideas from [9], we write down the correction of order ε for the

velocity. Essentially, it corresponds to the elimination of the tangential component
of the normal stress at Σ, caused by the approximation by Poiseuille’s flow and its
contribution to the energy estimate. The correction reads

�uε = �v0H(x2)− ε�βbl
(x
ε

) ∂v0
1

∂x2
+ εCbl

1

(
∂v0

1

∂x2
�e1 + �d

)
H(x2) +O(ε2).(7.5)

The correction of the velocity field by the oscillatory boundary layer velocity �βbl,ε

involves the introduction of the boundary layer pressure field ωbl,ε. Hence, as usual
for flow problems, it is necessary to correct the pressure field simultaneously. The
corresponding pressure correction reads

pε = p0H(x2) + p1,εH(−x2)−
(
ωbl,ε −H(x2)C

bl
ω

)
µ
∂v0

1

∂x2
(0) + o(1).(7.6)

Here, p1,ε is an appropriate regularization of the effective pressure p in the porous
bed, defined by

div
(
K∇p

)
= 0 in Ω2,(7.7)
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p(x1,−0) = p0(x1) + µCbl
ω

∂v0
1

∂x2
(0) on Σ,(7.8)

(K∇p) · e2 = 0 on (0, b)× {−L},(7.9)

p = p0 on {0} × (−L, 0), and p = pb on {b} × (−L, 0),(7.10)

where the permeability tensor K is defined as Kij =
∫
Y ∗ wj

i (y) dy . Here, the wj
i are

solutions of the auxiliary problems

−�y �w
j +∇yπ

j = �ej in Y ∗,(7.11)

divy �wj = 0 in Y ∗,(7.12)

�wj = 0 on ∂Z∗, {�wj , πj} is Z-periodic ,

∫
Y ∗

πj = 0 .(7.13)

The pressure field p is a C∞-function outside the corners. However, due to the
discontinuities of the traces at (0, 0) and at (b, 0), its gradient is not square inte-
grable in Ω2. We must regularize the values at the upper corners, and p1,ε is such a
regularization, satisfying p = p1,ε +O(

√
ε).

Let us now introduce the difference Uε
0 between the velocity field �uε and its

expansion up to order O(ε), i.e., we set

�Uε
0 (x) = �uε − �v0 + �βbl,ε

∂v0
1

∂x2
(0)− εCbl

1

∂v0
1

∂x2
(0)H(x2)

x2

H
�e1.(7.14)

Then, after constructing the corresponding outer boundary layer, it was proved in [10]
that ∫ b

0

∫ 0

−L
|�Uε

0 (x)|2 dx + ε2

∫ b

0

∫ H

−L
|∇�Uε

0 (x)|2 dx ≤ Cε4| log ε|2 ,(7.15)

∫ b

0

|�Uε
0 (x1, 0)|2 dx1 +

∫ b

0

∫ H

0

|�Uε
0 (x)|2 dx ≤ Cε3| log ε|2 .(7.16)

It should be noted that the presence of the logarithmic term is a consequence of
the corner singularities in the effective pressure. It was proved in [9] that in the
absence of the boundary singularities, the above estimates hold without the log ε
term. Therefore, in the interior of the domain Ω, the expansion (7.5) is of order
O(ε3/2). Globally, it is of order O(ε3/2| log ε|).

The estimates (7.15)–(7.16) are sufficient for calculating the next order correction
at the interface Σ. The estimate (7.16) gives us a possibility of approximating the
velocity values at Σ by an oscillatory velocity field. Computationally, it is not very
useful.

In view of the problem setting in [9], the Beavers–Joseph law corresponds to taking
into the account the next order corrections for the velocity. In fact, we formally get
on the interface Σ

∂uε1
∂x2

=
∂v0

1

∂x2
(0)

(
1− ∂βbl1

∂y2

(x
ε

))
+

∂Uε
01

∂x2
+O(ε) ,(7.17)

1

ε
uε1 = −βbl1

(x
ε

) ∂v0
1

∂x2
(0) +O(

√
ε| log ε|) ,(7.18)

uε1 + εCbl
1

∂uε1
∂x2

= Uε
01 + εCbl

1

∂Uε
01

∂x2
+

∂v0
1

∂x2
(0)

(
εCbl

1 − βbl1

(x
ε

))
(7.19)

−εCbl
1

∂v0
1

∂x2
(0)

∂βbl1
∂y2

(x
ε

)
+O(ε2) .
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Beavers−Joseph profile
x =H2
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11

H−ε C  H1
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H
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4
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ε C  H
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1
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x 1
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2bµ
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0
1
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2bµ 2 2v =       x (x −H)
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(x −H) (x −         )2 2
11
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ε C  H
bl

bl

p −pb 0
2bµ

Fig. 7.1. Beavers–Joseph versus Poiseuille profile.

Integrals of the absolute value of the right-hand side are not small, since our estimates
do not give any pointwise control of ∇u on Σ. Nevertheless, the right-hand side
of (7.19) is small in the appropriate Sobolev norm of a negative order. The precise
estimates are in [10]. Hence we get the effective law

uε1 + εCbl
1

∂uε1
∂x2

= 0 on Σ,(7.20)

which is exactly Saffman’s modification of the Beavers–Joseph law from (1.2) with
1
αK

1/2 = −εCbl
1 .

Let us introduce the effective flow equations in Ω1 through the following boundary
value problem. Find a velocity field �ueff and a pressure field peff such that

−µ��ueff + (�ueff ∇)�ueff +∇peff = 0 in Ω1,(7.21)

div �ueff = 0 in Ω1,(7.22)

�ueff = 0 on (0, b)× {H},(7.23)

ueff
2 = 0 on ({0} ∪ {b})× (0, H),(7.24)

peff = p0 on {0} × (0, H) and peff = pb on {b} × (0, H),(7.25)

ueff
2 = 0 and ueff

1 + εCbl
1

∂ueff
1

∂x2
= 0 on Σ.(7.26)

Under the same assumption of laminarity as for problem (7.1)–(7.4), the problem
(7.21)–(7.26) has a unique solution {�ueff , peff } with peff = p0 and

�ueff =

(
pb − p0

2bµ

(
x2 − εCbl

1 H

H − εCbl
1

)
(x2 −H), 0

)
for 0 ≤ x2 ≤ H(7.27)

(see Figure 7.1). The effective mass flow rate through the channel is

Meff = b

∫ H

0

ueff
1 (x2) dx2 = −pb − p0

12µ
H3H − 4εCbl

1

H − εCbl
1

.(7.28)
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By using the theory of very weak solutions for the Stokes system, the following
approximation properties of {�ueff , peff ,Meff } are proved in [10]:∫ H

0

∫ b

0

∣∣pε − peff
∣∣2 dx + ε

∫ H

0

∫ b

0

∣∣∇(�uε − �ueff )
∣∣ dx ≤ Cε2|log ε|2 ,(7.29)

∫ H

0

∫ b

0

∣∣�uε − �ueff
∣∣2 dx + ∫ H

0

∫ b

0

∣∣Mε −Meff
∣∣2 dx ≤ Cε3|log ε|2.(7.30)

The estimates (7.29)–(7.30) justify Saffman’s modification of the law by Beavers and
Joseph. Furthermore, we are able to calculate their proportionality factor; it is equal
to −K1/2/Cbl

1 . We note that (7.26) is not the only possible interface law. If one

replaces the Beavers–Joseph law by ueff
1 = εCbl

1
∂v0

1

∂x2
(0), the estimates (7.29)–(7.30)

remain valid. However, such a condition involves the knowledge of the zeroth order
approximation v0

1 and is not really an interface condition.
At this stage, we can consider the approximation to the channel flow as satisfac-

tory, but we still must determine the filtration velocity and the pressure in the porous
medium. We have already mentioned the influence of corner singularities on the so-
lution of the problem (7.8)–(7.10). In order to avoid the discussion of such effects,
we limit ourselves to the behavior in the interior of the porous medium. The inertia
effects are negligible, and we can use the theory from [9, Theorem 3]. In the interior,
all boundary layer effects are exponentially small, and we have

�uε = −ε2
2∑

j=1

�wj
(x
ε

) ∂p(x)

∂xj
+O(ε3),(7.31)

where �wj , j = 1, 2, are defined by (7.11). Hence the filtration velocity is given through
the Darcy law �vf (x) = −K∇p(x) in Ω2.

Far away from the corners, the pressure field p approximates pε at order O(
√
ε). It

can be determined only after we have found the effective pressure field in the channel
and the stabilization constant Cbl

ω giving the pressure difference at infinities for the
auxiliary problem. As shown in section 6, this stabilization constant is generally
different from zero, and we must use the interface law

peff (x1,−0) = peff (x1,+0) + µCbl
ω

∂v0
1

∂x2
(0) on Σ.(7.32)

This shows that, contrary to intuition, the effective pressure in the system channel
flow/porous medium is not always continuous. Thus the continuity assumption for
the effective pressure from [12] is not correct in general.

Finally, let us note that we have some freedom in choosing the position of the
interface. It could be set at any distance of order O(ε) from the solid obstacles.
Intuitively, the law of Beavers and Joseph should be independent of such a choice.
This invariance result can be established rigorously, and we refer for details to [14],
where it was proved that a perturbation of order O(ε) in the position of the interface
leads to a change of the constant Cbl

1 , but �ueff changes only at order O(ε2).
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Abstract. A set of special bilinear quadrilateral elements are developed to handle irregular
nodes on the interface between different refinement levels in 1-irregular meshes for the adaptive finite
element method. With this alternative approach, irregular nodes are eliminated, and at the same
time the C0 continuity at interelements is strictly ensured. The new elements simplify the refinement
procedure and circumvent many inconveniences in local refinement with linear quadrilateral elements.
Solutions to problems of a heat conduction, a reaction-diffusion, and incompressible and viscous flows
past a circular cylinder are respectively presented to test the effectiveness of special elements. They
demonstrate good accuracy and a potential applicability to more complex problems.

Key words. special linear quadrilateral finite elements, local refinement, irregular node, Navier–
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1. Introduction. Adaptive finite element methods (AFEM) with quadrilateral
elements pose certain special difficulties in handling the elements close to the inter-
face between different refinement levels. Specifically, the local refinement procedure
results in irregular nodes (“hanging nodes,” “virtual nodes,” or “slave nodes” in some
literature) at the interface. Improper handling of these irregular nodes causes a dis-
continuous solution at the interface, thereby degrading the accuracy of the whole
discretized system.

Different approaches have been proposed to handle these irregular nodes. A
short review of those methods can be found in [20]. There exist three different ap-
proaches, i.e., converting irregular nodes to regular ones by dividing some additional
elements [13, 15, 17], constructing additional constraint equations [6], and reconstruct-
ing interpolation functions [1, 9, 16]. The approach of dividing additional elements
often results in a discretized system with quadrilateral elements or a combination of
quadrilateral and triangular elements. In both situations, the resulting systems are
full of elements with undesirable aspect ratios which often decrease the accuracy lo-
cally or globally. The additionally divided elements often cause inconvenience (from
a programming point of view) in the further refinement process. The method with
additional constraint equations is often a complicated procedure and is difficult to use
directly in existing FEM codes. The approach of reconstructing interpolation func-
tions is often carried out under certain restrictive conditions which are not directly
extended to complex cases.

However, the different approaches share a common goal, namely, to ensure the
continuity of unknowns (represented by interpolation functions) across the interele-
ments, whatever elements are used. In addition to this so-called C0 continuity, another
important requirement is that the methods should be easy to use and should be able
to handle complex cases.
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In the following context, we use the notions “interelements” and “interface be-
tween elements” interchangeably unless stated otherwise. In fact, both indicate the
interior border between elements.

The interpolation functions for the FEM are mostly constructed in a piecewise
manner, the C0 continuity at interelements being inevitably determined (not entirely,
though) by the behavior of the interpolation functions applied there. In the present
paper, we propose an alternative concept for the local refinement with bilinear quadri-
lateral elements in 1-irregular meshes. Specifically, a set of special elements and their
interpolation functions are constructed in order to keep the C0 continuity at the
interelements and to simplify the refinement process.

These specially designed elements possess some unique features. They geometri-
cally do not satisfy one of the basic requirements for a finite element, i.e., ∩Ωe = ∅,
where Ωe, e = 1, 2, . . . , n are the finite elements in a bounded region. They, in fact,
have geometric overlaps if we consider the geometric border of an element as de-
fined by the element’s own nodes. However, considering the contribution of every
element to the weighted residual equations, the classic definition is strictly satisfied.
This forward (delayed might be more precise) enforcement of the basic requirement
simplifies the local refinement procedure with linear quadrilateral elements. In fact,
these special elements with their corresponding special interpolation functions make
the C0 continuity at the interelements a relatively easier task and circumvent many
inconveniences in the local refinement process.

Similar to normal bilinear elements, these special elements are self-contained. The
special elements simply ignore the existing irregular nodes and internally build up on
their own (by the interpolation functions). Both the aforementioned features allow
the existing FEM software to easily adopt the concept with minimum effort involved.
The special elements also can be used in the cases with distorted elements without
losing the C0 continuity at the interelement with irregular nodes. Furthermore, it is
possible to extend the concept to the discretization for triangular elements and for
3-dimensional cases.

The concept of constructing special bilinear quadrilateral elements is, in fact, a
generalization of a similar idea proposed in a companion paper about special quadratic
quadrilateral elements [20]. Interested readers are referred to that paper for additional
details. The forward enforcement of the basic requirement for a finite element is used
in both situations. However, the interface location, the geometric parameters, and
the corresponding C0 continuity condition for bilinear quadrilateral elements are more
complex and need more rigorous verifications, which the emphasis of the present paper
is focused on.

2. Local refinement with special elements. Shown in Figure 2.1 (a) is a
typical situation where the elements at two different levels of refinement meet at
interface amb. A big element 1 and two small elements 2 and 3 are drawn separately
for clarity in Figure 2.1 (b). Element 1 has four regular corner nodes and has no
more nodes on side ab, while elements 2 and 3 both have three regular corner nodes
and another corner node m somewhere on interface ab. From a discretization point
of view, node m is an unusual node because it only depends on elements 2 and 3 but
never directly on element 1 even though node m falls geometrically into element 1’s
domain. Node m is the so-called irregular node. A similar situation also appears in
the unstructured meshes for finite difference or finite volume methods.

In the following, we introduce a new concept to handle the problem caused by
the irregular nodes in local refinement with bilinear quadrilateral elements. The



SPECIAL BILINEAR QUADRILATERAL FINITE ELEMENTS 2031

a

c

32

(b)

1

2 3

1

(a)

b m
b aB

m mb

d ed

A

A

B

a

D D

MM

Fig. 2.1. Bilinear quadrilateral elements in transient region of a 1-irregular mesh. The numbers
indicate elements, the lower-case letters denote the nodes, and the upper-case letters denote the nodal
values, while thick lines mark the element borders and thin lines show unknown’s value represented
by interpolation functions; the regular nodes are marked by solid circles and the irregular nodes by
void circles.

3

1

2

b

b m a b m

a

c d d e

a

(a)

a

3

4 1

2

a’

b a
mb

a’

m’

(b)

Fig. 2.2. Special bilinear quadrilateral elements of the first (2) and the second (3) kind in (a),
and the third kind (2) in (b). A solid square indicates an irregular node’s replacement node.

basic idea is to maintain the C0 continuity at interfaces by eliminating the irregular
nodes completely. For the small element with an irregular node on the interface,
e.g., element 2 in Figure 2.2 (a), this can be readily achieved by creating a new
interpolation function without the irregular node but with a corresponding extra regular
node. Specifically, we construct special bilinear interpolation functions for element 2
based on nodes b, c, d, and a. Node a is a replacement for irregular node m and is
taken from the big element at the other side of the interface ab (this replacement node
can also be considered as taken from neighboring small element 3); see Figure 2.2 (a).
Similarly, the special bilinear interpolation functions for element 3 can be constructed
based on nodes d, e, a, and b. Subsequently, elements 2 and 3 are called special
elements of the first and the second kind, respectively.

In reality, there may appear another kind of special element. This element appears
normally at corner-like interfaces between different refinement levels. Element 2,
shown in Figure 2.2 (b), is the special element of this third kind. Comparing special
element 2 of the third kind in Figure 2.2 (b) with those of the first and second kind
in Figure 2.2 (a), we can clearly recognize that the special element of the third kind
is, in fact, a geometrical combination of the first and the second kind.
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Fig. 2.3. Normal (a) and special bilinear quadrilateral elements of the first (b), the second (c),
and the third (d) kind in natural coordinates. The numbers beside solid circles and squares denote
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Analyzing special elements 2 and 3 in Figure 2.2 (a), we can see that each has
four nodes, and thus the bilinear interpolation functions can be constructed in quite a
normal way. Geometrically, elements 2 and 3 are mirror images of each other. Based
on the concept explained above, irregular node m does not appear in either element 2
or element 3, and therefore the geometrical border for a special element is not directly
defined by its four nodes. If we would define the border of the special elements only
by their nodes, an overlapping area (�abd) would appear between special elements 2
and 3.

Next we define an interface in this overlapping triangle, so that the overlapping
area will be counted once and only once into the finite element equations, and at the
same time the condition of the C0 continuity is strictly held at such an interface.
This can be achieved by forwarding the enforcement of the basic requirement for
subdivision with finite elements to a later stage, i.e., at the stage of constructing
interpolation functions. In this way, the C0 continuity and the basic requirement for
the finite elements will both be strictly satisfied. This forward enforcement of the
basic requirement for an element forms the very base of the interpolation functions
constructed below.

Collecting the normal as well as the special elements for bilinear quadrilateral
elements, the four different elements are shown in Figure 2.3. In the following, we
first list the interpolation functions for the special elements. A more rigorous analysis
and an explanation about the C0 continuity will be given in the next section.

The special interpolation functions for the special elements and the normal ele-
ments can be constructed in a systematic way, and the following general form can be
obtained:
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Φ1 =
(1− ξ)(1− η)

2(1− ξm)
,

Φ2 = −1 + ξm − ηm + 3ξmηm − (1 + ξm + 3ηm − ξmηm)ξ

4(1− ξm)(1 + ηm)

− (1− 3ξm − ηm − ξmηm)η + (3− ξm + ηm + ξmηm)ξη

4(1− ξm)(1 + ηm)
,(2.1)

Φ3 =
(1 + ξ)(1 + η)

2(1 + ηm)
,

Φ4 =
(1− ξ)(1 + η)

4
,

where parameters ξm and ηm indicate the different kinds of bilinear elements used and
their values also depend on the degree of irregularity of the elements. Parameters ξm
and ηm are, respectively, the two coordinates of irregular nodes’ replacement nodes;
see Figures 2.3 (a) and (d).

As an example, we take a case with rectangular elements. The normal and spe-
cial rectangular elements are generated only by dividing another rectangular element
equally into four small elements and vice versa. In the case of ξm = −1 and ηm = 1,
the interpolation functions of a normal 4-node element (see Figure 2.3 (a)) can be
obtained. If we set ξm = −3 and ηm = 1, a special element of the first kind results;
see Figure 2.3 (b). The interpolation functions for the elements of the second and
the third kind can be derived in a similar way by choosing different values of ξm and
ηm. Some possible values of ξm and ηm for simple cases are listed in Table 2.1 for the
normal and the three special elements.

Table 2.1
Parameters ξm and ηm for normal and special bilinear quadrilateral elements in simple cases.

Element type In Figure 2.3 ξm ηm
Normal (a) -1 1

1st (b) -3 1
2nd (c) -1 3
3rd (d) -3 3

By a simple analysis based on the property of bilinear functions, the C0 continuity
at the interface between one big and two small elements (e.g., ab in Figure 2.1) is
strictly ensured. However, the C0 continuity at the interface between the first and
the second special elements is not so obvious. In fact, where the interface should
be located depends on parameters ξm and ηm. More geometrical implications of
the two parameters will be explained in the next section. Here we only state that,
for the cases with rectangular elements where we generate the new elements for the
next refinement level by bisecting equally the big element’s sides, the parameters in
Table 2.1 will always result in the right interfaces between elements as well as the
corresponding C0 continuity. Furthermore, the interpolation functions in (2.1) with
the parameters in Table 2.1 can accommodate also slightly distorted quadrilateral
elements without deteriorating the accuracy of the system significantly.

In some situations, the elements at a finer refinement level might not be created
by halving the elements at the coarse refinement level, for instance, in the case of
a nonrectangular domain, at places close to a moving interface in multiphase flows,
in a moving boundary, or some other cases where general quadrilateral elements are
desired. The C0 continuity condition at the interface between two corresponding spe-
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cial elements might not be satisfied for such general cases by choosing parameters ξm
and ηm from Table 2.1.

In the next section, we demonstrate, in a more rigorous manner, the C0 continu-
ity at the interface between the two related special elements and the corresponding
conditions. The proper values for parameters ξm and ηm will be derived thereafter
for more general cases.

3. C0 continuity of special elements. Since the special elements of the third
kind can be obtained virtually by combining the first and the second kind, for the
most part of the present section, we describe in detail the C0 continuity analysis of
the special elements of the first and the second kind because they possess the essential
feature; later in this section the special element of the third kind will be used to derive
the parameters ξm and ηm since other special elements can be derived from the third
kind.

Shown in Figure 3.1 (a) are the two special elements in their surrounding area,
while the enlarged version of elements 2 and 3 is illustrated in Figure 3.1 (b). The
interface between the bigger element 1 and the two smaller elements 2 and 3 connects
a coarse and a fine refinement level in this part of the 1-irregular mesh. As can

(a) (b)
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e d
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m f b
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x

Fig. 3.1. Special bilinear quadrilateral elements of the first and the second kind. The numbers
indicate the elements, and the letters indicate the nodes; solid lines indicate the elements of the first
and the second kind, and dashed lines indicate the surrounding elements; the dotted line represents
the projecting path for node d to its projecting point f on interface ab.

be seen, both elements 2 and 3 are quite arbitrary in shape in order to cover general
cases. Without losing generality, we have moved the two elements to a new coordinate
system by rotating and shifting only. Specifically, node a is moved to the origin, and
interface ab is rotated to coincide with x-axis; see Figure 3.1 (b).

Let the nodal values for elements 2 and 3 be ua, ub, uc, ud, and ue. We construct
two bilinear interpolation functions using nodal coordinates and nodal values for ele-
ments 2 and 3, respectively. These interpolation functions form two bilinear surfaces
over the two elements in 2-dimensional space. The behaviors of the two interpola-
tion functions over the triangular area �abd (where all potential interfaces between
elements 2 and 3 could be located) will be the focus of the following analysis.

The bilinear interpolation function ψij for each node j in element i can be con-
structed in the general form

ψij = αij + βijx+ γijy + δijxy,(3.1)

where x and y are the coordinates, and αij , βij , γij , and δij represent the polynomial
coefficients determined by corresponding nodal coordinates. As explained in section 2,
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we construct the special elements and the special interpolation functions by choosing
nodes a, b, c, and d for element 2 and nodes a, b, d, and e for element 3. The ex-
pressions for the interpolation functions are quite lengthy. In the following, only the
interpolation functions for element 3 are listed:

ψ3a = 1− x

xb
− x y(−xbyd + xeyd + xbye − xdye)

xb(xd − xe)ydye(3.2)

− y(xbxdyd − xdxeyd − xbxeye + xdxeye)

xb(xd − xe)ydye ,

ψ3b =
xxey yd − xdxey yd − xxdyye + xdxey ye + xxdydye − xxeydye

xb(xd − xe)ydye ,(3.3)

ψ3d =
(x− xe)y

(xd − xe)yd ,(3.4)

ψ3e =
(x− xd)y

(xe − xd)ye .(3.5)

The element-wise interpolation functions for these two elements therefore can be
expressed in the following form:

Ψ2 =
∑

j=a,b,c,d

ψ2juj ,(3.6)

Ψ3 =
∑

j=a,b,d,e

ψ3juj ,(3.7)

where uj denotes the nodal value at node j, and Ψ2 and Ψ3 indicate the interpolation
functions for elements 2 and 3, respectively.

To prove the C0 continuity, we analyze the behaviors of Ψ2 and Ψ3 at interface
dm, a segment of straight line starting from node d and ending at irregular node m
which can be anywhere on interface ab. Interface dm can be generally expressed as

x = xm +
xd − xm
yd

y.(3.8)

If we substitute (3.6) and (3.7) with (3.8) and extract the essential terms, the difference
between the two interpolation functions at interface dm can be written as

Ψ3 −Ψ2 =
(xd − xm)y(y − yd)

xb(xc − xd)(xd − xe)ycy2dye
F (uj , xj),(3.9)

where F (uj , xj) is a lengthy sum of many terms like ubxbxcycyd, uexbxcycyd, and so
on.

From (3.9), we can now make several important conclusions and obtain the an-
swers to all uncertain aspects raised earlier:

1. At interface dm, the difference expressed by the two interpolation functions
from special elements 2 and 3 is not always zero; in other words, the C0 continuity
does not always hold at any interface lying inside the overlapping area (�abd); the
discontinuity, however, never takes place at the interface’s two ends of y = ya(= 0)
and y = yd; furthermore, a gap or an overlap between the two elements also occurs
in case of the discontinuity if elements 2 and 3 are isoparametric ones.

2. The C0 continuity is strictly satisfied (that is, Ψ3 − Ψ2 = 0) if interface
dm is perpendicular to the interface between the normal element and the two special
elements, specifically, xm = xd(= xf ), for the case in Figure 3.1 (b).
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Fig. 3.2. Special bilinear element of the third kind in the transient region. The solid lines
indicate the element of the third kind, and the dashed lines indicate the surrounding elements; the
dotted lines represent the projecting path for node d.

3. Under some extreme circumstances, for instance, xb = xa, xc = xd, xd = xe,
yc = yb, yd = ym or ye = ya, (3.9) might become singular (it also depends on F (uj , xj),
see (3.9); in fact, one or more quadrilateral elements would degrade into a triangle,
a line, or even a single point if such unusual element distortions occur; furthermore,
another case with distorted elements might occur when node d’s projecting point f
falls outside interface ab; for these highly distorted elements, the C0 continuity cannot
be ensured.

The essential task in applying the special elements now reduces to that of keeping
the interface between the two special elements (always in pairs for 1-irregular meshes)
at the finer refinement level perpendicular to the corresponding interface connecting
the finer and the coarser refinement levels. The implicit prerequisite is naturally that
the projecting point m must fall in between on the related interface. If not, the
elements involved must have been severely distorted.

Since the information at the irregular node is replaced by some linear relations
through the corresponding regular nodes, the irregular node will not appear in the
finite element equations at all. Therefore, the right interface between the correspond-
ing special elements will be implicitly merged into the special interpolation functions.
Only after achieving that, the special elements can satisfy the basic requirement for
the finite elements:

∪Ωe = Ω and Ωe = ∅,
where Ωe, e = 1, 2, . . . , n are element subdomains of a discretization of a bounded
region Ω in R

d where n is the number of elements and d is the number of space
dimensions.

In the following, we use the condition for the right interface to derive parameters
ξm and ηm for (2.1). Shown in Figure 3.2 are a bilinear element of the third kind
and its nearby region in a part of the 1-irregular mesh close to an interface where
two different refinement levels meet. Based on the aforementioned perpendicularity
condition for the corresponding two interfaces, the projecting point of node d to
interface ab can be derived as

xf = − ((xa − xb)(xa − xb) + (ya − yb)2)(−xbya + xayb)

((xa − xb)(xa − xb) + (ya − yb)2)(ya − yb)(3.10)

+
(−xa + xb)(xa − xb)(xbya − xayb)

((xa − xb)(xa − xb) + (ya − yb)2)(ya − yb)
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− (−xa + xb)(ya − yb)(−xaxd + xbxd − yayd + ybyd)

((xa − xb)(xa − xb) + (ya − yb)2)(ya − yb) ,

yf = − (xa − xb)(xbya − xayb)
(xa − xb)(xa − xb) + (ya − yb)2(3.11)

− (ya − yb)(−xaxd + xbxd − yayd + ybyd)

(xa − xb)(xa − xb) + (ya − yb)2 .

According to the coordinates of projecting point f and nodes a and b, the ratio of af
to fb can be obtained as

af

fb
=

(xa − xb)(xa − xd) + (ya − yb)(ya − yd)
(xa − xb)(−xb + xd) + (ya − yb)(−yb + yd)

.(3.12)

Considering the natural coordinate system and node numbers used in Figure 2.3,
parameter ξm therefore can be written as

ξm = −1− 2

∣∣∣∣affb
∣∣∣∣(3.13)

= −1− 2

∣∣∣∣ (x1 − x2)(x1 − x4) + (y1 − y2)(y1 − y4)

(x1 − x2)(x2 − x4) + (y1 − y2)(y2 − y4)

∣∣∣∣ ,
where xj and yj denote the physical coordinates and j is the corresponding node
number used in interpolation functions in natural coordinates (see Figure 2.3 as well
as (2.1)). The similar procedure can be adopted to obtain parameter ηm, which can
be subsequently written as

ηm = 1 + 2

∣∣∣∣a′f ′f ′b

∣∣∣∣(3.14)

= 1 + 2

∣∣∣∣ (x3 − x2)(x3 − x4) + (y3 − y2)(y3 − y4)

(x3 − x2)(x2 − x4) + (y3 − y2)(y2 − y4)

∣∣∣∣ .
It can be seen from (3.13) and (3.14) that parameters ξm and ηm depend only on the
geometrical information of the elements. Furthermore, special elements appear always
in pairs in the 1-irregular mesh, for instance, one first kind with one second kind, one
first kind with one third kind, and so on. Therefore, parameter ξm of a special element
of the first kind and parameter ηm of its counterpart (e.g., the second kind) are not
independent but are related to each other by the relation of ηm = 1 − 4/(ξm + 1).
Note that this relation is correct only for special elements of the first and second kind
(or the first and third kind), where ξm �= −1. There exist similar relations between
other special elements as well.

Though the C0 continuity exists at the interface, the first-order derivative across
the interface is normally discontinuous, which is a general feature of non-Hermite
elements. However, the magnitude of this discontinuity indicates, indirectly at least,
part of the discretization error in the system [20]. The error indicator based on this
discontinuity will be used to perform the local refinement for the test cases in section 4.

The special elements can be quite systematically incorporated into AFEM. Ele-
ment dividing in 1-irregular meshes can start in general from normal elements since
special elements appear only at the finer-element side of the interface between differ-
ent refinement levels. Element merging, on the other hand, can start from special as
well as normal elements. However, the merging process often alters some neighboring
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elements into special elements, and therefore some additional operation is needed to
make some new special elements in the surrounding area. The remaining part of the
refinement procedure, for instance, the interpolation for the new nodes, the update of
data structure, and so on, is more or less the same as any other refinement procedure
in AFEM.

Since special elements are self-contained as any normal bilinear quadrilateral el-
ement and do not require any information about their irregular nodes, they can be
used conveniently and flexibly in a wide range of implementations. For instance, they
can be adopted into other currently available FEM codes with minimal modification.

If we only consider the actual domain of a special element on which the local
weighted residual equations later actually depend, the special element has kept ap-
proximately the original geometric aspect ratio. Though it does not indicate a perfect
subdivision with exactly the same aspect ratio because the replacement node to an
irregular one is often away from the actual domain, the special elements do keep, to
certain extent, this ratio in an aforementioned way. This feature is always desirable,
and it potentially improves the accuracy in the region close to the interface between
different refinement levels.

Compared to the normal linear quadrilateral elements, only a small amount of
extra computing effort is required to calculate parameters ξm and ηm from (3.13)
and (3.14) for the interpolation functions in (2.1). Other possible extra resources
might include a small amount of memory to store the element type, or this information
can be determined based on the neighbors of an element, which in any case is needed
for an unstructured mesh in AFEM.

4. Numerical test cases. In this section, the numerical test cases are presented.
Specifically, the three cases are a heat transfer problem with a Laplace equation, a
model combustion problem, and a viscous flow past a circular cylinder with incom-
pressible Navier–Stokes equations. All test cases have been calculated with a research
code FESTAL v.2.1 (Finite Element System for Turbulent and Laminar Combustion)
which is still in development by the author. Standard Galerkin (SG) and streamline
upwind/Petrov–Galerkin (SUPG) approaches have been implemented. In the follow-
ing, only the SG approach is used. We skip the formulation of the FEM, and the
interested readers should refer to FEM literature for details (for example, [5, 18]).

For Navier–Stokes equations, the method of successive substitution [18] or the
SIMPLE algorithm [14] is used to solve the nonlinear system. The AFEM with the
special elements introduced in section 2 is used for the local refinement of all test cases.
Furthermore, use is made of the error indicator [20] based on the discontinuity of the
first-order derivative at interelements. Later in this section we introduce another
indicator based on the flow acceleration to capture the localized phenomena such as
those in the vortex region.

First, we solve a 2-dimensional heat conduction problem [10] which can be stated
as

∂2T

∂x2
+
∂2T

∂y2
= 0,(4.1)

subject to the boundary conditions

T = T1 at x = ±W/2 or y = 0,

T = Tm cos
πx

W
+ T1 at y = H,
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Fig. 4.1. Mesh and boundary conditions (a), solution (b) and its estimated numerical error (c)

are calculated with special and normal elements for a heat conduction problem. The distortion of
the elements close to the interface of different refinement levels are arbitrarily introduced. The
1-irregular mesh consists of 363 nodes in 342 elements.

where T denotes the nondimensional temperature, T1 and Tm represent some constant
temperature, and W and H are the width and height of the rectangular domain,
respectively. The analytical solution is

T = Tm
sinh(πy/W )

sinh(πH/W )
cos

πx

W
+ T1,(4.2)

which makes the direct calculation of numerical error possible. It can be seen that the
solution of the problem is highly nonlinear. Therefore, it is a suitable test problem
to discretize and to solve with special bilinear elements. We choose T1 = 1 and
Tm = 50 in a unit square (W = H = 1) first and make use of its symmetry feature.
The discretization is carried out in a domain of 0.5×1 with a homogeneous Neumann
boundary condition applied at x = 0; see Figure 4.1 (a). In this case, all three kinds
of special elements are deployed in the area where the discontinuity of the first-order
derivative at the interelements is large. Shown in Figure 4.1 are the mesh with special
and normal elements (a), the numerical solution (b), and the numerical error (c). The
arbitrarily distorted elements close to the interface separating different refinement
levels are introduced to test the robustness and the reliability of the special elements.

The numerical error is calculated as the difference between the numerical result
and the analytical solution from (4.2). Obviously, the error in the region full of
normal elements is small, which indicates also that the discontinuity of the first-order
derivative at the interelements is not big enough to allow further refinement. Close
to the interface between different refinement levels, a bigger error appears. The error
largely results from the changing aspect ratio of distorted elements, the discretization
error inherited by using bilinear elements, the error caused by discontinuity of the
first-order (or higher-order) derivative of the global interpolation functions, and the
truncation error from the computer.
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However, after considering all of these factors, we find that the maximum value for
relative error in the whole domain is 0.67%, while the average error norm is 4.8×10−5.
Quite an accurate numerical solution has been obtained from the mesh with such
distorted elements. The seemingly rough mesh surface shown in Figure 4.1 (b) is
actually the visual effect of the interior borders of distorted elements, and the surface
is, in fact, quite smooth.

The next test case is a model combustion problem [1] with a one-step reaction
(A→ B):

∂T

∂t
=
∂2T

∂x2
+
∂2T

∂y2
+D(1 + α− T ) exp

(
− δ
T

)
,(4.3)

where α denotes the heat release rate, D denotes the Damköhler number, δ denotes
the activation energy, and R denotes the reaction rate. Following [1], we choose α = 1,
δ = 20, and R = 5. The initial condition for this case can be written as

T = 2, x = 0 and y = 0,(4.4)

T = 1, otherwise.(4.5)

The initial condition at the origin, in fact, produces a constant “hot spot” and serves
as an ignition source. The following boundary conditions are employed:

T = 2, x = 0, and y = 0,(4.6)

∂T

∂x
= 0, x = 0, y �= 0, and y �= 1,(4.7)

∂T

∂y
= 0, y = 0, x �= 0, and x �= 1,(4.8)

T = 1, x = 1, or y = 0.(4.9)

Physically, (4.3)–(4.9) describe an ignition process and a flame propagation after the
ignition. Reactant A is converted into product B of high temperature during the
combustion process. This problem has a nonlinear source term, which also makes a
good test case. Though the analytical solution is not available, it is however a suitable
case to test how the refinement strategy effectively works. Specifically, it tests how
the local refinement with special elements closely follows the moving flame front in
an unsteady phenomenon.

For this case, the element refinement is carried out by bisecting equally the big
element’s sides and the element merging by combining four small neighboring elements
together if the error indicators (the discontinuities of first-order derivatives at inter-
elements) fall outside the specified limits (or criteria).

The initial mesh is constructed with all three kinds of special bilinear elements
introduced in section 2 as well as normal elements. The finest mesh around the origin
is used to simulate better the ignition source at t = 0; see Figure 4.2 (a). There are 97
elements with 106 nodes in the mesh. The biggest element is 0.25×0.25, the smallest
element is only 0.00098 × 0.00098 in size, and there are many special elements with
different sizes in between. The use of special elements makes it practically possible
to concentrate very few but extremely fine elements around the ignition source and
to use coarse elements elsewhere.

Shown in Figure 4.2 is a sequence of numerical results from the initial condition
until the flame reaches the boundaries opposite the hot spot. The 3-dimensional mesh
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Fig. 4.2. Numerical results with special linear elements on a sequence of adapted meshes for
a model combustion problem. Mesh properties (number of nodes/number of elements): (a) 106/97,
(b) 188/181, (c) 203/196, (d) 304/313, (e) 900/949, and (f) 904/937.
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surfaces at the left show numerical solutions at different times, and the 2-dimensional
meshes at the right illustrate the element distribution close to the reaction zone.

The reactant is truly ignited at about t = 0.042; see Figure 4.2 (c). Before the
ignition and during this ignition delay period, the reactant is actually undergoing a
heat accumulating process around the hot spot (Figures 4.2 (a) and (b)). During
this period, the ignition source induces a highly nonlinear feature around it, and
correspondingly the elements are deployed at seven to eight different refinement levels
in the whole domain with the finest close to the ignition source. After the ignition,
the flame front begins to propagate outwards, and the finer elements start to be taken
out from the region close to the ignition source until the flame front arrives at the
boundaries, as shown in Figure 4.2 (c)–(f).

The fine elements generated from the local refinement process follow quite well
with the flame front and leave the hot product behind with coarse elements. The
finest elements are deployed exactly near the flame front where they are needed, and
the special elements in the transient region give a smooth transition from the slowly
to rapidly changing dynamic and chemical phenomena, or vice versa. As mentioned
earlier, the error indicator based on the discontinuity of the first-order derivatives
at the interelements have been used quite effectively throughout the self-adaptive
refinement procedure. Before and after the ignition, the criteria for the error indicator
were adjusted during the run time. Specifically, a higher upper limit was used before
the ignition, and a lower upper limit was used after the ignition because the physical
process shows a much stronger nonlinear feature before and during the ignition process
than during the flame propagating process.

The last test case is a viscous flow past a circular cylinder (with a diameter of
unity) described with incompressible Navier–Stokes equations of primitive variables.
The dimensionless form of the governing equation can be written as

∂u

∂x
+
∂v

∂y
= 0,

u
∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1

Re

(
∂2u

∂x2
+
∂2u

∂y2

)
,(4.10)

u
∂v

∂x
+ v

∂v

∂y
= −∂p

∂y
+

1

Re

(
∂2v

∂x2
+
∂2v

∂y2

)
,

where u and v denote the components of the velocity vector, p is the pressure, and
Re is the Reynolds number. To discretize these equations, we take quadratic ele-
ments [20] for velocities and bilinear elements for pressure to satisfy the Babuska–
Brezzi condition [2, 3]. To treat the convection terms, the method of successive
substitution is used, which is quite suitable for such cases with moderate Reynolds
numbers. For convection-dominated flows with higher Reynolds numbers, some up-
wind schemes [4, 12, 11] have to be considered.

Stable numerical solutions can be obtained for relatively higher Reynolds num-
bers, though experiments show that the vortex in the wake of a circular cylinder be-
comes oscillating at about Re ≥ 40 and the so-called Kármán vortex street develops.
In the experiment, the influences of the possibly asymmetric cylinder, the improper
alignment of the flow field, the potential 3-dimensional nature, and the disturbance
in the laboratory all contribute to the earlier onset of the flow transition from steady
to unsteady. In 2-dimensional numerical simulation, however, the absence of these
influences delays the flow transition to unstable vortex shedding.
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The incompressible viscous flows with Reynolds numbers of 10, 20, 40, and 100
have been calculated with special elements. In the following, the results of pressure are
the focus for the analysis because only pressure is discretized on bilinear quadrilateral
elements.

The calculation is started initially from an unstructured mesh with 553 nodes
in 168 elements that covers half of the symmetric physical domain. Shown in Fig-
ure 4.3 (a) is the initial mesh with the boundary conditions. The initial mesh is
constructed based on some knowledge of the flow; of 168 general quadrilateral ele-
ments, finer elements are distributed near the cylinder and aligned with the flow; a
constant velocity is specified for the incoming flow, nonslip condition is used for the
velocity on the surface of the cylinder, and the boundary condition for pressure is
simply specified on a single boundary node at the top-right corner.

The local refinement is carried out at every few iteration steps. Though the ele-
ments are general quadrilaterals, the element refinement is still performed by halving
the big element’s sides, and the element merging is performed by combining four small
neighboring elements.

In addition to the discontinuity of the first-order derivative, the error indicator
also takes into account the contribution from the velocity direction changes within
the element, in order to capture the vortex in the wake. Specifically, the element
refinement also takes place in the region where the velocity vectors have a tendency
to turn rapidly. We construct the following indicator, ea,i, to measure such a tendency:

ea,i =
1

π
max {[arctan(Aj)− arctan(Ak)] : j, k ∈ {nodes in element i}} ,(4.11)

Al =

(
∂v

∂x
ul +

∂v

∂y
vl

)/(
∂u

∂x
ul +

∂u

∂y
vl

)
, l = j, k.(4.12)

For a steady state case, Al equals dv
dt /

du
dt , and therefore arctan(Al) represents the

acceleration direction of the flow at the location of node l. Indicator ea,i is a sensitive
parameter to detect the possible direction change of the flow, for instance, in the
vortex or the recirculation zone. The quantity [arctan(Aj) − arctan(Ak)] is defined
as the difference of flow acceleration directions at nodes j and k, which should be
positive and less than π. Obviously, ea,i vanishes in the region where the flow goes
straight.

The indicator for every individual dependent variable (unknown) is summed up
without weighting (or with weighting to emphasize the influence of certain variables),
and a single indicator is formed on element basis. By specifying a lower and an upper
limit (criterion), refining or coarsening of elements is performed if the error indicators
for the elements fall outside the specified range. In the self-adaptive procedure, spe-
cial and normal elements are removed or added accordingly. Moreover, for different
Reynolds numbers, the computational domain is extended in the y-direction until the
pressure on the cylinder surface no longer depends on the domain size.

Shown in Figure 4.3 (b) and (c) is the final mesh for the converged solution with
a Reynolds number of 20. In the adaptive process 375 elements with 1176 nodes are
reasonably well distributed across the whole domain; see Figure 4.3 (b). Very fine
elements are deployed in the region close to the front stagnation point and near the
cylinder, less finer elements are deployed in the area further away from the cylinder
and in the wake of the cylinder, and very coarse elements are distributed in the upper
and down streams and in the far field. In the whole domain the smallest element is
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Fig. 4.3. Initial mesh (553 nodes in 168 elements) and boundary conditions (a) for the flows
past a circular cylinder, the final mesh (b) with 1176 nodes in 375 elements, and the closeup (c) of
the mesh in the region around the cylinder for a case with a Reynolds number of 20.

Table 4.1
Mesh properties and flow characteristics for the viscous flows past a circular cylinder with

various Reynolds numbers.

Element Node Separation Vortex center Reattachment
Re Domain number number point[◦] location point
10 17× 74 344 1085 163 0.108, 0.617 0.744
20 17× 80 375 1176 143 0.209, 0.849 1.419
40 17× 92 395 1238 133 0.289, 1.193 2.758

100 17× 112 428 1341 123 0.402, 2.585 6.339

about 0.049×0.049, and the biggest one is 3×6 in size. Meshes for the other three
cases have similar features. Table 4.1 shows some properties of the final meshes for
the four cases. Since the elements are “economically” distributed, a relatively small
number of discretized points (nodes) are required to accurately predict the detailed
feature of each flow. For a typical case with a Reynolds number of 100, the mesh with
special elements consists of 1341 nodes, while the numerical solutions were based on
meshes of 3721 and 7410 discretized points in [7] and [8], respectively.

The pressure distribution on the surface of a body in a flow field is important for
the prediction of the drag and the lift coefficients. Illustrated in Figure 4.4 are the
pressure distributions obtained by the semianalytical method of series truncation [19],
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Fig. 4.4. Pressure on the cylinder surface for the cases with Reynolds numbers of 10 (a), 20 (b),
40 (c), and 100 (d). The front stagnation point is at θ = 0, and pressure is nondimensionalized by
ρv2. Triangles: semi-analytical results by Underwood [19]; circles: numerical results by Dennis [7];
diamonds: numerical results by Fornberg [8]; lines: numerical solution from the present work.

Table 4.2
Pressure at front and rear stagnation points for the viscous flows past a circular cylinder with

various Reynolds numbers.

Re p Underwood [19] Dennis [7] Fornberg [8] Present work
10 pf 0.728 0.744 0.743 0.739

pr -0.350 -0.357 -0.326 -0.341
20 pf 0.634 0.640 0.631

pr -0.285 -0.27 -0.273
40 pf 0.573 0.571 0.570

pr -0.242 -0.23 -0.239
100 pf 0.531 0.523 0.527

pr -0.188 -0.17 -0.194

by the finite difference discretization of streamfunction-vorticity formulation [7, 8], and
by the discretization of primitive variables with special quadratic elements [20] and
special bilinear elements introduced in section 2. The pressures at the front and rear
stagnation points, pf and pr, respectively, are also listed in Table 4.2. It can be seen
that quite good agreements have been achieved.
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Fig. 4.5. Streamlines for flows past a circular cylinder with Reynolds numbers of 10 (a), 20 (b),
40 (c), and 100 (d). The streamlines in the vortex regions are truncated for clarity.

In the following, velocity-related results are presented only for completeness be-
cause the velocity is discretized on special quadratic elements. Shown in Figures 4.5
and 4.6 are the streamline plots and velocity fields in the vicinity of the cylinder for
four different Reynolds numbers, respectively. The streamlines have been obtained
from the postprocessing of velocity.

The separation points, the vortex centers, and the reattachment points for these
four cases are listed in Table 4.1. The separation point is measured anticlockwise
from the front stagnation point and is given in degree; the location of vortex center
is described as a coordinate pair, while the reattachment point is indicated by its
y-coordinate.

The vortex behind the cylinder starts to develop at Re = 7.334, which is es-
timated as the reattachment point reaches the second node at the symmetric axis
(x = 0, y = 0.5625) above the cylinder. With an increasing Reynolds number, the
streamline indicates clearly that the vortex grows with the reattachment point mov-
ing downstream, and the separation point moves back toward the front stagnation
point; see Table 4.1 and Figure 4.5.

Velocity fields show that the flow decelerates toward the front stagnation point
and accelerates over the cylinder, and the vortex develops in the wake for a Reynolds
number ranging from 10 to 100. The velocity magnitude in the vortex zone is rather
small even though the vectors are scaled up three times to make the vortex structure
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Fig. 4.6. Velocity fields for viscous flows past a circular cylinder with Reynolds numbers of
10 (a), 20 (b), 40 (c), and 100 (d). For clarity, some velocity vectors have been taken out in regions
with fine elements, and the vectors confined in the region marked with thick dashed lines are scaled
up with a factor of 3.

visible; see Figure 4.6. The error indicator based on the direction change of flow
acceleration plays an important role in capturing the vortex structure in the flow field
with such small velocities.

5. Final remarks. Special linear quadrilateral elements possess many useful
features for the AFEM. These elements are C0 continuous at interfaces, self-contained,
accurate, capable of handling distortion, and easy to implement. The test cases have
shown that they can be used effectively in solving such problems as heat transfer,
diffusion, diffusion-reaction, pure fluid dynamic, and simple combustion cases.

With the error indicators based on the discontinuity of the first-order deriva-
tives at interelements and the acceleration direction of the flow in an element, the
AFEM with special linear quadrilateral elements captures well the localized physical
phenomena in the domain of interest.

The implementation of special elements is quite a straightforward procedure. Only
a small amount of additional computer storage and computing time is required in
terms of the bookkeeping list or the discretization.

Appendix. Special triangular elements.

The concept of special elements can be extended to triangular elements. Shown
in Figure A.1 is a typical situation where different triangular elements at different
refinement levels meet.
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Fig. A.2. Special linear (a) and quadratic (b) triangular elements. The numbers indicate
elements, and the lower-case letters represent nodes; the solid circles indicate regular corner nodes,
the void circles indicate irregular nodes, and the solid squares indicate middle nodes or irregular
nodes’ replacement nodes.

In the following, we consider a case of dividing a triangular element into four
smaller triangles and generating one irregular node only at one side of a small triangle.
The triangular element with more than one side at the interface between different
refinement levels can always be transformed or reconstructed so that only one side
faces at such an interface.

For the case with linear triangular elements, three different special triangular el-
ements can be constructed to satisfy the C0 continuity conditions at interelements;
see Figure A.2 (a). Special element 2 with nodes a, b, and c and special element 3
with nodes d, b, and a can be created. Because element 4 has only one apex (irreg-
ular node m) on interface ab, special element 4 has to be constructed uniquely and
consistently by taking the information from four regular nodes (a, b, d, and c) instead
of three. Elements 2, 3, and 4 are the special linear triangular elements of the first,
second, and third kind, respectively.

Since the nodal values of a linear triangular element are always on a plane with
straight sides, irregular node m can be placed anywhere on interface ab, and the
C0 continuity between elements 1, 2, 3, and 4 is always kept. However, to place this
irregular node at the middle of interface ab can better maintain the aspect ratio during
the refinement process and is most desired because of the accuracy consideration.

It can be seen that each of the special elements 2 and 3 has three nodes, and
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their linear interpolation functions can be therefore constructed. The interpolation
functions for element 4 require information of four nodes (see Figure A.2 (a)), and
therefore the interpolation function cannot be constructed in a self-contained manner.
This might not be convenient from a programming point of view, but it avoids dividing
element 1, as in the procedure with a red-green refinement approach.

Similar to the case for quadrilateral elements, the information about node m will
be merged consistently into the interpolation functions of the three special elements,
which results in the C0 continuity between elements 1, 2, 3, and 4.

For the case with quadratic triangular elements, only two special elements are
required, that is, element 2 of the first kind, and element 3 of the second kind; see
Figure A.2 (b). Element 1 is a normal six-node triangular element with a single middle
node, node m, on interface ab. Element 2 has three corner nodes, two middle nodes,
and an irregular node on interface am, and so does element 3.

In order to keep the C0 continuity across interface am, we choose node b to replace
the irregular node and to form special element 2. The property of the interpolation
functions guarantees the C0 continuity at interface am. A similar procedure can be
applied to element 3, and the C0 continuity will be satisfied at interface mb. It can
be seen that the two special elements are self-contained for the case with quadratic
triangular elements, which is not the case for special linear triangular elements.
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Abstract. In this paper an algorithm for extracting a stable differential-algebraic subsystem
from a path-constrained dynamical system is proposed. The subsystem may be integrated directly by
a differential-algebraic system integrator to evaluate constraints in shooting- or multiple shooting-
type direct methods for solving path-constrained dynamic optimization problems. The algorithm
appends algebraic constraints to the unconstrained ordinary differential equation subsystem based
on a stability estimate for the resulting differential-algebraic system. The logarithmic norm is used
to compute a stability estimate for index 1 and index 2 subsystems. The working of the algorithm
is illustrated with examples.
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1. Introduction. Dynamic optimization problems where some of the state vari-
ables of the dynamic system are required to follow prescribed functions in time (path
constraints) are referred to as path-constrained dynamic optimization problems. This
kind of preprogramming gives rise to constraints which, along with the ordinary dif-
ferential equations (ODEs) or differential-algebraic equations (DAEs) describing the
dynamic system, may increase the index [1], [5] and/or alter the stability of the result-
ing DAE problem. Since available algorithms can integrate DAEs up to differential
index 2, the dynamic optimization problem is often solved [19], [18], [16] by an op-
timization scheme that incorporates integrating a lower-index (1 or 2) DAE system
originating from the dynamical system. This paper addresses the problems of finding
an optimal set of criteria based on stability of the DAE for identifying constraints
which are best included in the DAE, rather than enforced by the optimizer.

A general path-constrained dynamics system can be written as

Minimize J =

∫ tfinal

0

χ(x, u, t) dt(1a)

subject to
F (ẋ, x, u, t) = 0,(1b)

g(x, u, t) ≤ 0,(1c)

bu ≥ (xT uT )
T ≥ bl.(1d)
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These problems may be solved by shooting- or multiple shooting-type methods [2],
[16], [18], [19]. In a multiple shooting-type scheme, the original time interval of the
problem is subdivided into subintervals [tk, tk+1] ∈ [t0, tfinal]. The DAEs (1b)–(1c) or
subsystems thereof are integrated over the subintervals. Enforcement of continuity
of the variables across the subintervals leads to constraints for the overall nonlinear
optimization problem (1). Variables not included in the DAE are modeled as polyno-
mial functions in time, and their coefficients are optimization variables. Smoothness
and continuity of the polynomial approximations across the subinterval boundaries
are expressed as constraints in the nonlinear optimization problem (1). All remain-
ing constraints and bounds that have not been included in the DAE (1b)–(1c) or
its subsystem for integration are handled from the overall optimization problem (1).
Typically, the algebraic constraints excluded from the DAE system are entered in the
optimizer as some positive function representing the constraint violation integrated
over a shooting subinterval, which is required not to exceed a small positive quantity.

For this algorithm to work we must be able to integrate the DAE subsystem
efficiently to the end of each subinterval. Thus we must choose the subsystem so that
it is lower index (index 1 or 2) and stable. For nonlinear problems it may also be
important that the subsystem is physically reasonable.

The choice of variables and constraints to include in the partitioned DAE (pDAE),
can influence the stability of the pDAE, as illustrated by the following example. Con-
sider the system

ẋ = 1000.0x+ u,

bx+ u = 0.

The system is unstable when the constraint is included in the optimizer and the
ODE is integrated (u being handled by the optimizer). But the system is stable
for b = 10000 when integrated as an index 1 DAE. Additional constraints can also
destabilize a pDAE, as we will see later.

Several algorithms have been proposed in the literature for partitioning DAE
systems based on structure. In [9], a graph-based partitioning algorithm is proposed
to yield a system with index 1 structure, and in [19] and [10] partitioning algorithms
based on nonsingularity of the index 1 Jacobian are described. Noting that recent
DAE software, e.g., RADAU5 [12] and DASPK3.0 [15], can handle index 1 and certain
kinds of index 2 systems, in a forthcoming paper [17] we outline an algorithm for
partitioning to obtain index 1 and index 2 structure.

The focus of the present paper is on partitioning for stability. Thus we assume
that, if necessary, the problem has already been partitioned for index 1 or index 2
structure (i.e., that index 1 and index 2 constraints and corresponding variables have
been identified) and can be written in the form

Minimize J =

∫ tfinal

t0

χ(x, u, t) dt,(2a)

subject to pDAE
ẋ = f(x, v, w, u2(t), t),(2b)

index 1 constraints

Ψ1(x, v, t) = 0,(2c)

index 2 constraints

Ψ2(x, t) = 0,(2d)
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path constraints

p(x, t) = 0,(2e)

and inequality constraints

c(x, t) ≤ 0,(2f)

bu ≥ (xT vT wT u2(t)
T )

T ≥ bl,(2g)

where ∂Ψ1

∂v is nonsingular for index 1 and ∂Ψ2

∂x
∂f
∂w is nonsingular for index 2. Here the

control vector u has been partitioned as (v, w)T and u2(t).
We note that partitioning is an issue for shooting and multiple shooting methods.

An alternative to these methods is to apply a boundary value approach with a full
discretization of the DAE system [4], [7]. For that approach, the stability concerns
addressed here are no longer relevant and partitioning would not be needed.

In the next sections, stability criteria and computable estimates for building the
pDAEs are developed. The criteria are based on logarithmic norms of quantities
associated with the stability of the pDAE and physical information available about
the dynamical system. An algorithm based on these criteria is given, and its working
is illustrated with examples.

2. Measures of stability. To assess the stability we will consider the DAE
system linearized at t = tk

Fd := ẋ− f(x, v, w, u2(t), t) := ẋ− (Hx+Qv + Tw + r(t)) = 0,(3a)

Ψ1 := Cvv + C1x+ r1(t) = 0,(3b)

Ψ2 := C2x+ r2(t) = 0,(3c)

where H ∈ Rnx×nx , Q ∈ Rnx×nv , T ∈ Rnx×nw , Cv ∈ Rnv×nv , C1 ∈ Rnv×nx ,
and C2 ∈ Rnw×nx . The vectors x ∈ Rnx , v ∈ Rnv , w ∈ Rnw , r(t) : R → Rnx ,
r1(t) : R → Rnv , and r2(t) : R → Rnw . The local stability of an ODE of the
form ẋ = f(x, t) at t = tk is measured in terms of the largest real part in the set of
eigenvalues of ∂f∂x evaluated at t = tk. Thus, maxλ�(λ(∂f∂x )) ≤ 0 for a locally stable
ODE. For nonlinear ODEs the logarithmic norm has often been used as a measure
of stability [11]. In this section we outline and derive some basic properties of the
logarithmic norm that will be needed in the derivation of the stability estimates of
section 3.

For estimating bounds we shall use of the following well-known property.
Lemma 2.1. For any square symmetric real matrix H and any unit vector e, the

expression eHHe subject to the condition eHe − 1 = 0 is a maximum when e is an
eigenvector corresponding to the maximum eigenvalue of H, and then maxe e

HHe =
λmax(H). Also, it is known that mine e

HHe = λmin(H). Hence for any unit vector
e ∈ CnH , λmin(H) ≤ eHHe ≤ λmax(H).

The logarithmic norm provides an upper bound of the real part of the eigenvalue
of the stability matrix.

Definition 2.2 (logarithmic norm). The logarithmic norm for a square matrix
H in real or complex space is defined as

µ(H) := lim
ε→0,ε>0

||I + εH|| − 1
ε

.(4)
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The logarithmic norm depends on the choice of matrix norm. In this paper we
use the matrix norm induced by the 2-norm. Then the logarithmic norm for a square
matrix H ∈ Rn×n is given by (following Theorem 10.5 in Chapter I10 in [11])

µ(H) = max
λ
λ(0.5(HT +H)) when ||.|| = ||.||2,(5)

where λ denotes the eigenvalues. Also, the logarithmic norm satisfies a triangle in-
equality property along with some other useful ones. For a square matrix H,H1, H2 ∈
Rn×n,

µ(H1 +H2) ≤ µ(H1) + µ(H2)(6a)

−||H|| ≤ µ(H) ≤ ||H||,(6b)

µ(αH) = αµ(H) for α ≥ 0,(6c)

µ

(∫
H(t)dt

)
≤
∫
µ(H(t))dt.(6d)

All the above properties can be proved from the basic definition (4) of the logarithmic
norm and by using the triangle inequality and other properties of the 2-norm (||.||).

Besides the above properties, the logarithmic norm is preserved under a unitary
transformation.

Lemma 2.3. If H is a square matrix and Q is a unitary square matrix of the
same dimension, then

µ(QHQT ) = µ(H).(7)

Proof. Using the property (5), we obtain

µ(QHQT ) = max
λ
λ(0.5(QHQT +QHTQT )) = max

λ
λ(0.5Q(H +HT )QT ).

Since a unitary transformation leaves the eigenvalues of a matrix unchanged, we have

max
λ
λ(0.5Q(H +HT )QT ) = max

λ
λ(0.5(H +HT )).

Next, we establish the connection between the logarithmic norm and the maxi-
mum real part in the set of eigenvalues of a real square matrix.

Lemma 2.4. The following estimate holds for a square matrix H ∈ RnH×nH :

max
λ

�(λ(H)) ≤ µ(H).

Proof. The above relation follows from the property of the logarithmic norm (5)

so that µ(H) = maxλλ(
(H+HT )

2 ). Since the eigenvector emax
µ corresponding to the

maximum eigenvalue λmax
µ of (H+HT )

2 maximizes the function eTµ
(H+HT )

2 eµ subject

to eTµ eµ − 1 = 0, the choice of any other unit vector such as the eigenvector emax
H

(i.e., the eigenvector corresponding to the eigenvalue of H having the maximum real
part) of H leads to a lesser value of the function. Also λmax

µ (where the subscript

denotes the eigenvalue of HT + H and the superscript denotes the maximum value
of an eigenvalue) and e are always real for real H since H +HT is a real symmetric
matrix. Thus, using Lemma 2.1, we get

µ(H) = λmax
µ = emax

µ
T (H +H

T )

2
emax
µ ≥ 0.5(emax

H
HHemax

H + emax
H

HHT emax
H )

= max
λ
�(λ(H)).
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The logarithmic norm of a rank 1 system can be used to get estimates for the
change in stability of a pDAE system by appending a single algebraic constraint.

Lemma 2.5 (logarithmic norm of a rank 1 update). Let u1 and u2 be unit vectors
of dimension n. The logarithmic norm of the rank 1 matrix u1u

T
2 is given by

µ(u1u
T
2 ) = max(0.5(u

T
1 u2 ± 1), 0) for n > 2,(8a)

µ(u1u
T
2 ) = max(0.5(u

T
1 u2 ± 1)) for n = 2.(8b)

Proof. Using property (5) the eigenvalues of the rank 2 system 0.5(u1u
T
2 + u2u

T
1 )

are 0.5(uT1 u2 ± 1) with the corresponding eigenvectors being u1±u2

2 . If n > 2, the
system being rank 2, the other eigenvalues are zero.

3. Stability of the pDAE. In this section we study the stability of index 1 and
index 2 DAEs. We present conditions based on the logarithmic norm for assessing
the effect of stability of appending or deleting a single algebraic constraint from the
pDAE.

3.1. Index 1 stability. The underlying ODE (UODE) for an index 1 subsystem
is locally stable if the largest real part of the eigenvalues of H −QC−1

v C1 is less than
or equal to zero. For practical computations we require it to be less than a positive
real number (TOL) of suitable size. This condition can be written in terms of the
logarithmic norm.

Theorem 3.1 (index 1 stability). The index 1 pDAE subsystem is stable if

µ(H −QC−1
v C1) ≤ 0.(9)

Proof. The proof follows from Lemma 2.4.
Corollary 3.2. An unstable ODE (µ(H) > 0) or a pDAE already in place can

be stabilized by appending index 1 constraints if for the resulting system

µ(H −QC−1
v C1) ≤ µ(H) + µ(−QC−1

v C1) ≤ 0,
or

µ(−QC−1
v C1) ≤ −µ(H).(10)

The condition for checking the stability of an index 1 subsystem upon appending
a single algebraic constraint can be deduced using the analytical result in Lemma 2.5.
For a single algebraic constraint, Q is a column vector (say, Q̃), C1 is a row vector

(say, C̃1), and Cv is a scalar represented by cv. Let uQ =
−Q̃

||Q̃||2 , u
T
C1
= sign(cv)C̃1

||C̃1||2 , and

γ = ||Q̃||2.||C̃1||2
|cv| ≥ 0. Then µ(H − Q̃c−1

v C̃1) = µ(H + γuQu
T
C1
). Computationally, the

condition for stability is

µ(H + γuQu
T
C1
) ≤ µ(H) + µ(γuQuTC1

) = µ(H) + γ̃ ≤ TOL,(11)

where γ̃ is defined using Lemma 2.5 as

µ(γuQu
T
C1
) = γ̃ = γmax

(
0,
(uTC1

uQ ± 1)
2

)
(12)

for nx > 2 (where nx is the dimension of x). For nx = 2, the maximum is taken over
(uT

C1
uQ±1)

2 only.
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Next we compute (12) for each index 1 constraint being appended to a group of
already existing index 1 constraints. Thus let

Ψ1 ≡ C1x+ Cvv + ccv1 + r1(t) = 0

be the existing group of constraints to which a constraint of the form

C̃1x+ cvv1 + crv + r11(t) = 0

is considered for being appended. This is equivalent to appending the constraint

Ψ̄1 ≡ C̄1x+ C̄vv1 + r̄1(t) = 0

to the UODE

ẋ = (H −QC−1
v C1)x+ Tw(t) + r(t),

where

C̄1 = C̃1 − crC−1
v C1,(13a)

C̄v = cv − crC−1
v cc,(13b)

and r̄1(t) represents the terms that are functions of time only. While evaluating (12),

uC1
is computed as uC̄1

= sign(C̄v)C1

||C̄1||2 . Then γ̃ for second or later index 1 constraints

is computed as

γ̃append =
||Q̃||2||C̄1||2
|C̄v| max

(
0,
(uT
C̄1
uQ ± 1)
2

)
(14)

(for nx > 2), where Q̃ is the column vector in the differential equations correspond-
ing to the algebraic variable chosen for the index 1 equation under consideration.
Summarizing, we have the following theorem.

Theorem 3.3 (stability of index 1 constraints). Checking (11), with γ̃ given by
(12) or (14) as appropriate, is sufficient for determining the stability when including
a single index 1 algebraic constraint in the pDAE.

Proof. The proof follows from the discussion above.

3.2. Index 2 stability. The stability analysis for an index 2 pDAE is done
by reducing the system to an essential underlying ODE (EUODE) [3]. The index 2
system ((3a)–(3c)) can be reduced to a UODE by differentiating the index 2 constraint
once with respect to t and eliminating the index 1 variables to obtain an expression
for w. Thus

w = −(C2T )
−1(C2Hx− C2QC

−1
v C1x− C2QC

−1
v r1(t) + C2r(t) + Ċ2x+ ṙ2(t)).

Also define

R := (Inx − T (C2T )
−1C2).(15)

Then the UODE can be written as

ẋ = (R(H −QC−1
v C1)− T (C2T )

−1Ċ2)x

+R(r(t)−QC−1
v r1(t))− T (C2T )

−1ṙ2(t).(16)
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The idempotent projection R has certain properties in connection with its decompo-
sition. A decomposition of R (e.g., QR, SVD, or Schur) can be used to obtain an
EUODE from (16). In this paper, for simplicity we use the QR-decomposition of R
to construct an EUODE for the index 2 subsystem.

Lemma 3.4. The projection R ∈ Rnx×nx is idempotent and has a rank of nx−nw
with exactly nw eigenvalues of zero and nx eigenvalues of 1.

Proof. R is idempotent by construction: RR = (Inx − T (C2T )
−1C2) = R.

From the definition of R (15) it is obvious that C2R = 0. If λR denotes an eigen-
value and eR denotes an eigenvector of R, the eigenvalue equation for R is obtained
as ReR − λReR = 0, which after premultiplication by C2 yields λRC2eR = 0. Then
either λR = 0 or C2eR = 0. If C2eR = 0, then ReR − λReR = 0 gives eR − λReR = 0,
i.e., λR = 1 (eR being a unit vector). Again, if λR �= 1, then ReR = 0, in which case
the eigenvector corresponds to λR = 0. When λR = 0, C2eR �= 0. Since C2 is of rank
nw, row vectors of C2 have a basis of nw independent vectors of dimension nx. Thus
it is possible to find a set of nw unit vectors of dimension nx such that C2eR �= 0
and such that they are the eigenvectors corresponding to λR = 0. Corresponding to
λR = 1, it is then possible to find nx − nw other unit eigenvectors orthogonal to row
vectors of C2. Thus R has nw zero eigenvalues, and its other nx − nw eigenvalues
are 1. Thus the upper triangular matrix from the Schur decomposition of R has nw

zeroes and nx − nw 1’s on the diagonal and can be written in the form
(
Inx×nw Ξ

0 0

)
.

Then R has nx−nw nonzero singular values and hence a rank equal to nx−nw.
Lemma 3.5. If W̄ ∈ Rnx×nx and S̄ ∈ Rnx×nx are the unitary matrix and the

upper triangular matrices, respectively, obtained from the QR-decomposition of R,
then W̄ can be partitioned as (W W̃ ) and S̄ can be partitioned as (S0 ), where W

is an nx × nx − nw real matrix, S is an nx − nw × nx real matrix, and W̃ is an
nx × nw real matrix. Then WTW = Inx−nw , W

T W̃ = 0, SW = Inx−nw , ST = 0,
and C2W = 0.

Proof. The matrix S̄ is upper triangular and of the same rank as R, i.e., nx−nw,
and nw of its diagonal elements are zero. The rows corresponding to these diagonal
elements must be zero; otherwise, the rank of S̄ will be higher than that of R. These
empty rows can be partitioned away as the lower nw rows of S̄. Thus R = (W W̃ )
(S0 )=WS.

Since W̄ is a unitary matrix, the columns of W̄ are orthonormal. Hence WTW =
Inx−nw

. Since the columns of W̃ are orthogonal to those of W , W̃TW = 0.
Since RT = 0 by construction and S =WTR, we have ST = 0. Since ST = 0, we

have SR = S, i.e., SWS = S, i.e., SW = (SST )−1(SST ) = Inx−nw . The matrix SS
T

is invertible because S is of full row (nx − nw) rank. Since W = RW and C2R = 0
by construction, we have C2W = 0.

Next the effect of transformation with S andW on eigenvalues of a square matrix
is examined.

Lemma 3.6. If A ∈ Rnx×nx and S and W have been defined as above, then

λmax(SAW ) = λmax(A)k, 0 ≤ |k| ≤ 1,(17)

or

max
λ
|λ(SAW )| ≤ max

λ
|λ(A)|,(18)

where λmax is the eigenvalue having the maximum absolute value.
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Proof. The eigenvalue equation for SAW is SAWe − λ0e = 0, where λ0 is an
eigenvalue of SAW and e ∈ Cnx−nw is an eigenvector for SAW . Let e = WT p,
where p is a unit vector of dimension nx. The eigenvalue problem is rewritten as
SAWWT p− λ0WT p = 0. This is equivalent to solving RAWWT p− λ0WWT p = 0.
SinceWWT is an idempotent matrix andWTW = Inx−nw ,WWT can be decomposed

as Q1

(
Inx−nw 0

0 0

)
QT1 , Q1 being a nx × nx unitary matrix. Also, R is decomposed as

Q
(
Inx×nw Ξ

0 0

)
QT . Substituting the decompositions, we obtain

QT1Q

(
Inx×nw Ξ
0 0

)
QTAQ1

(
Inx−nw

0
0 0

)
QT1 p = λ0

(
Inx−nw 0
0 0

)
QT1 p,

QT1Q

(
Inx×nw Ξ
0 0

)
QTAQ1

(
v
0

)
= λ0

(
v
0

)
,

where v is a vector of dimension nx−nw and ||v||2 ≤ 1. A is decomposed as QANQTA,
where QA is a unitary matrix and N is an upper triangular matrix. The eigenvalues
λ0 are then based on upper nx − nw rows and columns of N . Thus kmax(λ0) =
max(λ(A)) and |max(λ0)| ≤ max(λ(A)).

Corollary 3.7. In Lemma 3.6, if the transformation is WTAW instead of
SAW , the results in (18) also hold true.

The proof can be completed by substitutingWT for S. SinceWWT is idempotent,
the eigenvalue equation forWWT isWWT e−λWWT e = 0, i.e.,WWT (1−λWWT )e =
0, where e is a unit vector of dimension nx. Then λWWT = 1 or WWT e = 0. If
WWT e = 0, λWWT = 0. If λWWT = 1, then WWT e = e and C2e = 0. Since
rank(C2) = nw, there will be exactly nx − nw eigenvalues equal to 1. The other nw
eigenvalues are 0. Hence 0 ≤ |pTmaxWWT pmax| ≤ 1 (Lemma 2.1). Hence the results
in (17) hold for a WTAW type transformation.

An EUODE can be deduced by substituting x ∈ Rnx by a variable ξ ∈ Rnx−nw .
Let ξ = Sx. Then it follows from (3c) that x = Wξ − T (C2T )

−1r2. It is assumed
that R is at least once-differentiable (with respect to t) almost everywhere over the
interval of integration (t0 ≤ t ≤ tfinal) and that R is of constant rank everywhere over
the interval. Then W is differentiable at least once over the interval of integration.
[8].

Lemma 3.8. If R ∈ C1(t), then W ∈ C1(t) and S ∈ C1(t).
Proof. Since R has constant rank all over the interval t0 ≤ t ≤ tfinal, Corollary

2.5 in [8] can be applied to R to get a QR-decomposition differentiable at least once
with respect to t over the interval of integration.

The UODE can be written in terms of ξ and premultiplied by S to obtain an
EUODE

ξ̇ = −SẆξ + S(H −QC−1
v C1)Wξ + {terms in t}.(19)

The stability of the EUODE is then determined by the largest real part of the eigen-
values of

M := S(H −QC−1
v C1)W − SẆ .(20)

Let H̄ := H −QC−1
v C1. Then

M :=WTRH̄W −WTRẆ =WT H̄W −WTT (C2T )
−1C2H̄W

−WT Ẇ +WTT (C2T )
−1C2Ẇ .
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The logarithmic norm can be expressed as

µ(M) = µ(WT H̄W −WTT (C2T )
−1C2H̄W −WT Ẇ +WTT (C2T )

−1C2Ẇ ).

Since WTW = a constant (identity) matrix and ẆTW +WT Ẇ = İ = 0, using (5),
we have

µ(M) = µ(WT H̄W −WTT (C2T )
−1C2H̄W +WTT (C2T )

−1C2Ẇ ).(21)

Using the corollary to Lemma (3.6), the definition (5), and that C2W = 0, we get

µ(M) = µ(WT H̄W −WTT (C2T )
−1C2H̄W −WTT (C2T )

−1Ċ2W )

≤ µ(RH̄ − T (C2T )
−1Ċ2).(22)

The last expression on the right is the logarithmic norm for the stability matrix of the
UODE (16). Thus checking µ(RH̄−T (C2T )

−1Ċ2) ≤ 0 is sufficient for the stability of
the index 2 pDAE. This implies that if the index 1 differentiated form of the constraint
yields a stable pDAE in terms of the logarithmic norm measure, the index 2 system
is then stable too. In (21), µ(M) ≤ µ(WT H̄W ) ≤ µ(H̄) when T = CT2 , i.e., when
WTT = 0. Thus index 2 constraints with T = CT2 can be appended to the pDAE
without destabilizing it. Also, when (C2H̄ + Ċ2)R = 0, the index 2 constraint does
not change the stability of the existing pDAE.

Using (20) and Lemma 3.6, we obtain

max(�(λ(SH̄W − SẆ ))) = max(�(λ(SH̄W + SWṠW ))),

leading to

max(�(λ(S(H̄ +WṠ)W )))

= max(�(λ(S(H̄ +WẆT −WWTT (C2T )
−1Ċ2)W )))(23)

and

max(�(λ(SH̄W + ṠW ))) ≤ max(�(λ(H̄ +WẆT −WWTT (C2T )
−1Ċ2))).

For T �= CT2 a computable criterion for the stability of the index 2 pDAE can be
derived. Using (8), we can write

max(�(λ(H̄ +WẆT −WWTT (C2T )
−1Ċ2)))

≤ µ(H̄ +WẆT −WWTT (C2T )
−1Ċ2).(24)

The use of the triangle inequality (6a) on (24) separates the index 2 logarithmic norm
terms from the index 1 subsystem of the pDAE yielding

µ(H̄ +WẆT −WWTT (C2T )
−1Ċ2) ≤ µ(H̄) + µ(WẆT ) + µ(−WWTT (C2T )

−1Ċ2).

The term µ(WẆT ) can be bounded as follows.
Lemma 3.9. With W defined as above, µ(−T (C2T )

−1Ċ2) ≥ µ(WẆT ) ≥ 0.
Proof. The following relationship can be derived.

µ(WẆT ) = 0.5max
λ
λ(WẆT + ẆWT ) = 0.5µ(

˙
WWT )

= 0.5µ(− ˙
W̃W̃T ) = max

λ
λ

(
−
˙̃WW̃T + W̃ ˙̃WT

2

)
,
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where W̃ is a part of the partitioned matrix W̄ as described in Lemma (3.5) and
˙

W̃W̃T = d
dt (W̃W̃T ). Thus

µ(WẆT )

= max
λ
λ

(
−0.5

(
WT

W̃T

)
( ˙̃WW̃T + W̃ ˙̃WT ) (W W̃ )

)

= max
λ
λ

(
−0.5

(
0 WT ˙̃W

(WT ˙̃W )T W̃T ˙̃W + ˙̃WT W̃

))

= max
λ
λ

(
−0.5

(
0 WT ˙̃W

(WT ˙̃W )T 0

))

= max
λ
λ

(
−0.5

(
0 WT (T (C2T )

−1Ċ2)
T W̃

W̃T (T (C2T )
−1Ċ2)W 0

))

= max
λ
λ

(
−0.5 (W W̃ )

(
0 WT (T (C2T )

−1Ċ2)
T W̃

W̃T (T (C2T )
−1Ċ2)W 0

)(
WT

W̃T

))

= max
λ
λ
(
−0.5(W̃W̃T (T (C2T )

−1Ċ2)
TWWT + (W̃W̃T (T (C2T )

−1Ċ2)
TWWT )T )

)
= µ(−W̃W̃T (T (C2T )

−1Ċ2)WWT )

= µ(−(T (C2T )
−1Ċ2)WWT +WWT (T (C2T )

−1Ċ2)WWT ).

The above derivation uses the preservation property of eigenvalues under a unitary
transformation (Lemma 2.3) and the following relationships from the definition ofW ,
W̃ , and R as given in the last section.

W̃TR = W̃T − W̃T (T (C2T )
−1C2) = 0,

˙̃WT = ˙̃WT (T (C2T )
−1C2) + W̃

T d(T (C2T )
−1)

dt
C2 + W̃

TT (C2T )
−1Ċ2,

˙̃WTW = W̃TT (C2T )
−1Ċ2W.

Using (5) the logarithmic norm can be evaluated through the eigenvalue equation
for

−W̃W̃T (T (C2T )
−1Ċ2)WWT e−WWT (T (C2T )

−1Ċ2)
T W̃W̃T e− 2λe = 0,

where λ is the eigenvalue and the unit vector e is the corresponding eigenvector. Also,
C2 and W̃ being at least of rank nw, C2W̃ ∈ Rnw×nw

is invertible so that

W̃T W̃ = W̃TT (C2T )
−1C2W̃ = Inw ,

whence

(C2W̃ )
−1 = W̃TT (C2T )

−1.

Since C2W = 0, after premultiplying the above by C2, we have 2λC2e = −Ċ2WWT e.
We can substitute this in the eigenvalue equation, and, by using W̃T = W̃TT (C2T )

−1C2,
we get

λeT W̃W̃TT (C2T )
−1C2e = 0.5λ,

leading to

λeT W̃W̃T e = 0.5λ,
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whence either λ = 0 or eT W̃W̃T e = 0.5 (or eTWWT e = 0.5). Corresponding to the
latter relationships, µ(WẆT ) is the logarithmic norm of a partial matrix obtained
from orthogonal transformation of the matrix (−T (C2T )

−1Ċ2), padded with zeros.
Both WWT and W̃W̃T are matrices with eigenvalues at 0 and 1 only. Hence their

Schur decompositions can be written as WWT = Q0

(
Inw×nx 0

0 0

)
QT0 and W̃W̃T =

Q0

(
0 0
0 Inw

)
QT0 , respectively. Then

µ(−W̃W̃T (T (C2T )
−1Ċ2)WWT )

= µ

(
−
(
0 0
0 Inw

)
Q0(T (C2T )

−1Ċ2)Q
T
0

(
Inw×nx 0
0 0

))
≤ µ(−T (C2T )

−1Ċ2).

Hence µ(WẆT ) ≤ µ(−T (C2T )
−1Ċ2).

Differentiating both sides in (6d), we get the property by which

µ(WẆT ) = 0.5µ(
˙

WWT ) ≥ µ̇(WWT ) = 0.

Since WTW = Inw×nx and WWT is an idempotent matrix with eigenvalues of 0

and 1 only, the matrixWWT has a Schur decomposition of the formQ0

(
Inw×nx 0

0 0

)
QT0 .

Using the corollary to Lemma 3.6, we can estimate µ(−WWTT (C2T )
−1Ċ2) ≤ µ(−T

(C2T )
−1Ċ2). Hence we get

µ(H̄) + µ(WẆT ) + µ(−WWTT (C2T )
−1Ċ2) ≤ µ(H) + 2µ(−T (C2T )

−1Ċ2).(25)

If C2 is constant, the index 2 constraint does not destabilize the existing pDAE
significantly.

Applying the triangle inequality of the logarithmic norm to (25), we have obtained
the stability estimate for index 2 pDAE as µ(H̄)+µ(WẆT )+µ(−WWTT (C2T )

−1Ċ2),
which has been shown to be less than or equal to µ(H̄) + 2µ(−T (C2T )

−1Ċ2). Using
(17), max(�(λ(SH̄W + ṠW ))) can be estimated as follows. Since for all practical
purposes H is the dominant matrix term in H̄, k as described in (17) is estimated
as pTH,maxRpH,max, where pH,max is the normalized eigenvector corresponding to the
largest eigenvalue of H. Then, applying Lemma 2.4, we obtain

max(�(λ(S(H̄ +WṠ)W ))) ≤ max(|λ(S(H̄ +WṠ)W )|)
= |kλmax(H̄ +WṠ)| = |k||λmax(H̄ +WṠ)| ≤ |k|µ(H̄ +WṠ)

= |k|(µ(H̄) + 2µ(−T (C2T )
−1Ċ2)).

Thus we have shown the following theorem.
Theorem 3.10 (index 2 stability). The index 2 pDAE is stable if

µ(H̄) + 2µ(−T (C2T )
−1Ċ2) ≤ 0.

For practical computations we take |k| ≈ 1 (when 0 < |k| ≤ 1 ) and require

µ(H̄) + 2µ(−T (C2T )
−1Ċ2) ≤ TOL

|k| = TOL(26)

for the index 2 subsystem to be stable.
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Any index 2 algebraic constraint which is a candidate for being appended to the
already constituted pDAE system is thus checked for T = CT2 , C2 constant, and for
(C2H̄ + Ċ2)R = 0, failing which the check (26) is done.

In the case of a single index 2 constraint being checked for stability, an analytical
expression for µ(−T (C2T )

−1Ċ2) is obtained using the result in Lemma 2.5. In this
case, C2 is a row vector (denoted by C̃2), T is a column vector (denoted by T̃ ), and

R = I − uTu
T
C2

uT
C2
uT
, where uC2 = C̃T2 /||C̃2||2 and uT = T̃ /||T̃ ||2. Then ||S|| = ||R|| =

1
uT
C2
uT
. The change in the stability measure by appending a single index 2 constraint

can be estimated via

µ

(
−uT

˙̃C2

C̃2uT

)
= max

(
−sign(C̃2T̃ )

˙̃C2T̃ ± || ˙̃C2||2||T̃ ||2
2|C̃2T̃ |

, 0

)
(27)

for nx > 2. For nx = 2, the maximum is taken over −sign(C̃2T̃ )
˙̃C2T̃±|| ˙̃C2||2||T̃ ||2
2|C̃2T̃ |

only. The term Ċ2 is obtained through automatic differentiation of the coefficient
matrix C2 in the linearized constraint equations. Further, the term µ(WẆT ), i.e.,

0.5µ(− ˙
W̃W̃T ), can be analytically evaluated for a single index 2 constraint. From

the property of W̃ (refer to Lemma 3.9), for a single constraint it can be constructed

as a unit column vector: W̃ =
C̃T

2

||C̃2||2 = uC2 . Let u̇C2 = γ2ūC2 (recall that the rate

of change of a unit vector is orthogonal to it), where ūTC2
uC2 = 0 and γ2 = ||u̇C2

||2.
Hence, using the result in Lemma 2.5,

µ(WẆT ) = 0.5µ(− ˙
W̃W̃T ) = 0.5µ(− ˙

uC2
uTC2

) = γ2/2 = 0.5||u̇C2 ||2.(28)

Putting (28) and (27) together, (26) can be revised for a single index 2 constraint.
Thus we have shown that the following holds.

Theorem 3.11 (stability for index 2 constraints). Checking

µ(H̄) + 0.5||u̇C2 ||2 +max
(
−sign(C̃2T̃ )

˙̃C2T̃ ± || ˙̃C2||2||T̃ ||2
2|C̃2T̃ |

, 0

)
≤ TOL

|k|(29)

(for nx > 2) is sufficient for determining the stability when including a single index
2 algebraic constraint in the pDAE.

3.3. A practical criterion for constraint inclusion. For some types of sys-
tems, in particular, nonlinear highly oscillatory systems such as the stiff spring pen-
dulum and wheelset on rails examples described later, the logarithmic norm of the
original system may already be large. Thus the criteria (14) and (29) would partition
all constraints out of the DAE, even if they do not further increase the logarithmic
norm. Hence in practice we relax the criteria to require only that the constraints
do not increase the logarithmic norm by much. Thus, instead of checking simply if
µ ≤ TOL, the stability check for accepting a constraint is modified as

µ ≤ max
(

TOL

|tfinal − t0| , 3 TOL0

)
,(30)

where TOL0 is the logarithmic norm of the unconstrained dynamic system.
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3.4. Stability of the nonlinear pDAE system. For nonlinear systems, the
stability can be examined only in the neighborhood of t = tk, i.e., at the beginning
of a shooting (integration) subinterval. The logarithmic norm can be used to get an
estimate of the stability of the nonlinear system. Consider an index 2 pDAE:

ẋ = f(x,w, u2(t), t),

where f := h(x, t) + ϕ(t, x, w, u2(t)),(31a)

Ψ2(t, x) = 0.(31b)

Let the UODE (16) be rewritten in the form

ẋ = h(x, t) + ϕ(t, x, w(x, t), u2(t)),(32)

where w(x, t) = −(C2T )
−1(C2Hx − C2QC

−1
v C1x − C2QC

−1
v r1(t) + C2r(t) + Ċ2x +

ṙ2(t)). Then the largest real part in the eigenvalues of the matrix

M0 :=
∂h

∂x
+
∂ϕ

∂x
− ϕ,w

(
Ψ2,xϕ,w

)−1

(
∂
(
Ψ2,xh+Ψ2,t

)
∂x

+Ψ2,xϕ,x

)

gives an estimate of the stability of the UODE (32). Using the properties of the
logarithmic norm [11], we get

max
λ

�(λ(M0)) ≤ µ
(
∂h

∂x

)

+ µ

(
∂ϕ

∂x
− ϕ,w

(
Ψ2,xϕ,w

)−1

(
∂
(
Ψ2,xh+Ψ2,t

)
∂x

+Ψ2,xϕ,x

))
.

Let D be defined as

D := −ϕ,w
(
(Ψ2,xϕ,w)

−1

(
∂
(
Ψ2,xh+Ψ2,t

)
∂x

+Ψ2,xϕ,x

))
.

Then the above relationship gives maxλ�(λ(M0)) ≤ 0 when µ(∂h∂x ) ≤ −µ(∂ϕ∂x +D). If
at t = tk, µ(

∂h
∂x ) + µ(

∂ϕ
∂x +D) ≤ 0, then the index 2 pDAE is stable at the beginning

of the shooting subinterval.
If x̃ is an approximate solution to the UDOE (32), then by Theorem I10.6 in [11],

given

µ

(
∂h

∂x
(t, ς) +

∂ϕ

∂x
(t, ς)

)
≤ −µ(D), ς ∈ [x, x̃],

|| ˙̃x− f ||2 ≤ δ(t),
||x(tk)− x̃(tk)||2 ≤ ρ,

it can be stated that for t ≥ tk,

||x(t)− x̃(t)||2 ≤ eL(t)
(
ρ+

∫ t

tk

e−L(τ)δ(τ)dτ
)
, tk ≤ t ≤ tk+1.

For the UODE (32) to be stable, it is sufficient that L(t) ≤ 0. This is satisfied if

L(t) = −
∫ t

tk

µ(D)(τ)dτ ≤ 0, tk ≤ t ≤ tk+1.(33)
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Fig. 4.1. Planar crane model.

This condition can be used to get an estimate over the entire interval of integration
of the nonlinear pDAE as compared to a local estimate at a particular t via the
logarithmic norm of the linearized system, although we do not pursue this further
here.

4. Physically important scleronomic constraints. Scleronomic constraints
describe additional physical or geometrical features of the dynamics system. In me-
chanics, these constraints are defined as algebraic kinematic equations of the form
Ψ3(x) = 0, in which time does not appear explicitly. Beyond the stability of the
pDAE, constraints describing physical or geometrical relationships among the state
variables play an important role in the general well-conditioning of the dynamic op-
timization problem. The preservation of these constraints is important in order to
obtain physically meaningful results. Since many modern optimization methods are
infeasible methods (i.e., the constraints handled by the optimization method are sat-
isfied only upon convergence of the optimizer), the integration of the pDAE without
these constraints may produce unphysical results.

4.1. Example: Planar model of a crane. This example is a planar rigid
body model of a crane manipulating a payload, which must be lifted along a specified
trajectory [6]. The problem is illustrated schematically in Figure 4.1. The crane is a
mechanical system in planar Cartesian coordinates, x and z, denoting the horizontal
and vertical positions of the payload. The other state variables are d, the horizontal
distance traveled by the crane trolley from the origin, and r, the paid out cable length.
The equations are

M2ẍ = −τ sin(θ),(34a)

M2z̈ = −τ cos(θ) +mg,(34b)
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Fig. 4.2. Partial plot of errors neglecting scleronomic constraint.

M1d̈ = −C1ḋ+ u1 + τ sin(θ),(34c)

Jr̈ = −C2ṙ − C3u2 + C
2
3τ,(34d)

0 = θ − tan−1((x− d)/z),(34e)

0 = r2 − (x− d)2 − z2,(34f)

x = φ1(t),(34g)

z = φ2(t),(34h)

whereM1,M2, andm are the masses of the trolley, cable, and payload system and the
payload alone, respectively. C1, C2, and C3 are constants, and J is the mass moment
of inertia for the pulley paying out the cable. The algebraic variables are τ , the
tension in the cable, and θ, the cable angle with vertical. The horizontal force driving
the trolley (u1) and torque driving the pulley in the winch (u2) are the two control
variables. Equations (34g) and (34h) describe the specified path of the payload.

Figure 4.2 illustrates the error (
∫ tfinal

t0
||r2 − (x − d)2 − z2)||2dt) in simulating

the planar crane problem with an index 1 pDAE consisting of (34a)–(34e) only and
excluding equation (34f). The exclusion of (34f) physically means violation of the
condition that the load is tied to the pulley by a cable of finite length measured as
the square root of the sum of the vertical and horizontal deflections squared.

While the physical constraints inherently should be included with the pDAE, they
can raise the index of the pDAE to higher than 2. As an example, (34f) in the crane
example when included in the pDAE (34a)–(34e) raises the index of the system to
3. In cases where the constraints raise the index of the pDAE to higher than 2, a
suitable index reduction method can be adopted. If the kinematic degrees of freedom
of the physical system is known, then the number of differential equations minus
the number of kinematic degrees of freedom gives the number of physical constraints
which must be included in the pDAE.

A measure for identifying a scleronomic constraint for possible inclusion in the
pDAE may be introduced. If a scleronomic constraint Ψ3 which raises the index of the
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pDAE to q + 2 is being introduced into an index 2 pDAE via differentiating q times

(written as Ψ
(q)
3 ), then the following estimate for the possible shift in eigenvalues at

t = tk can be used:

µ(H̄) + 2µ(−T (Ψ(q)
3,xT )

−1Ψ̇
(q)
3,x) ≤

TOLn
|k| .(35)

The above relationship can be obtained by substituting Ψ
(q)
3,x for C2 in (26). The

tolerance TOLn is chosen as per the practical criterion for constraint inclusion given
in section 3.3.

5. The partitioning algorithm. Based on considering one algebraic constraint
at a time, a partitioning algorithm that returns a locally (at the point of linearization)
index 2 or lower pDAE is designed. Constraints are examined for their impact on
stability. In this section we discuss the essential components.

5.1. Design of the algorithm. Our strategy for partitioning for stability is
to examine one constraint at a time for its effect on stability via criterion (14) and
(29). First we examine index 1 constraints and then index 2 constraints. Finally, a
check-back of blocks of constraints is done to ensure full system stability.

5.1.1. Partitioning of index 1 and index 2 subsystems. When the con-
straint under consideration has the option of choosing from more than one algebraic
variable to which it can be linked, the search for the dominant algebraic variable cor-
responding to the constraint must be done in an economical way. The direct way of
associating the possible variables is to mark all the possible variables and then go on
to the next equation and so on. After the algebraic variables have been identified, all
possible combinations of the variables are explored, and the one that gives the pDAE
with the lowest logarithmic norm is associated with the index 1 subsystem. For large
systems this method will be computationally very expensive. Hence a trade-off policy
is adopted. The following explains the policy for both index 1 and index 2 systems.

Policy 1. For small systems, all possible algebraic variables corresponding to the
current algebraic equation under consideration for entry into the index 1 or index 2
subsystem are tried out. Thus for all algebraic variables the logarithmic norm for the
index 1 or index 2 subsystem (up to and including the current algebraic equation)
is evaluated. The one that gives the lowest logarithmic norm is associated with the
index 1 or index 2 constraint under consideration. This is feasible only for very small
systems since a complete search involves exponential computational complexity.

Policy 2. For a very large system with many coupled terms across the algebraic
variables, the above policy may prove to be too expensive. In those cases, the policy
is to look for a variable “moderately connected” with the differential variables in the
current equation. This can be done by directly starting the search for a nonzero scalar
||C̃1||2
cv
≤ 0.5(minv( ||C̃1||2

cv
)+maxv(

||C̃1||2
cv

)) (for index 2, substitute C̃2T̃ in place of cv),
where the minimum and the maximum are taken over the possible algebraic variables
in the equation being considered. If this choice yields an unacceptable logarithmic
norm, the next higher cv (C̃2T̃ ) is considered and so on. Since the logarithmic norm is
inversely proportional to cv (C̃2T̃ for index 2), the larger ratios need not be explored.
The scalars cv or C̃2T̃ may be suitably scaled over the range of their values. This
policy was implemented in the test program that produced the results in section 6.

5.1.2. Rejecting constraints during check back for stability. The algo-
rithm has the limitation that during stability analysis the effect of the terms (corre-
sponding to the new algebraic variable being included in the pDAE) coupling existing
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constraints and the constraint under consideration are ignored. Hence, after accepting
a few constraints, a check back for the overall stability of the pDAE is needed. While
performing the local stability check for a single algebraic equation, the new algebraic
variable corresponding to this equation must be picked in such a way that the local
stability check is a fair estimate of the stability of the pDAE and that the global check
pointing will not change the built-up pDAE unless absolutely necessary.

If it is found during checking back that the global logarithmic norm of the pDAE
violates the practical criterion (30), then some of the constraints must be rejected to
keep the system stable. In keeping with Policy 2, for index 1 constraints we leave out

the last appended constraint and the algebraic variable having the maximum ||C̃1||2
|cv|

(scaled over the range of values cv takes in the problem), and we check for overall
stability in terms of the recomputed overall logarithmic norm. If the system is still
unstable, the procedure is repeated on the next constraint on the block of constraints
being checked. This is done until a stable index 1 pDAE is found. For an index 2

system, the same thing is done on the constraint having the largest || ˙̃C2||2/|C̃2T̃ | in
the block of constraints being checked, and variables with maximum || ˙̃C2||2/|C̃2T̃ | are
rejected.

6. Examples of partitioning. In this section we illustrate the partitioning
strategy with several examples. The results are shown only at a representative multi-
ple shooting node. For a DAE that changes its type interval to interval, the application
of the partition algorithm at the beginning of the interval automatically decides the
subsystem that can be integrated directly and the constraints and variables to be
handled from the optimizer.

6.1. Partitioning the crane model. For the crane model described earlier,
constraints (34e) and (34f) are both scleronomic constraints, i.e., they describe some
geometric structure of the physical problem. Constraint (34e) introduces the measure-
ment of θ, the angle by which the payload deviates from the vertical. Constraint (34f)
connects the payload to the pulley by relating its horizontal and vertical positions to
the length of the cable paid out. Violation of constraint (34f) in the pDAE would
produce an unphysical simulation since the payload is now modeled as detached from
the cable. This is evident from the plot of x, z, d, and r in Figure 6.1.

Applying the algorithm to this model, constraint (34e) is included in the pDAE
since it satisfies the index 1 structure and stability criterion. The resulting UODE in
x does not have large eigenvalues in C+ at t = t0. For a practical physical application,
the eigenvalues of the pDAE system can be expected to be of moderate size, and the
system can be expected to be stable. The constraint equation (34f) is an index 3
scleronomic constraint (known from the physics of the problem) and is reduced to its
index 2 form via one differentiation of constraint (34f) with respect to t,

rṙ − (x− d)(ẋ− ḋ)− zż = 0,(36)

or to index 1 via two differentiations of constraint (34f) with respect to t (if the
available DAE integration software can integrate index 1 or 0 systems only). The
other constraints (the preprogrammed trajectory of the payload, (34g), and (34h))
are handled from the SQP method.

In the crane model the partition algorithm detects and accepts the index 1 con-
straint (34e) at t = 0. The value of TOL was set at 20.0. The interval of integration
is from t0 = 0 to tfinal = 8. The value of TOL0 in (30) was set at 0. The initial values
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Fig. 6.1. Crane problem using equations (34a)–(34e) in the pDAE.

are x = 3.0, ẋ = 2.7, z = 21.0, ż = −2.0, d = 1.0, ḋ = 2.7, r = ((x− d)2 + z2)0.5, ṙ =
−2.0, τ = 980.0, u1 = 0, u2 = 0, and θ = tan−1( (x−d)z ). The logarithmic norm of the
stability matrix H for the crane model at t = 0 is 0.5, and with the addition of the
index 1 constraint (34e) it goes up to 0.82794. This is less than max(TOL/8, 3TOL0)
(see (30)), and the constraint (34e) is accepted. The angle θ of deflection from the
vertical is chosen as the index 1 variable.

The search for index 2 constraints returns the empty set. In order to search for
index 3 scleronomic constraints, the remaining algebraic equations are differentiated
using automatic differentiation once with respect to time. The index 2 search algo-
rithm is reapplied, and the algorithm returns the differentiated form of constraint
(34f), i.e., (36), as an index 2 constraint suitable for inclusion in the pDAE system.
Here |k| = 0.9999. The logarithmic norm of the index 2 pDAE stability matrix (using
(29)) is 1.61502, and the tension in the cable τ is returned as the corresponding index
2 variable. The matrix S from the stability analysis changes very slowly in the neigh-
borhood of t = 0 since T = (0, 0, 0, 0,− sin(θ),− cos(θ), sin(θ), C2

3 )
T remains almost

unchanged due to very small changes in θ ≈ 0 (i.e., an almost vertical cable undergo-
ing only small swings). Hence the logarithmic norm changes only slightly even after
the constraint (36) has been appended to the pDAE in its differentiated form. During
check back, the overall logarithmic norm of the accepted pDAE system is computed
as 1.09717, which is smaller than max(TOL/8, 3TOL0) and is acceptable. Building
the whole system takes 9.82× 10−2 CPU seconds on a 180 MHZ IP32 processor SGI
O2 computer.

The crane model yields the same partitioning result when the algorithm is applied
at t = 2, 4, and 6 seconds.

Even though the constraint (36) slightly raises the logarithmic norm estimate for
the index 2 pDAE system thus constructed, this partition leads to a more physical and
well-conditioned problem. The plots in Figures 6.2 and 6.3 are the results obtained
from a multiple shooting-type scheme using DASPK3.0 [15] as the DAE integrator
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Fig. 6.2. Crane problem using equations (34a)–(34e) and (36) in the pDAE.
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Fig. 6.3. Crane controls using equations (34a)–(34e) and (36) in the pDAE.

and SNOPT as the NLP method [16]. In this case, the path constraints are chosen
as p1 ≡ x − (−0.0675t2 + 2.7t + 3.0) = 0 and p2 ≡ z − (−21.0 − 0.05t2 + 2.0t) = 0.
The optimizer SNOPT stops at an acceptable point which cannot be improved further
after three major iterations (with 188, 182, 112, and 1 minor iterations). The objective

function is given by the error integral
∫ tfinal

t0
(p21+p

2
2)

0.5dt. The error integral has been
reduced to 13.76067. This corresponds to a reduction in the SNOPT merit function
from 1.79271101E + 10 to 1.25966891E + 07. The time interval was 0 ≤ t ≤ 8. The
controls (u1 and u2) have been modeled as quadratic polynomials over each of the
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eight shooting intervals used for the problem. The tolerances for DASPK3.0 were
rtol = 10−7 and atol = 10−7, and all tolerances for SNOPT were 10−5. The control
and state continuity constraints across the shooting intervals have been satisfied to
less than or equal to 0.1 when the optimizer has stopped. The time taken for solving
this problem is 1421.91 seconds.

With the same parameter settings for the numerical methods, a pDAE formulation
leaving (34f) with the optimizer as a path constraint and treating τ as an additional
control variable has been attempted. The plot in Figure 6.1 is obtained from the
results. The solution is incorrect. After six major iterations in SNOPT (162, 50, 72,
8, 1, 9, and 22 minor iterations) the merit function is reduced from 3.28975960E+21

to 5.63316979E+12. But in the process the error integral
∫ tfinal

t0
(p21+p

2
2+((x−d)2+

z2 − r2)2)0.5dt is minimized to 2446227.48766, beyond which the optimizer fails to
find descent directions. Clearly the stopping point is an unacceptable solution to the
physical problem. Many of the continuity constraints in the multiple shooting method
are unacceptably violated.

6.2. Analytical example. Consider the system

ẋ1 = (2− t)νy + q1(t),(37a)

ẋ2 = (ν − 1)y + q2(t),(37b)

0 = (t+ 2)x1 + (t
2 − 4)x2 + r(t)(37c)

for 0 ≤ t ≤ 1 and ν ≥ 1. This is an index 2 system since ( (t+ 2) (t2 − 4) )
(
(2− t)ν
(ν − 1)

)
is nonzero for the given interval of t and ν. The idempotent projection R(t, ν) =(
1− ν ν(2− t)
ν−1
t−2 ν

)
. The EUODE (the homogeneous part only) is

ξ̇ = − ν

2− t ξ.

Then

W =

( 2−t
(5−4t+t2)0.5

1
(5−4t+t2)0.5

)
, Ẇ =

( −1
((5−4t+t2))1.5

−(t−2)
(5−4t+t2)1.5

)
,

and

µ(−T (C2T )
−1Ċ2)

=
(1 + 0.5t)ν − t+ (0.25 + t2 + (−0.5− 2t2)ν + ν2(0.25 + t2)(5− 4t+ t2))0.5

t2 − 4 .

The term µ(H) = 0 here, and y is the index 2 variable. In this case the stability
criterion reduces to µ(WẆT ) + µ(−T (C2T )

−1Ċ2) ≤ TOL. Here µ(WẆT ) takes
values between 0 and 0.25 for the same values of ν. The index 2 stability is determined
by µ(−T (C2T )

−1Ċ2), which varies between 0 and 30 for 0 ≤ t ≤ 1 and 1 ≤ ν ≤ 1000.
The value of TOL was chosen as 20.0. In this example the practical tolerance from
(30) is same as the original TOL value, since the time interval is unity and the
logarithmic norm of the unconstrained dynamics is zero. For ν < 1 the value of
Y (ν, t) := µ(−T (C2T )

−1Ċ2) goes up with decreasing ν and increasing t. For ν < 0
the constraint is rejected. Table 6.1 illustrates the decision making of the partitioning
algorithm. The plot in Figure 6.4 shows that the index 2 constraint is acceptable for
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Table 6.1
Output from PARTITION algorithm, t = 0, |k| = 1, H = 0, TOL= 20.

Eqn. ν µ(−2T (C2T )−1Ċ2) Decision
37 1 0.4828 constraint accepted
37 10 5.7903 constraint accepted
37 100 58.9052 constraint rejected
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Fig. 6.4. µ(−T (C2T )−1Ċ2) for the analytical example.

1 ≤ ν ≤ 30 when the value of TOL is chosen as 20.0 and the value of TOL0 in (30)
is chosen as 0. But for ν ≤ 0 the constraint destabilizes the system, and for ν >> 0
the constraint becomes unacceptable for inclusion in the DAE.

The logarithmic norm based stability estimate for the analytical example are over-
estimates from the eigenvalue point of view. But eigenvalues do not give the complete
picture of stability for the numerical integration method [14]. This is especially true
when the stability matrix is nonnormal or has a high norm compared to the maximum
real part of its eigenvalues. In such cases, the maximum real part of the pseudoeigen-
values of the stability matrix often gives a more realistic estimate of stability with
respect to a numerical integration method. From the definition of pseudoeigenvalue a
relationship between the maximum real part of the pseudoeigenvalues and the loga-
rithmic norm is obtained. The pseudoeigenvalue (λε) of a matrix A ∈ Rn×n is defined
[14] as

λε(A) = λ(A+ E), where ε ≥ ||E||2 ≥ 0.(38)

For stability it is required that max(�(λε)) ≤ TOL1, where TOL1 is a small positive
number. In our experiments we set TOL1 to 2.0. The number ε is usually small and
is chosen as 10−6, 10−3, 10−1, 1 for plotting the contour lines (or a surface) on the
complex plane. Using the triangle inequality property of the logarithmic norm, the
bound −||A||2 ≤ µ(A) ≤ ||A||2, and Lemma 2.4, we get

max
λε

�(λε(A)) = max
λ
�(λ(A+ E)) ≤ µ(A+ E) ≤ µ(A) + µ(E) ≤ µ(A) + ε.(39)
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Fig. 6.5. λε(−T (C2T )−1Ċ2) at t = 0 and ν = 1000.0 for the analytical example (37). The
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In the analytical example, one would expect to obtain a highly stable EUODE (eigen-
value = −1000 for ν = 1000 and t = 1) from the index 2 system for ν >> 1. But the
pseudoeigenvalues (Figure 6.5) indicate that numerical perturbation of the order of
0.1 can destabilize the system for ν >> 1. The behavior of the system predicted by
the logarithmic norm is confirmed by results from numerical simulations in [3].

6.3. Nonlinear oscillatory problems. The logarithmic norm can be very large
for some nonlinear oscillatory systems, without the systems being unstable. Here we
consider two such systems and discuss the implications for logarithmic norm-based
stability criteria.

Stiff spring pendulum. Consider the ODE for a pendulum suspended at one
end by a massless spring

ṗ− u = 0,
q̇ − v = 0,

u̇+
p((p2 + q2)0.5 − 1)
ε2(p2 + q2)0.5

= 0,

v̇ +
q((p2 + q2)0.5 − 1)
ε2(p2 + q2)0.5

− 1 = 0,

where p and q are the generalized position coordinates, u and v are the corresponding
speeds, and ε → 0 is a nonzero small number. The system is an ODE for which
the logarithmic norm (with ε = 10−3.0, p = 0.6, q = 0.8) is O( 1ε2 ) (499999.5), but
the largest real part of the eigenvalues is zero, and the largest imaginary part of the
eigenvalues is O( 1ε ) (1000). Thus the logarithmic norm captures the local (transient)
high frequency oscillations.

The stiff spring pendulum is highly oscillatory. For a more complete description of
this system, see [13]. For any numerical method to be able to follow the oscillations, it
must take steps of size O( 1ε ). The large value of O(

1
ε2 ) for the logarithmic norm gives

an indication that a large number of time steps may be needed to accurately integrate
this system over a time interval of length O(1). Although a linear oscillatory system
has a logarithmic norm of zero, this mechanical system has a high logarithmic norm
due to the highly oscillatory transformation of variables which would be needed to
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transform from Cartesian coordinates to a set of coordinates where the system would
be nearly linear. In general, one might expect that for highly oscillatory mechanical
systems of this type, the number of time steps which would be needed to accurately
solve the problem will be proportional to the square root of the logarithmic norm
times the length of the time interval for integration. Although this may be a large
number of time steps, users who want to solve this problem will have to go ahead and
do this work. Thus a large value of the logarithmic norm, especially as in this case
for the ODE, is not necessarily an indicator that the problem should not be solved
but rather a warning that this may require many time steps.

Wheelset on rails. This problem is a nonlinear highly oscillatory DAE and
illustrates that with the practical stability criterion (30) our estimates make a reason-
able decision regarding partitioning of the constraints. This DAE system was obtained
from a standard test set at CWI, the Netherlands, at http://www.cwi.nl/cwi/projects/
IVPtestset/descrip.htm. The system consists of equations describing oscillatory and
rotational dynamics of two wheels joined by an axle through a spring-damper (damped
suspension). The constraints describe the geometrical integrity of the system and the
requirement that the wheels travel on a set of rails. The first 11 equations and vari-
ables 1 through 11 are differential equations and variables. The logarithmic norm
for the differential system is computed as 8648. The time interval of integration is
20 seconds. The value of TOL was set to 20.0, and TOL0 was set to 9000, since we
expect the logarithmic norm to reflect the high frequency oscillations rather than the
stability of the system. The output verifies the correct working of the present algo-
rithm. The constraint equations 14 through 17 are index 1. The corresponding index
1 variables are 15, 14, 13, and 12. The estimated logarithmic norm increases cumula-
tively to 13166 (ODE + constraint 14), 13170 (ODE + constraints 14 and 15), 16647
(ODE + constraints 14, 15, 16), and then to 16649 (ODE + constraints 14, 15, 16 and
17) as the index 1 constraints are appended one after another. The remaining system
(equations 12 and 13) includes index 2 equations and variables. Appending constraint
12 changes the estimated logarithmic norm (29) to 16483, and after appending 13,
the logarithmic norm of the complete (ODE + constraints 12–17) system (using (29))
is estimated as 16403. The parameter |k| was computed as 0.998. The CPU time
taken to build the complete system was 0.1343s. All the constraints were accepted
in the pDAE (ODE + constraints 12–17). During check back, the eigenvalue of the
UODE for the pDAE system (ODE + constraints 12–17) was computed as 5.46020.
Considering the relatively small interval of simulation, we decided to integrate the
pDAE with all the constraints.

The wheel-axle problem was integrated using DASPK3.0 from 0 to 10 seconds with
all the relative and absolute tolerances set to 0.0001. The integration was successfully
completed in 5951 steps of which 5094 steps were accepted. For the tolerances set
to 0.000001, the integration process took 15893 steps (of which 14204 steps were
accepted) to complete. This confirms our rough estimates.
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Abstract. In this paper we apply the generalized Taylor–Galerkin finite element model to sim-
ulate bore wave propagation in a domain of two dimensions. For stability and accuracy reasons, we
generalize the model through the introduction of four free parameters. One set of parameters is rig-
orously determined to obtain the high-order finite element solution. The other set of free parameters
is determined from the underlying discrete maximum principle to obtain the monotonic solutions.
The resulting two models are used in combination through the flux correct transport technique of
Zalesak, thereby constructing a finite element model which has the ability to capture hydraulic dis-
continuities. In addition, this paper highlights the implementation of two Krylov subspace iterative
solvers, namely, the bi-conjugate gradient stabilized (Bi-CGSTAB) and the generalized minimum
residual (GMRES) methods. For the sake of comparison, the multifrontal direct solver is also con-
sidered. The performance characteristics of the investigated solvers are assessed using results of a
standard test widely used as a benchmark in hydraulic modeling. Based on numerical results, it is
shown that the present finite element method can render the technique suitable for solving shallow
water equations with sharply varying solution profiles. Also, the GMRES solver is shown to have
a much better convergence rate than the Bi-CGSTAB solver, thereby saving much computing time
compared to the multifrontal solver.

Key words. Taylor–Galerkin finite element model, discrete maximum principle, flux correct
transport technique, Bi-CGSTAB, GMRES, multifrontal direct solver, sharply varying
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1. Introduction. Many environmental problems, such as tides in oceans, break-
ing waves on shallow beaches, flood waves in rivers, mountain torrents, and estuary
flows [1] are closely related to the motion of unsteady free-surface flow. Predicting
the height and speed of the bore wave is the first step in providing useful information
for flood control and for the design of channel walls. It is the practical importance of
simulating shallow water equations that motivated the present study.

The shallow water height is analogous to gas density in gas dynamic equations.
Since gas dynamic equations admit discontinuous solutions, called shocks and contact
discontinuities, this analogy between two fields of equations implies that it is possible
to observe hydraulic jumps and bores in water and in the atmosphere. Numerically
capturing these discontinuous phenomena in hydraulics has become a major area of
theoretical and computational study. For suppressing dispersive oscillations exhib-
ited near the shock front, significant effort has been directed toward the development
of high-resolution hydraulic methods. Shock-capturing methods were first developed
by Godunov [2] and Van Leer [3]. Development of high-resolution schemes was fol-
lowed by adoption of the total variation diminishing (TVD) scheme of Harten [4], the
parabolic method (PPM) of Colella and Woodward [5], and the essentially nonoscil-
latory (ENO) schemes of Harten and Osher [6] to obtain numerically very accurate
but computationally absolute stable solutions. Most of these high-resolution schemes
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were, unfortunately, developed within the one-dimensional framework. The desire
to avoid this limitation has prompted many researchers to capture bore waves in an
open-channel flow and hydraulic jumps in a genuinely multidimensional dam-break
problem [7, 8, 9, 10, 11, 12, 13, 14, 15]. Since the flux corrected transport (FCT)
algorithm was originally developed without resorting to a single spatial dimension
[16, 17], we consider the FCT algorithm to be one of the most suitable choices for
multidimensional hydraulic calculations.

As is typical with other finite element flow simulations, we work with a large
matrix equation. Thus, we must minimize this disadvantage if we are to compete
with other structured-type discretization methods. To this end, we consider in the
present work two iterative solvers and one very effective direct solver. Both iterative
solvers, namely, the bi-conjugate gradient stabilized (Bi-CGSTAB) of Van der Vorst
[18] and the generalized minimum residual (GMRES) of Saad and Schultz [19], are the
ensemble of conjugate gradient method for solving the non-Hermitian linear system
of algebraic equations. These two Krylov subspace methods differ in the vectors used
to iterate the approximation solution. GMRES iterates the approximate solution
in terms of Arnoldi vectors while Bi-CGSTAB accomplishes the same task through
the use of unsymmetric Lanczos vectors. These vectors are chosen to overcome the
difficulty regarding the nonexistence of the orthogonal tridiagonalization of the finite
element stiffness matrix for shallow water equations. Since we wish to address the
performance of solution solvers, we also consider the direct solver for completeness.
In order to compete with the above state-of-the-art iterative solvers, we consider in
this assessment study the multifrontal direct solver of Duff and Reid [20]. This solver
is regarded as a refinement of the frontal solver of Irons [21].

The remainder of this paper is organized in six sections. Section 2 presents as-
sumptions that lead to the St. Venant shallow water equations. In section 3, we present
the Taylor–Galerkin finite element model, which can faithfully preserve the inherent
hyperbolic conservation law [22]. Specific to the present finite element model is that
four free parameters and one damping parameter are used to obtain higher prediction
accuracy in the high-order scheme while accommodating the monotonicity property
in the low-order scheme [23]. Section 3.3 explains how the high-order and low-order
Taylor–Galerkin formulations can be used in combination to obtain a nonoscillatory
solution. This is followed by presentation of two iterative solution solvers and one
direct solver that can be used to solve the nonsymmetric finite element equations.
The objective is to assess the efficiency of the solution solvers used to obtain finite
element solutions from indefinite and unsymmetric matrix equations. In section 5, we
provide analytical evidence by showing that the numerical model and solution solvers
can render techniques suitable for hydraulic problems with sharp gradients. All re-
sults of model tests are well in agreement with the analytic data. With this success
in analytical validation, we proceed to study the dam-break problem. Finally, a brief
discussion together with some conclusions is presented in section 6.

2. Mathematical formulation. Shallow water equations are derived under
zero fluid viscosity and surface tension assumptions. Wind shear and Coriolis forces
are not taken into account. Working equations for incompressible free-surface fluid
flows are derived under the small bottom slope condition. Another key assumption
in the derivation is that the vertical component of the flow acceleration has negligi-
ble influence on the pressure. A hydrostatic pressure distribution is thus assumed.
Given the above assumptions, the St. Venant shallow water equations, which govern
mass and momentum conservation, are derived in terms of a solution vector U of the
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conservative type [24]

Ut + Fx +Gy = S,(2.1)

where U = (h, hu, hv)T. In the above, h is the water depth, and u and v are the
depth-averaged velocity components in the x- and y-directions, respectively. Denote
g as the gravitational acceleration; the physical fluxes are derived as F = (hu, h u2 +
1
2g h

2, h u v)T and G = (h v, h u v, h v2 + 1
2g h

2)T. Without loss of generality, both
friction losses and bed slopes are neglected to simplify the analysis.

Given initially smooth data for the present homogeneous case (S = 0), the quasi-
linear hyperbolic system of partial differential equations may admit discontinuities,
such as bore waves that are often observed in practice, owing to nonlinear advective
terms in the equations [25]. In time-accurate simulation of St. Venant equations, it
is customary to rewrite working equations in their nonconservative equivalent forms
to better show the characteristic nature of the hyperbolic system. Transformation of
the conservative form into its nonconservative counterpart involves using the gravity
wave velocity c = (g h)1/2. The resulting eigenvectors and eigenvalues are critical
in hydraulic simulation since they represent the characteristic speed and direction of
signal transmission.

3. Finite element model. Within the weighted residual context, (2.1) can be
approximated in its weak form through the use of a test function W. This leads to

nel∑
el=1

∫
Ωel

∫ tn+1

tn

W

[
∂U

∂t
+
∂F

∂x
+
∂G

∂y

]
d t dΩel = 0.(3.1)

Define δUn = Un+1−Un and I = ∂
∂x

∫ tn+1

tn
F dt+ ∂

∂y

∫ tn+1

tn
G dt; (3.1) can be expressed

as follows through time integration:

nel∑
el=1

∫
Ωel

(WδUn −WI ) dΩel = 0.(3.2)

Analysis is carried out by performing Taylor series expansion of F and G with respect
to tn. Take F as an example; we can represent this vector in terms of Taylor series
expansion terms terminated at the time increment (t− tn)3:

F = Fn +
∂F

∂t

∣∣∣∣
n

(t− tn) + 1

2

∂2F

∂t2

∣∣∣∣
n

(t− tn)2 +O(t− tn)3.(3.3)

Recall that ∂U
∂t = −Fx − Gy and ∂F

∂t = ∂F
∂U

∂U
∂t = A∂U

∂t ; we introduce two free

parameters α and β and rewrite ∂F/∂t exactly as ∂F
∂t = αA∂U

∂t + βA[−∂F∂x − ∂G
∂y ],

provided that α and β are constrained by α+ β = 1. Moreover, we can approximate
the time derivative term ∂F/∂t to obtain

∂2F

∂t2
= −γ

(
A2 ∂

2U

∂t∂x
+AB

∂2U

∂t∂y

)∣∣∣∣
n

+ µ

[
A2

(
∂2F

∂x2
+
∂2G

∂x∂y

)
+AB

(
∂2F

∂x∂y
+
∂2G

∂y2

)]∣∣∣∣
n

.(3.4)
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As in the above, the free parameters γ and µ, which are constrained by γ + µ = 1,

are also introduced. Substitution of ∂F∂t and ∂2F
∂t2 into (3.3) leads to

F = Fn +

[
αA

∂U

∂t
− βA

(
∂F

∂x
+
∂G

∂y

)]∣∣∣∣
n

(t− tn)

− 1

2

{
γ

(
A2 ∂

2U

∂t∂x
+AB

∂2U

∂t∂y

)
− µ

[
A2

(
∂2F

∂x2
+
∂2G

∂x∂y

)

+ AB

(
∂2F

∂x∂y
+
∂2G

∂y2

)]}∣∣∣∣
n

(t− tn)2 +O((t− tn)3).(3.5)

Similarly, we can expand G with respect to quantities evaluated at time tn:

G = Gn +

[
αB

∂U

∂t
− βB

(
∂F

∂x
+
∂G

∂y

)]∣∣∣∣
n

(t− tn)

− 1

2

{
γ

(
BA

∂2U

∂t∂x
+B2 ∂

2U

∂t∂y

)
− µ

[
BA

(
∂2F

∂x2
+
∂2G

∂x∂y

)

+ B2

(
∂2F

∂x∂y
+
∂2G

∂y2

)]}∣∣∣∣
n

(t− tn)2 +O((t− tn)3).(3.6)

By substituting (3.5)–(3.6) into (3.2) and choosing bilinear polynomials as test
and basis functions, we can derive the finite element equation in the δ-form as follows:

Mc δU
n = R.(3.7)

In the above, Mc denotes the consistent mass matrix:

Mel
ij =

∫
Ωel

{
NiNj − 1

2
α∆t

(
∂Ni

∂x
A+

∂Ni

∂y
B

)
Nj

+
1

6
γ∆t2

[
∂Ni

∂x

(
A2 ∂Nj

∂x
+AB

∂Nj

∂y

)
+
∂Ni

∂y

(
BA

∂Nj

∂x
+B2 ∂Nj

∂y

)]}
dΩel

−
∫
Γ

{
−1
2
α∆tNi (nxA+ nyB)Nj +

1

6
γ∆t2Ni

[
nx

(
A2 ∂Nj

∂x
+AB

∂Nj

∂y

)

+ ny

(
BA

∂Nj

∂x
+B2 ∂Nj

∂y

)]}
dΓ.(3.8)

In (3.7), δUn(≡ Un+1−Un) is the vector of nodal increment and R (≡ CFn+ C̃Gn)
is the vector of element contributions added to the finite element nodes. For detailed
expressions of C and C̃, refer to [23].

3.1. High-order Taylor–Galerkin finite element model. To resolve discon-
tinuous solutions, we employ the FCT technique of Zalesak [17]. The idea behind this
algorithm is to combine an accurate high-order scheme with a monotonic low-order
scheme. To make this scheme effective, we require that the former scheme be used in
the smooth regime and the low-order scheme only in regions near discontinuities.

The key to constructing an efficient FCT finite element model is to develop a
model that can provide a high level of accuracy. To this end, we exploit the modified
equation analysis for the determination of the free parameters α, β, γ, and µ a priori
to obtain higher-order accuracy. The strategy we adopt to achieve this goal is to take
into consideration the scalar transport equation, φt + aφx + b φy = 0, in the flow



SOLUTIONS FOR SHALLOW WATER EQUATIONS 2079

with the constant velocity vector �u = (a, b). The modified equation analysis reveals
the rational use of (αh, βh, γh, µh) = (0, 1, 1, 0) [23]. With these parameters, the
resulting modified equation reads as

φt + a φx + b φy

= T1 φxxxx + T2 φxxxy + T3 φxxyy + T4 φxyyy + T5 φyyyy + · · · ,(3.9)

where T1 = 1
24 a∆x

3 νx (νx
2 − 1), T2 = 1

6 b∆x
3 νx

3, T3 = − 1
12 b

2 ∆x2 ∆t νx
2, T4 =

1
6 a∆y

3 νy
3, T5 = 1

24 b∆y
3 νy (νy

2 − 1). In light of the spatial third-order accuracy,
and the first-order temporal accuracy, the above Taylor–Galerkin finite element model
shows promise as a means of predicting a smoothly distributed water height in shallow
water equations.

3.2. Low-order Taylor–Galerkin finite element model. The next step in
the development of the Taylor–Galerkin FCT (TG-FCT) finite element model is to
derive the low-order model from the generalized Taylor–Galerkin finite element model.
To achieve this goal, the model is not allowed to produce any nonphysical or numerical
wiggles. This monotonicity and strictly positive field variable requirement is a key to
success in any FCT method. The better the low-order scheme, the easier the task of
limiting fluxes.

The development of a low-order finite element model proceeds as follows. We first
rewrite (3.7) as

McU
n+1 = Rn +McU

n.(3.10)

The derivation is followed by lumping the above equation to get

MlU
n+1 = Rn +McU

n.(3.11)

The above lumping-mass approximation helps to stabilize the discretized equation.
Subtracting MlU

n from both sides of (3.11), we obtain

Ml δU
n = Rn + (Mc −Ml)U

n.(3.12)

Further refinement of (3.12) can be made by multiplying cd (0 ≤ cd ≤ 1) by the
added mass diffusion term to better control the predicted solution. This helps us
avoid the introduction of unnecessarily large diffusion errors. The resulting model for
obtaining the lower-order Taylor–Galerkin finite element solution Un reads as

Ml δU
n = Rn + cd (Mc −Ml)U

n,(3.13)

where Ml = Anel

el=1(diag(
∑nmax

j=1 Mc
el
ij)). In order to satisfy the requirement placed on

the low-order scheme in any FCT method, we employ the discrete maximum theory
[26, 27, 28]. Based on this underlying theory, the matrices involved in (3.13) are of
the M-matrix type provided that the five free parameters introduced into the scalar
formulation are prescribed as (αl, βl, γl, µl, cd) = (0, 0, 0, 0, 0.425).

When simulating nonlinear shallow water equations, we may encounter a sonic
flow situation. In this case, entropy fix must be invoked in order to avoid nonphysical
rarefaction shocks at the sonic point. To satisfy the entropy satisfaction property when
the sonic condition is detected, we should add an entropy flux term, ∂

∂x (b(νx)
∂U
∂x ) +

∂
∂y (b(νy)

∂U
∂y ), to the region where it is needed. The damping coefficients used in the

entropy flux are as follows [29]:

b(νi) = ce
∆t

2λ2
q(νi),(3.14)
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where λ = ∆t/∆x (or ∆t/∆y), νi =
∆t
∆x (u− c) (or νi = ∆t

∆y (v − c)), and

q(νi) =

{
0, |νi| ≥ ε,
ε2 − ν2

i , |νi| < ε.
(3.15)

In what follows, we set ε = 0.2 and ce = 2.0.

3.3. FCT filtering algorithm. Having determined the values (α, β, γ, µ, cd)
needed to obtain high- and low-order finite element solutions, we can use two Taylor–
Galerkin models in combination to obtain positive and accurate results which are free
of nonphysical fluctuations. Use of the two schemes in combination was proposed by
Zalesak [17]. We follow closely the FCT scheme of Zalesak by calculating δUh from
the high-order model using either the iterative solvers or the multifrontal direct solver
[30] discussed below.

Upon obtaining the solution δUh, we can compute the antidiffusive flux array

Fel
h

in each element:

Fel
h

= [F el
h

i ] =Ml
−1
h [Relh − (Mc

elh −Ml
elh) δUh].(3.16)

The calculation is followed by computing the antidiffusive flux array Fel
l

from the

low-order Taylor–Galerkin solution δUl. The resulting antidiffusive flux array, Fel
l

,

in each element is computed according to Fel
l

= [Ml
−1Rell ].When antidiffusive fluxes

Fel
h

and Fel
l

become available, we can calculate the corrected antidiffusive flux array
Fel

c

[17]. The filtering processes finish with the calculation of Un+1 by means of
Un+1 = Ul +Anel

el=1(F
elc).

4. Solution solvers. The iterative solution solver is a strong rival to its direct
counterpart because it is less prone to fill-in problems. However, though the storage
problem can be considerably resolved, iterative methods have shortcomings of their
own. Chief among these shortcomings is the poor control of convergence behavior.
Due to space limitations, we will confine our review to iterative solvers based on the
minimization concept. The conjugate gradient method of Hestenes and Stiefel [31],
considered to be the pioneering work of this class of solvers, works effectively only for
a matrix equation having clustered eigenvalues and suffers from pivoting breakdown
when matrix symmetry is lost. Refinement of this Krylov subspace method in order
to overcome the matrix asymmetry difficulty has been the primary focus of research
during the last two decades.

In the literature, nonstationary iterative methods, which have the ability to re-
solve matrix asymmetry, are frequently referred to [32]. The Chebyshev methods are
applicable only to positive definite equations [33]. Also, use of this class of methods
requires knowledge of the eigenvalue spectrum a priori. To circumvent deficiencies in
irregular convergence behavior and the indispensable transpose operation of the coeffi-
cient matrix inherent in the bi-conjugate gradient (Bi-CG) method [34], the Arnoldi or
Lanczos algorithms were proposed. Like the Arnoldi algorithm, the GMRES method
[19] iterates the approximation solution through use of a self-orthogonal sequence.
Due to the prohibitive storage demand, the residual can be minimized optimally by
adding a restart capability. In the iteration, no more than n steps are needed for an
n by n matrix to reach convergence.

Within the Lanczos framework, product methods, such as conjugate gradient
squares (CGS) [35], quasi-minimal residual (QMR) [36], and Bi-CGSTAB [18], are
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Fig. 4.1. An illustration of the sparse matrix assembled from 2× 2 elements.

preferable for tackling equation asymmetry. The exploration of a set of dual orthogo-
nal vectors is the building block of this class of methods. The QMR method of Freund
and Nachtigal [36] was designed to avoid irregular convergence behavior. This method,
unfortunately, suffers from the need to transpose the stiffness matrix. CGS, on the
other hand, avoids the need for matrix transpose but inhibits irregular convergence
behavior because it accommodates the same contraction polynomial as does Bi-CG.
Besides the transpose-free version of QMR [37], the Bi-CGSTAB method of Van der
Vorst [18] is a rational alternative. Bi-CGSTAB iterates the approximation solution
in terms of unsymmetric Lanczos vectors, in conjunction with the local minimization
method GMRES(1). Through manipulation of equal-order contraction polynomials
of different kinds, one can dispense with transpose matrix procedures and suppress
irregular convergence behavior. Nevertheless, much work still needs to be done so
that pivoting breakdown and Lanczos breakdown can be avoided.

The choice of an appropriate solver for obtaining finite element solutions depends
on the type of matrix equations employed. Take matrix equations constructed from
2× 2 elements as an example; the sparse matrix, as shown in Figure 4.1, is found to
be unsymmetric. Further eigenvalue analysis reveals that the matrix equations are
indefinite, thus limiting application of conventional iterative solvers. In this study,
we will consider two state-of-the-art iterative solvers and attempt to make a definite
assessment of the multifrontal direct solver [30]. Two iterative solvers are the GMRES
solver of Saad and Schultz [19] and the Bi-CGSTAB iterative solver of Van der Vorst
[18]. These iterative solvers are variants of conjugate gradient methods.

4.1. The GMRES iterative solver. We will consider first the GMRES method
of Saad and Schultz [19]. This nonstationary iterative solution solver is considered
to be an extension of minimal residual (MINRES) which can be used to solve un-
symmetric matrix equations. A sequence of tridiagonal matrices is used to obtain a
progressively improved distribution of the eigenvalues of the original non-Hermitian
linear stiffness matrix system. GMRES iterates the solution with the aid of Arnoldi
vectors to overcome the difficulty of the nonsymmetry of the matrix equations. The
employed Arnoldi algorithm involves partial tridiagonalization of the original matrix
equations using one set of orthogonal vectors Q to yield QTAQ = H, where H is
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the Hessenberg reduction. The column-by-column generation of Q has the property

of QT Q = I (i.e., identity matrix).
GMRES follows the modified Gram–Schmidt orthogonalization procedure. It

invokes a restart capability to control the storage requirement. In GMRES, the main
steps are as follows:

Set x0 as an initial guess
For j = 1, 2, . . .

Solve r from r = b−A x0 ←− element-by-element procedure
v1 = r/‖r‖2
s := ‖r‖2
for i = 1, 2, 3, . . . ,m

Solve w from w = A vi ←− element-by-element procedure
for k = 1, . . . , i

hk,i = (w,vk)
w = w − hk,i vk

end
hi+1,i = ‖w‖2
vi+1 = w/hi+1,i

apply J1, . . . , Ji−1 on (h1,i), . . . , h(i+ 1, i))
construct Ji, acting on the ith and (i+ 1)st components of h.,i,

such that the (i+ 1)st component of Ji h.,i is with the value of 0
s := Ji s
if s(i+ 1) is small enough, then (UPDATE (x̃, i) and quit )

end
UPDATE (x̃,m)

End
The UPDATE (x̃, i) procedure is as follows:

Compute y from H y = s,
in which the upper i× i triangular part of H has hi,j as its elements,
s is the first i components of s

x̃ = x0 + y
1
v1 + y

2
v2 + · · ·+ y

i
vi

si+1 = ‖b−A x̃‖2 ←− element-by-element procedure
if x̃ is accurate enough, then quit
else x0 = x̃.

In the above, the inner product coefficients ‖wi‖ and (wi, vk) are stored in a
Hessenberg matrix. Upon obtaining the values of yk, which are designed to minimize
the residual norm ‖b − A x(j)‖, the GMRES iterations are constructed as xj =

x0 +
∑
i=1 yiv

i. GMRES will converge in no more than n iterations when an n
by n matrix equation is solved. This is practically infeasible since the storage and
computational requirements are prohibitive if n is large. In fact, the crucial factor for
successful application of GMRES lies in the restart coded in the program. For this
reason, the restarting capability is a built-in feature that can yield the above restarted
GMRES(m), where m denotes the termination number of iteration. The choice of m,
however, has no theoretical foundation and thus is very difficult to determine. Since
there is no definitive rule for the choice of m, we determine it through numerical
experiments. After conducting extensive investigations, we consider m = 5 in all the
calculations. For additional details of GMRES(m), see Van der Vorst [18].

4.2. The Bi-CGSTAB iterative solver. The Bi-CG method of Fletcher [34]
suffers from instability problem arising from the unsymmetric Lanczos process when
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it is used to solve the non-Hermitian system of equations. As a result, considerable
effort has been directed toward developing a more stable algorithm. The CGS method
is considered as a variant of Bi-CG, known as Bi-CGSTAB. Since the Bi-CGSTAB
method is known for its smooth approach to convergence, we will consider this method
in our assessment study.

Like the Bi-CG method, Bi-CGSTAB iterates the approximate solution by means
of unsymmetric Lanczos vectors. The difficulty arises from the nonsymmetry property
of the finite element stiffness matrix A, which results in the nonexistence of the

orthogonal tridiagonalization QT AQ = T, where T is a tridiagonal matrix. As a
result, partial tridiagonalization of A is needed to implement the algorithm. The
unsymmetric Lanczos algorithm allows partial tridiagonalization of A by making use
of two sets of biorthogonal vectors. This approach involves computing columns of Q

and P, which are subject to PTQ = I, so that PTAQ = T is tridiagonal.
It has been known for quite some time that effective use of iterative methods

depends highly upon the nonzero profile of the coefficient matrix. The strategies of
ordering nodal points and allocating working variables are essential because they have
a direct effect on the matrix bandwidth and, thus, matrix sparsity. A means of storing
the matrix in the core memory is needed in the finite element analysis, where sparse
matrix equations are encountered. Like the compressed matrix used in the finite
difference setting, we can store a matrix at the element level so as to dispense with
unnecessary storage of voids. This motivates us to conduct finite element analysis on
an element-by-element basis. In this paper, we incorporate the element-by-element
capability into the Bi-CGSTAB of Van der Vorst [18]:

Compute r0 = b−A x0 for an initial guess vector x0

Choose r, such that (r, r0) �= 0
For i = 1, 2, . . .

ρi−1 = (r, ri−1)
if ρi−1 < ε1 [near break down]
if i = 1
p
i
= ri−1

else
βi−1 = (ρi−1/ρi−2)(αi−1/ωi−1)
p
i
= ri−1 + βi−1 (pi−1

− ωi−1 vi−1)

endif
vi =

∑
elem(Aelem

pi) ←− element-by-element procedure

αi = ρi−1/(r, vi)
if (r, vi) < ε2 [near break down]
s = ri−1 − αi vi
t =

∑
elem(Aelem

s) ←− element-by-element procedure

if ‖s‖2 < ε
ωi = 0

else
ωi = (t, s)/(t, t)

endif
xi = xi−1 + αi pi + ωi s

ri = b−A xi
check convergence; continue if necessary (ωi �= 0)

End
For the two iterative methods considered here, the calculation is terminated when the
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residual-norm criterion ‖r‖2 < 10−10 is satisfied.

4.3. Multifrontal direct solver. One of the significant advances in finite ele-
ment computations was the frontal direct solver developed in 1970 [21]. The frontal
solver begins by assembling the matrix for each element. This is followed by incor-
porating element matrices into the global system of matrices. The elimination of
equations is allowed whenever possible, rather than assembling the whole system of
elementary finite element matrices. Instead, we examine whether there exists any
row which corresponds to the fully contributed nodes; if there is, we store the row,
the variables associated with it, and the right-hand side, and then eliminate this row.
This process continues until all the elements have been assembled and the elimina-
tion procedure is completed. The calculation of solutions is followed by performing
backward-substitution.

The multifrontal direct solver can be refined in different ways. The most impor-
tant solver of this kind is the one developed in 1983 [20]. As the name indicates, many
frontal matrices are involved in the course of applying multifrontal solver. The matrix
is divided into several balanced substructures. A tree structure is needed to define the
order of assembly of element matrices. After the finite element mesh is partitioned, a
frontal method is applied to each user’s defined substructure to eliminate the interior
nodes. A set of substructure matrices is thus generated to complete the elimination
process. This is followed by backward-substitution to obtain finite element solutions.

5. Numerical results. We will first consider test problems which are amenable
to analytical solutions in order to demonstrate the validity and usefulness of the TG-
FCT finite element model. The first problem is shown schematically in Figure 5.1. In
the square of unit length, a sharp scalar profile was set as the initial condition. The
centroid of the square profile was located at (0.25, 0.25). This initially discontinuous
scalar profile was transported in the flow specified by u =

√
2/2, v =

√
2/2. Rec-

tangular Cartesian grids were uniformly overlaid on the region of interest. The grid
spacings were set as ∆x = ∆y = 0.01, and the time increment for this study was
chosen to be ∆t = 0.001. The calculation for this study was terminated at t = 0.5.
The numerical models were run using iterative and direct solvers with a tolerance
equal to 10−10. The result shown in Figure 5.2 clearly indicates that the passive
scalar was well predicted without observable oscillations. This validation test shows
that the scheme adopted here has the ability to resolve discontinuities.

We now turn to making a comparison of the employed frontal, GMRES(5), and
Bi-CGSTAB solution solvers. The user, system, and CPU times shown in Table 5.1
are obtained for the codes run on an Intel Celeron/466 MHz processor. As this table
shows, GMRES(5) consumes only 1/9 CPU time as that computed by the frontal
solver. As for the Bi-CGSTAB solver, it is slower than the GMRES(5) by a factor
of 7/9. One plausible reason for explaining the savings in CPU time of the GMRES
solver is due to its relatively regular convergence. Taking t = ∆t as an example, the
convergent histories, shown in Figure 5.3, clearly show that the specified tolerance is
reached much more quickly when GMRES is employed. As for the CPU time spent
in this arbitrarily chosen time step, the ratio of CPU|GMRES(5) / CPU|Bi-CGSTAB

is equal to 4/5.

The next problem was intended to test the ability of the scheme to resolve dis-
continuous field variables in shallow water equations. In this validation, we solve
for a one-dimensional dam-break problem using the proposed two-dimensional finite
element code. The problem, shown in Figure 5.4, involved a dam 100 m in length.
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Fig. 5.1. The schematic illustration of the scalar transport problem.
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Fig. 5.2. (a) The contours of the computed solution at t = 0.5; (b) the three-dimensional view
of the solution at t = 0.5. The grid size used for this study is ∆x = ∆y = 10−2.

Table 5.1
The comparison of CPU times (in seconds) for solving the problem, schematically shown in

Figure 5.1, using the frontal, GMRES, and Bi-CGSTAB solvers.

Method User time System time CPU time
frontal [21] 20842 1187 22029

GMRES(5) [19] 1898 664 2562
Bi-CGSTAB [18] 2409 664 3073
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Fig. 5.3. The convergent histories of the GMRES(5) and Bi-CGSTAB methods within a time
step 0 ≤ t ≤ ∆t for the transport problem given in Figure 5.1.
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Fig. 5.4. The configuration of the one-dimensional dam-break problem.

For the present study, a channel 300 m long and 100 m wide was used and was dis-
cretized into 301×7 grids for numerical calculation. The case under investigation was
a subcritical flow with a water-height ratio of 2. Both the upstream and downstream
boundary conditions remained unchanged during the calculation. For this purpose,
the test was run at t = 10 s.

Figure 5.5 shows the water height, which compares very favorably with the fol-
lowing analytic data of Stoker [38]:

h(x̃, t) =




h1 if x̃t ≤ −
√
gh1,

( 1
9g )
[
2
√
gh1 − x̃

t

]2
if −√gh1 ≤ x̃

t ≤
[
um −

√
ghm

]
,

hm if
[
um −

√
ghm

] ≤ x̃
t ≤ s,

h2 if s ≤ x̃
t ≤ ∞.

(5.1)
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Fig. 5.5. The comparison of the solution of the one-dimensional dam-break problem with the
Stoker’s analytic solution. The grid size for this problem is ∆r = 1.

We denote here x̃ = x−x0, where x0 is the location of the discontinuity. In the above,
hm and um are the water height and velocity in the middle of this channel, and their
values are related to the shock propagation speed s:

hm =
1

2

[√
1 +

8s2

gh2
− 1

]
h2,(5.2)

um = s− gh2

4s

[
1 +

√
1 +

8s2

gh2

]
.(5.3)

The shock speed s is the positive real root of the following equation:

um + 2
√
ghm − 2

√
gh1 = 0.(5.4)

It is seen from the computed solutions that the shock wave can be resolved within
4 mesh points. No postshock oscillations are observed in the solution. Also, the
improved accuracy is attributable to the high-order Taylor–Galerkin scheme, which
is applied in regions away from the discontinuity.

We will now consider wave propagation in a basin of simple geometry. Figure 5.6
shows a typical configuration extensively used to study shallow water where bore
waves may develop. At the midpoint of the square basin, a dam with a width of
10 m equally divides the water into two parts. On both sides of this idealized dam,
the water elevations have a height ratio other than 1. At time t = 0+, the dam is
partially broken, leading to a breach with a width of 75 m. The resulting flow pattern
in this partially breached dam depends on whether it is classified as being subcritical
or supercritical. The case examined here is a subcritical flow with hL/hR = 2, where
hL (≡ 10 m) denotes the initial water elevation on the left side of the basin while
hR (≡ 5 m) represents the water height on the right side. Given that the ratio hL/hR
has a value other than 1, water proceeds toward the downstream side through the
breach, which is located in the region y = 95 m to y = 170 m. When the dam breaks,
a bore wave starts to propagate forward and spread laterally. At the same time, a
negative depression wave spreads upstream. In addition, a standing wave will appear
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Fig. 5.6. The configuration of the two-dimensional dam-break problem.
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Fig. 5.7. The contours of water height of the two-dimensional dam-break problem.

due to the reduction of velocity at the two side walls. Our goal is to numerically
predict the time-evolving propagation and spreading of the wave into the reservoir.

With the Courant number set as 0.1, the numerical code was run on a domain
of uniform spacing, ∆x = ∆y = 5. Figure 5.7 plots the contour values of the water
elevation obtained using the proposed TG-FCT method at t = 7.2 s. These values
show that the right traveling bore wave and left traveling depression wave have both
been predicted. The results also reveal the ability of the FCT scheme to capture
sharp solutions, as seen from the abrupt depression of the water surface elevation
in the vicinity of the breach edge. The appearance of this sharp depression wave
is theoretically justified since strong rarefactions are established in the inviscid flow
regime where large velocity gradients appear. In light of this fact, we plot in Figure 5.8
the velocity vector to show the sharp depression in the water surface elevation around
the breach edge. From this velocity vector plot, we are led to conclude that the
regions with large velocity gradients observed near the edge of the breach appear to
be those which are most subject to abrupt depression in the water surface elevation.
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To present the solution clearly, we plot in Figure 5.9 a three-dimensional water surface
at t = 7.2 s after the dam breaks.

Having demonstrated the advantage of using the GMRES(5) solver over the Bi-
CGSTAB solver, we simply consider the GMRES solver in the shallow water calcu-
lation and make a computational assessment with the two employed direct solvers.
Table 5.2 shows that GMRES(5) is ten times faster than the frontal solver. As for
the multifrontal direct solver, it takes only 1/3 of the CPU time needed for the direct
solver. Note that the times summarized in Table 5.2 are obtained on an SGI Origin
2000 computer. This performance test demonstrates the effective utility of the multi-
frontal solver and, more importantly, ensures the advantage of applying the GMRES
iterative solver to shallow water analyses.

To show that this method is applicable to predicting a more severely changing
solution profile, we considered a supercritical flow. The initial water height ratio was
prescribed as hR/hL = 0.05. As Figure 5.10 shows, water heights were captured in a
sharp and nonoscillatory way. This test also sheds light on the effectiveness of adding
entropy flux to the region where needed (near the sonic point) since no expansion
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Table 5.2
The comparison of CPU times (in seconds) for solving the dam-break problem using the frontal,

multifrontal, and GMRES solvers.

Method User time System time CPU time
frontal [21] 28961 199 29160

multifrontal [20] 9657 142 9799
GMRES(5) [19] 2816 143 2959
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Fig. 5.10. The contours of water height of the two-dimensional dam-break problem with
hR/hL = 0.05.

shock is observed. It is thus concluded that the FCT technique incorporated into
the Taylor–Galerkin formulation has the ability to suppress dispersive errors near a
discontinuity without adding dissipation error which could deteriorate the solution.

6. Concluding remarks. We have applied in this paper a generalized Taylor–
Galerkin finite element model to simulate shallow water equations in two dimensions.
By prescribing different sets of free parameters a priori, we can render the technique
suitable for hydraulic problems having sharply or smoothly varying solution profiles.
We have applied the FCT filtering scheme to obtain high-resolution solutions. The
main idea of developing the high-order TG-FEM model is the adoption of modified
equation analysis. As for the free parameters used in the low-order Taylor–Galerkin
model, we employ the discrete maximum principle to construct a stiffness matrix of
the M-matrix type. The avoidance of numerical oscillations near the discontinuity
and the higher level of prediction accuracy in the smooth region make this scheme
a robust tool for solving differential equations governing shallow water height. The
code was run on several test problems to study the method’s performance and the
solver’s efficiency, with particular attention paid to the shock-capturing ability and
the computational advantage. For the purpose of validation, we have chosen ones
for which exact solutions are available. These include the scalar equation and the
shallow water equations. Numerical results show that field variables were captured
in a sharp and nonoscillatory way in both subcritical and supercritical situations.
Through computational exercises, we advocate the use of iterative solution solvers.
Of two investigated iterative solvers, the GMRES outperforms the Bi-CGSTAB solver.
The present study also shows the advantage of applying the multifrontal direct solver
over the frontal direct solver as far as the present shallow water analysis is considered.
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Abstract. We present an adaptive fast multipole method for inverting the square root of the
Laplacian in two dimensions. Solving this problem is the dominant computational cost in many
applications arising in electrical engineering, geophysical fluid dynamics, and the study of thin films.
It corresponds to the evaluation of the field induced by a planar distribution of charge or vorticity.
Our algorithm is direct and assumes only that the source distribution is discretized using an adaptive
quad-tree. The amount of work grows linearly with the number of mesh points.
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1. Introduction. In this paper, we present a fast, adaptive, numerical method
for solving the pseudodifferential equation

(−∆)1/2ψ = ω(1.1)

in the plane, where ∆ denotes the Laplacian operator. This equation appears in
a variety of different mathematical models for problems in surface physics, some of
which are described below. We assume that ω(x) ∈ L2(R2), with Fourier transform

ω̂(k) =

∫
R2

ω(x)e−2πik·xdx.

The symbol of −∆ is 1/(2π|k|)2, so that the solution to (1.1) can be written as

ψ(x) =

∫
R2

ˆω(k)

2π|k| e
2πik·xdk.(1.2)

Alternatively, we can seek a Green’s function for this operator by solving the equation

(−∆)1/2G(x) = δ(x).

A straightforward calculation yields

G(x) =

∫
R2

1

2π|k|e
2πik·xdk =

1

2π|x| ,(1.3)
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from which the inversion formula

ψ(x) =

∫
R2

ω(y)

2π|x− y| dy(1.4)

follows.
Since the function G(x) obtained in (1.3) is the Green’s function for the three-

dimensional Laplacian, we can think of (1.1) and (1.4) as describing a three-dimensional
Poisson equation for which ω(x) is a singular density lying entirely on the plane z = 0.
Applications involving such surface interactions include the study of planar circuits
in electrical engineering, a variety of problems in thin films [5, 19, 20], and certain
problems in tomography [7]. In quasi-geostrophic fluid dynamic models [17], one en-
counters an equation analogous to the incompressible Navier–Stokes equations which
take the form

ωt + (U · ∇)ω = ν∆ω,

U = ∇⊥ψ,(1.5)

(−∆1/2)(−ψ) = ω,

where U is a velocity field, ω is a vorticity-like variable, and ψ is a stream func-
tion. In the past three years, these equations have seen a new wave of interest
stemming, in part, from observations made in [6] which draw interesting analogies
between the quasi-geostrophic equations and the three-dimensional incompressible
Euler equations. Another interesting application is a two-fluid model system which
supports internal waves and which can be applied to a variety of geophysical model
systems [3]. One specific example is a vertically stratified fluid in which one layer is
much thinner than the other, and in which the square root of the Laplacian plays a
fundamental role.

All of the preceding application areas would benefit from adaptive numerical
simulation tools in order to resolve complex solution features. Most existing numerical
methods for solving (1.1), however, rely on the spectral form of the solution given in
(1.2) and are implemented via the fast Fourier transform. This approach precludes
the use of adaptivity and constrains the computational domain to be periodic.

Direct evaluation of the convolution integral (1.4) involves interactions between
all pairs of grid points. Hence, with N points in the discretization, the work involved
would require O(N2) operations. In this paper, we describe two special purpose fast
multipole methods (FMMs) for the computation of the integral transform (1.4) for
which the work required grows linearly with the number of grids points. This approach
allows for adaptive mesh refinement and the imposition of either free-space or periodic
boundary conditions. Related methods have been developed in [2, 14, 16].

2. Data structures and the FMM. We assume that the source distribution
ω in (1.1) is supported inside the unit square D, centered at the origin, on which is
superimposed a hierarchy of refinements (a quad-tree). Grid level 0 is defined to be
D itself, and grid level l+1 is obtained recursively by subdividing each square at level
l into four equal parts. Using standard terminology, if d is a fixed square at level l,
the four squares at level l + 1 obtained by its subdivision will be referred to as its
children. In order to allow for adaptivity, we do not use the same number of levels
in all regions of D. We do, however, assume that the quad-tree satisfies one fairly
standard restriction, namely, that two leaf nodes which share a boundary point must
be no more than one refinement level apart (Figure 1).
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Fig. 1. For the childless node B, colleagues are labeled by n, coarse neighbors are labeled n+,
and fine neighbors are labeled n−. The interaction list for B consists of the boxes marked by i
as well as those marked by Q. The boxes marked by s are children of B’s colleagues which are
separated from B, so they are not fine neighbors. They constitute the s-list for B (see Definition
2.1).

The leaf nodes on which the source distribution is given will be denoted by Di.
Thus, D = ∪Mi=1Di and we rewrite (1.4) in the form

ψ(x) = −
M∑
i=1

∫
Di

ω(y)

2π|x− y| dy.(2.1)

Definition 2.1. The colleagues of a square B are squares at the same refinement
level which share a boundary point with B. (B is considered to be a colleague of itself.)
The coarse neighbors of B are leaf nodes at the level of B’s parent which share a
boundary point with B. The fine neighbors of B are leaf nodes one level finer than
B which share a boundary point with B. Together, the union of the colleagues and
coarse and fine neighbors of B will be referred to as B’s neighbors. The s-list of a box
B consists of those children of B’s colleagues which are not fine neighbors of B.

The interaction region for B consists of the area covered by the neighbors of
B’s parent, excluding the area covered by B’s colleagues and coarse neighbors. The
interaction list for B consists of those squares in the interaction region which are at
the same refinement level, as well as leaf nodes in the interaction region which are at
coarser levels. When the distinction is important, the squares at the same refinement
level will be referred to as the standard interaction list, while the squares at coarser
levels will be referred to as the coarse interaction list.

In our FMM, following [4, 11, 12], terms in the convolution integral (2.1) from
neighbor leaf nodes are computed directly. More distant interactions are accounted
for on coarser levels through the use of a hierarchy of far-field and local multipole
expansions. We consider the local interactions first.
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Fig. 2. The source distribution ω is given on a cell-centered 4× 4 grid in the central square B.
The field induced by the distribution on B’s neighbors can be tabulated and stored. In the adaptive
grid, neighbors can be at the same refinement level as B, one coarser or one finer.

2.1. Local interactions. We assume that we are given ω on a cell-centered 4×4
grid for each leaf node B. We can, therefore, take these 16 data points and construct
a fourth-order polynomial approximation to ω of the form

ωB(x, y) ≈
10∑
j=1

cB(j) bj(x− xB , y − yB),

where (xB , yB) denotes the center of B. The basis functions bj(x, y) are given by

1, x, y, x2, xy, y2, x3, x2y, xy2, y3

for j = 1, . . . , 10, respectively. If we let �ωB ∈ R16 denote the discrete function
values in standard ordering, then the calculation of the coefficient vector �cB is clearly
overdetermined. We obtain it through a least squares fit based on the singular value
decomposition. The pseudoinverse matrix P ∈ R10×16, such that

�cB = P �ωB

can be precomputed and stored.
Consider now a target point Q, which lies in a neighbor of B (Figure 2). Then,

the field induced by ωB is approximated by

ψB(Q) =

10∑
j=0

cB(j)w(Q, j),(2.2)
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where

w(Q, j) =

∫
B

bj(x− xB , y − yB)

2π|Q− (x, y)| dxdy.(2.3)

Since the target points Q are regularly spaced in each neighboring square, we can
precompute the weights (2.3) for each of the sixteen possible locations at each of 9
possible colleagues, 12 possible fine neighbors, and 8 possible coarse neighbors. To
be more precise, we can precompute the weights assuming that B is the unit square
[−0.5, 0.5]2, because of the following straightforward lemma.

Lemma 2.2. Let B be a leaf node at level l and let Q denote a target point in
one of B’s neighbors. Let Q∗ denote the scaled target point for the unit cell centered
at the origin

Q∗ = 2l · (Q− (xB , yB)),

and let

w∗(Q∗, j) =
∫ 1/2

−1/2

∫ 1/2

−1/2

bj(x, y)

2π|Q∗ − (x, y)| dxdy.(2.4)

Then the integral w(Q, j) defined in (2.3) is given by

w(Q, j) = w∗(Q∗, j) · 2−[d+1]l,

where d is the degree of the polynomial basis function bj.
Thus, we need only obtain weights for a box of unit area. Elementary counting

arguments show that the storage required for this precomputation is

16 · 10 · 9 real numbers for colleagues,

16 · 10 · 12 real numbers for fine neighbors,

16 · 10 · 8 real numbers for coarse neighbors,

for a total of 4640 real numbers.

2.2. Far-field interactions. We turn now to the calculation of far-field inter-
actions, which are computed by means of multipole expansions. We refer the reader
to [9, 15, 18] for more detailed discussions of potential theory. Our starting point is
the usual multipole expansion for a charge distribution, which we state formally as a
theorem.

Theorem 2.3 (multipole expansion). Let σ(T ) be a charge distribution contained
within S, a sphere of radius a centered at the origin, and let Q = (r, θ, φ) ∈ R

3 with
r > a. Then the field at Q induced by the charge distribution

Φ(Q) =

∫
S

σ(T )

2π|T −Q| dT

can be described by the multipole expansion

Φ(Q) =
∞∑
n=0

n∑
m=−n

Mm
n

rn+1
· Pm

n (cos θ)eimφ ,(2.5)
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where Pm
n denotes the standard associated Legendre function and

Mm
n =

(n− |m|)!
(n+ |m|)!

∫
S

1

2π
σ(T ) · ρn · P |m|

n (cosα)eimβdT.(2.6)

In the preceding expression, (ρ, α, β) are the spherical coordinates of T . Furthermore,
for any p ≥ 1,∣∣∣∣∣Φ(Q)−

p∑
n=0

n∑
m=−n

Mm
n

rn+1
· Pm

n (cos θ)eimφ

∣∣∣∣∣ ≤ 1

2π

(∫
S
|σ(T )| dT
r − a

)(a
r

)p+1

.(2.7)

In the setting of the present paper, the sources and targets are restricted to the
plane z = 0, so that in the preceding formulas, Q = (r, π/2, φ) and T = (ρ, π/2, β)
when expressed in spherical coordinates. Thus, for a charge distribution σ supported
in a square D centered at the origin and a target point Q lying in the interaction list
for B, Φ(Q) can be expressed as a multipole expansion of the form

Φ(Q) =
∞∑
n=0

n∑
m=−n

Mm
n ·

eimφ

rn+1
,(2.8)

with

Mm
n =

(n− |m|)!
(n+ |m|)! [P

m
n (0)]2

∫
B

1

2π
σ(T )ρneimβ dT,(2.9)

where (ρ, β) are the polar coordinates of T (Figure 3). The error estimate (2.7) takes
the special form∣∣∣∣∣Φ(Q)−

p∑
n=0

n∑
m=−n

Mm
n ·

eimφ

rn+1

∣∣∣∣∣ ≤ 1

2π

(∫
D
|σ(T )| dT
2a

)(√
2

3

)p+1

,(2.10)

where a2 is the area of D.
Within the FMM, it is convenient to be able to describe the field within a region

due to sources which are far away. For this, suppose that Q lies in D and that

Ψ(Q) =

∫
S

σ(P )

2π|P −Q| dP,

where the region S lies outside the nine colleagues of D (Figure 3). Then

Ψ(Q) =
∞∑
n=0

n∑
m=−n

Lmn · rn eimφ,(2.11)

with

Lmn =
(n− |m|)!
(n+ |m|)! [P

m
n (0)]2

∫
S

1

2π
σ(P )

eimθ

ρn+1
dP,(2.12)

where (ρ, θ) are the polar coordinates of P . Furthermore,∣∣∣∣∣Ψ(Q)−
p∑

n=0

n∑
m=−n

Lmn · rn eimφ

∣∣∣∣∣ ≤ 1

2π

(‖σ(P )‖L1

a

)(√
2

3

)p+1

.(2.13)
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D

R

Fig. 3. For the box D, the interaction region is contained within the outer shaded region.

The FMM relies on the ability to manipulate multipole and local expansions for
every box in the tree hierarchy. We omit the technical details and refer the reader to
the original papers [4, 9, 11, 12].

Definition 2.4. We denote by Sl,k the kth square at refinement level l.
We denote by Φl,k the multipole expansion describing the far field due to the source

distribution supported inside Sl,k.
We denote by Ψl,k the local expansion describing the field due to the source dis-

tribution outside the neighbors of Sl,k.

We denote by Ψ̃l,k the local expansion describing the field due to the source dis-
tribution outside the neighbors of the parent of Sl,k.

Remark 2.1. Let Sl,k be a square in the quad-tree hierarchy and let Sl′,k′ be a
square in its interaction list. Then there is a linear operator TMM for which

Φl,k = TMM [Φ(C1),Φ(C2),Φ(C3),Φ(C4)],(2.14)

where Φ(Cj) denotes the multipole expansion for the jth child of Sl,k. In other words,
we can merge the expansions for four children into a single expansion for the parent.
Similarly, there is a linear operator TLL for which

[Ψ̃(C1), Ψ̃(C2), Ψ̃(C3), Ψ̃(C4)] = TLLΨl,k,(2.15)

where Cj denotes the jth child of Sl,k. In other words, we can shift the local expansion

Ψ for a box to the corresponding expansion Ψ̃ for each of its children. Finally, there
is a linear operator TML for which the field in Sl,k due to the source distribution in
Sl′,k′ is described by Ψ = TMLΦl′,k′ . It is easy to verify that

Ψl,k = Ψ̃l,k +
∑
i∈IL

TMLΦi,(2.16)

where IL denotes the interaction list for square Sl,k.
Remark 2.2. One slight complication in the adaptive algorithm concerns the

interaction between boxes of different sizes. Referring to Figure 1, we need to ac-
count for the influence of a childless square B on each box marked s and vice versa.
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(This interaction clearly doesn’t arise if B undergoes further refinement.) For the box
marked s, its multipole expansion is rapidly convergent at each of the sixteen target
points in B. Thus, its influence can be computed by direct evaluation of the truncated
series. For the reverse, however, note that B’s multipole expansion is not so rapidly
convergent. In this case, we directly compute the coefficients of the local expansion in
s from the formula (2.12). A more precise statement than (2.16) is

Ψl,k = Ψ̃l,k +
∑
i∈SIL

TMLΦi,+
∑
i∈CIL

Ldirect(�ωi),(2.17)

where SIL denotes the standard interaction list and CIL denotes the coarse interac-
tion list. The operator Ldirect, which maps the coefficients of the polynomial approx-
imation of the density in the coarse box onto the p2 coefficients of the local expansion
can be precomputed and stored.

The bulk of the work in the FMM involves the application of the operators
TMM , TML, TLL in a systematic fashion. Unfortunately, these operators are dense.
Using multipole and local expansions truncated after p2 terms, the naive cost of ap-
plication is proportional to p4. Modern versions of the FMM have reduced this cost
to O(p3) or O(p2) [12].

Algorithm.
Initialization

Comment [We assume we are given a square domain D = S0,0, on which is superim-
posed an adaptive hierarchical quad-tree structure. We let M be the number of leaf
nodes and denote them by Di, i = 1, . . . ,M . The number of grid points is, therefore,
N = 16M . We let p denote the order of the multipole expansion (p ≈ log2 ε, where ε
is the desired accuracy). We let lmax denote the maximum refinement level.]

Step I: Multipole sweep
Upward pass

for l = levmax, . . . , 0
for all boxes j on level l

if j is childless then
form the multipole expansion Φl,j from (2.9)

else
form the multipole expansion Φl,j by merging the expansions of
its children using the operator TMM (see (2.14))

end
end

Downward pass
Initialize the local expansion Ψ0,0 = 0.
for l = 1, . . . , levmax

for all squares j on level l

Compute Ψ̃l,j by shifting its parent’s Ψ expansion using the operator TLL
Compute Ψl,j by adding in the contributions from all squares in j’s
interaction list according to (2.17).

if j is childless then
for all boxes k in the s-list of j:

evaluate the multipole expansion Φk at each
target in square j.

end
Evaluate the local expansion Ψl,j at each
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target in square j.
endif

end
end

Cost [The upward pass requires approximately Mp2 work, where M is the number
of leaf nodes. The downward pass requires approximately 12Mp2 + 4Mp3 work (see
Remark 2.3 below).]

Step II: Local interactions
Comment [At this point, for each leaf node Di, we have computed the influence of
the source distribution ω over all leaf nodes Dj outside the neighbors of Di.]

do i = 1, . . . ,M
For each target point in Di, evaluate the influence of each

neighbor according to (2.2) using the precomputed
tables of coefficients (2.4).

end
Cost [The maximum number of neighbors a square can have is thirteen (twelve fine
neighbors and itself). Thus the local work is bounded by 12 · 10 ·N operations.]

Remark 2.3. It is somewhat difficult to determine the cost of Step I precisely,
since it depends on the actual structure of the adaptive quad-tree. A reasonable esti-
mate for the total work is

N

(
120 +

12

16
p2 +

4

16
p3

)
.

2.3. The generalized FMM. One drawback of the preceding scheme is that it
relies on spherical harmonic expansions. These are particularly efficient tools for fully
three-dimensional calculations, but they make no use of the fact that we are restricted
to a two-dimensional domain. In fact, a two-dimensional Taylor series would have
served equally well. In the last few years, methods related to the FMM have been
developed which are based only on the fact that the far field is smooth [1, 2, 8, 14].
The paper [8] presents a generalized FMM based on “compressing” operators with the
singular value decomposition (SVD). To understand this approach, let us reconsider
the situation depicted in Figure 3.

Definition 2.5. Let C denote the space of real analytic charge distributions
defined on a square D and let P denote the space of real analytic functions defined on
the outer shaded region R depicted in Figure 3. We define the operator O : C → P
according to O(σ) = Φσ, where

Φσ(Q) =

∫
D

σ(P )

2π|P −Q| dP.

We also define the dual operator S : P → C according to S(σ) = Ψσ, where σ is a
charge distribution defined on R, P ∈ D, and

Ψσ(P ) =
1

2π

∫
R

σ(Q)

2π|P −Q| dQ.

Remark 2.4. The spaces C and P are infinite-dimensional, but both σ ∈ C and
Φσ ∈ P can be approximated arbitrarily well by a finite tensor-product Legendre series

σ(x, y) ≈
N∑
n=0

N∑
m=0

αmn Pn(x)Pm(y),(2.18)
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Φσ(ξ, η) ≈
N∑
n=0

N∑
m=0

βmn Pn(ξ)Pm(η),(2.19)

where Pn is the Legendre polynomial of degree n scaled to the dimensions of D. More
precisely, we suppose that there is an expansion of the form (2.19) for each of the 40
squares comprising the region R.

For N sufficiently large, we can approximate the operator O by the finite-dimen-
sional matrix

ON : R
N 2 → R

40N 2

,

mapping the coefficients {αmn } in the expansion of the charge density σ to the 40 sets
of coefficients {βmn } in the expansions of Φσ. If we let the SVD of ON be given by

ON = UNΣNV T
N ,

then ON can be compressed by retaining only the first k terms in the decomposition:

ON ≈ UN (k) ΣN (k)VN (k)T ,(2.20)

where VN (k) ∈ R
N 2×k, where UN (k) ∈ R

40N 2×k, and ΣN (k) ∈ R
k×k. This leaves

one open question: for a given precision ε, how large must N and k be so that

‖O(σ)− UN (k) ΣN (k)VN (k)T PNσ‖ < ε,(2.21)

where PN is the operator projecting σ onto its truncated Legendre series? Similarly,
S has an approximate SVD

SN = WN (k)ΩN (k)YN (k)T ,

where YN (k) ∈ R
40N 2×k, where WN (k) ∈ R

N 2×k, and ΩN (k) ∈ R
k×k. It remains

also to determine N and k so that

‖S(σ)− WN (k) ΩN (k)YN (k)T PNσ‖ < ε.(2.22)

This is a rather complicated matter to handle analytically [8, 13] but straightforward
to determine computationally. One can simply increaseN and k until the desired level
of accuracy is achieved, and we summarize the results in Table 1. The generalized
FMM then proceeds as above with the following changes.

1. Φl,j is used to denote the projection of the charge density in box j at level
l onto the first k right-singular vectors VN (k) of O scaled to that level.
Φl,j is stored as a k-vector, which we refer to as the “outgoing” coefficients.
The right-singular vectors correspond, in some sense, to the multipole terms
eimφ/rn+1.

2. Ψl,j and Ψ̃l,j are defined as before, except that we describe the field due to
distant sources in terms of its projections onto the left singular vectors WN (k)
of S. These fields are stored as k-vectors of “incoming” coefficients.

3. In Step I: Upward pass, if box j is childless, we compute Φl,j = VN (k)Tσ.
Since σ is described by ten polynomial coefficients, this requires 10k opera-
tions; the inner product of each of the k singular vectors with each of the ten
basis functions can be precomputed and stored.
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Table 1
Degree of Legendre expansions N and number of terms in the SVD k required to approximate

the operators O and S to the indicated precision.

ε k(O) N (O) k(S) N (S)
10−3 9 4 9 4
10−6 36 8 36 8
10−8 49 10 49 10
10−11 144 14 144 14

4. In Step I: Upward pass, if box j has children, we project the “outgoing coeffi-
cients” of the four children onto the first k right singular vectors at j’s level.
This merging operator requires k2 operations per square, since each matrix
entry in the transformation can be precomputed and stored.

5. In Step I: Downward pass, where we had made use of the operator TLL, we
now project the “incoming” field of the parent’s Ψ expansion to form Ψ̃l,j
using left singular vectors.
This requires k2 operations, since each matrix entry in the transformation
can be precomputed and stored.

6. In Step I: Downward pass, we compute Ψl,j by analogy with (2.17). We need
to convert the “outgoing” coefficients for a box in the interaction list of square
j to the corresponding “incoming” coefficients. Each entry in the conversion
matrix is rather complicated, coupling the right-singular vectors of O to the
left-singular vectors of S. This matrix, however, can be precomputed and
stored, so that the total cost is at most 27k2 operations per square.

7. In Step I: Downward pass, we also need to evaluate the “local expansion.”
This information is now encoded in the left singular vector coefficients and a
naive method would require access of each left singular vector (of dimension
N 2).
Fortunately, we can precompute the influence of each singular vector at each
of the sixteen target points, so that only 16k operations are required at this
stage.

Remark 2.5. A reasonable estimate for the total work of the generalized FMM
is

N

(
120 +

27

16
k2 + 2k

)
.

The first term corresponds to the local work, the second term to the expansion
shifting work, and the third term to the work involved in forming and evaluating
expansions at leaf nodes.

2.4. Periodic boundary conditions. The inversion formula (1.4) and the fast
algorithm described above assume that the right-hand side ω is supported within
a unit square. In certain applications, however, one would like to consider ω to
be periodically extended to cover the entire x − y plane. This requires a modest
modification of the FMM, following the ideas presented in [11]. At the end of the
upward pass of the algorithm, we have a net multipole expansion

Φ(Q) =
∞∑
n=0

n∑
m=−n

Mm
n ·

eimφ

rn+1
(2.23)
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Table 2
Timing results for the two FMMs for 3-digit accuracy. The time for the generalized FMM using

9 singular functions is denoted by Talg, while the L2 error of the result is denoted by Ealg. The
time and L2 error for the classical FMM using 8th-order spherical harmonics are denoted by Tsh
and Esh, respectively. The time for direct calculation is denoted by Tdir.

N Talg Tsh Tdir E2(alg) E2(sh)
200 0.01 – 0.02 .11 · 10−3 .10 · 10−3

400 0.02 0.10 0.08 .14 · 10−3 .93 · 10−4

800 0.08 0.22 0.34 .19 · 10−3 .11 · 10−3

1600 0.12 0.47 1.40 .20 · 10−3 .19 · 10−3

3200 0.28 1.13 5.77 .26 · 10−3 .21 · 10−3

6400 0.51 2.14 22.98 .28 · 10−3 .26 · 10−3

for the whole unit square. This is also the expansion for each periodic image of the
square (with respect to its own center). If we imagine that D represents the unit
square in Figure 3, then all such images except for the nearest (unshaded) neighbors
are separated from D. Thus, the totality of the field they induce inside D is accurately
representable as a single local expansion of the form

Ψ(Q) =
∞∑
n=0

n∑
m=−n

Lmn · rn eimφ.(2.24)

It remains only to obtain the operator mapping the coefficients {Mm
n } to the coeffi-

cients {Lmn }. We refer the reader to [10] for a discussion of this operator, which is
based on the precomputation of certain lattice sums. The local expansion which de-
scribes the field due to all squares outside the neighbors of D can be denoted by Ψ0,0

within the context of the FMM described above. In the rest of the algorithm, only
two slight modifications are required; the interaction list and the local computations
must be adjusted for boxes near the boundary to account for periodic images. This
involves no significant increase in the amount of work.

3. Numerical results. The two algorithms described above have been imple-
mented using a combination of Fortran 77 and C. All of the timings listed below
correspond to calculations performed on an UltraSparc-I/167 with 128Mb RAM.

Example 1. In our first experiment, we consider the discrete N -body problem

φ(xj) =

N∑
i=1
i�=j

qi
2π‖xi − xj‖

with source locations {xi} randomly but uniformly distributed in the unit square and
source strengths randomly distributed in [−1, 1]. We compare the performance of the
two FMMs at 3-, 6-, and 12-digit accuracy (Tables 2, 3, and 4).

Remark 3.1. Subsequent calculations will rely on the generalized FMM, since
our numerical experiments show it to be three to four times faster than the spherical
harmonic-based code.

Example 2. We consider a smooth distribution of charge:

f(x, y) = x exp(−500x2).

In Table 5, we show the results of inverting the square root of the Laplacian on a
uniform N1 × N1 grid using the generalized FMM with 24 singular functions, the
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Table 3
Timing results for the two FMMs for 6-digit accuracy. The generalized FMM uses 36 singular

functions, while the classical FMM uses 18th-order spherical harmonics. The columns are defined
as in Table 2.

N Talg Tsh Tdir E2(alg) E2(sh)
200 0.03 – 0.02 .77 · 10−7 –
400 0.04 – 0.08 .60 · 10−7 –
800 0.19 0.67 0.34 .72 · 10−7 .25 · 10−7

1600 0.32 1.42 1.50 .79 · 10−7 .24 · 10−7

3200 1.10 3.21 6.04 .15 · 10−6 .30 · 10−7

6400 1.72 6.63 24.21 .15 · 10−6 .33 · 10−7

Table 4
Timing results for the two FMMs for 12-digit accuracy. The generalized FMM uses 144 singular

functions, while the spherical harmonic FMM uses 32nd-order spherical harmonics. The columns
are defined as in Table 2.

N Talg Tsh Tdir E2(alg) E2(sh)
1600 0.85 4.32 1.41 .81 · 10−12 .37 · 10−12

3200 3.36 6.43 5.69 .98 · 10−12 .49 · 10−12

6400 5.30 14.61 22.81 .78 · 10−12 .46 · 10−12

Table 5
Timing results for the uniform mesh of Example 2. The first column shows the value of N1

defining the grid. T24 denotes the time required by the FMM using 24 singular functions, and E24

denotes the L2 error incurred by the method. T36 and E36 are similarly defined. TFFT denotes the
time required by the FFT, and EFFT denotes the corresponding error.

N1 TFMM(24) EFMM(24) TFMM(36) EFMM(36) TFFT EFFT

32 0.034 .59 · 10−1 0.057 .59 · 10−1 0.002 .41 · 10−3

64 0.132 .21 · 10−2 0.232 .21 · 10−2 0.006 .17 · 10−10

128 0.548 .12 · 10−3 0.889 .12 · 10−3 0.025 .28 · 10−13

256 1.912 .12 · 10−4 3.599 .10 · 10−4 0.133 .28 · 10−13

512 7.527 .73 · 10−5 14.240 .10 · 10−5 0.704 .28 · 10−13

Table 6
Performance measures for the generalized FMM. The first column shows the value of N1 defin-

ing the grid. P24 and P36 denote the number of grid points processed per second by the generalized
FMM using 24 and 36 singular functions, respectively. PFFT denotes the number of grid points
processed per second by the FFT.

N1 P24 P36 PFFT P24/PFFT P36/PFFT

64 31030 17655 682667 22.0 38.7
128 29898 18430 655360 21.9 35.6
256 34276 18210 492752 14.4 27.1
512 34827 18409 372364 10.7 20.2

generalized FMM with 36 singular functions, and the FFT. To compare the perfor-
mance of the FMM with the FFT, we also compute the number of points processed
per second by both schemes and a ratio of their timings (Table 6).

The following observations can be made from the data:
1. The generalized FMMs converge (more or less) as expected for a fourth-order

accurate method. The 24 singular function and 36 singular function versions
yield the same accuracy until N1 = 512, at which point the 24 singular
function FMM is dominated by the FMM precision rather than the error in
polynomial approximation. The FFT is, of course, rapidly convergent for this
right-hand side, since it is effectively smooth and periodic.
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Table 7
Performance of the adaptive FMM using 24 singular functions for Example 3. The first column

shows the tolerance in discretizing the right-hand side. The second, third, and fourth columns show
the maximum number of levels, the total number of boxes, and the total number of discretization
points used in the FMM at that tolerance. The fifth column shows the number of points that would
be required by a uniform grid at the finest level using an FFT-based scheme. The sixth column shows
the time required (secs.), and the last column shows the number of points processed per second.

Tol Level Nboxes Npts Nuni Talg P24
10−3 7 889 10672 (262144) 0.328 32537
10−4 7 1489 17872 (262144) 0.523 34172
10−5 8 3265 39184 (1048576) 1.128 34736
10−6 9 5369 64432 (4194304) 1.868 34493
10−7 9 12977 155728 (4194304) 4.414 35280

2. The timings for the FMMs grow linearly with the number of unknowns, while
the timings for the FFT grow like N2

1 logN1. By the time there are 250,000
unknowns, the 5-digit FMM (24 singular functions) is about 10 times as costly
as the FFT. The 7-digit FMM (36 singular functions) is about 20 times as
costly.

Example 3. We next consider a more complex distribution of charge

f(x, y) = g(x− 0.25, y − 0.25) + g(x+ .15, y − .15) + g(x− .05, y + .25),

where

g(x, y) = xy exp(−2000x2) exp(−2000y2).

There are three sharply peaked contributions to the total charge, and the right-hand
side is discretized adaptively. Our refinement strategy is straightforward. Let B be
a leaf node with 16 grid points, as discussed in section 2.1, and let fB(x, y) denote
the fourth-order polynomial used to approximate the right-hand side on B. We then
evaluate fB(x, y) on an 8 × 8 grid covering B and compute the discrete L2 error
E2 = ‖f(x, y) − fB(x, y)‖2 over these target points. If E2 > tol, the leaf node B is
subdivided. Our results are summarized in Table 7.

Example 4. In our last example, we consider a discontinuous right-hand side

f(x, y) =

{
3 |x+ y| > 1/2,
−1 otherwise.

Figure 4 shows the function f(x, y) and the adaptive mesh generated by the discretiza-
tion technique outlined in Example 3. Figure 5 shows the computed solution. Timing
results are summarized in Table 8.

4. Conclusions. We have developed an adaptive direct solver for inverting the
square root of the Laplacian in two dimensions. While our first implementation relied
on a classical spherical-harmonic-based FMM, a faster scheme uses a generalized FMM
[8], which constructs optimal representations for the far field using an SVD. The
method can be used in free space or with periodic boundary conditions, and the
amount of work scales linearly with the number of grid points in the computational
domain. The method is an order of magnitude slower than an FFT-based scheme
on uniform grids, but quickly surpasses such schemes once adaptive refinement is
required. Applications of the method to some problems in fluid dynamics will be
reported at a later date.
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Fig. 4. The discontinuous right-hand side f for Example 4.
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Fig. 5. The potential induced by inverting the square root of the Laplacian using the right-hand
side f in Figure 4.

Table 8
Performance of the adaptive FMM using 24 singular functions for Example 4. The columns

are defined as in Table 7.

Tol Level Nboxes Npts Nuni Talg P24
10−3 7 1205 14464 (262144) 0.434 33327
10−4 9 5045 60544 (4194304) 1.725 35098
10−5 10 10165 121984 (16777216) 3.473 35124
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Abstract. The CGNR algorithm is a robust algorithm solving large nonsymmetric linear sys-
tems. In this short note, we show that the norm of the error vector of CGNR approximation decreases
monotonically during its iteration. Few iterative algorithms have this error reducing property. The
result indicates that the simple CGNR algorithm is still a potential one in practical use.
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1. Introduction. Consider large linear system

Ax = b,(1.1)

where A and b are given, A is a nonsingular n×n real matrix, and b is an n-vector. The
CGNR algorithm is the conjugate gradients (CG) method applied to the equivalent
system–normal equations–

ATAx = AT b,(1.2)

which is an s.p.d. system. The CGNR algorithm can be described as follows [6].
Algorithm 1.1 (CGNR algorithm).
1. Compute r0 = b−Ax0, z0 = AT r0, p0 = z0;
2. For i = 0, 1, . . . , until convergence Do
3. wi = Api;
4. αi = ‖zi‖22/‖wi‖22;
5. xi+1 = xi + αipi;
6. ri+1 = ri − αiwi;
7. zi+1 = AT ri+1;
8. βi = ‖zi+1‖22/‖zi‖22;
9. pi+1 = zi+1 + βipi;

10. EndDo
This algorithm is quite robust since the CG algorithm is robust for an s.p.d.

linear system. The main difficulty in using the CGNR algorithm is that the condition
number is squared, i.e., κ(ATA) = κ2(A).

For a long time, the CGNR algorithm has had a bad reputation because of the
squaring of the condition number. However, in our numerical tests we often see
that the CGNR algorithm is a successful method in many difficult situations. The
fact was also observed by other authors; see Saad [5], Saylor [7], and Nachtigal [4].
By a careful analysis, we can find that the CGNR algorithm is not only a residual
minimizing method but also an error reducing method. Few algorithms among the
Krylov subspace iterative methods have this useful property.
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The error reducing property of the CGNR algorithm seems to be not generally
known. Our major aim here is to prove this property strictly.

2. Main results. The CGNR algorithm is mathematically equivalent to the CG
method applied to the s.p.d. linear system (1.2). It has the following optimal property
concerning the residuals.

Proposition 2.1. Let xk be the approximation produced at the kth step by the
CGNR algorithm (kth iterate). Then xk minimizes function ‖b−Ax‖22 over all vectors
in the affine Krylov subspace

x0 +Kk(ATA,AT r0) = x0 + span
{
AT r0, A

TAAT r0, . . . , (A
TA)k−1AT r0

}
,(2.1)

in which r0 = b−Ax0 is the initial residual with respect to the original system Ax = b.
This property is a direct consequence of the optimal property of the CG method.

Its proof can be found in Saad [6, p. 238].
Proposition 2.2. Let x∗ be the exact solution of the system Ax = b, and let

ek = x∗ − xk be the error vector of the CGNR iterate xk. Then the 2-norm of ek
decreases monotonically, i.e.,

‖ek+1‖2 ≤ ‖ek‖2, k = 0, 1, . . . .(2.2)

This proposition exhibits that the CGNR algorithm has an error reducing prop-
erty. We give its proof here. At first, we establish two lemmas.

Lemma 2.3. The residuals with respect to (1.2), z0, z1, . . . , zk, . . . , are orthogonal
to each other, i.e.,

zHi zj =

{
0, i �= j,
‖zi‖22, i = j,

(2.3)

in which zi = AT b − ATAxi is the residual vector with respect to the linear system
(1.2).

This is a generally known result of the CG method for the s.p.d. linear system.
Its proof can be found in any text book concerning the CG method; see for example,
Saad [6, p. 178].

Lemma 2.4. The direction vector pk in the CGNR algorithm is a linear combi-
nation of the residuals z0, z1, . . . , zk,

pk = ξk

(
z0
ξ0

+
z1
ξ1

+ · · ·+ zk
ξk

)
, k = 0, 1 . . . ,(2.4)

where

ξj = ‖zj‖22, zj = AT b−ATAxj , j = 0, 1, . . . , k.

Proof. From lines 9 and 8 of the CGNR algorithm, we have

pi+1 = zi+1 + βipi, βi = ‖zi+1‖22/‖zi‖22.

So, we get

pi+1 = zi+1 + βipi

= ξi+1

(
pi
ξi

+
zi+1

ξi+1

)
.
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We see that

p0 = z0,

p1 = ξ1

(
p0
ξ0

+ z1
ξ1

)
= ξ1

(
z0
ξ0

+ z1
ξ1

)
,

p2 = ξ2

(
p1
ξ1

+ z2
ξ2

)
= ξ2

(
z0
ξ0

+ z1
ξ1

+ z2
ξ2

)
.

In general, we have

pk = ξk

(
pk−1

ξk−1
+
zk
ξk

)
= ξk

(
z0
ξ0

+
z1
ξ1

+ · · ·+ zk−1

ξk−1
+
zk
ξk

)
, k = 0, 1 . . . .

This is just (2.4).
Now, we turn to prove Proposition 2.2.
Proof of Proposition 2.2. From the CGNR algorithm, line 5 of Algorithm 1.1, we

have

‖ek‖22 = ‖x∗ − xk‖22
= ‖x∗ − xk+1 + αkpk‖22
= ‖x∗ − xk+1‖22 + 2αkp

H
k (x∗ − xk+1) + ‖αkpk‖22

= ‖ek+1‖22 + 2αkp
H
k (x∗ − xk+1) + ‖αkpk‖22.

Inequality (2.2) holds if we show that

pHk (x∗ − xk+1) ≥ 0, k = 0, 1, . . . .(2.5)

It is well known that the CGNR algorithm will be terminated at most n steps for
the s.p.d. linear system (1.2) in exact arithmetic (in the absence of round-off errors),
where n is the dimension of the linear system. So, we have x∗ = xn. The inequality
(2.5) holds when k = n − 1. If k < n − 1, from the update of xk in the CGNR
algorithm, we have

x∗ = xn = xk+1 + αk+1pk+1 + αk+2pk+2 + · · ·+ αn−1pn−1.

Consequently,

pHk (x∗ − xk+1) = αk+1p
H
k pk+1 + · · ·+ αn−1p

H
k pn−1.(2.6)

By virtue of Lemmas 2.3 and 2.4, for j = k + 1, k + 2, . . . , n− 1, we have

pHk pj = ξkξj

(
z0
ξ0

+ · · ·+ zk
ξk

)H (z0
ξ0

+ · · ·+ zj
ξj

)
= ξkξj

(
1
ξ0

+ · · ·+ 1
ξk

)
≥ 0.

In (2.6), αj , j = k + 1, k + 2, . . . , n − 1 are nonnegative real numbers. Now, we get
to know that the right-hand side of (2.6) is nonnegative. This establishes inequality
(2.5) and hence inequality (2.2).

Note. Proposition 2.2 had been pointed out by Ehrig and Deuflhard in an unpub-
lished report [2]. However, their proof given in [2] is too technical to be understood.
The new proof here is likely more clear and direct.

Combining the above two propositions, we get the following important theorem.
Theorem 2.5. CGNR is both residual minimizing and error reducing.
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3. Further remarks. In the Krylov subspace iterative methods, the relation-
ships between the norm of the residual vector and the norm of the error vector are

‖rk‖ = ‖Aek‖ ≤ ‖A‖ · ‖ek‖,

and

‖ek‖ = ‖A−1rk‖ ≤ ‖A−1‖ · ‖rk‖.

However, curves of the error norm and the residual norm are not always in the same
tendency. Examples were found when the norm of residual was still decreasing but
the norm of error was stagnating. See Bruaset [1, p. 63, Example 3.2] and Weiss [8,
Example 1]. The generalized minimal error (GMERR) algorithm was introduced by
Weiss [8] in order to find the “optimal” approximation with the minimal norm of the
error in the corresponding affine Krylov subspace. However, the implementation of
GMERR is quite complicated in computing. So, at this point, Theorem 2.5 indicates
that the simple CGNR algorithm is a potential method in practical use.

We would like to mention that even if the CGNR algorithm has the error reducing
property, the residual norm should be still used for monitoring the convergence in
practical computing since we cannot estimate the error norm during its iteration
process.

At last, we mention that the condition number of the normal equations (1.2) could
be reduced by using preconditioning techniques. Limited numerical test results using
the polynomial preconditioning techniques were reported in Li [3]. Further numerical
tests using the other preconditioners, which might have better performance, are being
undertaken.

Acknowledgments. The author is grateful to Professors Chengxian Xu and
Wenyu Sun for their kindly instructions and useful discussions.
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Abstract. In this paper, we examine different methods using techniques of blocking, buffering,
and padding for efficient implementations of bit-reversals. We evaluate the merits and limits of each
technique and its application and architecture-dependent conditions for developing cache-optimal
methods. Besides testing the methods on different uniprocessors, we conducted both simulation and
measurements on two commercial symmetric multiprocessors (SMP) to provide architectural insights
into the methods and their implementations. We present two contributions in this paper: (1) Our
integrated blocking methods, which match cache associativity and translation-lookaside buffer (TLB)
cache size and which fully use the available registers, are cache-optimal and fast. (2) We show that
our padding methods outperform other software-oriented methods, and we believe they are the
fastest in terms of minimizing both CPU and memory access cycles. Since the padding methods are
almost independent of hardware, they could be widely used on many uniprocessor workstations and
multiprocessors.
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1. Introduction. Many FFT algorithms require data reordering operations of
bit-reversal. If the bit-reversal operations are not implemented properly, those FFT
operations can slow down significantly. On the other hand, it is easy to improperly
implement bit-reversals on uniprocessors and multiprocessors. This is because the
performance of bit-reversals is highly sensitive to how caches and memory hierarchies
are used in the implementations. In other words, a fast bit-reversal implementation
must be cache effective. Several papers have well addressed the significance and effects
of considering memory hierarchy to bit-reversals (e.g., [2], [11], and [15]). Besides the
important usage for FFT, different versions of bit-reversal implementations can also
be used as benchmark programs to evaluate the memory hierarchy of various computer
systems.

With the rapid development of RISC and VLSI technology, the speed of proces-
sors has increased dramatically in the past decade. Processor clock rates have doubled
every 1–2 years. Nevertheless, the memory speed has increased at a much slower pace.
Therefore we have seen and will continue to see an increasing gap in speed between
processor and memory, and this gap makes performance of application programs on
both uniprocessor and multiprocessor systems rely more and more on effective usage
of caches. Performance degradation of bit-reversals is mainly caused by cache con-
flict misses. Bit-reversals are often repeatedly used as fundamental subroutines for
scientific programs, such as FFT. Thus, in order to gain the best performance, cache-
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optimal methods and their implementations should be carefully and precisely done
at the programming level. This type of performance programming for some special
programs, such as bit-reversals, may significantly outperform an optimization from
an automatic tool, such as a compiler.

A standard bit-reversal program is described as follows:
for i = 1, N

Y[i’] = X[i]

The values of array X in their sequential positions i are copied to array Y in their
bit-reversal positions, i′ for i = 1, . . . , N , where N = 2n. The above program says
that X is a bit-reversal reordering of Y . The indices of i and i′ of X and Y are
represented by a sequence of n binary digits. Positions i and its bit-reversal i′ are
defined in [11] as

i =

n−1∑
j=0

aj2
j and i′ =

n−1∑
j=0

aj2
n−1−j ,

where aj is either 0 or 1. For example, a 5-bit reversal of i = 10010 is i′ = 01001.
The bit-reversal operations have following unique characteristics: First, in many

implementations, each element in an array is used (read or written) only once for
its copy operation. Thus, the reorderings have only spatial locality but no temporal
locality for elements. Second, the loops follow certain sequences with high spatial
locality. Bit-reversals are highly sensitive to problem sizes, cache sizes, and cache line
sizes. Since the data array sizes are a power of 2, multiple elements stored in different
memory locations could map to the same cache line, causing severe cache conflict
misses and cache thrashing. The reason is simple. Most commercial computers use
direct-mapped or n-way associative caches where the mapping functions of cache sizes
are also related to powers of 2.

We use an identical unit, called an “element,” to represent the sizes of data arrays,
caches, and others such as buffers and blocking. One element may represent a 4-byte
integer, a 4-byte floating point number, or an 8-byte double floating point number.
Because the sizes of caches and cache lines are always a multiple of an element in
practice, this identical unit for all sizes is practically meaningful for both architects
and application programmers and makes the discussions straightforward. Here are
the algorithmic and architectural parameters we will use to describe cache-optimal
methods of bit-reversals.

• C: data cache size, which could be further defined as CL1 and CL2 for data
cache sizes of L1 and L2, respectively.
• L: the size of a cache line, which could be further defined as LL1 and LL2 for
cache lines of L1 and L2, respectively.
• K: cache associativity, which could be further defined as KL1 and KL2 for
cache associativity of L1 and L2, respectively.
• KTLB : translation-lookaside buffer (TLB) cache associativity. (A TLB cache
is a small buffer that holds most recent memory page mappings. The concept
will be discussed in detail later in the paper.)
• Ts: number of entries in the TLB cache.
• N : the data size for the bit-reversal vector of size N = 2n, where n is the
number bits used in the vector index.
• Bcache: blocking size of a B ×B submatrix for cache.
• BTLB : blocking size for TLB.
• Ps: a memory page size.
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In this paper, we examine different methods using techniques of blocking, buffer-
ing, and padding for efficient implementations. We evaluate the merits and limits of
each technique and its application and architecture-dependent conditions for devel-
oping cache-optimal methods. Although our methods are developed for out-of-place
bit-reversals, they are also applicable to in-place bit-reversals where X and Y are the
same array.

Symmetric multiprocessor (SMP) systems have become practical and cost-effective
servers for scientific computing and other applications. Although parallel efficiency
and communication latency reduction are major performance concerns, computations
on an SMP share many common considerations with uniprocessors. The most im-
portant one is the effective usage of memory hierarchies. When the cache locality
of each processor is effectively exploited, the memory accesses to the shared-memory
will be reduced, and so will be the memory access contention. People have studied
parallel data reordering algorithms on distributed-memory systems with special net-
works, such as hypercubes (see, e.g., [6] and [9]). In this study, we target parallel
bit-reversals on SMPs and show the significant impact of the cache and TLB consid-
erations for efficient method development and implementations. We also evaluate the
performance impact of SMP interconnection networks.

Our algorithm designs and implementations are optimized by considering several
nontraditional but practical and performance-effective factors, namely, the program-
ming complexity, memory space requirement, instruction count, cross interference
among the data arrays, and program portability. We will summarize the limits and
merits of different bit-reversal methods based on these considerations after we have
discussed the designs and presented the performance results, aiming at providing a
guideline for performance programming and memory performance optimization for
other scientific computing applications.

We present two contributions in this paper: (1) Our integrated blocking methods,
which match cache associativity and TLB cache size and which fully use the avail-
able registers, are cache-optimal and fast. (2) We show that our padding methods
outperform other software-oriented methods and believe they are the fastest in terms
of minimizing both CPU and memory access cycles. Since the padding methods are
almost independent of hardware, they could be widely used on many uniprocessor
workstations and SMP multiprocessors.

The rest of the paper is organized as follows. We discuss the inherently blocking
nature of bit-reverse operations and the effectiveness and limits of blocking techniques
for solving the problems in section 2. In section 3, we evaluate a software buffering
technique and our methods using existing hardware components for implementing the
data reordering. Our new method integrating blocking and padding will be presented
in section 4. We discuss blocking and padding techniques for TLB in section 5.
The experimental measurements and analyses for evaluating different methods on
uniprocessor workstations and SMP multiprocessors will be reported in sections 6
and 7. We summarize the work in section 8.

2. Blocking for bit-reversals. The blocked memory access patterns of bit-
reversals can be easily viewed when we convert the one-dimensional vector to a two-
dimensional equivalent array in Figure 1. All the reordering elements and elements
in other groups will be allocated along the column in the two-dimensional equivalent
array forming a block.

In this blocking method, the bit-reversal reordering is performed block by block,
where the operations for each block are implemented similarly to the Evans method
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Fig. 1. Memory layout of a blocked bit-reversals, where B = Bcache.

[7]. (The Evans method is used to construct a hybrid method in [11].) The program
in the appendix presents such an implementation along with padding technique. (The
padding technique will be discussed in section 4.) The blocking algorithm we have
used can be classified as a hybrid method.

In general, for a bit-reversal vector of N = 2n elements, the block size Bcache is a
power of 2, denoted by Bcache = 2b. Each of the Bcache elements in X has the address
format of fg, where g is Bcache bits and f has n− b bits. Each of the corresponding
Bcache elements in Y has the address format of g′f ′. Therefore, the distance between
two nearest elements in the same group in Y is 2n−b = N/Bcache.

Choosing the cache line size as the minimum blocking size (Bcache = L), we can
easily calculate the maximum N ’s for the bit-reversal vector based on different data
cache sizes. For example, for a large cache of 2 MB, the blocking technique is effective
up to an 18-bit-reversal reordering which represents 268,144 data elements, where
each element is an 8-byte double type, and the cache line is 32 bytes. In practice, the
data size of bit-reversals could easily be larger than n = 20 [11].

3. Blocking with buffers. As we have shown, the effectiveness of blocking is
limited by the size of the data arrays. In theory, the smallest blocking size could be
2× 2. A cache line in a modern processor usually holds more than 2 elements, i.e., is
larger than 16 bytes. If we choose a 2×2 block, the data in a cache line will not be fully
used before their replacement, causing more cache misses in the reorderings. The bit-
reversal reordering demands large cache space to make blocking effective. In order to
effectively use limited cache space, Gatlin and Carter [8] present an effective method
using an additional buffer to first hold the conflict-missed elements of a block in one
array temporarily and then copy the block to their reordered positions in the other
array. In this section, we discuss implementations of blocking methods supported by
both software and hardware buffers.

3.1. Blocking with a software buffer and its limits. Because this buffer is
defined in a reordering program, we call it “software buffer.” This buffer shares the
allocation space with the data arrays X and Y in the cache.

There are two major limits in this approach. First, the buffer itself may interfere
with arrays ofX and Y , causing additional access conflicts. This interference is certain
when the sizes of X and Y are larger than the size of the cache, C. Each cache block
or set is mapped from arrays X and Y more than once. No matter where the buffer is
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located in the cache, it will interfere with them. The larger the buffer size, the more
interference will occur.

The second limit is the additional copy overhead time involved in moving data
from the array X to the buffer and then in moving them to the target array in their
reordered positions. This overhead exactly doubles the instruction cycles for data
copying. The data copy through a buffer is a worthy investment if the number of
cycles lost from cache misses is much higher than the additional CPU cycles for the
data copy.

To overcome the two limits, we propose several alternatives to eliminate cache
interference caused by the software and to reduce or eliminate the data copy time.

3.2. Cache structure dependent blocking. We will present several blocking
methods which depend on the cache organization of the running machine. These
methods can be implemented at the user programming level.

Blocking based on set associativity. The cache associativity, K, is an im-
portant factor to consider for blocking. If K ≥ L, an L × L or a K × K blocking
method for bit-reversals would effectively avoid conflict misses. Because the hit time
is a less sensitive performance factor than the cache misses in the L2 cache, a higher
associativity of the L2 cache is more effective than that of L1. If a cache line holds
4 double floating point elements (L = 4 elements of 32 bytes in Pentium processors),
a 4 × 4 blocking method without any data buffer is able to fully use the cache asso-
ciativity. The blocking method would gain more benefit from caches of associativity
higher than 4, such as a design in [20].

What would we do if the associativity is not sufficiently high for the blocking,
or K < L? One solution is to make a K × L rectangular blocking. Unfortunately
bit-reversals require an L× L blocking.

Supplement with registers. We may also consider using the available registers
to supplement a low associativity cache. The number of registers available to a user
program is limited. Normally, a uniprocessor provides up to 16 registers to users. For
example, for a 2-way associative cache, we need 8 registers to buffer 2 additional cache
lines so that we could effectively make a 4 × 4 blocking as if we ran the program on
a 4-way associative cache.

We develop a more efficient blocking method for bit-reversals, which requires only
(L−K)× (L−K) registers. The operation sequence of this method is in three steps:
(1) The L − K cache lines of X are stored in K cache lines of Y and accessed by
copying its (L − K) × K elements to Y in the reordered positions and copying the
rest of (L−K)× (L−K) elements to a buffer consisting (L−K)× (L−K) registers.
(2) The rest of K lines of X are brought to the cache set, and its K×K elements are
copied to Y in the reordered positions. (3) Finally, the (L−K)× (L−K) elements
in the register buffer and the rest of the (L − K) × K elements are copied to Y in
their reordered positions. A cache set will be used more than twice if K < L/2.

Besides the advantage of no access conflicts between the register buffer and the
arrays of X and Y , there is another advantage of using registers to buffer the data in a
load/store processor. A data copy through the registers from X to Y is equivalent to
the two-step process of load and store, and thus there will be no additional overhead.
We will show our experimental performance in section 5.

Using registers as the buffer. If the cache is direct-mapped, we have to fully
rely on a buffer for blocking. Here we discuss some ways to use registers to serve
the buffer in order to eliminate the potential cache conflicts and eliminate extra data
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copying by taking advantage of the load/store operations. The number of registers
for a buffer of L × L elements is determined by the number of elements a cache line
can hold. The length of a cache line of the L1 cache in some processors, such as Sun
SPARC Micro I and II, is L = 2 of 16 bytes, which holds only two floating point
elements. The blocking size could be as small as 2× 2 using a buffer of 4 registers.

The cache line length of the L1 cache in many advanced workstations is 32 bytes,
such as the Sun Ultra and Intel Pentium processors, each of which holds 4 double
floating point elements. In this case, we need a buffer of 4 × 4 = 16 registers for a
blocking. This would be difficult due to the limited number of available registers. We
have two solutions for this. First, we use only the number of registers available to form
a smaller buffer than it should be, which will not make each cache line fully used and
will cause additional cache misses. Our experiments show that this blocking method of
using a buffer of insufficient number of registers still achieves a reasonable performance
improvement and outperforms the implementation using a software buffer.

The second method is to further reduce the size of the buffer, which reduces the
required number of registers by using our (L−K)× (L−K) blocking method.

L1 cache versus L2 cache. The main objective of building two-level caches is
to make the L1 cache small enough to catch up to the cycle time of the fast CPU and
to make the L2 cache large enough to capture as many accesses as possible [12]. In
practice, the data size of a bit-reversal is larger than the size of the L2 cache. L1 and
L2 caches offer different sizes of the cache line, L, and the associativity, K. Both of
the following alternatives are effective for blocking. (1) Taking advantage of a short
cache line and fast hit time of the L1 cache, we could effectively use limited registers
as the buffer and make a small L × L blocking effective. (2) Taking advantage of
high associativity of the L2 cache, we could effectively use both associativity and
supplemental registers as the buffer and make a large L× L blocking effective.

3.3. Victim-cache-aided blocking. Victim cache [13] is a small fully associa-
tive cache serving as the buffer containing only cache blocks due to conflict misses
from L1 cache. This is an on-chip cache connected between L1 and the next level
cache or memory. On a miss in L1, the victim cache is first checked before going to
the next level. If the missed block is found there, the victim cache block and the L1
cache block are swapped and then the block is delivered to CPU from the L1 cache.
Victim cache has been available in some commercial workstations, such as HP7200.

The minimum number of victim cache lines required for L×L blockings of trans-
pose and bit-reversal reorderings is L−K. In the execution, L× L elements of each
blocking are allocated in a set of K lines in L1 cache, and the rest of the elements
are allocated in the L−K lines of the victim cache. The victim cache is able to hold
all the conflict misses in the reorderings by an L×L blocking. In addition, a conflict
miss in the L1 cache that hits in the victim cache has only one additional cycle miss
penalty. Thus, a simple L × L blocking method would be effective if such a victim
cache is available.

However, the victim cache does not have a direct connection with the CPU.
When a data hit happens in the victim cache, it has to be first swapped to the L1
cache and then delivered to CPU. This swapping operation is unnecessary for our
reordering algorithms. Without counting the cold misses of bringing the elements
in the first column for an L × L blocking and considering the LRU replacement
policy, the entire blocking will have L× (L− 1) conflict misses in the L1 cache, which
are then found in the victim cache. This also means that each of such a blocking
needs L × (L − 1) additional swapping cycles between the L1 cache and the victim
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cache, which is independent of the associativity, K. In contrast with the blocking
method based on the associativity supplemented by registers, the swapping cycles in
the victim cache are additional overhead. Despite this, a victim-cache-aided blocking
is more efficient than a blocking method with a software buffer because there are no
cross interference conflicts between the victim buffer and arrays of X and Y .

4. Blocking with padding. Padding is a technique that modifies the data lay-
out of a program so that the conflict misses are reduced or eliminated. The data layout
modification can be done at run-time by system software [3, 19] or at compile-time
by complier optimization [16]. Sharing the same objective of compiler optimization
to change the base addresses of potentially conflicting cache blocks in the reorderings,
we insert padding variables inside the data array. For example, the padding can be
done as part of the last butterfly for the decimation in an FFT computation without
additional cost, and the output is not padded.

However, we notice that this free padding opportunity may not be easily found,
and the bit-reversal result may be padded in some cases. For example, the padding of
a recursive implementation of the Cooley–Tukey FFT algorithm [5] is more complex
than the padding in our implementations. The padding method produces padded
results in a vector if the bit-reversals are done in an inplaced fashion. The accesses
to the padded results need to go through a simple address converting process with
additional CPU cycles. In addition, our methods target bit-reversals based on the
data size of powers of 2. However, FFT algorithms are not limited to this data size.
If the data size is not a power of 2, the padding method will be more complex to
implement. Poor memory performance of bit-reversals has been reported even for
nonpower of 2 data sizes (see, e.g., [2]).

Since the data arrays of bit-reversals form a vector whose size is power of 2, the
padding is highly regular, inserting L elements or a cache line space starting at the
vector positions of N/L, 2 × N/L, . . . , and (L − 1) × N/L. Using L elements or a
section data of a cache line to separate the vector at these L points can completely
eliminate the cache conflicts caused by the address mapping based on powers of 2.
Again during execution, the reordering data copies are directly conducted between the
arrays X and Y without going through a data buffer. Another advantage is that the
number of padding elements needed is only L×L or L cache lines and is independent
of the data array size, N . Compared with the data size of bit-reversals, the number of
padding elements is insignificant. Figure 2 shows how the data layout of a bit-reversal
vector is modified by padding so that conflict misses are eliminated.

Compiler optimization targets a large range of application programs and auto-
matically inserts padding variables in the programs for users. An optimal padding
is application program dependent. For example, padding positions are different from
different applications in order to effectively change base addresses of conflicting cache
blocks [18]. Based on the unique nature of the data reordering, the optimal padding
unit used by our methods for bit-reversals is a cache line with L elements. In con-
trast, a compiler optimization normally uses an element as the basic padding unit.
How many padding units to use and where to pad in the data arrays are determined
by some approximation models which may not precisely fit the unique memory access
patterns of each case. In addition, applying the padding technique to bit-reversals
embedded in applications would not increase complexity in the entire computation.
For example, when a padded bit-reversal is performed in an FFT computation, it has
little effect on the neighboring butterfly operations.
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Fig. 2. Data layout of a bit-reversal is modified by padding, where B = Bcache = L.

5. Blocking and padding for TLB. The TLB is a special cache that stores the
most recently used virtual-physical page translations for memory accesses. The TLB
is a small and usually fully associative cache. Each entry points to a memory page
of 4 KB to 64 KB. The page size is normally fixed at the level of operating systems
and cannot be changed by user programs. A TLB cache miss will make the system
retrieve the missing translation from the page table in memory and then select a TLB
entry to replace. When the data to be accessed in our blocking method is larger than
the amount of data of all the memory pages that the TLB can hold, we will have TLB
thrashing. In this section, we will discuss and present blocking and padding methods
for TLB cache optimizations.

5.1. Blocking for a fully associative TLB. Before giving a general model to
show how the blocking size is affected by the TLB size, let’s go through an example to
show that a moderate N for bit-reversals would easily lead to TLB cache thrashing.
The 64 pages in the TLB of the Sun UltraSparc-II processor hold 64× 1024 = 65536
elements, which represents a 16-bit-reversal of N = 216. Since we have two vectors
X and Y , the TLB can hold a 15-bit-reversal of N = 215 elements. This is also
consistent with our experiments on this machine, where execution time per element
was a constant until n = 15, but sharply increased at n = 16 bit-reversals caused by
the TLB misses.

In our cache-optimal methods, we include an outer loop to form a blocking for
TLB, whose size is denoted as BTLB . The blocking size of BTLB for bit-reversals
when N ≥ Ts × Ps is

BTLB ≤ Ts,

where Ps is the page size in elements, and Ts is the number of entries of the TLB. On
the other hand, the BTLB should be chosen as large as possible to make effective use
of the page space. When N < Ts×Ps, the data size of a bit-reversal will be less than
the data size covered by the TLB. Thus there is no need for TLB optimizations.
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Fig. 3. Padding for TLB: the data layout is modified by inserting a page space at multiple
locations, where BTLB = 4, KTLB = 1, Ts = 8.

5.2. Padding for a set-associative TLB. Some processors’ TLBs are not
fully associative, but set-associative. For example, the TLB in the Pentium-II 400
processor is 4-way associative (KTLB = 4). A simple blocking based on the number
of TLB entries is not cache-optimal, because multiple pages within a TLB-size-based
blocking may map to the same TLB cache set and cause TLB cache conflict misses.

If the size N of a bit-reversal vector is a multiple of Ts × Ps, where Ts is the
number of TLB entries and Ps is the page size in elements, and if KTLB < BTLB ,
then TLB cache conflict misses will occur. This could easily happen in practice. For
example, on the Pentium-II 400, N is equal to 128K elements (one element = 8 bytes)
for a 17-bit-reversal, and this N is two times the value Ts×Ps of the machine, where
Ts = 64, and Ps = 1024 elements.

In a way similar to the technique of padding for the data cache, we insert a page
of elements or a page of space starting at the vector positions of N/L, 2 × N/L, . . .
and (L − 1) ×N/L to eliminate the conflict of TLB cache misses. Figure 3 gives an
example of the padding for TLB, where the TLB is a direct-mapped cache of 8 entries,
blocking size is BTLB = 4, and the number of elements of a row is a multiple of 8
page elements. Before padding, each of blocking row is mapped to the same cache
line of the TLB. After padding, these rows are mapped to different cache lines of the
TLB.

Combining padding for data cache and padding for TLB cache, we are inserting
L+Ps elements or a page plus a cache line space in L locations separated by a distance
of N/L elements.

In practice, we selected more than N/L points to insert the padding variables to
eliminate both data cache and TLB conflict misses. This approach could effectively
merge two nested paddings (one for data cache and the other one for TLB) into a single
one. An optimal number of inserting points can be easily determined experimentally
based on the size of the TLB cache. The padding optimizations are all based on L2
cache in our experiments.

Partial index mapping addresses of bit-reversals are precalculated and stored in a
small table as shown in the program in the appendix. This approach further improves



2122 ZHAO ZHANG AND XIAODONG ZHANG

Table 1
Architectural parameters of the 5 workstations we have used for the experiments. All specifi-

cations on L1 cache refer to the L1 data cache, and all L2s are uniform. Each L2 cache block on
UltraSPARC-IIi consists of 2 16-byte subblocks. The hit times of L1, L2 and the main memory are
measured by lmbench [14], and their units are converted from nanosecond (ns) to their CPU cycles.

Workstations SGI O2 Sun Ultra 5 Sun E-450 Pentium XP1000

Processor type R10000 UltraSparc-IIi UltraSparc II P-II 400 Alpha 21264

Clock rate (MHz) 150 270 300 400 500

L1 cache (KBytes) 32 16 16 16 64

L1 block size (Bytes) 32 32 32 32 64

L1 associativity 2 1 1 4 2

L1 hit time (cycles) 2 2 2 2 3

L2 cache (KBytes) 64 256 2048 256 4096

L2 block size (Bytes) 64 64 64 32 64

L2 associativity 2 2 2 4 1

L2 hit time (cycles) 13 14 10 21 15

TLB size (entries) 64 64 64 64 128

TLB associativity 64 64 64 4 128

Memory latency (cycles) 208 76 73 68 92

the performance because the table will be accessed in the cache during the compu-
tation, and the precalculation overhead is trivial. The time for the precalculation is
included in the total execution time.

6. Experimental results and performance evaluation. We have imple-
mented and tested all the bit-reversal methods discussed in the previous sections
on an SGI O2 workstation, a Sun Ultra-5 workstation, a Sun SMP server E-450, a
Pentium PC, and a Compaq XP1000 workstation. We will present and evaluate the
performance of different methods on different machines.

6.1. Experimental environment and evaluation methodology. We used
“lmbench” [14] to measure the latencies of memory hierarchies at different levels on
each machine. The architectural parameters of the 5 machines are listed in Table 1.

We focus the performance evaluation on methods and implementations of bit-
reversals in this paper. We compared all our methods with the method of blocking
with a software buffer which was recently published in [8]. We denote this method as
“bbuf-br”—blocking with buffer for bit-reversals. Two of our methods are experimen-
tally compared: “breg-br”—blocking with associativity and registers for bit-reversals,
and “bpad-br”—blocking with padding for bit-reversals. We have also applied block-
ing or padding technique for the TLB in these two methods based on the TLB asso-
ciativity.

All the programs use a standard subroutine to calculate the bit-reversal value for
a given address. The execution times were collected by “gettimeofday(),” a standard
Unix timing function. The resolution of this function is 1 µs on the machines being
measured, which is significantly smaller than the execution times of any programs
we have measured. A small bit-reversal table is precalculated, and we exclude this
calculation time. The reported time unit is cycles per element (CPE):

CPE =
execution time× clock rate

N
,
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where execution time is the measured time in seconds, clock rate is the CPU speed
(cycles/second) of the machine where the program is run, and N is the number of
elements of the bit-reversal program. Besides the different methods of bit-reversals,
we also measured the execution time of a program copying elements between X and
Y . This program has the same number of data copying operations with a continuous
memory access pattern. We use the execution time of this program to provide a base
line reference for bit-reversal programs and show how close a bit-reversal execution is
to its ideal time. We denote this reference program as “base.” Each method is further
divided into “float” data type using 4 bytes to represent an element, and “double”
type using 8 bytes to represent an element. The data type divisions will show the
performance impact of the cache line length.

For all experiments on different machines, the bit-reversal programs first call a
routine to flush the cache to make sure that all the data are allocated only in the
memory. All experiments were repeated multiple times.

6.2. Effects of TLB and virtual memory. Before measuring and comparing
the performance of different bit-reversal methods, we experimentally evaluated the
effects of TLB and virtual memory to confirm our assumptions and analyses.

Selection of TLB blocking size. The TLB blocking size is a sensitive per-
formance parameter to be selected, which is determined by the size of the TLB if
it is fully associative. We executed program “bpad-br” (blocking with padding for
bit-reversals) with n = 20 on a single node of Sun E-450 by changing the blocking
sizes for TLB from 8 to 128. The TLB of the E-450 is a fully associative cache with 64
entries. Figure 4 shows the measured cycles per element of the program of different
blocking sizes on the node. Our experimental results are consistent with our analyses
in the previous section. When the blocking size for TLB was 64, the execution time
curve increased sharply. This is because arrays X and Y together demanded more
than 64 pages and caused TLB thrashing.

Virtual memory versus physical memory addresses. All our analyses are
based on cache mappings between memory pages in the virtual address space and
cache blocks in the physical memory address space. This assumes that contiguous
memory pages will be contiguously mapped to the cache. This assumption is guar-
anteed for the virtual-address caches [4]. However, all our experiments have been
performed on machines with physical address L2 caches. Since the virtual-physical
translations for L2 caches are handled by operating systems, our assumptions may
sometimes be inaccurate. In order to show that many operating systems attempt to
map contiguous virtual pages to cache blocks contiguously so that our virtual-address-
based study is practically meaningful and effective, we conducted a simulation by
using the SimOS [17] and measurements on different workstations to observe how an
operating system makes translations from virtual memory addresses to their physical
addresses.

The SimOS simulates a complete hardware of SGI machines and runs the IRIX
5.3 operating system in the simulation. We executed a blocking-only program of bit-
reversals using the cache line L as the blocking size. The bit-reversal vector size was
changed from n = 15 to n = 22. We measured the miss rates on array X. The cache
size was set to 2 MB holding two double type arrays up to n = 18 in the virtual
memory space. Figure 5 gives consistent results from the SimOS simulation: when
n > 18, the miss rate on array X was sharply increased to 100% from 12.5%.

From this experiment, we have observed that virtual-physical translations from
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the IRIX 5.3 operating system are quite consistent with our assumption of “contiguous
allocations.”

We have also run the similar experiments on different targeted workstations with
different operating systems, such as Linux and Solaris, to measure the changes of
execution times when the data size is changed. Our measurements are also consistent
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to the SimOS results and indicate that the larger the data arrays to be used, the more
likely an operating system will allocate the pages contiguously. Because our study
targets large data sets, our analyses based on the virtual memory space is reasonably
accurate. In addition, our methods assume that the operating system uses a uniform
page size for page allocation, which is consistent with most commercial and commonly
used operating systems.

6.3. Performance of the hybrid method for bit-reversals. In order to
show the effectiveness of our cache optimizations, we first plot the measured execution
times of the hybrid method1 in “float” data types on the Pentium-II and the Ultra-5
machines in Figure 6. Although the hybrid method did reasonably well for n ≤ 16 on
Pentium-II and n ≤ 12 on Ultra-5, the execution times significantly increased due to
limited cache performance after the data size was further increased.

6.4. Performance comparisons on the SGI O2. The SGI O2 is a 1995
product using an R10000 processor of 150 MHz, 32 KB 2-way associative L1 cache,
and 64 KB 2-way associative L2 cache. The cache line of L2 is 64 bytes. Since the
associativity of L2 is low, and the cache line of L2 is relatively long, it is difficult
to do blocking with associativity and available registers. We implemented only the
blocking with padding method to compare with blocking with software buffer and the
base reference.

We scaled bit-reversal methods from n = 16 to n = 21. Figure 7 shows the
comparisons of CPE among the three programs of both “float” type and “double” type
on the SGI O2 machine. The measurements show that the padding method slightly
reduced the execution time compared with the method of blocking with software
buffer. The time reduction was up to 6%. The reason for the small performance
improvement comes from the extremely long memory latency (208 cycles) of the O2
machine. The reduction and saving of instruction cycles for data copies from padding
became less significant because memory latencies caused by the required cold misses
in both methods were dominant in execution.

1The program was written in Fortran by Alan Karp.
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6.5. Performance comparisons on the Sun Ultra-5. The Sun Ultra-5 is a
1998 product using an UltraSparc-IIi processor of 275 MHz, 16 KB direct-mapped
L1 cache, and 256 KB 2-way associative L2 cache. The cache line of L1 is 32 bytes
consisting of two 16-byte subblocks, and L2 is 64 bytes long. Similar to the SGI O2,
the associativity of L2 on the Ultra-5 is low, and the cache line of L2 is relatively
long, so it is difficult to do blocking with associativity and available registers. We
implemented only the blocking with padding method to compare with blocking with
software buffer and the base reference.

We scaled the bit-reversal methods from n = 16 to n = 23. Figure 8 shows the
comparisons of cycles per element among the three programs of both “float” type
and “double” type on the Ultra-5. The memory latency of the Ultra-5 (76 cycles) is
significantly lower than that of the O2. We observed a more significant performance
improvement from the method of blocking with padding over that of blocking with
software buffer. For example, using “float” type, the padding program is 14% faster
than that of blocking with buffer for n = 20 or larger. A L2 cache line of the Ultra-5
holds 16 “float” type elements (L = 16), and 8 “double” type elements (L = 8). The
larger the L, the higher overhead the blocking with software buffer will have. This
has been confirmed by our comparative experiments between the “float” and “double”
types on the Ultra-5 shown in Figure 8.

6.6. Performance comparisons on the Sun E-450. The Sun E-450 is a 1998
4-processor SMP product. Each of the 4 nodes is an UltraSparc-2 processor of 300
MHz, 16 KB direct-mapped L1 cache, and 2 MB 2-way associative L2 cache. The
cache line of L1 is 32 bytes consisting of two 16-byte subblocks, and L2 is 64 bytes long.
Due to the limited associativity and a relatively long L2 cache line, we implemented
only the blocking with padding method to compare with blocking with software buffer
and the base reference.

We scaled the bit-reversal methods from n = 16 to n = 25. Figure 9 shows the
comparisons of CPE among blocking with software buffer, blocking with padding, and
the base program on a single node of E-450, each of which has both “float” type and



FAST BIT-REVERSALS 2127

0

5

10

15

20

25

30

16 17 18 19 20 21 22 23

c
y
c
l
e
s
 
p
e
r
 
e
l
e
m

e
n
t

n

ultra5 (float)

bbuf-br
bpad-br

base

0
5

10
15
20
25
30
35
40
45
50

16 17 18 19 20 21 22
c
y
c
l
e
s
 
p
e
r
 
e
l
e
m

e
n
t

n

ultra5 (double)

bbuf-br
bpad-br

base

Fig. 8. Execution comparisons on the Sun Ultra-5 workstation: “bbuf-br” represents the method
of blocking with software buffer; “bpad-br” represents the method of blocking with padding; and “base”
represents the ideal base line reference.

0

5

10

15

20

25

30

16 17 18 19 20 21 22 23 24 25

c
y
c
l
e
s
 
p
e
r
 
e
l
e
m

e
n
t

n

E-450 (float)

bbuf-br
bpad-br

base

0

5

10

15

20

25

30

35

40

16 17 18 19 20 21 22 23 24

c
y
c
l
e
s
 
p
e
r
 
e
l
e
m

e
n
t

n

E-450 (double)

bbuf-br
bpad-br

base

Fig. 9. Execution comparisons on the Sun E-450 SMP: “bbuf-br” represents the method of
blocking with software buffer; “bpad-br” represents the method of blocking with padding; and “base”
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“double” type. The memory latency of the Ultra-5 (73 cycles) is slightly lower than
that of Ultra-5. On this machine, we observed higher performance improvement from
the method of blocking with padding over that of blocking with software buffer. For
example, using “float” type, the padding program is 22% faster than that of blocking
with buffer for n = 20 or larger. Our comparative experiments between the “float”
and “double” types on E-450 in Figure 9 also confirms that the larger the L, the
higher performance the padding method would achieve.

6.7. Performance comparisons on the Pentium-II 400. The Pentium PC
we used is a 1998 product using a Pentium-II 400 processor of 400 MHz, 8 KB direct-
mapped L1 cache, and 256 KB 4-way associative L2 cache. The cache lines of both
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L1 and L2 are 32 bytes. Since the L2 associativity is high, we are able to implement
the method of blocking with associativity and available registers, L2 cache line L = 8
elements for a “float” type, and we need (L−K)(L−K) = 16 registers to supplement
the 4-way associative cache. An L2 cache line holds 4 “double” type elements (L = 4).
Thus, we do not need any registers to supplement but simply make a 4× 4 blocking.
The TLB of the Pentium processor is a 4-way associative cache of 64 entries. We
used our padding for the TLB technique to avoid TLB misses. We implemented the
blocking with padding method and the blocking with associativity and registers to
compare with blocking with software buffer and the base reference.

We scaled the bit-reversal methods from n = 16 to n = 24. Figure 10 shows the
comparisons of cycles per element among the four programs. As we expected, the
paddings for both cache and TLB were highly effective, and the padding program
performed the best. For example, using “float” type, the padding program is about
40% faster than that of blocking with buffer for n = 22 or larger. We also show that
the method using available registers to supplement associativity is effective. Although
it is not as good as the padding program due to the increase of the instruction counts
for additional data copies, it still achieved up to 12% execution reduction over the
blocking with software buffer program. As we expected, the execution time of the
method using the 4-way associative L2 cache without the supplement of registers
to form a 4 × 4 blocking was delayed mainly by the longer L2 cache hit time. The
performance of this method still outperformed the method of blocking with a software
buffer.

6.8. Performance comparisons on the Compaq XP-1000. The Compaq
XP-1000 is a 1999 product using an Alpha 21264 processor of 500 MHz, 64 KB 2-way
associative L1 cache, and 4 MB 2-way associative L2 cache. The cache lines of both
L1 and L2 are 64 bytes long. Similar to the SGI and Sun machines, the associativity
of L2 on the XP 1000 is low, and the cache line of L2 is relatively long, so it is difficult
to do blocking with associativity and available registers. We implemented only the
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Fig. 11. Execution comparisons on the Compaq XP-1000 workstation: “bbuf-br” represents the
method of blocking with software buffer; “bpad-br” represents the method of blocking with padding;
and “base” represents the ideal base line reference.

blocking with padding method to compare with blocking with software buffer and the
base reference.

We scaled the bit-reversal methods from n = 16 to n = 25. Figure 11 shows the
comparisons of CPE among the three programs of both “float” type and “double”
type on the XP-1000 machine. As we expected, we achieved better or comparable
performance to the ones on the Sun machines. For example, using “float” type, for
n = 24 or larger, the padding program is 30% faster than that of blocking with buffer,
and 15% faster for “double” type.

7. Performance evaluation on SMP multiprocessors. We implemented the
bit-reversal methods on two SMP multiprocessors: the Sun E-450 and the HP 9000
V2200. The parallel bit-reversal program on an SMP with M processors is described
using POSIX thread primitives [10] as follows:

bit_reversal(id)

my_start = id*(N/M);

my_end = (id-1)*(N/M);

for i = 1, N

Y[i’] = X[i];

The bit-reversal operations are evenly distributed among M processors.

7.1. Performance comparisons on the Sun E-450. The Sun E-450 is a 1998
4-processor SMP product. Each of the 4 nodes is an UltraSparc-2 processor of 300
MHz, 16 KB direct-mapped L1 cache, and 2 MB 2-way associative L2 cache. The
cache line of L1 is 32 bytes consisting of two 16-byte subblocks, and L2 cache line
is 64 bytes. Due to the limited associativity and a relatively long L2 cache line, we
implemented only the blocking with padding algorithm to compare with blocking with
software buffer and the base reference.

We scaled the bit-reversal algorithms from n = 16 to n = 24. Figure 12 shows
the comparisons of CPE among blocking with software buffer, blocking with padding,
and the base program on the E-450 of 4 nodes, each of which has both “float” type
and “double” type. On this machine, we observed some performance improvement
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Fig. 12. Execution comparisons on Sun E-450 SMP of 4 processors: “bbuf-br” represents
the algorithm of blocking with software buffer; “bpad-br” represents the algorithm of blocking with
padding; and “base” represents the ideal base line reference.

when n ≤ 18 from the algorithm of blocking with padding over that of blocking with
software buffer.

However, when n > 18 of double type or n > 19 of float type, each processor
has to process a data set larger than its cache capacity. Multiple processors simul-
taneously access the memory through a shared data link would cause the contention
to degrade the performance. Since the data to be accessed from different processors
are distributed in different locations, a crossbar interconnection network to link each
processor to all the memory modules would significantly reduce the contention. The
E-450 does have a 5 × 5 crossbar to connect 2 pairs of processors, 2 I/O ports, and
the memory. The communications between the 4 processors the memory modules are
connected through the single memory data link. Figure 13 shows the crossbar in-
terconnections of the E-450 among the processors, the shared-memory modules, and
the 2 I/O ports. The contention occurs in the memory data link when the multiple
processors request memory accesses simultaneously.

We have observed severe performance degradation caused by the memory access
contention. Figure 12 shows that this contention makes the execution time curves of
the three programs jump sharply and merge together when n > 18 of double type
and n > 19 of float type. In contrast, on a single processor of E-450, accesses to
the memory through the memory bus have no contention so that the algorithms were
scaled well.

7.2. Performance comparisons on the HP 9000 V2200. HP 9000 V2200 is
a 1997 SMP product with up to 16 processors. We used 4 processors for performance
comparisons. Each node is a HP PA-8200 processor of 200 MHz with a 2 MB direct-
mapped L1 data cache. The cache line is 32 bytes. Due to limited associativity, we
implemented only the blocking with padding algorithm to compare with blocking with
software buffer and the base reference.

The HP SMP has a crossbar interconnection network, the HyperPlane crossbar, to
connect up to 8 pairs of processors to 8 memory modules. Multiple pairs of processors
can access different memory modules simultaneously. Each pair of the processors is
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Fig. 14. Execution comparisons on HP 9000 V2200: “bbuf-br” represents the algorithm of
blocking with software buffer; “bpad-br” represents the algorithm of blocking with padding; and
“base” represents the ideal base line reference.

connected to the crossbar through an adaptor called HyperPlane Runway Agent.
Figure 13 gives the interconnection structure of the HP 9000 V2200 of 4 processors.

In our experiments, the 4 processors are divided into 2 pairs which are connected
to 2 memory modules by a 2 × 2 hyperplane crossbar. Each pair of processors may
have contention to compete the adaptor, but the crossbar is able to allow simultaneous
data accesses among the memory modules. The negative performance effect due to
the data link contention observed on Sun E-450 was significantly reduced on the HP
SMP, which shows the effectiveness of the crossbar. Figure 14 shows comparative
execution time curves between the “float” and “double” types on E-450 in Figure 14.
The execution times of the 3 programs are quite stable and independent of the size of
n. Both the padding programs of the float type and of the double type outperformed
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Table 2
Summary of the blocking methods and their impact on the three aspects of performance (cross

interference, instruction count, and memory space) and on the program complexity. The perfor-
mance of “blocking only” method is the base line for comparisons. Note: + means that the method
quantitatively increases the factor and hurts the performance, and blank means it has no impact.
The program complicity is subjective and compared with the “block only” method, with 1 being a
slightly more complex, and 2 a moderately more complex.

Methods Cross Instruction Memory Program Comments
interference count space complexity

Blocking only 0 limited by data sizes.

Blocking with + + + 1 system independent.
software buffer

Blocking with 1 limited by the number
register buffer of available registers.

Blocking with works well on high
associativity 2 associativity caches.
and registers

Blocking with + 1 works well on
padding all systems.

a TLB size dependent
TLB blocking 0 outer loop, effective for

fully associative TLBs.

paddings by using L
TLB padding + 1 pages, effective for

set associative TLBs.

the blocking methods with buffer up to 40% and 18%, respectively. Their execution
curves almost merge together with the base reference curve.

8. Conclusion. We have examined and developed cache-optimal methods for
bit-reversal data reorderings. These methods have been tested on 5 representative
uniprocessor workstations of 1995 to 1999 products to show their effectiveness. Dif-
ferent methods have their own merits and limits. The blocking-only method is limited
by data sizes. Although the blocking-with-software-buffer method is architecture in-
dependent, it increases cross interference and instruction count and needs additional
memory space. The blocking-with-a-register-buffer method is fast but is limited by
the number of available registers. Blocking with associativity and with registers work
well on high associativity caches. We have shown that the methods of blocking with
padding, blocking for TLB, and padding for TLB can effectively exploit cache local-
ity and are almost independent on hardware. Thus, they could be widely used on
many uniprocessors workstations and SMP multiprocessors. We summarize different
techniques and their merits and limits in Table 2, which gives a guideline for applica-
tion users to choose a technique based on the size of the problem and the machines
available.

The methods have also tested on two commercial SMP multiprocessors. By ex-
ploiting cache locality of each processor, we have effectively eliminated the conflict
misses so that accesses to the shared memory and contention are minimized. However,
another potential bottleneck on SMPs is the data access contention to the shared-
memory. We show that crossbar interconnections between processors and memory
modules play an important role to parallel bit-reversal data reorderings.
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Appendix.
/* This is a padded bit-reversal program for cache optimization. */

void bit_reversal()

{

int blk, blk_rev, i, i_rev, j, jump = PAD_LENGTH, k;

int D = N >> 2*b, d = n - 2*b;

DATA_TYPE *Xp[B];

DATA_TYPE *Yp, f0, f1, f2, f3;

for (i = 0; i < B; i ++)

Xp[i] = &X[bitrev_tbl[i]*jump];

for (blk = 0; blk < D; blk ++) {

bitrev(blk, blk_rev, d);

for (i = 0; i < B; i ++) {

i_rev = bitrev_tbl[i];

k = (blk << b) + i;

Yp = &Y[(blk_rev<<b) + (i_rev<<(n-b))];

for (j = 0; j < B; j += 4) {

f0 = Xp[j][k];

f1 = Xp[j+1][k];

f2 = Xp[j+2][k];

f3 = Xp[j+3][k];

Yp[j] = f0;

Yp[j+1] = f1;

Yp[j+2] = f2;

Yp[j+3] = f3;

}

}

}

}
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APPLICATION TO THE METEOROLOGICAL MODEL MESO-NH∗
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Abstract. The adjoint code of a nonlinear computer model calculates gradients along a trajec-
tory that has to be known at integration time. When the storage of the whole trajectory requires
too large an amount of memory, the calculation of the adjoint code is split and is done part by part
from restart points called checkpoints. Griewank proposed a checkpointing method named Revolve,
which provides an optimal logarithmic behavior with respect to time and memory requirement. In
this work, some checkpointing schedules are proposed. Some of them correspond to special cases of
Revolve.

The user’s preference is essential to choose between time and memory requirements. This is
a key point for adjoint codes of temporal models such as the meteorological model Meso-NH that
may be used for weather forecasts. When the computational time is the top priority, a particular
checkpointing scheme allows computation of the adjoint code with at most one extra integration of
the model. The memory requirement behaves then as the square root of the number of iterations of
the model. Checkpointing schemes are tested on adjoint simulations of Meso-NH.

Key words. checkpointing algorithms, adjoint codes, inverse problems, nonlinear least squares,
three-dimensional (3D) meteorological simulations, leap-frog schemes
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1. Introduction. Computational methods using derivatives are now classical
for solving inverse problems through optimal control theory [14]. From a scientific
computing point of view, the latter are nonlinear least square calculations on a vec-
tor function that is defined as a solution of a partial differential equation problem.
Such optimization problems may be solved using gradients that are calculated via the
differentiation of the numerical code representing the original model.

According to theoretical bounds (see, for example, [17] and [6]), the reverse mode
of differentiation allows the generation of an adjoint code involving at most five times
the number of operations of the original model. However, this surprisingly low oper-
ation count requires the storage of the full trajectory. The trajectory is formed by the
values of the variables of the original model that may be used for the evaluation of
linearized statements. The calculation of the trajectory has to be performed before
(or during) the backward integration of the adjoint code. When the differentiated
codes require too large an amount of memory, a possible solution is to implement
algorithms such as Griewank’s Revolve checkpointing method (named Treeverse in
[7]), which provides an optimal logarithmic behavior in terms of time and memory
requirement.

More generally, the strategy to solve the trajectory problem arising in adjoint
computations is based on the classical idea of “divide and conquer.” Since the whole
trajectory cannot be stored, the calculation of the adjoint code is split and done part
by part from restart points called checkpoints. Extra forward iterations of the original
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model are then necessary to progress between checkpoints. The main problem is to
find a partition of the computations that minimizes the number of extra forward
iterations. The paper describes and analyzes several algorithms in order to facilitate
the user’s preference between computational time and memory requirement. Some
of them correspond to particular parameter choices in Revolve. Particular attention
is devoted to evolutionary problems solved using leap-frog schemes [1]. Numerical
tests are performed on the meteorological model Meso-NH [12] that may be used for
operational (real time) weather forecasts. The differentiation work that generates the
adjoint of Meso-NH was published in [2] and [1].

The layout of the paper is as follows. Section 2 introduces optimal control methods
suitable for the meteorological model Meso-NH and points out the problem of the size
of the trajectory. Section 3 presents checkpointing algorithms that allow the solution
of the trajectory problem, whereas the case of leap-frog schemes is discussed in section
4. Section 5 reports numerical results, and section 6 concludes on some discussion
about the efficiency of checkpointing schemes.

2. Computation of gradients. Derivatives are very helpful for a large number
of numerical methods in very different fields. For example, derivatives are usable for
performing sensitivity analysis of a numerical model with respect to perturbations
of its initial conditions, or for the validation of a model with respect to some of its
parameters. Likewise, inverse problems may be solved through gradient methods.
These are nowadays in use for weather forecasts [18].

2.1. Variational data assimilation process. Variational data assimilation
techniques [3], [13] are used in most of the operational meteorological models. Let Ω
be an open bounded domain of the atmosphere, let [0, T ] be the time interval, and let
X be the state variable belonging to the set X of admissible states of the atmosphere.
For the sake of simplicity, the governing equations that define the original model are
written in the following form:




dX

dt
= F (X) in Ω× (0, T ),

X(0) = X0 in Ω,
+ boundary conditions.

(2.1)

In the previous system, F is a nonlinear differentiable operator from X to X that
describes the dynamic behavior of the model, and X0 is the initial state. System (2.1)
is supposed to have a unique solution in X for all t ∈ [0, T ].

When studying the atmospheric circulation, the main goal to achieve has always
been weather forecasting, i.e., one wants to predict the state of the atmosphere af-
ter time T . This requires a good numerical model and the knowledge of a “good”
approximation of the state of the atmosphere at time T .

The aim of the data assimilation process is to find this good approximation by
including observed data in the model. Observed data Xobs ∈ Xobs that are acquired
during the interval [0,T ], for example, by surface stations and/or pilot balloons are
introduced into the numerical model by means of a cost function J : X −→ R such
that

J(X0) =
1

2

∫ T

0

||H(X)−Xobs||2dt.(2.2)
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The observation operatorH maps X to Xobs. LetXopt
0 be the solution of the nonlinear

least square problem

Find X0 such that J(X0) is minimal.(2.3)

A well-known necessary condition for the local optimality is then the stationarity
equation

∇J(X0) = 0.

As a consequence, the optimal state Xopt
0 is the initial state such that the solution X

of (2.1) fits at best the observed data. Meteorologists use the resulting solution X(T )
as a fair initial condition for forecasting experiments.

Algorithmic differentiation [8] proposes two methods for the calculation of the
gradient of J : the direct mode that generates tangent linear codes and the reverse
mode that generates adjoint codes. This paper is only concerned with the second one.
The reader is referred to [8] for more information on algorithmic differentiation.

2.2. Reverse mode of differentiation. Let the adjoint variable P be the so-
lution of the adjoint system


dP

dt
+

[
∂F

∂X
(X)

]∗
P = H∗(H(X)−Xobs) in Ω× (0, T ),

P (T ) = 0 in Ω,
+ boundary conditions,

(2.4)

where [ ∂F∂X (X0)]
∗ denotes the transposed Jacobian of F . One may prove [13] that the

gradient of J is given by

∇J = −P (0).(2.5)

According to (2.5), the computation of all the components of ∇J requires only a
single evaluation of the adjoint system. Moreover, theoretical results indicate that
the ratio between the number of operations of the adjoint statement and the number
of operations of the original statement is lower than 5 for any statement.

In the case of nonlinear equations, it is necessary to solve the original system (2.1)
to compute and to record the trajectory before the evaluation of the adjoint sys-
tem (2.4). This constitutes what one calls the forward sweep. The trajectory is then
restored to evaluate adjoint statements during the reverse sweep.

The management of the trajectory is often the key point of the adjoint code.
There exist essentially two manners for saving trajectory information in an adjoint
code. In the first one, parts of the trajectory are locally recomputed and stored using
local variables, while in the second one, the trajectory is stored on a last-in-first-out
stack. These options are discussed in [4]. Nevertheless, the size of the trajectory of a
model sometimes exceeds the memory capacities of a given computer.

2.3. The meteorological model Meso-NH. As an example, we study the
trajectory problem on the nonhydrostatic meso-scale meteorological model Meso-NH
(30,000 lines) developed by the Centre National de Recherches en Météorologie and the
Laboratoire d’Aérologie of Toulouse (France). In a summary, the governing equations
of the atmosphere are discretized using explicit finite difference methods in both
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time and space. The time-stepping is coded using a leap-frog scheme. An extensive
description of the Meso-NH package is given in [15] and [16].

Meso-NH has been differentiated [2] with respect to the state variables. Defined
on a large spatial grid, these are wind velocity components, dry potential temperature,
turbulent kinetic energy, six mixing ratios of water, N passive source terms (chemical
pollutants, for example), and pressure.

The differentiation work is carried out using the automatic differentiation tool
Odyssée [5] and appropriate posttreatments [2]. The resulting codes are gathered in
the MesODiF package [1]. The management of the trajectory is realized according to
the following two principles.

• Only state variables are stored at the beginning of each time-step (in the
main routine).
• A few local variables are recomputed at each iteration.

The original adjoint code, called OAC-MesODiF, performs a full forward sweep before
the full reverse one. The storage is realized on a fast disk of 1.2 giga-word space.

A first example is chosen in order to evaluate the performances of OAC-MesODiF.
The two-dimensional (2D) simulation trial takes place on a computational domain
(180 km× 15 km) containing a bell shaped mountain with an altitude of 500 m and a
base of 10 km. The domain is discretized by 90 points in the horizontal plane (x-axis)
that are duplicated 63 times in the vertical grid (z-axis). One notices that the same
code Meso-NH is used to perform 2D and three-dimensional (3D) simulations. This
is why three grid points are used in the y-direction even though one deals with a
2D simulation. One calculates wind components and temperature only. The physical
duration T of the simulation is 2,000 seconds with a time-step of 20 seconds. Finally,
the state vector is represented using 62,000 reals in that simulation.

Table 2.1 shows measurements of the execution time for an evaluation of
OAC-MesODiF.

Table 2.1
Runtime measurements and ratios of both Meso-NH and OAC-MesODiF.

Original code Adjoint code
Meso-NH OAC-MesODiF

CPU time 12.97 39.53
Ratio 1 3.05
Theoretical bound
for the ratio 1 5

As far as computational time is concerned, OAC-MesODiF is efficient since the
ratio between the CPU time of OAC-MesODiF and the CPU time of the original
model, rather equal to 3, is lower than the theoretical bound. Such performances
result from the trajectory management we have implemented. The other side of the
coin is that this management induces the construction of a trajectory that takes up
20% of the 1.2 giga-words of memory allowed by the computer we use.

2.4. Current meteorological simulations and trajectory problems. Usu-
ally the size of the trajectory is small when the original code is such that the number
of statements (written as a straight-line program) and the number of iterations are
small quantities. Iterative schemes do not always satisfy these constraints since the
size of the trajectory strongly depends on the number of iterations. One may distin-
guish evolutionary problems that have predicted costs, since the number of iterations
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is known, from fixed point algorithms like conjugate gradient or quasi-Newton meth-
ods. For that second class the number of iterations, related to the verification of a
stopping criterion, is unknown. This paper is devoted only to evolutionary problems.
The number of iterations is denoted by P .

A set of trial simulations with a physical meaning [12] is given in Table 2.2.

Table 2.2
Trial simulations for a meso-scale model.

Simulation Discretization Memory CPU
# grid points # time-steps mega-words seconds

Mountain waves (2D) 90× 3× 63 3000 2.4 167
Mountain waves 180× 3× 63 100 3.3 200
Mountain waves (3D) 128× 96× 180 889 110 7400
Baroclinic waves 96× 48× 33 4320 8.5 1886

Memory information (given in the 4th column) takes into account both state vari-
ables and local variables required to perform one time-step. For the sake of simplicity,
one assumes that this amount of memory is used at each iteration even though local
variables could be counted once.

Multiplying the amount of memory by the number of time-steps indicates that
trajectories are sometimes larger than the upper limit of 1.2 giga-words. Thus OAC-
MesODiF cannot be run.

3. Checkpointing algorithms. Many problems in computer sciences or nu-
merical analysis may be tackled by the so-called basic idea of “divide and conquer.”
This applies to the evaluation of adjoint codes: one divides the computations (i.e.,
the trajectory), and one performs recalculations into adjoint codes.

Griewank [7] proposed to save the state of the system from time to time during
runs of the original code. These are called checkpoints, and they allow for the com-
putation of parts of the trajectory without systematically coming back to the initial
point. In the following, the word “checkpoint” refers to the moment it is set, the
recorded data, and the number of the checkpoint. Checkpoints are stored on a stack
in a last-in-first-out manner. Forward sweeps and reverse sweeps are then done, part
by part, from checkpoints. A simple checkpointing algorithm reads as follows.

run the original code and store some checkpoints
(as described in sections 3.3.2 (Periodis scheme) and 3.4 (Twice scheme))

for all the checkpoints (taken in the reverse order)
restore the checkpoint
perform a forward sweep from the checkpoint to the previously removed
one (or to the P th iteration)
perform a reverse sweep down to the checkpoint
remove the checkpoint from the stack.

Checkpoints can be set at any point in a computational graph, but the remain-
ing problem is to know the active variables to be taped. Checkpointing is easy to
implement for time-stepping problems, where a natural point is the beginning of a
time-step. It is even easier for the adjoint of Meso-NH because the trajectory man-
agement already defines points (section 2.3) where state variables values are stored.

Using checkpointing algorithms introduces extra forward steps of the original code.
Regarding the computational time, this number of iterations Nit is chosen as a mea-
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sure for the performances of the algorithms. Forward sweeps that integrate the model
and store the trajectory are not counted in Nit since they are always performed once
during the adjoint code evaluation. One notices that checkpoints are not set during
a forward sweep; they are only set during evaluations of the original code. A second
measure is concerned with the maximal number K of checkpoints that need to be
kept in memory at any time.

From the user’s point of view, the choice of a checkpointing scheme essentially
depends on the particular code and the particular computer he deals with. An in-
teresting problem is then to find a partition for the calculations that minimizes the
number of extra iterations and/or the number of checkpoints. A large variety of
schedules is discussed in the following; some of them are derived from Griewank’s
Revolve [7].

3.1. Notations. The main iterative loop of the original model one deals with
solves an explicit finite difference scheme. For the sake of simplicity, one assumes that
the P steps of the loop have the same execution time and generate a trajectory of the
same size S.

A trajectory decomposes into two parts: on one hand state variables, and on the
other hand, local variables. The variables of the second part are local to an iteration,
i.e., the amount of memory needed for their storage is independent of the number
of iterations. For the sake of simplicity, in complexity estimates, trajectories are
nevertheless assumed to be of size S.

One denotes by

• RO the execution time used to perform one time-step of the original model,
• RT the execution time used to perform one time-step during a forward sweep,
• RA the execution time used to perform one time-step during a reverse sweep,

and
• RC the execution time and SC the amount of memory required to store a

checkpoint.

One observes that the storage of a checkpoint is generally far less time-consuming than
the execution of one time-step of a reverse sweep (RC << RA). Furthermore, SC is
usually much smaller than S because the trajectory generated during one iteration
includes many intermediate values that are saved for the reverse sweep.

The adjoint code of Meso-NH behaves differently since one may assume that
S = SC . This is due to the fact that state variables are read at the beginning of
each time-step of the reverse sweep, a few local recomputations depending on these
variables (section 2.3) being added to perform the backward integration.

In order to describe the schemes, one introduces the following three integer pa-
rameters:

• the maximal number K of checkpoints in memory,
• the maximal number times τ any particular time-step is repeated, and
• the maximal length ν of a forward sweep during which no checkpoints are

set.

3.2. Griewank’s Revolve routine. Griewank [7] proposes to split the evalua-
tion of the adjoint code with respect to a binomial law β that depends on parameters
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K and τ :

β(K, τ) =
(K + τ)!

K!τ !

=
(K − 1 + τ)!

(K − 1)!τ !
+

(K + τ − 1)!

K!(τ − 1)!
= β(K − 1, τ) + β(K, τ − 1).

(3.1)

The checkpointing schedule Revolve may be written as follows:
compute or choose adequate parameters K ≥ 0 and τ ≥ 0
CALL Revolve (1, P,K, τ)

RECURSIVE ROUTINE Revolve (B,E, k, t)
IF ( (E −B > t) and (k >0) ) THEN

store the checkpoint at time B (if it differs from the current checkpoint)
run the original model from B to I = B + β(k, t− 1)
CALL Revolve (I, E, k − 1, t)
restore the checkpoint (time B)
CALL Revolve (B, I, k, t− 1)

ELSE
restore the checkpoint (time B)
compute trajectories and evaluate the adjoint from E down to B
remove the checkpoint (time B) from the stack

END IF

The last-in-first-out process is well adapted to this recursive scheme:

• one stores a checkpoint if it differs from the current one,
• one always reads the last checkpoint of the stack, and
• one removes the last checkpoint after the adjoint evaluation.

One notices that the checkpoint at time B is stored once and restored twice at least.
In fact, the evaluation of the adjoint code may require several readings of the same
checkpoint, especially when trajectories are locally recomputed.

Assuming that the underlying iteration is a single step recurrence (ν = 1), one
proves the following results.

Theorem 3.1. Let P be the number of forward iterations.

1. The adjoint code is calculable by Revolve if and only if parameters K ∈ N
∗

and τ ∈ N
∗ are such that

P ≤ β(K, τ).

2. The minimal number of forward steps that are required to revert a sequence
of P time-steps storing up to K checkpoints at any time satisfies

Nit = τP − β(K + 1, τ − 1),(3.2)

where τ is chosen such that

β(K, τ − 1) < P ≤ β(K, τ).(3.3)

3. From among the checkpointing schedules satisfying the first two assertions,
there exists a scheme that minimizes the number of checkpoints settings.
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Proof. Assertions of Theorem 3.1 are proved in [7], [11], and [9].
One notices that the scheme described in [11] is similar to Revolve. It has been

incorporated into the automatic differentiation tool Odyssée [5] for generating adjoint
codes.

The following temporal and spatial costs, RRevolve and SRevolve , for the evaluation
of the adjoint code incurred{

RRevolve � NitRO + PRT + PRA,
SRevolve = νS +KSC .

(3.4)

For the choice K � τ one deduces from Stirling’s formula (see [7]) that the temporal
complexity, which is related to Nit, is of the order of P log(P ). The corresponding
spatial complexity is of the order of log(P ).

Leap-frog schemes are not single step recurrences. Hence Revolve as described
in [7] cannot be fairly compared to other schemes [1]. Fortunately, the assumption
“ν = 1” has been recently relaxed in [19] and [10]. To prove the optimality of Revolve
in such a case, A. Walther [19] introduces “mega-steps” that treat a few successive
iterates as a unique one.

3.3. Other checkpointing algorithms. The iterative problem with P itera-
tions is split into K ≥ 1 subproblems [tk−1, tk]k=1,...,K of νk ∈ N time-steps that are
supposed to be performed in one sweep. The partition is assumed to satisfy



0 = t0 < t1 < · · · < tK−1 < tK = P,
tk − tk−1 = νk ∀k ∈ {1, . . . ,K},
νk ≥ νk+1 ∀k ∈ {1, . . . ,K − 1},
K∑
k=1

νk = P.

(3.5)

3.3.1. Computation from the initial state (FISC ). For the sake of sim-
plicity, intervals are supposed to be of the same length ν, i.e.,

tk = kν ∀ k ∈ {0, . . . ,K}.
The parameter K must obviously be chosen such that P/ν ≤ K < P/ν+1. A unique
checkpoint, the initial state, is saved once. The original code reads the checkpoint
and runs without recording intermediate variables until the kth interval. A forward
sweep is then executed so as to generate the trajectory from iteration tk to iteration
tk+1; this trajectory is immediately used for the corresponding reverse sweep. The
process loops until the adjoint system is completely evaluated. When ν is equal to 1,
this schedule corresponds to Revolve (1, P, 1, P ): FISC is the upper bound of Revolve
in terms of time requirement and its lower bound in terms of memory requirement.

In Figure 3.1, the number of extra forward steps is clearly equal to the area
(computed using a rectangle method) of the triangle limited by forward and reverse
sweeps. This algorithm then induces Nit = K(K − 1)ν/2 extra forward iterations:
the temporal complexity is of the order of P 2. As a consequence, the expensive FISC
scheme must be avoided when the number of intervals is large. However, this simple
scheme could be used for a partition containing a few intervals (typically, 2 or 3).

3.3.2. Periodic distribution of checkpoints (Periodis). As in section 3.3.1,
the iterative problem is divided into K subproblems of length ν. A first forward
integration of the P iterations sets regularly the checkpoints that are used in reverse
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Fig. 3.1. Computation from the initial state (FISC).

order to evaluate, part by part, the adjoint code. This process is drawn in Figure 3.2.
If the amount of memory is sufficiently large, the original problem is solved twice:

• once to set the checkpoints (original code),
• once for the construction of each of the K parts of the trajectory (forward

sweeps).

This two levels scheme, which is called Periodis, induces Nit = (K − 1)ν � P extra
forward steps. Such a partition is well adapted to simulations in which computational
time is the main concern. On the other hand, Periodis requires a potentially large
amount of memory which varies linearly with respect to the number of iterations P .
This constraint is relaxed in section 3.4.

8ν

7ν

6ν

5ν

4ν

3ν

2ν

ν

0

8ν

7ν

6ν

5ν

4ν

3ν

2ν

ν

0

ν

ν

Te
m

po
ra

l i
te

ra
tio

ns

Read of a checkpoint Read of a checkpoint

(trajectory reading)

(extra iterations)
Original code

Checkpoint setting

Restore (checkpoint)

Forward sweep of length

Reverse sweep of length 

(trajectory storage)

0 1 2 0 1 2

Extra forward steps

Fig. 3.2. Periodic distribution of checkpoints (Periodis).

When ν = 1, this schedule is equivalent to Revolve (1, P, P, 1). In that case, check-
points are stored and restored once at every time-step. Afterward small computations
are performed to supply the remaining part of the trajectory (local variables). This
user-friendly strategy is used at the European Centre for Medium-Range Weather
Forecast (ECMWF, Reading, UK) for the evaluation of the adjoint code of the oper-
ational meteorological model IFS (global circulation model). Although it uses a large
amount of memory, the top priority at the European Center is given to the CPU time
because the purpose of any operational model is to provide a forecast in time.
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3.4. Distribution through arithmetic regression (Twice). The size of the
checkpoint stack and the size of the trajectory one can store between two successive
checkpoints may be managed with respect to the fixed amount of memory Q of a
computer.

As a consequence, one chooses parameters K and ν such that KSC and νS are
both smaller than Q. This is not always possible. A solution is then to partition the
calculations such that νk varies with respect to the number of checkpoints that are
already stored at time tk. Checkpoints are no longer assumed to be equidistant.

One searches couples (k, νk)k=1,...,K such that{
νk ≥ 1 ∀ k ∈ {1, . . . ,K},
νkS + kSC ≤ Q.(3.6)

Once the partition is determined, Twice runs as Periodis: the original model is inte-
grated twice. An integration of the original model is done to store the checkpoints that
are then used in reverse order to evaluate, part by part, the adjoint code. Drawn in
Figure 3.3, the Twice process is easy to implement. It may be viewed as Revolve (1, P,
K, 2), which first sets the K checkpoints and then performs forward sweeps. The
amount of memory released when removing a checkpoint is reused for trajectories
computations, i.e.,

νk ≥ νk+1 ∀ k ∈ {1, . . . ,K − 1}.
In some sense Twice is the lower bound of Revolve in terms of computational time
and its upper bound in terms of memory requirement.
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When SC = S, which is true for Meso-NH (section 3.1), one proves the following.
Theorem 3.2. Let P be the number of forward iterations, and let Q be the

quantity of available memory.
1. The adjoint code is calculable by Twice if and only if integers ν and K are
positive and such that


P ≤ ν(ν − 1)

2
,

νS < Q,

2ν − 1−
√

(2ν − 1)2 − 8P

2
≤ K ≤ ν − 1.

(3.7)
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2. The computational costs are equal to

Nit =

K−1∑
k=1

νk � P,
RTwice = NitRO + P (RT +RA) +KRC ,
STwice = νS � Q.

(3.8)

Proof. Assume that S = SC . Let ν be the largest positive integer such that

ν <
Q

S
.

If ν ≥ P , then the adjoint code is computable without the use of a checkpointing
algorithm. Otherwise, the construction of νk and tk according to (3.6) obviously
implies that

νk = ν − k ∀ k, 0 ≤ k < ν.

This means that intervals [tk−1, tk] (for all k, 0 ≤ k < ν) are such that

t0 = 0,

tk = tk−1 + ν − k =

k−1∑
l=1

νl + νk =

k∑
l=1

νl ∀ k, 0 ≤ k < ν.(3.9)

One observes that Twice can perform the backward iterations if and only if there
always exists a sufficient amount of memory for the storage of a trajectory of length νk,
i.e., νk needs to be a positive integer for all k ∈ {0, . . . , ν − 1}. Thus a sequence of P
time-steps can be reverted if and only if ν satisfies

P ≤
ν−1∑
l=1

(ν − l) =

ν−1∑
l=1

l =
ν(ν − 1)

2
.(3.10)

According to ν, the minimum number of checkpoints K < ν has to satisfy

P ≤
K∑
l=1

νl =

K∑
l=1

ν − l = Kν − K(K + 1)

2
,(3.11)

i.e.,

2ν − 1−√(2ν − 1)2 − 8P

2
≤ K ≤ ν − 1.(3.12)

One derives assertion 2 from the previous results.
It follows that the temporal complexity is independent of P as for Periodis,

whereas the spatial complexity decreases to O(
√
P ).

3.4.1. Bisection method (Bisection). For many numerical purposes such as
a search in an ordered table, a root finding, or the “all-to-all” parallel communication
scheme, it is hard to do better than bisection. For example, it will find the place
of any element, in a table of size P , in about log2 P tries. One may use a bisection
scheme (Figure 3.4) for adjoint calculations, too.
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In this section, checkpoints are at least lagged by ν iterations. The number K of
checkpoints which are required to revert the sequence of P iterations, and the number
of extra forward iterations, are such that


log2

(
P

ν

)
≤ K < log2

(
P

ν

)
+ 1,

Nit =
KP

2
.

(3.13)

It follows that the temporal complexity of the Bisection schedule is of the order
of P log(P ) for a spatial complexity of the order of log(P ). The complexities are
equivalent to those of Revolve. Nevertheless, due to constants, Revolve is better than
Bisection as far as actual extra forward steps are considered.

A bisection routine may be written as follows.
RECURSIVE ROUTINE Bisection (B,E, ν)
IF (E −B > ν) THEN

M = (E −B)/2
store the checkpoint at time B (if it differs from the current checkpoint)
run the original model from B to M
CALL Bisection (M,E, ν)
restore the checkpoint (time B)
CALL Bisection (B,M, ν)

ELSE
restore the checkpoint (time B)
compute trajectories and evaluate the adjoint from E down to B
remove the checkpoint (time B) from the stack.

ENDIF
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4. Leap-frog schemes and differentiation. Let F be a nonlinear differen-
tiable function. The staggered leap-frog method, which allows for solving the equation

∂X

∂t
= F (X) in Ω× (0, T ),

is defined as follows. Use the values of Xp at iteration p to compute (F pj )j = F (Xp)

on the spatial grid that discretizes Ω. Then compute new values Xp+1 using the time
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centered values of the function F :

X0 is given,
X1
j −X0

j = ∆tF 0
j ,

Xp+1
j −Xp−1

j = 2∆tF pj ∀p ∈ {1, . . . , P − 1}.
(4.1)

In the former equations ∆t denotes the length of the time-step.
A convenient way to code a leap-frog scheme is to use three variables that, re-

spectively, contain the values of the solution at iterations p− 1, p, and p+ 1. These
variables are denoted, respectively, by XM , XT , and XR. When p ∈ {1, . . . , P − 1},
(4.1) may be solved using the following sequence of statements:


XR = 2∆tF (XT ) +XM , computation of the model,
XM = XT , temporal advances,
XT = XR.

(4.2)

The computation of XR requires the knowledge of XM and XT . In particular, a
correct restart of a simulation from a checkpoint implies that one has saved the state
variables at the previous two iterations.

4.1. Differentiation of a leap-frog scheme. The adjoint model that corre-
sponds to the sequence of statements (4.2) is written as follows:



X̂R = X̂R + X̂T ,

X̂T = 0,

X̂T = X̂T + X̂M ,

X̂M = 0,

X̂M = X̂M + X̂R,

X̂T = X̂T + 2∆t

[
∂F

∂XT
(XT )

]∗
X̂R,

X̂R = 0.

(4.3)

Let us assume that the nonlinear term F (X) at iteration p depends only on values of
Xp, which is locally equal to XT in (4.2). Variable XM enters linearly in the right-
hand side of the first equation of (4.2). Therefore, the useful trajectory is limited to
XT . As a consequence, the memory required for the storage of the trajectory (XT ) is
twice smaller than the memory required for the storage of the state solution (XT , XM )
at a checkpoint.

Remark. Systems (4.2) and (4.3) were introduced in order to explain the underly-
ing property of the adjoint of some leap-frog schemes. However, the useful trajectory
is limited to XT even if function F is nonlinear in both XM and XT . This is due to
the fact that temporal advances assign XM to XT , and one can read the trajectory
in advance to get XM : storing XM and XT is a redundant task.

4.2. Leap-frog scheme of Meso-NH. In meteorological and oceanic models,
time-stepping is achieved by a basic leap-frog scheme associated with an Asselin filter
applied at each time-step in order to avoid time splitting. Variables XM and XT are
filtered using linear combinations of values of XM , XT , and XR:


XR = 2∆tF (XT ) +XM , computation of the model,
XM = ηXM + (1− 2η)XT + ηXR, temporal advance with a filter,
XT = XR.

(4.4)
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The coefficient η is positive real and η < 0.5. Checkpoints are again formed by values
of XM and XT . On the other hand, trajectories require

• XT if function F is nonlinear in XT only, and
• (XM , XT ) if function F is nonlinear in the two variables. This occurs when a

numerical horizontal diffusion is applied on the fluctuations of state variables.
The trial simulation presented in section 2.3 satisfies F = F (XT ). Let U , W , Θ,

and Φ denote the variables used for the wind fields, the temperature, and the pressure,
respectively. These are 3D arrays. Indexes M , T , and R are used to distinguish iterates.
Since the model equations are nonlinear in XT = {UT , WT , ΘT } only, the knowledge
of XT is sufficient to evaluate one time-step of the adjoint integration. On the other
hand, a restart of the Meso-NH model from a given checkpoint requires the knowledge
of the two sets of variables XM = {UM , WM , ΘM , ΦM} and XT . As a consequence,
one has the following ratio:

SC
S

=
memory for one checkpoint

memory for a trajectory of one step
=

#XM + #XT
#XT

=
7

3
,

where #XM is the cardinal number of the set XM .
Remark. The variable ΦT does not belong to XT because of the anelastic approx-

imation used to solve the pressure equation.
When the code is governed by a leap-frog scheme such as defined before, the size

of the useful trajectory may be reduced up to a factor 2. Larger simulations may be
tackled without a checkpointing scheme. Otherwise, Periodis and Twice can easily
take into account this property. This allows us to store more time-steps between two
successive checkpoints and to run larger simulations. Revolve also takes into account
the gain in memory related to leap-frog schemes as soon as one implements the original
model with mega-steps of length ν = 2 (see [19] for details).

Whatever the chosen scheme is, the gain in memory can be changed into a gain
in CPU time since one may run simulations twice longer in terms of iterations.

5. Numerical results. The Meso-NH model is used to compare the schemes.
The results indicate only the general behavior in CPU time of adjoint computations
performed with checkpointing schemes. This choice is relevant when one deals with
an optimization process that integrates the adjoint code several times. The reader is
referred to [9] for details on the memory requirement of Revolve.

5.1. Temporal cost of checkpointing schemes. The following two graphs
indicate the computational time in an arbitrary unit spent to evaluate the adjoint code
of Meso-NH with respect to the number of iterations P ∈ {10, 20, 40, 80, 160, 320}.
Checkpoints are set every ν =10 steps for FISC, Periodis, and Bisection.

In order to allow fair comparisons, the same quantity of memory is used for
Bisection (νB = 10, KB = log2(P/ν)) and Revolve (νR = 1, KR = νB +KB). Twice
uses the same amount of memory as Bisection as far as P ≤ 160, whereas KT = 18
checkpoints and a maximal length νT = 36 are required to reverse 320 iterations.

The quadratic behavior of FISC, computations from the initial state, appears
clearly in Figure 5.1. In Figure 5.1 one observes the affine behavior of the two levels
scheme Twice. The numbers of iterations of Periodis and Twice differ only by a few
units. They almost lead to the same curve because computations were done using a
fast access disc. As expected, one obtains the CPU time of these schemes when one
adds the CPU time of OAC-MesODiF to the CPU time of the original model.

Revolve results are almost similar to those obtained with Periodis when using
mega-steps of length ν = 2 that are adapted to the leap-frog process. One notices
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Fig. 5.1. Computational time of checkpointing algorithms.

that the improvement proposed in [19] is important since the results are really better
than those obtained using Revolve with ν = 1. From a theoretical point of view,
the logarithmic growth applies only when parameters K and τ of Revolve are chosen
according to formula (3.3). One notices that choosing a larger parameter K allows
one to reduce the number of extra iterations.

The numerical logarithmic behavior of the bisection scheme is in good agreement
with the theory. One observes that Revolve (ν = 1) reaches a better compromise
between time and memory requirements than Bisection (ν = 10). This is a general
result (depending on constants) when comparing the two schemes.

5.2. Trial meteorological simulations. Each of the trial meteorological sim-
ulations described in section 2.3 can be run with a suitable algorithm. The priority is
again given to the CPU time at the expense of the use of a large amount of memory
(1.2 giga-words). In Table 5.1 the performances are measured with respect to the
number of extra forward steps Nit.

Table 5.1
Checkpointing scheme for large meteorological simulations.

Simulation P Memory (SC) Scheme (ν,K) Nit

mega-words
Mount. waves (2D) 3000 2.4 Twice (200,111) 2889
Mount. waves 100 3.3 not necessary 0
Mount. waves (3D) 889 110 Revolve (ν = 1) (4,10) 3192
Baroclin. waves 4320 8.5 Twice (140,140) 4180

6. Conclusions. Periodis and Twice schemes are easy to implement and are
good in terms of computational time since the evaluation of the adjoint code requires
only two integrations of the original code: one for setting the checkpoints and another
one for the construction of each of the K parts of the trajectory.



2150 I. CHARPENTIER

It appears that the evaluation of the adjoint code of the meteorological model
Meso-NH can usually be realized with the Twice scheme. This is especially true when
the iterative scheme of the model is governed by a leap-frog method as described in
section 4. However, one notices that Revolve [19] always offers an optimal solution.

In the examples it appears that the ratio between the CPU time of the calculation
of one gradient with the adjoint code of Meso-NH and the CPU time of the evaluation
of the original model is equal to

• 3 when OAC-MesODiF applies (the amount of memory is sufficient to store
all the trajectory),
• 4 when one has enough memory to run Twice or Revolve (1, P,K, 2) (ν = 2),
• 5.6 for the 3D mountain waves simulation described in Tables 2.2 and 5.1

when using Griewank’s Revolve subroutine (ν = 1).

In conclusion, checkpointing algorithms allow for gradient computations of applica-
tions that require the storage of large trajectories.
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Abstract. A new finite volume method for solving the incompressible Navier–Stokes equations is
presented. The main features of this method are the location of the velocity components and pressure
on different staggered grids and a semi-Lagrangian method for the treatment of convection. An
interpolation procedure based on area-weighting is used for the convection part of the computation.
The method is applied to flow through a constricted channel, and results are obtained for Reynolds
numbers, based on half the flow rate, up to 1000. The behavior of the vortex in the salient corner
is investigated qualitatively and quantitatively, and excellent agreement is found with the numerical
results of Dennis and Smith [Proc. Roy. Soc. London A, 372 (1980), pp. 393–414] and the asymptotic
theory of Smith [J. Fluid Mech., 90 (1979), pp. 725–754].
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1. Introduction. In this paper a semi-Lagrangian finite volume method is pre-
sented for solving incompressible flows of Newtonian fluids. This approach is shown
to be particularly well suited to solving the Navier–Stokes equations for which the
discretization of the governing equations is well known to be crucial when the flow is
convection dominated. Numerical difficulties can occur for large values of the Reynolds
number, a nondimensional quantity which measures the relative importance of con-
vection compared to diffusion. Central difference schemes, which perform well for
low Reynolds number flows, are prone to numerical difficulties for higher Reynolds
numbers. For low Reynolds numbers central difference schemes produce a diagonally
dominant system of equations which can be solved without any difficulty using stan-
dard relaxation techniques. At higher Reynolds numbers diagonal dominance is lost
with the result that one can encounter problems using the same schemes. These dif-
ficulties can manifest themselves in several ways. For example, relaxation techniques
may fail to converge, and if a solution is obtained for the steady problem, it may
exhibit physically unrealistic oscillations.

A popular finite volume approach for overcoming the difficulties associated with
the treatment of convection uses interpolation biased towards the upwind direction
when the flow is convection dominated. Low-order interpolation invariably results in
artificial or false diffusion being added to the scheme. The effect of this is a degra-
dation in accuracy. Higher-order interpolation schemes such as quadratic upwind
interpolation for convection kinematics (QUICK) [6] and SMART [9] increase the
complexity of the scheme and create difficulties near boundaries. In the presence of
high gradients, they may additionally produce overshoot or undershoot values. Non-
linear flux limiting functions may be used in conjunction with high-order upwinding
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techniques to prevent the appearance of over- or undershoots. The underlying idea
behind these techniques is to control the gradients of the computed solution through
the use of total variation diminishing schemes (TVD) schemes (see Hirsch [1] for a
comprehensive review of this subject). It is the treatment of convection together with
the positioning of the mesh points that distinguish one finite volume method from
another.

In time-dependent calculations standard finite volume schemes possess time-step
restrictions due to stability. These may be more severe than the conditions imposed
by accuracy considerations alone. When particle following techniques are used the
stability conditions are much less restrictive. However, the unrestricted movement of
the points used in Lagrangian methods, which involves following a fixed set of particles
throughout the flow, introduces other difficulties. For example, a set of fluid particles
which is initially regularly distributed soon becomes greatly deformed, in general,
and is thus rendered unsuitable for numerical integration. Semi-Lagrangian meth-
ods avoid this difficulty while still following particles. A semi-Lagrangian method
for treating the convection term, in which particles on a regular grid of points are
traced backwards over a single time-step to their departure points, provides the focus
of this paper. Although semi-Lagrangian finite volume methods have been developed
for advection problems [22, 24, 25], this paper describes their application to problems
in Newtonian computational fluid dynamics. This scheme circumvents the problems
associated with upwind biased interpolation schemes, possesses less restrictive sta-
bility requirements, and combines the advantages of fixed grids inherent in Eulerian
methods with modifications to the location of grid points at previous time-steps based
on the Lagrangian approach.

The remaining terms in the governing equations are treated implicitly and are
discretized by integrating over an appropriate control volume. The discrete equations
are solved using the semi-implicit method for pressure linked equations revised (SIM-
PLER) [19] algorithm. Therefore, this approach may be viewed as a time-splitting
scheme in which the different operators in the governing equations are discretized by
appropriate techniques.

The emphasis in this paper is on the semi-Lagrangian treatment of convection.
This can only be accomplished within the framework of time-splitting schemes for
time-dependent problems. Therefore, the proposed semi-Lagrangian finite volume
method is described for time-dependent problems even though, in this paper, it is
only used as a means of reaching the steady state solution. The temporal accuracy
of the scheme depends on the discretization of the characteristic paths as well as
the temporal discretization of the governing equations. Since a first-order scheme
is used for the latter, there is no advantage in using a higher-order scheme for the
characteristic calculation. The development of high-order discretizations for all the
component parts of the proposed scheme is an area of ongoing activity.

The important features of the method are illustrated on a pure convection problem
before it is applied to the flow through an abruptly contracting channel in which the
ratio of the channel widths before and after the contraction is 2:1. Numerical results
are presented for Reynolds numbers in the range [0,1000]. The behavior of the vortex
in the salient corner is investigated, and comparisons are made with other results in
the literature. Smith [12] developed an asymptotic theory for the flow upstream of
the contraction. Good agreement is shown with this theory for the location of the
upstream separation point for Reynolds numbers greater than about 100. The size of
the salient corner vortex decreases as the Reynolds number increases from 0 to around
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50. As the Reynolds number is increased further, the vortex grows slowly.

This paper is organized as follows. In section 2 the governing equations and
flow geometry are described. The location of the dependent variables on a staggered
grid and the conventional finite volume discretization of the governing equations are
described in section 3. In section 4 we describe the semi-Lagrangian treatment of
the convection terms. In section 5 we show how this is incorporated into a solution
procedure for solving the Navier–Stokes equations based on the SIMPLER algorithm.
Numerical results and comparisons with other work are presented in section 6. Finally,
concluding remarks are made in section 7.

2. Governing equations. We consider the laminar flow of an incompressible
fluid of viscosity η through an abruptly contracting channel with walls at y = ±1 for
x < 0, y = ± 1

2 for x > 0, and 1
2 ≤ |y| ≤ 1 for x = 0. A schematic diagram of the lower

half of this geometry is shown in Figure 1. Upstream of the contraction we impose
parabolic Poiseuille flow, and we suppose that the flow is parabolic again far enough
downstream. Since the flow is symmetric about y = 0, it is only necessary to seek a
solution for y ≤ 0.

Fig. 1. Geometry for the 2:1 planar contraction.

The time-dependent Navier–Stokes equations are

ρ

[
∂u

∂t
+ u.∇u

]
= η∇2u−∇p,(2.1)

∇.u = 0,(2.2)

where u = (u, v) is the velocity vector, p is the pressure, and ρ is the density. Nondi-
mensional quantities are defined as

x∗ =
x

L
, t∗ =

Ut

L
, u∗ =

u

U
, p∗ =

p

ρU2
,

where U is a characteristic flow speed and L is a characteristic length scale of the
flow. With the Reynolds number, Re, defined by

Re =
ρUL

η
,

we may write the Navier–Stokes equations in dimensionless form. In two-dimensional
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component form they are

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

1

Re

[
∂2u

∂x2
+

∂2u

∂y2

]
− ∂p

∂x
,(2.3)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=

1

Re

[
∂2v

∂x2
+

∂2v

∂y2

]
− ∂p

∂y
,(2.4)

∂u

∂x
+

∂v

∂y
= 0,(2.5)

where we have dropped the ∗ notation for ease of notation.
For the contraction problem the characteristic length scale (L) is chosen to be the

downstream half-channel width, and the characteristic flow speed (U) is chosen to be
the mean velocity across half of the downstream channel. Therefore, the boundary
conditions are given by

u = 0 on y =

{ −1 forx ≤ 0,
− 1

2 forx ≥ 0,

u = 0 on x = 0 for −1 ≤ y ≤ −1
2
,

v = 0,
∂u

∂y
= 0 on y = 0,

u→ 3

2
(1− y2), v → 0 as x→ −∞,

u→ 3(1− 4y2), v → 0 as x→∞.

3. Finite volume discretization. The finite volume method is generally ap-
plied to a system of differential equations written in conservation form, e.g.,

∂w

∂t
+

∂f

∂x
+

∂g

∂y
= S,(3.1)

where w is the vector of unknowns, f and g are vector functions of x = (x, y), w,
and ∇w, and S is the source term. In this paper we consider cell center finite volume
methods. These methods are closely related to finite difference methods.

A grid is placed on the computational domain, and a control or finite volume is
associated with each unknown on the grid. Each component equation of (3.1) is inte-
grated over the appropriate control volume. Finite difference type approximations are
then used to approximate line integrals over each side of the control volume. There is
a number of ways of doing this, each leading to a numerical scheme satisfying certain
properties. In the finite volume formulation mass and momentum are conserved over
every control volume and therefore over the whole computational domain. The prop-
erty of conservation of physical quantities, which is preserved by the discrete system,
is one of the attractions and advantages of the finite volume method.

A staggered grid is used in which the different dependent variables are approxi-
mated at different mesh points (see Figure 2). This type of mesh arrangement ensures
that the solution is not polluted by spurious pressure modes. On a nonstaggered mesh
the familiar checkerboard mode is present.
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Fig. 2. A staggered grid depicting the control volumes for (a) u-momentum equation, (b)
v-momentum equation, and (c) continuity equation.

Table 1
Definition of the symbols in the general equation (3.2).

Equation φ δ Γ Sφ

u-momentum u 1 (Re)−1 − ∂p
∂x

v-momentum v 1 (Re)−1 − ∂p
∂y

continuity 1 0 0 0

Each of the governing equations (2.3)–(2.5) can be cast into the general conser-
vative form

δ
∂φ

∂t
+

∂

∂x

(
uφ− Γ

∂φ

∂x

)
+

∂

∂y

(
vφ− Γ

∂φ

∂y

)
= Sφ,(3.2)

where δ and Γ are constants and φ and Sφ are functions that are defined depending
on the particular equation under consideration (see Table 1 ).

Equation (3.2) is discretized in time using the backward Euler method with time-
step ∆t to give

∂

∂x

(
uφn+1 − Γ

∂φn+1

∂x

)
+

∂

∂y

(
uφn+1 − Γ

∂φn+1

∂y

)
= Sn+1

φ − δ

∆t
(φn+1 − φn),

(3.3)

where φn+1 denotes the approximation to the variable φ at the (n + 1)th time-step.
Note that this semidiscrete scheme can be used as the basis for determining solutions
to transient or steady problems.

The finite volume methodology proceeds by integrating (3.3) over a control volume
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Fig. 3. A general control volume.

(see Figure 3, for example) and using the divergence theorem. This yields the equation∫ t

b

[(
uφn+1 − Γ

∂φn+1

∂x

)
r

−
(

uφn+1 − Γ
∂φn+1

∂x

)
l

]
dy

+

∫ r

l

[(
vφn+1 − Γ

∂φn+1

∂y

)
t

−
(

vφn+1 − Γ
∂φn+1

∂y

)
b

]
dx

=

∫ t

b

∫ r

l

[
Sn+1
φ − δ

∆t
(φn+1 − φn)

]
dxdy.(3.4)

Each of the integral terms on the left-hand side of (3.4) represents a transport by
convection and diffusion through the relevant control-volume face. All schemes use
central differences to approximate the diffusive flux across each face. For example,
across the vertical face passing through the point r we have(

∂φ

∂x

)
r


 φR − φP
∆x

.(3.5)

It is the approximation of the convective flux which differentiates one finite volume
scheme from another. We shall review briefly some of the common approaches, many
of which are based on some form of upwinding to retain accuracy and stability when
convection dominates diffusion.

A central difference approximation to the convective flux would take the form

(uφn+1)r 
 unr
(φn+1
R + φn+1

P )

2
,(3.6)

for example. Note that the velocity component u is frozen at its value from the
previous time-step. In steady calculations it would be frozen at its value from the
previous iteration since iterative methods are generally used to solve the algebraic
equation resulting from a finite volume discretization. Therefore, in the case of the
u-momentum equation, we arrive at the discretization

APun+1
P = ARun+1

R + ALun+1
L + ATun+1

T + ABun+1
B

+
unP∆x∆y

∆t
+ (pn+1

l − pn+1
r )∆y,(3.7)
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where

AR = −Fr
2

+ Dr,

AL =
Fl
2

+ Dl,

AT = −Ft
2

+ Dt,

AB =
Fb
2

+ Db,

AP = AR + AL + AT + AB + Fr − Fl + Ft − Fb +
∆x∆y

∆t
,(3.8)

and Fr = unr∆y, Dr =
1
Re

∆y
∆x , etc.

The local truncation error for the central-difference approximation is second-
order. An essential requirement for a bounded solution is that all the coefficients
Anb, where the subscript nb refers to the neighbors of P, should be of the same sign,
usually all positive. If the resulting system of equations is diagonally dominant, then
many of the standard iterative methods can be used, and convergence is guaranteed.
This property is assured, and oscillatory solutions arising from negative roots to the
characteristic equation are prevented, if the following conditions are satisfied:

Anb > 0 and AP ≥ −(AR + AL + AT + AB).(3.9)

However, looking at the coefficients given in (3.8), we see that in some circumstances
some coefficients Anb may become negative. Thus for convergence to be guaranteed
we require the mesh Peclet number given by

Pe =
F

D
,

where F = u∆y and D = 1
Re

∆y
∆x , to be less than 2 in order to satisfy this boundedness

criterion, i.e.,

uRe∆x < 2,

or

∆x <
2

uRe
.(3.10)

Similarly, we also require

∆y <
2

v Re
.(3.11)

For Pe > 2 the scheme may converge but to physically unrealistic solutions. This
means that the central-difference method is limited to low values of Re unless the
mesh is suitably refined so that conditions (3.10) and (3.11) are satisfied. Since this
would be computationally expensive, the central-difference technique is not suitable
for convection-dominated flow problems.

From a physical point of view central difference schemes are not suitable for
convection dominated problems because the direction of the flow is not used in the
derivation of the approximation. The upwind scheme takes this into account and
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proposes that the value of u at the interface is equal to the value of u at the grid
point on the upwind side of the face, i.e.,

un+1
r =

{
un+1
P if unr > 0,

un+1
R if unr < 0.

(3.12)

This approximation again leads to an equation of the form (3.7), but now the coef-
ficients satisfy the boundedness criterion (3.9) for all Reynolds numbers. The local
truncation error for the upwind scheme is first order. Since the upwind scheme is sim-
ple to use, it has been widely applied in applications in computational fluid dynamics.
It is easily extended to three-dimensional problems. However, a major drawback with
the scheme is that it causes the distribution of the transported properties to become
smeared, particularly when the flow is not aligned with the grid lines. The error has
a diffusion-like appearance and is referred to as artificial diffusion. Refinement of the
grid can overcome this problem, but it is expensive. At high Reynolds numbers the
error due to artificial diffusion can be large enough to give physically incorrect results.

In an attempt to reduce the amount of false diffusion present in the simple upwind
scheme and to improve the overall accuracy of the finite volume scheme Leonard [6]
introduced the QUICK scheme to approximate the convective fluxes. This scheme is
based on the use of a second degree polynomial biased toward the upstream direction
to interpolate the value of the dependent variable, ur, at each face of the control
volume.

�
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Fig. 4. A control volume for use with the QUICK scheme.

This leads to a third order approximation possessing a larger stencil as shown in
Figure 4. A drawback of the scheme is that the coefficients corresponding to points
R, L, T, and B are not guaranteed to be positive and the coefficients correspond-
ing to points RR, LL, TT, and BB are negative. Thus the QUICK scheme is only
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conditionally stable, and there is a tendency for QUICK to give oscillatory results.
Furthermore, the conversion of this method to a three-dimensional scheme is likely
to cause more difficulties than the upwind method due to the extra terms in the
momentum equations.

In this paper we have pursued an entirely different approach to the treatment of
convection. Instead of using upwinding to stabilize the scheme at moderate values
of the Reynolds number, we have chosen to treat convection in a semi-Lagrangian
manner. This is described in the next section.

4. A semi-Lagrangian approach. The underlying problem with the tradi-
tional finite volume treatment of convection diffusion problems is that the convection
term is discretized using what is essentially a technique that has been constructed
and tested for diffusion problems. Upwinding attempts to redress the situation as
far as convection is concerned by giving some weighting to the convection part of the
problem. The approach adopted in this paper is a time-splitting technique in which
we decouple the treatment of convection and diffusion and use appropriate methods
of discretization for each subproblem. Over each time interval [tn, tn+1] we solve a
convection equation of the form

∂u

∂t
+ un.∇u = 0,(4.1)

followed by the solution of an unsteady generalized Stokes problem

∂u

∂t
− 1

Re
∇2u+∇p = 0,(4.2)

∇.u = 0.(4.3)

The natural frame of reference in which to solve (4.1) is defined by the particle
following transformation

dξ(t)

dt
= un(ξ(t), η(t), τ),

dη(t)

dt
= vn(ξ(t), η(t), τ),

dτ(t)

dt
= 1,

(4.4)

where ξ and η are the spatial variables and τ is the temporal variable. For x = (x, y) ∈
R2 the solution of the system of ordinary differential equations (4.4) for t ∈ [tn, tn+1]
subject to

ξ(tn+1) = x, η(tn+1) = y, τ(tn+1) = tn+1,(4.5)

is a continuous curve, known as the trajectory, in space-time passing through the
point (x, y, tn+1). After applying a transformation which satisfies (4.4), the governing
equation for u becomes

du

dτ
(ξ, η, τ) = 0.(4.6)

Thus smooth solutions of (4.1) are constant along the characteristic paths [18].
In this section we concentrate on the novel features of our finite volume scheme

which is the discretization of (4.1) using a semi-Lagrangian approach. This approach
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differs from that proposed by Manson and Wallis [25]. The scheme of Manson and
Wallis [25] was developed for pure advection problems in one dimension and is based on
a fractional-staged strategy that combines a conventional control volume discretization
over a partial time-step τ∆t (0 < τ < 1) with a semi-Lagrangian treatment over the
partial time-step (1−τ)∆t. The value of τ is chosen to avoid the need for interpolation
in the semi-Lagrangian part of the calculation. The solution of (4.2) and (4.3) follows
standard finite volume methodology. The discrete formulation of this problem can be
solved using the SIMPLER approach, for example.

The computational domain is partitioned into a number of nonoverlapping control
volumes or cells, Ci,j . This grid, known as the reference grid, remains fixed in space
for all time. Consider the mesh associated with one of the dependent variables, φ,
say, where φ = u or v. Let Ci,j be one such control volume. Let the positions of the
corners of cell Ci,j be located at the points Xi±1/2,j±1/2 = (xi±1/2, yj±1/2). Particles
which arrive at these four corner points at time t = tn+1 were located at the vertices
of some cell, which is to be determined as part of the solution process, at time t = tn.
In general, this will be a deformed control volume which may lie anywhere on the
underlying grid or indeed outside the domain if the time-step is sufficiently large. We
approximate this cell by a quadrilateral C∗n

i,j , formed by joining the departure points
by straight line segments.

Associated with each cell Ci,j at each time tn = n∆t an approximation is intro-
duced, denoted by φ̄ni,j , to the cell average of φ(x, y, tn), i.e.,

φni,j ≈
1

∆xi∆yj

∫ ∫
Ci,j

φ(x, y, tn) dxdy,(4.7)

where

∆xi = xi+1/2 − xi−1/2, ∆yj = yj+1/2 − yj−1/2.

Note that φni,j will, in general, be distinct from the pointwise approximation to
φ(xi, yj , tn).

An approximation to the solution of (4.1) is given by

φ̄n+1
i,j = φ̄∗n

i,j ,(4.8)

where

φ̄∗n
i,j ≈

1

∆xi∆yj

∫ ∫
C∗n

i,j

φ(x, y, tn) dxdy.(4.9)

Thus there are two stages to the numerical calculation at each time-step. In the first
stage the departure points are determined. These are the vertices of the cells C∗n

i,j .
In the second stage the cell average values of φ∗n are determined from a knowledge
of the cell average values of φ at time t = tn on the reference grid. These values
are then inserted into the discretized versions of equations (4.2) and (4.3) in order to
determine the values of velocity and pressure at the new time-step.

4.1. Calculation of departure points. The departure points at time tn of
each point on the reference grid are determined by solving the particle following
transformation (4.4) for t ∈ [tn, tn+1], subject to

ξ(tn+1) = xi+ 1
2 ,j+

1
2
, η(tn+1) = yi+ 1

2 ,j+
1
2
, τ(tn+1) = tn+1.(4.10)
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This computation is performed for each grid point, i.e., for a suitable range of values
of i and j in (4.10). The solution of this problem describes the path of the particle
that passes through the grid point

Xi+ 1
2 ,j+

1
2
= (xi+ 1

2 ,j+
1
2
, yi+ 1

2 ,j+
1
2
)

at time t = tn+1. Each of these paths is traced backwards in time over one time-step.
For example, if Ci,j represents a control volume for the u component of velocity, then
the following one-step method may be used to determine the positions of the corners
of C∗n

i,j :

x∗n
i+ 1

2 ,j+
1
2
= xn+1

i+ 1
2 ,j+

1
2

− ∆t

4
(uni,j + uni+1,j + uni,j+1 + uni+1,j+1),

y∗n
i+ 1

2 ,j+
1
2
= yn+1

i+ 1
2 ,j+

1
2

−∆tvni+ 1
2 ,j+

1
2
,(4.11)

where subscripts indicate grid locations and superscripts indicate the time-step. The
above scheme is first-order in time. Higher-order schemes in time may also be used.

4.2. Calculation of area-weighting coefficients. At the beginning of each
time-step the values of φni,j are known in all control volumes. Given the location of the
departure points of the reference grid at time tn, the values φ∗n

i,j must be determined.
This approximation is generated by means of an area-weighting technique which uses
a weighted sum of the values of φn over the control volumes on the reference grid
which overlap with cell C∗n

i,j . Area-weighting techniques are not new, and they have
been demonstrated to possess attractive stability properties. They were originally
developed by users of particle-in-cell methods [21, 20]. In the Lagrange–Galerkin finite
element method the evaluation of inner products using nonexact integration must be
performed with great care [3]. Large classes of well-known quadrature rules lead to
conditionally unstable schemes. However, the use of area-weighting can restore the
stability properties of the exactly integrated schemes, albeit with a slight degradation
in accuracy. In the application of this technique the centroid of each element is
tracked, and the whole element is deemed to move without distortion and rotation.
However, in the present application of the technique the control volumes are allowed
to move with distortion and rotation.

The first-order area-weighting scheme of Scroggs and Semazzi [4] for determining
the value of φ∗n

i,j is

φ∗n
i,j =

1

∆xi∆yj

∑
I,J∈Z

ωI,Ji,j φ̄nI,J ,(4.12)

where ωI,Ji,j is the common area between C∗n
i,j and CI,J , i.e., the area of CI,J ∩C∗n

i,j , and
Z is the set of indices of all the points in the computational domain. This involves
determining how the cell C∗n

i,j intersects with the control volumes in the fixed grid at
time tn and then to perform an area weighting based on the amount of overlap. Al-
though this procedure is a straightforward exercise in coordinate geometry, it requires
careful programming. Details can be found in Williams [17]. This scheme possesses
the important property that when it is applied to systems of conservation laws the
numerical approximation preserves the discrete conservation property identically, i.e.,∑

i,j∈Z
u∗n
i,j =

∑
i,j∈Z

un+1,(4.13)
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if the boundaries of each control volume CI,J remain inside the computational domain
from time tn to tn+1 since ∑

i,j∈Z
ωI,Ji,j = area of CI,J .(4.14)

Higher-order extensions of this scheme have been derived by Phillips and Williams
[16] and have been applied to conservation laws. In particular, Phillips and Williams
[16] apply the first-order and higher-order schemes to a rotating disk test problem.
The results which have been obtained fully demonstrate the conservation properties
of all the schemes.

5. Stability and accuracy. In this section we investigate the stability and
convergence properties of the semi-Lagrangian scheme on a pure convection problem
in one space dimension. Consider the scalar conservation law

∂φ

∂t
+ a

∂φ

∂x
= 0, x ∈ R, 0 < t < T,(5.1)

where a is a function of x and t, and T is some finite time, with the initial condition

φ(x, 0) = φ0(x), x ∈ R.(5.2)

Assume a uniform distribution of grid points {xj : j ∈ Z} in the x direction with
xj = jh. The discretization of this equation using the semi-Lagrangian scheme (4.8)
and (4.12) is

φ̄n+1
j = φ̄∗n

j ,(5.3)

where

φ̄∗n
j = α̂φ̄nj−m−1 + (1− α̂)φ̄nj−m,(5.4)

where

α̂ = α−m, α =
an+1
j ∆t

h
.

Here we have assumed, without loss of generality, that the departure point at time
t = tn of the particle which is at the point xj at time t = tn+1 lies in the interval
[xj−m−1, xj−m]. Note that area-weighting in one dimension involves no more than
linear interpolation using the information at the two nearest grid points.

Note. If a(x, t) is not constant, then the characteristic path is not a straight line.
In this case an error is incurred in locating the departure point. This contributes to
the overall global error of the approximation. Furthermore, if a(x, t) varies rapidly
in the domain x ∈ R, 0 < t < T , then it is necessary to choose ∆t sufficiently small
so that the computed and the actual departure points of the characteristic passing
through the point xi at time tn+1 lie in the same reference cell.

5.1. Stability. The stability analysis is performed in the case when a is a positive
constant. If we assume that (5.3)–(5.4) has a solution of the form

φ̄nj = φ̄0λn exp(ikjh),(5.5)
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then we can show that λ is given by

λ = [1− α̂(1− exp(−ikh))] exp(−ikmh).(5.6)

One can show the sufficient condition for stability, i.e., |λ|2 ≤ 1, is satisfied when

0 ≤ α̂ ≤ 1.

This condition is satisfied since we have chosen the interval [xj−m−1, xj−m] so that
the departure point lies in it. So the scheme is unconditionally stable.

5.2. Convergence. We define the Sobolev space W 2,∞(R) by

W 2,∞(R) =

{
ψ : sup

x∈R

∣∣∣∣∂2ψ

∂x2

∣∣∣∣ <∞
}

with corresponding seminorm

‖ψ‖2,∞ = sup
x∈R

∣∣∣∣∂2ψ

∂x2

∣∣∣∣ .
Similarly, we define W 2,∞(R×[0, T ]) to be the space of functions with bounded second
derivatives in R × [0, T ]. We denote by L∞(0, T ;W 2,∞(R)) the space of functions
ψ(x, t) defined in R× [0, T ] that belong to W 2,∞(R) for any t ∈ [0, T ] and that satisfy

ess sup
t∈[0,T ]

‖ψ(·, t)‖2,∞ <∞.

This space is equipped with the norm

‖ψ‖L∞(0,T ;W 2,∞(R)) = ess sup
t∈[0,T ]

‖ψ(·, t)‖2,∞.

The following convergence result is proved in Phillips and Williams [16].
Theorem 5.1. Let the solution of (5.1) belong to

W 2,∞(R× [0, T ]) ∩ L∞(0, T ;W 2,∞(R)),

and let the numerical approximation be generated by (5.3)– (5.4). Then the error
enj = φ(xj , tn)− φ̄nj satisfies the bound

‖en‖∞ = O(∆t) + O(min(h, h2/∆t)).(5.7)

One can deduce from this result that for some values of the discretization parameters
h and ∆t the error will increase as ∆t is reduced up to a maximum error which is
O(∆t)+O(h). This behavior of the error as a function of the time-step ∆t is in general
agreement with a result of Süli and Ware [7] for the spectral method of characteristics
for a similar class of problems.

6. Method of solution. The generalized Stokes problem

un+1 − u∗n

∆t
=

1

Re
∇2un+1 −∇pn+1,(6.1)

∇.un+1 = 0,(6.2)
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with given boundary conditions on un+1 is discretized using the traditional central
difference approach described earlier. Note, however, that now there will be no con-
tribution due to convection. After the governing equations have been discretized in
time and space, a suitable solution strategy must be devised to solve the resulting
system of algebraic equations. One option is to solve the full problem for velocity and
pressure directly at each time-step. For a large number of degrees of freedom this is a
very inefficient approach. Instead we have chosen to follow the semi-implicit method
for pressure linked equations (SIMPLE) methodology first advocated by Patankar and
Spalding [5], which involves decoupling the velocity and pressure computations and
iterating between them until convergence is reached at each time-step.

Within the SIMPLE procedure the pressure correction equation is prone to diver-
gence unless some underrelaxation is used. The method recommended by Patankar
[19] underrelaxes the velocity components in the momentum equations, with a relax-
ation factor α approximately equal to 0.5, and to only add a fraction of the pressure
correction to the pressure, i.e.,

p = p∗ + αpp
′,

where αp is approximately equal to 0.8. These values for α and αp are suggested
since they have been shown to be satisfactory for a large number of flow problems.
They are not necessarily the optimum values and for some problems will not produce
a converged solution. It is clear that α and αp will vary for different flow situations
and may also vary for different mesh sizes within the same computational domain.
Other relaxation techniques may be applied, and some of these are discussed in [23].
Clearly this algorithm is not robust. In an effort to overcome this problem Patankar
[8] devised SIMPLER—SIMPLE Revised.

The argument used in the derivation of SIMPLE is that since the neighbor-point
velocity corrections are removed from the velocity correction formula, the pressure
correction has the sole responsibility of correcting the velocities. This leads to severe
changes in the pressure correction field. Patankar [19] supposes that the pressure
correction equation does a reasonable job of correcting the velocities but a poor job
of correcting the pressures. The SIMPLER methodology was developed to overcome
this deficiency.

To derive a pressure field equation the momentum equation is first written as

ur =

∑
Anbunb + br

Ar
+ dr(pP − pR).(6.3)

We define a pseudovelocity of the form

ûr =

∑
Anbunb + br

Ar
.(6.4)

Substitution of (6.4) into (6.3) gives

ur = ûr + dr(pP − pR).(6.5)

Similarly, we have

vt = v̂t + dt(pP − pT ).(6.6)

The pressure equation is derived in a similar manner to the pressure correction
equation. We again integrate the continuity equation over the control volume. If
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we substitute (6.5) and (6.6) into the discrete continuity equation and rearrange the
terms, we obtain

aP pP = aRpR + aLpL + aT pT + aBpB + b1(6.7)

with

aR = dr∆y,(6.8)

aL = dl∆y,(6.9)

aT = dt∆x,(6.10)

aB = db∆x,(6.11)

aP = aR + aL + aT + aB ,(6.12)

b1 = [ûl − ûr]∆y + [v̂b − v̂t]∆x.(6.13)

No approximations have been used in the derivation of the pressure equation, so if a
correct velocity field is used to calculate the pseudovelocities, the pressure equation
will give the correct pressure at once.

The algorithm used is based on the SIMPLER algorithm suitably ammended to
incorporate the semi-Lagrangian treatment of the convection term and is described
below.

The algorithm.
1. Set n← 0 and define an initial velocity field u(n). Put u← u(n).
2. Calculate u∗(n) and v∗(n) using the semi-Lagrangian approach described in

section 4.
3. Calculate pseudovelocities û, v̂ from

ûr =
∑
Anbunb+br

Ar
,

v̂t =
∑
Anbvnb+bt
At

,

where

Ar =
∑
nbAnb +

∆x∆y
∆t , At =

∑
nbAnb +

∆x∆y
∆t ,

br = u
∗(n)
r

∆x∆y
∆t , bt = v

∗(n)
t

∆x∆y
∆t .

4. Solve the pressure equation for p∗

aP p∗P = aRp∗R + aLp∗L + aT p∗T + aBp∗B + b,

where

aR = (∆y)2

Ar
, aL = (∆y)2

Al
,

aT = (∆x)2

At
, aB = (∆x)2

Ab
,

aP =
∑
nb anb,

and

b = (ûl − ûr)∆y + (v̂b − v̂t)∆x.

5. Solve the momentum equations for u′, v′.

Aru
′
r =

∑
nbAnbu

′
nb + br +∆y(p∗P − p∗R),

Atv
′
t =

∑
nbAnbv

′
nb + bt +∆x(p∗P − p∗T ).
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6. Solve a pressure correction equation for p′

aP p′P = aRp′R + aLp′L + aT p′T + aBp′B + b,

where

b = (u′
l − u′

r)∆y + (v′b − v′t)∆x.

7. Correct the velocity field using

ur = u′
r +

∆y
Ar

(p′P − p′R),
vt = v′t +

∆x
At

(p′P − p′T ).

8. Return to step 3 and repeat until convergence is obtained.
9. Set u(n+1) ← u and n← n + 1.
10. Return to step 2, let u ← u(n), and repeat until a steady state solution is

obtained.
Note that step 2 is performed once at the beginning of each time-step and steps 3–

8 take place within each time-step. Only when we have a convergent velocity solution
within a time-step do we proceed to the next time-step.

7. Numerical results: Conservation law. In this section we perform a nu-
merical experiment to illustrate the important features of the finite volume scheme
developed in this paper. In this experiment we demonstrate the accuracy of this
scheme by solving a problem possessing an exact solution. We consider uniform
meshes only with h = ∆x = ∆y. Consider the model problem

∂φ

∂t
+ x

∂φ

∂x
− y

∂φ

∂y
= 0, x ∈ [1, 2]× [1, 2], t ≥ 0,(7.1)

in which the velocity field, u = (x,−y), is divergence-free. On the two inflow bound-
aries we prescribe

φ(1, y, t) = 1 + y2, y ∈ [1, 2], t ≥ 0,
φ(x, 2, t) = 1 + 4x2, x ∈ [1, 2], t ≥ 0.

(7.2)

The initial condition is

φ(x, y, 0) = 0, x ∈ (1, 2], y ∈ [1, 2).(7.3)

The steady state solution of this problem is

φ(x, y) = 1 + (xy)2.(7.4)

The semi-Lagrangian algorithm is terminated when

‖φn+1 − φn‖∞
∆t

≤ 10−5.(7.5)

If φ̃h denotes the converged numerical approximation to the steady state solution of
the problem given by (7.4) on a grid with mesh size h, the accuracy of the discrete
approximation is measured using

E(h) =
‖φ− φ̃h‖∞
‖φ̃h‖∞

.(7.6)
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Table 2
Dependence of the error and number of iterations on mesh size with ∆t = 0.01. Estimates of

the order of spatial convergence are also given.

h ‖e‖∞ Iterations p

0.25 1.013 × 10−1 246 -
0.125 4.633 × 10−2 182 1.13
0.0625 1.846 × 10−2 140 1.33
0.03125 4.625 × 10−3 111 1.36

Table 3
Dependence of the error on mesh size with ∆t = 0.001.

h ‖e‖∞
0.25 1.088 × 10−1

0.125 5.473 × 10−2

0.0625 2.715 × 10−2

0.03125 1.324 × 10−2

In Table 2 we show how the error decays as a function of mesh size when ∆t = 10−2

for the scheme described in this paper. If it is assumed that the error behaves like
O(hp), then the error information on two successive meshes given in Table 2 can be
used to estimate the order, p, using

p =
ln(E(h)/E(h/2))

ln 2
.

These values are also provided in Table 2. We see that in the limit of small h the
scheme is more than first-order accurate. The number of iterations required to attain
the tolerance (7.5) is also given. An interesting feature is that for a given method the
semi-Lagrangian algorithm converges in a fewer number of iterations as the mesh is
refined. In Table 3 we show how the errors decay for a smaller time-step ∆t = 10−3.
In all cases the errors are higher than the corresponding ones in Table 2 as predicted
by the error estimate derived in Theorem 1, and the orders of spatial convergence
are slightly lower. A second-order variant of the scheme has been developed for
conservation laws [16]. This is based on a second-order Runge–Kutta method for
determining the departure points and a second-order area-weighting scheme to ensure
that the discrete conservation principle is satisfied identically.

8. Numerical results: Newtonian flow. In this section numerical calcula-
tions of laminar flow through a 2:1 contraction are presented for a range of Reynolds
numbers. These calculations are compared with those generated by other authors [11],
[10], [2] using different techniques. In particular, the behavior of the salient corner
vortex is investigated qualitatively and quantitatively.

The work of Dennis and Smith [11] on the 2:1 contraction problem is a benchmark
against which to test new and emerging numerical techniques for the Navier–Stokes
equations. Their method is based on a finite difference approximation of the stream
function-vorticity formulation of the governing equations. An upwind differencing
scheme of Dennis and Hudson [13] is used to approximate the vorticity transport
equation by adding an extra “viscous-like” term proportional to h2. As we mentioned
earlier, the standard upwind approximation is only first-order accurate. The addition
of this term, known as artificial viscosity, is essential in order to obtain converged so-
lutions for reasonably large values of Re. Without it the system of algebraic equations
loses its diagonal dominance which presents convergence difficulties when solved by
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iterative methods unless the mesh size is sufficiently decreased. The advantage of this
upwinding scheme is that the second-order accuracy of the finite difference equations
is maintained and that the artificial viscosity is applied sparingly at each grid point
only if it is required. The local truncation error of the scheme is O(h2), and, therefore,
it is strictly second order if hRe << 1. Therefore, for large values of Re small grid
sizes are required for meaningful results.

Hunt [2] also uses a finite difference discretization of the stream function-vorticity
formulation but on a nonuniform grid. The vorticity unknowns are eliminated to give
a system solely in terms of unknown values of the stream function. There are some
puzzling features of the scheme. First, when upwinding is used, the scheme fails to
converge for Re > 500, even though one would expect the addition of a “viscous-like”
term to have a stabilizing effect. Second, for a given value of Re, convergence becomes
more difficult with mesh refinement.

Karageorghis and Phillips [10] use a spectral domain decomposition method to
discretize the stream function formulation of the Navier–Stokes equations. The flow
region is decomposed into a number of rectangular subdomains, on each of which the
stream function is approximated by a truncated double Chebyshev expansion. The
approximations are C1 continuous across subregion interfaces. The nonlinear fourth-
order partial differential equation for the stream function is linearized using Newton’s
method.

Mesh refinement is studied with reference to the size of the salient or corner
vortex. This flow feature is also used as the basis of comparisons with other methods.
The length of the corner vortex, L1, is defined to be the distance between the point
where the separation line meets the bottom of the channel and the salient corner.
The width, L2, of the corner vortex is defined to be the distance between the point
where the separation line meets the wall parallel to the y-axis at x = 0 and the salient
corner.

Numerical computations are performed on a series of meshes in order to ensure
that the solutions obtained are independent of the mesh parameters. Both uniform
and nonuniform meshes are used. The mesh parameters for the four uniform meshes
(A–D) are given in Table 4. The main characteristics of the nonuniform meshes (E–
G∗) are given in Table 5. Meshes E–G∗ have mesh spacings which vary geometrically
from the reentrant corner. In this way we can ensure a greater density of mesh points
in the region where the solution changes most rapidly. Note that although meshes F
and G contain approximately the same number of control volumes, they differ in the
way the nonuniform mesh spacing varies. Mesh G is more refined around the reentrant
corner than mesh F. Mesh G∗ corresponds to a computational domain in which the
exit length is doubled from four to eight units. This extended domain allows for the
examination of domain truncation effects on the numerical solution for Re = 500 and
Re = 1000.

Tables 6 and 7 show the dependence of the length L1 and the width L2 of the
salient corner vortex on the mesh. These flow characteristics are sensitive to the
computational mesh. The results demonstrate that convergence with mesh refinement
has been obtained over the whole range of values of the Reynolds number. The results
on all the meshes were calculated with ∆t = 10−3. Tables 6 and 7 also show that
the use of the extended domain has no appreciable effect on the values of L1 and
L2, thus confirming that the length of the downstream channel is adequate for these
computations.

Allowing x → ∞ along y = − 1
2 , we would expect ξ → −12 for a fully developed
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Table 4
The mesh spacings and degrees of freedom for the uniform meshes A–D.

Mesh ∆x ∆y degrees of freedom
Mesh A ∆x = 0.05 ∆y = 0.05 6840
Mesh B ∆x = 0.025 ∆y = 0.05 13720
Mesh C ∆x = 0.05 ∆y = 0.033 10420
Mesh D ∆x = 0.05 ∆y = 0.025 14000

Table 5
Mesh characteristics and degrees of freedom for the nonuniform meshes E–G∗.

Mesh ∆xmin ∆ymin Degrees of freedom
Mesh E 1.131× 10−2 2.5× 10−2 10800
Mesh F 1.131× 10−2 1.852× 10−2 14580
Mesh G 4.118× 10−3 1.512× 10−2 14400
Mesh G∗ 4.118× 10−3 1.512× 10−2 16800

flow profile at the exit. We may apply this test to check that the downstream channel
is long enough for the Re numbers that we solve for. In Figures 5–7 we have plotted
vorticity against downstream channel length for Re = 1, Re = 100, and Re = 500,
respectively. These figures suggest that the downstream channel length of 4 is suitable
for this range of Reynolds numbers.

The sensitivity of the computation with respect to the choice of time-step is
shown in Table 8. In this table the dependence of L1 with respect to the time-step is
presented for Re = 100. The choice of time-step does not significantly influence the
value of this characteristic of the flow problem.

The asymptotic theory of Smith [12] predicts that a separation will occur asymp-
totically far ahead of the step at a position x = −L1, given by

L1 = 0.1289lnRe + D forRe� 1.(8.1)

The constant D is of order unity, and its value depends on the contraction ratio. It is
determined here by looking at the asymptotic behavior of L1−0.1289lnRe. From this
analysis we obtain D = −0.547. In Figure 8 we plot L1 given by (8.1) as a function
of Re. On this figure we also include the values of L1 obtained by our numerical
calculations. Excellent agreement is obtained with the theoretical prediction for Re ≥
300. Note that the theoretical prediction is only valid for large values of the Reynolds
number, although in Figure 8 it is plotted on the whole domain.

In Figures 9–14 the streamline contours are presented for Re=1, 10, 50, 100, 200,
and 500, respectively, in the domain −2 ≤ x ≤ 2, −1 ≤ y ≤ 0. The salient corner
vortex diminishes in size as Re increases from Re = 1 to Re = 50 and then starts to
grow slowly for Re > 50.

In Table 9 we compare the values of L1 obtained for different values of Re on
mesh G (G∗ for Re = 500, 1000) with other results in the literature (Dennis and
Smith [11], Hunt [2], and Karageorghis and Phillips [10]). The results of Dennis and
Smith [11] have been obtained using two successive h2-extrapolations on grids with
mesh spacings of h = 1

10 , 1
20 and h = 1

40 . The results of Hunt [2] are obtained using
a transformed grid with 48 × 128 points and are calculated with and without the
artificial viscosity term. The results of Karageorghis and Phillips are given for the
most refined grid that they use with 1537 degrees of freedom.

The results in columns (a), (b), and (c) of Table 9 differ by at most 5% from each
other for 1 ≤ Re ≤ 150. As Re increases from 150, the values for L1 in the first three
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Table 6
The length, L1, of the salient corner vortex on meshes A–G as a function of Re.

Re A B C D E F G G∗
0 0.255 0.285 0.287 0.285
1 0.246 0.247 0.252 0.255 0.255 0.255 0.255
10 0.145 0.142 0.152 0.153 0.151 0.152 0.151
50 0.118 0.123 0.122 0.122 0.122 0.123 0.122
100 0.148 0.155 0.146 0.144 0.143 0.144 0.144
150 0.164 0.163 0.163
200 0.240 0.219 0.194 0.188 0.186 0.185 0.185
300 0.223 0.222 0.223
400 0.249 0.248 0.249
500 0.267 0.267 0.267 0.268
1000 0.334 0.334 0.335 0.338

Table 7
The width, L2, of the salient corner vortex on meshes A–G as a function of Re.

Re A B C D E F G G∗
0 0.346 0.345 0.345
1 0.301 0.316 0.295 0.293 0.295 0.294 0.294
10 0.154 0.162 0.148 0.144 0.147 0.147 0.146
50 0.114 0.127 0.109 0.106 0.109 0.110 0.110
100 0.127 0.151 0.120 0.115 0.118 0.118 0.119
200 0.155 0.174 0.140 0.133 0.133 0.135 0.134
500 0.157 0.158 0.157 0.158
1000 0.174 0.173 0.173 0.175

columns of the table become closer to each other and agree to within 2%. This shows
that the semi-Lagrangian scheme performs particularly well for convection dominated
flows. Hunt’s finite difference scheme with artificial viscosity gives results that are
closer to those in the first three columns than the scheme without artificial viscosity.

In Table 10 the width, L2, is presented for various values of Re and is compared
with the values published by Dennis and Smith [11] and Hunt [2]. The values in
columns (a) and (b) are within 11% of each other, although as Re increases from
Re = 50 this percentage difference falls and for Re = 500 the results in columns (a)
and (b) are around 1% of each other. As for the L1 results, this would appear to show
that the semi-Lagrangian scheme behaves well for high values of Re. For the schemes
of Hunt [2] the values of L2 generated are smaller than those in the first two columns
for the scheme with artificial viscosity and, equivalently, larger for the scheme without
artificial viscosity.

An interesting feature of the results in Tables 9 and 10 is that as Re grows from 1
to 50, both values drop so that for Re = 50 the value of L1 is approximately half of its
equivalent value for Re = 1, and the value of L2 is approximately a third of its value
for Re = 1. As Re increases from 50 to 1000, both the width and the length of the
vortex grow but at different rates; L1 grows more quickly than L2. At Re = 500 the
length L1 is slightly larger than it was for Re = 1, while the value of L2 at Re = 500
is still only 50% of its value at Re = 1. This shows that the vortex grows in size along
the upstream channel more quickly than up the wall at x = 0 as Re increases.

The maximum values of the stream function ψ, ψmax, are presented in Table 11.
As we would predict from the results in Tables 9 and 10, the strength of the vortex
diminishes in size between Re = 1 and Re = 50 and then grows for 50 < Re ≤ 1000.

There is no downstream recirculation region pictured in the streamline plots
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Fig. 5. Wall vorticity ξ(x,− 1
2
) for x > 0, for Re = 1.

Fig. 6. Wall vorticity ξ(x,− 1
2
) for x > 0, for Re = 100.

Fig. 7. Wall vorticity ξ(x,− 1
2
) for x > 0, for Re = 500.
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Table 8
Dependence of L1 on ∆t for Re = 100.

∆t L1 L2
10−3 0.144 0.119
10−4 0.145 0.121
10−5 0.145 0.122

0 200 400 600 800 1000

−0.6

−0.4

−0.2

0.0

0.2

0.4

Fig. 8. Comparison of the asymptotic predition of the value of L1 by Smith [12] with the
numerical results obtained in column (a) of Table 9 as a function of the Reynolds number.

0.9
0.8

0.70.6
0.50.4 0.30.2 0.1

1.
0

Fig. 9. Streamlines for Re = 1.

shown in Figures 9–14. However, a close examination of the values of u and v in
the region of the reentrant corner indicates that for Re ≥ 100 some recirculation may
exist. For this part of the flow to be accurately resolved more work needs to be done
on refining the mesh.
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Fig. 10. Streamlines for Re = 10.
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Fig. 11. Streamlines for Re = 50.
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Fig. 12. Streamlines for Re = 100.
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Fig. 13. Streamlines for Re = 200.
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Fig. 14. Streamlines for Re = 500.

Table 9
The length, L1, of the salient corner vortex for (a) the semi-Lagrangian scheme, (b) the spectral

collocation method of Karageorghis and Phillips [10], (c) the finite-difference scheme of Dennis and
Smith [11], (d) the finite-difference scheme of Hunt [2] without artificial viscosity, and (e) the finite-
difference scheme of Hunt [2] with artificial viscosity.

Re (a) (b) (c) (d) (e)
1 0.255 - 0.255 - -
10 0.151 0.148 0.155 - -
50 0.122 0.123 0.129 - -
100 0.144 0.140 0.144 - -
150 0.163 0.155 - - -
200 0.185 0.183 - - -
250 0.208 0.205 - 0.227 0.209
300 0.223 0.223 - - -
350 0.237 0.233 - - -
400 0.249 0.244 - - -
450 0.260 0.255 - - -
500 0.268 0.265 0.266 0.308 0.260
1000 0.338 - 0.341 0.394 -

Table 10
The width, L2, of the salient corner vortex for (a) the semi-Lagrangian scheme, (b) the finite-

difference scheme of Dennis and Smith [11], (c) the finite-difference scheme of Hunt [2] without
artificial viscosity, and (d) the finite-difference scheme of Hunt [2] with artificial viscosity.

Re (a) (b) (c) (d)
1 0.294 0.303 - -
10 0.146 0.160 - -
50 0.110 0.122 - -
100 0.119 0.125 - -
500 0.158 0.159 0.164 0.149
1000 0.175 0.177 0.188 -

9. Concluding remarks. A semi-Lagrangian finite volume method for solving
the time-dependent incompressible Navier–Stokes equations is presented. A time-
splitting scheme is used to decouple the treatment of convection from the solution
of a generalized Stokes problem. The convection problem is solved using a semi-
Lagrangian approach in which the vertices of a control volume at the new time level
are traced back in time over a time-step using a particle following transformation.
The values of the velocity components in the transformed control volumes at the
previous time level are determined using an area-weighting technique which ensures
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Table 11
The maximum value of the streamfunction, ψ, of the salient corner vortex.

Re ψmax

1 1.00047
10 1.00009
50 1.00007
100 1.00010
500 1.00054
1000 1.00109

that the conservation property enjoyed by the pure convection problem is satisfied
indentically by construction. This approach circumvents problems associated with
upwind biased schemes. The generalized Stokes problem is solved using the standard
SIMPLER method. The scheme is applied to the flow through a 2:1 contraction and is
demonstrated to be robust and accurate. Comparisons are made with other published
work on this problem and excellent agreement is found.

Future work will concentrate on developing higher-order methods in time for
integrating along the particle paths. The extension of this technique to problems in
computational rheology is currently in progress [14, 15].
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Abstract. A propagating interface can develop corners and discontinuities as it advances. Level
set algorithms have been extensively applied for the problems in which the solution has advancing
fronts. One of the most popular level set algorithms is the so-called fast marching method (FMM),
which requires total O(N log2N) operations, where N is the number of grid points. The article is
concerned with the development of an O(N) level set algorithm called the group marching method
(GMM). The new method is based on the narrow band approach as in the FMM. However, it is
incorporating a correction-by-iteration strategy to advance a group of grid points at a time, rather
than sorting the solution in the narrow band to march forward a single grid point. After selecting
a group of grid points appropriately, the GMM advances the group in two iterations for the cost
of slightly larger than one iteration. Numerical results are presented to show the efficiency of the
method, applied to the eikonal equation in two and three dimensions.

Key words. level set method, narrow band approach, eikonal equation, first-arrival traveltime
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1. Introduction. A propagating interface can develop corners and discontinu-
ities as it advances. It is the case for the solution of, e.g., the eikonal equation,
a Hamilton–Jacobi differential equation, in heterogeneous media. Since we do not
know which values to assign to the gradient components at the corners and even do
not know which values to assign to the function at discontinuities, the solution does
not satisfy the equation in the normal (classical) sense. An immediate consideration
is to introduce a nonclassical weak solution: a continuous function having possibly
discontinuous gradients that solves the equation in average.

Unfortunately, the class of weak solutions is too big; the initial data for these prob-
lems does not determine weak solutions uniquely. One way to enforce the uniqueness
is to add viscosity described by a dissipative term, e.g., a multiple of the negative
Laplace operator, to the equation. The solution for a given viscosity is smooth and
therefore uniquely determined. Then one may take the limit of these smooth solutions
by letting the coefficient of the Laplace operator approach zero. If the limit exists, its
solution is uniquely determined for the appropriate initial data; it is called a viscosity
solution.

Properties of viscosity solutions were first studied by Lax [14] in the context of
hyperbolic conservation laws; good references to work on them are [3, 4, 15].

It has been conjectured that the first-arrival traveltime (FATT) field is a viscosity
solution of the eikonal equation [30]. The conjecture is supported by some theoretical
results and by a great deal of numerical evidence. Techniques for computing viscosity
solutions were developed first for hyperbolic conservation laws. Numerical methods
for these conservation laws have utilized upwind finite differences (FDs) and have
adapted to produce viscosity solutions of the eikonal equation [6, 12, 19, 25, 30].
Upwind FD techniques and their applications to Hamilton–Jacobi equations can be
found in [16, 17, 18].
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The level set method is a numerical technique to compute advancing fronts and
has been applied to a wide range of important physical problems; see, e.g., [26, 27] and
references therein. Even though its solution shows first-order accuracy, the level set
method has been widely used mostly due to its built-in stability. It has been adapted
for the computation of the FATT and implemented with the narrow band technique,
called the fast marching method (FMM), in which the narrow band points form a
neighborhood of advancing wavefronts [16, 19, 25, 26, 27, 29]. The FMM was first
developed by Tsitsiklis [29] and later rederived by Sethian [25]. The FMM requires
sorting the solution at each step of the narrow band. For the binary tree sorting, the
total cost of the method becomes O(N log2N). The main object of the article is to
develop an O(N) level set method for the FATT, called the group marching method
(GMM).

An outline of the paper is as follows. In section 2, the eikonal equation is in-
troduced as the model equation, along with its numerical techniques to solve. The
first-order upwind FD scheme is presented, and the FMM is briefly reviewed. In
section 3, we suggest the GMM; a pseudocode is presented. Section 4 is devoted
to the introduction of the average normal slowness which can improve accuracy of
the solution. An approximate average slowness which can be easily implemented is
discussed in the same section. In section 5, an alternative update formula is consid-
ered to improve flexibility in incorporating the average slowness. In section 6, the
GMM is tested for various velocity models, update formulae, and average slowness
incorporation, in two and three dimensions, and is compared with the FMM. It is
numerically verified that the new method performs with the computation cost O(N).
Section 7 discusses some important aspects on accuracy, efficiency, and applicability
for the level set methods. The last section includes conclusions.

2. Preliminaries.

2.1. The eikonal equation. The eikonal equation in an isotropic medium is
given by

|∇τ(xs,x)|2 = 1

v2(x)
,(2.1)

where τ(xs,x) is the traveltime of the acoustic wave from the source xs to the location
x and v(x) denotes the velocity of the propagating wavefront at x. For down-going
wavefronts (advancing in the (z+)-direction), for example, the equation can be rewrit-
ten in the evolutionary form

τz =
√
s2 − τ2

x − τ2
y ,(2.2)

where s(= 1/v) is called the slowness, the reciprocal of the velocity.
As mentioned earlier, the FATT is a (continuous) viscosity solution of the eikonal

equation. There have been various numerical techniques for FATTs: ray-tracing meth-
ods, FD methods, and algorithms based on Fermat’s principle [24].

The use of ray tracing followed by interpolation of traveltimes is a popular and
robust method for computing diffraction trajectories for small or moderate velocity
contrasts. For regions with high velocity contrasts, ray tracing methods can produce
quite large shadow zones where the computed traveltime field should be interpolated.
Such ray-tracing/interpolation processes are cumbersome and computationally expen-
sive, especially in three dimensions. For a comprehensive treatment of ray theory, see
[1, 2, 7].
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An alternative to the method is to compute traveltimes by solving directly the
eikonal equation on a regular grid by FD schemes; see [5, 6, 12, 30, 31, 32] for standard
expanding-box methods and [19, 21] for the level set method. A drawback of the
standard FD eikonal solvers is that it is not easy to control the propagation angle of
rays as it is with ray tracing methods. The level set method incorporating the narrow
band method overcomes the drawback of the standard FD schemes; however, it has
first-order accuracy and is hardly extendable for a higher-order scheme in realistic
media. Nonetheless the FD eikonal solvers have their advantages: they are more
efficient computationally than ray tracers and rarely produce shadow zones. The
author recently suggested a stable FD eikonal solver incorporating a postsweeping
iteration [12], which is second-order and readily extendable to higher-order schemes.

The current level set methods require sorting the traveltimes in the narrow band,
a neighborhood of the wavefront, at each stage of the computation. The FMM [25, 28],
a narrow band level set method, has adopted the binary tree sorting algorithm; the
method turns out to require a total of O(N log2N) operations, where N is the number
of grid points. Even though the level set methods have first-order accuracy, they are
still attractive due to their built-in stability and a wide range of applications. It is
worth developing an optimal cooperating technique with which the level set method
costs O(N) operations in total.

2.2. The FD scheme. For a numerical scheme for (2.1), consider a cubic do-
main

(xmin, xmax)× (ymin, ymax)× (zmin, zmax);

partition it into Nx × Ny × Nz cells of the uniform size ∆x × ∆y × ∆z with their
vertices

xki,j = (xi, yj , zk) = (xmin + i∆x, ymin + j∆y, zmin + k∆z).

Let τki,j = τ(xs,x
k
i,j), and define the forward (+) and backward (−) difference opera-

tors for τx at the point x
k
i,j :

D±
x τ

k
i,j = ±

τki±1,j − τki,j
∆x

.(2.3)

Define the upwind FD scheme for τx incorporating the first-arrivals:

D̂xτ
k
i,j = mod max

(
max

(
D−
x τ

k
i,j , 0

)
, min

(
D+
x τ

k
i,j , 0

))
,(2.4)

where mod max returns the larger value in modulus. Note that

|D̂xτ
k
i,j | = max

(
D−
x τ

k
i,j , −D+

x τ
k
i,j , 0

)
,

which can be utilized in implementation.
After introducing the analogues for τy and τz, i.e., D̂yτ

k
i,j and D̂zτ

k
i,j , we can

formulate the upwind FD scheme for (2.1):(
D̂xτ

k
i,j

)2

+
(
D̂yτ

k
i,j

)2

+
(
D̂zτ

k
i,j

)2

=
(
ski,j

)2

.(2.5)

For down-going wavefronts as in (2.2), the scheme can be explicitly rewritten as

τk+1
i,j = τki,j +∆z ·H[τ ]ki,j ,(2.6)
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✉ ✉ ✉

✉

✉

τij

τi,j+1

τi,j−1

τi−1,j τi+1,j

Fig. 1. The update procedure of the FMM for τij .

where

H[τ ]ki,j =

√(
ski,j
)2 − (D̂xτki,j

)2 − (D̂yτki,j
)2
.

The quantity inside the radical can be negative in practical simulation. Then it can
be either ignored or adjusted by a nonnegative value, depending on the algorithm
adopted. In either case, it should be carefully designed not to violate causality or
stability and not to deteriorate accuracy.

2.3. Review of the FMM. In this section we review the FMM, a narrow band
level set algorithm, presented in [25, 27]. The FMM begins from the source and
updates the traveltimes at neighboring grid points. The six neighboring points (four
in two dimensions) form the first stage of the narrow band. Then, the FMM expands
the narrow band by updating traveltimes at neighboring downwind points of a Trial
point in the narrow band, and accepting the trial point as an Alive (completed) point.
The trial point is selected such that its traveltime is smallest among all values available
from the narrow band, for which the FD scheme easily satisfies causality.

We summarize the FMM as follows [27]. First, tag the source point as Alive,
where the traveltime is zero. Then compute traveltimes at all points one grid point
away from the source, and tag them as Close. Finally, tag Far all other grid points,
and set the traveltimes for the Far points large. Then the FMM loop is carried out
as follows.

(a) Let Trial be the point in Close having the smallest traveltime.
(b) Tag as Close all neighbors of Trial that are not Alive. (If the neighbor is in

Far, remove it from the list and add it to the set Close.)
(c) Recompute the traveltimes at all Close neighbors of Trial using (2.5).
(d) Remove the point Trial from Close and add it to Alive.
(e) If Close is not empty, go to top of loop.
Note that in step (a) of the FMM loop, the point Trial is chosen to have the

smallest traveltime among all values in Close. This implies that the traveltimes in
Close should be sorted from the smallest to the largest, at each stage of the narrow
band. When a binary tree sorting algorithm is applied, the cost is O(log2NB), where
NB is the number of grid points in Close. Due to the sorting algorithm, the total cost
for the FMM becomes O(N log2N), where N is the total number of grid points.

Now, we present the update procedure (c) of the FMM loop [27]. For a simple
presentation, we illustrate it in two dimensions. Let xij be a Close neighbor of Trial to
be updated from nearby values: τi−1,j , τi+1,j , τi,j−1, and τi,j+1. (See Figure 1.) The
four nearby points connected by grid line segments form four quadrants; the FMM
attempts to solve the quadratic equation given by each quadrant according to(

D̂xτij
)2
+
(
D̂yτij

)2
=
(
sij
)2
.(2.7)
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idTT=2

idTT=1

idTT=0

Fig. 2. The GMM illustrated in two dimensions. The closed circles indicate the points already
computed, the open circles form a neighborhood of a wavefront, and the open boxes correspond to
the downwind points to be computed at the current stage or later.

For example, we refer to possible contributors τi+1,j and τi,j+1 (the first quadrant).
Without loss of generality, there are two cases.

1. If only τi+1,j is known, then we find the larger solution τ of(
τ − τi+1,j

∆x

)2

= (sij)
2.(2.8)

2. If both τi+1,j and τi,j+1 are known, then we find the larger real solution of(
τ − τi+1,j

∆x

)2

+

(
τ − τi,j+1

∆y

)2

= (sij)
2.(2.9)

For each of four quadrants, we construct all possible real solutions τ ; we choose the
smallest value for the traveltime τij .

3. The GMM. A costly component of the narrow band methods is the sorting
of the solution in each step of the narrow band of wavefronts, which costs O(log2N)
per grid point. Here we introduce a new narrow band level set algorithm, called the
GMM, whose total computation cost is O(N).

Consider a neighborhood Γ of a wavefront; see the shaded area in Figure 2. (Γ
corresponds to Close in the FMM.) In the current stage of the GMM, we will select
a group of points G out of Γ, recompute the traveltimes at neighboring points of G
that are not completed, register the neighboring points as members of Γ if they are
not already registered, and finally tag “completed” for the points in G. The group
of points should be carefully chosen in such a way that the computed solution does
not violate causality, since in our algorithm the traveltimes are not sorted from the
smallest to the largest. The main objective in this section is to develop a way to select
such a group of points from the narrow band.

In the FMM, the traveltimes on the narrow band are sorted at each stage of the
narrow band to find the smallest value, and the traveltime at a point is updated from
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the real solutions of eight “quadratic equations” (in three dimensions), each of which
associates with a west-east, south-north, and up-down combination of neighboring
grid points. The main reason for the sorting and abundant computation is that we
do not know where the wavefront is coming from and advancing to. If one wishes to
advance the narrow band by a group of points, it is necessary to explicitly incorporate
some aspects of wavefront directions into the computation algorithm. Also, it may
require updating traveltimes more than once at neighboring downwind points of the
group.

We begin with the two-dimensional (2D) case with h = ∆x = ∆y for a simple
presentation. Recall that in the FMM, the traveltime at a point xij is updated by
choosing the minimum of the real solutions of four quadratic equations, each of which
corresponds to one of four quadrants. So, given neighboring traveltimes, the minimum
of the solutions of the quadratic equations must be associated with the quadrant where
the raypath is passing before reaching at xij . Let the first quadrant be in the upwind
direction for xij . (See Figure 1.) Then the updated traveltime at xij , τij , should
satisfy (

τij − τi+1,j

h

)2

+

(
τij − τi,j+1

h

)2

= (sij)
2.(3.1)

Since τij is the larger solution of the above equation,

τij ≥ 1

2
(τi+1,j + τi,j+1).(3.2)

Thus it follows from (3.1) and (3.2) that

τij ≥ min(τi+1,j , τi,j+1) + δτij , δτij =
1√
2
· h · sij .(3.3)

Defining sΓ,min = min{sij : xij ∈ Γ}, we can interpret (3.3) as follows. Given two
points xi1,j1 and xi2,j2 , if their traveltime difference is less than

δτ ≡ 1√
2
· h · sΓ,min,

the angle between the line segment xi1,j1xi2,j2 and the wavefront normal is larger than
45 degrees, i.e., rather perpendicular than parallel.

Remark. In three dimensions,
√
2 in (3.3) and δτ should be replaced by

√
3. It

can be shown with a physical insight as follows. We begin with the 2D problem. The
equality in (3.3) holds only if τi+1,j = τi,j+1, i.e., xi+1,j and xi,j+1 are on the same
wavefront; the distance between the wavefront and xij is h/

√
2. When τi+1,j �= τi,j+1,

the traveltime increment at xij , from min(τi+1,j , τi,j+1), is clearly larger than δτij .
Therefore, we can claim that |τij−min(τi+1,j , τi,j+1)| is minimized when the wavefront
including xi+1,j and xi,j+1 (at the same time) reaches the target point xij , which is
the slowness multiplied by the distance between the wavefront and xij . For the three-
dimensional (3D) problem, there is no physical restriction to claim the same; here
the distance between the target point and the wavefront including the adjacent three
points becomes h/

√
3.

Now we are ready to choose the group G to be completed at a time. Define
τΓ,min = min{τij : xij ∈ Γ} and select G as follows:

G =
{
xij ∈ Γ : τ(xij) ≤ τΓ,min + δτ

}
.(3.4)
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Let xi1,j1 and xi2,j2 be two points in G. When they are not adjacent, it is clear
that their traveltimes do not affect each other in the update procedure. If they are
adjacent, one can barely affect the other, since the wavefront normal is nearer to per-
pendicular, rather than parallel, to the line segment formed by the points. However,
whether the two points are adjacent or not, their neighboring downwind points can be
affected by both points. It can be the case, in particular, for intersecting wavefronts,
i.e., at or near shocks. The neighboring points may have different traveltimes for a
different order of updates, which implies that the group update may not be stable.

To fix instability, we update all the neighboring points of the group G twice—
one in an order and the other in the opposite order. The double computation fixes
instability. To see it, imagine that we try to update the neighboring points of G
one more time. We can readily see that none of the neighboring points changes its
traveltime during the extra updates. Of course, it also holds for the 3D problem with
δτ = 1√

3
· h · sΓ,min.

Now we summarize the above arguments as in the following algorithm (in three
dimensions), called the GMM.

• Initialization.
(I1) Assign a large number to the traveltime array TT, e.g., TT(·, ·, ·) ≡ 1.0e5;
(I2) Set zero for the traveltime index idTT, i.e., idTT(·, ·, ·) ≡ 0;
(I3) Set delTAU = 1√

3
·min(∆x,∆y,∆z) ·mini,j,k ski,j ;

(I4) On the box of (2× 2× 2) cells having the source at its center,
– assign the analytic value of TT on the box;
– set idTT(·, ·, ·) = 2, at the source;
– set idTT(·, ·, ·) ≡ 1, on the surface of the box;
save those point indices to the interface indicator array GAMMA(·, ·, ·);

– set TM to be the minimum of TT on the surface of the box;
• Marching Forward .
(M1) Set TM = TM+ delTAU;
(M2) For each (i, j, k) in GAMMA, in the reverse order, if ( TT(i, j, k) ≤ TM ),

recompute traveltimes of neighboring points (�,m, n) where idTT ≤ 1;
(M3) For each (i, j, k) in GAMMA, in the forward order, if ( TT(i, j, k) ≤ TM ),

(a) recompute traveltimes of neighboring points (�,m, n) where idTT ≤
1;

(b) if idTT = 0 at a neighboring point (�,m, n),
set idTT(�,m, n) = 1 and save (�,m, n) into GAMMA;

(c) remove the index (i, j, k) out of GAMMA; set idTT(i, j, k) = 2;
(M4) If GAMMA �= ∅, go to (M1);

Remark. Apparently, the reverse computation (M2) is cheaper to carry out than
(M3); the double-computation (M2)–(M3) does not increase the computation cost
twice. It can be made cheaper as follows. A step of the GMM advances a group of
points including not only the global minimum (of the narrow band) but also all local
minima that are less than or equal to TM. It is not difficult to see if a point in the
group is a local minimum of the narrow band. Since it is not necessary to compute
twice at local minima, one can modify the algorithm to skip the double-computation
there. Let the point (i, j, k) in (M2) be recognized as a local minimum during the
recomputation of neighboring downwind points. Then one can update GAMMA and
idTT as in (b) and (c) of (M3); the point (i, j, k) would be skipped by (M3), since it
is already out of GAMMA. More than half the points in a group seems a local minimum,
in practice. The double-computation increases the computation cost, not twice, but
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slightly.
Remark. The GMM is in fact an iterative update procedure, converging in two

iterations. One may want to select G with a larger δτ . In this case, the number of
iterations must become larger. Rouy and Tourin [23] has chosen all the grid points
as one group and carried out iterations up to convergence. The GMM can be viewed
as an intermediate algorithm between the FMM [25, 27] (δτ = 0) and the purely
iterative algorithm of Rouy and Tourin [23] (δτ =∞).

Remark. When the slowness is constant, two group marchings advance the wave-
front to a completely different outer surface. Such a feature can make the GMM more
efficient than pointwise methods such as the FMM [27].

4. Average normal slowness. It is well known that the exact traveltime from
the source xs to a location x can be computed along the raypath

τ(xs,x) =

∫ x

xs

1

v(x′)
dσ =

∫ x

xs

s(x′)dσ,(4.1)

where σ is the length element along the raypath. This implies that accuracy of

algorithm (2.5) can be improved by replacing ski,j by the average normal slowness ŝki,j ,
which is obtained by integrating the slowness along the wavefront normal direction.
The wavefront normal, by definition, is v(x)∇τ and is tangent to the raypath for
isotropic media.

Velocities are often provided at grid points in practice; the velocity needs to
be interpolated over the whole computation domain. For simplicity, we adopt the
trilinear spline interpolation in three dimensions; i.e., the velocity is treated as a
trilinear function in each cell.

As an example for the computation of the average normal slowness, consider
a point xki,j at which the wavefront normal is pointing the (z+)-direction. Let us

compute τk+1
i,j out of τki,j and its adjacent traveltimes τ

k
i±1,j and τ

k
i,j±1. Since D̂xτ

k
i,j

and D̂yτ
k
i,j are likely zero at the point x

k
i,j , we can see from (2.6), with ski,j replaced

by ŝki,j , that

τk+1
i,j = τki,j +∆z · ŝki,j ,(4.2)

where

ŝki,j =
1

∆z
·
∫ xk+1

i,j

xk
i,j

1

v(x′)
dσ =




1

vki,j
= ski,j if vk+1

i,j = vki,j ,

log(vk+1
i,j )− log(vki,j)
vk+1
i,j − vki,j

else.

In realistic media, it is difficult to compute the average normal slowness without
raypath information. A reasonable approximation can be simply obtained as follows.
For example, for the update from the first quadrant as in (2.8)–(2.9), we first check
which one is smaller between τi+1,j and τi,j+1. If τi+1,j is smaller, the wavefront
normal would have a smaller angle to the line segment xi+1,jxi,j than to xi,j+1xi,j .
So it is reasonable to utilize

ŝi,j ≈



si,j if si+1,j = si,j ,

log(vi+1,j)− log(vi,j)
vi+1,j − vi,j else.

(4.3)



2186 SEONGJAI KIM

When τi,j+1 is smaller, the index (i+ 1, j) in (4.3) should be replaced by (i, j + 1).
The practical accuracy of numerical algorithms for traveltimes seems strongly

dependent on the ability of the numerical code to compute an average slowness close
to the average normal slowness. No matter what the order of the numerical scheme
is, the solution would turn out to have a first-order accuracy in general media if the
point slowness is incorporated. (In principle, the energy does not propagate jumping
over discrete points but advances their fronts through all the points in the medium.)
Another degraded accuracy problem can appear at singularities such as the source
points and caustics; it can be effectively treated by employing numerical techniques
such as the locally uniform mesh refinement [12] and adaptive gridding approach [20].

5. An alternative update procedure in two dimensions. In this section, we
consider an alternative update formula for the 2D problem which is slightly different
from (2.8)–(2.9). We first define it as follows. To update τi,j , choose the minimum
from the four values

τi±1,j +∆x ·max
(
αŝij ,

√
(ŝij)2 − (D̂zτi±1,j)2

)
,

τi,j±1 +∆z ·max
(
βŝij ,

√
(ŝij)2 − (D̂xτi,j±1)2

)
,

(5.1)

where

α =
∆x√

(∆x)2 + (∆z)2
, β =

∆z√
(∆x)2 + (∆z)2

.

Here the maximization with αŝij or βŝij is incorporated so as not to violate stability.
The above update procedure utilizes delayed traveltime derivatives (purely for-

ward), and therefore it is more efficient in implementation and performance than
(2.8)–(2.9). However, it may be unstable without the maximization. For example,
ignoring the factor αŝij , the updating value obtainable from the west (the direction
of τi−1,j) becomes

τi−1,j +∆x ·
√
(ŝij)2 − (D̂zτi−1,j)2.

Consider the point (i, j) = (1, 2) in Figure 3. Since, apparently, D̂xτi−1,j−1 = 0 for

a constant slowness, we see (ŝij)
2 = (D̂zτi−1,j)

2. So the updated final value of τij
would become at most τi−1,j , which is wrong (an underestimation)!

The maximization is equivalent to imposing the maximum angle condition which
takes care of only the rays coming to the point xij through the numerical domain of
dependence. The maximum angle condition was first introduced in [8] and was adopted
by Symes and his colleagues [13, 20]; see also [12]. When τij is to be updated from
the west, the numerical domain of dependence is the line segment xi−1,j−1xi−1,j+1,
and every ray approaching from the line segment to xij increases the traveltime τij
(from τi−1,j) by αŝij at minimum.

The purely forward update procedure (5.1) is as accurate as (2.8)–(2.9) in practical
computation. We will see it here for a constant slowness and in section 6 for general
media by numerical simulation. Let h = ∆x = ∆z and s(x) ≡ s0 in Figure 3. Let
the traveltimes on the narrow band have been computed accurately. Let us try to
compute τ1,2, whose analytic value is

√
5hs0 ≈ 2.236·hs0. First, we utilize the formula

(2.8)–(2.9):

(τ1,2 − τ0,2)2 + (τ1,2 − τ1,1)2 = h2s20.(5.2)
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Fig. 3. The narrow band method in two dimensions. The slowness is assumed to be constant.
The shaded area denotes the narrow band at a certain moment. A point source is located at the
origin marked by an asterisk.

Replacing τ0,2 and τ1,1 by 2hs0 and
√
2hs0, respectively, and solving the quadratic

equation, we have

τ1,2 ≈ 2.351 · hs0,
which is the best value for τ1,2 from all former and other updates of (2.8)–(2.9). Now
we apply (5.1):

τ1,2 = τ1,1 + h ·max
(

1√
2
s0,
√
s20 − (D̂xτ1,1)2

)
,

τ1,2 = τ0,2 + h ·max
(

1√
2
s0,
√
s20 − (D̂zτ0,2)2

)
.

(5.3)

Again, substituting the analytic values, we have the minimum

τ1,2 ≈ 2.324 · hs0,
which slightly improves accuracy over (2.8)–(2.9). The above argument can be applied
to every point.

The main reason for the introduction of (5.1) is not for such a slight improvement
in accuracy, but for more efficient incorporation of the average normal slowness. Note
that the formula (5.1) incorporates ray directions more explicitly than (2.8)–(2.9).
Since chasing raypaths is expensive, an approximation can be utilized as follows. For
example, for the update from the west, an approximate average slowness can be found
as

ŝi,j ≈



sij if si−1,j = si,j ,

log(vi−1,j)− log(vi,j)
vi−1,j − vi,j else.

(5.4)

The above is compared with (4.3) in the same line. In heterogeneous media, the above
average slowness produces more accurate traveltimes with (5.1) than with (2.8)–(2.9);
see numerical results in section 6.
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Table 1
Accuracy and efficiency of the GMM in two dimensions. A point source is located at (x, z) =

(3000, 0).

Point slowness Average slowness
(2.8)–(2.9) (5.1) (2.8)–(2.9) (5.1)

v M2 CPU E(τh) CPU E(τh) CPU E(τh) CPU E(τh)

v1 1002 0.13 4.6e-2 0.09 3.5e-2 0.15 3.4e-2 0.11 2.1e-2
2002 0.52 2.5e-2 0.37 1.8e-2 0.62 1.9e-2 0.44 8.2e-3
4002 2.14 1.3e-2 1.44 9.3e-3 2.43 1.0e-2 1.78 3.6e-3

v2 1002 0.14 3.6e-2 0.09 2.3e-2 0.17 3.5e-2 0.12 1.5e-2
2002 0.52 2.0e-2 0.35 1.1e-2 0.69 1.9e-2 0.51 7.2e-3
4002 2.10 1.1e-2 1.43 5.9e-3 2.71 1.0e-2 2.04 3.5e-3

Remark. In three dimensions, the numerical domain of dependence forms a solid
quadrilateral whose edges have the same length. Since six of these surfaces cannot
surround the point xkij to be updated (so instability can happen), some auxiliary

difference formulas should be introduced including the points diagonal from xkij such
that the union of numerical domains of dependence is all around in every direction
to the target point. For the case ∆x = ∆y = ∆z, it is not difficult to introduce such
FDs. However, it would be very complicated for general cases. Alternatively, one may
combine (2.8)–(2.9), the cell-oriented version, and (5.1), the line-oriented version.

6. Numerical experiments. The GMM in section 3 is implemented in two and
three dimensions for the FATTs of (2.1). Set the domain Ω = (0, 6000m)d, d = 2, 3.
We consider four different velocity models: for x ∈ Ω,

v1(x) = 1000 + z m/s,
v2(x) = 1000 + 0.2x+ 0.5z m/s,
v3(x) = 1000 + 0.3x+ 0.2y + 0.4z m/s,

v4(x) =

{
4500 m/s if x ∈ [1500, 4500]d,
2000 m/s else.

(6.1)

(For 2D cases, the y-components are dropped.) The domain is partitioned with h =
∆x = ∆y = ∆z = 6000/M for M > 0. Point sources are imposed inside or on
the surface of the domain. The traveltimes in linear velocities can be computed
analytically; the numerical error is measured as

E(τh) = ‖τh − τanalytic‖∞,
where τh denotes the computed traveltime with a grid size h. The average normal
slowness is approximated by (4.3) and (5.4).

The main/driver routines are written in C++, and the core computation routines
are in F77. The computation is carried out on a Gateway Solo, a 266 MHz laptop
having 128M memory and a Linux operating system. The elapsed time CPU is the
user time measured in seconds.

Table 1 compares the accuracy and efficiency of the GMM in two dimensions
between the point slowness and the average slowness, and between the quadratic
formula (2.8)–(2.9) and the purely forward formula (5.1). Two different velocities (v1
and v2) are selected here, and a point source is located at (x, z) = (3000, 0). As one
can see from the table, incorporating the average slowness increases about 20–25%
computation cost, while the formula (5.1) decreases about 30% the cost of (2.8)–
(2.9). The velocity v1 has a larger variance (in particular, in the vertical direction)
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Fig. 4. The computed traveltime (in seconds) and the error τh − τanalytic (in milliseconds).
Set v = v1, and the point source is located at (x, z) = (3000, 0). The point slowness is incorporated
with the updated formula (2.8)–(2.9).

than v2; the formula (5.1) incorporating the average slowness has improved accuracy
more dramatically for v1 than for v2. We can see from the last panel of the table
that its accuracy is slightly better than linear, even measured in the maximum norm.
Such superlinear convergence has been observed for most linear velocity models. The
following should also be noticed.

• The computation cost of the GMM is O(N) for any choice of slowness and
update formula.
• The formula (5.1) is more efficient and accurate than (2.8)–(2.9), whether the
slowness is averaged or not.
• The average slowness better improves accuracy when incorporated with the
purely forward formula (5.1).

Here we have employed a roughly averaged slowness; however, the numerical error
has decreased by a factor of two to three. When the velocity is highly oscillatory or
when a higher-order FD scheme is employed, the average slowness is essential to
incorporate. The point slowness will impose a first-order accuracy for heterogeneous
media, no matter how accurate the FD scheme is.

Figure 4 depicts the computed traveltime (in seconds) and the error τh− τanalytic

(in milliseconds) for the example discussed in Table 1 (v = v1). The point slowness
is incorporated with the update formula (2.8)–(2.9). The error (right side) indicates
that the method is both over- and underestimating. Overestimation is not a danger
but just an accuracy problem; it can be improved through the minimizing process
using more available updating values. On the other hand, underestimation has no
way to be fixed.

In Figure 5, we present the error τh−τanalytic (in milliseconds) for the point slow-
ness (left) and the average slowness (right), both incorporated with the update formula
(5.1). As in Figure 4, v = v1, and the point source is located at (x, z) = (3000, 0). No
underestimation has been observed for the formula (5.1), as one can see from these
pictures. The error for the average slowness is smaller and smoother than that of the
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Fig. 5. The error τh − τanalytic (in milliseconds) for the point slowness (left) and the average
slowness (right). For the update formula, (5.1) is utilized. Set v = v1, and the point source is located
at (x, z) = (3000, 0).

Table 2
Accuracy and efficiency of the FMM and GMM in three dimensions. Set v = v3, and locate a

point source at (x, y, z) = (3000, 3000, 1000). The updated formula (2.8)–(2.9) is applied.

FMM GMM
Point slowness Average slowness Point slowness Average slowness

M3 CPU E(τh) CPU E(τh) CPU E(τh) CPU E(τh)

303 1.37 1.2e-1 2.04 1.0e-1 0.98 1.2e-1 1.14 8.2e-2
603 19.81 6.2e-2 27.62 5.5e-2 7.88 6.2e-2 9.13 4.5e-2
1203 395.8 3.2e-2 460.5 2.8e-2 64.06 3.2e-2 73.73 2.3e-2

point slowness. Note that the ray direction is vertical on the line segment {x = 3000},
where the solution incorporating the average slowness is computed without error. (It
also can be figured out mathematically.)

In Table 2, we show numerical results for the FMM and GMM in three dimen-
sions. The velocity is chosen as v = v3, and a point source is located at (x, y, z) =
(3000, 3000, 1000). The update formula (2.8)–(2.9) is applied. We observe in 3D simu-
lation that the computation cost of the FMM increases more rapidly than the problem
size, while GMM costs O(N). One can easily expect that the GMM is three to five
times faster than the FMM for problems of reasonable sizes. It should be noticed that
the average slowness improves accuracy better for the GMM.

In Figure 6, we depict the computed traveltime of the GMM in three dimensions
superimposed on the cross section {y = 3000} of the velocity model v = v4. The num-
ber of grid points is 1003 and the source is located at (x, y, z) = (1000, 3000, 1000).
The update formula (2.8)–(2.9) is utilized incorporating the average slowness; the
GMM takes 39.89 seconds. There one can see the shocks developed during the ad-
vancement of the wavefronts, due to the headwave out from the high velocity region.

7. Discussion. The GMM is yet to be tested for realistic models, in particular,
in three dimensions. Since the performance of the GMM is weakly dependent on the
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Fig. 6. The computed traveltime of the GMM in three dimensions superimposed on the cross
section {y = 3000} of the velocity v = v4. The number of grid points is 1003, and the source is
located at (x, y, z) = (1000, 3000, 1000).

velocity model, as one can see from Table 1, we can conclude that a 3D problem
of a million unknowns can be solved in 40 seconds on a 266 MHz laptop. Nonethe-
less, I would like to discuss some important aspects on the accuracy, efficiency, and
applicability of the level set methods, both the FMM [25, 27] and the GMM.

Higher-order extension. The level set methods are hard to incorporate high-
order FD schemes. Sethian [27] suggested one-sided high-order schemes to be con-
sidered whenever the traveltimes at the corresponding points are available. Here one
should notice that one-sided high-order FD schemes can produce a less accurate so-
lution than the first-order scheme, in particular, in heterogeneous media. Even if
the medium is constant, the one-sided second-order scheme easily produces underes-
timated solutions, as one can see from [27]. An interested reader can also check it for
the computation of τ1,2 in Figure 3 using the second-order version of (5.2) presented
in [27]. (Your result would be approximately 2.205 ·hs0; the exact value is 2.236 ·hs0.)

Computation cost. Now the level set method can be carried out for the compu-
tation cost of O(N) instead of O(N logN). However, both the FMM and the GMM
access the data (such as the solution, the narrow band points, and the binary tree
(FMM)) in an almost random manner, rather than a systematic way along the loop
indices. As a consequence, the algorithms can be more expensive than expected,
depending on the computers adopted.
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Applicability to the traveltime computation in seismology. Seismic im-
age processing methods require an accurate computation of traveltimes of acoustic
or elastic waves. When a set of seismic survey data is acquired utilizing the main
frequency of 40Hz, for example, the period for the propagation of one wavelength is
25 milliseconds. For a reasonable image processing, the error should be much less
than 25 milliseconds over the whole domain whose edge lengths are often 4,000m to
9,000m. For the example in Table 2, one has to choose approximately 300 points
(h = 20m) in each direction to keep the error below 10 milliseconds; the expected
computation time is 16 to 19 minutes in the same machine (ignoring the memory
problem), which is extremely expensive. Note that for a section of seismic image, the
traveltimes are often computed for more than 10,000 shot-gathers. (If a machine of
the same speed tested here is used, it will take at least four months for the traveltime
computation.) See [8, 9, 10, 12, 13, 21, 22, 31] for numerical methods and related
issues in the traveltime computation and seismic image processing.

Overall, the level set methods should be far more improved (particularly, in ac-
curacy) for a wider range of applications. The update formula discussed at the end of
section 5 for the 3D problem, a second-order FD scheme applicable to heterogeneous
media, and applications to anisotropic media will be the subjects of a forthcoming
paper [11].

8. Conclusions. An optimal level set method called the GMM has been sug-
gested, based on a physical investigation for the solution on the narrow band of
wavefronts. It has been applied to the computation of the FATTs of the eikonal
equation in two and three dimensions. The GMM incorporates both the narrow band
approach [25, 27] and the iterative scheme [23]; it converges in two iterations for a
group of points in the narrow band. Strategies have been discussed to reduce the
cost of the double-computation. We have introduced the average normal slowness to
improve accuracy; its approximation is discussed for an efficient implementation. A
new alternative update formula is suggested for the 2D problem, and it is numerically
verified to be superior to that of the conventional level set methods in both efficiency
and accuracy. For various velocities, grid sizes, and update formulae, the GMM has
carried out its job for the cost O(N), where N is the total number of grid points. The
GMM performs three to five times faster than the FMM for reasonable-size problems
in three dimensions.
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REFERENCES

[1] V. Cerveny, Ray synthetic seismograms for complex two- and three-dimensional structures,
J. Geophys., 58 (1985), pp. 2–26.

[2] V. Cerveny, I. A. Molotkov, and I. Psencik, Ray Methods in Seismology, University of
Karlova Press, Prague, 1977.

[3] M. Crandall and P. Lions, Viscosity of solutions of Hamilton-Jacobi equations, Trans. Amer.
Math. Soc., 277 (1983), pp. 1–42.

[4] M. Crandall and P. Souganidis, Developments in the theory of nonlinear first-order partial
differential equations, in Differential Equations, W. Knowles and R. Lewis, eds., North-
Holland Math. Stud. 92, North-Holland, Amsterdam, 1984, pp. 131–143.

[5] J. Dellinger, Anisotropic finite-difference traveltimes, in Expanded Abstracts, Society of Ex-
ploration Geophysicists, Tulsa, OK, 1991, pp. 1530–1533.



O(N) LEVEL SET METHOD 2193

[6] J. Dellinger and W. W. Symes, Anisotropic finite-difference traveltimes using a Hamilton-
Jacobi solver, in Expanded Abstracts, Society of Exploration Geophysicists, Tulsa, OK,
1997, pp. 1786–1789.

[7] F. Friedlander, Sound Pulses, Cambridge University Press, Cambridge, UK, 1958.
[8] S. Gray and W. May, Kirchhoff migration using eikonal equation traveltimes, Geophysics, 59

(1994), pp. 810–817.
[9] S. Kim, ENO-DNO-PS: A stable, second-order accuracy eikonal solver, in Expanded Abstracts,

Society of Exploration Geophysicists, Tulsa, OK, 1999, pp. 1747–1750.
[10] S. Kim, On eikonal solvers for anisotropic traveltimes, in Expanded Abstracts, Society of

Exploration Geophysicists, Tulsa, OK, 1999, pp. 1875–1878.
[11] S. Kim, An O(N) Second-Order Level Set Method, in preparation, 2000.
[12] S. Kim and R. Cook, 3D traveltime computation using second-order ENO scheme, Geophysics,

64 (1999), pp. 1867–1876.
[13] S. Kim, W. Symes, and M. A. El-Mageed, Superconvergent difference formulas for travel-

times and amplitudes, in Mathematical and Numerical Aspects of Wave Propagation, J.
A. DeSanto, ed., SIAM, Philadelphia, 1998, pp. 591–593.

[14] P. Lax, Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock
Waves, SIAM, Philadelphia, 1973.

[15] P. L. Lions, Generalized Solutions of Hamilton-Jacobi Equations, Res. Notes Math. 69, Pit-
man, New York, 1982.

[16] R. Malladi and J. A. Sethian, An O(N logN) algorithm for shape modeling, Proc. Natl.
Acad. Sci. USA, 93 (1996), pp. 9389–9392.

[17] S. Osher and J. A. Sethian, Fronts propagating with curvature dependent speed: Algorithms
based on Hamilton-Jacobi formulations, J. Comput. Phys., 79 (1988), pp. 12–49.

[18] S. Osher and C.-W. Shu, High-order essentially nonoscillatory schemes for Hamilton–Jacobi
equations, SIAM J. Numer. Anal., 28 (1991), pp. 907–922.

[19] A. Popovici and J. A. Sethian, Three dimensional traveltime computation using the fast
marching method, in Expanded Abstracts from the 67th Annual International Meeting of
Society of Exploration Geophysicists, Dallas, TX, 1997, Society of Exploration Geophysi-
cists, Tulsa, OK, 1997, pp. 1778–1781.

[20] J. Qian, C. Belfi, and W. Symes, Adaptive finite-difference method for traveltime and ampli-
tude, in Expanded Abstracts, Society of Exploration Geophysicists, Tulsa, OK, 1999, pp.
1763–1766.

[21] F. Qin, Y. Luo, K. B. Olsen, W. Cai, and G. T. Schuster, Finite-difference solution of the
eikonal equation along expanding wavefronts, Geophysics, 57 (1992), pp. 478–487.

[22] M. Reshef and D. Kosloff, Migration of common shot gathers, Geophysics, 51 (1986), pp.
324–331.

[23] E. Rouy and A. Tourin, A viscosity solutions approach to shape-from-shading, SIAM J.
Numer. Anal., 29 (1992), pp. 867–884.

[24] W. A. J. Schneider, K. A. Ranzinger, A. H. Balch, and C. Kruse, A dynamic program-
ming approach to first arrival traveltime computation in media with arbitrarily distributed
velocities, Geophysics, 57 (1992), pp. 39–50.

[25] J. A. Sethian, A fast marching level set method for monotonically advancing fronts, Proc.
Natl. Acad. Sci. USA, 93 (1996), pp. 1591–1595.

[26] J. A. Sethian, Theory, algorithms, and applications of level set methods for propagating in-
terfaces, Acta Numerica, 1996 Acta Numer. 5, Cambridge University Press, Cambridge,
UK, 1996, pp. 309–395.

[27] J. A. Sethian, Fast marching methods, SIAM Rev., 41 (1999), pp. 199–235.
[28] J. A. Sethian and A. Popovici, 3D traveltime computation using the fast marching method,

Geophysics, 64 (1999), pp. 516–523.
[29] J. Tsitsiklis, Efficient algorithms for globally optimal trajectories, IEEE Trans. Automat.

Control, 40 (1995), pp. 1528–1538.
[30] J. van Trier and W. W. Symes, Upwind finite-difference calculation of travel-times, Geo-

physics, 56 (1991), pp. 812–821.
[31] J. E. Vidale, Finite-difference calculation of travel times, Bull. Seismol. Soc. Amer., 78 (1988),

pp. 2062–2076.
[32] J. E. Vidale, Finite difference calculation of traveltimes in three dimensions, Geophysics, 55

(1990), pp. 521–526.



A SCALABLE PARALLEL ALGORITHM FOR INCOMPLETE
FACTOR PRECONDITIONING∗

DAVID HYSOM† AND ALEX POTHEN†

SIAM J. SCI. COMPUT. c© 2001 Society for Industrial and Applied Mathematics
Vol. 22, No. 6, pp. 2194–2215
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1. Introduction. Incomplete factorization (ILU) preconditioning is currently
among the most robust techniques employed to improve the convergence of Krylov
space solvers for linear systems of equations. (ILU stands for incomplete LU fac-
torization, where L and U are the lower and upper triangular (incomplete) factors
of the coefficient matrix.) However, scalable parallel algorithms for computing ILU
preconditioners have not been available despite the fact that they have been used for
more than twenty years [12]. We report the design, analysis, implementation, and
computational evaluation of a parallel algorithm for computing ILU preconditioners.

Our parallel algorithm assumes that three requirements are satisfied.
• The adjacency graph of the coefficient matrix (or the underlying finite element
or finite difference mesh) must have good edge separators, i.e., it must be
possible to remove a small set of edges to divide the problem into a collection
of subproblems that have roughly equal computational work requirements.
• The size of the problem must be sufficiently large relative to the number
of processors so that the work required by the subgraph on each processor
is suitably large to dominate the work and communications needed for the
boundary nodes.
• The subdomain intersection graph (to be defined later) should have a small
chromatic number. This requirement will ensure that the dependencies in
factoring the boundary rows do not result in undue losses in concurrency.

An outline of the paper is as follows. In section 2, we describe the steps in
the parallel algorithm for computing the ILU preconditioner in detail and provide
theoretical justification. The algorithm is based on an incomplete fill path theorem;
the proof and discussion of the theorem are deferred to an appendix. We also discuss
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the role that a subdomain graph constraint plays in the design of the algorithm,
show that the preconditioners exist for special classes of matrices, and relate our
work to earlier work on this problem. Section 3 contains an analysis that shows that
the parallel algorithm is scalable for two-dimensional (2D-) and three-dimensional
(3D-)model problems, when they are suitably ordered and partitioned. Section 4
contains computational results on Poisson and convection-diffusion problems. The
first subsection shows that the parallel ILU algorithm is scalable on three parallel
platforms; the second subsection reports convergence studies. We tabulate how the
number of Krylov solver iterations and the number of entries in the preconditioner
vary as a function of the preconditioner level for three variations of the algorithm.
The results show that fill levels higher than one are effective in reducing the number
of iterations; the number of iterations is insensitive to the number of subdomains;
and the subdomain graph constraint does not affect the number of iterations while it
makes possible the design of a simpler parallel algorithm.

The background needed for ILU preconditioning may be found in several books;
see, e.g., [1, 15, 17, 33]. A preliminary version of this paper was presented at Super-
computing ’99 and was published in the conference proceedings [18]. The algorithm
has been revised, additional details have been included, and the proof of the theorem
on which it is based has been added. The experimental results in section 4 are new,
and most of them have been included in the technical reports [19, 20].

2. Algorithms. In this section we discuss the Parallel ILU (PILU) algorithm
and its underlying theoretical foundations.

2.1. The PILU algorithm. Figure 2.1 describes the steps of the PILU algo-
rithm at a high level; the algorithm is suited for implementation on both message-
passing and shared-address space programming models.

The PILU algorithm consists of four major steps. In the first step, we create
parallelism by dividing the problem into subproblems by means of graph partitioning.
In the second step, we preserve the parallelism in the interior of the subproblems by
locally scheduling the computations in each subgraph. In the third step, we preserve
parallelism in the boundaries of the subproblems by globally ordering the subprob-
lems through coloring a suitably defined graph. In the final step, we compute the
preconditioner in parallel. Now we will describe the four steps in greater detail.
Step 1: Graph partitioning. In the first step of PILU, we partition the

adjacency graph G(A) of the coefficient matrix A into p subgraphs by removing a
small set of edges that connects the subgraphs to each other. Each subgraph will be
mapped to a distinct processor that will be responsible for the computations associated
with the subgraph.

An example of a model five-point grid partitioned into four subgraphs is shown
in Figure 2.2. For clarity, the edges corresponding to the coefficient matrix elements
(within each subgraph or between subgraphs) are not shown. The edges drawn corre-
spond to fill elements (elements that are zero in the coefficient matrix but are nonzero
in the incomplete factors) that join the different subgraphs.

To state the objective function of the graph partitioning problem, we need to intro-
duce some terminology. An edge is a separator edge if its endpoints belong to different
subgraphs. A vertex in a subgraph is an interior vertex if all of its neighbors belong to
that subgraph; it is a boundary vertex if it is adjacent to one or more vertices belonging
to another subgraph. By definition, an interior vertex in a subgraph is not adjacent to
a vertex (boundary or interior) in another subgraph. In Figure 2.2, the first 25 vertices
are interior vertices of the subgraph S0, and vertices numbered 26 through 36 are its
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Input: A coefficient matrix, its adjacency graph, and the number of pro-
cessors p.
Output: The incomplete factors of the coefficient matrix.

1. Partition the adjacency graph of the matrix into p subgraphs (sub-
domains), and map each subgraph to a processor. The objectives
of the partitioning are that the subgraphs should have roughly
equal work, and there should be few edges that join the different
subgraphs.

2. On each subgraph, locally order interior nodes first, and then order
boundary nodes.

3. Form the subdomain intersection graph corresponding to the par-
tition, and compute an approximate minimum vertex coloring for
it. Order subdomains according to color classes.

4. Compute the incomplete factors in parallel.
a. Factor interior rows of each subdomain.
b. Receive sparsity patterns and numerical values of the nonzeros
of the boundary rows of lower-numbered subdomains adjacent to
a subdomain (if any).
c. Factor boundary rows in each subdomain and send the spar-
sity patterns and numerical values to higher-numbered neighboring
subdomains (if any).

Fig. 2.1. High level description of the PILU algorithm.

boundary vertices. The goal of the partitioning is to keep the amount of work associ-
ated with the incomplete factorization of each subgraph roughly equal, while keeping
the communication costs needed to factor the boundary rows as small as possible.

There is a difficulty with modeling the communication costs associated with the
boundary rows. In order to describe this difficulty, we need to relate this cost more
precisely to the separators in the graph. Define the higher degree of a vertex v as
the number of vertices numbered higher than v in a given ordering. We assume that
upward-looking, row-oriented factorization is used. At each boundary between two
subgraphs, elements need to be communicated from the lower numbered subgraph to
the higher numbered subgraph. The number of these elements is proportional to the
sum of the higher degrees (in the filled graph G(F )) of the boundary vertices in the
lower numbered subgraph. But unfortunately, we do not know the fill edges at this
point since we have neither computed an ordering of G(A) nor computed a symbolic
factorization. We could approximate by considering higher degrees of the boundary
vertices in the graph G(A) instead of the filled graph G(F ), but even this requires us
to order the subgraphs in the partition.

The union of the boundary vertices on all the subgraphs forms a wide vertex sep-
arator . This means that the shortest path from an interior vertex in any subgraph
to an interior vertex in another subgraph consists of at least three edges; such a path
has length at least three. The communication cost in the (forward and backward)
triangular solution steps is proportional to the sum of the sizes of the wide vertex
separators. None of the publicly available graph partitioning software has the min-
imization of wide separators as its objective function, but it is possible to modify
existing software to optimize this objective.
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Fig. 2.2. An example that shows the partitioning, mapping, and vertex ordering used in the
PILU algorithm. The graph on the top is a regular 12× 12 grid with a five-point stencil partitioned
into four subdomains and then mapped on four processors. The subdomains are ordered by a coloring
algorithm to reduce dependency path lengths. Only the level one and two fill edges that join the
different subdomains are shown; all other edges are omitted for clarity. The figure on the bottom
right shows the subdomain intersection graph when the subdomain graph constraint is enforced. (This
prohibits fill between the boundary nodes of the subdomains S1 and S2, indicated by the broken edges
in the top graph.) The graph on the bottom left shows the subdomain intersection graph when the
subdomain graph constraint is not enforced.

The goal of the partitioning step is to keep the amount of work associated with
each subgraph roughly equal (for load balance) while making the communication costs
due to the boundaries as small as possible. As the previous two paragraphs show,
modeling the communication costs accurately in terms of edge and vertex separators
in the initial graph G(A) is difficult, but we could adopt the minimization of the
wide separator sizes as a reasonable goal. This problem is NP-complete, but there
exist efficient heuristic algorithms for partitioning the classes of graphs that occur in
practical situations. (Among these graph classes are 2D-finite element meshes and
3D-meshes with good aspect ratios.)
Step 2: Local reordering. In the second step, in each subgraph we order the

interior vertices before the boundary vertices. This ordering ensures that during the
incomplete factorization, an interior vertex in one subgraph cannot be joined by a
fill edge to a vertex in another subgraph, as will be shown later. Fill edges between
two subgraphs can join only their boundary vertices together. Thus interior vertices
corresponding to the initial graph G(A) remain interior vertices in the graph of the
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factor G(F ). The consequences of this are that the rows corresponding to the interior
vertices in each subdomain of the initial problem G(A) can be factored concurrently,
and that communication is required only for factoring rows corresponding to the
boundary rows. The reader can verify that in each subgraph in Figure 2.2 the interior
nodes have been ordered before the boundary nodes.

The observation concerning fill edges in the preceding paragraph results from
an application of the following incomplete fill path theorem. Given the adjacency
graph G(A) of a coefficient matrix A, the theorem provides a static characterization
of where fill entries arise during an incomplete factorization A = L̂Û + E, where
L̂ is the lower triangular incomplete factor, Û is the upper triangular incomplete
factor, and E is the remainder matrix. The characterization is static in that fill is
completely described by the structure of the graph G(A); no information from the
factor is required.

We need a definition before we can state the theorem. A fill path is a path joining
two vertices i and j, all of whose interior vertices are numbered lower than the end
vertices i and j.1

Recall also the definition of the levels assigned to nonzeros in an incomplete
factorization. To discuss the sparsity pattern of the incomplete factors, we consider
the filled matrix F = L̂ + Û − I. The sparsity pattern of F is initialized to that of
A. All nonzero entries in F corresponding to nonzeros in A have level zero, and zero
entries have level infinity. New entries that arise during factorization are assigned a
level based on the levels of the causative entries, according to the rule

level(fij) = min
1≤h<min{i,j}

{level(fih) + level(fhj) + 1}.

The incomplete fill path theorem describes an intimate relationship between fill
entries in ILU(k) factors and path lengths in graphs.

Theorem 2.1. Let F = L̂ + Û − I be the filled matrix corresponding to an
incomplete factorization of A, and let fij be a nonzero entry in F . Then fij is a level
k entry if and only if there exists a shortest fill path of length k+1 that joins i and j
in G(A).

A proof and a discussion of this theorem are included in the appendix.
Now consider the adjacency graph G(A) and a partition Π = {S0, . . . , Sp−1}

of it into subgraphs (subdomains). Any path joining two interior nodes in distinct
subdomains must include at least two boundary nodes, one from each of the subgraphs;
since each boundary node is numbered higher than (at least one of) the path’s end
vertices (since these are interior nodes in the subgraph), this path cannot be a fill
path. If two interior nodes belonging to separate subgraphs were connected by a fill
path and the corresponding fill entry were permitted in F , the interior nodes would be
transformed into boundary nodes in G(F ). This is undesirable for parallelism, since
then there would be fewer interior nodes to be eliminated concurrently.

The local ordering step preserves interior and boundary nodes during the factor-
ization and ensures that a subdomain’s interior rows can be factored independently
of row updates from any other subdomain. Therefore, when subdomains have rela-
tively large interior/boundary node ratios, and contain approximately equal amounts
of computational work, we expect PILU to exhibit a high degree of parallelism.

1The reader has doubtless noted that interior is used in a different sense here than previously.
We trust it will be obvious from the context where interior is used to refer to nodes in paths and
where it is used to refer to nodes in subgraphs.
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Step 3: Global ordering. The global ordering phase is intended to preserve
parallelism while factoring the rows corresponding to the boundary vertices. In order
to explain the loss of concurrency that could occur during this phase of the algo-
rithm, we need the concept of a subdomain intersection graph, which we shall call a
subdomain graph for brevity.

The subdomain graph S(G,Π) = (Vs, Es) is computed from a graph G and its
partition Π = {S0, . . . , Sp−1} into subgraphs. The vertex set Vs contains a vertex cor-
responding to every subgraph in the partition; the edge set Es contains edge {Si, Sj}
if there is an edge in G with one endpoint in Si and the other in Sj . We can compute
a subdomain graph S(A) corresponding to the initial graph G(A) and its partition.
(This graph should be denoted S(G(A),Π), but we shall write S(A) for simplicity.)
We could also compute a subdomain graph S(F ) corresponding to the graph of the
factor G(F ). The subdomain graph S(A) corresponding to the partition of the initial
graph G(A) (the top graph) in Figure 2.2 is shown in the graph at the bottom right
in that figure.

We impose a constraint on the fill, the subdomain graph constraint. The sub-
domain graph corresponding to G(F ) is restricted to be identical to the subdomain
graph corresponding to G(A). This prohibits some fill in the filled graph G(F ): if two
subdomains are not joined by an edge in the original graph G(A), any fill edge that
joins those subdomains is not permitted in the graph of the incomplete factor G(F ).
The description of the PILU algorithm in Figure 2.1 assumes that the subdomain
graph constraint is satisfied. This constraint makes it possible to obtain scalability in
the parallel ILU algorithm. Later, we discuss how the algorithm should be modified
if this constraint is relaxed.

Each subdomain’s nodes (in G(A)) are ordered contiguously. Consequently, say-
ing “subdomain r is ordered before subdomain s” is equivalent to saying “all nodes
in subdomain r are ordered, and then all nodes in subdomain s are ordered.” This
permits S(A) to be considered as a directed graph, with edges oriented from lower to
higher numbered vertices.

Edges in S(F ) indicate data dependencies in factoring the boundary rows of the
subdomains. If an edge in S(F ) joins r and s and subdomain r is ordered before
subdomain s, then updates from the boundary rows of r have to be applied to the
boundary rows of s before the factorization of the latter rows can be completed. It
follows that ordering S(F ) so as to reduce directed path lengths reduces serial bottle-
necks in factoring the boundary rows. If we impose the subdomain graph constraint,
these observations apply to the subdomain graph S(A) as well since then S(A) is
identical with S(F ).

We reduce directed path lengths in S(A) by coloring the vertices of the subdomain
graph with few colors using a heuristic algorithm for graph coloring, and then by
numbering the subdomains by color classes. The boundary rows of all subdomains
corresponding to the first color can be factored concurrently without updates from any
other subdomains. These subdomains update the boundary rows of higher numbered
subdomains adjacent to them. After the updates, the subdomains that correspond
to the second color can factor their boundary rows. This process continues by color
classes until all subdomains have factored their boundary rows. The number of steps
it takes to factor the boundary rows is equal to the number of colors it takes to color
the subdomain graph.

In Figure 2.2, let pi denote the processor that computes the subgraph Si. Then p0

computes the boundary rows of S0 and sends them to processors p1 and p2. Similarly,
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p3 computes the boundary rows of subgraph S3 and sends them to p1 and p2. The
latter processors first apply these updates and then compute their boundary rows.

How much parallelism can be gained through subdomain graph reordering? We
can gain some intuition through analysis of simplified model problems, although we
cannot answer this question a priori for general problems and all possible partitions.
Consider a matrix arising from a second order PDE that has been discretized on a
regularly structured 2D grid using a standard five-point stencil. Assume that the grid
is naturally ordered and that it has been partitioned into square subgrids and mapped
into a square grid of p processors. In the worst case, the associated subdomain graph,
which itself has the appearance of a regular 2D grid, can have a dependency path
of length 2(

√
p − 1). Similarly, a regularly structured 3D grid discretized with a

seven-point stencil that is naturally ordered and then mapped on a cube containing
p processors can have a dependency path length of 3( 3

√
p − 1). However, regular 2D

grids with the five-point stencil and regular 3D grids with the seven-point stencil are
bipartite graphs and can be colored with two colors. If all subdomains of the first
color class are numbered first, and then all subdomains of the second color class are
numbered, the longest dependency path in S will be reduced to one. This discussion
shows that coloring the subdomain graph is an important step in obtaining a scalable
parallel algorithm.
Step 4: Preconditioner computation. Now that the subdomains and the

nodes in each subdomain have been ordered, the preconditioner can be computed.
We employ an upward-looking, row oriented factorization algorithm. The interior of
each subdomain can be computed concurrently by the processors, and the boundary
nodes can be computed in increasing order of the color classes. Either a level-based
ILU(k) or a numerical threshold based ILUT(τ , p) algorithm may be employed on
each subdomain. Different incomplete factorization algorithms could be employed in
different subdomains when appropriate, as in multiphysics problems. Different fill
levels could be employed for the interior nodes in a subdomain and for the boundary
nodes to reduce communication and synchronization costs.

2.2. Relaxing the subdomain graph constraint. Now we consider how the
subdomain graph constraint might be relaxed. Given a graph G(A) and a partition
of it into subgraphs, we color the subdomain graph S(A) and order its subdomains as
before. Then we compute the graph G(F ) of an incomplete factor and its subdomain
graph S(F ). To do this, we need to discover the dependencies in S(F ), but initially
we have only the dependencies in S(A) available. This has to be done in several
rounds, because fill edges could create additional dependencies between the boundary
rows of subdomains, which in turn might lead to further dependences. The number
of rounds needed is the length of a longest dependency path in the subdomain graph
G(F ), and this could be Ω(p). This discussion applies when an ILU(k) algorithm
is employed, with symbolic factorization preceding numerical factorization. If ILUT
were to be employed, then symbolic factorization and numerical factorization must
be interleaved, as would be done in a sequential algorithm.

We can then color the vertices of S(F ) to compute a schedule for factoring the
boundary rows of the subdomains. For achieving concurrency in this step the subdo-
main graph S(F ) should have a small chromatic number (independent of the number
of vertices in G(A)). Note that the description of the PILU algorithm in Figure 2.1
needs to be modified to reflect this discussion when the subdomain graph constraint
is relaxed.

The graph G(F ) in Figure 2.2 indicates the fill edges that join S1 to S2 as broken
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lines. The corresponding subdomain intersection graph S(F ) is shown on the lower
left. The edge between S1 and S2 necessitates three colors to color S(F ): the subdo-
mains S0 and S3 form one color class; S1 by itself constitutes the second color class;
and S2 by itself makes up the third color class. Thus three steps are needed for the
computation of the boundary rows of the preconditioner when the subdomain graph
constraint is relaxed. Note that the processor responsible for the subdomain S2 can
begin computing its boundary rows when it receives an update from either S0 or S3,
but that it cannot complete its computation until it has received the update from the
subdomain S1.

Theorem 2.1 has an intuitively simple geometric interpretation. Given an initial
node i in G(A), construct a topological “sphere” containing all nodes that are at a
distance less than or equal to k + 1 edges. Then a fill entry fij is admissible in an
ILU(k) factor only if j is within the sphere. Note that all such nodes j do not cause
fill edges since there needs to be a fill path joining i and j. By applying Theorem 2.1,
we can gain an intuitive understanding of the fill entries that may be discarded on
account of the subdomain graph constraint. Referring again to Figure 2.2, we see that
prohibited edges arise when two nonadjacent subdomains in G(A) have nodes that
are joined by a fill path of length less than k + 1. No level zero edge is discarded by
the constraint.

2.3. Existence of PILU preconditioners. The existence of preconditioners
computed from the PILU algorithm can be proven for some classes of problems.

Meijerink and van der Vorst [28] proved that if A is an M-matrix, then ILU
factors exist for any predetermined sparsity pattern, and Manteuffel [27] extended
this result to H-matrices with positive diagonal elements. These results immediately
show that PILU preconditioners with sparsity patterns based on level values exist for
these classes of matrices. This is true even when different level values are used for the
various subdomains and boundaries.

Incomplete Cholesky (IC) preconditioners for symmetric problems could be com-
puted with our parallel algorithmic framework using preconditioners proposed by
Jones and Plassmann [21] and by Lin and Moré [23] on each subdomain and on the
boundaries. The sparsity patterns of these preconditioners are determined by the nu-
merical values in the matrix and by memory constraints. Lin and Moré have proved
that these preconditioners exist for M- and H-matrices. Parallel IC preconditioners
also can be shown to exist for M- and H-matrices. If the subdomain graph constraint
is not enforced, then the preconditioner computed in parallel corresponds to a precon-
ditioner computed by the serial algorithm from a reordered matrix. If the constraint
is enforced, some specified fill elements are dropped from the Schur complement; it
can be shown that the resulting Schur complement matrix is componentwise larger
than the former and hence still an M-matrix.

2.4. Relation to earlier work. We now briefly discuss earlier parallel ILU
algorithms that are related to the PILU algorithm proposed here. Earlier attempts at
parallel algorithms for preconditioning (including approaches other than incomplete
factorization) are surveyed in [6, 12, 34]; orderings suitable for parallel incomplete
factorizations have been studied inter alios in [4, 11, 13]. The surveys also describe
the alternate approximate inverse approach to preconditioning.

Saad [33, section 12.6.1] discusses a distributed ILU(0) algorithm that has the fea-
tures of graph partitioning, elimination of interior nodes in a subdomain before bound-
ary nodes, and coloring the subdomains to process the boundary nodes in parallel.
Only level 0 preconditioners are discussed there, so that fill between subdomains, or
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within each subdomain, do not need to be considered. No implementations or results
were reported, although Saad has informed us recently of a technical report [24] that
includes an implementation and results. Our work, done independently, shows how fill
levels higher than zero can be accommodated within this algorithmic framework. We
also analyze our algorithm for scalability and provide computational results on the
performance of PILU preconditioners. Our results show that fill levels higher than zero
are indeed necessary to obtain parallel codes with scalability and good performance.

Karypis and Kumar [22] have described a parallel ILUT implementation based
on graph partitioning. Their algorithm does not include a symbolic factorization, and
they discover the sparsity patterns and the values of the boundary rows after the
numerical computation of the interior rows in each subdomain. The factorization of
the boundary rows is done iteratively, as in the discussion given above, where we show
how the subdomain graph constraint might be relaxed. The partially filled graph of
the boundary rows after the interior rows are eliminated is formed, and this graph
is colored to compute a schedule for computing the boundary rows. Since fill edges
in the boundary rows are discovered as these rows are being factored, this approach
could lead to long dependency paths that are Θ(p). The number of boundary rows is
Ω(N1/2) for 2D meshes, and Ω(N2/3) for 3D meshes with good aspect ratios. If the
cost of factoring and communicating a boundary row is proportional to the number
of rows, then this phase of their algorithm could cost Ω(p

√
N), severely limiting the

scalability of the algorithm (cf. the discussion in section 3).
Recently Magolu monga Made and van der Vorst [25, 26] have reported variations

of a parallel algorithm for computing ILU preconditioners. They partition the mesh,
linearly order the subdomains, and then permit fill in the interior and the boundaries
of the subdomains. The boundary nodes are classified with respect to the number
of subdomains they are adjacent to, and are eliminated in increasing order of this
number. Since the subdomains are linearly ordered, a “burn from both ends” ordering
is employed to eliminate the subdomains. Our approaches are similar, except that
we additionally order the subdomains by means of a coloring to reduce dependency
path lengths to obtain a scalable algorithm. They have provided an analysis of the
condition number of the preconditioned matrices for a class of 2D second order elliptic
boundary value problems. They permit high levels of fill (four or greater) as we do,
and show that the increased fill permitted across the boundaries enables the condition
number of the preconditioned matrix to be insensitive to the number of subdomains
(except when the latter gets too great). We have worked independently of each other.

A different approach, based on partitioning the mesh into rectangular strips and
then computing the preconditioner in parallel steps in which a “wavefront” of the
mesh is computed at each step by the processors, was proposed by Bastian and Hor-
ton [3] and was implemented for shared memory multiprocessors recently by Vuik,
van Nooyen, and Wesseling [36]. This approach has less parallelism than the one
considered here.

3. Performance analysis. In this section we present simplified theoretical anal-
yses of algorithmic behavior for matrices arising from PDEs discretized on 2D grids
with five-point stencils and 3D grids with seven-point stencils. Since our arguments
are structural in nature, we assume ILU(k) is the factorization method used. After a
word about nomenclature, we begin with the 2D case.

The word grid refers to the grid (mesh) of unknowns for regular 2D and 3D grids
with five- and seven-point stencils, respectively; this is identical to the adjacency
graph G(A) of the coefficient matrix of these problems. We use the terms eliminating
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Fig. 3.1. Counting lower triangular fill edges in a naturally ordered grid. We count the number
of edges incident on vertex 9. Considering the graphs from top to bottom, we find that there are two
level 0 edges; there is one level 1 edge, due to fill path 9, 3, 4; there is one level 2 edge due to fill
path 9, 3, 4, 5; there are two level 3 edges, due to fill paths 9, 3, 4, 5, 6 and 9, 3, 2, 1, 7. We can
generalize that two additional fill edges are created for every level greater than three, except near
the boundaries. We conclude that asymptotically there are 2k lower triangular edges incident on a
vertex in a level k factorization. Since the mesh corresponds to a structurally symmetric problem,
there are 2k upper triangular edges incident on a vertex as well.

a node and factoring a row synonymously.
We assume the grid has been block-partitioned, with each subdomain consisting

of a square subgrid of dimension c × c. We also assume the subdomain grid has
dimensions

√
p×√p, so there are p processors in total. There are thus N = c2p nodes

in the grid, and subdomains have at most 4c = 4
√

N
p boundary nodes.

If subdomain interior nodes are locally numbered in natural order and k � c, each
row in the factor F asymptotically has 2k (strict) upper triangular and 2k (strict)
lower triangular nonzero entries. The justification for this statement arises from a con-
sideration of the incomplete fill path theorem; the intuition is illustrated in Figure 3.1.

Assuming that the classical ILU(k) algorithm is used for symbolic factorization,
both symbolic and numeric factorization of row j entails 4k2 arithmetic operations.
This is because for each lower triangular entry fji in matrix row j, factorization
requires an arithmetic operation with each upper triangular entry in row i.

A red-black ordering of the subdomain graph gives an optimal bipartite division.
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If red subdomains are numbered before black subdomains, our algorithm simplifies to
the following three stages.

1. Red processors eliminate all nodes; black processors eliminate interior nodes.
2. Red processors send boundary-row structure and values to black processors.
3. Black processors eliminate boundary nodes.

If these stages are nonoverlapping, the cost of the first stage is bounded by the cost

of eliminating all nodes in a subdomain. This cost is 4k2c2 = 4k2N
p .

The cost for the second stage is the cost of sending structural and numerical values
from the upper-triangular portions of the boundary rows to neighboring processors.
If k � c, the incomplete fill path theorem can be used to show that, asymptotically,
a processor only needs to forward values from c rows to each neighbor. We assume a
standard, noncontentious communication model wherein α and β represent message
startup and per-word-transfer times, respectively. We measure these times in non-
dimensional units of flops by dividing them by the time it takes to execute one flop.
The time for an arithmetic operation is thus normalized to unity. Then the cost for

the second step is 4(α+ 2kβc) = 4(α+ 2kβ
√

N
p ).

Since the cost of factoring a boundary row can be shown to be asymptotically
identical to that for factoring an interior row, the cost for eliminating the 4c boundary

nodes is (4k2)(4c) = 16k2
√

N
p . Speedup can then be expressed as

speedup =
4k2N

4k2N
p + 4(α+ 2kβ

√
N
p ) + 16k

2
√

N
p

.

The numerator represents the cost for sequential execution, and the three terms in the
denominator represent the costs for the three stages (arithmetic for interior nodes,
communication costs, and arithmetic for the boundary nodes) of the parallel algo-
rithm.

Three implications from this equation are in order. First, for a fixed problem
size and number of processors, the parallel computational cost (the first and third
terms in the denominator) is proportional to k2, while the communication cost (the
second term in the denominator) is proportional to k. This explains the increase in
efficiency with level that we have observed. Second, if the ratio N/p is large enough,
the first term in the denominator will become preeminent, and efficiency will approach
100%. Third, if we wish to increase the number of processors p by some factor while
maintaining a constant efficiency, we need only increase the size of the problem N
by the same factor. This shows that our algorithm is scalable. This observation is
not true for a direct factorization of the coefficient matrix, where the dependencies
created by the additional fill cause loss in concurrency.

For the 3D case we assume partitioning into cubic subgrids of dimension c ×
c × c and a subdomain grid of dimension p1/3 × p1/3 × p1/3, which gives N = c3p.
Subdomains have at most 6c2 boundary nodes. A development similar to that above
shows that, asymptotically, matrix rows in the factor F have 2k2 (strict) upper and
lower triangular entries, so the cost for factoring a row is 4k4. Speedup for this case
can then be expressed as

speedup =
4k4N

4k4N
p + 6(α+ 2k2β(Np )

1/3) + 24k4(Np )
1/3

=
2k4N

2k4N
p + 3(α+ 2k2β(Np )

1/3) + 12k4(Np )
1/3

.
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4. Results. Results in this section are based on the following model problems.
Problem 1. Poisson’s equation in two or three dimensions:

∆u = g.

Problem 2. Convection-diffusion equation with convection in the xy plane:

−ε�u+
∂

∂x
exyu+

∂

∂y
e−xyu = g.

Homogeneous boundary conditions were used for both problems. Derivative terms
were discretized on the unit square or cube, using 3-point central differencing on
regularly spaced nx × ny × nz grids (nz = 1 for 2D). The values for ε in Problem
2 were set to 1/500 and 1/1000. The problem becomes increasingly unsymmetric,
and more difficult to solve accurately as ε decreases. The right-hand sides of the
resulting systems, Ax = b, were artificially generated as b = Aê, where ê is the
all-ones vector.

ILU(k) preconditioning is amenable to performance analysis since the nonzero
structures of ILU(k) preconditioners are identical for any PDE that has been dis-
cretized on a 2D or 3D grid with a given stencil. The structure depends on the grid
and the stencil only and is not affected by numerical values if pivoting is not needed
for numerical stability. Identical structures imply identical symbolic factorization
costs, as well as identical flop counts during the numerical factorization and solve
phases. In parallel contexts, communication patterns and costs are also identical.
While preconditioner effectiveness—the number of iterations until the stopping cri-
teria is reached—differs with the numerics of the particular problem being modeled,
the parallelism available in the preconditioner does not.

The structure of ILUT preconditioners, on the other hand, is a function of the
grid, the stencil, and the numerics. Changing the problem, particularly for non-
diagonally dominant cases, can alter the preconditioner structure, even when the grid
and stencil remain the same.

We report our performance evaluation for ILU(k) preconditioners, although the
parallel algorithmic framework proposed here could just as easily work with ILUT(τ ,
p). We have compared the performance of ILU(k) with ILUT in an earlier report [18].
We report there that for Problem 2 with ε = 1/500, ILUT(0.001, 10) incurred more
fill than ILU(5) on a 2D domain for grid sizes up to 400 × 400; for 3D domains and
grid sizes up to 64 × 64 × 64, the same ILUT preconditioner incurred fill between
ILU(2) and ILU(3).

In addition to demonstrating that our algorithm can provide high degrees of
parallelism, we address several other issues. We study the influence of the subdomain
graph constraint on the fill permitted in the preconditioner and on the convergence of
preconditioned Krylov space solvers. We also report convergence results as a function
of the number of nonzeros in the preconditioner.

4.1. Parallel performance. We now report timing and scalability results for
preconditioner factorization and application on three parallel platforms:

• an SGI Origin2000 at NASA Ames Research Center (AMES);
• the Coral PC Beowulf cluster at ICASE, NASA Langley Research Center;
• a Sun HPC 10000 Starfire server at Old Dominion University (ODU).
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Table 4.1
Time (sec.) required for incomplete (symbolic and numeric) factorization for a 3D scaled

problem; 91, 125 unknowns per processor, seven-point stencil, ILU(2) factorization on interior nodes,
and ILU(1) factorization on boundary nodes. Dashes (-) for Beowulf and HPC 10000 indicate that
the machines have insufficient cpus to perform the runs.

Procs Origin2000 Beowulf HPC 10000
AMES (ICASE) (ODU)

1 2.04 2.27 2.13
8 2.44 3.11 2.43

27 2.96 4.06 2.97
64 3.11 4.64 -

125 3.18 - -
216 3.32 - -

Both problems were solved using Krylov subspace methods as implemented in the
PETSc [2] software library. Problem 1 was solved using the conjugate gradient
method, and Problem 2 was solved using Bi-CGSTAB [35]. PETSc’s default con-
vergence criterion was used, which is five orders of magnitude (105) reduction in the
residual of the preconditioned system. We used our own codes for problem generation,
partitioning, ordering, and symbolic factorization.

Table 4.1 shows incomplete factorization timings for a 3D memory-scaled problem
with approximately 91, 125 unknowns per processor. As the number of processors
increases, so does the size of the problem. The coefficient matrix of the problem
factored on 216 processors has about 19.7 million rows. ILU(2) was employed for the
interior nodes, and ILU(1) was employed for the boundary nodes. Reading down any
of the columns shows that performance is highly scalable, e.g., for the SGI Origin2000,
factorization for 216 processors and 19.7 million unknowns required only 62% longer
than the serial case. Scanning horizontally indicates that performance was similar
across all platforms, e.g., execution time differed by less than a factor of two between
the fastest (Origin2000) and slowest (Beowulf) platforms.

Table 4.2 shows similar data and trends for the triangular solves for the scaled
problem. Scalability for the solves was not quite as good as for factorization; e.g., the
solve with 216 processors took about 2.5 times longer than the serial case. This is
expected due to the lower computation cost relative to communication and synchro-
nization costs in triangular solution.

We observed that the timings for identical repeated runs on the HPC 10000
and SGI typically varied by 50% or more, while repeated runs on the Beowulf were
remarkably consistent.

Table 4.3 shows speedup for a constant-sized problem of 1.7 million unknowns.
There is a clear correlation between performance and subdomain interior/boundary
node ratios; this ratio needs to be reasonably large for good performance.

The performances reported in these tables are applicable to any PDE that has
been discretized with a seven-point central difference stencil since the sparsity pattern
of the symbolic factor depends on the grid and the stencil only.

4.2. Convergence studies. Our approach for designing parallel ILU algorithms
reorders the coefficient matrices whose incomplete factorization is being computed.
This reordering could have a significant influence on the effectiveness of the ILU
preconditioners. Accordingly, in this section we report the number of iterations of a
preconditioned Krylov space solver needed to reduce the residual by a factor of 105.

We compare three different algorithms.
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Table 4.2
Time (sec.) to compute triangular solves for 3D scaled problem; 91, 125 unknowns per processor,

seven-point stencil, ILU(2) factorization on interior nodes, ILU(1) factorization on boundary nodes.
Dashes (-) for Beowulf and HPC 10000 indicate that the machines have insufficient cpus to perform
the runs.

Procs Origin2000 Beowulf HPC 10000
(AMES) (ICASE) (ODU)

1 .182 .187 .289
8 .431 .359 .515

27 .405 .508 .629
64 .472 .556 -

125 .610 - -
216 .646 - -

Table 4.3
Speedup for 3D constant-size problem; the grid was 120×120×120 for a total of approximately

1.7 million unknowns; data is for ILU(0) factorization performed on the SGI Origin2000; “I/B
ratio” is the ratio of interior to boundary nodes in each subdomain.

Procs Unknowns/ I/B Time Efficiency
Processor ratio (sec.) (%)

8 216,000 9.3 2.000 100
27 64,000 6.0 0.846 70
64 27,000 4.3 .408 62

125 13,824 3.4 .307 42

• Constrained PILU(k) is the parallel ILU(k) algorithm with the subdomain
graph constraint enforced.
• In unconstrained PILU(k), the subdomain graph constraint is dropped, and
all fill edges up to level k between the boundary nodes of different subdomains
are permitted, even when such edges join two nonadjacent subdomains of the
initial subdomain graph S(A).

• In block Jacobi ILU(k) (BJILU(k)), all fill edges joining two different subdo-
mains are excluded.

Intuitively, one expects, especially for diagonally dominant matrices, that larger
amounts of fill in preconditioners will reduce the number of iterations required for
convergence.

4.2.1. Fill count comparisons. For a given problem, the number of permitted
fill edges is a function of three components: the factorization level, k; the subdomain
size(s); and the discretization stencil. While the numerical values of the coefficients
of a particular PDE influence convergence, they do not affect fill counts. Therefore,
our first set of results consists of fill count comparisons for problems discretized on a
64× 64× 64 grid using a standard, seven-point stencil.

Table 4.4 shows fill count comparisons between unconstrained PILU(k), con-
strained PILU(k), and block Jacobi ILU(k) for various partitionings and factorization
levels. The data shows that more fill is discarded as the factorization level increases,
and as subdomain size (the number of nodes in each subdomain) decreases. These
two effects hold for both constrained PILU(k) and block Jacobi ILU(k) but are much
more pronounced for the latter. For example, less than 5% of fill is discarded from un-
constrained PILU(k) factors when subdomains contain at least 512 nodes (so that the
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Table 4.4
Fill comparisons for the 64 × 64 × 64 grid. U denotes unconstrained, C denotes constrained,

and B denotes block Jacobi ILU(k) preconditioners. The columns headed “nzF/nzA” show the ratio
of the number of nonzeros in the preconditioner to the number of nonzeros in the original problem
and are indicative of storage requirements. The columns headed “constraint effects” present another
view of the same data: here, the percentage of nonzeros in the constrained PILU(k) and block Jacobi
ILU(k) factors are shown relative to that for the unconstrained PILU(k). These columns show the
amount of fill dropped due to the subdomain graph constraint.

Nodes per Subdom. nzF/nzA Constraint effects (%)
subdom. count Level U C B C B

262,144 1 0 1.00 1.00 1.00 100.00 100.00
1 1.84 1.84 1.84 100.00 100.00
2 3.22 3.22 3.22 100.00 100.00
3 5.96 5.96 5.96 100.00 100.00
4 9.73 9.73 9.73 100.00 100.00

32,768 8 0 1.00 1.00 0.99 100.00 98.64
1 1.87 1.87 1.80 99.99 96.53
2 3.36 3.35 3.12 99.96 92.91
3 6.32 6.32 5.70 99.92 90.13
4 10.50 10.49 9.19 99.89 87.56

4,096 64 0 1.00 1.00 0.96 100.00 95.93
1 1.89 1.89 1.72 99.90 91.24
2 3.45 3.44 2.91 99.62 84.36
3 6.51 6.47 5.19 99.34 79.72
4 10.81 10.70 8.17 99.06 75.61

512 512 0 1.00 1.00 0.90 100.00 90.50
1 1.92 1.91 1.57 99.46 81.62
2 3.59 3.52 2.53 98.05 70.35
3 6.72 6.50 4.27 96.62 63.47
4 10.96 10.43 6.32 95.20 57.69

64 4,096 0 1.00 1.00 0.80 100.00 79.64
1 1.97 1.92 1.29 97.58 65.15
2 3.73 3.42 1.86 91.67 49.79
3 6.60 5.64 2.71 85.37 41.04
4 10.01 7.76 3.35 77.56 33.45

8 32,768 0 1.00 1.00 0.58 100.00 57.92
1 2.05 1.85 0.80 90.07 38.81
2 3.98 2.55 0.87 64.14 21.84
3 6.15 2.89 0.90 46.95 14.72
4 7.40 2.90 0.90 39.26 12.23

subgraphs on each processor are not too small), but up to 42% is discarded from block
Jacobi factors. Thus, one might tentatively speculate that, for a given subdomain size
and level, PILU(k) will provide more effective preconditioning than BJILU(k). We
have observed similar behavior for 2D problems also. For both 2D and 3D problems,
when there is a single subdomain the factors returned by the three algorithms are
identical. For the single subdomain case, the ordering we have used corresponds to
the natural ordering for these model problems.

An important observation to make in Table 4.4 is how the sizes (number of nonze-
ros) of the preconditioners depend on levels of fill. For the 3D problems considered
here (cube with 64 points on each side, seven-point stencil), a level one preconditioner
typically requires twice as much storage as the coefficient matrix A; when the level is
two, this ratio is about three; when the level is three, it is about six; and when the
level is four, it is about ten. For 2D problems (square grid with 256 points on a side,
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Table 4.5
Iteration comparisons for the 64×64×64 grid. U denotes unconstrained, C denotes constrained,

and B denotes block Jacobi ILU(k) preconditioners. The starred entries (*) indicate that, since
there is a single subdomain, the factor is structurally and numerically identical to the unconstrained
PILU(k). Dashed entries (-) indicate the solutions either diverged or failed to converge after 200
iterations. For Problem 2, when ε = 1/500 the level zero preconditioners did not reduce the relative
error in the solution by a factor of 105 at termination; when ε = 1/1000, the level one preconditioners
did not do so either.

Problem 1 Problem 2
Nodes per Subdom. ε = 1/500 ε = 1/1000

subdom. count Level U C B U C B U C B

262,144 1 0 43 * * 19 * * - * *
1 29 * * 16 * * 30 * *
2 24 * * 8 * * 32 * *
3 19 * * 8 * * 14 * *
4 16 * * 6 * * 8 * *

32,768 8 0 45 45 53 32 32 26 - - -
1 32 33 41 14 14 19 38 39 41
2 27 29 37 11 11 17 38 38 66
3 22 24 33 8 8 13 16 15 21
4 19 21 29 7 7 13 10 11 18

4,096 64 0 43 43 55 33 33 49 - - -
1 31 32 45 15 15 21 42 41 46
2 25 27 41 12 11 22 24 28 78
3 20 23 39 9 9 16 18 17 28
4 17 20 36 8 8 19 11 12 27

512 512 0 41 41 56 28 28 67 - - -
1 29 31 48 18 16 29 39 40 111
2 25 26 46 11 12 36 21 21 106
3 21 23 44 11 11 31 20 21 110
4 18 21 43 9 12 34 13 14 70

64 4,096 0 43 43 64 28 28 - 63 63 -
1 30 33 60 17 18 124 55 56 -
2 26 30 58 13 15 115 25 28 -
3 21 28 58 12 17 127 24 36 -
4 17 28 58 10 17 132 11 27 -

8 32,768 0 46 46 83 43 43 - 83 83 -
1 32 41 82 24 46 - 152 - -
2 25 40 82 11 45 - 13 115 -
3 19 40 82 5 44 - 7 107 -
4 16 40 82 4 45 - 6 111 -

five-point stencil), the growth of fill with level is slower; the ratios are about 1.4 for
level one, 1.8 for level two, 2.6 for level three, 3.5 for level four, 4.3 for level five, and
5.4 for level six.

In parallel computation fill levels higher than those employed in sequential com-
puting are feasible since modern multiprocessors are either clusters or have virtual
shared memory, and these have memory sizes that increase with the number of pro-
cessors. Another point to note is that the added memory requirement for these level
values is not as prohibitive as it is for a complete factorization. Hence it is practical
to trade-off increased storage in preconditioners for reducing the number of iterations
in the solver.

4.2.2. Convergence of preconditioned iterative solvers. The fill results
in the previous subsection are not influenced by the actual numerical values of the
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nonzero coefficients; however, the convergence of preconditioned Krylov space solvers
is influenced by the numerical values. Accordingly, Table 4.5 shows iterations re-
quired for convergence for various partitionings and fill levels for the three vari-
ant algorithms that we consider. The data in these tables can be interpreted in
various ways; we begin by discussing two ways that we think are primarily signifi-
cant.

First, by scanning vertically one can see how changing the number of subdomains,
and hence, matrix ordering, affects convergence. The basis for comparison is the
iteration count when there is a single subdomain. The partitioning and ordering
for these cases is identical to, and our data in close agreement with, that reported
by Benzi, Joubert, and Mateescu [4] for natural ordering. (They report results for
Problem 2 with ε = 1/500 but not for ε = 1/1000.)

A pleasing property of both the constrained and unconstrained PILU algorithms
is that the number of iterations increases only mildly when we increase the number
of subdomains from one to 512 for these problems. This insensitivity to the number
of subdomains when the number of nodes per subdomain is not too small confirms
that the PILU algorithms enjoy the property of parallel algorithmic scalability. For
example, Poisson’s equation (Problem 1) preconditioned with a level two factorization
and a single subdomain required 24 iterations. Preconditioning with the same level,
constrained PILU(k) on 512 subdomains needed only two more iterations. Similar
results are observed for the convection-diffusion problems also. This property is a
consequence of the fill between the subdomains that is included in the PILU algorithm.
Similar results have been reported in [26, 36], and the first paper includes a condition
number analysis supporting this observation.

Increasing the level of fill generally has the beneficial effect of reducing the number
of iterations needed; this influence is largest for the worse-conditioned convection-
diffusion problem with ε = 1/1000. For this problem, level zero preconditioners do not
converge for reasonable subdomain sizes. Also, even though level one preconditioners
require fewer iteration numbers than level two preconditioners in some cases, when the
PETSc solvers terminate because the residual norms are reduced by 105, the relative
errors are larger than 10−5 for the former preconditioners. The relative errors are
also large for the convection-diffusion problem with ε = 1/500 when the level is set
to zero.

Second, scanning the data in Table 4.5 horizontally permits evaluation of the
subdomain graph constraint’s effects. Again, unless subdomains are small and the
factorization level is high; constrained and unconstrained PILU(k) show very simi-
lar behavior. Consider, for example, Poisson’s equation (Problem 1) preconditioned
with a level two factorization and 512 subdomains. The solution with unconstrained
PILU(k) required 25 iterations while constrained PILU(k) required 26.

We also see that PILU(k) preconditioning is more effective than BJILU(k) for all
3D trials. (Recall that the single apparent exception, Problem 2, ε = 1/500, ILU(0)
with 32, 768 nodes per subdomain, has large relative errors at termination.) Again,
the extremes of convergence behavior are seen for Problem 2 with ε = 1/1000. Here,
with level one preconditioners, BJILU(k) suffers large relative errors at termination
while the other two algorithms do not, when the number of subdomains is 64 or fewer.

On 2D domains, while PILU(k) is more effective than BJILU(k) for Poisson’s
equation, BJILU(k) is sometimes more effective in the convection-diffusion problems.

We also examine iteration counts as a function of preconditioner size graphically.
A plot of this data appears in Figure 4.1. In these figures the performance of the
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Fig. 4.1. Convergence comparison as a function of preconditioner size for the convection-
diffusion problem, ε = 1/500 on the 64× 64× 64 grid. Data points are for levels 0 through 4. Data
points for constrained and unconstrained PILU(k) are indistinguishable in the third graph.

constrained and unconstrained PILU algorithms is often indistinguishable. We find
again that PILU(k) preconditioning is more effective than BJILU(k) for 3D problems
for a given preconditioner size; however, this conclusion does not always hold for 2D
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problems, especially for lower fill levels. As the number of vertices in the subdomains
increases, higher fill levels become more effective in reducing the number of iterations
needed for convergence. We find that fill levels as high as four to six can be the most
effective when the subdomains are sufficiently large. Fill levels higher than these do
not seem to be merited by these problems, even for the difficult convection-diffusion
problems with ε = 1/1000, where a level four preconditioner reduces the number of
iterations below ten.

5. Conclusions. We have designed and implemented a PILU algorithm, a scal-
able parallel algorithm for computing ILU preconditioners that creates concurrency
by means of graph partitioning. The theoretical basis of the algorithm is the in-
complete fill path theorem that statically characterizes fill elements in an incomplete
factorization in terms of paths in the adjacency graph of the initial coefficient matrix.
To obtain a scalable parallel algorithm, we employ a subdomain graph constraint that
excludes fill between subgraphs that are not adjacent in the adjacency graph of the
initial matrix. We show that the PILU algorithm is scalable by an analysis for 2D-
and 3D-model problems and by computational results from parallel implementations
on three parallel computing platforms.

We also study the convergence behavior of preconditioned Krylov solvers with
preconditioners computed by the PILU algorithm. The results show that fill levels
higher than one are effective in reducing the number of iterations, that the number of
iterations is insensitive to the number of subdomains, and that the subdomain graph
constraint does not affect the number of iterations needed for convergence while it
makes possible the design of a scalable parallel algorithm.

Appendix. Proof of the incomplete fill path theorem.
Theorem A.1. Let F = L̂ + Û − I be the filled matrix corresponding to an

incomplete factorization of A, and let fij be a nonzero entry in F . Then fij is a level
k entry if and only if there exists a shortest fill path of length k+1 that joins i and j
in G(A).

Proof. If there is a shortest fill path of length k+1 joining i and j, we prove that
the edge exists by induction on the length of the fill path.

Define a chord of a path to be an edge that joins two nonconsecutive vertices on
the path. The fill path joining i and j is chordless, since a chord would lead to a
shorter fill path.

The base case k = 0 is immediate, since a fill path of length one in the graph
G(A) is an edge {i, j} in G(A) that corresponds to an original nonzero in A.

Now assume that the result is true for all lengths less than k + 1. Let h denote
the highest numbered interior vertex on the fill path joining i and j.

We claim that the (i, h) section of this path is a shortest fill path in G(A) joining
i and h. This section is a fill path by the choice of h since all intermediate vertices on
this section are numbered lower than h. If there were a fill path joining i and h that
is shorter than the (i, h) section, then we would be able to concatenate it with the
(h, j) section to form a shorter (i, j) fill path. Hence the (i, h) section is a shortest fill
path joining i and h. Similarly, the (h, j) section of this path is the shortest fill path
joining h and j.

Each of these sections has fewer than k + 1 edges, and hence the inductive hy-
pothesis applies. Denote the number of edges in the (i, h) ((h, j)) section of this path
by k1 (k2), where k1 + k2 = k + 1. By the inductive hypothesis, the edge {i, h} is a
fill edge of level k1 − 1, and the edge {h, j} is a fill edge of level k2 − 1. Now by the
sum rule for updating fill levels, when the vertex h is eliminated, we have a fill edge
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{i, j} of level

(k1 − 1) + (k2 − 1) + 1 = (k1 + k2)− 1 = (k + 1)− 1 = k.

Now we prove the converse. Suppose that {i, j} is a fill edge of level k; we show
that there is a fill path in G(A) of length k + 1 edges by induction on the level k.

The base case k = 0 is immediate, since the edge {i, j} constitutes a trivial fill
path of length one. Assume that the result is true for all fill levels less than k. Let h
be a vertex whose elimination creates the fill edge {i, j} of level k. Let the edge {i, h}
have level k1, and let the edge {h, j} have level k2; by the sum rule for computing
levels, we have that k1 + k2 + 1 = k. By the inductive hypothesis, there is a shortest
fill path of length k1 + 1 joining i and h, and such a path of length k2 + 1 joining h
and j. Concatenating these paths, we find a fill path joining i and j of length

(k1 + 1) + (k2 + 1) = k1 + k2 + 2 = k + 1.

We need to prove that the (i, j) fill path in the previous paragraph is a shortest
fill path between i and j. Consider the elimination of any another vertex g that causes
the fill edge {i, j}. By the choice of the vertex h, if the level of the edge {i, g} is k′1
and that of {g, j} is k′2, then k′1+ k′2+1 ≥ k. The inductive hypothesis applies to the
(i, g) and (g, j) sections, and hence the sum of their lengths is at least k + 1.

This completes the proof.
This result is a generalization of the following theorem that characterizes fill in

complete factorizations for direct methods, due to Rose and Tarjan [30].
Theorem A.2. Let F = L + U − I be the filled matrix corresponding to the

complete factorization of A. Then fij 
= 0 if and only if there exists a fill path joining
i and j in the graph G(A).

Here we associate level values with each fill edge and relate it to the length of
shortest fill paths. The incomplete fill path theorem enables new algorithms for incom-
plete symbolic factorization that are more efficient than the conventional algorithm
that simulates numerical factorization. We have described these algorithms in an
earlier work [29] and the report is in preparation.

D’Azevedo, Forsyth, and Tang [9] have defined the (sum) level of a fill edge {i, j}
using the length criterion employed here, and hence they were aware of this result.
However, the theorem is neither stated nor proved in their paper. Definitions of level
that compute levels of fill nonzeros by rules other than by summing the levels of the
causative pairs of nonzeros have been used in the literature. The “maximum” rule
defines the level of a fill nonzero to be the minimum over all causative pairs of the
maximum value of the levels of the causative entries:

level(fij) = min
1≤h≤min{i,j}

max{level(fih), level(fhj)}+ 1.

A variant of the incomplete fill path theorem can be proved for this case, but it is not
as simple or elegant as the one for the “sum” rule. Further discussion of these issues
will be deferred to a future report.
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Abstract. An algorithm is implemented for the computation of inertial manifolds to arbitrary
accuracy. It is applied to the Kuramoto–Sivashinsky equation to recover the high wave number
components of elements on the global attractor. The computational results demonstrate that this
algorithm is significantly more accurate than previous methods, when compared after just a few
iterations. An essential feature of the algorithm is that it does not require that the entire manifold
be constructed. Hence the algorithm is particularly suited for computing trajectories on the manifold,
and its computational complexity is independent of the dimension.

Key words. computation of inertial manifolds, approximate inertial manifolds, Kuramoto–
Sivashinsky equation
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1. Introduction. This paper demonstrates how to accurately compute inertial
manifolds for evolutionary equations. These manifolds are finite-dimensional, expo-
nentially attracting, positively invariant, and smooth. In terms of a Fourier series
representation of the solution to a PDE, essentially the manifold provides a relation
for the modes with high wave numbers in terms of those with low wave numbers.
The existence of such a manifold typically hinges on whether there is a large enough
gap in the spectrum of the linear part of the equation compared to the variation of
the nonlinear part. A weaker gap condition appears in most constructive proofs of
local (un)stable and center manifolds. Moreover, for local manifolds one may take a
small enough neighborhood to reduce the strength of the nonlinear term and thereby
achieve the gap condition. The accurate computation of such objects, however, even
when the manifolds are two-dimensional, poses some special difficulties (see [24], [2],
[31], and for related issues regarding invariant tori, see [12]).

We implement here an algorithm developed in [47] for the computation of inertial
manifolds. It provides a sequence of approximate inertial manifolds (AIMs) which
converges to the actual inertial manifold. This sequence is distinguished from all
other sequences of AIMs, except that in [10], in that convergence may be achieved
with the dimension of the manifold held fixed. The others typically need to increase
the dimension in order to decrease the error from the inertial manifold. The sequence
implemented here is distinguished from the earlier sequence in [10] in that the compu-
tational complexity of the algorithm is independent of the dimension of the manifold.
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Fig. 1. Relative error for Φj , Ψj at the points p1,p2, and p3. The three upper plots are for Ψj ,
and the three lower plots are for Φj .

If for a particular low-mode vector the corresponding high-mode vector is desired, then
this algorithm can be applied without computing the high-mode vectors correspond-
ing to other low-mode vectors. Its primary purpose, then, is not the construction of
all or even a major portion of such a manifold. Rather, it is best suited for computing
solutions on such manifolds, particularly, backward in time.

In the case of a PDE after spatial discretization, the dimension of a full stable
manifold would increase with enhanced spatial accuracy. This is a situation where
restricting the system to an inertial manifold can be quite useful. Doing so automat-
ically picks out the relevant stable submanifold, which has low dimension and hence
low complexity, so that it can be computed in a straightforward fashion, regardless of
whether it consists of one or more connecting orbits. Precisely, this situation arises
with the Kuramoto–Sivashinsky equation (KSE). The stability of connecting orbits
for the KSE was demonstrated in [8] by means of a reduction to an approximate in-
ertial form (given by Ψ2 as defined in (3.8)). That work extends the parameter range
for stability previously obtained in [1] by perturbative techniques. The stable and un-
stable manifolds which collide to form these connecting orbits were visualized in [32]
and found to be intimately involved in the formation of a completely different set of
Silnikov orbits. The computations in [32] were carried out for the same approximate
inertial form (up to high order terms) as used in [8].

The point we wish to make is that we can now compute the inertial form for
the KSE much more accurately than ever before. This is demonstrated by Figure 1,
where the relative error in computing the manifold is measured at three locations on
the global attractor, denoted p1, p2, and p3 in Figure 2. The three upper plots are for
the sequence of AIMs used in [8] and [32], and earlier in [33], [49]. As indicated by the
leveling-off, there is rapid convergence in these instances, albeit to a manifold which is
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Fig. 2. Elements of the global attractor for the KSE at L = L∗.

not an inertial manifold, or even invariant. In contrast, the three lower plots indicate
that the algorithm of interest here continues to converge, through nine iterations, to
the attractor and hence the inertial manifold. These results are discussed in detail in
section 4.

The general framework for the method is that of an evolutionary equation of the
form

du

dt
+Au = f(u), u ∈ E, u(0) = u0,(1.1)

where A is a linear operator and E is a Banach space. It is easiest to describe the
approach in the particular case where A has a complete set of eigenvectors associated
with a sequence of positive eigenvalues and E is a Hilbert space. An inertial manifold
is often sought as the graph of a function Φ : PE → QE, where P = Pn is the
projector onto the span of the first n eigenfunctions of A and Q = Qn = I − P . The
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restriction of the flow to an inertial manifold yields the inertial form

dp

dt
+Ap = Pf(p+Φ(p)), p(0) = p0 ∈ PE,(1.2)

which is a finite set of ODEs with the same long-time dynamics as the original evo-
lutionary equation, which may very well be infinite-dimensional. This framework is
similar to that for a more general class of invariant manifolds. The algorithm discussed
here may be applied under less stringent conditions to local (un)stable manifolds. It
has been adapted in [36] to compute inertial manifolds with delay and in [35] to
compute center manifolds.

The existence of an inertial manifold is known for a number of physical systems
including the KSE, the Cahn–Hilliard equation, and certain reaction diffusion equa-
tions in several space dimensions, just to name a few (see [7], [41], [51], and references
therein). A great variety of numerical schemes based on AIMs have been developed,
analyzed, and tested in the literature (see [13], [49], [20], and references therein). One
issue is how much, if any, such methods can save in computing time. This article
is not concerned with this question. Instead, we wish to demonstrate that one can
accurately compute an inertial manifold so that the dimension of phase space can be
kept quite small. Such a reduction can help in the geometric understanding of certain
global bifurcations.

In the next section we provide the general assumptions for both the existence of
an inertial manifold as well as the valid application of the algorithm. The algorithm
itself is recalled in section 3, along with several rigorous estimates on its convergence
from [47]. We then apply the method to the KSE in section 4. The computations
in this case are compared to those of another sequence of AIMs. To carry out the
computations, we are forced to truncate to a finite number of high modes. We provide
error estimates for this effect in section 5.

2. General assumptions. The following assumptions guarantee both the exis-
tence of an inertial manifold and the convergence of the algorithm used here. While
the framework is somewhat technical, we will need to refer to each element described
below when we validate the rate of convergence in our implementation. The generality
is motivated by the application to PDEs; the assumptions simplify considerably in
the case of an ODE.

A1. The nonlinear term f in (1.1) is globally Lipschitz continuous from a
Banach space E into another Banach space F ,

|f(u)− f(v)|F ≤M1|u− v|E ∀ u, v ∈ E,(2.1)

with

E ⊂ F ⊂ E ;
the injections being continuous, each space is dense in the following one,
and E is also a Banach space. It follows that

|f(u)|F ≤M0 +M1|u|E ∀ u ∈ E,
for some M0 ≥ 0. (Actually, M0 = |f(0)|F is optimal.)

A2. The linear operator−A generates a strongly continuous semigroup {e−tA}t≥0

of bounded operators on E such that
e−tAF ⊂ E ∀ t > 0.
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A3. There exist two sequences of numbers {λn}n1
n=n0

, {Λn}n1
n=n0

for some
n0 ∈ N, n1 ∈ N ∪∞ with 0 < λn ≤ Λn for n0 ≤ n ≤ n1, and a sequence
{Pn}n1

n=n0
of finite dimensional projectors, such that if Qn = I − Pn,

then the following exponential dichotomies hold.
PnE is invariant under e−tA for t ≥ 0, and {e−tA|PnE}t≥0 can be ex-

tended to a strongly continuous group {e−tAPn}t∈R of bounded op-
erators on PnE with

‖e−tAPn‖L(E) ≤ K1e
−λnt ∀ t ≤ 0,

‖e−tAPn‖L(F,E) ≤ K1λ
α
ne

−λnt ∀ t ≤ 0.(2.2)

QnE is positively invariant under e−tA for t ≥ 0 with
‖e−tAQn‖L(E) ≤ K2e

−Λnt ∀ t ≥ 0,
‖e−tAQn‖L(F,E) ≤ K2(t

−α + Λα
n)e

−Λnt ∀ t > 0,
(2.3)

where K1,K2 ≥ 1, and 0 ≤ α < 1. We will at times drop the
subscripts on the projectors P and Q for simplicity.

A4. Equation (1.1) has a continuous semiflow {S(t)}t≥0 in E, given by S(t)u0

= u(t), where u = u(t) is the mild solution of (1.1) defined through the
variation of constants formula

u(t) = e−tAu0 +

∫ t

0

e−(t−s)Af(u(s))ds ∀ t ≥ 0.

A5. There exists K3 ≥ 0 independent of n such that

‖APn‖L(E) ≤ K3λn.

A6. For simplicity we assume that A is invertible.
A7. The spectral gap condition (SGC)

Λn − λn > 3M1K1K2[λ
α
n + (1 + γα)Λ

α
n] holds for some n ∈ N,(2.4)

where

γα =

{∫ +∞
0

e−rr−αdr if 0 < α < 1,

0 if α = 0.

In many PDE applications, the spectrum of A consists of positive semisimple
eigenvalues

µ1 ≤ µ2 ≤ · · · with µn → +∞,(2.5)

associated with eigenvectors w1, w2, . . . , so that we may set λn = µn, Λn = µn+1, and

Pn = projector onto span {w1, w2, . . . , wn}.

In most applications the phase space can be taken to be a Hilbert space. For some
parabolic equations, however, depending on the relationship between the dimension
of the space, the order of the linear term, and the strength of the nonlinear term, the
appropriate phase space is merely a Banach space (see [40], for instance). Strictly
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speaking, one needs only to have the exponential dichotomy in A3 to hold for the
particular choice of n satisfying the SGC in A7, though typically one has many choices
for the splitting in A3, and the SGC holds only for some large n. In some of the cases
we will consider here, one or more of the first eigenvalues are negative, so we simply
neglect those and start with Λn0 as the first positive eigenvalue and choose λn0 to
be some positive number smaller than Λn0

. If the eigenvalues were semisimple but
complex, one would take λn and Λn to be the real part of the eigenvalues. The
assumption that the projector Pn is finite-dimensional excludes the cases in which
A has a continuous spectrum, but that is only because we want a finite-dimensional
inertial manifold in the end. The whole construction would go through if we allow Pn
to be infinite-dimensional and hence A to have bands with continuous spectrum, and
we would end up with an infinite-dimensional “inertial manifold.”

In most applications the global Lipschitz condition in (2.1) does not hold for the
evolutionary equation in its original form. This can be corrected by annihilating the
nonlinearity outside a ball in phase space. To do so and to be assured that none of
the long-time dynamics are altered, we require in this situation that the evolutionary
system be dissipative. This means there is an absorbing ball Bρ ⊂ E, i.e., there exists
ρ > 0 such that

|S(t)u0|E ≤ ρ ∀ t ≥ t0(|u0|E) ≥ 0.
The prepared evolutionary equation is to have the nonlinearity (and hence the dy-
namics) unchanged inside the ball and has the nonlinearity set to zero outside an even
larger ball. We give a specific preparation procedure in section 4.

We briefly recall below the construction of the exact inertial manifold as done in
[48]. The discretization of this approach is what leads to the algorithm tested here.
There are a number of earlier alternative approaches to prove the existence of inertial
manifolds which are mostly based on either the Lyapunov–Perron method (c.f. [17])
or the graph transform method of Hadamard (c.f. [7]), and which construct the entire
manifold at once, as the graph of a function Φ : PnE → QnE. This is in contrast to
the approach here, a variation of the Lyapunov–Perron method in which for a given
p0 ∈ PnE, the corresponding image Φ(p0) is found in terms of a single trajectory on
the manifold. Thus it is a one-dimensional object (the trajectory) which is discretized,
rather than an n-dimensional object (the manifold). Earlier use of this approach can
be found in [26], [27], [5], and [43].

The construction is described in two steps. First, we obtain an invariant manifold.
Then the exponential attraction property is established, making the manifold in fact
an inertial manifold. When (2.4) holds, we can find σ such that

λn + 2M1K1λ
α
n < σ < Λn − 2M1K2(1 + γα)Λ

α
n.(2.6)

For σ in this range, a single trajectory on an invariant manifold can be found as the
fixed point ϕ = ϕ(p) of a mapping T (·,p) given by

T (ϕ,p)(t) = e−tAp−
∫ 0

t

e−(t−s)APf(ϕ(s))ds

+

∫ t

−∞
e−(t−s)AQf(ϕ(s))ds ∀ t ≤ 0, ∀ p ∈ PE,

(2.7)

in the Banach space

Fσ =
{
ϕ ∈ C ((−∞, 0], E) ; ‖ϕ‖σ = sup

t≤0
(eσt|ϕ(t)|E) < +∞

}
.
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The entire manifold M is the collection of such trajectories given by M =
graphΦ, where Φ : PE → QE is defined by the fixed point ϕ of (2.7),

Φ(p) = Qϕ(p)(0) ∀ p ∈ PE.
The mapping T is a strict contraction in Fσ, uniformly in PE, with

‖T (ϕ1, p)− T (ϕ2, p)‖σ ≤ κn,σ‖ϕ1 − ϕ2‖σ ∀ ϕ1, ϕ2 ∈ Fσ, ∀ p ∈ PE,(2.8)

where

κn,σ ≡ M1K1λ
α
n

σ − λn +
M1K2(1 + γα)Λ

α
n

Λn − σ < 1.(2.9)

In order to show that the invariant manifold constructed as above is in fact an
inertial manifold, all that remains is to establish the exponential attraction property.
In fact, the SGC in A7 assures a stronger property sometimes referred to as asymptotic
completeness or exponential tracking [18]. This means that corresponding to any
initial condition u0 ∈ E there exists a particular solution on the manifold, to which
the trajectory through u0 is attracted at an exponential rate. The so-called relevance
theorem asserts the same property for the center manifold of a fixed point provided
the fixed point is stable [3].

The proof of the asymptotic completeness in [48] requires that σ be taken in a
narrower range,

λn + 3M1K1K2λ
α
n < σ < Λn − 3M1K1K2(1 + γα)Λ

α
n.(2.10)

In this case one has, in fact, that κn,σ < 2/3 so that the rate of contraction is
guaranteed to be faster. Thus if we replace the gap condition in A7 with the weaker
condition

Λn − λn > 2M1K1λ
α
n + 2M1K2(1 + γα)Λ

α
n,(2.11)

we can satisfy (2.6) but not necessarily (2.10) and consequently have an invariant
manifoldM = graphΦ, which is not necessarily an inertial manifold. If (2.4) holds,
thenM = graphΦ is indeed an inertial manifold.

We should mention that the same map in (2.7) is used in [43] in an alternate
framework, where the contraction is obtained in a different space, leading to an SGC
that is in fact weaker than (2.4) yet still gives both the invariance and exponential
attraction. When applicable, the approach in [43] can provide a manifold of smaller
dimension than that provided by A1–A7. Our error analysis for the discretization of
the map in (2.7) will, however, use the assumptions in A1–A7.

A related object of study is the global attractor A. Its existence is guaranteed
provided the system is dissipative and the semiflow S(t) is compact [25], [51]. In this
case it can be defined by

A =
⋂
t≥0

S(t)Bρ.

This is the largest bounded invariant set for the system and contains all steady states,
periodic solutions, and invariant tori, as well as the unstable manifolds associated with
those objects. The global attractor must be contained in any inertial manifold and
thus provides a lower bound on the minimal dimension for all inertial manifolds.
Unlike inertial manifolds, the global attractor can be quite complicated geometrically
and attract solutions at an algebraic rate.
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3. The algorithm. To discretize the mapping T , the function space Fσ is re-
placed by

F̃ = {ψ : (−∞, 0] → E;ψ is piecewise constant with a finite number of discontinuities} .
Given a time step τ > 0, a number of steps N ∈ N, and a base point p0 ∈ PE, we
define T N

τ : F̃ × PE → F̃ by

T N
τ (ψ, p0)(t) = ekτAPp0 −

∫ 0

−kτ

e−(−kτ−s)APf(ψ(s))ds

+

∫ −kτ

−∞
e−(−kτ−s)AQf(ψ(s))ds, k = 0, 1, . . . , N,

(3.1)

for t ∈ (−(k + 1)τ,−kτ ] if k < N , or t ∈ (−∞,−Nτ ] if k = N .
Note that T N

τ acts as a sort of “projection” of T on F̃ in that

T N
τ (ψ, p0)(−kτ) = T (ψ, p0)(−kτ).

We now consider the particular sequence of AIMs in [47] by assigning as the initial
guess

ϕ0(p0)(t) = p0 ∀ t ≤ 0, ∀ p0 ∈ PE,(3.2)

and by choosing two sequences {τj}j∈N, τj > 0 and {Nj}j∈N, Nj ∈ N, Nj ≥ 0. Pro-
ceeding by Picard iteration, we have

ϕj(p0) = T Nj
τj (ϕj−1(p0), p0) ∀ p0 ∈ PE,(3.3)

for j = 1, 2, . . . . Observe that τ0 and N0 are not relevant since ϕ
0(p0) is constant.

The convergent sequence of AIMs is then given by

Mj =Mj,n = graph Φj = {p+Φj(p); p ∈ PnE},
where

Φj(p0) = Qnϕ
j(p0)(0) ∀ p0 ∈ PnE.

Again, since the approximating trajectories ϕj belong to F̃ , the integrals involved in
the iteration process (3.3) can be explicitly calculated. For simplicity we denote

ϕjk(p0) = ϕj(p0)(−kτj), k = 0, 1, . . . , Nj ,

for p0 ∈ PE and j = 0, 1, . . . , so that Φj = Qϕj0. For the case where kτj < Nj−1τj−1,
we have

ϕjk(p0) = ekτjAPp0 −
∫ −�kτj−1

−kτj

e−(−kτj−s)APf(ϕj−1
�k

(p0)) ds

−
�k−1∑
�=0

∫ −�τj−1

−(�+1)τj−1

e−(−kτj−s)APf(ϕj−1
� (p0)) ds

+

∫ −Nj−1τj−1

−∞
e−(−kτj−s)AQf(ϕj−1

Nj−1
(p0)) ds

+

Nj−1−1∑
�=�k+1

∫ −�τj−1

−(�+1)τj−1

e−(−kτj−s)AQf(ϕj−1
� (p0)) ds

+

∫ −kτj

−(�k+1)τj−1

e−(−kτj−s)AQf(ϕj−1
�k

(p0)) ds,

(3.4)
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where )k is a nonnegative integer defined by{
−()k + 1)τj−1 < −kτj ≤ −)kτj−1 if −(Nj−1 + 1)τj−1 < −kτj ,
)k = Nj−1 otherwise.

(3.5)

The alternative case, where kτj ≥ Nj−1τj−1, is actually simpler, as ϕ
j−1 is con-

stant over (−∞, kτj ]. By a straightforward calculation of the integrals we have the
following.

Case 1. kτj < Nj−1τj−1:

ϕjk(p0) = ekτjAPnp0 −A−1(e(kτj−�kτj−1)APn − Pn)f(ϕj−1
�k

(p0))

−
�k−1∑
�=0

A−1(e(kτj−�τj−1)APn − e(kτj−(�+1)τj−1)APn)f(ϕ
j−1
� (p0))

+A−1e−(Nj−1τj−1−kτj)AQnf(ϕ
j−1
Nj−1

(p0))

+

Nj−1−1∑
�=�k+1

A−1(e−(�τj−1−kτj)A − e−((�+1)τj−1−kτj)A)Qnf(ϕ
j−1
� (p0))

+A−1(I − e−((�k+1)τj−1−kτj)A)Qnf(ϕ
j−1
�k

(p0)).

(3.6)

Case 2. kτj ≥ Nj−1τj−1:

ϕjk(p0) = ekτjAPnp0 −A−1(e(kτj−Nj−1τj−1)APn − Pn)f(ϕj−1
Nj−1

(p0))

−
Nj−1−1∑
�=0

A−1(e(kτj−�τj−1)APn − e(kτj−(�+1)τj−1)APn)f(ϕ
j−1
� (p0))

+A−1Qnf(ϕ
j−1
Nj−1

(p0)).

(3.7)

3.1. Comparison with other AIMs. Regardless of the choice of the sequences
{τj}j∈N and {Nj}j∈N, the zeroth AIM is given by Φ0 ≡ 0 since Qnϕ

0 ≡ 0 for ϕ0 given
in (3.2). The first nontrivial approximation is given by Φ1(p) = A−1Qf(p). An
alternative sequence of AIMs is defined implicitly (for large enough n, see [19], [16])
by the Q-component of the steady state equation

Ap = Qf(p+ q).

This alternative sequence is found recursively by

Ψj,n(p) = Ψj(p) = A−1Qnf(p+Ψj−1(p)), Ψ0(p) ≡ 0, p ∈ PnH.(3.8)

Note that Φ1 = Ψ1, which happens also to coincide with a manifold first introduced in
[14] with a completely different derivation. For a number of PDE cases, in particular,
for the KSE and two-dimensional Navier–Stokes equations, it has been shown that
the Nj,n = graph Ψj,n converge to the global attractor A in the sense that

distE(A,Nj,n)→ 0 as n→∞(3.9)

for any fixed j, even for j = 0 (see [34], [53]). The convergence in (3.9) is valid
even in the absence of the SGC, i.e., it is independent of the existence of an actual
inertial manifold. Much of the motivation behind nonlinear Galerkin methods based
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on such AIMs comes from an algebraic improvement in the estimates for the rate of
convergence to the attractor for j > 0 compared to that for j = 0. In some cases,
however, solutions to a PDE can be shown to be in the Gevrey class with respect to
the spatial variable so that this improvement is on top of a decay rate in the wave
number that is already exponential [23], [39]. A number of other AIMs have been
introduced in an attempt to improve the approximation provided by Nj,n (see, for
instance, [50], [11], [9]), but in each case one must increase the dimension of the
manifold in order to converge to the attractor.

The distinction we wish to emphasize between the sequences {Mj,n} and {Nj,n}
(and many like the latter) is that in the case of {Mj,n} we may instead fix n, hence
the dimension of the manifolds, and achieve convergence as j →∞. We restate below,
in slightly more generality, the main convergence result proved in [47].

Theorem 3.1. Assume that A1–A6 hold and that the sequences {τj}j and {Nj}j
are chosen so that

0 < τj ≤ c1γjκjn,σ ∀ j ∈ N

with κn,σ as defined in (2.9) for n satisfying (2.4) (resp., (2.11)), and

Njτj ≥ c2j ∀ j ∈ N,

for some constants c1, c2 > 0, some 0 < γ < 1, and some σ satisfying (2.10) (resp.,
(2.6)). Then

d(Φ,Φj) ≤ c3e−c4j ∀ j ∈ N,

for suitable constants c3, c4 > 0, and M = graph Φ is an inertial (resp., invariant)
manifold.

Thus if the SGC holds, then the convergence is to an inertial manifold. If one
replaces the gap condition in A7 with the weaker condition (2.11), then the proof
as in [47] for the convergence of the sequence {Mj,n} as j → ∞ still goes through,
but not the asymptotic completeness of, or even the exponential attraction to, the
limiting manifold. The limiting manifold in that case is merely guaranteed to be
invariant. Finally, in the absence of (2.11), the convergence to the global attractor is
still guaranteed, provided n→∞ as well [47].

In the original method of proof for the existence of inertial manifolds [17], the
manifold is the graph of the fixed point of the mapping described by

Θj+1(p0) =

∫ 0

−∞
esAQf(p̃+Θj(p̃))ds,(3.10)

where p̃ = p̃(s; p0,Θj) solves

dp̃

dt
+Ap̃ = Pf(p̃+Θj(p̃)), p̃(0) = p0.(3.11)

In [10], a discretization of this mapping was presented and shown to provide a conver-
gent algorithm for computing inertial manifolds. Such a discretization was actually
implemented in [46] to compute the manifold for a reaction diffusion equation over
a portion of PnE in a case where n = 2. Note that to obtain Θj+1 requires global
knowledge of Θj as one cannot predict where the trajectory in PE of the solution
to (3.11) will go, i.e., where one will need to evaluate Θj . Practically speaking, one
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must interpolate the discrete representation of Θj to solve (3.11) backward in time.
Thus the complexity of the computation grows dramatically with the dimension of
the manifold n. Yet, if one is interested in computing the complete manifold (or at
least a patch of it), the approach in [10] is probably more appropriate than the one
used here.

If, however, one is primarily interested in computing particular solutions on the
manifold, there is no need to compute the manifold in its entirety. In this case the
objective is to solve the initial value problem for the inertial form (1.2) so that at
each time step, one needs only to compute the functional relation q = Φ(p) at a
particular p ∈ PE (or several such p locations, in a multistep scheme). To emphasize
the difference with the approach in (3.10), note that to obtain ϕj+1 via (2.7), one
need only know ϕj , a one-dimensional object. Thus the complexity is essentially
independent of the dimension of the manifold. Another application where one would
prefer to apply (3.6), (3.7) is in postprocessing via an AIM [21]. Roughly speaking,
in that approach one evolves the solution via an adequately accurate Galerkin (or
nonlinear Galerkin) approximation to obtain final value p(t1), and then recovers values
for the high modes only at the final time from q(t1) = Φa(p(t1)), where Φa is some
appropriately chosen AIM. In this instance the enslavement relation is needed only
at a single base point.

While Theorem 3.1 gives the main motivation for implementing this algorithm,
the validation of a code for this purpose requires more details from the analysis.
Specifically, we need information about the convergence in F̃ . This is given in two
lemmas below, which are proved in [47]. For both lemmas it is again assumed that
A1–A7 hold. The first ingredient is an a priori estimate on the variation in time of
the exact solution on the manifold.

Lemma 3.2. For t < 0 and τ such that 0 ≤ τ ≤ −t, we have that

|ϕ(p0)(t+ τ)− ϕ(p0)(t)|E ≤ τβn,σe−σt(1 + |p0|E)

for all p0 ∈ PnE, where

βn,σ = 2M0K1λ
α
n +

2K1(K3λn +M1λ
α
n)

1− κn,σ

{
M0K1

λ1−α
n

+
(1 + γα)M0K2

Λ1−α
n

+K1

}
.(3.12)

It is not so much that we need to invoke the result of Lemma 3.2 as that we need
the quantity βn,σ, which plays a central role in the error estimate for the algorithm
in (3.6), (3.7). The reason we restate Lemma 3.2 here is to recall the purpose of βn,σ.
While the expression in (3.12) is adequate under the general assumptions A1–A7, it
is conceivable that for a particular PDE, one might know more about the variation
of solutions, in which case a smaller expression for βn,σ might be found. The next

lemma measures the actual error after applying the mapping T̃ . It states precisely
how βn,σ enters into the estimate. We do not have a contraction in the strict sense.
Rather, we have a contraction plus a residual which decreases provided the time step
τ decreases and the product Nτ increases.

Lemma 3.3. Let N be a nonnegative integer, let τ > 0, and assume that σ and
σ0 satisfy (2.10) for a fixed n ∈ N with σ0 < σ. Then for all p0 ∈ PnE and all ψ ∈ F̃ ,
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we have

‖ϕ(p0)− T N
τ (ψ, p0)‖σ ≤ κn,σ‖ϕ(p0)− ψ‖σ

+

(
τβn,σ +

βn,σ0

σ − σ0
e−(σ−σ0)Nτ

)
(1 + |p0|E),

(3.13)

where β is as in Lemma 3.2.
The expression for βn,σ serves as a guide to choosing a number of parameter

settings for the algorithm. We will examine in section 5 the effects of particular terms
in βn,σ on the error.

4. Application to the KSE. The KSE we consider is often written as

∂u

∂t
+
∂4u

∂x4
+
∂2u

∂x2
+ u

∂u

∂x
= 0, (x, t) ∈ R× R

+, u(x, 0) = u0(x), x ∈ R,(4.1)

subject to periodic boundary conditions u(x, t) = u(x+ L, t), L > 0. A considerable
amount of theoretical and computational work on the KSE can be found in the liter-
ature (see [1], [4], [28], and [42] for a small sampling). The dissipativity for the KSE
was first established only in the invariant subspace of odd functions in [44]. In fact,
it was the KSE with periodic and odd boundary conditions that served as one of the
first applications of the existence theory of inertial manifolds [15]. Dissipativity for
the general periodic case has been established only somewhat recently, independently
by Collet et al. [6] and Goodman [22] (see also the earlier work of Il’yashenko [29]
and some simplifications in Pinto [45]). This paved the way for the existence of a
global attractor and an inertial manifold in the general case. Nevertheless, in the
computations which follow at the end of this section, we restrict the flow to the odd
subspace, in part, to cut the dimension of the inertial manifold in half.

The dimension of the inertial manifold for the KSE was first estimated in [15]
and later improved in [52] by using the estimate for the absorbing ball from [6].
These estimates, however, are of the form dim ≤ cLb, where most of the effort is
devoted to making the exponent b as small, yet the value of the constant c is not
readily available. There is an arithmetic error in [52] which leads to a false estimate
of dim ≤ cL1.64(lnL)0.2 for the inertial manifold in the space L2, when in fact that
analysis should yield dim ≤ cL2.7(lnL)0.2.

We wish to apply the algorithm at the moderate value of L = L∗ = 4
√
2π and thus

must actually evaluate the dimension. This calculation has been carried out in [37]
to arrive at rigorous values for the dimension for the KSE prepared at radii ranging
from that of a ball which can be shown to be absorbing, down to a much smaller one
which nevertheless seems to contain the global attractor. We sketch briefly here the
main steps involved.

In the appendix to [37], A. Cheskidov calculates a rigorous radius of an absorbing
ball in L2 to be ρ0 = 972 at L = L∗. (The same radius is valid for the general periodic
case, even though the dimension of the inertial manifold will be larger.) Also in [37],
we rework the analysis in [52] to obtain an explicit estimate for ρ1, the radius of an
absorbing ball in H1, in terms of ρ0.

The equation is prepared in a manner quite different from what is traditionally
done, which is to replace f by fρ, where fρ(u) = χρ(|u|
)f(u), with

χρ(r) = χ

(
r2

ρ2

)
(4.2)
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Fig. 3. Minimal dimension of an inertial manifold for prepared KSE.

for some norm | · |
 and some function χ ∈ C1(R+) satisfying

χ|[0,1] = 1, χ|[2,∞) = 0, 0 ≤ χ(s) ≤ 1 ∀ s ∈ [1, 2], ∀ s ∈ R
+.(4.3)

Instead, we let | · |, | · |s denote the L2 and Hs norms, respectively, and we show (in
[37]) that∣∣∣∣u∂u∂x − v ∂v∂x

∣∣∣∣
−1

≤
√
2ρ

1/2
0 ρ

1/2
1 |u− v| provided |u|, |v| ≤ ρ0 and |u|1, |v|1 ≤ ρ1,

and thus the nonlinear term f(u) = u∂u/∂x when restricted to the ball in H1 is
Lipschitz from the L2-topology to the H−1-topology. We then invoke the following
theorem of Valentine (see [30]).

Theorem 4.1. Let E,F be Hilbert spaces, and let S be a subset of E. For any
Lipschitz function g : S → F there exists a Lipschitz function g̃ : E → F such that
g̃|S = g and Lip(g̃) = Lip(g).

Thus we can extend the restriction of f to the ball in H1 to a globally Lipschitz

function from L2 to H−1, keeping the Lipschitz constant fixed at M =
√
2ρ

1/2
0 ρ

1/2
1 .

Numerical evaluation of both sides of the sharp gap condition in [43] leads to a minimal
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dimension of 164 (for L = L∗, in the odd case). If the estimate for the absorbing ball
can be improved, so would be the estimate for the dimension of the manifold. This
effect is displayed in Figure 3. One can also very well consider a possibly overly
prepared equation, where the nonlinear term is modified outside a ball of arbitrary
radius ρ0, regardless of the rigorous estimate for the absorbing ball, much like in the
case of a local invariant manifold. Any dynamics entirely within the ball of preparation
are still preserved. On the other hand, we can expect trajectories of the KSE which
are even just partially outside the ball to be altered in an indeterminable way.

The particular steps outlined above gave the best results of several explored in
[37]. It is under the more general framework in A1–A7, however, that the error
estimates in section 4 were derived. We express the KSE in the form of (1.1) by
setting

Au = D4u+D2u+ u, f(u) = −uDu+ u,(4.4)

so that the eigenvalues of the linear part are

µk =

(
2π

L
k

)4

−
(
2π

L
k

)2

+ 1, k = 1, 2, . . . ,

corresponding to a complete set of orthonormal eigenfunctions in L2
odd

wk(x) =

√
2

L
sin

(
2π

L
kx

)
.

Here we set λn = µn and Λn = µn+1 for n to be determined by A7. (The treatment
that produced Figure 3 used Au = D4u+D2u.)
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We also select as spaces

E = H1
odd, F = E = L2

odd.(4.5)

It is shown in [52] that the conditions A1–A6 hold for the spaces E,F , E , as in (4.5)
if K1 = K2 = ( 4

3 )
1/4, and α = 1/4. Furthermore, it is shown in [37] that

|f(u)− f(v)| ≤ d1(r)|u− v|1, provided |u|1, |v|1 < r,

where

d1(r) =
√
2L̃1/2r + L̃,(4.6)

and L̃ = L/2π.
We prepare the nonlinear term by applying Theorem 4.1 to obtain an extension of

f |Br to a globally Lipschitz function fr : H
1
odd → L2

odd such that Lip(fr) = d1(r) and
fr = f on Br, the ball of radius r in H

1
odd. Thus we may takeM0 = 0 andM1 = d1(r)

in A1. In Figure 4 we plot the minimal dimension to satisfy the conditions A1–A7,
along with the data from Figure 3, for comparison. In the latter case, we plot against
the value of ρ1 which is computed in terms of ρ0, as in [52].

4.1. Computational results. Since we do not have an exact form for the in-
ertial manifold we instead fix the length L and select several points on the global
attractor, and hence on any inertial manifold. We then try to reproduce the Q-
component of each point using only the P -component. We consider first the case
where u is the solution to the eight-dimensional Galerkin approximation, and we pro-
ceed under the ansatz that there is a three-dimensional inertial manifold. Eight modes
have been found to be the minimum needed for the Galerkin method to capture the
correct dynamics; using more modes does not seem to change the qualitative features
described below nor to introduce new elements to the global attractor [34], [38].

The computations are carried out on a renormalized version of the KSE

∂v

∂τ
+ 4

∂4v

∂y4
+ ϑ

[
∂2v

∂y2
+ v

∂v

∂y

]
= 0, y ∈ [0, 2π],(4.7)

where ϑ = L2/π2 is taken to be the new parameter. The change of variables which
relates (4.7) to (4.1) is given by

u(t, x) = lv

(
l4

4
t, lx

)
so that |u|1 = |ux|L2(0,L) = l3/2|vy|L2(0,2π) = l3/2|v|1,(4.8)

where l = 2π/L.
Several elements of the global attractor are shown in Figure 2 at ϑ = L∗/π2 = 32.

Plotted here are most of the two-dimensional unstable manifold of the origin along
with the one-dimensional unstable manifold of the “mixed-mode” steady state, labeled
s2, and a stable limit cycle (in bold). The axes are sin(x), sin(2x), and sin(3x), with
the two-dimensional unstable manifold of the origin being tangent to the first two
axes. The spheres labeled s1 and s3 represent bimodal (as they are along the sin(2x)
axis) node and saddle steady states, respectively. There is a symmetric mixed-mode
steady state which is hidden by the two-dimensional unstable manifold of the origin.
We do not plot the one-dimensional unstable manifold of this second mixed-mode
steady state, nor the two-dimensional unstable manifold of s3, to avoid complicating
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Fig. 5. Relative error for Φj , Ψj at the steady state s2.

the picture. We can report, however, that the latter seems to have as its boundary
s3 and the limit cycle. Its shape is bowl-like, as indicated by the portion of the one-
dimensional manifold of s2 that approaches the limit cycle. Further extension of the
two-dimensional unstable manifold of the origin suggests that it has as its boundary
the unstable manifolds of mixed-mode steady states together with all of the steady
states.

The convergence results for the sequences of AIMs given by Φj , Ψj , taken at the
points p1 (which is on the two-dimensional unstable manifold of the origin, not the
one-dimensional manifold of s2), p2 (which is on the one-dimensional manifold of s2),
and p3 (which is on the limit cycle) are shown in Figure 1. Note that the plots for
Ψj all level off starting at small values of j. Indeed, it has been rigorously shown
that in some sense the error in Ψ2 is comparable to that of the limiting function
Ψ∞ ≡ limj→∞Ψj . On the other hand the error for the sequence Φj continues to
improve through j = 9 (and should do so beyond, until round-off errors produce
diminished returns). At a steady state, however, one expects the two sequences to
perform comparably, since graph Ψ∞ contains all of the stationary solutions. This is
confirmed by the results at s2 shown in Figure 5.

To completely justify the computations we need to satisfy the gap condition and
thus consider a manifold of higher dimension. All of the elements of the global attrac-
tor described above lie within a ball given by |v|1 ≤ 15 in the phase space for (4.7),
which by (4.8) corresponds to |u|1 ≤ 15 · 23/2 · 32−3/4 ≈ 3.2. We see from Figure 4
that for the KSE prepared at ρ1 = 3.2, rigorous analysis provides an inertial manifold
of dimension five, and the convergence estimates in section 4 hold for a manifold of
dimension 25.

With this in mind, we also consider a 64-mode Galerkin truncation of the KSE.
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We plot in Figure 6 the error of Φj from the “exact” Qn-component at various values
of n for the analogue of point p3 for this finer discretization. The two observations
to make are that the errors decrease dramatically as n increases, but that saturation
sets in quickly as j increases in the cases where n = 30 and n = 40. One explanation
for this is that the point p3 is not exactly on the limit cycle. It was computed so
that the image of the Poincaré return map (to the plane defined by the first mode
being zero) differed from p3 in the 12th decimal place in the | · |1 norm. The Qn-
component itself decays rapidly in this norm, as expected from the Gevrey regularity
of the solution and as indicated in the plot of the spectrum of the H1 norm in Figure
7. For these reasons we also plot the | · |1 norm of the residual between successive
iterations in Figure 8. The fact that the residual continues to decay through seven
iterations suggests that the saturation in Figure 6 was indeed due to the inaccuracy
of the point p3 rather than round-off error. The fact that the residual decays faster
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with increasing n is consistent with the convergence theory of the algorithm.
These computations have been carried out to compute invariant (perhaps inertial)

manifolds for Galerkin approximations of the KSE. In the next section we analyze how
these manifolds are connected to those for the PDE case.

5. Effect of truncating the high modes. In this section we examine the con-
vergence of graph Φj to the exact inertial manifold as the wave number for truncation
of the Q-modes is increased. Such a truncation is necessary for the PDE case con-
sidered here as the Q-mode is otherwise infinite-dimensional. It seems reasonable to
expect that the convergence to the exact inertial manifold still takes place provided
the threshold for this truncation tends to infinity along with either the dimension or
the number of iterations. We outline how to show that this is indeed the case and
quantify the error obtained with this further truncation even when the threshold for
this truncation is kept bounded. The proofs for the estimates below are similar to
those in [47] and can be found in [36].

5.1. Error estimates. For the analysis in this section, in addition to the as-
sumptions made in section 2, we also require the following assumption.

A8. For m > n we have Λm > Λn, PmPn = Pn, and, as a consequence,
QmQn = Qm.

The difference in the construction of the AIMs is that now we iterate the map
PmT N

τ instead of T N
τ . The expression for the map PmT N

τ is that for T N
τ in (3.1)

with Q replaced by PmQn, the other terms being unchanged. The same is true for
the expressions (3.6) and (3.7) with respect to the “approximating trajectories” ϕ̃j
obtained in this construction. More precisely, the AIMs are obtained in the following
way. We first choose sequences {τj}j∈N, τj > 0, {Nj}j∈N, Nj ∈ N, Nj ≥ 0, and also
{mj}j∈N, mj > n. Then we set

ϕ̃0(p0)(t) = p0 ∀t ≤ 0, ∀p0 ∈ PnE,

and we proceed by Picard iteration:

ϕ̃j(p0) = Pmj
T Nj
τj (ϕ̃j−1(p0), p0) ∀p0 ∈ PnE.



2234 M. S. JOLLY, R. ROSA, AND R. TEMAM

Finally, we define the AIMs as the graphs

M̃j = graph Φ̃j = {y + Φ̃j(y); y ∈ PnE}

of the maps Φ̃j : PnE → PmjQnE defined by

Φ̃j(p0) = Pmj
Qnϕ̃

j(p0)(0) ∀p0 ∈ PnE.
Since the SGC (2.4) is satisfied, an inertial manifoldM = graph Φ of a function

Φ : PnE → QnE exists as described in section 2, with Φ(p0) = Qnϕ(p0), where ϕ(p0)
denotes the exact backward solution of (1.1) that passes through p0 +Φ(p0) ∈ M at
time t = 0, which is obtained as the fixed point of the map T (·, p0). For each j ∈ N,
one can show that the set M̃j is a finite-dimensional topological submanifold of E.

For the convergence of the AIMs, one can proceed similarly to the proof in [47].
The first step concerns only the exact solution; hence we borrow it unmodified from
[47]; it is Lemma 3.2 appearing in section 3 above. The second step is to estimate
how the map PmT N

τ brings elements in F̃ closer to the exact orbits on the inertial
manifold.

Lemma 5.1. Let N be a nonnegative integer, m ∈ N with m > n, and τ > 0, and
assume σ and σ0 satisfy (2.10) with σ0 < σ. Then for all p0 ∈ PnE and all ψ ∈ F̃ ,
we have

‖ϕ(p0)− PmT N
τ (ψ, p0)‖σ ≤ κn,σ‖ϕ(p0)− ψ‖σ

+

(
τβn,σ +

βn,σ0

σ − σ0
e−(σ−σ0)Nτ + β̃n,σ

Λα
m

Λm − σ
)
(1 + |p0|E),(5.1)

where βn,σ and βn,σ0
are as in Lemma 3.2, and

β̃n,σ = K2(1 + γα)

{
M0 +

M1

1− κn,σ

[
M0K1

λ1−α
n

+ (1 + γα)
M0K2

Λ1−α
n

+K1

]}
.(5.2)

We may now estimate the distance from each “approximating trajectory” ϕ̃j(p0)
to the exact trajectory ϕ(p0) by iterating the estimate in Lemma 5.1.

Lemma 5.2. Let σ and σ0 satisfy (2.10) with σ0 < σ. Then

sup
p0∈PnE

‖ϕ(p0)− ϕ̃j(p0)‖σ
1 + |p0|E

≤ κjn,σ
(
K1 +

1

1− κn,σ

[
M0K1

λ1−α
n

+ (1 + γα)
M0K2

Λ1−α
n

+K1

])

+

j−1∑
�=0

κ�n,σ

(
τj−�βn,σ +

βn,σ0

σ − σ0
e−(σ−σ0)Nj−�τj−� + β̃n,σ

Λα
mj−�

Λmj−�
− σ

)
,(5.3)

where βn,σ and βn,σ0 are as in Lemma 3.2, and β̃n,σ is as in Lemma 5.1.
For the exponential convergence of the manifolds the sequences {τj}j , {Nj}j , and

{mj}j have to be chosen appropriately.
Theorem 5.3. Assume A1–A8 hold. Assume also that it is possible to choose a

sequence {mj}j with mj > n and such that

Λ1−α
mj
≥ c0
δj

∀j ∈ N,(5.4)
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for some c1 > 0 and some 0 < δ < 1. Suppose that the sequences {τj}j and {Nj}j
are chosen so that

0 < τj ≤ c1γj and Njτj ≥ c2j ∀j ∈ N,(5.5)

for some c1, c2 > 0 and some 0 < γ < 1. Let now σ and σ0 satisfy (2.10) with σ < σ0.
Let

ε = min{κn,σ,max{γ, e−c2(σ−σ0), δ}},

which is less than 1. Then, for any η with ε < η < 1, there exists a cη ≥ 0 such that

d(Φ, Φ̃j) ≤ cηηj ∀j ∈ N.(5.6)

5.2. Application to the KSE. We saw in 4.1 that the KSE prepared at a
radius r = 3.2 in | · |1; A1–A7 hold for n ≥ 25. The condition A8 also holds, trivially.
Here we fix n = 40 and observe that κ is a decreasing function of σ over the interval
in (2.10). Thus we select σ and σ0 to be the right and left endpoints (minus .001 and
plus .001, respectively) in the calculation of βn,σ, βn,σ0

from (3.12), and β̃n,σ from
(5.2). We consider a fixed truncation mj = m = 64 and plot in Figure 9 the total
error as estimated in (5.3) along with the individual terms denoted e1 through e4,
consecutively from left to right (the last three are in the summation). The plots are
for two algorithm settings, set1: c1 = .001 c2/c1 = 1 (as in the previous runs for the
KSE) and set2: c1 = .0001 c2/c1 = 10. For the first setting, the term e2 dominates
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by about a factor of ten suggesting that c1 should be decreased by just this amount.
By simultaneously increasing c2/c1 by the same factor in set2, we leave the terms e1,
e3, and e4 unchanged and arrive at a total error which is fairly evenly balanced in all
the terms. Note that e4 actually increases with the number of iterations since mj is
fixed in this case.
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[40] R. Mañé, Reduction of semilinear parabolic equations to finite dimensional C1 flows, in Ge-
ometry and Topology (Proc. III Latin Amer. School of Math., Inst. Mat. Pura Aplicada
CNPq, Rio de Janeiro, 1976), Lecture Notes in Math. 597, Springer-Verlag, Berlin, 1977,
pp. 361–378.

[41] J. Mallet-Paret and G. R. Sell, Inertial manifolds for reaction diffusion equations in higher
space dimensions, J. Amer. Math. Soc., 1 (1988), pp. 805–866.

[42] D. Michelson, Stability of the Bunsen flame profiles in the Kuramoto–Sivashinsky equation,
SIAM J. Math. Anal., 27 (1996), pp. 765–781.
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1. Introduction. A Toeplitz matrix is constant along all diagonals parallel to
the main diagonal. A symmetric Toeplitz matrix

Mn(t) =




t1 t2 . . . tn−1 tn
t2 t1 t2 . . . tn−1

. . .
. . .

. . .
. . .

. . .

tn−1 . . . t2 t1 t2
tn tn−1 . . . t2 t1




is therefore fully determined by its first row t = (t1, t2, . . . , tn). In this paper “Toeplitz
matrix” always means “real symmetric Toeplitz matrix.”

The inverse Toeplitz eigenvalue problem is to find such a matrix whose eigenvalues
are a given nondecreasing n-tuple

λ = (λ1, λ2, . . . , λn), where λ1 ≤ λ2 ≤ · · · ≤ λn,

of real numbers. The first proof of the existence of a solution to the inverse Toeplitz
eigenvalue problem was given by Landau [8].

Since the proof is nonconstructive, the actual computation of such a solution
still involves numerical methods. Several iterative methods have been suggested. In
[9, 10, 3, 12], the iteration involves constructing a sequence of symmetric Toeplitz
matrices whose eigenvalues are intended to approach the designated target. These
methods start from an initial Toeplitz matrix.

In [4, 13], on the other hand, the iteration involves constructing a sequence of
isospectral matrices (i.e., all having the same eigenvalues) which can only become
stationary when a Toeplitz matrix is reached. These methods start from an initial
matrix isospectral to the target. Such a matrix can be obtained from an initial Toeplitz
matrix by finding its eigenvector matrix Q and calculating Qdiag(λk)Q

T, provided
that one can find a good way to associate eigenvectors with target eigenvalues. We
shall say more about this question later.

The construction of good initial values, using some ideas from Landau’s proof,
is the topic of this paper. The method involves identifying n Toeplitz matrices
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Tk, k = 1, 2, . . . , n, with known eigenvalues, expressing the target eigenvalues as a
linear combination of the eigenvalues of the matrices Tk and using as initial Toeplitz
matrix the corresponding linear combination of the matrices Tk. It can therefore be
viewed as linear interpolation in the space of Toeplitz matrices.

The structure of the paper is as follows: first we give an outline of Landau’s
proof in order to introduce the main ideas of the interpolation method; then we
describe the method itself, its efficient implementation, and an interpretation of the
method in terms of successive lower-dimensional interpolations; and finally we give the
theoretical basis for the method in formal form. However, for those who are interested
in results, not theory, here is a Matlab routine implementing the algorithm:

function [t,M,Q]=toepinit(lam)

% TOEPINIT T=TOEPINIT(LAM) returns the first row of a symmetric Toeplitz

% matrix T with eigenvalues close to the supplied eigenvalues LAM.

% [T,M]=TOEPINIT(LAM) returns also a matrix M with the specified

% eigenvalues, where M is close to Toeplitz.

% [T,M,Q]=TOEPINIT(LAM) returns also the eigenvector matrix of M.

% Dirk Laurie 1996-07-31

% Solve the equations

% db(1)=lam(1), k=2:n, db(k-1)+db(k)=lam(k)

n=length(lam); lam=sort(lam(:))’;

db=[0 filter(1,[1 1],lam)];

% C=toeplitz(c) is a circulant, S=toeplitz(s) is a skew-circulant

% T=toeplitz(t) is the required Toeplitz matrix

kc=[n+1:-2:1 rem(n+1,2)+2:2:n]; c=ifft(db(kc));

w=exp(pi*i*(0:n-1)/n);

ks=[n:-2:1 rem(n,2)+2:2:n]; s=w.*ifft(db(ks));

t=real(c+s); if nargout<2, return; end

[Q,D]=eig(toeplitz(t)); [d,k]=sort(diag(D));

Q=Q(:,k);

M=Q*diag(lam)*Q’;

2. An outline of Landau’s proof. The method suggested in this paper was
inspired by ideas in Landau’s proof. Although the proof itself is nonconstructive in the
sense that it does not suggest an algorithm by which the inverse Toeplitz eigenproblem
may be solved, it contains powerful and suggestive geometrical ideas which contribute
much to the intuitive understanding of the problem. It is therefore not out of place,
even in a numerical analysis journal, to devote some space to a qualitative summary
of the method of proof.

We say that two Toeplitz matrices A and B are equivalent if each can be obtained
from the other by an affine transformation with nonzero scale factor, i.e., A = c0I +
c1B with c1 �= 0. Similarly two nondecreasing n-tuples are equivalent if each can be
obtained from the other by such an affine transformation. Equivalent matrices have
all their eigenvectors in common, and their eigenvalues are equivalent under the same
affine transformation under which the matrices are equivalent.

If a solution

Mn(t1, t2, . . . , tn)
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to the inverse Toeplitz eigenproblem exists, then

Mn(t1,−t2, t3,−t4, . . . , (−1)n−1tn)

is also a solution. There is therefore no loss of generality in looking only for solutions
such that t2 ≥ 0.

A Toeplitz matrix is centrosymmetric, and therefore it is possible to assign parity
(the property of being even or odd) to its eigenvalues as follows. For a vector v =
(v1, v2, . . . , vk), the vector vrev is obtained by writing the elements in reverse order,
i.e., vrev = (vk, vk−1, . . . , v1). A vector v is called even if v = vrev and odd if v =
−vrev. It is well known [2] that all eigenvectors of a symmetric centrosymmetric
matrix with distinct eigenvalues are either even or odd: the parity of an eigenvalue is
then that of its eigenvector. In the case of multiple eigenvalues, it is always possible
to find a basis consisting only of even and odd eigenvectors.

Delsarte and Genin [6] showed that any solution to the inverse Toeplitz eigenvalue
problem which is a continuous function of the eigenvalues must have the property that
when the eigenvalues are in increasing order, adjacent eigenvalues are of opposite
parity. This property is central to Landau’s proof.

We now come to the proof itself.
• The Toeplitz matrices under consideration are restricted to regular matrices.
A regular Toeplitz matrix has only simple eigenvalues, its largest eigenvalue
is even, and adjacent eigenvalues λk, λk+1, k = 1, 2, . . . , n−1, are of opposite
parity; also, all leading submatrices of a regular matrix have these properties.
Note that regular matrices must have t2 > 0.
• Two degrees of freedom are eliminated by taking only one standard represen-
tative from each equivalence class of regular Toeplitz matrices, and from each
equivalence class of eigenvalue n-tuples. This allows both sets of equivalence
classes to be parametrized by n− 2 real numbers.
We denote by Tn the set of standard regular Toeplitz matrices, by Ln the
set of standard eigenvalue n-tuples, and by T̂ and L̂, respectively, their rep-
resentations in Rn−2. To avoid unnecessary circumlocution, we shall refer to
a point in T̂ as a “matrix” and impute properties of a matrix to it, when
strictly speaking we mean the matrix associated with that point.
The function Λ that maps a Toeplitz matrix to its sorted eigenvalues induces
a map Λ̂ from T̂ to L̂ by mapping a standard matrix T to the standard
eigenvalue vector equivalent to Λ(T ).

• The closure of T̂ in Rn−2 is compact, and its boundary is made up entirely
of matrices with multiple eigenvalues—in other words, matrices that map to
points on the boundary of L̂. A consequence of this fact is that in order to
check whether the matrices along a continuous path starting at a point in T̂
are regular, it is not necessary to check the regularity of submatrices: it is
sufficient to check that each matrix in the path has only simple eigenvalues.
• The topological degree of the map Λ̂ from T̂ to the interior of L̂ is constant.

It is therefore sufficient to exhibit one point in the interior of L̂ that is covered
exactly once: then every point in L̂must be covered an odd number of times—
therefore, at least once.
• An obvious parametrization of Ln is to use the “middle” eigenvalues (λ2 <

λ3 < · · · < λn−1), so that L̂ is a simplex in Rn−2. T̂ also has some properties

reminiscent of those of a simplex. The boundary of T̂ is described in terms of
vertices, which have only two distinct eigenvalues each; k-dimensional edges
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for k = 1, 2, . . . , n−4, which have k+2 distinct eigenvalues at each point; and
faces, which have n− 1 distinct eigenvalues. Landau proves that each of the
n − 1 faces with λk = λk+1 has a nonempty intersection with the boundary

of T̂ . In intuitive terms, the set T̂ is rather like a simplex with curved faces.
Figures 1 and 2 show a two-dimensional representation of T4 and a projection
of a view of a three-dimensional representation of T5.

• There exists a path starting at the vertex where the largest eigenvalue is
simple (this matrix has rank 1 and is easily seen to be unique) and moving
along k-dimensional edges for increasing k, until finally a point in the interior
of a face is reached, such that the map Λ is one-to-one and its Jacobian
nonzero everywhere along the path. By continuity, there must then be some
point in the interior of L̂ at which these properties still hold. Its image is
covered exactly once, which completes the proof.

Landau’s paper concludes with the following conjecture, followed by the state-
ment: “Of course, it would also be very interesting to find an algorithm for carrying
it out.”

Conjecture 1 (Landau). The map from Ln to Tn is one-to-one.

3. Initial values by linear interpolation.

3.1. The basic idea. The precise way of standardizing the eigenvalues and
Toeplitz matrices is not crucial to Landau’s proof. Landau uses t0 = 0, t1 = 1 for the
matrices and λ1 = −1, ∑λi = 0 for the eigenvalues. The map Λ̂ is in that case well
defined but does not in general map a matrix to its eigenvalues.

For our purposes the most convenient standardization in both cases maps the
smallest eigenvalue to 0 and the largest to 1. Let Tk, k = 1, 2, . . . , n − 1, be the
Toeplitz matrices that correspond to the vertices of T̂ . Their eigenvalue n-tuples
Lk = Λ(Tk), given by

L1 = (0, 0, . . . , 0, 1),

L2 = (0, . . . , 0, 1, 1),

. . . . . .

Ln−1 = (0, 1, 1, . . . , 1),

correspond to vertices of L̂. In section 4 we give an explicit formula (5) for the matrices
Tk.

Since the topological structure of T̂ resembles that of L̂, it is reasonable to suppose
that simple linear interpolation might provide a good approximation to Λ−1(λ).

1. Express λ as a linear combination of the vertices of Ln:

λ =
n−1∑
k=1

akLk.

From the eigenvalue n-tuples for Lk it is obvious that

an−k = λk+1 − λk, k = 1, . . . , n− 1.

Since λ1 = 0 and λn = 1, the coefficients ak are nonnegative and sum to 1.
2. Approximate Λ−1(λ) by

Γ(λ) =

n−1∑
k=1

akTk.
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Fig. 1. Toeplitz matrices with first row (0, 1, x, y) are regular for (x, y) in the interior of
the region shown. When the corresponding eigenvalues are affinely transformed to (0, λ, µ, 1) and
displayed in the (λ, µ) plane, the lines form an equispaced triangular grid.
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Fig. 2. Toeplitz matrices with first row (0, 1, x, y, z) are regular for (x, y, z) in the interior of
the region shown. When the corresponding eigenvalues are affinely transformed to (0, λ, µ, ν, 1) and
displayed in the (λ, µ, ν) plane, the lines on each face form two of the three sets of lines that make up
an equispaced triangular grid. The vertices T1, T2, T3, and T4 are, respectively, top, right, center,
and left in the picture. The initial values are exact along the straight lines T1T3 and T2T4 but not
along the straight line T1T4. The lines T1T2 and T4T3 are actually congruent, although this view
does not show the curvature of the former clearly.
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In general Γ(λ) will not belong to Tn and may need to be standardized unless
only the eigenvectors of the initial approximation are needed. (This is in fact true for
most of the known iterative methods.)

This theoretical drawback could be avoided by using Landau’s standardization
(t1 = 0, t2 = 1) instead of ours: any convex combination of standardized matrices in
that case is also standardized. This involves calculating

n−1∑
k=1

ak
(Tk)1,2

Tk

instead of Γ(λ), which may not seem to be much less convenient. We shall see in the
next section, however, that our standardization allows a fast way of calculating Γ(λ)
without explicitly finding the interpolation constants or even the matrices Tk; this
expedient does not carry over to Landau’s standardization.

The whole process of interpolation would be on shaky ground if it were possible
to produce an initial matrix that is not regular. We therefore propose the following.

Conjecture 2. Any linear combination with positive coefficients of regular
Toeplitz matrices is itself a regular Toeplitz matrix.

This conjecture is equivalent to saying that the set T̂ with Landau’s normalization
t0 = 0, t1 = 1 is convex. The conjecture seems to be quite hard to prove but is
certainly true for the Trench class of regular Toeplitz matrices [11]. These matrices
have the integral representation

tr =
1

π

∫ π

0

f(θ) cos(r − 1)θ dθ, r = 1, . . . , n,(1)

where f is nonincreasing.
After transforming by an affine transformation the initial values thus found, one

has in effect approximated the Toeplitz matrix having the original set of eigenvalues
by a linear combination of T1, T2, . . . , Tn, since Tn = I. All the coefficients in the
linear combination except possibly the one involving Tn are of the same sign.

3.2. Implementation via circulant theory. A circulant is a Toeplitz matrix
in which

tn−k+2 = tk, k = 2, 3, . . . , n,

and a skew-circulant is a Toeplitz matrix in which

tn−k+2 = −tk, k = 2, 3, . . . , n.

(Remember that we are dealing only with real symmetric Toeplitz matrices and
therefore only with symmetric circulants and skew-circulants.) Any Toeplitz ma-
trix T = Mn(t) can be expressed as the sum of a circulant C and a skew-circulant S
as follows:

C = Mn

(
t1 − s1,

1
2 (t2 + tn),

1
2 (t3 + tn−1), . . . ,

1
2 (tn + t2)

)
,

S = Mn

(
s1,

1
2 (t2 − tn),

1
2 (t3 − tn−1), . . . ,

1
2 (tn − t2)

)
,

where s1 is arbitrary.
It is a well-known fact [5] that any circulant is diagonalized by the Fourier matrix

F = [fjk] with fjk = ω(j−1)(k−1), where ω = e−2πi/n: i.e., F−1CF = D = diag(dk).
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We show in the proof of Lemma 2 that dk = dn−k+2 when k and n− k + 2 are valid
indices. In other words, all eigenvalues of C are double, except d1 and (if n = 2m)
dm+1. The matrix C has at most nd = 	(n+ 1)/2
 distinct eigenvalues. We say that
a sequence d = (d1, d2, . . . , dn) such that dk = dn−k+2 is circulant compatible.

Similarly, any skew-circulant is diagonalized by the matrix WF with

W = diag(1, ζ, ζ2, . . . , ζn−1),

where ζ = e−πi/n: i.e., (WF )−1SWF = B = diag(bk). We show in the proof of
Lemma 2 that bk = bn−k+1 when k and n − k + 1 are valid indices. In other words,
all eigenvalues of S are double, except (if n = 2m− 1) bm. The matrix S has at most
nb = �(n + 1)/2� distinct eigenvalues. We say that a sequence b = (b1, b2, . . . , bn)
such that bk = bn−k+1 is skew-circulant compatible.

Let L = diag(λp), where λp is some permutation (to be specified later) of λ. We
wish to express L as L = D + B, where the diagonals of D and B are, respectively,
circulant and skew-circulant compatible. The matrix equation L = D + B amounts
to a system of n linear equations for the n + 1 unknowns dk, k = 1, 2, . . . , nd, and
bk, k = 1, 2, . . . , nb. The extra degree of freedom could be used for making

∑n
k=1 bk =

0, but in our Matlab code we found it simpler to make one of the unknowns zero.
Having found C = FDF−1 and S = WFB(WF )−1, we compute C + S as an

approximation to the regular Toeplitz matrix with eigenvalues λ.
It remains to find the correct permutation of λ. The vertices of Ln are all special

cases of eigenvalue sequences that can be permuted to be circulant or skew-circulant
compatible; certainly one would require that the corresponding vertices of Tn be
found correctly. We show in Theorem 2 that this requirement is met when dk, k =
1, 2, . . . , nd, and bk, k = 1, 2, . . . , nb, are both arranged in nonincreasing order. We
therefore have the equations

d1 + b1 = λn,(2)

d2 + b1 = λn−1,

d2 + b2 = λn−2,

. . . . . .

dnd
+ bnb

= λ1.(3)

In the Matlab code, we put dnd
= 0 if nd = nb + 1 (which happens when n is even)

and bnb
= 0 if nd = nb.

Since the procedure to find it is linear, and maps the vertices of Tn to those of Ln,
the matrix C + S is exactly the same Γ(λ) that was in the previous section found by
linear interpolation. The procedure via circulant theory is, however, computationally
much easier because it can be carried out with the aid of the fast Fourier transform,
as follows.

We need the first rows of C and S. Let e1 be the first row of the identity matrix,
1 a row vector of all ones, b = (b1, b2, . . . , bn), and d = (d1, d2, . . . , dn). We have

e1C = e1FDF−1 = 1DF−1 = dF−1

and

e1S = e1WFB(WF )−1 = 1B(WF )−1 = bF−1W−1.

Since 1/ζ = ζ, the algorithm (implemented in the Matlab code of section 1) follows:
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1. Solve (2)–(3).
2. Put dn−k+2 = dk, k = 2, 3, . . . , nb, and calculate

(c1, c2, . . . , cn) = ifft(d1, d2, . . . , dn).

3. Put bn−k+1 = bk, k = 2, 3, . . . , nd, and calculate

(s1, s2, . . . , sn) = ifft(b1, b2, . . . , bn).

4. The desired initial Toeplitz matrix has first row (c1 + s1, c2 + ζs2, . . . , cn +

ζ
n−1

sn).

3.3. Composition of lower-dimensional interpolation. We now discuss yet
another way to find Γ(λ). The reason for so doing is not in order to find an alternative
computational procedure but to gain extra understanding into exactly where the
interpolation is exact and where it is only approximate.

We refer to the set of points on the boundary of Tn for which the Toeplitz matrix is
circulant (resp., skew-circulant) as the circulant (resp., skew-circulant) hyperedge. By
the exact formula for Tk, to be exhibited in section 4, we see that all odd-numbered
vertices are on the circulant hyperedge, and all even-numbered vertices are on the
skew-circulant hyperedge. In fact, the circulant hyperedge is simply the (nd − 1)-
dimensional convex hull of the odd-numbered vertices, and the skew-circulant hyper-
edge is simply the (nb − 1)-dimensional convex hull of the even-numbered vertices.

These two hyperedges map linearly to hyperedges of Ln that are in their turn the
convex hulls of the odd-numbered vertices L2k+1 and even-numbered vertices L2k,
respectively.

The linear interpolation procedure can therefore be factorized as follows:
1. Find points λC and λS , respectively, on the circulant and skew-circulant

hyperedges of Ln, so that the straight line segment connecting them passes
through λ. This implies that for some constant a, 0 ≤ a ≤ 1, we have λ =
aλC + (1 − a)λS , with equality if and only if λ itself is on either of these
hyperedges.

2. Find points AC = Λ−1(λC) = Γ(λC) and AS = Λ−1(λS) = Γ(λS) by the
above interpolation procedure, which is exact when restricted to a hyperedge.

3. Approximate Λ−1(λ) by t2 = aAC + (1− a)AS .
To summarize, if we view the n-dimensional linear interpolation process as a

composition of three lower-dimensional interpolations, one in the (nd−1)-dimensional
circulant hyperedge, one in the (nb − 1)-dimensional skew-circulant hyperedge, and
one along the curve joining a point in one hyperedge to a point in the other, only this
last one-dimensional interpolation is not exact.

4. Theorems and proofs. In this section we give the theoretical basis for the
interpolation method described above. The derivation, and indeed our whole proce-
dure, depends on the validity of Conjecture 2. We need to show that the association
of eigenvalues with the eigenvectors of the circulants and skew-circulants is the proper
one and to exhibit the explicit formula (5) for the vertex matrices Tk.

The first two lemmas allow us to find all Toeplitz matrices that could possibly be
vertices of the set Tn. In the cases with multiplicity of the nonzero eigenvalue from 2
to n− 2, there is more than one Toeplitz matrix with the desired eigenvalues and we
need to determine which is regular.

Lemma 1. If A is symmetric Toeplitz, then A2 is Toeplitz if and only if A is
circulant or skew-circulant.
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Proof. It is convenient to write A as unsymmetric and use the symmetry later.
Let B = A2, where

A =




a0 a1 . . . an−2 an−1

a−1 a0 a1 . . . an−2

. . .
. . .

. . .
. . .

. . .

a−n+2 . . . a−1 a0 a1

a−n+1 a−n+2 . . . a−1 a0


 .

Number the rows and columns of B from 0 to n− 1. Then

bj,k = a−jak + a−j+1ak−1 + · · ·+ an−j−1ak−n+1.

Since bj,k = bj+1,k+1 we obtain

a−jak = an−jak−n, j = 1, 2, . . . , n− 1, k = 1, 2, . . . , n− 1.(4)

Put k = j in (4) and recall that A is symmetric to obtain

a2
j = a2

n−j =⇒ aj = ±an−j , j = 1, 2, . . . , n− 1.

A is circulant (resp., skew-circulant) if the positive (resp., negative) sign applies for
every j. If A is neither circulant nor skew-circulant, then both signs occur; i.e., there
exist indices j, k such that aj = an−j �= 0 and ak = −an−k �= 0. This gives ajak =
−an−jan−k �= 0, which contradicts (4).

Lemma 2. Any symmetric Toeplitz matrix A with k eigenvalues equal to 1 and n−
k eigenvalues equal to 0 can be represented as A = F−1DF or as A = WFB(WF )−1,
where the diagonals of D and B are, respectively, circulant compatible and skew-
circulant compatible sequences containing k ones and n−k zeros, and F is the Fourier
matrix F = [fjk] with fjk = ω(j−1)(k−1), where ω = e−2πi/n.

Proof. Since A is symmetric and has all eigenvalues either 0 or 1, it is a projection
matrix and satisfies A2 = A. Since A is Toeplitz, by the previous lemma it must be
either circulant or skew-circulant. In the circulant case (A = C), let D = F−1CF.
Since columns k and n−k+2 of F are conjugates, dk and dn−k+2 are also conjugates.
C is symmetric, and therefore all eigenvalues are real; so dk = dn−k+2, which is the
required condition.

Similarly, in the skew-circulant case (A = S), columns k and n− k+1 of WF are
conjugates. Let B = (WF )−1SWF ; then bk and bn−k+1 are also conjugates, implying
bk = bn−k+1.

The following theorem separates out the even and odd parts of the two eigenvec-
tors belonging to a double eigenvalue. This will allow us to work with real eigenvectors,
which is more convenient for the theory, although less convenient in computation. As
usual in eigenvalue work, “unique” is used in the sense that a nonzero multiple of
an eigenvector is not considered different, and that ordering of eigenvectors does not
matter.

Theorem 1. The unique real eigenvector matrix U with only even and odd
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columns such that D = UTCU is diagonal for all symmetric circulants C is given by

uj,1 =
1√
n
,

uj,2k =

√
2

n
sin

(2j − 1)kπ

n
, k = 1, 2, . . . , �n−1

2 �,

uj,2k+1 =

√
2

n
cos

(2j − 1)kπ

n
, k = 1, . . . , �n−1

2 �,

uj,n =
(−1)j−1

√
n

if n is even.

The unique real eigenvector matrix V with only even and odd columns such that
B = V TSV is diagonal for all symmetric skew-circulants S is given by

vj,2k−1 =

√
2

n
cos

(2j − 1)(k − 1
2 )π

n
, k = 1, 2, . . . , �n2 �,

vj,2k =

√
2

n
sin

(2j − 1)(k − 1
2 )π

n
, k = 1, 2, . . . , �n2 �,

vj,n =
(−1)j−1

√
n

if n is odd.

Proof. Let fk denote the kth column of F. fk and fn−k+2 are orthogonal and
conjugate and span a two-dimensional subspace belonging to a double eigenvalue.
The real and imaginary parts of fk form an orthogonal basis for this subspace but
do not form an even-odd pair of vectors. To achieve this, we divide fk by ζk−1,
where ζ = e−πi/n. Note that fjk = ζ2(j−1)(k−1). The jth component of z = ζk−1fk
is zj = ζ(2j−1)(k−1). Then zjzn−j+1 = ζ2n(k−1) = 1. Since zj has modulus 1, this
relation means that zn−j+1 = zj . Therefore �(z) is even and �(z) is odd, giving two
columns that go into U.

The proof for V is similar but easier because the relevant columns of WF require
no further scaling: we can immediately take real and imaginary parts.

The way we have chosen the columns of U and V requires that the eigenvalues of
the circulant (resp., skew-circulant) be ordered as D = diag(d1, d2, d2, d3, d3, . . . , dnd

)
(resp., B = diag(b1, b1, b2, b2, . . . , bnb

)) instead of the previous ordering used when
diagonalizing by F (resp., WF ). We get all possibilities for the matrices Tk in this
way, e.g., to find T4 when n = 8 requires one of the following twelve cases:

Diagonal of D
(1; 1, 1; 0, 0; 0, 0; 1)
(1; 0, 0; 1, 1; 0, 0; 1)
(1; 0, 0; 0, 0; 1, 1; 1)
(0; 1, 1; 1, 1; 0, 0; 0)
(0; 1, 1; 0, 0; 1, 1; 0)
(0; 0, 0; 1, 1; 1, 1; 0)

or

Diagonal of B
(1, 1; 1, 1; 0, 0; 0, 0)
(1, 1; 0, 0; 1, 1; 0, 0)
(1, 1; 0, 0; 0, 0; 1, 1)
(0, 0; 1, 1; 1, 1; 0, 0)
(0, 0; 1, 1; 0, 0; 1, 1)
(0, 0; 0, 0; 1, 1; 1, 1)

These represent all solutions to the inverse Toeplitz eigenvalue problem with four ones
and four zeros as target eigenvalues, but we are not yet able to identify which of these
matrices could serve as the required vertex of a set of regular matrices. To do that,
we need to assume the validity of Conjecture 2.
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Theorem 2. If Conjecture 2 is true, then for points near the circulant hyperedge
the eigenvector matrix is near U, and for points near the skew-circulant hyperedge the
eigenvector matrix is near V, when the eigenvalues are arranged in decreasing order.

Proof. Let C = Mn(c1, c2, . . . , cn) be a point on the circulant hyperedge with
double eigenvalues only, so that d1 > d3 > d5 > · · · but d2 = d3, d4 = d5, etc. Select
an even-odd pair of vectors as basis for the invariant subspace associated with each
eigenvalue. The eigenvalue matrix M such that MTCM = diag(dj) must then be
some permutation UP of U in which odd-even pairs of columns stay together, i.e.,

UP =
[
up1 up2 up3 . . . upn

]
with p3 = p2+1, p5 = p4+1, etc. The odd-numbered columns of UP are a permutation
of the odd-numbered columns of U and are therefore even vectors. This observation
remains true even when the eigenvalue gaps are arbitrarily small.

The matrix H = Mn(0, 1, 0, 0, . . . , 0) is easily seen to be a regular Toeplitz matrix:
just take f(θ) = 2 cos θ in (1). By Conjecture 2, the perturbed matrix

Cδ = C + δH with δ > 0

should also be regular. For small values of δ, we can obtain excellent approximations
to the eigenvalues of Cδ with the aid of Rayleigh quotients. Let λ be the eigenvalue of
C having eigenvector uk. Then an approximation accurate to O(δ2) of the eigenvalue
of Cδ whose eigenvector is close to uk is

uT(T + δH)u = uTTu + δuTHu

= λ+ 2δ(u1,ku2,k + u2,ku3,k + · · ·+ un−1,kun,k).

We now look at the eigenvalues corresponding to odd-numbered columns of UP .
To an accuracy of O(δ2), these are

d1 + 2δµp1 , d2 + 2δµp3 , . . . , dk + 2δµp2k−1
,

where

µk = u1,ku2,k + u2,ku3,k + · · ·+ un−1,kun,k.

Since dk−dk+1 may be arbitrarily small, and the ordering of the eigenvalues needs to
be preserved if the matrix is to remain regular, the columns of UP need to be arranged
so that the quantities µp1 , µp3 , µp5 , . . . form a decreasing sequence. Straightforward
if tedious trigonometric manipulation yields

µ1 = n−1
n ,

µ2k+1 = n−1
n cos 2kπ

n − 1
n , k = 1, 2, . . . , �n−1

2 �.

From the monotonicity of the cosine function over the interval (0, π) it follows that
µ1 > µ3 > µ5 > · · · , which shows that the columns of U are already in the correct
sequence.

A similar analysis showing that the columns of V are already in the correct
sequence is left to the reader.

With the sequence of eigenvalues determined, it is now a simple exercise to cal-
culate the vertex matrices Tk.
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Theorem 3. The vertex matrices Tk are given by

Tk =
1

n
Mn

(
k,

sin kθ

sin θ
,
sin 2kθ

sin 2θ
, . . . ,

sin (n− 1)kθ

sin (n− 1)θ

)
,(5)

where θ = π
n .

Proof. The diagonal matrices D and B must start with k ones and end with
n−k zeros. When k is odd (resp., even), this pattern is compatible with the circulant
(resp., skew-circulant) hyperedge. We obtain

Tm =

m∑
j=1

uju
T
j when m is odd;

Tm =

m∑
j=1

vjv
T
j when m is even.

This gives

T1 = 1
nMn(1, 1, . . . , 1),

T2k+1 = T2k−1 +
2
nMn

(
sin

kπ

n
sin

(2j − 1)kπ

n
+ cos

kπ

n
cos

(2j − 1)kπ

n
, j = 1, 2, . . . , n

)

= T2k−1 +
2
nMn

(
cos

2(j − 1)kπ

n
, j = 1, 2, . . . , n

)
.

Similarly,

T0 = Mn(0, 0, . . . , 0),

T2k = T2k−2 +
2
nMn

(
cos

(j − 1)(2k − 1)π

n
, j = 1, 2, . . . , n

)
.

The recursions in both cases are seen to be special cases of

Tk+1 = Tk−1 +
2
nMn (cos(j − 1)kθ, j = 1, 2, . . . , n) , k = 1, 2, . . . , n− 2.(6)

It is readily seen that the expression (5) satisfies this recursion.

Remark. The entries of Tk are scaled values of Chebyshev polynomials of the
second kind, and the recursion (6) is a well known relation ((22.5.8) in [1]) between
Chebyshev polynomials.

The matrices U and V share a conspicuous property which is easy to verify: for
all n, the kth columns of U and V show k − 1 sign changes (k = 1, 2, . . . , n). This
leads us to the following.

Conjecture 3. The sequence of elements of the eigenvector corresponding to
the kth largest eigenvalue of a regular Toeplitz matrix shows k − 1 sign changes, k =
1, 2, . . . , n.

Our final result exhibits a case where the initial values are not exact but show
the correct qualitative behavior.

Theorem 4. If the sequence λ contains only three distinct eigenvalues α < β < γ
of multiplicity mα, mβ, and mγ , respectively, then the matrix Γ(λ) has the eigenvalue
β with multiplicity mβ .
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Proof. Without loss of generality, assume λ is standardized so that α = 0 and
γ = 1. Let λ1 and λ2 be of the form (0, 0, . . . , 0, 1, 1, . . . , 1) with mα and mα + mβ

zeros, respectively. Then

λ = βλ1 + (1− β)λ2.

Since λ1 and λ2 are vertices,

Γ(λ) = βΓ(λ1) + (1− β)Γ(λ2).

Assume λ1 and λ2 belong to different hyperedges; otherwise the interpolation is exact
and there is nothing to prove. Now consider

Γ(λ)− βI = β(Γ(λ1)− I) + (1− β)Γ(λ2).

The interpolation is exact on hyperedges; therefore the matrices Γ(λ1)− I and Γ(λ2)
have the eigenvalue 1 to the multiplicity mα and mγ , respectively. Since the two
hyperedges are disjoint from each other and from the space of multiples of I, the rank
of Γ(λ)− βI is mα+mγ . This implies that the nullspace of Γ(λ)− βI has dimension
mβ , which was to be proven.

The theorem says nothing about the other two eigenvalues, and in fact in general
they do not even stay multiple. It does imply, though, that the edge parametrized by
(0, β, β, . . . , β, 1) corresponds to a straight line in the Landau standardization, even
in the case of odd n when the interpolation is not exact.

5. Numerical examples. Following a suggestion of Higham [7], we tried finding
extremely unfavorable examples by a method of direct search. The quantity to be
maximized over standardized eigenvalue sequences λ was chosen as

f(λ) = ‖λ− Λ(Γ(λ))‖1,

in other words, the sum of the absolute differences between the original sorted eigen-
values and those of the approximating Toeplitz matrix. The worst case was persis-
tently found when there were two well-separated eigenvalues near 0.29 and 0.71, and
all other eigenvalues very close to 0 and 1, with the two clusters of as equal size as
possible. We model this behavior by

λk = 1
2 (1 + tanhh(k − k0)), k = 1, 2, . . . , n,

where k0 = �n2 �+ 1
2 and h = 2 tanh−1(

√
2− 1). Eigenvalues distributed as above will

be called “difficult” here. For example, for n = 7, the formula gives

λ = (0.0120, 0.0664, 0.2929, 0.7071, 0.9336, 0.9880, 0.9979).

The eigenvalues of Γ(λ) are

(0.0216, 0.1052, 0.3252, 0.6815, 0.8942, 0.9747, 0.9955).

From the point of view of iterative methods for the inverse Toeplitz eigenvalue
problem, however, the interesting question is not so much how good the initial values
are as how well they perform in an iterative setting. A typical relevant question is,
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Fig. 3. Sum of absolute deviation of eigenvalues of initial matrix Γ(λ) for “difficult” target λ
for even values of n.

When Q are the eigenvectors of Γ(λ) for “difficult” λ, how close is Qdiag(λk)Q
T to

a Toeplitz matrix? In the above case, we find

Qdiag(λk)Q
T

=




0.5743 0.3099 −0.0613 −0.0608 0.0358 0.0144 −0.0278
0.3099 0.5677 0.2946 −0.0563 −0.0575 0.0351 0.0144
−0.0613 0.2946 0.5711 0.2947 −0.0556 −0.0575 0.0358
−0.0608 −0.0563 0.2947 0.5718 0.2947 −0.0563 −0.0608
0.0358 −0.0575 −0.0556 0.2947 0.5711 0.2946 −0.0613
0.0144 0.0351 −0.0575 −0.0563 0.2946 0.5677 0.3099
−0.0278 0.0144 0.0358 −0.0608 −0.0613 0.3099 0.5743



.

In Figures 3 and 4 we show f(λ) and the deviation of Qdiag(λk)Q
T from Toeplitz

form as a function of n.
One could also ask, When applied in practice in conjunction with some iterative

method, how many iterations do the new starting values require in comparison to
others that have been suggested? We applied Algorithm 1 from [10] with the difficult
eigenvalues. The algorithm in question starts from an initial eigenvector matrix Q
and proceeds as follows:

1. Calculate an approximate Toeplitz matrix T from the current Q, and form
A = QTTQ. This is obviously an O(n3) operation. The algorithm has two
possible states: in the “normal” state the approximation is performed by
Newton’s method, and in the “emergency” state by projecting Qdiag(λk)Q

T

to the closest Toeplitz matrix in the Frobenius norm.
2. Perform Jacobi rotations that successively annihilate the largest off-diagonal
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Fig. 4. Largest difference between elements on the same diagonal in the initial isospectral
matrix Qdiag(λk)Q

T with “difficult” eigenvalues λk for even values of n.

elements of A, and apply the corresponding inverse rotations to Q. The pro-
cess is not carried to completion (as Newton’s method would require): instead,
a rotation is made only as long as a certain criterion φ(Q) of closeness to the
solution keeps on decreasing. Each rotation involves a search for the largest
element and is followed by a rank 1 update of a certain n × n matrix, both
of which are O(n2) operations.

3. If φ(Q) is small enough, exit with “success.” If no rotations whatsoever were
made in step 2, change to emergency state (if emergency state was already
in effect, exit with “failure”); later the algorithm will revert to normal state
when φ(Q) is small enough. Return to step 1.

In Table 1 we show the performance of the above algorithm from the initial values
suggested here, compared to those in [9] and [12]. For small problems (n ≤ 10) there
is little difference between the three cases. For larger n, the use of the new initial
values leads to fewer outer iterations and fewer rotations in total than the other two
cases, and in no case leads to a situation where the emergency state of the algorithm
is entered.

Also in a method based on isospectral flows, these initial values have been reported
to be efficacious [13, pp. 115–117].

6. Conclusion. The motivation for much of the paper depends on the unproved
Conjecture 2. It would be very interesting if this conjecture could be proved; in fact,
the same can be said of progress on any of the conjectures cited or proposed in this
paper. Nevertheless, as the numerical examples show, the initial values are practically
useful when solving the inverse Toeplitz eigenvalue problem by iterative methods.

The present state of the art is that no constructive proof for the mere existence
of a solution to the problem has been found yet: in particular, no iterative method
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Table 1
Performance of Algorithm 1 of [10] with initial values suggested by [9], [12] and the present

paper [0]. In this algorithm, each rotation requires O(n2) and each iteration O(n3) multiplications.

n Iterations Emergencies Rotations
[9] [12] [0] [9] [12] [0] [9] [12] [0]

5 3 3 2 0 0 0 13 17 9
6 3 3 2 0 0 0 22 19 17
7 3 3 3 0 0 0 32 32 32
8 3 3 3 0 0 0 44 44 53
9 4 4 3 0 0 0 62 61 57
10 4 4 3 0 0 0 74 84 70
11 5 4 3 0 0 0 107 101 69
12 5 5 3 0 0 0 138 137 74
13 5 5 3 0 0 0 151 151 86
14 5 4 3 0 0 0 184 156 106
15 5 6 4 0 0 0 190 195 138
16 5 5 4 0 0 0 226 224 166
17 6 6 4 0 0 0 264 267 163
18 7 7 4 0 0 0 294 315 186
19 8 8 4 1 0 0 326 345 195
20 8 6 5 1 0 0 364 356 261
21 7 9 5 0 1 0 400 429 278
22 7 8 5 0 0 0 426 472 314
23 8 9 5 0 0 0 460 476 298
24 8 10 5 0 1 0 512 490 299
25 10 9 5 1 0 0 519 516 326
26 10 10 5 1 0 0 630 596 322
27 11 11 5 1 1 0 579 655 289
28 9 8 6 0 0 0 700 628 388
29 11 12 6 1 1 0 648 706 386
30 8 11 6 0 1 0 702 714 354

has been proved to be convergent. The initial values suggested in this paper may
aid in finding such a method. Moreover, Conjecture 3 suggests the investigation of
numerical methods that take care to respect the sign change pattern of the eigenvector
matrix. This could be an intriguing area for future research.

Acknowledgment. An anonymous referee made two useful suggestions that im-
proved the presentation and impact of this paper.
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Abstract. We develop upwind methods which use limited high resolution corrections in the
spatial discretization and local time stepping for forward Euler and second order time discretizations.
L∞ stability is proven for both time stepping schemes for problems in one space dimension. These
methods are restricted by a local CFL condition rather than the traditional global CFL condition,
allowing local time refinement to be coupled with local spatial refinement. Numerical evidence
demonstrates the stability and accuracy of the methods for problems in both one and two space
dimensions.
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1. Introduction. Hyperbolic conservation laws model a wide range of physi-
cally interesting phenomena such as gas dynamics, shallow water flow, and advection
of contaminants. Conservative high resolution methods with explicit time discretiza-
tion have proven effective in capturing the sharp, moving fronts common in these
applications. It is well known that such methods require the time step to satisfy a
CFL condition in order to guarantee stability.

Local spatial refinement is often introduced in order to resolve these fronts more
efficiently. However, this local refinement reduces the allowable time step for the ex-
plicit time discretizations typically employed. Rather than considering a fully implicit
approach, in which the step size is often constrained by the nonlinear convergence any-
way, we consider a method which allows the time step to vary spatially and satisfy a
local CFL condition. In this way, we can increase the efficiency of the time stepping
significantly in certain situations.

Another situation where local time stepping is useful is when modeling transport
of some quantity by a highly varying velocity field. The advection of a species is
described by an equation of the form

ct +∇ · (uc) = q,(1)

where c is the concentration of the species, u is the velocity of the fluid transporting
the species, and q represents source/sink terms. High resolution schemes have be-
come popular for these problems, primarily because they are conservative and satisfy
a maximum principle. The CFL constraint on the time step is determined by the
ratio of the mesh spacing and the magnitude of the velocity. In certain cases, specif-
ically in the presence of injection or production wells, the magnitude of u can vary
substantially throughout the domain. In these situations, even if the mesh spacing is
uniform, using a global CFL time step can be very restrictive, and local time step-
ping can result in substantial savings in computation time. It is important that the
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local time stepping preserve the conservation and maximum principle properties of
the underlying method. This situation was explored in some detail from a practical
viewpoint in [3], and we will explore it from a more theoretical viewpoint here.

Local time stepping for one-dimensional scalar conservation laws was first pro-
posed in Osher and Sanders [11]. They gave a thorough analysis of a first order spatial
discretization with a local forward Euler time stepping scheme. This scheme allows
each element to take either an entire time step or some fixed M smaller steps. In
[3], the first author examined local time stepping for advection equations of the form
(1), using high resolution schemes with slope limiters. Numerical results in two space
dimensions were presented.

Another approach to local time stepping involves automatically taking smaller
time steps where the mesh is refined. Berger and Oliger developed such an approach
in [1], in which refined grids are laid over regions of the coarse mesh. These fine grids
can have different orientation than the coarse one, and need not be nested. When the
problem is integrated in time, small time steps are taken on the refined mesh and large
time steps on the coarse mesh. Information is then passed between the grids by means
of injection and interpolation. This approach allows higher order time integration,
as the computation for each time step is done independently once the information is
passed at the beginning of the time step.

In other work, Kallinderis and Baron [8] coupled the time refinement to the spatial
refinement but used a single nonuniform mesh rather than multiple meshes. This work
presented several methods (all first order) of handling the interface between regions
with different time steps.

Flaherty et al. [5] have developed a parallel, adaptive discontinuous Galerkin
method with a local forward Euler scheme which relies on interpolating values in time
at interfaces between time steps of different sizes. This scheme, however, does not
appear to conserve flux along these interfaces. Also, only first order in time methods
are discussed.

In this paper, we seek to extend the work in [11] and [3] in two ways. First,
we will show a maximum principle for a local forward Euler method when limited
slopes are included. Second, we will show that the main ideas of local forward Euler
discretizations may be extended to second order in time by way of the TVD Runge–
Kutta methods of Gottlieb and Shu [6] and Shu [13]. A stability result for a constant
coefficient case will be derived for this higher order method. We will also indicate
how to extend this result to nonlinear problems. This analysis shows that we only
need to satisfy a local CFL condition on each element.

The paper is outlined as follows. First, in section 2, we formulate a high resolu-
tion local forward Euler time discretization that employs some limited correction to
the piecewise constant solution. In section 2.1, a maximum principle is derived for
this approach. Then, a local time stepping procedure based on a second order time
discretization is described in section 3, and a maximum principle for a simple case is
given in section 3.1. Some extensions and implementation details are also discussed in
this section. Finally, numerical results validating the theory are presented in section 4.

2. A high resolution method. We first consider the scalar conservation law

ct + f (c)x = 0,(2)

together with the initial condition

c(x, 0) = c0(x).(3)
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We will partition the real line into intervals Ij = {x : xj− 1
2
≤ x < xj+ 1

2
}. We use

the difference operator ∆+ to denote a forward difference. That is, ∆+cj ≡ cj+1 − cj
for some quantity c. A similar definition holds for ∆− with ∆−cj ≡ cj − cj−1. By
integrating (2) over each Ij and using some consistent, Lipschitz numerical flux h at
the cell edges, we obtain the semidiscrete scheme

dcj
dt

= − 1

∆xj
∆+h(cj−1, cj),(4)

where cj is an approximation to the integral average of c over Ij . Examples of h include
the Godunov flux and the Lax–Friedrichs flux. It is important that h is nondecreasing
in the first variable and nonincreasing in the second variable. The initial condition
is defined by simple projection. A standard forward Euler discretization can also be
obtained in the obvious way.

In order to improve the accuracy of the above approach, we incorporate higher
order “corrections” into the method. There are several ways of constructing these
corrections. These include the piecewise linear reconstruction used in the monotone
upwind scheme for conservation laws (MUSCL) of van Leer [14], the ENO reconstruc-
tion schemes of Harten and Osher [7], and the Runge–Kutta discontinuous Galerkin
methods of Cockburn and Shu [2]. We shall not deal exclusively with any specific
method but require certain properties of whichever is used. Since we are interested
in second order accuracy, all of our examples assume linear approximations in space
in each interval Ij .

After constructing the corrections and limiting them, we add them to the means
to construct more accurate left and right states for the Riemann solutions. The
corrections are denoted by tildes. Left states at an interface xj+1/2 shall be denoted

as cj+ c̃j ≡ cj+ 1
2 ,L

and right states as cj+1−˜̃cj+1 ≡ cj+ 1
2 ,R

. In this way, the numerical

flux at the edge is given by h(cj+ 1
2 ,L
, cj+ 1

2 ,R
).

Vital to the analysis is the assumption that the corrections introduce no new
extrema into the solution. This allows corrections derived from the minmod slope
limiter (described below) but rules out those derived from the modifiedminmod limiter
of Shu [12] and the ENO schemes as introduced by Harten and Osher [7]. We can
quantify this restriction as

−θ ≤ ∆+
˜̃cj

∆+cj
≤ 1(5)

and

−θ ≤ −∆+c̃j
∆+cj

≤ 1,(6)

where θ ≥ 0.
The number θ is a chosen parameter which appears in the CFL condition. For

example, see [2]. Geometrically, θ is related to the largest allowable ratio of differences
between left and right states at consecutive edges relative to the means. This ratio can
be allowed to be larger than 1, and we will see that such a situation will necessitate
a restriction of the time step in order to guarantee a maximum principle. Consider
the cells j and j+1 in Figure 1. The value cj+ 1

2 ,L
− cj− 1

2 ,L
≥ cj+1− cj ; however, the

differences have the same sign. Thus

0 ≤
cj+ 1

2 ,L
− cj− 1

2 ,L

cj+1 − cj = 1 +
∆+c̃j
∆+cj

,(7)
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j-1 j j+1

j-1/2,L
c

c
j+1/2,L

Fig. 1. Slopes increase ratio of left states to means.

and if θ satisfies (6), then

0 ≤
cj+ 1

2 ,L
− cj− 1

2 ,L

cj+1 − cj ≤ 1 + θ.(8)

Specifically, suppose that we compute a slope, δcj , using the minmod limiter.
Thus,

δcj =

{
min

( |∆+cj |
∆+xj

,
|∆−cj |
∆−xj

)
∗ sgn (∆+cj) if sgn (∆+cj) = sgn (∆−cj) ,

0 otherwise.
(9)

Set c̃uj =
∆xj

2 δcj . Then set

c̃j =

{
c̃uj if |c̃uj | ≤ |∆±cj |,
0 otherwise.

(10)

This last limiting step is necessary only in the case of nonuniform mesh. Finally,
˜̃cj = c̃j . The corrections then have the property that

sgn

(
c̃j

∆±cj

)
≥ 0.(11)

We can thus make the bound

1 +
∆+c̃j
∆+cj

≤ 1 +
c̃j+1

∆+cj
≤ 2.(12)

We also have

1 +
∆+c̃j
∆+cj

≥ 1− c̃j
∆+cj

≥ 0(13)
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and

1− ∆+
˜̃cj

∆+cj
≥ 1− c̃j+1

∆+cj
≥ 0.(14)

Hence, (5) and (6) hold automatically with the choice θ = 1.

More generally, suppose corrections c̃uj and ˜̃c
u

j are computed by some means, and
θ is chosen such that 0 ≤ θ ≤ 1. Define

c̃j =

{
c̃uj if 2|c̃uj | ≤ θ|∆±cj |,
0 otherwise,

(15)

with an analogous definition for ˜̃cj . Then

1 +
∆+c̃j
∆+cj

≥ 1− |c̃j+1|
|∆+cj | −

|c̃j |
|∆+cj | ≥ 1− θ ≥ 0(16)

and

1 +
∆+c̃j
∆+cj

≤ 1 + θ.(17)

We now present the first order local time discretization. It is a straightforward ex-
tension of the method in [11]. The only difference is that the flux terms are computed
using the corrected quantities cj+1/2,L, cj+1/2,R rather than piecewise constants. We
allow each element to take either a whole time step or some fixed M substeps per
main time step.

We begin by noting that the intervals Ij form a partition of the real line. In
addition to the spatial partition, we also introduce the temporal partition of [0, T )
into time intervals [tn, tn+1), n = 0, . . . , N − 1, with t0 = 0 and tN = T . We denote
∆tn ≡ tn+1 − tn and define λnj ≡ ∆tn

∆xj
. In order to describe the local time stepping

scheme, we will need to further partition the time steps on certain elements. We
denote by Cn the set of all indices j such that a single time step is taken from tn to
tn+1 on Ij . On the rest of the elements, we partition the time step [tn, tn+1) into the
union of substeps [tn+ηl , tn+ηl+1), l = 0, . . . ,M − 1. Further, {σk}Mk=1 is a sequence
of positive numbers summing to unity. The numbers ηl are given as the cumulative
sum of the σk, that is, ηl =

∑l
k=1 σk, and η0 = 0. Correspondingly, the substeps in

the time interval are given by tn+ηl+1 = tn+ηl + σl+1∆t
n. Notice that the elements

on which the local steps are taken may change over time.
With this notation established, we can modify the predictor-corrector scheme of

Osher and Sanders to a so-called high resolution scheme in space.
Following [11], for each k = 1, . . . ,M − 1, the “predictor” is defined by

cn+ηk
j =

{
cnj , j ∈ Cn,
cnj − λnj

∑k−1
l=0 σl+1∆+h(c

n+ηl
j−1/2,L, c

n+ηl
j−1/2,R), j /∈ Cn,(18)

and the “corrector” is

cn+1
j = cnj − λnj

M−1∑
l=0

σl+1∆+h(c
n+ηl
j− 1

2 ,L
, cn+ηl
j− 1

2 ,R
).(19)

Notice that if j− 1, j, j+1 ∈ Cn, then the method on Ij reduces to forward Euler
with a step size of ∆tn.
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2.1. A maximum principle. In this section, we present a maximum principle
for the method (18)–(19). The maximum principle will verify that L∞ stability is
attainable with only local assumptions regarding the mesh, time step, velocity, and
corrections. It is vital to this analysis that we use a “strict” limiter (i.e., one that
does not introduce new extrema).

We introduce some notation for the scheme as follows. We define terms involving
the differences of the corrections relative to the means:

κj,1 ≡ 1− ∆−˜̃cj
∆−cj

(20)

and

κj,2 ≡ 1 +
∆−c̃j
∆−cj

,(21)

where we may have a superscript of n,n + ηl, etc. Note that (5) and (6) give us the
bounds 0 ≤ κj,1, κj,2 ≤ 1 + θ. We also define the coefficients γj,1 and γj,2 as the local
Lipschitz coefficients of h. That is,

γn+ηl
j,1 ≡ −Λn+ηl

j


h
(
cn+ηl
j+ 1

2 ,L
, cn+ηl
j+ 1

2 ,R

)
− h

(
cn+ηl
j+ 1

2 ,L
, cn+ηl
j− 1

2 ,R

)
cn+ηl
j+ 1

2 ,R
− cn+ηl

j− 1
2 ,R


(22)

and

γn+ηl
j,2 ≡ −Λn+ηl

j


h
(
cn+ηl
j+ 1

2 ,L
, cn+ηl
j− 1

2 ,R

)
− h

(
cn+ηl
j− 1

2 ,L
, cn+ηl
j− 1

2 ,R

)
cn+ηl
j+ 1

2 ,L
− cn+ηl

j− 1
2 ,L


 ,(23)

where

Λn+ηl
j =

{
λnj if j − 1, j or j + 1 ∈ Cn,

σl+1λ
n
j otherwise.

(24)

If the flux f is smooth enough, then we can, as in [11], reduce the Lipschitz constants
to a local supremum of f ′(c). Further, we define the terms

αj,1 ≡ γj,1κj,1(25)

and

αj,2 ≡ γj,2κj,2.(26)

By our assumptions (5) and (6) and the assumed monotonicity properties of h (h
nondecreasing in its first argument, nonincreasing in its second), we have αj,1 ≥ 0,
αj,2 ≤ 0, and thus

αj,1 − αj,2 ≥ 0.(27)

For each j at each time tn+ηl , we require the local CFL condition

1− αn+ηl
j,1 + αn+ηl

j,2 ≥ 0.(28)
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Here, we pause to discuss the relation between the terms (5)–(6) and the CFL
condition (28). We require that

αn+ηl
j,1 − αn+ηl

j,2 ≤ 1,(29)

or

γn+ηl
j,1 κn+ηl

j,1 − γn+ηl
j,2 κn+ηl

j,2 ≤ 1.(30)

If the corrections are all zero, then each κ term is simply 1. However, as in Figure 1,
our κ terms are only bounded by 1+θ. Consequently, in order to satisfy (28), we must
possibly take a smaller time step than we would if we were not using the corrections.
Equivalently, we could write our CFL condition as do Cockburn and Shu [2]:

γn+ηl
j,1 − γn+ηl

j,2 ≤ 1

1 + θ
.(31)

The L∞ stability result of [11] depends upon showing that the operator which ad-
vances the solution forward is monotone. However, with the addition of the correction
terms, the operator ceases to be monotone, and we must take a different approach.
We begin by examining the basic global time stepping method (or j ∈ Cn ∀ j). The
method is

cn+1
j = cnj − λnj

[
h
(
cnj+ 1

2 ,L
, cnj+ 1

2 ,R

)
− h

(
cnj− 1

2 ,L
, cnj− 1

2 ,R

)]
.(32)

We can obtain L∞ stability as follows. Add and subtract h(cn
j+ 1

2 ,L
, cn
j− 1

2 ,R
) in

(32) and multiply and divide by the proper differences, and we have

cn+1
j = cnj + α

n
j,1

(
cnj+1 − cnj

)
+ αnj,2

(
cnj − cnj−1

)
,(33)

or

cn+1
j =

(
1− αnj,1 + αnj,2

)
cnj + α

n
j,1c

n
j+1 − αnj,2cnj−1.(34)

Then, by (27) and (28), we see that

|cn+1
j | ≤ (1− αnj,1 + αnj,2) |cnj |+ αnj,1|cnj+1| − αnj,2|cnj−1|(35)

≤ sup
j
|cnj |.

By making similar arguments in the context of the local time stepping method,
we have the following stability result.

Proposition 2.1. Assume (5), (6), and (28) hold, and the numerical flux h(u, v)
is nondecreasing in u and nonincreasing in v; then for n > 0,

sup
j
|cnj | ≤ sup

j
|c0j |,

where cnj is defined by (18)–(19).

Proof. The proof follows from looking separately at the cases in which j ∈ Cn
and j /∈ Cn.
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We begin with the case of j /∈ Cn. In this case, we may use the same technique
as in the global time stepping case recursively to bound the solution at time n+ 1 in
terms of the solution at time n.

|cn+ηl
j | =

∣∣∣cn+ηl−1

j − σl+1λ
n
j∆+h

(
c
n+ηl−1

j− 1
2 ,L

, c
n+ηl−1

j− 1
2 ,R

)∣∣∣(36)

=
∣∣∣cn+ηl−1

j + α
n+ηl−1

j,1

(
c
n+ηl−1

j+1 − cn+ηl−1

j

)
+ α

n+ηl−1

j,2

(
c
n+ηl−1

j − cn+ηl−1

j−1

)∣∣∣
= |cn+ηl−1

j |
(
1− αn+ηl−1

j,1 + α
n+ηl−1

j,2

)
+ α

n+ηl−1

j,1 |cn+ηl−1

j+1 | − αn+ηl−1

j,2 |cn+ηl−1

j−1 |
≤ max
j−1≤k≤j+1

|cn+ηl−1

k |.

The α terms satisfy the same sign conditions as their global time stepping counter-
parts, so

|cn+ηl
j | ≤ max

j−1≤k≤j+1
|cn+ηl−1

k |.(37)

If j∗ ∈ [j − 1, j + 1] is the element on which the maximum occurs, and if j∗ ∈ Cn,
then we are done for this element, as we have the solution bounded in terms of values
at time n. If j∗ /∈ Cn, then we apply this argument recursively.

Now, suppose that j ∈ Cn. Using (18) in (19),

cn+1
j = cnj − λnj

M−1∑
l=0

σl+1∆+h
(
cn+ηl
j− 1

2 ,L
, cn+ηl
j− 1

2 ,R

)
(38)

=
M−1∑
l=0

σl+1

(
c
n+ηl−1

j − λnj∆+h
(
cn+ηl
j− 1

2 ,L
, cn+ηl
j− 1

2 ,R

))

=
M−1∑
l=0

σl+1

[
c
n+ηl−1

j + α
n+ηl−1

j,1

(
c
n+ηl−1

j+1 − cn+ηl−1

j

)

+ α
n+ηl−1

j,2

(
c
n+ηl−1

j − cn+ηl−1

j−1

)]

=

M−1∑
l=0

σl+1

[
c
n+ηl−1

j

(
1− αn+ηl−1

j,1 + α
n+ηl−1

j,2

)

+ α
n+ηl−1

j,1 c
n+ηl−1

j+1 − αn+ηl−1

j,2 c
n+ηl−1

j−1

]
.

Again, using the monotonicity of h and (28), we have the sign conditions for the α
terms, and

|cn+1
j | ≤

M−1∑
l=0

σl+1

[
|cn+ηl−1

j |
(
1− αn+ηl−1

j,1 + α
n+ηl−1

j,2

)
(39)

+ α
n+ηl−1

j,1 |cn+ηl−1

j+1 | − αn+ηl−1

j,2 |cn+ηl−1

j−1 |
]

≤
M−1∑
l=0

σl+1 max
j−1≤k≤j+1

|cn+ηl−1

k |.
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Now, each term |cn+ηl−1

k | may be bounded by prior information. If k ∈ Cn, then
c
n+ηl−1

k = cnk and the bound is obvious. Otherwise, the above bound for j /∈ Cn
applies, and we are done.

Note that while cnj remains constant in time on Ij , we might have to modify the
correction terms on Ij at intermediate times if j ∈ Cn and j − 1 /∈ Cn or j + 1 /∈ Cn
to avoid adding extrema to the solution.

Note also that for general problems, the CFL condition (28) for substeps after
the first when j /∈ Cn cannot be verified a priori without adjusting the time step at
each substep. However, examining (25) and (26), we have uniform bounds on the κ
terms by doing appropriate limiting. Moreover, with some knowledge of f , we can
bound the γ terms locally depending on f ′(c) and the local mesh spacing. Thus we
can estimate an upper bound on the α terms over regions of the domain, which can
be used to set the local time steps over these regions. We have used this approach
successfully in practice.

3. A second order time stepping scheme. We now turn to developing a
local time stepping procedure based on a formally second order method. We are
again interested in integrating the semidiscrete scheme

dcj
dt

= − 1

∆xj
∆+h(cj−1/2,L, cj−1/2,R).(40)

We first describe the basic method we are using, which is a second order Runge–
Kutta scheme (in particular, Heun’s method), shown to be TVD in [13, 6]. Then, we
formulate the scheme for handling the interface between two regions with different
time steps. We will assume the basic method holds for some distance away from the
interfaces.

Heun’s method for integrating (40) is given by

cn+1
j = cnj − λnj∆+h(c

n
j−1/2,L, c

n
j−1/2,R),(41)

wn+1
j = cn+1

j − λnj∆+h(c
n+1
j−1/2,L, c

n+1
j−1/2,R),(42)

cn+1
j =

1

2

(
cnj + w

n+1
j

)
.(43)

Here cn+1
j+1/2,L = cn+1

j + c̃
n+1
j , with an analogous definition for cn+1

j+1/2,R, where the

corrections are computed as in (5)–(6). This method is nothing more than a convex
combination of forward Euler steps and the initial value. Correspondingly, using the
properties of the forward Euler method analyzed in the previous section, one easily
obtains stability for this scheme.

Proposition 3.1. For the scheme (41)–(43), with corrections limited as in (5)–
(6) and a CFL time-step constraint as in (28), we have

sup
j
|cnj | ≤ sup

j
|c0j |.

For now, we are interested in computing at the interface on the space-time mesh
shown in Figure 2. Thus, the time step in interval Ij+1 is ∆t and in Ij , ∆t/2. For
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Fig. 2. Local time stepping mesh.

simplicity, we assume the time step is ∆t for intervals to the right of xj+1/2 and ∆t/2
for intervals to the left of xj+1/2. We will also assume for simplicity that f(c) = uc,
where u > 0. We will describe the method and state conditions which the corrections
c̃ should satisfy to ensure a maximum principle. We will then describe in more detail
how the corrections may be constructed so as to satisfy these conditions. Finally, we
will describe the method when the situation in Figure 2 holds and u < 0, and then
discuss generalizations to a nonlinear flux function and to the case with M steps.

Thus, assuming f(c) = uc, where u > 0, to compute the solution in elements Ij
and Ij+1, we use the following procedure.

Scheme I (u > 0).

(i) Compute corrections c̃nj−1, c̃
n
j , and c̃

n,1
j+1 by some means and limit them so

that (44) is satisfied.

(ii) c
n+ 1

2
j = cnj −

uλn
j

2

[
cnj + c̃

n
j −

(
cnj−1 + c̃

n
j−1

)]
.

(iii) Compute c̃
n+1/2
j−1 , c̃

n+1/2
j , and c̃n,2j+1 so that (45) is satisfied.

(iv) w
n+ 1

2
j = c

n+ 1
2

j − uλn
j

2 [c
n+ 1

2
j + c̃

n+ 1
2

j − (c
n+ 1

2
j−1 + c̃

n+ 1
2

j−1 )].

(v) c
n+ 1

2
j = 1

2 (c
n
j + w

n+ 1
2

j ).

(vi) Define c̃nj+1 ≡ 1
2 (c̃

n,1
j+1 + c̃

n,2
j+1).

(vii) cn+1
j+1 = c

n+1/2
j+1 − uλnj+1[c

n
j+1 + c̃

n
j+1 − 1

2 (c
n
j + c̃

n
j + c

n+ 1
2

j + c̃
n+ 1

2

j )].

(viii) Compute c̃
n+ 1

2
j−1 , c̃

n+ 1
2

j , and c̃
n+1,1
j+1 so that (46) is satisfied.

(iv) cn+1
j = cnj −

uλn
j

2 [c
n+ 1

2
j + c̃

n+ 1
2

j − (c
n+ 1

2
j−1 + c̃

n+ 1
2

j−1 )].

(x) Compute c̃
n+1
j−1 , c̃

n+1
j , and c̃

n+1,2
j+1 so that (47) is satisfied.

(xi) wn+1
j = cn+1

j − uλn
j

2 [cn+1
j + c̃

n+1
j − (cn+1

j−1 + c̃
n+1
j−1 )].

(xii) cn+1
j = 1

2 (c
n+ 1

2
j + wn+1

j ).

(xiii) Define c̃
n+1
j+1 ≡ 1

2 (c̃
n,1
j+1 + c̃

n,2
j+1).

(xiv) wn+1
j+1 = cnj+1 − uλnj+1[c

n
j+1 + c̃

n
j+1 − 1

2 (c
n+ 1

2
j + c̃

n+ 1
2

j + cn+1
j + c̃

n+1
j )].

(xv) cn+1
j+1 = 1

2

(
cnj+1 + w

n+1
j+1

)
.
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The corrections should satisfy the following conditions to guarantee a maximum prin-
ciple:

−θ ≤ − c̃
n
j − c̃nj−1

cnj − cnj−1

, − c̃
n,1
j+1 − c̃nj
cnj+1 − cnj

≤ 1,(44)

−θ ≤ − c̃
n+ 1

2

j − c̃n+ 1
2

j−1

c
n+ 1

2
j − cn+ 1

2
j−1

, − c̃
n,2
j+1 − c̃

n+ 1
2

j

cnj+1 − cn+ 1
2

j

≤ 1,(45)

−θ ≤ − c̃
n+ 1

2
j − c̃n+ 1

2
j−1

c
n+ 1

2
j − cn+ 1

2
j−1

, − c̃
n+1,1
j+1 − c̃n+ 1

2

j

cn+1
j+1 − cn+1/2

j

≤ 1,(46)

−θ ≤ − c̃
n+1
j − c̃n+1

j−1

cn+1
j − cn+1

j−1

, − c̃
n+1,2
j+1 − c̃n+1

j

cn+1
j+1 − cn+1

j

≤ 1.(47)

3.1. A maximum principle for the second order method. In this section,
we derive a maximum principle for Scheme I above. The maximum principle argument
allows for the method to have a time step on one cell that would violate the CFL
condition on the adjacent cell. In particular, we assume

u∆tn

2∆xj
≤ 1

1 + θ
(48)

and

u∆tn

∆xj+1
≤ 1

1 + θ
,(49)

which is the usual CFL condition for grid blocks Ij and Ij+1.
Away from the interface, where the time step among adjacent cells is the same,

the stability of the method is easily demonstrated. We summarize the result in the
following proposition.

Proposition 3.2. Assume a time step of size ∆tn for all elements to the right
of xj+1/2 and size ∆tn/2 for all elements to the left of xj+1/2, where ∆tn satisfies
(48) and (49). Then, for Scheme I above with f(c) = uc where u > 0, with corrections
satisfying (44)–(47) on Ij and Ij+1 and (5)–(6) elsewhere, we have

sup
j
|cnj | ≤ sup

j
|c0j |.(50)

Proof. For all blocks except Ij and Ij+1, the bound |cn+1
i | ≤ supj |cnj | follows

from the arguments used to prove Propositions 2.1 and 3.1. Furthermore, the only
difference between the computation on Ij and the standard method is that there are
somewhat different restrictions on the corrections, namely, they should satisfy (44)–

(47). Thus, one can easily show that |cn+ 1
2

j |, |wn+ 1
2

j |, |cn+ 1
2

j , |cn+1
j |, |wn+1

j | and hence

|cn+1
j | are all bounded above by supj |cnj |.
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The solution on Ij+1 must be more carefully analyzed. We will first show a
maximum principle for |cn+1

j+1 |. Then, this will be used to show maximum principles

for |wn+1
j+1 | and |cn+1

j+1 |.
Consider cn+1

j+1 . The argument will proceed by the standard technique of choosing
the CFL condition and using the restrictions on the corrections to guarantee that
cn+1
j+1 is a convex combination of previous values. We define

κ1 = 1 +
c̃n,1j+1 − c̃nj
cnj+1 − cnj

(51)

and

κ2 = 1 +
c̃n,2j+1 − c̃

n+ 1
2

j

cnj+1 − cn+ 1
2

j

.(52)

We can write the computation of cnj+1 as

(53)

cn+1
j+1 = cnj+1 −

u∆tn

∆xj+1

[(
cnj+1 + c̃

n
j+1

)− 1

2

((
cnj + c̃

n
j

)− (cn+ 1
2

j + c̃
n+ 1

2

j

))]

= cnj+1 −
u∆tn

2∆xj+1

[
cnj+1 + c̃

n,1
j+1 −

(
cnj + c̃

n
j

)
+ cnj+1 + c̃

n,2
j+1 −

(
c
n+ 1

2
j + c̃

n+ 1
2

j

)]

= cnj+1 −
u∆tn

2∆xj+1

[
κ1

(
cnj+1 − cnj

)
+ κ2

(
cnj+1 − cn+ 1

2
j

)]

= cnj+1

[
1− u∆tn

2∆xj+1
(κ1 + κ2)

]
+

u∆tn

2∆xj+1
κ1c

n
j +

u∆tn

2∆xj+1
κ2c

n+ 1
2

j .

We note that the coefficients of the terms sum to 1. By (44) and (45), κi ≥ 0, i = 1, 2,
and

1− u∆tn

2∆xj+1
(κ1 + κ2) ≥ 0(54)

if the time step is chosen such that (49) is satisfied.

By the above-stated bound on |cn+ 1
2

j |, we can take the absolute value of each side
of (53) and obtain

|cn+1
j+1 | = |cnj+1|

[
1− u∆tn

2∆xj+1
(κ1 + κ2)

]
+

u∆tn

2∆xj+1
κ1|cnj |+

u∆tn

2∆xj+1
κ2|cn+ 1

2
j |(55)

≤ sup
j
|cnj |.

Next, consider wn+1
j+1 . We define two new terms:

κ3 = 1 +
c̃
n+1,2
j+1 − c̃n+ 1

2
j

cn+1
j+1 − cn+ 1

2
j

(56)

and

κ4 = 1 +
c̃
n+1,1
j+1 − c̃n+1

j

cn+1
j+1 − cn+1

j

.(57)
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The method can be written as

wn+1
j+1 = cn+1

j+1 −
u∆tn

∆xj+1

[
cn+1
j+1 + c̃

n+1
j+1 −

1

2

(
c
n+ 1

2
j + c̃

n+ 1
2

j + cn+1
j + c̃

n+1
j

)]
(58)

= cn+1
j+1 −

u∆tn

2∆xj+1

[
cn+1
j+1 + c̃

n+1,1
j+1

−
(
c
n+ 1

2
j + c̃

n+ 1
2

j

)
+ cn+1

j+1 + c̃
n+1,2
j+1 −

(
cn+1
j + c̃

n+1
j

)]
= cn+1

j+1 −
u∆t

2∆xj+1

[
κ3

(
cn+1
j+1 − cn+ 1

2
j

)
+ κ4

(
cn+1
j+1 − cn+1

j

)]

= cn+1
j+1

[
1− u∆tn

2∆xj+1
(κ3 + κ4)

]
+

u∆tn

2∆xj+1
κ3c

n+ 1
2

j +
u∆tn

2∆xj+1
κ4c

n+1
j .

As before, the coefficients sum to 1. By a similar argument, (46) and (47) give the
nonnegativity of each κ term, and we have the same CFL restriction (49) as above.
Taking the absolute value of each side of (58), we see that

|wn+1
j+1 | ≤ max

(
|cn+1
j+1 |, |cn+ 1

2
j |, |cn+1

j |
)
,

and each of these terms is bounded by the solution at time n. Finally

|cn+1
j+1 | =

∣∣∣∣12 (cnj+1 + w
n+1
j+1

)∣∣∣∣
≤ 1

2
|cnj+1|+

1

2
|wn+1
j+1 |

≤ sup
j
|cnj |.

To summarize, our method is conservative (the flux used at the right edge of
element Ij is equal to that used at the left edge of Ij+1). We have demonstrated
stability subject only to local CFL restrictions. Next we discuss the limiting of the
corrections so that the conditions (44)–(47) are satisfied. Later, we will present nu-
merical evidence demonstrating that local time stepping does not appear to degrade
the accuracy of the method.

3.2. Computing and limiting the corrections. We discuss in slightly more
detail the computation of the c̃ terms. We assume as before that θ is chosen so that
0 ≤ θ ≤ 1.

First, assume c̃nj , c̃
n
j−1, and c̃

n,1
j+1 are computed so that (44) is satisfied, say, using

(15). We then set

c̃n,2j+1 =

{
c̃n,1j+1 if 2|c̃n,1j+1| ≤ θ|cnj+1 − cn+1/2

j |,
0 otherwise.

(59)

In a similar way, corrections c̃
n+1/2
j and c̃

n+1/2
j−1 are computed so that the first inequal-

ity in (45) is satisfied, and c̃
n+1/2
j is limited so that

2|c̃n+1/2
j | ≤ θ|cnj+1 − cn+1/2

j |.(60)

Hence, one can show

0 ≤ κ1, κ2 ≤ 1 + θ.(61)
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Proceeding, c̃
n+1/2
j and c̃

n+1/2
j−1 are computed so that the first inequality in (46)

is satisfied, and so that

2|c̃n+1/2
j | ≤ θ|cn+1

j+1 − cn+1/2
j |;(62)

c̃
n+1,1
j+1 is computed so that it also satisfies

2|c̃n+1,1
j+1 | ≤ θ|cn+1

j+1 − cn+1/2
j |.(63)

Similarly, c̃
n+1
j−1 , c̃

n+1
j , and c̃

n+1,2
j+1 are computed so that (47) is satisfied. Thus

0 ≤ κ3, κ4 ≤ 1 + θ.(64)

3.3. The case u < 0. Consider Figure 2 again, now with f(c) = uc and u < 0.
This case is analogous to the situation in which u > 0 and the picture in Figure 2 is
reversed, namely, the local time steps are to the right of the interface. In this case,
to compute the solution in elements Ij and Ij+1, we use the following procedure.

Scheme II (u < 0).

(i) Compute corrections c̃nj , c̃
n,1
j+1, and c̃

n
j+2 so that (65) is satisfied.

(ii) c
n+ 1

2
j = cnj −

uλn
j

2 [cnj+1 − c̃n,1j+1 − (cnj − c̃nj )].
(iii) Compute c̃

n+1/2
j and c̃n,2j+1 so that (66) is satisfied.

(iv) w
n+ 1

2
j = c

n+ 1
2

j − uλn
j

2 [cnj+1 − c̃n,2j+1 − (c
n+ 1

2
j − c̃n+ 1

2

j )].

(v) c
n+ 1

2
j = 1

2 (c
n
j + w

n+ 1
2

j ).

(vi) Define c̃nj+1 ≡ 1
2 (c̃

n,1
j+1 + c̃

n,2
j+1).

(vii) cn+1
j+1 = cnj+1 − uλnj+1

[
cnj+2 − c̃nj+2 −

(
cnj+1 − c̃nj+1

)]
.

(viii) Compute c̃
n+ 1

2
j , c̃

n+1,1
j+1 , and c̃

n+1
j+2 so that (67) is satisfied.

(ix) cn+1
j = c

n+1/2
j − uλn

j

2 [cn+1
j+1 − c̃

n+1,1
j+1 − (c

n+ 1
2

j − c̃n+ 1
2

j )].

(x) Compute c̃
n+1
j and c̃

n+1,2
j+1 to satisfy (68).

(xi) wn+1
j = cn+1

j − uλn
j

2 [cn+1
j+1 − c̃

n+1,2
j+1 − (cn+1

j − c̃n+1
j )].

(xii) cn+1
j = 1

2 (c
n+ 1

2
j + wn+1

j ).

(xiii) Define c̃
n+1
j+1 ≡ 1

2 (c̃
n+1,1
j+1 + c̃

n+1,2
j+1 ).

(xiv) wn+1
j+1 = cnj+1 − uλnj+1[c

n+1
j+2 − c̃

n+1
j+2 − (cn+1

j+1 − c̃
n+1
j )].

(xv) cn+1
j+1 = 1

2

(
cnj+1 + w

n+1
j+1

)
.

The conditions on the corrections in this case are

−θ ≤ c̃n,1j+1 − c̃nj
cnj+1 − cnj

,
c̃nj+2 − c̃n,1j+1

cnj+2 − cnj+1

≤ 1,(65)

−θ ≤ c̃n,2j+1 − c̃
n+1/2
j

cnj+1 − cn+1/2
j

,
c̃nj+2 − c̃n,2j+1

cnj+2 − cnj+1

≤ 1,(66)
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−θ ≤ c̃
n+1,1
j+1 − c̃n+1/2

j

cn+1
j+1 − cn+1/2

j

,
c̃
n+1
j+2 − c̃

n+1,1
j+1

cn+1
j+2 − cn+1

j+1

≤ 1,(67)

−θ ≤ c̃
n+1
j+2 − c̃

n+1,2
j+1

cn+1
j+2 − cn+1

j+1

,
c̃
n+1,2
j+1 − c̃n+1

j

cn+1
j+1 − cn+1

j

≤ 1.(68)

These conditions lead to the following result. The proof is left to the reader.
Proposition 3.3. Assume a time step of size ∆tn for all elements to the right of

xj+1/2 and size ∆tn/2 for all elements to the left of xj+1/2, where ∆tn satisfies (48)
and (49) (with u replaced by −u). Then, for Scheme II above with f(c) = uc where u <
0, with corrections satisfying (65)–(68) on Ij and Ij+1 and (5)–(6) elsewhere, we have

sup
j
|cnj | ≤ sup

j
|c0j |.(69)

3.4. Extension to a nonlinear flux function. The extension of the methods
above to a more general numerical flux h essentially combines the ideas of Schemes I
and II above. In particular, the method is as follows.

Scheme III (general flux function).
(i) Compute corrections c̃nj−1, c̃

n
j , c̃

n,1
j+1, and c̃

n
j+2 so that (44) and (65) are satis-

fied.
(ii) c

n+ 1
2

j = cnj −
λn
j

2 [h(cnj + c̃
n
j , cj+1 − c̃n,1j+1)− h(cnj−1 + c̃

n
j−1, c

n
j − c̃nj )].

(iii) Compute c̃
n+1/2
j−1 , c̃

n+1/2
j , and c̃n,2j+1 so that (45) and (66) are satisfied.

(iv) Compute w
n+ 1

2
j by

w
n+ 1

2
j = c

n+ 1
2

j − λ
n
j

2

[
h(c

n+ 1
2

j + c̃
n+ 1

2

j , cnj+1 − c̃n,2j+1)− h(cn+ 1
2

j−1 + c̃
n+ 1

2

j−1 , c
n+ 1

2
j − c̃n+ 1

2

j )
]
.

(v) c
n+ 1

2
j = 1

2 (c
n
j + w

n+ 1
2

j ).

(vi) Define c̃nj+1 ≡ 1
2 (c̃

n,1
j+1 + c̃

n,2
j+1).

(vii) Compute cn+1
j+1 by

cn+1
j+1 = cnj+1 − λnj+1

[
h(cnj+1 + c̃

n
j+1, c

n
j+2 − c̃nj+2)

−1
2
(h(cnj + c̃

n
j , c

n
j+1 − c̃n,1j+1) + h(c

n+ 1
2

j + c̃
n+ 1

2

j , cnj+1 − c̃n,2j+1))

]
.

(viii) Compute c̃
n+ 1

2
j−1 , c̃

n+ 1
2

j , c̃
n+1,1
j+1 , and c̃

n+1
j+2 so that (46) and (67) are satisfied.

(ix) Compute cn+1
j by

cn+1
j = c

n+ 1
2

j − λ
n
j

2

[
h(c

n+ 1
2

j + c̃
n+ 1

2
j , cn+1

j+1 − c̃
n+1,1
j+1 )− h(cn+ 1

2
j−1 + c̃

n+ 1
2

j−1 , c
n+ 1

2
j − c̃n+ 1

2
j )

]
.

(x) Compute c̃
n+1
j−1 , c̃

n+1
j , and c̃

n+1,2
j+1 so that (47) and (68) are satisfied.

(xi) Compute wn+1
j by

wn+1
j = cn+1

j − λ
n
j

2

[
h(cn+1

j + c̃
n+1
j , cn+1

j+1 − c̃
n+1,2
j+1 )− h(cn+1

j−1 + c̃
n+1
j−1 , c

n+1
j − c̃n+1

j )
]
.

(xii) cn+1
j = 1

2 (c
n+ 1

2
j + wn+1

j ).
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(xiii) Define c̃
n+1
j+1 ≡ 1

2 (c̃
n,1
j+1 + c̃

n,2
j+1).

(xiv)

wn+1
j+1 = cn+1

j+1 −
∆tn

∆xj+1

[
h(cn+1

j+1 + c̃
n+1
j+1 , c

n+1
j+2 − c̃

n+1
j+2 )

−1
2

(
h(c

n+ 1
2

j + c̃
n+ 1

2
j , cn+1

j+1 − c̃
n+1,1
j+1 ) + h(cn+1

j + c̃
n+1
j , cn+1

j+1 − c̃
n+1,2
j+1 )

)]
.

(xv) cn+1
j+1 = 1

2

(
cnj+1 + w

n+1
j+1

)
.

3.5. Extension to M steps. Now suppose we take M steps in grid block Ij to
one step in block Ij+1. The easier extension of the method described above is for the
case where M is even, although an extension to M odd can also be made.

Assume M is even. When M = 2, note that to compute cn+1
j+1 we used the values

cnj up through c
n+1/2
j . The same is true in general. We compute c

n+1/2
j by taking

M/2 steps in block Ij . The average of the fluxes along edge j + 1/2 over these steps
is used to compute cn+1

j+1 , just as above. The computation of wn+1
j+1 is analogous. We

take M/2 steps to compute cn+1
j+1 , starting with c

n+1/2
j , and the average of the fluxes

along edge j + 1/2 is used to compute wn+1
j+1 .

The maximum principle argument can be carried through with appropriate lim-
iting of the corrections. Similar to the case M = 2, at each substep i, i = 1, . . . ,M/2,
we compute a correction c̃n,ij+1 in block Ij+1 so that the analogues of (44), (45), (65),
and (66) are satisfied. The final correction c̃nj+1 is the average of all of these substep

corrections. Similarly, once cn+1
j+1 is computed, corrections c̃

n+1,i
j+1 are computed at each

substep so that the analogues of (46), (47), (67), and (68) are satisfied, and c̃
n+1
j+1 is

computed by averaging these corrections.

4. Numerical results. Here we present results examining the accuracy and
stability of the method in section 3.

4.1. Linear example: Smooth problem. We will first show how local time
stepping affects the errors and stability in the case of a smooth linear problem. Con-
sider initial and boundary conditions such that the true solution is sin(π(x− t)). The
space-time domain is [0, 1]2. We have the following cases:

1. Uniform mesh of width ∆x, global time step ∆t = 2∆x
3 .

2. Region [0, 0.5] refined to ∆x
2 , time step globally refined to ∆t = ∆x

3 .

3. Region [0, 0.5] refined to ∆x
2 , time step on [0, 0.5] reduced (locally) by a factor

of 2.
Examining Tables 1, 2, and 3, we see that the rate of convergence in L2 in all

three cases is around 1.5, which is to be expected for a minmod-limited method.
Conceivably, the local time stepping could incur an O(h 1

2 ) error which a constant
time step would not incur. Thus, we turned off the limiter on the slopes and saw that
the local stepping does not degenerate the order of accuracy, as we see second order
convergence in Tables 4 and 5.

4.2. Linear example: Rough problem. Now that we have seen that the local
time stepping scheme does not degenerate the accuracy of the approximation, we will
show that the method is indeed stable with a local CFL condition. Consider the
linear model case of f (c) = c with c(x, 0) = 1 for x < 0 and c(x, 0) = 0 for x > 0. At
t = 0.5, the true solution is a front at x = 0.5. Consider the following situations:
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Table 1
Case 1: Uniform mesh, global time step.

∆x L2 error L1 error
.2500D+00 .1447D+00 .1205D+00
.1250D+00 .4995D-01 .3827D-01
.6250D-01 .1821D-01 .1422D-01
.3125D-01 .6033D-02 .4248D-02
.1562D-01 .1955D-02 .1287D-02
.7812D-02 .6291D-03 .3714D-03
rate: 1.56 1.66

Table 2
Case 2: Local refinement, global time step.

∆x L2 error L1 error
.2500D+00 .1145D+00 .9424D-01
.1250D+00 .4116D-01 .2646D-01
.6250D-01 .1461D-01 .8774D-02
.3125D-01 .4869D-02 .2550D-02
.1562D-01 .1586D-02 .7236D-03
.7812D-02 .5112D-03 .1965D-03
rate: 1.56 1.77

Table 3
Case 3: Local refinement, local time step.

∆x L2 error L1 error
.2500D+00 .1306D+00 .1030D+00
.1250D+00 .4304D-01 .2641D-01
.6250D-01 .1620D-01 .1018D-01
.3125D-01 .5981D-02 .3328D-02
.1562D-01 .2128D-02 .1052D-02
.7812D-02 .7441D-03 .3196D-03
rate: 1.48 1.63

Table 4
Uniform mesh and time step on [0, 1], unlimited slopes.

∆x L2 error L1 error
.2500D+00 .1380D+00 .1317D+00
.1250D+00 .4331D-01 .3371D-01
.6250D-01 .1147D-01 .9483D-02
.3125D-01 .2869D-02 .2417D-02
.1562D-01 .7079D-03 .6061D-03
.7812D-02 .1746D-03 .1509D-03
rate: 1.94 1.95

Table 5
Uniform mesh and local time step on [0, 1], unlimited slopes.

∆x L2 error L1 error
.2500D+00 .1290D+00 .1113D+00
.1250D+00 .3908D-01 .2951D-01
.6250D-01 .9640D-02 .7284D-02
.3125D-01 .2235D-02 .1785D-02
.1562D-01 .5294D-03 .4355D-03
.7812D-02 .1281D-03 .1078D-03
rate: 2.02 2.01
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Fig. 3. Global time stepping, model advective front.
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Instability incurred by mesh refinement

 

Fig. 4. Local mesh refinement creates instability.

1. Global uniform mesh, ∆x = 1
128 , global CFL number of 2

3 .
2. Refine the mesh on [0, 0.5] by a factor of 2, keep the same global time step.

(CFL number in first half of the domain is 4
3 .)

3. Refine the time step on [0, 0.5] by a factor of 2, giving a local CFL number of
2
3 everywhere.

Observe that the front is propagated stably in the first case in Figure 3 but when the
CFL condition is violated in the second case, we incur massive instability (Figure 4).
However, the local time stepping method, with its local CFL condition, gives a stable
and accurate approximation to the front in Figure 5.
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Fig. 5. Local time stepping restores stability.

4.3. Nonlinear example: Buckley–Leverett. Next, we examine a case where
the flux is nonlinear. The Buckley–Leverett problem, given by

f (c) =
c2

c2 + a (1− c)2 ,(70)

is a standard test problem arising in two-phase flow in porous media. This flux
function is Lipschitz but nonconvex. In the case of a = 0.25, it is known from
the Rankine–Hugoniot condition that the front is a rarefaction down to the point
where c = 0.44, and then the solution jumps to c = 0. See, for example, [10] for
a discussion. The Rankine–Hugoniot condition also gives that this front propagates
at a velocity of 1.62. We performed a series of numerical experiments on a uniform
mesh. First, we used global time stepping to verify that the code put the shock in
the right location with the correct jump. Then, we refined the time step in the first
half of the domain repeatedly in order to verify that the local time stepping did not
alter the method’s shock-capturing abilities. Each of these cases was run with a mesh
spacing of ∆x = 1

128 and a main time step of ∆t = 1
160 to time t = 0.5. The true

front should be at x = 0.81. These fronts were all near, though diffused, and further
spatial refinements gave sharper fronts at the right spot. Figure 6 shows these results.

Further, we show that we have stability only subject to a local CFL constraint.
Again, we consider three cases, with ∆xmax = 1

128 and ∆tmax = 1
160 . In each case,

the mesh width is 1
2∆xmax on [0, 0.5] and ∆xmax elsewhere.

1. Global time step ∆tmax.
2. Global time step 1

2∆tmax.
3. Local time stepping.

As seen in Figure 7, the large time step in the presence of the local refinement has
caused some mild instability with over- and undershoot. Due to the large velocity, this
mild oscillation has propagated out of the first part of the domain and into the second.
However, when the time step is refined either globally or locally in the presence of the
mesh refinement, the front is well approximated.
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Fig. 6. Local time stepping approximations to Buckley–Leverett front at x = 0.81.
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Fig. 7. Local time stepping cures instability caused by local mesh refinement.
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Fig. 8. Initial condition for Burgers’ equation, consisting of a cone of height 1 in the lower left
corner, and a cone of height −1 in the upper right corner.

5. Two-dimensional Burgers’ equation. The local time stepping schemes
described above have been extended to two space dimensions. The spatial discretiza-
tion we have employed is based on a high resolution method developed by Durlofsky,
Engquist, and Osher [4] for unstructured, triangular grids. The difference between
what we have implemented and the method in [4] is in the slope-limiting step. Three
different slopes are constructed using linear interpolation with the element and its
neighbors. Then the steepest slope which does not introduce overshoot/undershoot
at the edge boundaries is selected. The two methods differ in the case where no
slopes satisfy this condition. In our implementation, the slope is set to zero in this
case, whereas Durlofsky, Engquist, and Osher simply choose the interpolant with the
smallest gradient.

Some results for local time stepping applied to the transport equation (1), with
highly varying velocity fields, can be found in [9]. Here, we apply local time stepping
to the two-dimensional inviscid Burgers’ equation

ct + f (c)x + f (c)y = 0,(71)

where f (c) = c2

2 . We take as an initial condition a function consisting of two cone
shapes, one with height 1 and the other with height −1. The initial condition is
displayed in Figure 8.

In Burgers’ equation, larger concentrations give rise to larger velocities. Conse-
quently, the centers of the cones are advected along at a higher rate than the edges.
Moreover, the positive cone has positive velocity and the negative cone negative ve-
locity; thus, the cones approach each other and “collide” in the center of the domain.
This general behavior is given in Figure 9, where we have shown the solution at time
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Fig. 9. Global time stepping solution at T = 1.1.

T = 1.1. This solution was obtained using the method in [4], modified as mentioned
above, with Heun’s method used for the temporal integration. The finite element mesh
for this case, shown in Figure 10, consists of 15489 triangles and is unstructured.

An extension of the second order local time stepping scheme described previously
was implemented for this problem. In our implementation, the elements take either
the global CFL time step or a time step M times larger, assuming that this larger
time step does not violate the local CFL constraint. The time steps are redistributed
throughout the domain after each large time step. Numerical results for M = 2, 5,
and 10 were generated. Relative L1 and L2 errors between the local and global time
stepping solutions were computed at time T = 1.1. The relative L1 error is

ErrorL1 =

∑
E |cglobal(xE)− clocal(xE)|m(E)∑

E |cglobal(xE)|m(E)
,(72)

where the sum on E is over all elements, xE is the barycenter of element E, cglobal is
the global time stepping solution, clocal is the local time stepping solution, and m(E)
is the area of triangle E. A similar definition holds for the relative L2 error. These
errors are given in Table 6. Note that they are on the order of 1%.

Table 7 shows the CPU run times in seconds for each of these cases. Notice
a speedup of about 1.7–2.4 for the M :1 time stepping scheme over the global time
stepping scheme. For this problem, most elements near the peaks of the cones take
the smaller (global CFL) time step, as these elements have larger velocity. As the
simulation proceeds, the solution spreads and eventually more elements are forced to
take the smaller time step. This phenomenon is seen in Figures 11 and 12, where
the local time step distribution is plotted at times T = .1 and T = 1.1, respectively,
for the case M = 5. For the M = 10 case, the small time step region is more
extensive, because fewer elements meet the criterion necessary to take the larger time
step. Thus, any gains in increasing M are offset somewhat, and consequently there



2278 CLINT DAWSON AND ROBERT KIRBY

X

Y

0 0.5 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 10. Finite element mesh for Burgers’ equation test case.

Table 6
Relative L1 and L2 errors for M:1 time stepping schemes.

M Rel. L1 error Rel. L2 error
2 .0041 .0130
5 .0044 .0086
10 .0040 .0074

Table 7
Transport run times in seconds for M:1 time stepping schemes.

M Run time (sec)
1 2533
2 1480
5 1116
10 1075

is not a dramatic decrease in run time as we increase M for this problem. In Figure
13, we have plotted the percentage of elements taking the global CFL time step vs.
simulation time for M = 2, 5, and 10. Here we see that for M = 2, initially about
3.5% of the elements take the global CFL time step, and the percentage grows to
about 7% by the final time, T = 1.1. For M = 5, the range is from about 20% to
27%, and for M = 10, the range is about 28% to 37%. For M too large, of course, all
elements would be forced to take the global CFL time step.
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Fig. 11. Distribution of local time steps for M = 5 and T = .1. Lighter region indicates where
smaller time steps were taken.
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2280 CLINT DAWSON AND ROBERT KIRBY

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

5

10

15

20

25

30

35

40

time

pe
rc

en
ta

ge

Fig. 13. Percentage of elements taking the global CFL time step as a function of simulation
time for M = 2 (solid line), M = 5 (+), and M = 10 (∗).

6. Conclusions. We have developed and proved maximum principles for local
time stepping schemes based on first and second order time discretizations, and piece-
wise linear spatial discretizations. Numerical results given here and in [9] indicate that
these local time stepping schemes exhibit similar accuracy and stability to the global
time stepping schemes upon which they are based, at a fraction of the computational
cost.

In this paper, we have not addressed the issue of whether our local time stepping
schemes satisfy additional properties (TVB, etc.) from which we could conclude that
the schemes converge to the entropy solution. However, all of our numerical results
to date indicate that the local time stepping solutions are almost identical to those
obtained by global time stepping. Thus, our experiences so far lead us to believe
that our local time stepping schemes inherit the convergence properties of the related
global scheme, though this has not been proven.
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